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Preface        ^    '  ■ 

•    .  ■ 

The  present  volume  is  an  outgrowth  of  a  Conference  on  Mathematical 
Tables  held  at  Cambridge.  Mass.,  on  September  15-16.  1064.  under  the 
auspicte  of  the  National  Sdenc^  Foundation  and  tiie  Massachusetts  I^rtl- 
tute  of  Technology.  The  purpose  of  ttie  meeting  was  to  evaluate  the  need 
for  mathematical  tabids  in  tiie  light  of  the  availabiUty  of  large  scald  com- 
puting'machlnes.  It  was  the  consensus  of-  optaion  that  in  spite  of  the 
increasing  use  of  the  new  machines  the  basic  nopfl  for  tables  wot^d  continue 
toexiat'  r  ^ 

Numerical  tables  of  matiiematical  functions  are  in  continual  demand 
by  scientists  and  engiiieers.  A  greater  variety  of  functions  and  higher 
accuMwy  of  tabulation  are  now  required  as  a  result  of  seientiAo  advances 
tod.  especially,  of  the  increasing  use  of  automatic  computers.  In  the  latter 
connection,  thd  tallied  serve  mainly  for  preliminaiy  surveys  of  problems 
>  before  programming  for  machine  operation.  For  those  without  essy  access 
to  machines,  such  tabl«»  ard.  of  course,  indispensable.  / 

Consequentiy.  ttM  Conf erenee  recogniasd  ^t  tiierewas  a  press&g 
need  for  a  modsmiied  version  of  the  classical  tables  df  functions  of 
Jah'nke-Emde.  To  implement  the  project,  tiie  National  Science  Foundation 
requested  the  National  Bureau  of  Standards  to  pre^lsre  si^h  a  volume  and 
established  an  Ad  Hoc  Advisory  Committee.  With  Professor  PhiUp  M. 
Morse  of  tiie  MassschuAetis  Institute  of  Technology  as  chairman,  to  advise 
tiievitaff  of  tiie  National  Bureau  of  Standards  during  the  eoursef  of  its 
preparation.  In  add^  to  the  Chairman,  the  Committee  consisted  of  A. 
Prdelyi,  M.  C.  Gray.  N.  Metropolla.  J.  B.  Rosser.  H.  C.  Thacher.  Jr..  John 
Todd,  C.  a  Tompkins,  and  J.  W.  Tukdy. 

The  primary  aim  has  been  to  include  a  maadmum  of  useful  informal 
tion  within  the  limits  of  a  moderately  large  volume,  witii  particular  atten- 
tion to  tiie  needs  of  scientists  in  aU  fields.  An  attempt  has  been  made  to 
cover  tiie  entif«  field  of  special  functions.  To  carry  out  tiie  |oal  set  f ortii 
by  the  Ad  Hoc  Committee,  it  has  been  necessary  to  supplement  the  tables 
by  including  the  mathematical  properties  that  "are  important  in  compu- 
tation work,  as  well  as  by  providing  numerical  methods  which  demonstrate 
the  use  and  extension  of  the  tables.  ^      ,  '  J 

The  Handbook  was  prepared  under  the  direction  of  the  late  Milton 
Abramowlts,  and  Irene  A.  Stegiin,  Its  success  has  depended  greatiy  upon 
tiie  cooperation  of  many  mathematicians.  Their  eiforts  togettier  witii  the 
cooperation  of  ttie  Ad  Hoc  Committee  are  greatiy  approcUted.  Th^  par- 
ticular contributions  of  tiiese  and  otiwr  lydividuab  are  acknowledged  at 
appropriate  places  in  tiie  text  The  sponsorship  of  the  National  Science 
Foundation  for  the  preparation  of  tiie  material  is  grat^Uy  recognised. 

It  is  hoped  that  this  volume  will  not  only  meet  the  needs  of  all  table 
usen  but  will  in  many  eases  acquaint  it?  usen  with  new  functions. 

Allen  ^.  Aotin,  Ditwtor 

June  1964 
Washington,  D.C. 
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^elftce  to  the  NiQth  Printiiig 

Thb  !elithusi«itle  neepiloB  aeeorded  the  **Ha]idbook  of  Math<imatlr<il 
FuneticwlB"  is  Uttk^  short  of  mipnoedented  in  the  kmg  history  of  mstho- 
matical  tables  that  began  whan  John  Napier  pMUjUshed  his  tables  of  Joga- 
rithnb  lin  1614. .  Only  four  and  one*ha]f  years  after  the  first  copy  came 
from  the  pnss  in  1964,  Myron  Tribus,  the  Asslatant  Seeretary  of  Com- 
,neree  for  Sdenoe  and  Technology,  presented  the  100,000th  eopy  of  tha 
Handbook  to  Lee  A.  DuBridge,  then  Seienee  Advisor  to  the  President 
Today,  total  cBstribution  is  approadiing  the  160,000  nutrk  at  a  scarcely 
diminished  rate.  ^„„^  ' 

The  sueeess  of  the  Handbook  has  not  ended  our  interest  in  the  subjeet 
On  the  contrary,  we  eontinne  oar  ekee  watch  over  the  growing  and  chan^* 
in^  world  of  oomputation  and  to  dlseoss  with  ontside  experts  and  among 
ourselves  the  various  proposals  for  possible  extension  or  snpplementation^ 
of  the  formuUui,  methods  and  tables  that  make  up  the  Handbook. 

In  keeping  with  previous  polky,  a  number  of  errors  discovered  since 
^the  last  printing  have  been  oorre«d.  Aside  from  this,  the  mathematieal 
'tables  and  aecompanying  text  are!  unaltered,  however,  wmie  noteworthy 
changes'have  been  made  In  Chapter  2:  Physleal  Constants  and  Conversion 
Factors,  pp.  6-8.  The  table  on  page  7  has  been  revised  to  give  the  values 
of  physical  constants  obtained'fira  r^eent  reevaluatlon;  and  pages  6  and  8 
have  been  modified  to  reflect  changes  in  definition  and  nomenclature  of 
physical  units  and  in  the  vahies  adopted  for  the  aooderatkm  due  to  gravity 
in  the  revised  Potsdam  system.  *  . 

The  ra^ord  of  continuing  aoceptanee  of  the  Handbook,  the  praise  that 
has  come  from  all  quarters,  and  the  Iset  that  it  Is  one  of  the  most-quoted 
scientific  publications  in  recent  years  are  evidence  that  the  hope  expressed 
/  by  Dr.  Astin^  his  Preface  Is  being  amply  fulfilled 

LlwisM.  BRAN800lfB,IMreetor-  . 
Nattonal  Bureau  of  Standards  i 

■  «' 

November  1970 ' 
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Foreword 

Thia  vdiime  is  tlw  Mgolt  M  tht  oooperatiTe  effort  of  muij  poraooB  and  a  ntimbor 
of  orgaoisatioM.*  The  Nat^tea)  Bureau  of  Standards  has  long  been  turning  out 
roathematjeal  taUes  and  has  had  under  eonsideration,  for  at  least  IQ  years,  the 
production  of  «a  oompendium  like  the  present  one.  During  a  Oonferenoe  on  Tables, 
eaUed.by  the  NB8  Applied  MathMnaUee  Division  on  May  16, 1962,  Dr.  Abramo- 
wits  of  that  Divisilni  mentioned  ^ireUnunaiy  pbtos  for  suoh  an  undertaking,  bu^ 
indioated  the  need  for  teohnioal  adviee  and  fbaiieial  support. 
-   The  Mathematies  Division  of  the  National  Ressaroh  Council  has  also  had  an 
acUve  intetest  in  tahlea;  since  1948  it  has  published  the  quarteily  journal,  "Mathe-  .. 
matical  Tables  and  Aids  to  Computation"  (MTAC),  editorial  superdsion  being 
-laeicised  by  a  Committee  of  the  Division, 
i    Subaequint  to  the  NBd  Conference  on  tables  in  !962  the  attention  of  the 
National  Science  Foundation  waa  drkwn  to  the  desirability  oC  financyii^  activity  in 
table  production.  With  ite  support  a  2-day  Conference  on  Tables  was  called  at  the 
Massachusetts  Institute  of  Technology  on  September  16-ltt|  1964,  to  discuss  the 
needs  for  tables  of  vsrioui  kfaids.  Twenty-eight  persons  attended,  representing 
scientists  and  eni^neers  using  tables  as  well  as  taUe  producers.  This  conference 
readied  cmuedsiis  on  several  condusions  and  rsoommendations,  which  were  set 
forth  in  the  puldished  Iteport  of  ihi  Conference.  There  was  g^end  agreement, 
for  eiample,  "flat  the  advent  of  high«peed  computing  equipment /changed  the 
«'ask  of  table  making  but  de^tety  did  not  remove  the  need  for  taUes".  It  was 
a^io  agreed  that  "an  outstandh«  need  is  for  a  Handbook  of  Tables  for  the  Occasional 
Computer,  ^th  tables  of  usually  encountered  functtions  and  a  set  of  formulss  and 
tables  for  interpoUtion  and  other  techniques  useful  to  the  occasional  computer". 
The  Report'sugfccsted  that  the  NBS  undertake  the  production  of  such  a  Handbook 
and  that  the  N3F  contribute  financial  assbtsnce.  The  Conference  elected,  from  ite 
p^vtieipanta,  the  foOowing  Committee:  P.  M.  Morse  (Chairman),  M.  Abramowits, 
J.  H.  Curtiss,  R.  W.  Hamming,  D.  H.  Lehmer,  C.  B.  Tompkins,  J.  W.  Tukey,  to 
kelp  fani^ement  these  and  othasfMommendaUons. 

The  Bureau  of  ^tmidarAi  umlertiiiok  to  p^uce  the  recommended  tablee  and  the 
National  Science  Foundation  ma&a  funds  aviOable.  To  provide  technical  guidance 
to  the  Matbematifls  Division  of  the  Bureau,  which  carried  out  the  work,  and  to  pro- 
vide the  N^with  hidependent  judgments  on  grants  for  the  work,  the  Conference 
Committee  was  reconstituted  ss  the  Commit^e  on*  Bevisbn  of  Mathematical 
Tables  of  the  MathematieeDivision  cf  the  National  Reeearch  Council.  This,  after 
some  changes  of  membership,  became  the  Committee  which  is  signing  this  Foreword. 
The  preeent  volume  is  evidence  that  Conferencee  can  sometimes  reach  condusions 
and  that  their  recommendations  sometimes  get  acted  on.  / 


Active  work  was  started  at  the  Bureau  in  1966.  The  byeraU  plan,  the  selection 
of  authors  for  the  varioua  chapters,  and  the  enthusiaBin  required  to  begin  the  taslt 
were  contributions  of  Dr.  Abramowiti.  ^oe  his  untimely  death,  Um  ^ort  has 
continued  undfr  the  genntal  direction  oi  Irene  A.  Stegun.  The  worlceni  at  the 
»  Bureau  and  the  members  of  the  C(»amittee  have  had  many  discussions  i^ut 
content,  stjie  and  layout.  Thou|^  many  details  have  bad  to  be  vsusd  out  as  th«y 
came  up,  Uie  basic  specifications  of  th^  vdtime  have^remained  the  same  as  were 
outlined  by  the  Massachuaette  Institute  of  Teohnologjj^  Omferenoe  of  1054. 

The  Oomnuttee  wishes  here  to  register  its  comilnendation  of  the  magnitude  and 
quality  ct  the  task  carried  out  by  the  staff  of  the  NB8  Computing  Section  and  their 
expert  coUaboraton  in  jdanning,  .cdlecting  and  editing  tiiese  Tables,  and  its  appre> 
ciation  of  the  willingness  with  which  its  various  suggestions  were  ineotportfted  into 
the  plans.  We  hope  this  resulting  Ydume  will  be  judged  by  its  users  to  be  a  worthy 
memorial  to  the  visibn  and  industry  of  its  chi^  amhitecti  Milton  Abramowiti. 
We  regret  ^e  did  not  live  to  see  itft  puUication.  ^ 

P.  M.  MoasBrOAoirmofi. 
A.  BnoiLTi 
M.  C.  Geat 
N.  C.  Mbtbopoub 
J.  B.  RossiR 
H.  0.  Traobbr.  Jr. 
JoHK  Toni^ 

C.  B.  TOMPXIMB 

J.  W.Ttoiy. 
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The  pMMnt  Handbodk  has  been  designed  to 
proyide  tdentifle  inmlliaten  whb  a  Mmpt»> 
hudn  Mid  i^-eonUunearainouury  of  the  mtuw- 
— nwtiMl  fiiiMtloM  that  wIm  fai  Bh^vail  jad  eogU 
neerinff  pfoblaaa.  Tha^  iPtUwioini  Tkbba  of 
Fone^nt  B.  Jahnka  and  F.  Xmda  haa  baaa^ 
faiTahiabla  to  fmhm  In  iheaa^lMdi  In  ita  miaf 
editioaa*  dtak^  the  pMt  batf-ontmy.  The 
It  vohiino  axtanda  the  norii  of  thaoa  avthora 
,  more  ottaniifo  a&d  mtt  a«eufato 
numerical  teUei.  and  by  tMag  laigar  ooDaetloiia 
of  mathamatieii  poperSea  of  the  tabwatad 
fuMtiooa.  The  munbor  of  futtetioiii|  eonrad  haa 
alao  been  iaereaaed. 

The  dtMlfioatkm  of  f unetioiii  and  oiganiiaUon 
-of  tfae^^hafitflta  in  tlia  Handbook  la  aimibr  to 
that  of  An  Indax  o  Mathamattoal  Tablet  by 
A.  Fletdier,  J.  C.  P.  MiUer,  and  L.  Boianhe^4.* 
In  gononl,  the  ebapt^  contain  nvmorfeal  taUeo, 
gra^  pf^nmnial  .or  rational  4)i»oximatioot 
for  automatic  coininitoia,  and  ttatemonta  of  the 
principal  matbesmtleal  pioportiea  of  the  tabu- 
lated funetiona,  partioulaily  thoaa  of  computa- 


tional faaportanoa.  Many  numarkat  .  .  .  ^ 
are  ginn  to  lUuitfato  tiia  uia  of  the  taUlt  tnd 
abo  the  oomputation  of  function  ▼alufla  whian  Bi 
outaida  their  rail«a.  At  the  and.  of  tho  tl^ili 
eaeh  chapter  thm  la  a  abort  Uldkinp^ 
booltB  aiMl  papen  in*whidk  proola  of  tha  math^ 
ttaUHl  piopertiea  atatad  in  ^  chapter  may  bo 
found.  Utted  fai  tha  biStttgftpte 
mora  fanportant  numeiical  tebka.  Qfltepteheu- 
iiYa  Ikto  of  tobka  ara  ^yan  In  tha  Indoi  ttjtA- 
fioned  abm  and  enifant  faifotmatlttt  on  hif 
teuea  la  te  ba  foui^hi  tha  Kationtl  Bcfltrdi 
Council  quarterly  Mathtwatlca  of  Oomputatkai 
(fowlMy  Mathematical  TfcMea  and  Otter  Alda 
to  OMnputatlon)*  ■  \ 

The  nmthcmatieal  notetiona  uaed  In  thia  Han% 
book  aia  tiuia  commonly\a4opttd>'tteiidaid 


Mm 


M 


teste,  urtiettlaily  HigLer  tjmwBi^ 

m  1968-^  Soma  altemttiTO  notetionaliMt 
abobeenUatad.  Thaintroduotionof.newMniboli 
haa  been  kqpl  te  a  minimum,  and  an  aSort  hM 
been  mada  to  a^  tha  utf  of  conflteting  notation. 


2/  Acenniefof  ihe  TaUfls 


M 

•■1 


The  Qumber  of  aigniflcant  flniret  gim  ii|  each 
teble  haa  dipended  to  acme  eJttent  on  the  number 
available  in  iKbting  tabulationa.  Thera  haa  been 
no  attempt  lb  mab  It  unifonn  throughout  the 
Handbook,  which  nouM  hava  boen  a  ooat^y^and 
laboriona  undertekfaig.  <Ia  moat  taUea  at  laaat 
flva  iigirifloant  flguret  havia  been  piwfldad.  and 
tha  tabula/  hitenrati  hate  MMrtOyJbaai.d^^ 
to  enauio  that  Unaar  faiteipoiatidn  wlu  yidd-faur- 
w  ttvo-^(ure  aceuracy,  irtiieh  auflma  in  moat 
phytical  applleatioiii.  Utcm  fbquliiiii  blghar 


predfion  In  their  Interpqhtea  may  obtahi  tbtm 
^  uae  of  hkher-ordar  interpoktion  prooedlifea. 
dtMOfibod  boow. 
In  certain  tabke  many-figured  foootion  vahiea 


an  given    Imgtthtf  intaittla  In  tho  anramant. 
An  attmda  la  provldad  bj  Table  M.  tltepv 
pota  oftiSewtatto  It  to  IMA 
the  checking  of  gggggMW 

or  '*toleranea" 


no 


valuea'^£ 

comptttaii}. 


,  .JpfOgMmatorantomi 
of  ttteygtrtton  aiiaei. 

ive  mawfflum  Cfid-wguro  CtMr,  w  wwwHv 

in  tiie  tabha  in  tUinffiMidbook>     of  1  unit, 
oveiyfrhare  In  tiia  caaa  ol  Ike  ekmontaiy  li^ 
tiona^  and  lunit  hi'tiie  caaa  oftha  hlgbarlun^lMf 
anmt  In  a  fa«r  caaea  wharo  It  haa  bean  pflHttltted 
tofiaato9unita. 


IMTROlDircnOK 


'  'One  of      objeeta  of  thit  Handbook  is  4o  pro- 
tebm  or  oomputiiig  metbods  wUch  enable 
the  ueer  to  evaluate  tbe  tabulated  functions  over 
~SB&4)to(«  ranges  of  real  values  of  thefar  parameters. 
■p.^  In  tnuer  to  achieve  this  object,  firequent  use  has 
\)  been  made  «f  auxiliary  funotiou  to  remove  the 
infinite  part  of  the  original  fimetions  at  their 
.  V  nnmilanties,  and  auxiliary  arguments  to  oope  with 
^  - inMite  ranges.  An  example  will  make  tne  pro- 
cedure dear. 

.  The  exponential  integral  of  positive  ai)gu«ient 
is  given  by 


3.   Auxiliary  Fonctioiis  and  Argnments 


■ir+Io  X' 


The  logarithmic 
pplation  near  s 


_  ^  .  Ji*clttdes  direct  intep. 
.  -  /O.  The  funotfons  Bi(«)-ta  « 

and  »->fEi(a»)-b,  »~tJ,  however,  are  well- 
behaved  and  readily  interpolable  in  this  re^n. 
Either  will  do  as  an  auxiliary  function;  the  latter 
was  hi  fact  selected  as  it  yields  slightly  hldier 
accuratsy {when  Ei(t)  is  recovered.  ThefuncUon 
s-'lEi(«>-hi  x-y]  has  been  tabulated  to  nino 
decimals'for  the  range  0^«^|.  For  |^»^9, 
Ei(«)  is  sufficiently  weO-faehaved  to  admit  direct 
tabulation,  bui  for  larger'  values  of  t,  its  ekpo- 
-nj&iial  character  predomjiates.  A  smootiier  and 
more  readilv  inti^lable  function  for  large  «. is. 
te-m(»)i  this  has  been  tabulated  for  2^9^10. 
FinaDy,  the  range  10  is  covered  by  use  of 
the  mverse  argument  sr'.  Twenty-one  entries  of 
M'«Ei(s),  correspondhig  to  «-'b.1(-.006)0,  sdf- 
fice  to  produce  an  inteipolable  table. 


4.  Interpolatioii 


The  tables  in  this  Handbook  are  not  provided 
with  differences  or  otunr  aids  to  interpolatfon>-be- 
•  cause  it  was  felt  that  the  space  they  require  could 
.  be  better  employed  bv  the  tabulation  of  additional 
functions.  Admittea]]!\  aids  could  have  been  given 
witiiout  consuming  extira  q>aee  by  increasmg  the 
-intervds  of  tabulation,  %ut  this  would  have  con- 
flicted with  the  requireniNit  that  lineair  interpola- 
tion is  accurate  to  four  m  five  figures. 

For  applications  in  which  linear  mterpoUtion 
is  insufficiently  accurate  it  is  intended  that 
Lsimnge's  formula  or  Aitken's  method  of  itera- 
tive linear  interpolation*  be  used.  To  help  the 
iMer,  there  is  a  statement  at  the  foot  of  most  tables 
of  the  maximum  error  in\  a  linear  intenokte, 
and  the  number  of  functkm  values  needed  in 
liwrange's  formula  or  Aitkto's  method  to  inter- 
p<mte,  to  full  tabuUr  aceuraejr. 

As  to  example,  oonsider  toe  followinff  extract 
from.  T4ble  5.1. 


7.6 

7.e 

•7.7 
7.8 
7.9 


.89268  7854 
.  89384  6312 
,89497  96M 
89608  8787 
89717  4302 


&0 
8.1 
&2 
8.3 
&4 


.  89833  7113 
.89927  7888 
.90039  7806 
.  90139  60->3 
.90227  4696 


[ 


The  numbers  in  the  square  bracketo  mean  that 
the  maximum  error  in  a^Unear  interpolate  is 
3  X  10*^  and  that  to  interpolate  to  the  full  tabular 
aocuraev  five  pobts  must  be  used  in  Lagrange^s 
and  Aitken's  methods. 

•A.  C.  AitHn^Onini 


Let  us  stfppose  that  we  wish  to  compute  the 
value  of  xtFEtix)  for  «»7.9527  fkom  this  teUe. 
We  describe  in  tuni  the  application  of  the  methoito 
of  linear  interpolation.  Lagrange  and  Aitken,  and 
of  alternative  methods  based  on  di^erences  and 
Taylor's  series. '       *  ' 

(I)  Linear  interpolation.  The  formult'tor  ihil 
process  b  given  by 

^  /,=(l-p)/o+l{/i 

wl^er^/ot  /i  ar4  consecutive  tabuhu'  values  ot  the 
function,  corresponding  to  srguments  a^  St*  n-^ 
spectively;  p  is  the  given  fraction  of  the  argument 
intertal 

p«(»-ao)/(Si~ab) 

and  fp  the  requured  interpcribte.  In  the  present 
instaooe,  we  have 

/,=.$9717  4302  .   y,«.89823  7113  j»«.627 

The  most  convenient  way  to  evaluate  the  formula 
on  a  desk  calculating  madiine  is  to  set  /o  and  /t 
in  turn  on  the  keyboard,  and  cany  out  tne  multi- 
plications by  1-p  and  9  cumulatively:  a  partial 
check  is  then  jwpvidea  by  the  multiplier  dial 
reading  unity.  We  obtain 

/.MT«  (1  ~ .027)(.89717  4302) + .527(.89823  71 13) 
«.8971S|jj^.  f 

Since  it  is  known  that  there  is  a  posdlble  enor 
of  3X 10**^  in  the  linear  formula,  we  roulul  off  this 
result  to  .89773.  The  maximum  possible  error  in 
this  answer  is  composed  of  the  error  committed 


,11 


by  iMl  roimdiiig,  that  is,  .4403X10-*,  plus 
3X10-',  And  w  oerUonlv  otnnot  exceed  .8X10-*. 

(2)fLecnjige'e  fonnuU.  In  dik  example,  the 
raMfeafe  rorauila  ia  the  J^point  one,  given  by 

.  .+A(l»)/t 

ayje^<rftheooeffici«Dte^6^^  -j  /,=.3(.80772  97«7)+.7(.i0774  0370)  J 

36  (or  (he  lange  p»0(.01H.  We  evaluate  the  ^ 


focmida  for  f».SI2,  .33  and  .M  in  tyin.  Jigam, 
in  eadi  evaluation  we  accumulate  the  in  the 
multinliw  register  aMM»  their  sum  b  umty.  ^  We 
noir  ntMre  (he  following  eubtable.  . 

7.053  jum  mi 

10683 

7.M8      Mn*  0970  -3 
10830 

7.054  .80n6  OMO 


The  nund>efB  in  the  third  and  fourth  edunutt  are 
ihe  first  and  second  differeneee  of  the  values  of 
ti^EiOi)  (see  below!h  th^  smallness  of  the  second 
d^er^ce  fnovides  a  check  on  the  three  intoroola- 
tions.  The  required  value  is  now  obtained  by 
linear  inierpdauoo :  \ 


-.1 


■4 


,^773  7)02. 


In  cases  where  the  correct  ilrder  of  the  Lagrai^^ 
polyaomial  is  not  known,: one  of  the  prupminary' 
mterpdations  may  have  to  be  perfontted  with 
polynomials  of  tw^4»r  more:^iiflerent  ordem  as  a 
check  on  their  adequate. 

(3)  iUtkeit'smetnod  of  iterative  tinearinterpol|>  ; 
Uon.  The  scheme  fte  canying  out  this  plooeft* 
in  the  present  exsmide  is  as  follows: 


,39937-7188 
89008  87S7 
OOSo  7800 
,88497  9000 


n 

1  7.9 

3  ai 

8  7.8- 
4'  83  • 
8  7.7 


Mini 


88778  440(4 

89774  48204  .  89778  71499 


8  90830 
4  81778 
3  8B81 


»,'-»! 
»•-» 


r 


»•'»••  ••-•ill*., 

M.  m     ^     I****'  *  • 

•.-•«||(»4..  .  ..--1.% 

If  the  quantities  o  ond  «  are  used  ae 
muHipUeio  when  forming  the  cnios-produet  on  a 
desk  nuMhinOi  their  accumulation  Otb—o) —(Shf^) 
in  the  multiplier  register  is  the  diyisor  to  be  need 
at  that  stage.  An  extra  decimal  place  is  dsuaUy 
carried  in  the  intermediate  inteipolatee  to  safe- 
guwd  egainet  aceum^ation  of  rounding  errors., 

The  oraer  in  which  the  tabular  valuee  are  used 
is  immaterial  to  some  extent,  but  to  aohieve  the 
maximum  rate  of  oonVerfence  and  at  the  same 
time  aocumulation  of  rounding  errors, 

we  beghi,  as  in  this  example,  with  the  tabukr 

Xiient  nearest  to  the  given  argument,  (hen 
the  nearest  of  the  remaining  tabMlar  aigu- 
nmnfe^      so  on< 

The  number  of  tabukr  valuea  required  to 
achieve  a  given  precision  emergea  natunUy  in 
the  coune  of  the  iterations.  Tlius  in  the  present 
example  six  valuea  were  used,  even  though  it  wss 
known  in  advance  that  five  would  sufflee.  The 
extra  row  oonflrms  the  eonvogonce  and  provides 
a  vsluable  check. 

(4)  Difference  formulse.  We  use  the  central 
difference  notation  (chapter  23), 


3804 
1316 
3700 


89778  71988 
10 
48 

/• 
/i 
/i 
/» 

u 


89778  71930 


«,-« 

.0473 
-.0837 

.1478 
1537 

.3478 
-.3837 


Si 


«9iA 


i 

•I 

I 


•  "6 


■A 


Hare 

•Vi-Vw-Viyi-A-Vi+A 

»yi-iyi/i-«v»/i-"/i-4f»-»-v»-Vi+/» 

and  so  on.  .  ,  .  . 

In  the  present  example  the  relevant  part  of  the  ,  y 

difference  table  is  as  fiHkms,  the  diffenneea  beii^  'i 

written  in  units  of  the  last  decimal  place  of  the  > 

function,  aa  is  customaiy.  The  spiaOness  of  the  i| 
hioh  differences  provides  a  check  on  the  function 

VMuee                                  '  \ 

z       »a»if,(»)      .      «•/        /«*/  "  A 

7. 0  . 89717  4802      -3  3764  -8* 
\        &  0  . 89838  7U8      -8  3080  -89 

Applying,  for  example,  Everetl^'s  interpolation  • 
formula  ■ 

and  taking  the  numerical  values  of  the  interpola>»> 
tkm  ooeffieieots  Etif),  Si(v),  Ft{p)  and  F«(p) 
faom  Table  2^.1,  we  And  t£at 


12 


zn 


•DmiotfDCiroN 


l«yjir».478(89717  4802) .061196(2  27M)-  .012(84) 

+  .527(8M2S  7118)  +  .06S4S»(2  2086) .012(89) 
»>897787198. 

We  .  may  notice  in  pawing  that  Everett^a 
fomula  shows  that  the  error  in  a  linear  interpolate 
ia  approximatefy 

*i(iOf«%+ ft(p)«yi  ««*i(p) +F,(p)  jiJ%+«»/ii 

Since  the  maximiim  value  d  t£t(p}+l^a(p)|  in  the 
range  0<p<[l  ia  K»  the  maximum  error  in  a  Unear 
interpolate  is  approximately 

^  W^+m.  that  fa,^|/i-/i-/«+/w|. 

(6)  Taylor^e  eeries.  In  cases  where  the  success 
8it:e  derivatives  of  the  tabulated  fun^|kn  can  be 
computed  fairly  easily^  TayWs  expansion 

m  «/(«J + (X-Xfi^^f) + (X  -xo)»^ 


orn  be  used.  We  firat  compute  m  many  of  the 
derivatiTeB  /*'(«b)  as  are  ngnificant,  and  then 
evaluate  the  seiiM  for  the  given  value  of  «. 
An  advisable  oheok  on  the  computed  values  o|  the 
derivatives  is  to  reproduce  the  adjacent  tabular 
values  by  evaluating  the  seri^  for  X'^x.i  and  Xi. 

In  the  present  example,  we  have-  i 


With  ab87.9  and  z^t^^M27  our  computations 
are  as  follows;  an  extra  dedmal  has  been  retained 
in  the  values  of  the  terms  in  the  series  to  safeguard, 
against  accumulation  of  rounding  enrols. 


k 
0 
1 
2 
8 


4802 
.01074  0600 
-.00118  7621 
.00012  19S7 


.00086  6088  8 
-.00000  8159  6 
.00000  0017  9 

.89778  7194 


With  linear  interpolation  there  is  no  difference 
in  principle  between  durect  and  inverse  interpollk 
titfn.  In  cases  where  the  linear  formula  provides 
an  insuffidenUv  accurate  answer^^wo  methods  are 
available.  We  may  interpolate  directly^  for 
example,  bv  Lagrange^s  formula  to  prepare  a  new 
table  at  a  fine  interval  in  the  nmghborndod  of  the 
approximate  value^  and  Uien  apply  accurate 
invme  linear  interpolation  to  the  subtabulated 
valuea.  Alternatively^  we  may  use  Aitken^s 
method  or  even  posaiibly  the  Taylor's  series 
^nethod,  with  the  roles  of  function  and  argument 
interchanged. 

It  is  im)N>rtant  to  realize  that  the  accuracv  of 
an  inverse  interpolate  may  be  very  different  m>m 
that»  of  a  direct  interpolate.  This  is  parUpulariy 
Uiie  in  regions  where  the  function  is  dowlv 
varying,  for  example,  near  a  maximum  or  mini- 
mum. The  maximum  precbion  attainable  in  an 
inverse  interpolate  can  be  estimated  with  the  aid  of 
the  formula 

in  which  A/  is  the  maximum  possible  error  in  the 
function  values. 

Example.  Given  xeFJSi(x)^.9f  find  x  from  the 
table  on  page  X. 

(i)  Inverse  linear  interpolation.  The  formula 
for  p  b 

In  the  present  example,  we  have 

ff  "  ...^-4^.  l"l^.708387. 


5#  InTene .  Interpolatton 

The  desired  as  is  therefore 

««»t+p(xi-«Q)i"8.1+.708867(.l)«8.17088  57 


.90039  7306-. 89927  7888 


To  estimate  the  possible  error  in  this^  fMswer, 
we  recall  that  the  maximum  error  of  dire<A  linear 
interpolation  in  this  toble  is  A/«3X10:^,  An' 
approximate  value  for  4f/d»  is  the  ratio  of  uie 
mat  f^ifference  to  the  srgument  interval  (chapter 
26))  m  this  case  ,Q10.  Hence  the  maximum  error 
in  « is  iMmximat^^  3X  lO-^/COlO),  that  is,  .0003. 

(ii)  Subtabulation  method.  To  improve  the 
approximate  value  of  t  just  obtained,  we  inter* 
pofate  directly  for jiaJOi  .71  and  .72  with  the  aid 
of  Lagrange's  fi-pomt  formula. 


X 

a  170 

&171 
&173 


x^Btdx) 
89999  8688 

.90000  8884 

.90001  8988 


a 

1  0151 
1  0149 


9 


-2 


Inverse  linear  interpolation  in  the  new  table 
gives 

.9*^  .89999  8688  a<Ki4 
.00001  Olfil 

Henoe  «»8.17002  23. 
An  esUmate  of  the  maximum  error  in  this  result 
1X10-* 


u 


A// 


.010 


'1X10 


(iii)  Aitken's  method.  This  is  carried  out  in  the 
same  manner  as  in  direct  interp<datton. 


...... ... 


.  ? 


-IHTBODVOnON 


.90Q»  7306 
•  T8S9 
kM129  6088 
.  Htm  7118 
.9037  4608 
.  80^17  4803 


&2 
&  1 
&8 

&0 
&4 

7.0 


8i  17088  8712 
&  17098  If 
8117118 
&  18898  9487 
&  17144  0888 


&  17061  9821 
8  8948 
1  7885 
8  8142 


a  17062  2244 
415 

281 


«  17062  23184 
266 


.00029  7806 
~.  00072  2112 

.00120  6038 
00176 

.0022f  4605 
-.00282  5008 


Th«  flstiinftte  olf  the  m«dmum  mm  ii^  this 
raralt  is  the  same  u  in  the  subtabukttion  method. 
An  indication  of  the  error  is  abo  pfovided  hy  the 


diseiepanoy  in  the  highest  interp<date8;  in  this 
ease  a«i4444.  and  a^44j^. 


6.  Biyarlate  Interpolatloii 


Bivariate  interpolation  is  gsnoralbr  most  simpfy 
performed  as  'a  sequence  of  univanate  interpoh^ 
tioQs.  We  canr^^ovt  the  interpolation  in  one 
direction,  by  miein  the  metiiodd  afirMdy  described, 
for  several  tabular  values  of  the  saoMkd  aiigument 
in  the  pdlghboriiood  of  its  given  value.  The 
interp^tes  are  differenced  as  a  check,  and 


intapolation  is^en  oanied  out  in  the  seoond 
dinctioQ/ 


▲n  altematiye  poooduroiii 
of «  complex  vaiiaUe  is  to  use 
^xpamdon,  provided  that  sue 
of  Ihe  function  can  be  compute^  without  Queh 
difficulty* 


of  functions 
'aylor's  series 
derivatives 


7»   Generatloii  of  Fonotloiis  from  Reenmnoe  Relatioiia 


Many  of  ths  'spedal  mathematical  functions 
which  depend  on  a  parameteri  called  their  index, 
order  or  degree,  satisfy  a  Ihnear  difference  equa- 
tion (or  recurrence  rdation)  with  respect  to  this 
parameter.  Examples  are  furnished  by  the  Le- 
gendre  fundUon  P»(s),  the  Bessel  fnncUon  J«(») 
and  the  exponential  integral  JE^(#)i  for  which  we 
have  the  respective  recurrence  relations 

(11+  DP^i-  (»!+  l)#P.+nP,ei«0 

Partioukrly  for  automatic  worit,  recurrence  re- 
lations provide  an  important  <md  pow^ul  com- 
puting tool.  If  the  vahifls  of  P^(«)  or^  are 
knoWfa  for  two  consecutive  values  of  n'i  ^  B^ia) 
is  known  for  one  vidiie  of  n,  then  the  function  may 
be  computed  for  other  values  of  n  by  successive 
applications  of  the  relation.  Since  generation  is 
carried  out  perforce  with  rounded  values,  it  is 
vital  to  know  how  errors  fnay  be  propagated  in 
the  recurrence  process.  If  the  errors  do  not  grow 
*relative  to  the  aiae  of  the  wanted  function,  the 
process  k  said  to  be  stabls.  If,  however,  the 
relative  errors  grow  and  tlirill  eventually  over- 
whelm the  wanted  f  unction,ythe  process  is  unstable. 

It  is  important  to  rea^  that  stabiUty  may 
depemd  on  (i)  the  partieu^  sohition  of  the  differ- 
ence equation  being  computed;  (ii)  the  values  of 
*  or  oUier  parameters  in  the  difference  equation; 


Oil)  the  direction  in  which  the  recurrence  is  b^ng 
applied.  Examples  are  as  fdQows. 

StabiUty^tiMraM^  «  . 
K.Oi),«,(») 

StaMUty— deoresalng  n 

ITW  (ft<n 

gu(«),«r(«) 
/.(•),/.(») 

r-  (*!>*) 

'  i%(ff  #)  (Coulomb  wav«  function) 

Illustrations  of  the  generation  of  functions  from 
their  recurrence  rotations  are  given  in  the  pertinent 
chMflterB.  It  is  akK>  shown  that  even  in  cases 
v^tore  the  recurrence  process  is  unstable,  it  may 
still  be  used  when  tJie  starting  values  iKr(|  known 
to  sufficient  accurate'. 

Mention  must  also  be  made  here  of  a  refinement, 
due  to  J.  G.  P.  Miller,  which  enables  a  recunwoe 
process  which  is  stable  for  decreasing  n  to  be 
applied  without  any  knowledge  of  starting  values 
for  large  n.  Miller's  algorithm,  which  is  well- 
suited  to  automatic  work,  is  described  in  19Jft» 
1. 
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TABLE  1.1.  MA11IEMA1?CAL  CXlNflTANTS 


n 
1 
S 

s. 

4 
ft 
ft 

7 
ft 
9 
10 

«• 


ft 
ft 
4 
ft 
ft 
T 
ft 


1ft 

§ 

41 
4» 
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40077 
IftftlO  00700 


OftOfto'  .97788  00000 
lOftftft  S47ft|  «  TiftW 

8l8t 


(  1)  Lftl84 
L7810 


90884  14709  04100 
79417  OOOie  708A9 


1M« 

10>« 
19/1 

lOOO*/* 
1000>« 
9»« 

s>« 

91* 


&1089  77000  10887 
11044  84000  00188 
t7788  70410   


,»f»  *  L  8100  74019  O8M0 
r*»i-l)  7.m9  OTfU  80047 

8-»«(-  1)  ft^7nft 

1)44791 


« 

1 
8 
8 
4 


7 
8 
0 
10 

1 
9 
8 
4 
ft 
0 
7 
0 
0 
10 


9 
8 
4 
ft 
ft 
7 
0 
0 
10 

11 

18 
17 

98 


48104 

-  9L1WM 
n  9L0787 
(-  1)  40808 
L0487 
(t  1)  &OO08 
L8M0 
(->  1)  T.lOtt 


-  i; 

-  1 

-  9 

-  9 

-  8 

-  8 

-  4 

-  4 

:| 


- 

-  s 
■ 

■  0 

•  7 

•  0 
-10 

-18 
-14 


lOftftft 


!otl9 


19490 
1810ft  78780 


90048 


04410 
09011 

  J70 

09070  94848 

48818  01890  Wm 

1^  mm 

LftOTO  17.^ 
010194  191  j 
9ieitf  OM^   

iiitl  8ftl7ft  oSftM 
&9711  0100ft  89400 


(-  9)  0.0088  08084  0819ft 
(-  1)  ft.014ft  0488ft  00080 


1oon» 
&0109  OOOftft  08081 
4  mo  19047  10008 
0^0900  0001ft 


87077 
10089 


i  will 


& 

41 
48 
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ii  ^iV,-r-  r--.-.VJ.>a'^..nYi;^' 


m 

41 
88 
M 
61 
67 
71 
73 
7» 
«S 

w 

07 


«•« 

«•/! 
»• 

(»/2)"» 

Ir 
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liATHBMATIGAL  OOKBTiOlTB  , 

TABLS  1.1.  MATHEMATICAL  GONSTANTS-OmtiniMd 


a^Moi 

10702 
4.077S 
4  1108 
42046 
48636 
42904 
48604 
4  4188 
44886 
4  8747 

L  1447 
(-1)  ft  1808 


47601 
91918 
87448 
78864 
98619 
79877 
.89441 
47882 
406O7 


10078 


88883 


IBM 

71006 
88212 
90871 
17381 
89096 
04181 
14839 
46702 
79689 
78318 
80988 

84940 
04672 


88868 
18341 
94806 
13487 


II 

1 

28028 

3 

4  60S1 

3 

&9077 

4 

9.2m 

uim 

i  1 

ii 

1.  8818 

7  ( 

1.6118 

8  1 

1.8420 

9  ( 

ii 

3.0738 

» 

1 

a  1418 

3 

A8696 

8 

1  1 1006 

4  1 

1  9.7409 

8 

r  8.0601 

6 

2' 

1  9.6188 

7 

;  3 

1  &0302 

8 

1  9.4888 

0 

* 

1  19809 

10 

I  4 

1  9.8648 

nlo  10 

88092  99404 

70188  98800 

88878  98318 

40871  97618 

V3846  49708 

81086  79643 

09868  09888 

68074  80838 

26883  69464 


84313 
11390 
14941 
79334 
98888 
28331 

01741 
74178 


86840 

13680 
830 


88420 
74104 
19788 
68^2 
11186 


209807 
444691 
160804 
818891 
700720 
394848 
921089 
739488 
784733 
178188 
167316 

48427 
08306 


17991 
.48988 
88974 
71966 

10798 
13894 
14898 
16193 


92688 
04401 
37068 
00108 
96847 
91988 
9883) 
81016 
09088 
04747 


1.8707 
1.0471 

1)  7.8888 
1.7734 
1.4648 
1. 8818 
1  1480 
18897 
fii8683 

1)  1  2469 
18066 
1.2688 
12314 


88979 
08988 
08998 
40034 
8838t 
78804 
77670 
07087 
34463 
60880 

79489 
19689 
97448 
90881 
86183 
80088 
11102 
41469 
88170 
88610 
68100 
81880 
07918 


87.2987  79618  08283 
a  0174  68392  81004 


39884 
86188 
30178 
37336 
48336 
43708 
30678 
40071 
11666 
30073 

66193 
77461 
80961 
60873 
83680 
07137 
86000 
68878 
78483 
46473 
08034 
03812 
81388 

08767 
82987 


63648 
84491 
47683 
44088 
37418 
03194 
14306 
38676 
80940 
71669 

81333 
64314 
86608 
98167 
30148 
97886 
77444 
78474 
84818 
43718 
18768 
07888 
07940 

98186* 
69337r 


a  8773   18664  90188    38600  06812 


1.7734 

16780 

1.8841 

16386 

1.3384 

0  8039 

a9037 

a0064 

10190' 

09884 

13081 

1.2880 

13083 


83880 
38884 
17989 
09908 
16702 
79811 
48298 
08477 


90646 
80376 
33634 
80061 


908816 
70n48 
496400 
331008 
468178 
809249 
980984 
088477 
848883 
927767 
147823 
698077 
481296 


ti 

47 

88 

86 

61 

67 

71 

78 

79 


97 

logntr 
logue 

n 
1 
2 
8 
4 
8 
6 

I  ^ 

9 

H 
1 

2 
3 
4 
5 
6 
7 
8 
9 
10 

Swt2 
4«/3 

»-•'• 
2"»/« 

r 
1" 

In  y 
l(V 

1/r 
'i/n 
i/r 
i/r 
i/r 

i/ri  .  , 
i/r(8/4 

la  r(4/8 
In  r(8/3 
In  r(8/4 
In  r(7/4 


l08i»»' 

1.6720  97»7  98871 

1.7243  78M9  60078 

1. 7708  88011  .  64314 

1.7888  39888  01076 

L8260  74808  70082 

1.8812  88348  71907 

1.8683  22860  12048 

1.8076  37091  39044 

179190  7809?  87607 

1.0498  90006,  64401 

1.0867  717841  3jie34 


8 


14319 

186 
41608 
70888  88; 

^60 
89010 
1^0 
39088 
87847 
48817 


(-1)  4  9714 
-1)  4  8439 


( 


■1 
-1 
-3 
-3 
-3 
-8 
-4 
'4 
-8 
-8 


11418 

13881 
14247 
1.3866 
l.,8707 
1.8840 
11991 
18183 
18374 


98726 
44819 


93688 
88307 
77960 
37061 
96826 
88893 
14887 
74132 


94183  88486  12688 
08281    82768  |1880 

»»      ■  *  ; 

88979  83384  43648 

17988  64769 

76637  97ir' 

48891  ^ 
79489 

iSif 

81388 
87183 

38081    39146  U 


11880 
1. 0183 
13381 
1.0268 
12677 
1. 0401 
18109 
L0689 
18846 
1.0678 

4  7128 
41887 
4  4488 
M  6418 
18278 
7.  8112 
4  6610 
4  2377 
1.7988 
4  4828 
19894 
7.9788 
4  8018 


98861  8^90 

11836  4mr 

46848 
08888 
61478  39888 
86801  77866 
08016  83403 


37933  68618 

88980  88468 

00304  78680 

83088  18886 

98838  47786 

40632  88398 

88444  64943 

40770  88411 

72081  38787. 

71391  38166 

36736  69229 

22804  01482 

48608  02868 

81880  78683 


67188 
77144 
89184  4i 
381«|  I 
64786 
33960 

6i&  >  m87 
01387  80864 
88662  m» 


06181  ,  , 

677«jl  09401 

38887  08M1 

03477  78096 


10002 
10000 


90888 
,«f848 

-18408  80312  08164 


30866 
18681 


96164f 


673 


48338  87662 


18641 
18732 
17884 
13788 
18160 
1. 1198 
1. 1077 
1. 1082 
1.0880 
-1 1131 
-1 1083 
-10083 
-10844 


46631 
83167 
69681 


91641 
14883 
71M6 
01131 


483473 
330837 
131017 
740848 
060640 
431818 
020486 
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2.  Physical  G>ii8taiil8  and  Conversion  Factors 

A,O.MoNnB* 
Gmtcntt 

Tabl«  a.1.  OteBBKu  Unite  Md  Oonvcnton  Fte^   ■  *  6 

T«U«SA  Nim«  Mid  Cmyenfam  FMtan  for  ElMtrie  and  Miijnftio  , 

Unltt   • 

Tabic  2^  AdjiMt«d  VtliiM  of  Ooutaate    7 

TaUe  S«4*  MiiodluiMiit  Ctenvoirioii  Foetoil   8 

'ToUoIS.  <>DT«mioa  VtoUm  for  Cattoauiy  U^.  Units  .to  Motiio 

Unite   8 

Tdife2^  Geod«tioOonttante.«.     8 
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2.  PhyslearCoiiaUiiiU  aiu}  Gonvenkm  Faotm 


The  tables  in  this  chapter  supply  some  of  the 
more  commonly  needed  physical  constants  and 
conversion  factors.* 

a*  ; 

The  International  System  of  Units  (SI) 
established  in  1960  by  the  General  Conference 
of  y^eights  and  Measures  under  the  Treaty  of 

*  the  Meter  is  based  upon:  the  meter  (m)  for 
length,  defined  as  1 660  768.78  jwave-lengths' 
in  vacuum  corresponding  to  the  transition 

'*2pto'6da  of  krypton  86;  the  kilogram  (kg) 
for  mass,  defined  as  the  mass  of  ^e  prototype 
kitogram  at  Sevres,  France  the  second  (s)  for 
time,  defined  as  the  duration  of  9 192  681 770 
periods  of  the  radiatfon  corresponding' to  the 
transition  bfetween  the  two  hyperflne  levels  of 
cesium  188;  the  kelvin  (K)  for  temp9rature, , 

.  defined  as  1/278,16  of  the  thermodynamic  tem- 
perature of  the  triple  point  olf  water;  the  am- 
pere (A)  for  electric  J  current,  defined  as  the 
current  which,  if  flowing  in  two  infinitely  long 
parallel  wires  in  vacuo  sepaiftted  by  one  meter, 
would  produce.a  force  of  2  x  10-'  newtons  per 
meter  of  length  betwecin  ^e  wires;  and  the 
cdndela  (cdy  for  luminous  intensity,  defined  as 
the  luminous  intensity  of  1/600  000  square 
metenof  a  perfect  radiator  at  the  temperature 
otjveeiing  platinum. 

All  ot{ier  units,of  SI  are  derived  from  these 
base  units  by  assigning  the  value  unity  to  the 
proportionality  constants  in  the  defining  equa- 
tions (official  symbols  for  other  SI  units  appear 
in  Ina^les  2.1  and  2.2f.  Taking  1/100  of  the 

•Sm  alM  ••PrttaM  to  Mtotli  MatUw."  9%m  ttU  Md  ptm  It. 


meter  as  the  unit  for  lenkth  and  1/1000  o^the 
kilogram  as  the  unit  for  mass  gives  rise  Simi- 
larly to  the  cgs  system,  often  used  in  pnysks 
and  chonistry.  1 

SI,  as  it  is  ordinarily  used  in  electromagne- 
tism,  is  a  rationalized  system,  i.e.;  the  electro- 
magnetic units  of  SI  relate  to  the  quantities 
appearing  44n.  the  ^o-called*  rationalized  electro- 
magnetic equations.  Thus,  the  force  per  unit 
length  between  jtwo  current-carrying  parallel 
wires  of  inflni^  length  separated  by  unit  dft;- 
tance  in  vacuo  is  2f  =  fioi,is/4ir,  where*  ^  has 
the  value  4«  x  lO-'H/m.  T)\e  iorce  between 
two  etectric  charges  in  vacuo  is  corresponding- 
ly given  by  f  =  qiq,/|irtar*, «»  having  the  value 
1/^,  Inhere  c  is  Uie  speed  of  light  in  meters 
per  second.  (««--8.8B4  X  10-**F/m) 

Setting  ittt  equal  to  unity  and  deleting  Aw 
from  the .  denominator  in  the  first  equation 
above  defines  the  cgs-onu  system.  SeHing 
equal  to  unity  and  deleting  4«  from  the  de- 
nominator in  the  second  equation  correspond- 
ingly d^nes  the  cgs^u  system.  The  cg»«nu 
and  the  cgs-esu  systems  are  most  frequently 
used  in  the  unratlonalised  forms. 

Table  2.1.  G«Miimott  Units  and  Gonverskm 
.    FaetoMt  CGS  System  anU  SI 


Qosntity 

81 
Name 

COS 
Name 

Faetor 

Energy 
Power 

newton  (N) 
Joule  (J) 
watt  (W) 

dyne 

10* 
10» 
10' 

Table  2*2«  Names  and  GoUireralon  Factory  for  Eleotflo  and  Magnetle  Uniu 


<}ii0ntity  . 

.1  ^^^^  

81 

ema 

emV'SI 

em-8I 

name 

name 

name 

factors 

f aetors 

Cumnt 

ampere  (A) 

^abampere 

 f-—  ' 

•tatampere 

10-> 

~8X10* 

Cbarg* 

eoalomb  (C) 

abcottlomb 

stateonlomb- 

10-1 

'•S  X 10* 

Potffitial 

volt  <V) 

abvolt  ' 

•tatvelt 

10* 

~(1/8)X  10-« 

ohm  (Q) 

'abohm 

etatohm 

10» 

«(1/»)X  10-" 

tndoeUnee 

henty  <H) 

centimeter 

10* 

•(1/»)X  10-" 

Capaeitanct 

farad  (¥) 

centimeter 

10-» 

<«»xio*< 

Maffiurtitifig  force 

A«m-» 

oersted 

4»XlO-» 

-axio* 

MagmtofnoUve  forte 

A 

gilbert 

4w  X  10-" 

Mafnetie  llttx 

lureber  <Wb) 

maxwell 

10« 

«(1/8)X  10-« 

Mafffietie  flux  detiaity 

teda  <T) 

gaoaa  (0) 

10« 

'  ~(1/S)X  io-« 

Eleetri«  displacement  ^ 

10-» 

X  10* 

Eiample:  If  the  value  assigned  to  a  eanmt  is  ipo  amperes  its  valoe  in  abamperes  is  100  X 10- 
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Tke  ^mt  of  comtanti  glvm  in  TaUe  2JI  m  b^ed  on  nn  adjittlment  hf  Taylmr,  Puter»  and  Langmbefg, 
Se?.  Hod.  Phys,  41»  pJ76  (1969).  Thqr  being  erasideTad  for  adoption  hf  ^  Talk  Oroap  on  Fundamental  Omp 
■Untaof  theOimmitteeonDataforSdenceandTeehnd^^  tntornational  Conndl  of  Seientlile  Uniona^Tht  nneer^ 
taintiaagivm  are  atandaid  enora  eat^ted  from  the  exp^ental  data  included  in  the  adjwtment  Wheve-^ppUr 


cables  valoea  are  baaed  on  the  nallM^l«^At<M>^nu^  (n)  ia  deftned  aa  1/12  of^ 

the  maip  of  the  atom.of  tile  ^K/ nv^lde.  ;  ^  . 


TnUe  2«S«  Ad|uatod  Valuea  ofConaUnto 


Cooatant 


Symb4 


Value 


Uaeer- 
tainty 


Unit 


Syateme  International 
(SI)' 


Centimeter-gram«aeeond 


Speed  of  tight  in  vaeuum 
Elementary  eharfe  


Avogadro  eonatant  'Na 

Atomic  man  unit  /.  \  u 

JSieetron  reet  maaa  /.  !im 


Proton  reet  maea 


Neutron  reat  maaay 
Faraday  eonatant  ^ 
Planck  conatani 


/ 


Fine  atraetur^  eonatant  

Charge  to  ^toaa  ratio  for  electron. 
Quantum^^harge  ihtio  


/ 

Comptofi  ivavelength  of  electron 


Comp^  imvelength  of  proton 


/ 


/ 

Rydberg  constant  

mhr  radiua   

Electron  radiua   

/Oyromagnetic  ratio  Vf  proton 


(uncorrected  for  diamagnetlam, 

H,0)   

Bohr  magneton  

Nuclear  magneton  

Proton  moment  


:...{ 


(vneometed  for  dlanwgneUnn, 

HtO)   

Om  constant  

NomMlTolvme  perfect  gai  

Boltmumn  constant  

Fint  radiation  constant  (8v/k«) 

Second  radiation  constant  

8tefan«Boltsmann  constant  ,.. 

Gravitational  eonatant   


h 
Jt 
m 

Urn 

hit 
Xo 

Xo/2* 
Xo.» 

Jtoo 

V 

Ih 

R 
V. 
k 

a 


2.9979260 

1.6P21917 

4 JOS  250 

8.022169 

1.660681 

9.109668 

l^^^Ol 
1.674920 
1.00^66620 
9J4867ik 
2J92  699 
6.626196 
1.0646919 
7J97861 
M708602 
1.7688528 
6^72769'^ 
4.186708 
U796284 
8.4268096' 
8J61692 
U21440  9 
2J08189 
1.09787812 
6  J91 771 6 
2J17989 
2.6761966 
.*267707 
^2.6761270 
4J67697 
9J74096 
6.060961 
U106208 
2.792782 

2.792709 

8J1484 

2.24186 

1JS0622 

4.992679 

1.488  888 

6.66961 

6.6782 


±10 
70 
21 
40 
11 
64 
84 
11 
8 
11 
10 
64 
16 
60 
80 
11 


xio« 

10-" 


m/s 

C 


I 

66  i 
60 
99 
17 

17 
86 
89 
69 
88 
61 
96 
81 


10«t 

10-i» 

10-" 

10-* 

10-" 

10* 

10-tt 

10* 
10* 


nioI-> 

kg 

kff 

u . 

kg 

n 

kg 

tt 

C^oU 


10-". 
10-" 
10-« 


J*8 
J*S 


10-" 


21  10> 
64  :  10" 
16 
14 
46 
74 
12 
90 
14 
11 
81  I 
18  ! 


C/kg 
"j"."a/C 


10-11 
10-" 
10-" 
10-" 
10» 
10-11 

10-" 
82  !  10* 
18  '  10' 
82  I  10* 
18  !  10' 


10-** 
10-*» 
10-" 
10* 

10* 
10* 

10-* 

10-" 

10-»« 

10-* 

10-» 

10-n 


m 
m 
m 

.m 
m-> 
m 
m 

ra4»riT-i 
Hi/T 

rad.riT-i 

Ha/T 

J/T 

J/T 

J/T 


J.K-»moI-» 

m*/moI 

J/K 

J*m 

m*K 

W.m-*K-« 
N*mf/kg* 


XIO" 
10-tt 

10-1* 

10»* 

10-** 

10-** 

10-* 

«)-«« 

10* 

10-t« 

10* 

10» 
.10" 
10-tt 

10-tt 

io-» 

10* 

10» 
10»» 

io-» 

10-i» 

10-" 

10-1* 

10-1* 

10-" 

10» 

10-* 

10-1* 

10* 

10» 

10* 

10* 

10-ti 

10-t* 

10-tt 

io»  , 

10* 

10» 

10« 

10-" 

10-" 

10* 

10-» 

10-* 


em/s 

cm«/»g»/*  • 

cm«/«g»/ir»t 

mol-> 

g  ... 

I  ■ 

n       .  ' 

g 

u 

an«/*g>/ir^mol-^t 

eig*a 

eig«a 


«m>/«/g>/"  ♦ 
cm«/>g->/*r^  t 
^t/^/iB-i.e 

cm»/%»/«t  ^ 

cm 

cm 

cm 

cm 

cm-* 

cm 

»d.r»a-«« 
riQ-i  * 
rad.r>Q->* 
r-iQ-i  • 
erg/O* 
erg/0  « 
erg/0* 


erg»K-*mol-* 
cni*/inol 
erg/K' 
erg  *  cm 
cm*R 

eiff.cm-«r'K-« 
djm  *  cn'/g* 


tBased  on  1  std.  dev;  applies  to  last  digits  In  preceding  colamn.     ^Electromagnetic  system.    tSledMStatte  system. 
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pbyhoal  ooNWAMn  akd  00Nvn8i0R<f AOfon 


=  9.806  6S  BMten  pcf  Meond  per  Meond* 
=  1.01825  XIO*  iwwtons  per  sqium  HMter* 
=  1.018-85  X 10*  dyntt  j(W  egoam  oentbaetor* 
=  4.1840  Joules* 
s  4.1868  Joules* 
=  10^  eoUe  meter* 
alO-wmeler* 

s;  10*  aewtons  per  aqaiuPB  meter* 
=  10*  4yMi  P«r  s^OMe  eentlneter* 
=  10-*  meter  per  ieeond'per  second* 
s  1  eeuymeter  per  seeond  per  leoond* 
s  1.496  X 10"  meters 

s946  X10»meters  ! 
s  8.08x19**  meters 

=  &86UalityeMni  ' 

1  eurie,  the  guaatity  of  ladlosetive  material  undergotag  8.7  x  10**  dliliitegrfttioiis  per  sebmid*. 
i  roentfen,  the  etpeeure  of  x-  or  gumma  rsdlitioii  wliieh'  produees  together  ivtth  iti  s^eMdaries 
2.082  X 10*  eltetnnwion  pairs  in  0.001298  gram  of  air. 

The  index  of  refhwtion  of  the  atmosphere  for  radio  waves  of  fkeqneaqr  lees  Uiaii  \ 
is  glvea  fajr       1)10*  s  (77.4/1)  (p-f  4810«/t),  where  »  is  Hie  rafkaethn  index; 
in  keMns;    total  pressure  in  mtUibars;  e,  water  vapor  partial  prewnire  in  mitoars. 

Faetors  for  converting  the  customary  United        Qeodetle  eonitaiKti 
States  units  to  units,  of  the  metric  system  are 
given  in  Table  2.6. 

Tshioa.s.: 

i;.8. 


standard  gravity,  go 
Standard  atmospheric  pressure,  Po 

1  thetnodynamk  calorie/  cal« 
1  IT  calorie^,  «a]. 
1  liter,!  i  i 

1  am^trom  unit,  A 

^«-' 

1  astronomical  unit,  AU 
1  light  ymt 
1  parsee 


J  ■.  \ 
lO^Hs 


for  ConfeniagOMtomiy 
itrto  SI  Units 


IVard 
1  foot 
inch 

statute  mile 
nautical  mile 
natiotial) 

pound  (avdp.) 


t 


(inter- 


0.9144 
J048  meter* 
,0254  meter* 
1 609  J44  meters* 
1862  meters* 


T 
1 
.1 
1 
1 

1  

(Pahrenheit) 
1  British  thermal  unit* 


OS.  (avdp.) 
pound  force 
sfiig 
poundal 
foot  pound 


0.4U^9y  kilogram* 
0.028  849 58  Ulogrem 
4.44822  newtons 
14.698  9'kitogranis 
0.188  255  newtens 
1.858  82  Joules 

m  +  m)  Celsius 

ttmptratiiff^ 
1055  Joules 


Qeodetle  eodftaiKti  lor  the 
(Haylbrd)  spiieroid  are  given 
The  giavUy  values- are  oli  the 
vised  Midam  value.  They  are 

K. million  ffwiaW^  than 
calculated  for  the  surfkee 
the  international  f(»mnla. 


^vahies. 


Ikhle  2.6t  Geodetie  CSdutailts 
a  ^  6  878  888  m;  f  s  1/297;  b  8B  6  856  918  m 


taogUod* 

f  . 

0* 

1855J98 

9.780860 

15 

1792.5lM> 

1M4.170  ^ 

9.788800 

80 

1608.174 

l|47J80 

9.798288 

45 

1814.176 

imsso 

9J06184 

60 

980.047 

Y856.951 

9J19098 

75 

481.725 

1860.401 

9M698 

90 

0 

/1 861.666 

9J82072 

<  Ufid  priiidptllf  br 

 ^  -■  ■  I  MS  tli9$h  tof  tfci  trills      _ 

sf  ths  msvi  InpsciMl  4sultlsns  1^  imm  Himm  S  tn  19^» 


tVMtoMdsteMoiisaMglfM  to  tte  British  fUs 


2ti 


3,  Elementary.  Anaiytieal  Methods 


CkflMtttMjr  AmiyliMi  HhtlMrft    •  •  •  •  •  •  •  •  •  *  •  •  •  •  10 

OeonUrtrie  IVtgiiMl<Di;  ArltiuMtio,  QMOMtrie,  Htfinoiiio 

•iidOiMNlMMMiit  .  .'     10 

SJL  IiMfiialltlii.                                 ,   10 

8J.  ttiilMltoMMtltttoBMidlnto^^   11 

S*4i  Liflllliif  MmIim  iHd  Miirfwut   18 

Abwlijto  Md  RdiitfvA  Brim    14 

Sjtt  In^iiito  flttfcw   14 

8.7.  CtenolnNtfiibflnMidliiMtioM   10 

8J.  ikIfMteSqviAioiis  .     17 

8.0 »  flniwwiivB  Ayptwdimttoii  Mrthodi   10 

8.10.  ThionntoiiOtatiikQedlVMtioat.  .   10 


  ,10 

8.11.  VMMidSiteiMimiof  tliaTftblii  ;  .  10 

8J8.  OoBymfag  Tenhniquei .  .  .    10; 

  »l 

TiiU0  8.L  PMrenuidBooto   24 

^,  *-l(l)10, 24, 112, 1/0, 1/4. 1/5 
11-2(1)000,  Biael  or  ^08 

«^ 


The  Mtter  tduiaiiMfM  Mm  miIMmm  of  Fstar  1.  O^Hftm  Md  KmU  0.  V^lma  la 


/     .  23 


3.  Elementary  Aiial])^cal  Methods 


S-lf-Binomial  Tlit«Mm  aad 


M 


8.1.1 

+(3)a-V+  ...+*• 

(»  ft  poiitiTe  integer) 

•    •    •  ' 

.  CK)-' 


'S.L4 


8.1.T  I-- 


8.U 


1+1 


J 


C) 


For  ft  moN  cxtciui^  Iftbb  lee  chftpltf  84. 


8.1.9 


SiMi  ^  AffMbirii^Btitf 


tonTeraw 
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Ust  term  in  teriMa|Ba+  (ft— 1)4 
8.1.10  * 

Urn  f.-o/d-r)  (-l<f<l) 


8.1.11 


Iff  »Qiiantl«lM<7 
8.1.12  /Q^ij^ . .  .o«)»'l     (fl»>0,t-l,2, ...,«) 
HMmoale  Mmm  of  ft  QMMtitlM  IT 

8.1.18 


ArfthoMlle  IMul  «r  ft  QuaatttiM  A 


8.1.14  M(I)*(J  jlj  4)  

8.1.18  Jlf(<)-0(«0.  some  0*  aero) 
8.1.14  liinJI/«)«niftx. 


.\ 

(ai,ai,..-.a«)«iiiftx.a 


8.1.17  Um il#(0-min.     (oi.at. . .  .,aO«min.  a 

HO 

i/a)«ii 
M(-i)-J5r 

8J.  iMqiuUtiM 
AfttkoMtk*  G4MiMtfl», : 


8.1.18 
8.1.19 
8.1.80 


iMatloBBeti 
8J.1 

AtO^U,  equality  U  and  onty  if  aie>0|»  . . .  «o. 
M.t  rain.  a<Af(<)<tna*' « 


KuaaamiMt  analitioal  iothodb 


U 


tAS  min.  a<£><iiuut.  a 

«qi|dit7  holds  if  «U  «>     equal,  m  (<0 
•ndantDbisMfO  ^ 

SA4  Jlf(D<Jlf(«)'V(|^«'iiiacwaU<i»ai««q(Ml, 
pr  «<0  and  «n  b'atro. 

W  •    iat|-|ail^k+<H^Skl+N  \ 


If  oi^at^a.^  .  .  . 


p  i 


aA8  ;S;i*w^(;2iW')'(iljw)'5 

equkttty  holds  if  and  only  if  |6a|a«|aa|>-i  (««aoQn- 
'  •tant>0).  If  pB>ss2  wn  got 


9J.9 

<>i  ili  ^>  (oquaUty  for  a.»06», 

«  constant). 

Hinto^  laeqnsll^  Car  tottanls 


1/C 


JV(»)f(i)l<te^[J]V(«)l'«»]'''[X*'^>H 

•qua^y  holds  Jf  and  only  if 
(«a^«onstant>^)| 

If  pm'qm2  HO  get 


SJ.11* 


'  MialwiMU**bMqtMlltyllMr8iinM 

If  p>l  and  at,  6t>0  for  pU  k,  ' 
12.12 

^  (S^M'"^OIi-«rH;l;«)' 


equality  holds  if  and  only  if  6aB0Sa  (« 
stant>0). 

,  MlBhmnU*ii  Iwqnalltsr.  Ibr  Intafrab 
Ill»>l, 
8J.1S  X 


equali^  holds  if  and  only  if  ir(x)«^(a^  (eacon- 
stant>0). 

0 

S3.  RiiIm  fw  DtCnmliatloii  and  IntaignitiM 


S#Sa2 

8o8o4 
8#8oS 
8.S06 


^  (ett)»c  ^1  e  c<m8taiit 


fbr  mCmattatloa  of  SB  Ittitgna 


-£'^/<»,.W.+/(».»)B-/<».«)5 


13 


^  TliefoltowiiigfonnolMarauaeMformhM^ 
irtier*  P(»)  k  *  pt^yiioinial  and 


as?  w-jii     3i5=i  E  +va;  3rf>  a? 


SAM 


Imc.tnito  rf  Hiitlanri  AlgilinilB  1 

(Intcgmtioii  eoosUoiis  an  tnnitted) 


SAM 


1^ 


SAM 


SA17 


SA18 

♦  ■ 

SA19 


SASl 


SAM  J 


y  <fe  „  i  fc^k+H 


^AM 
SAST 


SA» 


-^lii|lM(a+te)r+*(«+<fe)'^l  (W>0) 

.  f 


r  if 

J 


-a-wh  |3(i'/>(a^+fe4.«)i/i4.aaj,4.j|(»>0) 


<=ao~''*  ftrctinh 


(a<0,  *«>4ae,  |2M-ri|<(*»-4ae)W) 

SAsr 


arte 


M.41 
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8*8*80 


(te>«i> 


8*4.  limlu,  Maiima  and  Minima 

I 

IiMlmwnilnito  rofiiH  ti  iHiwglf  ft  Bull)  ' 

8.4.1  Ut  /(«)  and  ^(s)  bd  dlfferantiftble  on  an 
interval  a^«<i  for  which  ^^(9)1^0. 

If 

lim/(«)aO  and  lim  ^«)aO 

orif 

  lim/(«)<»  -and  lim  ^(»)«  • 

»->♦-;  isl- 
and if 

Both  6  and  I  may  ba  flnita  or  inflnito. 

87 


tA»  (1)  FwidioM  o/OiM  VorioMt 

TIm  funoUon  y>°/(>)  hw  »  maxfaniim  at  sr^axo 
if  /'(^"^O  and  J"(3h)<0,  ud  a  minimiim  at 
ftBSb  if  /(a^^O  and  /'(3^>0.  PointB  a,  for 
w)>i0b/(i^»O  are  called  stotkoaiy  pointa. 


L   M3  (2)  AmcifoM.itf  2Vm  Varjaito 
I      Hm  fnneUonyCs,  y)  has  a  maximiun  or  minimum 
/__|or  ibaee  valvea  of  ^  tb)  for  idiioh 


and  fo#Vhich  I  |<0, 
(«}  /(*>  v)  Imb  a  maiiwiwm 

if  ^<0  and^<Oat(a(b,!to), 

:(b)        baa  a  minimum 

if  ^>Oand0>Oat(at„ife). 

8.5.  Abaolttte  and  RelatlTe  EmMrs 

(1>  If  s^i  is.  an  approximation  to  the  true  value 
of then 

8.5.1  (a)  the  ahaolvU  enof  of  u  ^«<b-'«> 
s-a^ia  tlM  oorreotkm  to  «. 

8^5*8  (b)  the  r$taiW€  ttror  of  xb  ^ 

i 

8*541  (o)  the  ftfuiUagt  trror  ia  100  times  the* 
fdativeenor.  . 

84.4  (2)  Tbe  abeelute  error  of  the  siim  or 
difference  of  eemal  Jiumbere  ie'  at  moat  itqual  to 
the  ium  of  the  abaolute  emm  of  the  individual 
nUmbera. 

844  (d)  If  /(»!,  *t,  .  .    «0  to  ft  function  of 
9u  Skt  .  •  •!  »»  ftnd  the  abeolute  error  in  St 
2,  .  .  .  n)  ia       then  the  abaolute  error 

in/ia 


84.^  (4)  The  relative  error  of  the  produet  or 
quotient  of  eeveral  faoton  ia  at  moat  equal  to  the 
ram  of  t'  falatlve  anofa  of  the  individttal  faaton. 


iS.T 

(4)  If »-/(«),  the  relative  anor  «ir*^« 
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lUnaMTiUlY  AMAIiTTKIAL  lOTBODa 

If  W«1,M«1,  K<a,  ' 
8.54  (o+i)»«a^+iw^-»4 
84.9 


84.10 


34.1 


84.  Inlblta  Mee 
Tayloi**  Foraitiki  Iw  •  Siagb  Vwlabfe 


'84.2 

(0<«..,(»)<1) 

8.64 


84.4 


/(,)»/(a)4.^/'(a)+^2=j^V'(a)+ 


8.64 


M  y^yW,  »o«y(«iO,/C«*)  F-O,  then 
8.64 

8.6.7 

a(»)-y<*o) 

+S^[|^J.'(''«{i^}")]-f 

where  y(a)  ia  any  function  indeflnitflty  different 
able. 


(-1<«<1) 


28 


i: 

84.9 


X 


lUnilNTABT  AWALmCAL  lOIBOM 

16.14 


16 


(-1<»<1) 


S.6.10 
8.6.11 

/»-L,M  8js«.7»»  21**  . 

.  (-1<»<1) 

8.6.12 

y  »,3»*  8a(?*.35aB*  Mat* 


+ 


1024 


(-1<»<1) 


8.6.18 


729'^"**656l'^" 


8.6.18  A  seriflB  ats'*  is  said  to  be  ui  aqnnp- 
tolio  expansion  of  ft  funoti<my(2)  if 

/(af)-*'2  a»«"*=»0(»~*)  as 
for  evfliytkal, 2, ....  We  write 

/(af)^ga»«-*. 

The  serioB  itself  may' be  either  oonvergent  or 
diveigent.  * 


OperatloM  IRth  SeriM 

Let«i«l+«i»+ai!^+fl^+<W^+  .  .  . 


Operation 


«i 


T 


4 


.S.6.1S 
SAW 


•.-IT* 


%-il-l-lati 


-•i 
-2a, 

I* 


4-0, 


1) 


••+14 


SstOi-fli-at 
Oatai~2fli-44 


oi-|(ai«i+aai«i) 


2aia«~34ai->«4+4+4 
eaiai+84-2(M- ISok+tet 

iio«+e,«M(»-l)+|ii(»-l)4 
+3(»-i)(»-«)ft<w» 

+^(»-i)(»-a)(»-8)«i4 

«4-|(ai«i+9aKk-f8ai«i)  •  / 


28 


16 


bluhmtast  am althoaii  imBOM 


9^96  L0l^v"«b«»giTflnooiiv«ig«nittfiM«ad 

jjg      Im  ^glven  oonTffBent  seriis  with  known 

nun  e  raoh  thftt  Urn  ^Xi^O. 
Then 


TtffeDt  Miki  withtum  •  tbra 

V 


I 

ir>)-r'(0))+3ggi5l/''W--/*'»(0)l 
-J3jg5ggl/««»0i)-/"»(l»)l+... 

i.T. 


MarFfl 

8.7^         «-(e<«»r(oM      tin  9) 

S.74       MmMm;  |t|a(s>+y>)*i^f 

S.7.4  ^iiyiwMfif;  aig  fviantan  (otJwr 
aoUtioiui  fur  aig  0  jue  am  0  uid  ph  0). 

8.74       RmI  Part:  u^0ii'»r  om  # 

S*74     InagliMiy  Part:  y««/0«r  rin^  | 

8.7.7  0-»-<^ 
S.7J    ^  |0|*^|0|  ' 

8.7.9  aig0«— 8ig0 
MohlplleMlMiwidlNfMM  / 

M  ft-an+lh,  than  | 

8.7.10  «<i«0tai-^yiyi:^4(«iyi+«y^ 
8.7.1^  I«iibhl0i|[^l 
8.7.18  aig  (0k«i)-'V8  %  «S 

r.f'  islHsl 

8.7.]^ 


8.7.16  *»«f-«<* 

8.7.17  -if«ooafi«+ir«ainfi# 

8.7.18 

8.7.19  ^-j^-3at^4-4(aap^f-^) 
8.748  i»-^-.toV+^+i(4a^-4«|»») 

8.741  i^-i«»-10/|»+5»if»+4i«*y-ltoV+/) 

.8.748  -  I  • 

-l-<l(;)«-»y-(;)«fV+  .1, 
30 
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MM 


MM 


1    f  «- 


ITJt  fl-Vf-^-HoMlf+irtiiiill 

U  .v<#^v  Udi  !■  tiM  pffauipd  nwl.  The 
«tiMr  iMi  hm  the  oypoitte  jrign.  tht  prindptl 

—  -  -  ^        ^maa  *   ^ 

MM  i^m\^(^4M)f±M(r-»)f^n±i»  whm 
Swwf  tad  IIm  aadl^guoiitrigii  to  tekm  la 
WlhtiuMMtlMdgntf  y«  , 

S.T  Jl  *'»mrn*9*»f»,  (piiiMiiMl  not  If 


MM  |f.|~|fk|k|fi±«»|£J«.|+N 


At)-A«+<i^»«(»,»)+<K»ilf)  wIm»i»(»,  If),  9(9,  y) 
•n  fMl,  to  ftt  thMM  poinlt  •■•9+^  it 

di»  Ite  Idv  dv 


TIm  fimeUoM  Mid  9(c,y)  an  caUad 

hannoiile  AumUmm  Md  littofy  U^liMa'a  aqiuitlon: 


SJ.1  CHvMi  M^4>tt+<«>>0, 

Ift>0,tiroiMlftott, 
fMOflTOtqvaliMli,  . 
tf^O.  Bait  df  MttiiBiaK  oesiiinta  laoia. 


If  if +f'>0,  ona  laal  root  and  a  pair  of 
ooq|iigata  roota, 

^+r««iO,  an  roota  raal  and  at  laaat  41^  ait 
«f +r«<0,  aU  rooto  roal  0mdiMiu»  oaaa). 


Let 
than 


a.— g^+^^'^^'^^^^^- 
If  11^,  ih,  1^  ara  the  roota  of  the  etible  aqufttjto 

akai+ai«i+Mii«'«i 

SJJ  Qlvan  ^4W+«i^«+«^"0,  find  the 
Nil  root  Hi-oL^  fltdile  eqoattoik 

«^-o»iiP+(Mi-40i)»-(*|+«^-4oA)-0 

and  datffndaa  the  fdiir  roota  of  the  quailie  aa 
idttUoBa  of  the  two  quadraOo  equatbiki 

^+[iKl+*--.)']^^[(jy-*I- 
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If  «11  rootM  of  (he  cubic  equation  are  real,  use 
Ihe  value  of  Mi  which  giveti  real  coeffloionta  in  i\w 
Quadratic  equation  and  select  Higiw  so  that  if 


BLnfENTiunr  analytical  unaom 

Method  «r  Iteration  (Summ^  SuMltution) 
9*9.4  The  iteration  aoheme  wiU 


then 

ft-l-H-fl^*  Jh^+*+fli««i»Pifi+Mi««i»  fliflivao- 
U    H,  at,  tk  9»  ioota, 

■  «t-|— 0i,-2f*»j»i«»^ili,   

.'  "I 

•tio^  Method* 


M.1  Let  «c»«t  1m  m  approxinMition  to  xn| 
wlMNy<|)<aO  and  both  i«i  and  |  aro  in  the  interval 
•<Si«^ft.  We  define 

(»"1»2,  .  .  .). 

Then/ if  /'(>)2:0  and  the  eonstanta  «.  are 
negative  and  bounded,  the  sequence  x«  oonveiges 
monoionioally  to  the  root  |. 

If  «aa«ae(^taot<0  and  f(pt)>0,  then  the 
prooM*  convetgea  but  not  neeenarily  monotdni- 
eally. 

9*9*2  Let  «i,  1^, ...  be  an  inflnito  lequenoe 
of  apptoximatiimi  to  a  number  |.  Then,  if 

i«^,-ii<xi».-tr,   (»-i,2, . . .) 

where  il  and  Ir  are  independent  of  n,  the  sequence 
is  aaid  to  have  convergence  of  at  most  tht  Hh , 
degree  (or  order  or  index)  to  |.  If  ifcal  and 
A<1  the  convergence  is  linear;  if  ib<a2  the  con- 
veifsnce  is  quadratic.  • 

lUttnIo  raM  (ftka  POsitloa) 

9.9.9  Given  y»/(«)  to  find  |  such  that  /(|)«0, 
choose  7e  nnd  xt  such  that  /Cr«)  and  /(sri)  have 
opposite  signs  and  compute 


Then  eontinue  with  «i  and  either  of  «^  or  «i  for 
whieh/(fo)  or/(i|)  is  of  opposite  sign  toM)-  ' 
lUgula  falsi  is  equivalent  to  inversa  linear  in|«r^ 


converge  to  a  aero  of  «a/'CB)  it 

(1)  m»)l^€<lfora^apS6, 

(2)  ^Sz.±^^^h, 

A' 

Nowlon*«  Method  of  Srtmmlin  A| 

-9.9.8-    


If  is  an  approximation  to  the  solution 
«b|  of  /(s>nO  then  thai  sequence 


t 


will  converge  quadratically  to  «»|:  0f  inatead  of 
the  conditipn  ^)  above), 

(1)  MonHonie.  e&imrgmee,  /Oh)/"(«^)>0' 
and  /'(at),  /"(v)  do  not  change  sign  in  thii 
interval  ^  I),  or 

(2)  OstfiOotory  eontergenee,  fMf"(li^)<0 
and  f*(»),  f"(»)  do  not  change^  in  the 
interval  (x^  xi),  a^^l^st. 

Noi»lon*o  Method  Appttod  to  loal  nth  Root* 

9.9.6  ,Oiven  «*e>iV,  if  is  an  approxiination 
tiB*N^»  then  the  sequenoe 

will  converge  quadratically  to  «. 
Ifn-2,ii„-J(^+4 

Ifii«3,ar,„-i(^+2«») 


Altloa** 


tut  AosdsMtloM  of 


9.9.7  If  Xtf  «H>i»  ^-M  <ure  three  successive  iterates 
in  a-  sequence  oonveigingiHth  an  errMr  whieh  is 
approxinataly  in  geometric  progression,  then 

A*/«««i-2«i4.i+«i^t 

is  aa  improved  estimata  «f  t .  In  fact,  if 
0(X*)th«S-f+0(V),|X|<l. 

\ 


9.Uk.  Hmntmiw    Cdnrtmwi  IVaetlooi 


(1)  Let 


 ^  i  ^    <N    <t  • 


Ihc  numliOT  of  loini  li~Mte,  /  b  oaBed  » 
loniiiniitiiig  oonUnued  fnietiMi.  If  the  number 
of  tonw  i»  infinite,/  is  eitUed  an  inffaiite  oontinued 
fttictimi  and  the  tenniuAtlng  fr^otion 

it  Mllid  th%  nth  eonvcrgvii  of/ 

(?)  I!  Urn  ^  ixistot  the  Infliiito  continued  fhu> 

tkm/  Is  aakl  to  be  eonvergent.  If  aial  andUie 
hi  ef9  integm  there  is  alweyt  eonvergenoe. 


(1)  If  ai  and  6i  are  positive  tlien  J^^KJuh* 
where  Jl.t-0| 


1ft 

e- 


(4)  iUl..,-^A.-,S,-»(-i)''-»  a» 
(6)  Fwe^flOrnStO, 

(•)  +*»*»... 6. 


Off  «!-«+         *  * '  +a»-« 


FiouBi  8.1.  t^Mjt*. 


Numcfleal  Mettuidb 


Uee  aiid  EitoneioB  of  the  Tahlee 

B— mple  1.  Compute  «"  end  «*'  for  x^29 
uiing  Table  8.1* 

»(U60n        10*^(4.20707  2333*  10^) 
'-0.10326  1248' 1(F 

«(1J0184  0008' 10^/20 
»8.40388^647.10" 

Bumple  2.  Compute  t for  s-9.10820. 

(9.10826)>^-i  (019  J36/tOO)*^(»10380)*^/10» 


linenr  interpoktion  in  Table  8*1  givM. 
(910.826)*^  M5.607144. 

By  Newrton'e  method  tw  fourUi  roots  with 
^•919^, 

I  [^^^p4-3(8^144)]-8.80714  3845 

lUiHttltton  virids  the  seme  result.  Thus. 

V 

«iM-6^14  3845/10*- 1.74181 1798» 

«-*^j|^A»«.18033  08688. 

9,18t  dtiff|Hitf  1*9  TDflhnlQiiw 

BMmpIo  8.  Solve  the  quedritle  equaUen 
i*-18.2«'K.086  given  thamOdeBlaaa  18Jd:.l» 


20 


BUBMBNTART  ANALTnOiOt  MBTHOM 


? 


jm±  .001.  From  SAl  Uw  Mlution  it 
«-|(lS.2±(O8.2)*-4(.05fl)ll) 

«^18.U10».OQ3 
Tlfe  niMUcr  root  liuy  be  obteimd  mort  MouraUlgr 

.0afi/18.1^-.008i±  .0001. 
4*  Oomimtd^-a+WOi)*. 
fjmn         (-3.+.0076i)t«i»+tP  wliera 


Thu» 

,.l((.8)*+(.0076)1t"(0.0000577e)*«>3.0eQOO  0627 
l.O000O9flg7-(~a 


^^^p.O000O9flg7-(~a)J 


1.73205  3196 
-.00219  392026 


*^  2(1.733082196)' 

We  note  thet  the  principAl  square  root  has  been 
eompttteil. 


Euunple  8.  Solve  the  oubio  equation  s*— 18.1« 
-34JbO. 

To  use  Newton's  method  first  f<»in  th» 
table  of /(»)»a^-18.Ur-34.8  ^ 

•  m 

4  -43il 

5  '  -  .8 

6  72.6 

7  181.6 

/ 

We  obtain  by  linear  inverse  interpdaUon: 

Using  Newfon's  method,  /'(s)«3ai*~  18,^  we  get 
»i««ia*-M)//'(a*) 

Bepetition  yields  «t»6.00626  609^.  Dividing 
/(^)  by  s-6.00826  5097  gives  i'+5.00826  5007s 
+6.06267  860  theaeroeof  whioh  are  •^2^63  2840 
±.83036800<.  ^  ^ 


1 6.  Solve  the  quartie  equation 

;»*-2.37783  4922s*+6.07350  5?41«> 

-11.17088  023>+0.05265  5250«>0. 
Rmm^Um  Into  Qoadntls  l^aMora 

bjr  Iivi!ntfrlnt0ffp«latlM 

Starttng-wilE'tlie  trial  value  gi«>'l  we  compute 
suceeiirfvely 


tl 

1 

a 

la 

ftOSS 
48M 
4  115 

-1648 
-&  IM 

-1.384 
.  IM 
.  739 

&888 
.063 
-1088 

We  seek  that  value  of  for  which  y(Ci)»0. 
Invorse  interpobtion  in  y(9t)  gives  y(2i)M0  for 
2t«2.n03.  Tlien, 


f  1 

ft 

■V\ 

Pi 

y(ft) 

1008 

4630 

-1660 

.173 

.011 

Inverse  interpolation  between  {ia2.2  and  fli< 
2.003  gives  f|a3.0041,  and  thus,  ' 


itLol 


«l 

ft 

Pi 

P» 

10041 
10043 
10048 

4  61706  7640 
4  61084  ^ 
4  61661  6008 

-18580 

»  967 
1  861 
1  447 

.17606  766 
.  17660  866 
.17668  866 

.00076  663 
.00001  666 
-.00076  968 

Inverse  inttopolation  gives  «t»3.00420  2182,  and  we  get  finally, 


ft 

ft 

Pi 

k 

PI 

iKft) 

1  00430  3168 

4  61668  7410 

-168388  866 

.17680  8866 

^.00000  0011 
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MulUpttMllMI  Mkl 


EiampleT.  MultiplyM«2(RS4a  97459  71664  321Q2 
by  m«69733  83428  43662  96023  on  a  10X10X20 
desk  caloulating  macbiiw. 

Let  M)»20343  97469,  Art»71664  3210Sb^» 
69732  82428»  mt"43662  96023.  Then  Mn^- 
AfomolO»+(ilf«m,+ildriiN^10>*+il#tm,.  ( 

(1)  Multiply  ilftiii|«31290  76681  96300  28346 
Mutt  recoKl  (he  digita  96800  38346  appearing  in 
positions  1  to  10  of  the  product  dial: 

(2^  Ttansfer  the  digita  31290  76681  from  poai- 
tiao^  11  to  20  of  the  product  dial  to  poaitiol^  1  to 
10  of  the  prodttot  dial.  / 

(3)  Multiply  eumulativeljr J/iflio+Mofi +31290 
76681  »68812  67160  12603  25894  and  ieooid  the 
digits  12663  25894  hi  positions  1  to  10. 

(4)  Tiansfer  die  digits  58812  67160  from  poei- 
tioos  11  to  20  to  positions  1  tp  10.  j 

(5)  Multiply  cumulatively  Jf^+58812  67160 
« 14116  69623  40138  17012.  The  f«bulta  as  ob- 
tained are  sjbown  bekm,  / 

/  9630028346 

12663  2^94  . 

1411669623  4013817612  /   

14116  69623  40138  17612  126^5894  96300  28846 

If  the  product  Afm  is  wuiied  to  20  digits,  only 
the  result  obtained  in  s^  5  need  be  recorded. 
Further,  if  the  allowable  error  in  the  20th  pkce  is 
a  unit,  the  operatic^  Mtm  may  be  omitted. 
When  either  of  thfe  factors  M  or  m  contains  less 
than  20  digita  it  is  convenient  to  position'  the 
numbers  aa  if  Uiey  both  had  20  digits.  This 
multiplication  process  may  be  extended  Ho  any 
higher  accuracy  desired. 

Esample  8.  Divide  iV«  14116  69623  40138  17612 
by  d«2d243  97469  71664  32102. 
^  Method  (l)-4iiiMrM<«rpo<a«KN». 

yW20243  97469- ID*'"  .69732  82430*90619  39054 
Ar/20243  9746O'10''-r.t973rte427  46067  26941 
^       Differanoe«3  44463  12113. 

Difference  X.71664  32102<»24686  64402fi.lO-*' 
(note  this  is  an  11X10  multipUoation). 

Quotient» 

(69732  82430  90619  39054-246856  44Q28)<10'-» 
«. 69733  82428  43662  9502fl 

There  is  so  emr  of  3  units  In  the  20Ui  plaes  due 
to  negleet  of  the  eontilbution  from  second  differ- 


er|c 


Method  (2)--If  iyr  and  (f  are  numben  each  not 
more  than  19  digita  let  i^»JV|+^'•10*,  d-di+ 
dolO*  where  Nt  and  do  contain  10  ^ts  and  JVi 
and  d|  not  more  than  9  digits.  Then 


Here 


1  ik\(^+dt  "is^L^ 


JV»14116  60523  40138  1761, 

d»20343  97460  71664  3^10 
No*^  141 16  69623,  d;»20243  97469, 

d|»71664  8310 

(1)  AMi»-1011663378421888880(^iodiiotdial). 

(2)  (iVoifi)/d;«49973  65504  (qnotimt  dial). 

(3)  2^-(iV«i(i)/d;»141l6  69832  00164  68106 
(pitiduet  dial). 

(4)  [iyr-(JV«i<i)/d;]/d40*B.6973282438«ffaBM  10 
digits  of  quotient  in  quotient  diaL,^  Kemahidw 
e>r»08839  11654,  in  positionB  1  to  10  of  pndMfe 
dial 

(5)  f/(dtl0^».43663950310->Vnaait9di8^tBot 
quotient.  iV/da  .69733  83438  43663*9808.  This 
method  may  be  modified  to  give  the  qootint  ol 
30,digit  numben.  Metiiod  (1)  may  b4  ei^tflndad 
to  quotients  of  numben  containing  mora  thin  80 
digits  by  employing  higher  orJtor  intivpolttioft. 

Eiamplo  9.  Sum  the  series  Sal— i+i— i 
+  .  .  .  to  5D  using  the  Bulff  transform. 

The  sum  of  the  flnt  8  terms  is  .634634  to  6D. 
If  itasZ/a  we  get  , 


n 

Am  . 

9 

.  nun 

-11111 

10 

.100000 

-9091 

2020 

11 

•  090009 

-7676 

1515 

12 

.083333 

-6410 

1166 

'  13 

.076923 

r 


-506 
-349 


ISO 


Frun  8*6*27  we  tiien  obtain 


(  -.000605) .  .000166 

— 31 — ^+ 

».6346244-.p56556+.003778+.000868 

+.O0OO82+.O00005 

>a.693148 

(fif»ln  2«. 6931472  to  lt>). 
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r 

EumptolO.  Kviiluiit«th«)nl6gr»l  I  —M, 
to  4D  using  the  Euler  tmntfoim. 


Evaluating  the  integrals  in  the  last  sum  by 
oumerioal  integration  we  get 


4 

6 
6 
1 
8 


'0 

1.85194 

1 

.43370 

2 

.26661 

■/ 

A»  A*// 

 ft 

3 

.18260  A 

.14180 

-2687 
.  11603  700 

-1788  -321 
.  00806  478  153 

-1310  -168; 
.08406  310 

-1000  A 
.07406  ' 


The  sum  to  .ir=>3  is  1.40216.  Applying  the 
Euler  transform  to  the  remainder  we  ohjUtin 

i(.14l80)-i(-:02687)+^  (.00700)  / 

-^(-.00321)+^  (.00153) 

« .O7090+.00647+.00lb0f. 00020 

+.00006 

=..07882 

We  obtain  the  value  of  the  integral  as  1.570Z&  m 
compared  with  1.67080.  ^ 

Eiample  11.  Sum  the  serfes     k'*^  using 

the  Euler-Maolaurin  summation  formula. 
From  MM  we  have  for     • , 


wl^^/(ir)»(lb+10)-*.  Thus, 


*-««1.54»76  7781+.l 

-  .005+.00016  6667-  .OdOOO  0888 
«^1)64488  4066,  ^  ' 


as  eompamd  with  ^-1.64403  4067. 
ji    Enmplel2.  Gompate 

«       4s*  80^ 

,        ^  1+8+5+7+ 

to  5B  for  ««>.2.  Here  at>»«,  as»(i»— i)V  lor 

1I>1,  ftt«>0,  6.«a2l»-l,  A-ial,  B.iaiO,  ilo-iO| 

Bd-l. 


Fom^l 


&I  t ; 

I  .6  .2 

BJ  I  3.04  1 
13.032  .6 

bJ°'|i6.36  3.04 


L(il-l)Vj  ^^ 


t 

.2 

1  1 

3 

.6 

.o: 

8.04 

5 

3.032 

.16 

15.36 

7 

21.440 

^- 

.36 

108.6144 

.2 


.1073(|6 
.107306 


Note  that  in  oarrjfing  out  the  recurrenoe  method 
for  oompttting  otmtlnued  fractions  the  numiralofi 
il.  and  the  denominators  Bm  miai  be  used  •• 
OTiginaUy  oomputed.  The  numerators  and  de- 
nomhmtors  obtained  by  reducing  AJB»  to  lowtt 
Um»  must  not  be  used. 
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9.9)82 
5*  5985 


1)3.1480 
9.9531 
5.88)8 
3.9898 


9 

^  97)2 
<8448 
9.5588 
9.4720 


83894 
1)848 
2712) 
81752 

991 
•2881 
42271 


27427 
85181 

20)9.5887  87134 

  78320 

55833 
888)0 


9.)022 
9.2185 
9.1)55 


(71)8.0494  mi3 

(  1)3.1480  15248 
9.9899  09547 
5.8107  17844 
).97)8  798)9 


9  92018 
9880  479)8 
9.8409  5744) 
9.8015  9)81) 
9. 782)  872)8 
9.72))  )7889 
9.8844  441)9 
9. 8487  08581 
9.8071  2)7» 


(71)9.0828  9141) 

t  1))*1559  48788 
9.9888  48849 
8.8177  81)84 
).9778  81740 

I 


(71)5.7209  88141 

(  1)3*1258  99922 
9.4227  57928 
5.W7  959)8 
1.9825  879)4 

992 
9  84)24 
9489  88188 
11)9.2992  07770 
14)9.1)18  220)0 
17)8.9874  492)) 
m$.9m  )5147 
2))  ••8475  28515 

28)  8.4919  710)7. 

29)  ^.3390  17)99 

(71)8.4888  95888 

(  U11338  8792) 
9.9)98  )8)58 
8.5979  55285 
S.9888  55529 


2) 


987 
9  74189 
9815  0480) 
9.4900  52408 
9.)888  81724 
9.2449  14862 
9.1247  )0989 
9.0081  09468 
8.8890  )004) 
8.77)4  7285) 


978 
9  56484 
9)94  41)52 
9.* 488  1842) 
8.9413  48861 
8.7505  052)0 
••9979  94119 
••  569?  18249 
••1855  8444) 
8^8055  01588 

(71)5.86)1  70)8) 

(*1)3.1272  99154 
9.9281  22218 
5.9922  29992 
X96))  98778 

98) 

9  86289. 
9498  62087 
)9.))71  ^)15 
9.1784  ^862 
19.022)  7984) 
i8^8689  99)88 
8.7182  Um 
i8^ 9700  16548 
••424). 26266 

(71)8.8289  0)44) 

(  l)).l)tt  8)081 
9.94)0  09199 
9.9993  59857 
).9674  4)069 


76144 
30272 
71087 
282)4 
57499 
42406 
66697 
14296 
69)25 


979 
9  58441 
9)8)  1)759 
9.1860  91505 
8.99)1J)58) 
8.804)^6728 
8.6194  )5867 
8.4)84  2771) 
8.2612  207)1 
8.0877  H096 

(71)6.0087  56477 

(  1)).1288  97589 
9.9295  04202 
5.59H  54950 
3.9642  08956 


9 

9527 
11)9.5791 
14)9.2291 
17)9.0779 
20)  0.9)2) 
2))0.7tt94 
26)8.6488 
29)  8^  5104 


68258 
6)904 
96815 
9)666 
9(^ 
49119 
)15)) 
00628 
19010 


(71)8.7901  96812 

(  1)).1)68  n420 
9.946)  79867 
5.6007  8))6) 
).9682  49952 


11)9.5285 
14)9.4142 
17)9.5812 
20)9.1896 
2))9.079) 
26)8.9704 
29)8.^27 


9 

967) 
9.5672 
9.4619 
9.5578 
9.2549 
9.15)1 
9.0524 
8.9528 


989 
78121 
61669. 
06906 
876)0 
85987 
49241 
44799 
60206 
8)144 


(71)7.)040  5608)     (71)7.4845  86822      (  71)7.6685  10178 


(  1)5.1418  55614 
9.9564  77521 
9.6050  47)81 
,    ).9706  66671 

992 
9  84064 
9761  91488 
68)8  19561 
686)  49004v 
5294  98212^ 
.45)2  82227 
2))9.)776  )6129 
26  9. 3026  15040 
29)9*^61  94120 

(71)  •,2466  98779 

(  1)3.1496  8)150 
9.97)2  61904 
9.6121  )2527 
).9746  81509 


5.6064 
5.9714 


9 

9791 
9.7229 
9.6548 
9.5872 
9.9201 
9.49)9 
9.)87) 
i9.)216 

(71)8.4489 

(  1))«1911 
9.9766 
9.61)9 
).9754 


46729 
58925 
66560 
709)9 

99) 
86849 
46657 
26)84 
85820 
81759 
70787 
29991 


(  1)5.1448  )70)9 
9.H)1  99061 
S.6078  84662 
).9722  74555 


9 

9910 
8805 
8508 
821) 
79li 
23)9.7625 
26 1 9. 75)2 
29)9.7040 

(71)9. )04) 

(  1)3.15/5 


9. 
5.6191 
3.9786 


997 
94009 
26973 
58921 
97)04 
44612 
88578 
049)7 
17422 
17769 

02025 

50681 
8998) 
909)9 
80191 

I 


1 


4)400 

45822 

90251 
12009 
46)40 
825)4 

998 
96004 
11992 
)9680 
99201 
98402 
)7206 
155)1 
53)00 
904)4 

(71)9.9)08  79767 

1)800 
28884 
99414 

78001 

I 


9 

9821 
)9.7621 
9.70)9 
19.649) 
9.9874 
9.9299 
,„  9.4727 
(29)9.4159 

(71)8.6551 

(  1)5.1527 
9.9799 
5.6149 
5.9762 


•194 
880)6 
07784 
51)7) 
78465 
56494 
84852 
5994} 
8018) 
4)502 

226)0 

76554 
59868 
59086 
8291) 


9 

9940 
11)9.9202 
14  9.900) 
11  9.8805 
20  9.8608 
2)  9.8411 
2619.8214 
29)9.8017 


999 
9  98001 
9970  02999 
9.9600  59960 
9.9900  99900 
9.9401  49800 
9.9302  09650 
9.9202  79441 
9.910)  59161 
9.9004  48802 


1)5.1591 
9.995) 
5.8205 
5.9794 


(/l]i9.7627  59868 

(  l)).ltfC^26 
9.966  65555 
5.6S0  06871 
).9802  75175 


7)lj 


3 
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4tf  Elementary  Transcendental  Functions 
Logarithmic,  Exponential,  Circular  and  Hyperbolic  Functions 

;  Mathmiuitical  properties 
4.1.  LofriUunk  Function 


4.1.1 


FkavBB  4.1.  Bronch  eut  far  In  a  and 
(ft  not  a&  ItttafBr  or  im.) 

wh«re  the  path  of  integratioti  doet  not  pass 
through  tha  origin  or  crosB  the  negative  real 
axis*  In  0  is  a  eingl^valued  fiinetion«  t^qgular  in 
the  f-fdane  cut  along  the  negative  real  axisi  real 
when  z  is  positive.  y 

4.1J  f«(**+/)*#  ««fcoe$,  y»f sin 

f  asarctan  ^ 

The  general  logarithmic  function  is  tb4  many- 
valued  f  unctabn  Ln  s  defined  by 


4.L4 


Ln 


■J.T 


whore  th«  path  does  not  pam  through  the  origin. 
4.1J 

Ld  (w«»)«ln  (i»»)+2*f<-ln  f +»(»+2*r),  - 

k  being  an  arbitraxy  integnr.  In  « is  laid  to  be  the 
jprifMipa/  (rofMA  of  Ln  f . 


4.1.6 


Ln  («ij^)>sLn  Si+Ln,^. 


•i 


(i.e.,  every  value  of  Ln  is  one  of  tha  valust 
of  Ln  Si+Ln  9%.) 


4.1.7 

4.1.8 
4.1.9 

4.1.10 
4.1.11 


In  (si8|)B>ln  si+ln  4 


^1 

'<r5 


Ln  ~— Ln  Si— Ln  St 

9% 

,  b  ~i»ln  81— b  st 

(-v<aig0i-aig  %^«) 
Ln  8*<an  Ln  s  (»'inlegiir) 
ln«*<a»his  ■  '  A 

(nintsger,  — r<nai|ir^!S«) 


I) 


SpMialValiiM  (M 
4.1.12  Inl-tO 
4.1.18  lnO»-<» 
4.1.14  ln(-l)afft 
4.1.18  ln(:^iHi:i«{ 

4.1.16  In         « is  the  real  number  such  that 

4.1.17  «»lim  ri4-iY«-2,71828  18384...  . 

(8ee4A21) 

Locarithma  to  Geaenil 
loggS'ln 


4.L18 
4.L19 


1 


4ol«21  loggS^ttlns 

4.1.22  logio  «»ln  «/ln  10-"logw  <  In  s 

a(.43429  44819...) bf 

SO  ^ 


P  4^41  In  101ogM««(2J(BM 
I- <fc«. 

|!  MM  lo^timt;  logie«,  cfSUd 
^<  kftfitluBs.) 


»«ln    called  nftlunl,  N»pie^n,  or  |£ 

or 


41J4 


(N:Sl»nd«f--l) 


41 JS 

In  »=(«^l)-i(«-l)«+i(a-l)'- . . . 

u  (.+.)-!»  .+2  [(jjlr^KsTi)' 

(a>0,  dlB^-afit) 


(a  constant,  ^a>0) 

4.141  Um  <•  In  «<>-0 

(a  constant,  iSl'a><)) 

4.142 

Um  (fl  |-ln  m^-Y  (tCuler^s  constant) 

'  «.57721fie64»... 

(see  chaptcn  1, 6  afid  89) 


4AM 


(»>-!,  «i<0) 


4.144  «<-ln  (!-«)< 
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|ln(l-Jf)|<^  (Oi(C«S.M28) 

In  2^2-1     \     j  (»>0) 
4.147  In  t^ni}^*- 1)  lor  any  positiyJ  a 

|ln(l+»)|i-"tr(l-|»|)  ,*  (|«|<1) 


4.1.40 


4.149 

1-  «    «    «  4»  4»  0« 

*"^^t'^-I+2+3+4+B+^*: 

(« in  the  plane  cut  from  ^1  to  —  •) 

(a  ia  the  cut  plane  of  Btgufe  4.7s) 
PdljniMitar 

4.1*41 


logw«««i«+«,«»+«(«),  l)/(ap+l) 
l«(«)|^6X10-* 

j 

at-».8^  a«»46415 
4.1.42  ^^'^^"^ 


/  / 


lofi»  Jf-oilWW  W+<M'+«(«) 
l-»(«-i)/(«+l) 

W»)l^iO-' 

at«.86859 1718  aT».09437  6476 
ai".a89336524  at-.m3377l4 
o»«>.177<8a071 

4.1.48  O^a^l 

.  In  (l+«)«aoi*+ai^+«ia(^+a«a{*+a».»+«(«) 

l«(«)l^ixio-» 

ai-.9994O066  a«»-.13606275 
a.«-.491«0896'  a«».03216846 
ai»J8M7478  j 

•  The  SMioxlmstloM  4.141  to  4AM  sr«  bom  0.  HMt- 
lB■kJ^,Apwpxln•tloMfwdlfHd0omp^  FHpsston 
uSv.  l4aM?Miiottoii,  nI,  lltMwUaVvniMtoa)^ 

81 


.  BLUfSNTAinr  TRANBOENDBMTAL  nmonom 
4.1.44  ^  O^t^l 

^Ib  (l+a)»aiJP'^afa{«-|-aia»+a«»*+a.at»+a«ji* 


+a»»»+o»«"+«(») 


i(a()|^3Xia-* 


ai»   .901)99  64231^ 
Oi»~.  49987  41238 
a,»   .  33179  90?58 
24073  38084 


a««   .16766  40711 
00632  93897 
«,«   .03608  84037 
0^— .00646  36442 


4.r.4S  0!it^l 

,   r,*(s)  «>>oo8  «if ,  COS  f »2x—  1  (see  chapter  22) 

in(i+«)-g^r.'(») 


n  At 

0  37646  2813 

1  .34314  6760 

2  -.02043  7262 

3  .  00336  7080 

4  -.00043  8276 
6    .  00006  0471 


6  -.00000*8603 

7  .000001260 

8  -.00000  0188 
0  .000000020 

10  -.00000  0004 

11  .00000  0001 


DUbrmitiAtioa  Formula* 

^ln««(-l)»-'(n-l)!«- 
latcgMllon  FonntikM 

J*ln  In 


a— a 


4.1.46 
4.1.47 

4.1.48 

4.1.49 
4.1.S0 

4.1.31 


<ii-f  t 


»•+« 


n+l*"  *^(n+l)« 


(n^-1,  » integer) 


•  Th<'  approximktion  4.1.48  Is  from  0.  W.  OtcnshikW, 

olynom' 
lath.  T 
ninlon). 


Polynomial'  approximatiotu  to  elemeatArir  funetlons, 
Math.  Tablet  Aids  Gomp.  6,  146-147  (1M4)  (with  per* 


U.82 
U.88 


J^,-lnlna 
fin  la+(a^i:l)»l<<»«»  In  (,+(a»±l)»]-(«id:l)l 

•f  ■ 

4.1.84 

a'ln  (a+(a«±l)»liia-i;^  In  [tfA^^^m 


)fl=^-«(»)  (aee8.lJ^) 
EqMmeiitUd  Funettlo^ 


4.2.1 


.  when  <  is  the  inal  number  defined  ini  4.L16 


4.2.2  Ln(exp«) 
4.2.8 


4.2.4 
4.2.5 

4.2.6 
4.2.7 
4.241  i 
4.2.9" 
4.2.10 


0+2lrflrt'  (k  any  integer) 
In  (exp  |»)— «  (-»<yi5») 
exp  (Ui  s)»exp  (Ln  a)»«  ^ 


^expsnexpa 

Deftfdtloa  of  C«amd  Powm 

IfiV»a',then««>L6g.JV 

I 

a'«exp  (a  In  a) 
ti|a|exp(iarga)  (-»<aigc^i») 

|a'|«|o|^«"»"««       ■  \ 
arg  (ciO'^y  hi  ia|-Hrirg  a 
4J.11 

Ln  a'na  hi  a  for  one  of  the  values  of  Ln  a' ' 
4.8.12  Ina'ajeba  (a  real  and  positive)  / 
*A18  |a*|-a- 


\ 


70 

4A16  a«*^«(a*)*  (-r<arga+arg»^r) 


ilhientamt  hianscsndiiital  fwonoNB 


U 


/ 


/ 


4J.17 
4J.19 


«*«»«=xe*  (*  any  integer) 

Bxpgmmttel  kfaatltkM 


The  restriction  (-■•Oai^r)  can  be  removed 
if  4  is  an  integer. 


jValiMB 

Um  a««-««0  (|«rgff|^J»-«<K  « constant) 


SpMfad  ValaM  (Me  ehspter  1) 
««>2.71828  18284 . . 

<•=»• 

«— -0 

1  (4f  any  integsr) 


44UB 
A.*aA 

4,t.a 

44U6 

4JUt8 


If  X  is  real  and  different  from  sero 
4.2J9       ri^<l-»<«-»  (a<l) 
/>l+» 
1 


4JL84 


l+« 


C(i-r«)<»  (»>-i) 


«<(«*-i)<iz;  (»<i) 
i+»>«»fe  («>-!) 


#'>i+ji  55>o.  »>o) 

4A86  #r>(l+|y>«^  («>0,  y>0) 
4AW       «"'<l-5  (0<«^  1.5936) 

4AM  j|«|<|e'-l|<||«l  (0<|«|<1) 
4.2J9     |««-l|^«'"-l^|«|e'"  (aU«) 


Gentiaiwd  FMettont 


4^40 


1    g    »    g    «    g  g 


1-1+ 2- 3+ .2-  a+2~"*' 

,  ,  g    g    g    g    »    g  » 

'1+1^2+  3-  2+  6~2+7-*" 


(I«I<-) 

••(W<«) 


t      g«/4.3gV4.1ggV4>3fc      g«/4(4iiyr-l)  /u.^.^ 
.       ,  ,    «•     nig        g     (n+l)g     2g     (n4-2)g     3g  tu\^^\ 

4A4I  g*-e,.,(g)-;jp  ^^j:^        ^;'^3y^        (jjqi|f+  (^tRF  * ' "  ^'"^  ' 


4.2.42 


SLBMBMTABt.  TfUMSCjtNpiMTAL  FUNCTIONfli 

InTw 


.91  amui 


.1+- 


'2a  a*+la»+4a'+0 


»-a+  3»+  6«+  7«+ 

(f  in  th«  cut  plute  of  figure  4.4.) 

Myaumhil  ApywwIwMitiDW* 
4.2.43  0^s^ln2».0»3... 

|«(»;l<:3X10-« 
ai»~.9eM  ai».3536 
4.2.'i4  0^«^ln2 

«  -•»»  1  +ai»+atJ^ +«t»*+a<je*+«(af) 
l«(«)|^3X10-» 


•  .4082926 


C-.15M332 
'  .0203641 


4J.4S  0^s^b2 

+<hJ(»-fOt»'+«(») 

\  |«(»)|^2X10-'» 


<ii  ^ #99990  WW6 

a,»   .4999999206  a«s 

at»-.1666653019  ar> 
a4»  .0416673476 


'-.0083013698 
>  .0013298820 
'-.00014 13161 


4.2.46*  0^«^1 

10'«»(l+a,»+a,*«+ai*^+a«**)«+«(») 
U(»)I£7X10-* 


0,= 


'1.1499196 
'  .6774323 


0,3 
««« 


'.2080030 
'.1268089 


4.2.47  0^9^  I 


+o,je*+<i,»')«+.(») 
|«(»)|<6X10-« 


0,. 


>1. 16129  277603  «k' 

>  .66273  088429  a,« 
'  .26439  367484  Or* 

>  .  07296  173666 


'.01742  111988 
>.  00266  491706 
'.00093  264267 


*  Xi^  Mnroxlnut»kHH  4J.48  to  4J.4S  w*  from 
»«  M.  QoldBMia,  Itotionia  ftpproitiBwtioD  of  ft 
M  AkUBOi  fletonUfle  tSbonim  LA-194S,  loi 


B.  Ctfl- 

N.  Mei*i  t9U  (with  peniii«ioii). 
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^  ChdijfilMMr  Ptt|yimtnfail>  ^ 
4.2.48  O^s^l 

7^(s)  <aco8       C08  0<a3x—  1  (aeo  chapter  22) 


«--gAn(«) 


n 

An 

n 

An 

0 

1. 76338  7664 

0 

.64803  6270 

1 

.  86039  1664 

1 

-.31284  1606 

2. 

.  10620  8604 

2 

.08870  4116 

3 

.  00872  2106 

3 

-.00820  8688 

4 

.00064  3437 

4 

.00019  0010 

6 

.00002  7116 

6 

-.00000  0076 

6 

.00000  1128 

6 

.00000  0416 

7 

.00000  0040 

7 

-.00000  0016 

8  / 

.00000  0001 

Differentia  Uoa  FonnulM 


4.2.49 
4.2.80 
4J31 
4.2.S2 
4JL8S 

4.2.84 
4J.8S 

Ja««"<te-^l(a»)"-n(a«)*-»-fn(n-.l)(««)«-« 
+  . . .  +(-l)-«nl(«)+(-l)«»ill  (nJ^O) 

4.2J6 

(See  ehapieni  7  and  29  for  other  integrals 
involving  exponential  lunotions«) 

4e3«  Citeiilar  Fim«tloiia 


a'«a'  In  a 

^t*-(l+ln«)a* 
[atagntkn  Fotmn 


4.8.1 
44.2 


Bin  «a- 


IT 


(»-»+i») 


008  S« 


*  The  ftoproxiiMtlotM  4  J.44  er«  from  C.  W.  Clenthftw, 
PolynonlM  MoroilmAtiona  to  eloBMniary  fuootioM, 
Mftih.  TAblMTUids  Oomp.  S,  148-147  (19M)  (with 


). 
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wpii.i^l,wi|ifiiipiii,l!yi. 
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SLBMBMTABT  TRANaCBNDBIITAL  rDMCHONB 


tftn  <M 


4A4 
4.S.S 

44.7 
4.9.8 
44.9 


C8C  a«»-r 


tin  « 
CM  a 

1 


sec  a«— 


cot  a«" 


sm  a 
1 

coe  a 

1_ 
tan  a 


sin  <a+3lnr)»8in  a  (it  any  integer) 

ooe(a+2jhr)»iios  a 

Utn  (a+Ar)*-tan  a 
» 


44.10 
44tll 
4.8.12 

44.18 
44.14 
44.18 


if  16 

.ERJC 


FtovBK  4.3.  CireularJiindiaM. 
ItefamoM  BttwMi  CIreukif  PumlloM 
Mil*  t«l 

a— tan* ««! 
CSC*  #— cot*  0«1 

•in  -iin  a 

CM  (-g)MCOt  J 

tan  (— a)«-tan  « 
sin  (f|<ti^)atin  tft  009  0i+OM  tft  ilA 


48*17  CM  («}+a^)»eo8  at  oos  nt— sin  at  ain 


4US«19  cot  (at+2^)« 


cot  Zi  cot  at^^l 


cot  4|+C0t  % 


Half-Angle  FotmalM 

1— COS  «\l 


0' 


44.21  cosg— ±1— * 


1— Cp|a\l    l^COB  9 


9m  a 


sin  a  1+eosa 


The  ambiffuity  in  sign  may  be  resolved  with  the 
aid  of  a  d&gram. 


If  tan  then 

M^i^    *        2a  1— a* 

4e3«2S  stni^«»j^^i 


Mukiple- Angle  Ponnaka 
2  tan  a 


4444   siii  2a<»2  sin  a  cos  a 


l+tan*a 


4448   oo8  2a«»2oo(*»a~l«l--2Bin«« 

l-tan'a 


44.26  tan  2aM 


cos*  a— sin*  a 
2  tana 


l+taD*a 
2  cot  a 


2 


1— tan*a  oot*a—l  oota-'tans 
44.27    un  ZfZ  sin  a— 4  sin*  a 
4.848  cos  Sas — 3  cos  a4-4  cos*  a 
44.29  sin  4a'B8  oos*  a  sin  a— 4  oos  a  sin  a 

4440  cos  4a«8  oos*  a-8  oos*  a+1 

PradiMta  of  8Im»  anil  CotfaM 

4441  2  sin  ai  sin  aft»cos  (at-aO^^oos (at+«i) 
44.88  2  oos  ai  cos  at^oos  (ai-ai)+oos  (a>+a») 
4448  2  sin  ai  008  ai«sin  (at-St)  +sin  (ai+0t) 
Additkm  and  Subtntetloa  of  Two  OmtUr 
4.844 

sin  at+sin  a,«2  8in(5i^)  oos(2n^) 

85 


lin  «i-tin  ai=i2  cot^^i-^^  sin 
4.S46 

CO.  a.«.-2dti(?i±l»)sin(5lp) 
•in(g|Ag|) 


BIiB]lfB)|TART  TBANSCBNDBNTAL  FUNCnONS 

44.41 


78 


43.4S 


CM  «i  cos  <| 


4.S.99 

,    .  flin(«i±2i) 
cot*.±eott,-3j^s^ 


44.40 


•in*  ai-tb*  «i«tin  (»i+*t)  «n  «4) 


\ 


44.48 


Signs^pf  the  Circular  Functions  \ 
in  the  Four  Quadrants 


Quadrant 

shi 

COS 

tan 

CSC 

see 

cot 

I 

+ 

+ 

II, 

44.44 


Functions  of  Angles  in  Any  Quadrant  in  Terms  of  Angles  in  the  First  Quadrant.  (0  ^«       ir  any  integer) 


^0 

;tr±« 

i 

2kir±$ 

-sin  $ 

cos  0 

7sin« 

— coi  0 

±sin* 

eo0  0 . 

qprin  0  . 

— cos* 

±rin0 

+00S* 

— tantf 

7cotf 

^  dbtan* 

Tcot  • 

d^tan* 

— cac  $ 

+•60  9 

Tcec* 

— sec  0 

dbese* 

sec  

Tc«c  •  . 

— sec* 

±C8C  0 

—cot  • 

±cot* 

7taii« 

i:COtf 

— ( 

44.48 


Relation  Between  Circular  (or  Inverse  Cwcular)  Functidns 


sin  fna 

cosxxsa 

tanac^a 

csc«sa 

Rec«"<i 

cot»na 

•in  X  

a 

(l-tt«)» 

tt(H-a»)-» 

a-' 

o-»(tt»-l)» 

(!+••)-♦ 

(l-tt«)» 

a 

tt-»(tt»-l)» 

a-» 

a(l+tt«)-» 

a(l-tt«)-» 

tt-»(l-«*)» 

a 

(«•-!)-♦ 

C^C  X.  

o-« 

(!-«•)-♦ 

tt-»(H-a«)» 

a 

a(tt»-l)-» 

(l+a«)» 

•0C  1  

(l-tt«)-» 

(14-tt«)» 

tt(tt»-l)-» 

a 

•-'(l-a")* 

a(l-tt«)-» 

(o^-l)» 

(tt»-l)-» 
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(oi«^j)  niustrati^:  If  slni««,  oot»«tt*'(l-«*)» 

arcseo  asarccot  («•- 1)"* 


8fi 
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CireukrFunetioniftirCf 


0 
©• 

Wi2 

9/9 

60* 

0 

-1) 

V5/2 

V5/2 

CM 

1 

V5y2 

ten 

0 

8-V5 

1 

V5 

oao 

V5(V5+i) 

2 

2<^/8 

MO 

1 

-1) 

2^/3 

2 

'«• 

vs 

1 

IS* 

90* 

7v/12 
106* 

120* 

■in 

1 

^(1^+1) 

Vi/2 

on 

0 

^(V5-i) 

-1/2 

ten 

m 

-(2+V5) 

-V5 

^(V5-i) 

1 

-1) 

2V3/3 

■ee 

m 

-2 

0 

■in 

00* 

ten 

CM 


3W4 


V2/2 

-1^/2 
-I 

-1 


3v/3 
150* 


1/2 

-<^/2 

-V5/3 
2 

-2V3/3 

-V5 


165* 


-(2-V5) 

-^(V5-i) 
-(2-I-V5) 


in* 


-1 

0 

-1 


4tJl 


(OM  s+i  lin  ff)'««0M  p»-¥i  idn  m 

(— v<  jVi^v  unliM  » it  an  integv) 

totHiHi  ^  4J.T  t»  4J.1I) 

ilntw— ^dnhto 
oot  ff«-ooth  iff 
tenffw— itenhit 
cte      cteh  i» 

ttO  ffi-itMh  it 

ooi  »M  ooth  iff 


tin  t«tin  t  Mth  If +•  oot  s  dnh  y 

oot  4*000  «  ooth  y-<  tin  t  linh  y 

tin2«+<tinhay 
!~  oot2»+ooth2y 

.  tin2»— itinhay 
^  ""ooili2y-ootlEK 


48^ 


jgin  «|-(iin*  t+iinh*  y)« 

/  -II  (ooth  ay-oot  2t)]* 
•ig'iin  ff-troten  (ooi  t  tenh  y) 
loot  «i-(ooi^  t+tintf  y)« 

«[|  (ooth  2y+oot2t)l* 
•rg  oot  ff-i-troten  (ten  « tenh y) 

u    -I  /oothar-"00t2g\* 
>*^'Kooth2rfoot2»; 

Mg  ten  ff-troten 


4 


tin»-ff-||+jpyj+... 


(W<«) 


(W<-) 


liimWTAKT  TBAMBOINlllllTAL  fOlfOnOlfS 


(i.i<|) 


—-j+j+ao-'+iraj  ••+••• 


(i«i<») 


+^-+-  (w4) 


4J.1S 

(liKIr) 

vlMre  IT,  uul  iff.  ara  iha  BflrnouIU  and  Eular 
numbart  (im  elMpt«r  28). 


(|i|<») 


(l»l<») 


(|i|<i«r) 


4J.74 

4J.T» 
4J.77 


liMlUat  VakMS 

Urn  iitin§M« 


lim  utMi-MS 


Urn  «ot2*-l 
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4JJ1 


lingua 


■in  a^M^Uoit 


75 

(-|<'<i) 
(0<»<1) 


4Jjr 


jtinhylfiltin  fj^oothy 
liinli  y|  ^  |oM  «|  :S;ooih  y 

icMt|£ooih|«| 
|iint|:^iinhit| 

|ooti|<2,  |iinf|^||t| 


(l»l<J) 


4J.fl 
4J.« 
4J.98 


OMt 


4J.98 

Un  —If^  ilz^|UnL« 

88 


76 


4xm 


BUUMBNTART  TRAHBCSNOBNTAL  ftmCTIOMS 


43.101 


l«(»)l:Saxio-« 

at--. 16605  a«»  .00761 


4J.97 

sill  * 


.  1  +<M«+tt«sr«+a«Jf»+<ii*»+ai«»»+«(«) 


0^»^J 


U(»)|^2X10-» 

«,» -.16666  66664        o^m    .00000  27636 
.00833  33315        Om"- 00000  00230 
a,«i-r  .00019  MOM 

44.96  O^ar^l 

«»     1 +ai»*+04**+«(af) 

l«(«)l5»xio-« 

a,- -.49670  a«»  .03705 

4J.99  0^»^l 

eo»  *-H-Oi«»+o«jf«+a,Jt»+a,»*-fa,oa**+«(») 

|«W|S2X10-» 

-  .49999  99963  «•«    00002  47609 

.04166  66418  -  .00000  02605 

.00138  88397 


4J.100 


Un  X 


0!S»iJ 
.l+<i,««+a*»*+«(*) 


|.(*)|SlX10-» 
a,- .31755  a«»  .20330 


»The»i 


„...^tlotti  4 J.f*  V)  4 J.t«  «•  from  B.  Cwl- 
M.  Mm..  IMI  (with  pemiMtoa). 


^-.H-«,ae«+a4at«+<M»+o,»»+a,o»'» 

\ 

|«(»)|^2Xl0-« 

.33333  14036  Ot « .02^56  60f/93 

04-. 13339  23995  a,o«  .00290  06260 

a.«.05337  40603  a,t»  .00051  68091 

441.102  O^jf^  J 

•  atcotaf«H-aia^+a4»*+«(Jf) 
N(»)l^3X10-» 
o,— .332867  a*— .024369 

4.3.108  0:^2^  I 

X  oot  af«H-a,3c«+a«Jf*+a,JS»+a»3t'+a,oii»H<(») 

|«(«)I^4X10-* 

o,«  - .33333  33410  «•«  - .00020  78504 

o«=  -  .02222  20287  a,o«  -  .00002  62619 

a,«F -.00211  77168 

AppmlnMUMM  In  Tmnm  ChOufi^  MjTMnddi* 
43.104  -l^»il 

7:(«)"<w«fi«,co0««2x-l  (Meebapter29 


n  A, 

0  1.27627  8962 

1  -.285261569 

2  .00911 8016 

3  -.00013  6587 

4  .00000  1185 

5  -.00000  0007 


f>  An 

0  .47200  1216 

1  -.49940  3258 

2  .02799  2080 

3  -.00069  6695 

4  *  .00000  6704 

5  -.00000  0047 


Rtinfttlom  4 J.IM  v  twm  0.  W.  ^Jjjjjjj^' 

(with  per* 


•>  The  Mmroitinfttlom  4  J.IM  arc  rram  O.  w. 
PdJj-iMimlir  ftporoxlui^tlotM  *©  etenMnUry 
Mftih.  TtiWni  Vfidn  Comp-  61  ^^••^ 

miMHB). 


lUnOMTABT  TBAKSClWPBMTAIt  FDMOIfOlfS 
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4^.105 

44407 

4.9.109 
4J.110 
4.S.111 

4J.iu 


DlflMwattatkMi  FofoaalM 

d  . 

d 


cae  ««>a~eie  a  ooi  « 


9i 
Si 


Si* 


4S415   J^tM  «<ii»«-^ln  cM;9»ln  aecai 


4J.11S 
4J414 


44.116 


1 1-1— COB  » 


J 9  1 

-^3.117 

J*aec«i«aln  (8ec«-f  tan«)»bUn  ^l+l^gd"' («) 
»Inv«ne  Qud^muuuuMi  Function 

4.8.118  J*co(«tfji»lnginff<ni— Incscff 
44.119 

J*#*  sin  #<<#«—«"  COS  a-f  n  J*»*"'  oo«  «4« 
4.8.120 

4.8.121     r-T^-^if"*— «oot«+ln8inf 

^  Mo*  9 


ERIC 


44.122 

imn"(»-l)  •!»•-»  (n-2)8in«-«« 

44.128  C 
J,.co.,cfe«,..in,-np.-.in,<to 

44.124 

44.125  J* '^^qfi'"''  ^       <M  ' 
44.126 

Jsdt        gaing  '  '  
cos-g^Cn-l)  «)••-»  g  («-!)(»  2)oo8«-«« 

4J.UT 

""""  m+ii 

(ii»p<--») 

44.122 

J  ain"  g  o«i*  g""(«— 1)  ain"»~*  g  oob*~*  g 

"**  »— 1  J  Bin"  g  ooa*^ 
(»>l) 

■"(m-l)  «in"-'  g  oo««-*  g 

t  ni-f<i~2  f  da 
m-l  J  •in****  g  ooa*  0 

(i»»>l) 

44.129  Jun«g(ig-5^^-Jun-«g(lg  (fip-l) 
4.8.120  Joofg<ig-— 52^-.  Joot-«grfg  (nipil) 

90 


78 


RUDMBNTART  nUNSCBNDIIITAL  mVOnOini 


(6«-o«)»l 


J  r(6-a)tan|+(4«~«^»1 


4^.134 
4^.135 


f  (to 
J  1+coi 


J  1-008  »  ""'2 

4^186 

on  *«<to— jji^  (o  sin  hz—h  oos  6») 

4^.m 

oos  (•  «»  an 

44.138  I 
Ji-  SID*  (a  sin  hz-nb  oos  6a) 

4.3.139 


_  ...  oos*"'  6< 
1^  COS*  00  <<»-» — ^  ■  .!> 


4.8.140 


^22_j^(aooe6,+n6sin6«) 

DniaH*  latagrali 

J^'un  mt  sinnf  («a>0 

(mHn,  mMidniot«g«n) 
008  mIooinltflaO 


4«8.141  n<  <ft- JJ'ow* <ft«| 

(n  an  inUger,  ny^O) 

44.142    J/^<'<-|  ('»>0) 

-0  (m-O) 

— I  (»»k:o) 

44.144  j;sin««<ft-j;oos«.(ft-i^ 
44.14S 

I    lnsin(d<»J^  Inooeiitt-— |ln  2 
44.146         X"  "~ 


TF?^*"  2* 


(See  ohapters  8  and  7  for  other  integrsia  involy- 
ing  oiroular  funotiona.) 
(See  [54]  for  Fourier  transforms.) 

44.147 

Fotmulu  Inr  SolntiMi  of  PImm  RlahtTriMiilM 


If  A,  B  and  ^  are  the  vertices  (C  the  right 
angle) ,  and  a,  6  and  e  the  sides  opposite  respectively, 


.    A  a  


^•'^■•"sSlE 

*«^-r5t:i 

veiaine  il»»»verB        oos  A 
ooverune  A— covers  A-lr-rin  A 
havafsine  A^hav  A*^i  vers  A/ 
eneoaot  AeaegoMo  Anseo/A— 1 


mmnTAiT  TBANSonmnffAL  fUNonom 

4.4.  lavMM  Ciienlar  Fimctiom 
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In  »  triMji^  with  KOf^  A,  B  wad  C  and  iidet 
o|>poiito  a,  futd  0  nipeetivdy, 


•~ifc-^^^-W«~«)(t-»)(f-«)l» 
4A149 


If  A,  B  and  C  «r«  the  three  englat  and  a,  h  and 
0  the  oppoiite  aidee, 

ain  ii^itn  B^ito  C 
ooe  a<*ooa  A  floa  e+alii  A  ab  «  eoa  A 


^ooa  >  eoa  (e±D 
«oa# 


where  tan  lottan  htm  A 


ERIC 


4.4.1 


4.4.2 


ar«at^«i 


•roeoai 


antanfi 


f  •  dl 


aroBin  a 


The  path  of  integration  muat  not  oroaa  the 
real  axia  in  the  eaae  of  4.4.1  w^d  4Ati  and  the 
iniMinanr  axia  in  the  eaae  of  4.4bS  eseent  DoaaiUv 
inaide  the  unit  eirole.  Baeh  (unetion  ia  ^iin^ 
valued  and  regular  in  the  Mbne  eut  aloofW 
real  alia  ffom  —  •  to 1  «nd +1  to -f  •  in  the  eiiB 
of  44.1  and  4AS  and  along  the  iniai^iMnr  iMt 
liNMn  i  to  i«»  and  "i  to       in  the  eaae  of  4*4J. 

Livam  dreuhff  functiona  are  alao  writtett 
aroain  8»8in*'*  0,  aroooa  etBCoa'*  »,  aretanr  e. 
—tan'*  a ,  .  .  .  . 

When  -"l^at^i,  areain  »  and~ireeQa  «  aaa 
teal  and  ™ 


O^areooa 


4.4.4  — ifl^^aroain  a^Ht 

arotan  e+arooot  0adb|  ^^^^ 
aroeae  «»areain  l/« 
aroaec  a»aroeoa  1/e 
aroeoi  aaaretan  1/i 
aroaeo  a+erooeo  aefv 


4.44 
447 
44S 
449 


ir 


vr 


It 


I 


Ir 


•WMtflMi 

1P*^^^^^»  V  ^^^^ 

i 


0 

•I 


FiaimB  4*4.  Bnmtk  enfo  /or  <Min«  oihMtflr 

9? 


BumMTAiiT  numoiNDniTAL  wuaoman 


Th«  g«iMr»l  lolutioni  of  (ha  equatioM 

4410  l-iArann8-(-l)'aroiin0+ihr 

4411  |aArooMfa±ai«0M8+2itv 
44.1S 

wImta  ir  is  an  arbitrary  integer. 

4>i.lS  Intflrval  eontidning  prineipal  value 

y  X  pMitive     « ne^itive 

w  aero 

aNontasdareUiia;  -v/2:^y<0 
VeeotaandaroMox  v/2<y^v 
Voootsandarooaox  0:^yi;v/2  ~v/2^y<0 


■M 


— *r 


-1.0 
•t.» 
•M 


FiovBB  4.0.  /rnvTM  eimdarJmdioM. 

4414  aroein  (—«)»— aroein  « 

441ft  areoM  (— aroooe  a 

4414  arotan  (-«)m-arctan  a 

4417  »  .  arocec  (—»)«— arocio  f 

4414  arceee  (— arceec  » 

\419  arooot  (-«)— arocot  » 


4AM 
4421 
4411 


4419) 

Arelin  f  ■»  — i'  Areiiiili  ii 
AreoM  t«±<  Areeoth  f 
Aretaia  «<«~<  Aretaob  iB 


Aroon      Arooieh  is 
AroMO  <■*  ±t  Areaech  z 
Arooot  sni  Aroeoth  it 


4428 
44M 
44Jft 


44^  ArcBiiis«-«LnI(l-^i+<«l 

44«  Aroc»«=-»Ln(«+<(l-*")»l  (a»^l) 

4424  Awtan»-iLn|=i|-iLn|±2 

(«im1) 

4429  Ai«»c««-»Ln[^2^=^*]  (a^2il) 

4.420  Arceeo««-tl4i[i±i^f=^^ 

4421  Arc«,tx4Ln(g±l>.iLn(H=|) 
.  (» ml) 

jliSllhw  mmI  Subtfetion  of  Two  Imene  Clteolar 


4422  V 

Arodn  etrkArain  «t 

»An»in  I«t(l-eS)*±Si(l-«!)<l 
4422  i 

ArootM8t±Aroooe4  i 

«Arocos{«i»,Tl(l-aD(l~aPI») 

4424 

Arotan  «t±Arotan  »i«Arotan(Y^^ 
4428 

AradnatdbArooMSt 

«Ai«in{»i«,±l(l-«0  (!-«!)]•) 
-Aiw)oaMl-»f)*T«i(l'-ap»l 

4484 

Arotan  «t±  Arooot  fa 

te  TefiM  of  Reel 


4427 

Artein  ««>At4-(-l)*  mb^ 

+(-.l)Sln(«+(rf-l)»l 

4488 

AfOOM  0«2fcrd:  (aroeot/»-<  b(a+(«^-l)*l} 


ELEMSMTART  TBAN8CBN9INTAL  PCNCyOKS 


81 


4.4^ 

Arotttn  5»Jsr+i  arct»n  (^^J^^^^ 

whore  4r  it  m  integer  or  xero  and 

a-|l(»+l)«+!«»+il(af-l)«+»*l» 

4.4.40  ««to«-r— 
4.4.41 

(kl<2) 

4.4.4S 

•wtwi«-«-|+|*-y+...  (|«l:Slwid»M-l) 

V,  •(l»l>l"»d»M-l) 
«  «   r  .2  »«  ',2'4/  «•  Yx  T 

4.4.4S  ercton 

(« in  the  out  plane  of  Figure  4.4.) 

VftrTT  3-   6-   7-   9-  • 

(« in  the  out  plane  of  Figdre  4.4.) 
Polyaamlal  Apynwiiiiettiiin  * 
4.4.4S  OSx^l 

aroein  af«»»|--(l— af)»(ao+aiaf+at««+Oi;;^)+«(af) 


1.A7072  88 
a|t-~.3iail44 


at»  .07430  10 
Ot— .01872  93 


*  The  epproxitnAtiona  4.4.41  to  4.4.47  en  from  C.  Haat- 
lid**  *L>  Aparoslmetiotm  for  digital  eotnputors.  Prlneeton 


Univ.  P^,  PHaeeton.  N  J.,  19U  (with  pemiasion). 


4.4.46 


o^»si 

arcsin        (1— *)»(ao+ajx+a8Jf*+a»a{» 

+o*af*+«»a5»+o«at»+ai»0 +«(») 

,  kaf)|^2X10-» 

o,»  1.57070  63050  .03089  18810 

at»  -.21459  88016  as-  -.01708  81256 

Ot»  .08807  89874  a.-  .00667  00001  , 
a,» -.05017  43046  -.00126  24911 

44.47  -1^«^1 

arctan  2natX+ata^+atie*+ayx'4:atX^+<(«) 

l«(»)I^io-* 

Ot»   .99986  60  ar» -.08513  30 

oi* -.33029  95  a«»   .02083  51 

a»»  .1801410 

4.4.48»  -l^af:$l 

2 


arctan  X' 


4.4.49" 


arctan  x 


at» -.33333  14528 
a««  .19993  55085 
a«» -.14208  89944 
<!«»    .10656  26393 


■l+.»+*<'^ 
W«)l£5X10-» 

•l+J|}«i»*^+«(«) 

|«(»)l^2X10-« 

aio» -.07528  96400 
au"  .04290  96138 
ai4» -.01616  57367 
ai«»   .00286  62257 


ERIC 


**  The  nproxliitatlon  44.4S  to  from  C.  Baatinp.  Jr., 
Note  14SrfUth.  Tablea  Alda  Oomp.  4.  68  (19IKr(wHii 

IMf  lUttUOD/  • 

"  The  approxlmaUon  4.449  to  from  B.  Carbmi,  M.  aokli> 
atein,  Reflonal  approxlmatlou  of  funetiona.  l«e.A|aiBoa 
SotontlSe  Uboralorjr  LA-194S,  Loa  Alanaa,  N.  Max., 
IMS  (with  pemtoaloii). 
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111  TWMHI  of  dMbyilMV  Folb'MIMtel*  " 

* 

Tt{9)^eo»n$,     cM9>-22-l  (s«ediapt«r22) 


n 

n 

A. 

0 

.88137  3687 

6 

OPOOO  3821 

1 

10580  3026 

7 

OOpOO  0570 

2 

.01113  6843 

8 

OODOO  0086 

3 

-.00138  1106 

9 

bOpOO  0013 

4 

.00018  6743 

10 

00000  0002 

6 

-..00002  6215 

*For  4e  >1,  use  tfetan  arctan  (lj[x) 
4^61 

Mcain  »«»  gil.T:(2*«) 
05»^i^ 


n- 

A. 

n 

0 

1.06123/1950 
.0649^  6487 

5 

.  bOOOO  5B8I 

r 

6 

.00000  0777 

2 

.  00408  0631 

7 

.00000  0107 

3 

.00040  7890 

8 

.  00000  0016  ^ 

4 

.00004  6985 

9 

.00000  0002 

For|V3^«£l»  use  itfcsin  «*>«rcoM(l-j^V 
OM  fofoma  (1— 


4.4.S8 
4.4.SS 
4.4.S4 
4.4.8S 
4.4.S6 


^  ftrcstn  t«»(l— »•)■* 
^  »rccos  (l—t')'** 

d 

d 


urcUn  g' 


arcoot  «' 


l-f«« 

-1 
'l+«* 

'  1 


M  The  ApproilmMioiui  4.4.80  to  4.4J1  9m  tfom  C.  W.i 
OMtthaw,  PolyoomiAl  %pproxtm*Uoiit  to  etemeotAnr 
fimoUMt*  Mftlta.  TAbl«m  Comp.  14»-147  (aM« 
(with  pefnlfliloii)* 

ERIC 


4.4.S7 


d        '        -  1 

0  " 

InlttfNitiM  FormulM 


4.4.5.  J«<»to.&-.«»in.+(I-rt« 

r 

4.4.89  J  arooos  $  d9'^»4Eroo(m  »— (1— «*)* 

4.4.60  Jarptan  «        arotan      J"  (1  +«*) 
4.4.61 

Jaroosc         arooso  «±lii  («4-(«*— 1)*1 

0<aroo80<<g^ 

4.f62 

J*aro8eo  « arqwc       [»+(»•— 1)*1 

0<aro8ee  «<g 


.s<aroMOf<« 


4.4.63 


^  arooot  <  aroQOt  <+i  In  (1  +«*> 
4.4.64 


4.4.66 


!»•  aronn  » ite—r-rr  arorin  »— 


n+1 


1  r  g*»'  . 


4.4.66 


(n,i-l]l 

J«  arocM  « <««-(^|)  awooa  «-|  (l-«»)» 


4.4.67 


4» 


4.4.66 


<  aroUn  <  itro^^  (l+fl*)  aroton  «-"| 


9S 


KuacBin'AitT /tiuwscsndbmtal  FUKonoini 


88 


''i 


I 


(np*-l) 


4.4.70 


^  J«  Mcoot  «<ia«^ 


4.4.71 


« 

4.S.  Hyp«rlM»ll9  Fun^tiona  ^ 


4.S.I 


4.S.k 


4.S.3 
4.S.4 

4.S.6 


cosh  ««" 


2 


each  z^i/mh^ 
aech  <»l/csof{^  «  / 
■  coth 


FtouRB  4.6.  Hyptrbolk Junetum. 

Relatloa  to  Qreubt  runelkMnui  (»•  4  to 

..Hyperbolic  '  formulas  can  b«  derived  from 
trigonometric  ideutiliea  by  replacing  z  by  U 


4.S.7 


nnhi/a-t  nn  »a 


.4.8J 
4.8.9 
4.8.10 
4.8.11 

4.8.12 

_  3« 


4.8.13 


4.8^: 


4.8.16 
4.8.17 
4.8.18 
4^.19 

4.8.ao 

4.8.21 
4.8»2 
4.8.2r 


cosh  8=3008  iz 

tanh  «as— i  l^n  iz 
C8ch  z^i  C8C  »a 
sech  «»8ec  u 
ob(h  iirsf  eot  iz 
.  P«riodlePtapivtkMi 

(Ir  any  integor) 
coah  («+2lrvt*)»ooeh  « 
tanh  («4-iifirt)»tanh  z 


coah*  ar^unh*  anl 

tanh*«+Mdb*««l 

^  ooih?  a— each*  ««1 

cosh  0+ttkih  z^^ 

cozh  oinh 
N«iath«  Aa^  Famrnla* 

,   ooah  (^a)»>oo8h  z 
tanh  (<**-s)a^tanh« 
Addition  PoimalM 
4.8.24  .  ainh  (ei+«t)-'niili  »t  ^  »t 

'  •i-ooah  Zi  ainh  fl» 

4.8.28   ooeh  (ai+«»)'=co8h»»oo8h«« 

4-8inh  Zi  nnh  zt' 

4.8.26  tanh  («,4-»»)=(tanh  ti+tanh  «.)/ 

^  (14-tanh«itanhfli) 

4.8.27  coth  («,4-«i)=(cotb  »i  cotb  «»+ 1)/ 

(cotb  ai+coth 
Uklf-Angle  Fomulur 

4.8.28 

.  .  e  /cosb 


84 
4.S.30 

.   ,  «  /coeh cQgh g—l  ainha 
2"\co8h  a+iy  "  8inh«  "cosb»+l 

Multlpl».Aiigb  PonavlM 

1 

2  taohs  ^ 


lUDMBNTAKT  TRAM80BNDBVTAL  FDNOnOKB 

4.5.44 


•4.8.S1   ginh  2«s>2  sinh  «  cosh 


1— tanh*« 


4.S.32   coidx  2sB  2  coih*  s~  1  <b2  sbh' «+ 1  . 

4.5.34   mh  3aa3  ainh  8+4  nnh*  0 
4.835  cosh  3«a  —3  ooah  0+4  ooih*  0 

4.S.37   cofih  40»CMh^  «+6  ainh*  0  00^*  a+>inh^  0 

PfodiMtt  of  Hyporbolle  SIttM'aad  Cmiwf($ 
4,5«38    2  ainb  ai  mh  dgnoosh  (01+4^) 

—coeh  («t— ^ 

\ 

4.5^  2  coeh  Zi  cosh  0t»cosh  (01+0^ 

+C0«h(«|-«|) 

4.S.40   2  ginh  0|  coflh  0|«8Uih  (^+0k)  .  / 
AiUUHea  and  SubtrMtloo  «l  Two  HypwlMlM  PmetloM  . 


4:s.4i 


/ 


unb  0,+sinh  0,«2  sinh  (^)  ooah  (^^) 


4.5.42 


Bioh  0.i-Mnh  0,-2  oo.h  (5i±5j)  ainh 
4.5.45 

coah0,+coeh  0,<»2  ooah  (^^^  ooah  ^^ity^^ 


ooah0,-oo8ii0,=2  ainh  (2i±S)  sinh  (Si:^) 


4.5.45 


4.5.46 


RfitarioM  BetwwNi  SqiuuM  of  HjrpwboUa  SImo  aadl 


4.5.47  ,  ■ 

sinli^  0i^8inli*  ia^uoh  (0i+0s>  8kJi  (01— at) 

BOO8h*'0i~OO8L* 

4.5.48  » 

ainh*  ai+cc«h^»ooBh  tai+atVooah  (81— ft) 

ai+ainh*  01 

HjrpMbolle  PuaelkiM  In  Totim^RmI  ud  ImglMigr 

4X10  nnnh^a^niiHx  OM  y +i  cosh  zeiny 
4.5a50  ooah  0»ioo8h«  cos  y+i  ainh  a(  sin  y 


OeMolvfe^s' 

4aSa88  (cosh  0+sinh  is)*»eMh  na+sinh  n« 

Modttlna  sad  Phaae  (AMamSBt)  of  Hypariiolls 
FunodMs 

4.SaS4       lainh  a| « (ainh*  x+ain>  y)» 
«  «i|(coah  22— cos  2y)|* 

4.5a8B   arg  sinh  a»arctan  (coth  x  tan  y) 

4a8a86      fcosh  «H(ainh*.a;+corf  y)* 

»[|(coah2^+coa'2y)]* 

4.5»57   arg  ooah  asarotan  (tanh^  tan  y) 


BLBMBNTABT  TBAN8CBKDBMTAL  FDNOnOlifft 

4.S.M        \      ReUtioiis  Between  Hyperbolic  (or  Inverse  Hyperbolic),Functk)i» 
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\»inh 

•  \ 

coeh  osna 

tanhx^d 

osch  9a>a 

sech  • 

coth  a!*s4 

tlnh  9  •  - .  t 

a 

(o«-ti)* 

a(l-a»)-*»  ~ 

a-»(i-ltt»)».  ' 

cosh  9  

(l+a»)» 

0  *  ' 

(l-a«)i 

o-»(l+a*)» 

a-» 

taph  as  

a(l+o«)-»  ' 

a-'(o»-l)» 

a 

(l+a*)"»  . 

(l_a«)» 

each  9  

(a«-l)-» 

a  . 

♦ 

a(l-a«)-» 

(a«~l)» 

aech  X  

(H-a«)-»  - 

(l_a«)»    '  • 

a(l +«»)-♦ 

a 

1)» 

> 

a+a»)» 

 *- 

(l-a«)-» ,  ' 

V  Illustration:  Ifeinhs" 

aroeeohaa 

4.5.61  Special  Vai  .09  of  the  Hyperbolic  Motions 


0 

ir  * 
2* 

■■■    '  ^ 

■f 

* 

n 

•    2  * 

• 

0 

• 

00 

1 

0 

0 

00 

0 

* 

• 

0 

1 

m 

0 

1» 

-1 

• 

0 

00 

0 

0 

1. 

ScrlM  EipansloiM 
4.S.M  ■     8inh  «'='«+^+|]+|]+  •  •  •    (l»l< ") 


4.5.63  cosli  «=H-gi+|f+gl+  •  •  •  (l»l<") 

# 

gi    2  17 

4.5.64  twih««a-g  +  jg«*-gjg3^ 

2^(2'«-l)g^^....> 
+  (2»)l 


4.S.6S 

each  a-i-l+oL*** 


31 


3   6^  360  15120 


2(2'*~'-l)flif,>.,.. 

(l«l<tr) 


ia,coth»«a"»(«"+i)' 
arocoth  (l-a*)** 

4.S.66 

'     '  /(""<i) 

4.5.67  /- 

.  (i«i<») 

where  an*  En  are  the  nth  Bernoulli  and  Suler 
numbere,  see  chapter  23. 

\  InflnltoPlradiiela 

4.5.68  »inha--n^(l+Ki). 

•  r        4a'  1 

4.5.69  »?£li+?af=i5i?J 

Conltaua«d  nMHon  % 

% 

*  ,  «     «•    0*  «• 

4e5J0       tft"**  ^•"1+3+6+7+ 


DlflSerentietloB  FormulM 


4.S.71 
4.5.72 
4.5.73  ^ 


Tz 

d 
ds 

d 
Tz 


sinh«BC08h« 
cosh  «<>98inh  z 
tanh  asaech*  z 


4.5.74       5- cech  «— oBoh  a  coth  « 
1  <»a 


BL£HEMTARY  TRANBClBKDBMTAL  VUNCBlONg 


4.S.75 
4.5.76 

4.5.77 
4.S.78 

I 

4.5.79 

4. 


d  J  1 

^-  aech  «»— Moh  z  tanh  a 


*.5J^l^  J 


4.5.82 
4.5.83 


coth  «=— olch*  a 

ItttogralkMi  FormulM 

J  cosh  ^cf^»8inh  3 
Jtinh  zdz^ln  cosh  z 
JcAch  zd:i^\n  tan}i  | 
secb  i?cf;?»arctan  (sinh  0) 
J^coth  2d^»in  sinh 


4.5.84 


J^^*  coah  zdz—z^  sinh  ^^^^  ^/rf^ 


4.5.85 

J'tjinh' 


1 


sinh*'*'^  z  coah*"* « 


8inh"^2co8h*''*«rfj8 


I 


ainh*^*  z  cosh*'*'*  z 


1.5.86  J  ^^^^  ^  ^ 


m-fn 

•"^4  fsinh^^^^cosh^^dig 
tn  -\nj 

(m+nj^O) 

^  -I  1 

cosh*  2   TO— 1  Binh*"'  a  coah""'  a 
m  +  n-2r       dz    >  . 

^  1  1 
n-1  sinh*"'  acosh*"*  a 

4.2.  tiL":?^        rfa  .  . 

n-i  J  siiifc*  a  cosh"-'  a 


4.SUI7 


Jtanh"  a  rfa°--^'^^^"^+Jtanh»-»  a  da 


4.8.88 


Jcoth"  a  da=>^'^^T^  ^+ Jcoth-'  a  da 

(Se«  chapters  S  and  7  for  other  intagrils  in- 
volving'hyperboilio  functions.)  » 


4.6.  Iiivene'HjperlMilio  Funetloiui 
Definition.  « 


4.6.1  arcsinh  a=JJ^^  (a-a+<y) 

4.6.2  arccosh 
V6«3  aretanh 


r  di 


The  paths  of  integration  must  not  cross  the  fol- 
lowing cuts. 

  ■ \  '  

4,6«1  imaginary  axis  from  ^im  to  and  i 
,        to  $• 

"^^6.2  real  axis  from  ^  <o  to  +1 

4*^3  real  axis  from  —  «  to      and  +1  to 

Inverse  hypierbolic  functions  are  also  written 
atnh"*  z^  arsinh  z^  stt^  sinh  z^  etc. 

4.6.4         arccsch  d^arcsinh  \lz 

4*6.^         arcsech  d»arp6osh  I/0 

4.6.6        arccoth  0«>W5tanh  \lz 


iy 

+  1  t 

X 

0 

1-1 

0  -1 

0  41 

orcti 

urccoHii 

♦i 

♦1  X 

0 

-1 

ortcichf 

0  x 

Jundions. 

On 


4.6.2$ 


SIAMINTABT  TRAN80BNDBMTAL  FCNCDONa 

(we  4.S.60)  (Mcording  as  Jz^O)  ^ 

FumlameaUl  Properly 

The  general  solutions  of  the  equations  , 

^ssinh  t 

t  I. 

2»coshr 
/  aatanhl 
are  respectively 

<«Arc8inh  a»(-l)*arcsinh  «+ir«t 
iAA    t^Arceosh      ±arccosh  z^Tkti 
4»6*10  (sArctanh  2«ar€tanh 

(k^  integer) 
Funelknia  of  Nefatlvt  Arfumento 
4.6.11  *       arcsinh  ( - «) «  -arcsinh  a  • 
*4.6«12        arccosh  (— arccosh  « 

4«6«13        arctanh  ( — -*  arctanh  z 
IMatkHB  to  InverM  Clreular  Punetlom  (Me  4.4J0  to 

 -■■  •  AJio^y  '^-r^'^^^-^.  


Hyperbolic  identities  can  be  derived  from  trig* 
onoinetric  identities  by  rel^lacing  z  by  iz.  \ 


4.6.15 
4.6.16 
4.6.17 

4.6.20 
4.6.21 

4.6.22 
4.6.23 
4.6.24 

ERIC 


Arcsinh  z^  —  t  Arcsin  iz 

Arccosh  z^±%  Arccos  z 

Arctanh  z^—i  Arctan  iz 

Arccsch  z^i  Arccsc  iz 

Arcseeh  z^±i  Arcsec  z 

Arccoth  z^i  Arccot  iz 
Lufarllhinle  Rcpfeamtalloiia 

arrsinh  i»ln  Ijp+(^+1)»J 
arrcosh  jr«ln  [jt+(jt«— 1)*] 
1+ap 


antanhz-llni^  (0^«*<1) 


arccach  /»ln  Q+(p+»y] 
arrseohJ«lnQ+(ill)*]  (0<i^l) 


arccoth  x«s  In 


87 

(«»>l) 


.  7.i< 


to 

,  FIQUHE4.8.  Inverse  hyperbotieJunctioMr^  ' 

Addition  and  Subtfoellon  of  Two  Invone  HypevMk 
rynellom 

4.^.26 


■M 


Arcsinh     Arcsinh  2t 

-Arcsinh  l2,(l+aD*±«a(14-»?)*l 

4.6.27 

Arccosh  SlirArciroah  2t 

=Arcco8h  {2,«,±((«?-l)(3i-l)l») 

4.6J28 

Arctanh  «,±  Arctanh  2,= Arctanh  (^^) 
4.6.29 

Arcsinh  at±  Arccosh 

:AlV8inh{2,^,±l(l+2?)(3i-l)l») 


= Arccosh  (2»(l+a?)»±«i(?|-l)») 


4.6.30 


Arctanh  ?,±AncfHtf.2a= Arctanh  (^^J) 


^  100 


4.«.31 

1  "is 


ILBMINTART  TRANtCKNDBMTAL  nmonoiro 


2 -3  ^2.4.  5 


.  (I*I<1) 


1 


1  -  3 


2-2«»  2-4-4%* 

.  1.3.6 


2.4.6 


4.6.32 

•rccosh  2= In  2«— 


1 


1  -3 


(I«I>1) 

4 

i 


2  •  2«»""m? 

1  '3.5 


4.6.33  arctaiih  r«=c+~+|?+~+ 

«5     6  7 


2  . 4  .  6  .  6a:»    •  •  • 

,.   ■  (kl>l) 

.  (|2|<1) 


-4^.34  ftrc<?otV •g--+A4-A+y-?4- 
2  1^2*  5r 

Continued  FriMtloas 

4.6.3S  ^  arctanh  c-t^  ^pL^,,, 

7~ 


(l«l>i) 


(2  in  the  cut  plane  of  Figure  4.7.) 

4.6.36 

arcsinh  g     2  1  •  2g«  1 .  2g«  3  •  48*  3  .  4^ 

^T+^./"l+  3+     54-.    7+     9+  ••• 

Diffmntlation  Formula* 

d 


4.6.37 
4.6.38 
4.6.39 
4.6.10 

4.6.11 
)    9mi  p»t»  tt. 

LC 


^-  arcftinh 
arctanh 


J-  arcflech  ^«»T-7;  sn 


(according  as  ^«^0) 

1 


4.6.42  ^arccot|»3«(l-a»)-» 

iBtagntlm  FonnulM 

4.6.43  Jar(»inb«da=« arcsinh*— (;'+««)» 

4.6.44  J*areoo8h  « <fe»«  aroooah  a— («•— 1)» 

4.6.45  J* arctanhz </2=2  arctanh  a+iln  (1— «*) 

4.6.46  Jaiooaoh  a  dg'=2  aroosoh'Sdzaioaiiih  2  * 

^ — .  (atxxHrding  aa  ^8^0) 

/■*(•■ 
arosech  z.  (/s^^'AriMeoh  2  ± aroain  0  * 

4*6.48  Jarwjoth  z  dz^z  arcooth  2+J  In  (2«— 1) 
4.6.49 

*  J2  arcsinh  *  (i2«?^^  arcainh  «— |(a«+l)» 
4.6.S0 

J^«+i  1    c  -•+1 

2"arc8mh2rf2=»— T-T  arc8inh2— r-r  I  /«  .  .viib 
n+1  n+lj  (l+2*)» 

4.6.51        .  ' 

0  arccQsh  «  — ^| —  arcoosh  1)> 


4e6eS2 


2-arccoBh  2rf2-^  arcoo8h2-^J  ^^3:^ 


4.6.S3 


J*2  arctanh  2  dz'^P^  arctanh  2j|-| 


4.6.54 


/2"+*  1    r  a"** 

*•  arctanh  2 arctanh  J 

(np^-1) 

4.6.56 


J 


1 


^  (according  aa  dlz  $0) 

2-arcc8ch  2  d2»-:p^ arccsch  2±^^J  ^j^p^yfa  - 

# 

(np<i-l) 


4.6.66 


101 


f 


BiaOENTAtT  TBANSCBVDBMTAL  rUNOnONS 

t 


\ 


Numcvkal  Methodt 


J»  trcooth  t      2^  arcooth  »+| 


4.1  llMcnd  Estomlonof  tlMtablM 

Note:  In  the  examplet  given  it  ie  aMume4  that 
the  aigumenls  are  ex^ct.  « 

•  —     '  "  * 

Eiwnple  i.  Coniflutation  of  Common  Logarithms. 

To  compute  common  logarithms,  the  number 
must  be  expressed  in  the  form  z>W,  (f^«<10, 
-  •  ^ t  ^  •  )•  The  common*  logarithm  of  « •  10* 
consists  of  an  integral  part  which  ia  called  the 
characteristic  and  a  decimal  part  which  is  called 
the  mantissa.  Table  4.1  gives  the  common 
logarithm  of  x. 


logu*'10* 


.009836  0.836'  10~*  3.90281 85«(-2i00718 15) 

.00836  9.836- 10-*  2.99281 86a(>lXM>718 

.9836    9.836.1o->  1.99281 85«(-0«>718 16) 

9.836      9.836*10^  0.9928186 

98.36       9.836*  10>  1.9928185  ' 

983.6        9.836' 10*  2.9928185 

I 

\ 

\ 

Interpolation  in  TaUe  4.1  between  983  and  984 
gives  .99281  85  as  the  mantissa  of  9836. 

Note  that  $.99281  85«  -3 + .119281  85.  When 
9  is  negative  the  common  logarithm  can  be 
expressed  in  the  akemative  forms 

logio  (.000836)  »1.99281  85«7.99281  85-10 
a -2.00718  15. 


The  last  form  is  convenient  for  conversion  from 

common  logarithms  to  natural  logarithms. 

,  The  inverse  of  logus  la  ealledtfieantttogarithm 

of  f ,  and  is  written  antilog  «>  or  Mg"'  «.  The 

logarithm  of  the  reeiproeal  of  a  number  la  called 

toe  cobgarilhm,  written  eolog. 

o  — € 


EmaaploS. 

Compute  r*^  for  «»0.10826  to  lOD  using  tha 
Table  of  Common  Logarithms.  .... 

FromTiUe  4.1,  four-point  Upangifeninte^^ 
tion  givee  log^  (9.19826) 96370  66812.  tlwn, 

-|  logw(*)"'  -  ^72277  92600-9.27722  07301  - 10. 
Linear  inverse  interpolation  in  IbUe  4*1  yielda 
antikg  (T.97722)«.18933.  For  lO  place  accuracy 
subtabulation  with  4-point  Lagranigian  mter«i 
polants  produces  the  table 


.X6933 
.T8934 
;18935 


loguAT 
.27721  94350 
.27724  23720 
.27726  53005 


X  2  29379 
229366 


1^ 
-18 


By  linear  Inverse  interpolation 
18933  05685. 

Examples. 

Convert  logM  t  to  In  «  for  »f  ,009836.^ 
Using  4.U9  and  Table  4.1,  In  (.009836)« 

In  10  iMto  (.009836)  »2.30268  5003  (-2.00718  15) , 

«-4.6|l70  62. 

Kwampio  4. 

Compute  hi «  for  ««- .00078  to  6p. 

Using  4.U,  4.L11  atid Tfdile  4J,  In  (.00278)« 
In  (.278.10-)«U»  (.278)-21n  10— 5.8^5304. 

Linear  interpolation  between  ««.Omi  and 
,».003  would  give  ln(.00278)— 5.8M.,  To 
obtain  5  decimal  place  accurtfey  with  linear 
interpolation  it  is  necessary  that  s>.175. 

Examples. 

Compute  In  x  for     1131.718  to  8D. 
Using  4.M,  4.1.U  and  Table  44 


lnll31.718ali 


ai31.718 


1131 


) 


TiiT 

.In  ii^g^f  In  1.131  -l-ln  1^ 
-ln(1.00063  4836)+ln  l.iai-ha.ln  10. 


90 


■LndMTAir  TBANBomnNDiTAi.  TDiranoiia 


Hmo  from 

h  1181.718- (.OOOea  483e)~'i(.00068  4886)* 
+b  1.181+8  In  10«>.00Qe3  4836-.00000 

•I-.13S10  ai97-F9.00775  5979«7.03149  811. 

Oon^te  In  s  worUngiritli  16D  for 
V-1.38M7  18468  179231. 

8inoe  |-^-1.000tt  83583  288384-1+a,  unng 

4.1.S4  and  Table  4JI  wo  oompnto  ■iinrmpiTiilj 

.0001832583  288384 


1187  608OS9 
370109 
130 


0^ 

3" 

«; 

"4" 


ln(l-Hi)-  .0004831418.905388 

lnl.389«  !3a858 40087 728007  ' 
In  a-  J2900  72058  087456. 

7. 

Compnte  tho  nrinoipd  value  of  In  (±2±9i). 
Worn  44J,  4.1:8  and  Tablee  48  aiSd  4.14. 

fak  (a+ao^i*  (»+8^+<  ^ 

«lJ88476+i(.982794) 

In  (-a+80-J  In  13+i(i^aiotan  |) 
-1.282476+<(2.168799) 

In  (-3-30-I  In  13+»  (-r+awtan  0 
al.282475-<(3.158799) 

In  (2-30-i  In  13+<  (-awtan  |^ 
«lJ82475-<(.982794). 

KMrnple  8. 

Computo  (.227)  **  to  7D. 

Uaiag  44.7  and  TaUee  4J  and  4.4, 

(.2a7)**oi4*  imn^g.m'i.itm  im 


9. 

Oompnte       *  to  78. 

Ufing4J.18andTahle4.4» 

,.  '     ■      .  * 

linear  interpolation  lAvm  1.10217  6 

witltan  enror  ^  IX  lO'V 

•«(134i8978)(1.10217  67)al48.0111. 

EiampleiO. 

Compute    t^  18D  for 

f » .^725  13480  24686  12698. ' 

IM  .807.  Unng  4.2.1,  eompute  auooa 
lively 

1.00000  00000  00000  00000 


a»  .00026  18489  24686  120B3 
316  88140  97019 


0^ 

8l"  • 

iT- 


2646  64842 
16630 


<*-il.00O25  13806  16472  81184 
«-^«2.3m6  08613  29490  8^from1^4. 
^••w-ie»-2.38086  90768  39000  089.  , 

Kimpie  11. 

Compute  tf**  to  78. 

Let  n— and  if-tfaa  dedmal  pari  of 

Then  \ 

«P  »-exp        In  10^-exp  ((n+d)  In  10] 

*  • 

»exp(lnlO*)exp(dlnl0) 
nlO"exp(dlnlO) 
Item  Table  4.4 

«*^"«ip  d^ln  10^--exp  (281»42282  42  In  10) 

"10^  eip  (.4^  42  In  10)alO^  exp  .97368  8 
«-l()^(2.647428)»(a81)2.647428. 
18. 


Compute  9''  tor  «a.76  uiing  Uie  eipanaiQn  ii 
Oheb]Wiev  p^ynomiab.  ^ 


•f 


fbUoiHsff  Um  woeedun  in  [4ii  wt  hfty«  fronf 
2M 

*  wh«r»  «•  the  Ch«l»yAev  pblynoinitli 

deliiMd  in  «lM|»t«r  22.  AniiininK  ft»»»i»0  Wtt 
genente  6„  *«7, 6, 6, . . .  0  frwii  tha  recnmnce 
nUtion  ; 


■LiMBlTABT  TBAm^NMMTAL  fUNUl^OlMt 


01 


•           7  -.OOOOWW 

6  .00000  0400 

h  -sism  OMO 

4  .0^18  0060 

3  -.00300  0164 

2  .03580  4903 

1  -.27432  7449 

V             '0  .33620  2828 

•ipce/(»)«*»-(2»-l)*„ 


>.33620  2828-(.5)(-.27432  7449) 


^Mmj^^    \ ^  

EtamplelS* 

ExiireM^*42'32''  in  radians  to  OD. 

1<>B^.01746  32926  19943  29677  r 
1'«.00029  08882  08666  72169  62  r 
1''..00000  48481  36811  09636  9936  r 
Therefore 

38*«  .66322  61  r 
42'.a.01221  73  r 
32''=.00016  61r 
38*42'32''<A . 676698  r. 

Fwmplo  14* 

Exi^ren  1.6789  radiant  in  degreat,  minntaa 
and  seconds  to  the  nearest  tenth  of  a  second. 

IVom  Tabb  1.1  giving  the  mathematical  con- 
stants we  have 


1  r* 


180« 


S 

»67.29677  96130" 


ERIC 


1.6789  r-96.1i9388* 
.19388*X60- 11.633' 
.633'X 60-38.0'' 
1.6780  r-i96*ll'38.0" 


Compute  sin^s  and  cos  «  for  «a2.317  to  7D. 
nom4J.44andT«yo4.6 

sin  (2.317)-ii9  («-2.317)asb  (J2469  2664) 

«.734»;  12 

cos  (2.317)»cos  («-2.317)»-coe  <.82469  2664) 
>  '  iJ^-.67886  60. 

linear  interpolatbn  for  «b.82469  2664  gives  aia 
etoorof9X10-*. 


16. 

Compute  iin  s  for  s«  12.867  to  SD.  i 
From  43.16  and  Tables  4.6  and  4J 

iin  (12.867)«ain  12  cos  .867+qos  12  dn  .867 

<B.29612  142. 

* 

The  method  6f  reduction  to  an  an^  in  the  first 
quadrant  ifhich  was  given  in  Esoaple  U  may 
alsobettssd. 


17. 


OiNnpttte  dn  s  to  19D  for 

«»;86796  13489  24686^  42693.   

Let  «<-.8d7,  ^»«-a.  Rom.  4J.16  and 
Table  4.6 

sin  (a-hA)-"iin  a  cos  ^+co8  mtia$ 
sin  «*-.76239  lOboo  07866  22698 
cos  ««.64711  66288  943i2  76010 

With  the  Series  eipansiohs  for  sin  ^  and  cos  ^  we 
I  sttcoesiively  ' 


compute  I 


1.00000  00000  00000  POQOO 
316  88140  97019 


16680 


cos^-    .99999  99684  11869  19611 
6-    .00026  13489  24686  12693 


-S-- 


2646  64842 


s- 


2208^. 


Bin^«    .00026  13489  22088|  67862 
sin  a  cos  ^».76239  09967  2636lf  31808 
qosfi  gh^-.OOOlO  26620  6710t.-82436 
iin«-i.76266  36487  92467  1374 

X  104 


This  pffooedun  to  equivtlent  io  interpoUlion  with 
Tiywra  foraniki  MA, 

ti«ifl^4.^atte  cot  A-i(193)>+(321)« 

-2(m)(a3l)0M  39*16' 

6-i»l.M984  00  ' 

\ii  ^  g ito  B^(ia8)(.48887  60196)  -™9ftoi* 

il«t6^'6d.469". 


BWMINTAKT  tBAWBOlllDlllTAL  fDMOnOWft 


In  th»  pliiie  trlM^  ilBC,  aa4,  &»7,  «b9, 
liiul  4.    and  C. 

-  61-t-49~l&  114  » 

'il-.43997  M54-26"12'31.6" 
■lni-.426917709 

^^^7<.42891  yyW)^  ^^.84106  8870  . 

«48P11'22.9" 

^^3«6M  7709J,  t7-1.86064  803  • 
^  4  • 

-»100»86'«.6" 

iriMN  the  lupplMiMntttrT  ftnde  must  he  diosen  lor 
(7.  Ai a eheehwe tet A-j-B-^Cm IWWA". 

^  win  2Dl 

Compute  cot  «lor  sb.45S9  to  6D. 

Sinee  s<.5,  using  Table  4.9  Fith  interpolation 

>  (r'-oot  at),  we  find  -jjgj-cot(.4689)« 

.166169.  Therefore    cot  (.4689)  »2. 179124 - 
.166169-2.023966. 

■  Sxmple  21. 

Compute  aresin  «  for     .9961 1. 
For  «>.96,  using  Table  4.14  with  interpolation 
in  the  auxiliary  function  /(s)  we  find 

aroslh  x-|-.l2(l-«)l»/(a) 

aicsin  (.99611)->|-(2(.00489)]*/(.99611) 

«1.67079  6327- (.09889  388262) 

(1.00010  7961) 

-1.47186  2100. 


Compute  arotau  20  and  arecot  20  to  9D. 
Using  4.4.8, 4.44,  and  Table  4.14  * 

'  antan20-|-aNtan  1/^-1.62063  7931 

arooot  2G-|-aictan  20^arotan  .06^.04096  8390. 
« 

,  Eiampk  28. , 

Express  s-3+9t'  in  polar  form. 
j«jt+<y«r««wheref«(j^+^)»,  • 

9— aretan  |+2v^»  A  is  an'  integer.  For 
f  =(y+9»)»«  V50«9.486833 

««arotan  9y3<-srotan  3-1.24904  68. 
Thus  3+9*»9.486833  exp  (1.24904  680. 
24. 


Compute  aretan  n  for  c^l/3  to  12D. 
From  4.444  and  4^4.42  we  have 

arotanjE— aretan  (sk'if^^  _   :  . . 

-arctan«.+arc^j:p3^ 


-•~*"«^+(i+^i;+;i)-4(^ 

We  have 

s-|-.33333  33333  33  so  that  A-.00033 
and,  from  Table  4.14,  aretan  xb*"wctan  .833 
-.32146  06244  03.  Since  jq:^^* 
.00030  00300  03  we  get 

aretan  s«  .32146  06244  03+.00030  00300  03 

-.00000  0^  09 


>  .32176  06643  97. 


\ 


If  ar  i8  ffiyen  in  the  tmm  bfa  it  is  conyenient  to 
UM  4s4sS4  in  the  form 

aretan  |— arptan  sb+«rotan 

In  the  present  examf^  we  get 

1  1  * 

4    afttan^— aretan  .333+tfotAn 


ILBMBNTAKT  TBANBCENDBNTAL  FUNCTIONS 


Cnmple25* 

Compute  ftreMC  2.8, to  5D. 
Uang  4.3.43  and  T«M«  4.14 


»aronn  .93404  97735 
»1.206fl9 

or  tinng  4.3.4S  and  TaUe  4.14. 

ueaec  «»arot«i  (s^r-l)* 
•roeo  2.8»arotan  2.61633  9366  ' 

•  ¥ 

—  »l-aratan  .38236  95564, 


from  4A3  and  4441 
«=^1.570796-. 365207  _ 

» 1.20559. 
Eiample  26.  . 

Compute  arctanh  c  for  2— .96035  to  6D.  \ 
From  4.6.22  and  Table  4.2\ 


arManh  .96035-1  In  jp-ggogg-i  In^Q^ 

In  49.44136  191 
»  i(3.0007%  7350) » 1 .950394. 

Eiample  27. 

Compute  arccosh  x  for     1^5368  to  6D.  * 
Using  Table  4.17  " 


arccosh  «  areooah  1.5368 


.862346 


(a^--l)»  [(1.5368)«-11» 
arccosh  1.5368»(.852346)(1.3617M)t 
» (.852346)  (1.166942) 
«. 994638. 

Example  28. 

Compute  luvcosh  x.for  ir=31.2  to  519. 
Using  Tables  4.2  ami  4.17  with  l/««  1/31.2 
a. 032&  128205       ,  ' 

arcooah  31.2^In  3i:2«.692886 


/ 
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tables,  vol.  2  (W.'  R.  Chaml^,  Ltd.,  London, 
England,  1949). 

H.  B.  Dwlght,  Tables  of  integrals  and  other  ma^ 
matieal  data.  8d  rev.  ed.  (The  Maemlllan  Co., 
New  York,  N.Y.,  1987).  . 

W.  OrObner  and  N.  Hofreiter,  Integraltafel, 
unbestimmte  und  besUmmteintegrale  (fpringM^ 
Vertag,  Wien  uiid  InnsbruokTAustria,  194M9B0). 

Harvard  CoteputaUon  Laboratory.  TaMes  ttf  the 
funettta  aresin  t  (Harvard  Univ.  Press,  Cam- 
bridge, Mass.,  1966).  «««-K<y.  0^^478, 
0SVS478, 6D,  varying  Intervals. 

Harvard  Computation  Laboratory,  Tables  of  Inverse 
hyperbolic  functions,  (Harvard  Univ.  Pr^ 
Cambridge,  Mass.,  1949).  arctanh «,  0^*<:i;> 
aresinh  »,  0^«<3.8:  areeosh  »,  1^«<3.8; 
aresinhs,  arccosh  *,  8.8£a^a2980,  9D,  varying 
'  Intervals.    *  *■ 

National  Bureau  of  Standards,  Tables  of  10',  AppUed 
Math.  Series  27  (U.8.  Government ,  Wbttag 
Office,  Washington,  D.C.,  1983).  a«0(.00001)l, 
10  D.  Radix  table  of  lO*'*"',  »« 1(1)999, 
p-3(8)18,  18D.  ^ 


> 


(4.M]  NtMonal  Bumu  of  Standardi,  Tabto  of  natoral 
logwtthini  for  tftunMoto  MwMB^Mro  tad  flvo 
to  •lK«eB  dMinuI  nlMa,  M  «d.,  Aralled  Math. 
Bairn  31  (U.8.  Qovarnm«nl  mlag  «aM. 
WMhIaaloB,  D.C.,  19SS).  s-0(.000l)fl^  16  D. 

{4.301  JIatioaalBarMitt  of  ataadard^  Tabto.of^tlie  ai- 
— vjaoaaatial  fitaetioB**,  M  ad.,  Applied  Math.  8«rl«i 

tOB,  D.C.,   1951).  a* -a.4M9(.0001)  .99W, 

18D.  a--10rf(l)H».  198.  «--9>( 
.,l^a0H")9X  lO-»,  »•  10^  9, 8, 7, 18D:  valuta  of 
•  aad  1/f,.  26S6D.  _ 
(4.211  National  Bureatt  of  Standardi,  Table  of  tha  da- 
aaeadiBa  eipoBantial,  sa2.5  to  tmlO,  AopUed 
MathTlgerlef  46  iV.S.  QovaranMBt  mrtinp 
Oaoa,Wa8UastoD,b.€;,1958).  •-a.t(.001)l^ 
20D. 

(4J2|  National  Bu^u  of  Standatdp,  Tabtaa  of  Biaaa  and 
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iO*",a-6,4,a,3.1." 


j..l±18I^i*-^(JNNni)  .01.  i3D. 
(4.33]  NaUoaial  Biireatt  of  Standardi,  TkMfla  of  oirottlar 


raniug 


 bypofboUo  dim  and  tadam  for  rmdUui 

arginiK  3d  6d«,  AppUed-  Ibtlu  Mm  86  (U  J. 
Qovcramant  PriottDg  Oflloey  WtthlagtoSL 
IMO).  iia«,QOi£iliili«»Mtli«i  a-0(.OQ01) 

TMb  of  olreiilar 
aiimittforiidlaii 
(CBlumlm  Univ. 


Atsnnd 


(4.341  NaUonif  BuiMU  of 
nndhypefboUeUni 
argumenlSi  9d  wl 

Htw  York;  N.YVl. 

lOD. 

(4.251  Nniionnl  Burenu  of  SUndirdiy 
eotln«i  to  flfloon  doeiWt  plat 
a  dwreo,  Aopliod  Mntlt  Sorifli 
Pricing  Omtp  Wl 

I    of  8ttt#i  OOtfif^l^O 

(4.a0|  National  Bomu  of  Stand 
;  ooac^teto^^^ 

onunoni  Pnntuik  Qffloo^ 
(4.371  National  Buraaud  StaniT 
and  of  soroa  of  f  unotioi 
of  the  Computation 
Series  87  (U.8.  QoverntMni 
WaaUngton»  D.C.,  19(4).  \ 


taniB,  oot«» 
8D  or  88^  a« 


tanh  9p 


Table  of  tinea  and 
M  at h^dredtba  of,, 
6  (U.8.  Gb^emment  ( 
D.Ci  1949).  tin 
■i^itaDMntary  table 

TaMeof  eeeantaand 
flgnree  at  httndredtbs 
^  ieriei  40  (V.8.  Gov- 
;aabln£too«D.a,  1954). 
di.  Tibtas  of  fttiiMoni 
looted  abort  tables 
itory,  Applied  Matb. 
Mntiag  QBee^ 
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[4J1|  B.  oTMoo,  a  short  tMe  of  IntMrali^  4tb  ed. 
.   (Olnn  and  Go.,  Boslooi  Mass.,  1980. 
J.  Psters»  T«ii.plaee  lopritbm         vols.  1.  3, 
(together^witb  an  appendii  of  nisAhematieal 
taUes).  (Beribii  1939;  rev.  ed..  FMerlek  Vniar 
PubTOo.,  New  YorH  N.V^  1(^7). 
[4.38]  J.  PMeia»  Seven-plaoe  values  of  trifonometrle  . 
ftuietlons  for  ov«rjr  thoussadtb  of  a  dsmo 

gMin«FHedeniaOa  4918;  D.  Van  NoatrandOsa, 
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[4.84]      w.  FoUak.  ItediontaMn  sur  harmonisehen  . 
Analyse  (Muum  Ambroslus  Bsrtbi  Leipstgi.' 
Qennanjri  1996). 
;4J5]  A.  J.  Thompsoni  Standard  table  of  logarltbms  to 
twenty  deeimal  plsess.  I^aots  for  Oomputen.  No. 
in^Q^br^  Univ.        OambrUfls,  Bnpand* 

:4.36]  J.  Toddf  Table    antanisnta'of  Hllonal  numbersi 
NB8  Applied  Math.  Series  11  (UJ.  Government 
Frintlu  Offlee,  WssUnaton,  D.Qaa  1961).  aretan 
m/n  aod  aroeot  si/n,  0<iii<iislOlk  13D;  ro-  * 
duetlons  of  arotan  ai/c  0<si<a<lOOy  roduo*  . 

tlonaof  aretan^  ft»^le«MttMefl530B6•^  - 

;4.87]  U.S.  Department  of  Commeree^  Coast  and  Qeodetio 
Survey,  Natural  eines  apd  oosiMs  to  eight  dedtaial 
plaeei,  Shieeial  PnbUeatiott  No.  381  7U.8*  Gov- 
ernment I  finting  Offle^  Washingtoni  D.Oii  1943}.^ 
4.88)  C.  B.  Van  Qratrandi  Tables  oTthe  esponential*^ 
tunotton  and  of  the  olroular  sine  aud  eosine  to 
radian  arguments^  Mmoirs  of  the  National 
Aeademy  of  Setenees  14,  5th  Memoir  ^(U.S. 
Qovemmeiit  Printing  Offioe,  Washingtoni  D.C.| 
1931).  ' 

(4.89]  B.  V.  Vcga«  Logaritbmie  taUes  of  numbers  and 
trigonometrieal  fonetlons  (G:  B.  Steebert  ft  Co.i 
New  York,  N.Y..  1908);  logn  s«ia)100000; 
fegartthms  of  the  trlgooometrlesl  funetfc  is  for 
^very  ten  seeonds. 


ELEMENTARY  TRANaCENOBNTAL  FUNCnONS 


COMMON  LOGABITHMS 


Table  4*1 


100 
101 
102 
103 
lOjl 

105 
106 
107 
108 
109 

IID 
111 
\\2 

m 

114 


130 
131 

in 

133 
134 


145 
146 
147 
,148 
149 


login  r 

00000  00000 
00432  13738 
00860  01718 
01283  72247 
01703  33393 

02118  92991 
02530  58653 
02938  37777 
03342  37555 
03742  64979 

04139  26852 
045)2  29788 
0S|92  1  80227 
05307  84435 
05690  48513 


115  06069  78404 

116  06445  79892 

117  06818  58617 

118  07188  20073 

119  07554  69614 

120  07918  12460 

121  08278  53703 
«122  08635  98307 

123  \  08990  5in4 

124  09342  16852 

125  09691  00130 

126  1003f  05451 

127  10380  37210 

128  10720  99696 

129  11098  97103 


113944352?. 
11727T2957 
ia057  39312 
12385  16410 
12710  47984 


135  13033  37685 

136  13353  89084 

137  .  Utn  05672 

138  13987  90864 

139  143D1  48003 

140  14612  80357 

141  14921  91127 

142  15228  83444 

143  15533  60375 

144  15836  24921 


1*6136  80022 
16435  28558 
16731  73347 
17026  17154 
17318  62684 


J-         login     .  . 

150  17609  12591 

151  17897  69473 

152  18184  95879 

153  18469  ;4308 

154  18752  07208 

155.  l'9033  1  6982. 

156  19312  45984 

157  19589  96524 

158  U»865  70870 

159  20139  71243 

160  20411'  99827 

161  20682  5B?60 

162  -  20951  50145 

163  2121B  76044 

164  21484  38480 


log; 


195 
196 
197 
198 
199 


150     17609  12591  200 


/ 


165  21748 

166  22010 

167  22271 
108  22530 
169  22788 


-172 

173  23804 

174  24054 


39442 
80880 
64711 
.^281 7 
6T046 

,89214 
61104 
84469 
61031 
92483 


175  24303  80487 

176  24551  26678 

177  24797  32664 

178  25042  00023 

179  23285  30310 

180  25527  23051 

181  25767  85749 

182  26007  13880 

183  26245  10897 

184  26481  78230 

185  26717  17284 

186  26951  29442 

187  27184  16065 

188  27415  78493 

189  27646  18042 

190  27875  36010 

191  28103  33672 

192  28330  12287 

193  28555  7309D 

194  28780  17299 


29003  46114 
29225  60714 
29446  62262 
29666  51903 
29885  30764 

30102  99957 


200 
201 
20^ 
203 
204 


10  t 

# 

30102  99957 
30319  60574 
30535<  13694 
)0749  60379 
30963  01674 


3^  31175  38611 
206^  5TiB6  72204 

207  31597  03455 

208  31806  33350 

209  32014 12861 


210 
211 
212 
213 
214' 

215 
V  216 

218 

.219' 

220 

\221 
222 


224 

225 
226 
227 
228 
229 


yiltX  92947 
32428  24553 
32633  58609 
32837  96034 
33041  37733 

33243  84599 
33445  37512 
33645  97338 
33845  64936 
34044  4114r 

^34242  26808  ^ 
34439  22!737 
34635  29745 
34830  48630 
35024  80183 

35218  25181 
3S410  84391 
35602  58S72 
35793  48470 
A5983  54823 


235  37106 

236  37291 

237  37474 

238  37657 


240  38021 

241  38201 
^^42  38381 
243  38560 


245 
246 
247 
248 
249 


38916  60844 

39093  51071 

* 39269  69533 

39445  16808 

39619  93471 


250     39794  00087 


v 

250 
251 
252 
253 
254 

255 
256 
257 
258 
259 

'260 
261 
262 
263 
264 

265. 

266 

267 

268* 

269 

270 
271 
272 
273 
274 

.  275 
276 
277  . 
278 
279 


230  ^  36U2  78M0  280 

231'  36361  19799  281 

232  36348  79849  282 

233  36735  59210*  283 

234  36921  38574  284 


78623  285 

20030  286 

83460  287 

69571  268 


239     37839  79009  289 


12417  290 

70426  291 

53660  292 

62736  293 


244     387d8  96263  294 


295 
296 
297 
298 
299 


login  r  T 

39794  00087  300 

39967  37215  301 

40140  05408  VJ2 

40312  05212  303 

40483  37166  304 


40654  01804 
40823  99653 
40993  31233 
41161  97060 
41329  97641 

.  4149^  33480 
416^4  05073 
41870  12913 
41995  57485 
42160  39269 

42324  58739 
> 42488  16366 
42631  12614 
42813  47940 
42975  22800 

43136  37642 
43296  92909 
43456  89040 
43616  26470 
43775  05629 


lOgio  T  ' 

47742  12547 
47856  64956 
48000  49430 
48144  26285 
48287  35836 


305 
306 
^307 
^308 
309 

•  310 
3.11 

313 
314 

.  315 
316 
317 
31B 
319 

•320 
321 

•322 
323 
324 


47712  12547 


48429 
48572 
487n 
48855 
4899^ 

49136 
49276 
49415 
49554 
49692 


98393 
14265 
83755 
07165 
84f94 

16938^ 

03690 

45940 

43375 

964^1 


49831  05538 
49968  70826 
50105  92622 
^0242"  71200 
5Q37.9  06831. 

5Q514  99783 
50650  50324 
50785  58717 
50920  25223 
'510(4  501^2 


43933  26938  325 

44090  90821  326 

4424>  97691  327 

44404  47959  328 

44560 .42033  329 

44^15  Smf  '330 

44870  63199  33l 

45024  91083  332 

45178  64355  333 

45331  83400  334 

45484  48600  *  335 

45636  60331  336 

45788  18967  337 

45939  24878  336 

46089  764^8  339 

46239  79979  340 

46389  29890  341 

46538  28514  342 

46666  76204  343 

46834  73304  344 

46982  20160  345 

47129  17111  346 

47275  64493  347 

47421  62641  348 

47567  11883  349 


51851 
51982 
52113 
32244 
52374 

52504 
5263d 
527^ 
52091 
53019* 

53147 
53275 
53402 
53529 
53655 


33610 
76001 
77527 
38437 
58979 

39390 
79938 
80837 
42335 
.64668 

48070 
92774 
99009 
67003 
96982 

89170^ 
4379a 
6106Ji 
412t)0 
84426 


53781  90951 
53907  60988 
54032  94748 
54157  92439 
54282  54279 


350 


f(&  m  of  common  logarithms  aee  Kxampliw  \  1-41.  For  UK) 
1000  I  1350.  Compiled  from  A.  J.  Thompson,  Standard  table 
places,  Tracts  for  Computers,  No.  22.  Cambridge  Univ.  Press, 
perminion).'' 


i  135  interpolate  in  the  range 
of  logarithms  to  twenty  decimal 
Cambcidge,  England,  1952  (with 


108 


96 


Table  4.1 


logi 


350  ' 

351 

392 

3S& 

354 


10  7 


54406  80444 
54530  71165 
54654  26635 
54777  47054 
544D0  32620 


400 


55630  25008 
55750  72019 
55870  '85705 
55990  66250 
56110  13836 

56229  28645 
56348  10854 
56466^643 
56584  78187 
5i6702  63662 

56820  17241 
56937  39096 
57054  29399 
57170  88318 
57287  16022 


5797^  35966 
58092  49757 
58206  33629 
58319  87740 
58433  12244 


40Q 
401 
402 
403 
404 


355  55022  83531  405 

356  55144  99980  406 
357 '  55266  82161  407 
m  55388  30266  408 
359  /  55509  44486  409 


410 
411 
412 
413 
414 

415 
416 
417 
418 
419 

420 
421 
422 
42S 
424 


57403  12677  425 

57518  78449  426 

57634  13502  427 

57749  17998  428 

57863  92100  429 


360 

363 
364 

365 
366 
367 
368 
369 

370 
371 
372 
373 
374 

375 
376 
377 
378 

379^ 

380 
381 
382 
383 
384 

385 
386 
387 
388 
389 

390 

391 
392 
393 

394 


395  59659  70956  445 

396  59769  51859  446 

397  59879  05068  447 

398  59988  30721  448 

399  60097  28957  449 


430 

43i 
433 
434 


58546  07295  435 

58658  73047  436 

58771  09650  437 

58883  17256  438 

58994  96013  439 

99106  46070  440 

59217  67574  441 

59328  60670  442 

59439  25504  443 
59549  62218 


60205  99913 

•(-7)4 


BUBMBMTABT  TIUK8CBin|BKTAL  rUNOTIONS 
COMMON  iOGARlTHMS 


)ogio  X  ,r 

60205  99913  450 

60314  43726  451 

60422  60531  452 

60!>30  50461  453 

>0638  13651  454 

4ib745  50232  455 

60852  60336  456 

60959  44092  457 

61066  01631  458 

61172  33080  459 

61278  38567  460 

61384  18219  461 

■61489  72160  462 

61595  00517  463 

61700  03411  464 

61804  80967  465 

61909  33306  466 

62013  60550  467 

62117  62818  468 

62221  40230  469 


62324  92904 
62428  20958 
62531  24510 
62634  03674 
62736  58566 


470 
471 
472 
i473 
474 


62838  89301  475 

62940  95991  476 

63042  78750  477 

63144  37690  478 

63245  72422  479 

63346  84556  480 

63447  72702  481 

63548  37468  482 

63648  78964  483 

63748  972^5  484 

63848  92570  485 

63948.64893  486 

64048  14370  487 

64147  41105  488 

64246  452Q|  489 

64345  26765  490 

64443  85895  491 

64542  22693  492 

64640  37262  493 

64738  29701  494 

64836  00110  495 

64933  48587  496 

65030  75231  497 

65127  B0140  498 

65224  63410  499 


450   653^1  25138  500 


logto  J* 

65321  25138 
65417  65419 
65513  84348 
65609  82020 
65705  58529 

65801  13967 
6589^  48427 
65991  62001 
66086  54780 
66181  26855 


500 
501 
502 
503 
504 

505 
506 
507 
508 
509 


logio  X 

69983  77259 
70070  37171 
70156  79851 
70243  05364 

70329  13781 
70415  05168 
70500  79593 
70586  37123 
70671  77823 


66275  78317  510 

66370  09254  511 

66464  19756  512 

66558  09910  513 

66651  798C6  514 


66745  29529 
66838  59167 
66931  68806 
67024  58531 
67117  28427 


515 
516 
517 
518 
519 


67209  78579  520 

673012  09071  521 

67394  19986  522, 

67486  11407  523* 

67577  83417  524 


67669  36096 
67760  69527 
67851  83790 
67942  78966 
68033  55134 


525 
526 
527 
528 
529 


68124  12374  ,  530 
68214  50764  531 
68304  70382  /  532 
68394  71308  533 
68484  53616  534 


68574  17336 
68663  62693 
68752  896U 
68841  98220 
68930  88591 


535 
536 
537 
538 
539 


69019  60800  540 

69108*14921  541 

69196  51028  542 

69284  69193  543 

69372  69489  544 


69460  51989 
69548  16765 
69635  63887 
69722  93428 
69810  05456 


545 
546 
547 
548 
549 


I'T]  [ 


69897  00043  550 

['-?«] 


72835  37820 
72916  47897 
72997  42857 
73078  22757 
73158  87652 

73239  37598 
73319  72651 
73399  92865 
73479  98296 
73559  88997 

73639  65023 
73719  26427 
73798  73263 
73878  05585 
73957  23445 


550 

551 

552 

553"^ 

554 

555 
556 
557 
558 
559 


70757  01761  560 

70842  09001  561 

70926  99610  562 

71011  73651  .  563 

71096  31190  564 

71180  72290  565 

71264  97016  566 

71349  05431  567 

71432  .97597  568 

71516  73578  569 

71600  33436  ^570 

71683  77233  571 

71767  05030.  572 

71850  16889  573 

71933  12870  574 

72015  93034  575 

72098  57442  576 

72181  06152  577 

72263  39225  578 

72345  56720  579 

72427  58696  580 

72509'<45211  581 

72591  16323  582 

72672  72090  583 

72754  12570  584 


585 
586 
587 
588 
589 

590 
591 
592 
593 
594 

595 
596 
597 
598 
599 


74036  26895  600 


logiojf  ■ 

74036  26895 ' 
74115  15989 
74193  90777 
74272  51313 
74350  97647 

74429  29831 
74507  47916 
74585  51952 
74663  41989 
74741  18079  . 

74818  80270 
74896  28613 
74973  63156 
75050  83949 
75127  91040 

75204  84478 
75281  64312 
75358  30589 
75434  83357 
75511  22664 

75587  48557  y 
75663  61082  " 
75739  60288 
75815  46220 
75891  18924 

75966  78447 
76042  24834 
76117  58192 
76192  78384 
76267  85637  v 

76342  79936 
76417  61324 
76492  29846 
76566  85548 
76641  28471 

76715  58661 
76789  76160 
76863  81012 
76937  73261 
77011  52948 

77085  20116 
77158  74809 
77232  17067 
77305  46934 
77378  64450 

77451  69657 
71524  62597 
77597  43311 
77670  11840 
77742  68224 

77815  12504 

'(-7)21 


erIc 


BLIMBMTABT  TBANSfaBIIDlMTAL  rDNOnOMS 


97 


COMMON 

t  X 


'600  77015  12504 

/  601  77887  44720 

/  602  77959  64913 

/  609  780n  7)121 

604  78109  69986 


•»V.f 


605 
606 
607 
608 
609 


78175  59747 
78247  26242 
78918  869U 
78990  95793 
78461  72926 


650 
651 
lAl 
;653 
654 

655 
656 
657 
658 
659 


81291 
81958 
81424 
81491 
81557 

81624 
81690 
81756 
61822 
81888 


99566 
09886 
75957 
91819 
77489 

19000 
98994 
S9696 
58996 
54146 


610  78592 

611  78604 

612  78675 

613  78746 

614  78816 

615  78887 

616  789! 
617'  79928 
61l(  i9098 
619/79169 


EO 
i21 
622 
623 
624 

625 
626 
627 
628 
629 

690 
631 
632 
693 
634 


98950  660 

12102  661 

14221  662u 
04745 

897jK 

158  665 

07122  666 

51640  667 

04751  668 

06490  669 


670 
671 
672 
679 
674 


79299  16895 
79909  16002 
79379  09847 
79448  80467 
79518  45897 

79588  00173 
79657  49932 
79726  75408 
79795  96437 
79865  06454 

79994  05495 
'80002  99592 
80071,70783 
80140'  3711)0 
80208  92579 


81954  99955 
82020  14595 
82085  79894 
82151  95284 
82216  80794 

82282  16459 
82947  42292 
82412  58999 
82477  64625 
82542  61178 

82607  48027 
82672  25202 
82796  92791 
82801  50642 
82865  98965 


700 
701 
702 
709 
704 

705 
706 
707 
708 
709 

710 
711 
712 
719 
714 

715 
716 
717 
718 
719 

720 
721 
722 
729 
724 


LOGARITHMS 

lOglO  9  'X 

84509  80400  750 

84971  80180  751 

84699  71121  752 

84695  59290  759 

847^7  26591  794 


84818  91170,  755 

84880  47011  756 

84941  94198  757 

85009  92977  758 

85064  62952  759 


85125  89487 
85186  96007 
89247  99996 
89908  95299 
89969  82118 

89490  60418 

89491  90229 
89991  91997. 
89612  44442 

^9672  88904 

89799  24964 
89799  92647 
89899  71976 
89919  82979 
19979  85662 


760 
761 
762 
769 
764 

769 
766 
767 
768 
769 

770 

772 
779 
774 


logioai 

87906  12694 
87969  99970 
87621  78406 
87679  49762 
87797  19499 

8n94  69916 
87892  17999 
87909  98799 
87966  92096 
88024  17799 

88081  99923 

88198  46968 

88199  49719 
88292  49980 
88909  99986 

88966  14992 
88422  87696 
88479  •)9699 
88996  12200 
88992  69998 

88649  07292 
88709  49781 
88761  79009 
88817  94999 
88874  09607 


800 
801 
802 
809 
804, 

809 
806 
807 
808 
809 

810 
811 
812 
819 
814 

819 
816 
817 
818 
819 

820 
821 
822 
829 
824 


679  82990  97728 

676  82994  66999 

677  89098  86687 
-678  89122  96999 — 

679  89186  97749 


729  86099  80066     779    88990  17029  829 

726  86099  66207     776    88986  17219  826 

727  86199  44109     777  mfS  III 

728  86219  19799 — TVO—BgOff  99970  ttg 

729  86272  79289     779    89199  74977  829 


Table  4.1 

logiox 

90908  99870 
90969  29161 }, 
90417  49689 ( 
90471  99499  \ 
90929  60487 

90979  98804 
90699  90418 
90687  99947 
90741  19608 
90>94  89216 

90848  90189 
90902  08942 
90999  602JK 
'91009  0M96 
91062  44049 

91119  /6087 
91169  01588 
91222  20969 
91279  99097 
91928  99018 

91981  98924 

91494  91971 

91487  18179 

91999  98992 

91992  72117 

91649  99489 
91698  00479 
91790  99096 
91809  09968 


680 
681 
682 
689 
684 


89290  89127 
89914  71119 
89978  49747 
89442  07097 
89509  61017 


790 
791 
792 
799 
794 


86992  28601 
86991  79770 
86491  10811 
86910  99746 
86969  60999 


695  80277  37253 

696  80349  71196 

637  80419  94923 

638  80482  06787 
699  80590  08982 


689  89969  09719 

686  89692  41197 

687  89699  67971 

688  89798  84982 

689  89821  92219 


640 
641 
642 
643 
644 


80617  99740 
80689  80299 
80753  S0281 
80821  09729 
80888  58674 


645  80955  97146 

646  81029  25180 

647  *■  81090  42807 

648  81197  50059 
AA9  81224  46968 


690 
691 
692 
699 
694 

695 
696 
697 
698 
699 


89884  90907 
8994t  80474 
84010  60945 
84079  92946 
84195  94705 

84198  48046 
84260  92996 
84929  27781 
84985  54226 
84447  7^57 


795  86628 

796  ,  86687 

797  I  86746 

798  1  86009 

799  ;  66864 

i 

740  86929 

741  86961 

742  87040 
749  87098 
744  87197 


79991 
78149 
74879 
69618 
44984 

17197 
82080 
99099 
88198 
29999 


749 
746 
747 
746 
749 


87219  62727 
87279  88279 
67992  06018 
87990  19979 
87448  18177 


650 


81291  39566 


700    84509  80400  750 


87906  12634 

m 


700 
781 
782 
789 
784 

789 
766 
787 
788 
789 

790 
791 
792 
799 
794 

799 
796 
797 
796 
799 

800 


89209  46027 
89269  10999 
89920  67991 
89976  17621 
89491  60627 


69486  96967  899 

89942  29460  896 

89997  47924  897 

89692  62179  898 

89707  70092  899 

69762  70919  840 

89617  64899  641 

89872  91816  842 

89927  91879  849 

69962  09024  844 

90096  71287  849 

90091  90677  846 

90149  89214  847 

90200  28914  846 

90294  67799  849 


90906  99670 

■(-7)1] 


I' 


91899  49906 


690  91907  80924 

891  91960  10298 

892  92012  99269 
899  '92064  50014 
694  92116  60906 


92168  64799 
92220  62774 
92272  94980 
92924  40186 
92976  19608 

92427  92861 
92479  99996 
92991  20919 
92962  79746 
92694  24466 

92689  67089 
92797  09690 
92786  94109 
92899  98929* 
92890  76902 


890    92941  89297 


ERIC 


110 
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ELEMENTARY  TRAN8G8NDBMTAL  FUNCnOKB 
COMMON  LOGARITHMS 


V" 


loglOZ 


850  92941 

951  92992 

852  93049 

853  93094 

854  93145 


855 
8S6 
857 
858 
859 


93196 
93247 
93298 
93348 
91399 


860  93449  84512 

861  93500  31515 

862  93550  72658 

863  93601  07957 

864  93651  37425 


93701 
93751 
93801 
93851 
93901 

93951 
94001 
94051 
94101 
94151 


61075 
78920 
90975 
97252 
97764 
I 

92S26 
81550 
64849 
42437 
14326 


94200  80530 
94250  41062 
"^9429^  95934 
94349  45159 
94398  86761 

04448  26722 
94497  59084 
94546  85851 
94596  07036 
9464S.  226S0 

94694  32707 
94743  372X9 
94792  36198 
94841  29651} 
94690  17610 

94939  00066 
94967  77040 
95036  48544 
95085  14589 
95133. 75188 

95182  30353 
95230  80097 
95279  24430 
95327  63367 
95375  96917^ 


■je         logio  J! 

900  95424  25094 ' 

901  95472  47910 

902  95520  65375 

903  95568  77503 

904  95616  84305 

905  95664  85^192 

906  » 95712  81977 
907.  95760  72871 
906  95808  58485 
90(9  95856  38832 

910  95904  13923 

911  95951  83770 

912  95999  48383 

913  9M47  07775 

914  96094  61957 


ox 


900 


95424  25094 

•(-8)8' 


915 
916 
917 
918 
919 

920 
921 
922 
923 
924 


96142  10941 
9^89  54737 
96236  93357 
96284  26812 
96331  5S114 

96378  78273 
96425  96302 
96473  09211 
96520  17010 
96567  19712 


950  97772  36053 

951  97818  05169 

952  97863  69484 

953  97909  29006 

954  97954  83747 

955  98000  33716 
'9H  98045  78923 

957  98091  19378 

958  98136  55091 

959  98181  86072 

960  98227  12330 

961  98272  33877 

962  98317  50720 

963  98362  62871 

964  98407  70339 

965  9841)2  73133 

966  98497  71264 

967  98542  64741 
966  98587  53573 

969  98632  37771 

970  96677  17343 

971  98721  92299 
.972  98766  62649 

973  98811  28403 

974  98855  89569 


925  96614  17327 

926  96661  0986? 

927  '9670TTT941 

928  96754  79^762 

929  96801  57140 


975 
976 
977 
978 
979 


930 
931 
932 
933 
934 

935 
936 
937 
936 
939 


96648  29486 
96694  96810 
96941  59124 
96988  16437 
97034  68762 

9708f  16109. 
97127  58487 
97173  95909 
97220  28364 
97266  55,923 


940  97312  78536 

941  97356  96234 
947  97405  09028 

943  97451  16927 

944  97497  19943 


98900  46157 
96944  98177  _ 
98989  45637 
99039 ,6854r 
99076  26918 


960  99122  60757 

961  99166  90074 

962  99ai  14678 

983  99255  35176 

984  99299  50984 

♦ 

985  99343  6230S 

966  99387  69149 

967  99431  71527 
966  •  99475  69446 

989  99519  62916 

990  99563  51946 

991  99607  36545 

992  99651  16722 

993  ^^9694  92465 
k9r  99738  63644 


945 
946 
947 
948 
949 

950 


97^43  18085 
97569  11364 
97634  99790 
97660  83373 
97726  62124 


97772  36053 

(-8)71 


995 
996 
997 
998 
999 

1000 


99762  30607 
99825  93384 
99669  51583 
99913  05413 
99956  54682 

00000  00000 

rn 


X  lOglO  3t 

1000 '  00000  00000 

1001  00043  40775 

1002  00086  77215 

1003  00130  09330 

1004  00173  37126 

1005  00216  60618 

1006  00259  79607 

1007  00302  94706 

1008  00346  05321 
S009  00389  11662 


lOlC  • 
•1011 
1012 
1013 

aoi4 

1015 
1016 
1017 
1016 
1019 

1020 
1021 
1022 
1023 
1024 

1025 
-1026 
1027 
1026 
1029 

1030 
1031 
1032 
1033 
1034 

1035 
1036 
1037 
1036 
1039 

1040 
1041 
1042 
1043 
1044 

1045 
1046 
1047 
1046 
1049 

1050 


00432 
00475 
00516 
00560 
00603 

00646 
00669 
00732 
00774 
00817 


13736 
11556 
05125 
94454 
79550 

60422 
37079 
09529 
77780 
41640 


00860  01718 
00902  57421 
00945  08958 
00987  56337 
01029  99566 

01072  36654 
01U4  73608. 
0115784436 
01199  31147 
01241  53748 

0li83  72247, 
01325  8C653 
01367  96973 
01410  03215 
01452  05388 

01494  03498 
01535  97554 
01577  67564 
01619  73535 
01661  55476 

01703  33393 
01745  07295 
01786  77190 
01828  43084 
01870  04987 

01911  62904 
01953  16845 
01994  66617 
02036  12626 
02077  54862 

02116  92991 
[,-8,5] 


9  lOglO  X 

1050  02118  92991  | 

1051  02160  27160 

1052  02201  57398  ^ 

1053  02242  83712  "A 

1054  02264  06109  4 

1055  02325  24596 

1056  02366  39182  i 

1057  02407  49873  *  5 

1058  02448  56677  1 

1059  02489  59601  i 


1060  02530  58653 

1061  02571  53839 

1062  02612  45167 

1063  02653  32645 

1064  02694  16280 

1065  02734  96078 

1066  02775  72047 

1067  02816  44194 

1068  02857, 12527 

1069  02897  77052 

1070  02938  37777 

1071  02978  94708 

1072  03019  47854 

1073  03059  97220 

1074  93100 

lOTS-'^AO  84643 

rl076  03181  22713 

1077  03221  57033 

1078  03261  87609 

1079  03302  14447 


1080 
1061 
1082 
.1083 
1084 

1085 
1086 
1087 
1068 
1089 

1090 
1091 
1092 
1093 
1094 

1095 
1096 
1097 
1098 
1099 

1100 


03342 
03382 
03422 
03462 
03502 

03542 
03582 
.03622 
03662 
03702 


37555 
56940 
72608 
84S66 
92622 

97382 
98253 
95441 
86954 
76798 


03742  64979 
03782  47506 
03822  26384 
03662  OUir 
03901  73220 

03941  41192 
03981  05541 
04020  66276 
04060  23401 
04099  76924 


04139  26652 


o 
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Table  4<1 


im. 

"  1102 
1103 
1104 

U05 

iro6 

.  1107 
U08 
1109 

1110 

nil 

1112 
1113 
1114 

1115 
1116 
1117 
•  1118 
1119 

1120 
1121 
1122 
1123 
1124 

1125 
1126 
11*7 
1128 
1129 

lUO 
1131 
1132 
1133 
1134 

1135 
1136 
1137 
1138 
1139 

1140 1 

1141 

1142 

1143 

1144 

1145 
1146 
1147 
.  1146 
1149 

1150 


logio 


04139  26a5r 
.04178  -73190 
04218  15945 
D4257  55124 
04296  90734 

04136  22780 
04375  51270 
04414  76209 
04453  97604 
04493  15461 

04532-29788 
04571  40589 
04610  47872 
04649  51643 
04686  51908 

04727  ^48674 
04766  41946 
U4805  31731 
04844*18036 
04883  00865 

04921  80227 
04960  56126 
04999  26569 
05037  97563 
05076  63112 

05115  ^5224 
05153  83905 
05192  39160 
05230  90996 
05269  39419- 

05307  84435 
05346  26049 
05384  64269 
05422  99099 
05461  30546 

05499 '58613 
05537  83314 
05576  04647 
05614  22621 
•05652  37241 

05690  48513 
05728  56444 
05766  61039 
09804  62304 
05842  60245 

05860  54867 
05916  46176 
05956  34179 
05994  18881 
06032  00287 


ll50"mJ6069  7841 

1151  06107  53236 

1152  06145  24791 

1153  06182  93073 

1154  06220  58088 


1155 
1156 
1157 
1158 
1159. 

iielo 

U61 
ni62 
1163 
1164 

1165 
ai66 
1167 
1168 
1169 

1170 
1171 
1172 
1173 
1174 

1*175 
1176 
1177 
1178 
1179 

1180 
1161 
1182 
1183 
1184 

1185 
1186 
1187 
1188 
1189 

1190 
1191 
1192 
1193 
1194' 

1195 
1196 
1197 
1198 
1199 


06069  78404  1200 

r,..|.6i 


06258  19842 
06295  78341 
06333  33590 
06370  85594 
06408^4360 

06445  79692 
06483  22197 
06520  61281 
06557  971 
06595  29^3 


*  . 

1201 
1202 
1203 
1204 

1205 
1206 
1207 
1208 
1209 


06632' 59254  1215 

06669  85504  1216 

06707  08560.  1217 

06744  28428  1218 

^6781  45112  1219 

06818  58617  1220 

06855  68951  1221 

06692  76117  1222 

06929  80121  1223 

06966  80969  1224 

07003  78666  1225 

07040  73217  1226 

07077  64628  1227 

,07114  52905  1228 

07151  38051  1229 

07168  20073  1230 

07224  98976  1231 

07261  74765  1232 

,07298  47446  1233 

07335  17024  1234 

07371  83503  1235 

07408  46890  1236 

07445  07190  1237 

07461  64406  1238 

07518  16546  1239 

07554  69614  ^  1240 

0^91  17615  1241 

07627  62554  1242 

07664  04437  1243 

07700  43266  1244 

07736  79053  '1245 

07773  11797  1246 

07869  41504  1247  . 

07845  68181  1248 

0T881  91631  1249 

07918  12460  1250 


~ef9Tri2460 
07954  30074 

,  07990  44677 
08026  56273 
08062  64869 

08098  70469 
08134  73078 
08170  72701 
08206  69343 
08242  63009 

08278  53703 
08314  41431 
08350  26198 
08386  08009 
08421  86667 

08457  62779 

08493  35749 

08529  05762 

08564  72683 

08600  37056 

08635  98307 
08671  56639 
08707  12059 
08742  64570 
08776  14178 

08tfl3  60667 
08849  04702 
08884  45627 
08919  83668 
08955  18829 

08990  51114 
09025  80529 
09061  07078 
09096  30766 
09131  51597 

09166  69576 
09201  64708 
09236  96996 
09272  06447 
09307  13064 

09342  16852 

09377  17815 

09412  15958 

09447  11286 

09462  03604 

09516  93514 

09551  80423  , 

09566  64535 

09621  45653 

09656  24384 

09691  00130 

[T] 


logio  X 


1250 
1251 
1252 
1253 
1254 

1255 
1256 
1257 
1258 
1259 


09691  00130 
09725  73097 
09760  43289 
09795  10710 
09829  75365 

09864  37258 
09898  96394 
09933  52777 
09968  06411 
10002  57301 


1260  10037  05451 
126W10071  50866 

1262  10105  93549 

1263  10140  33506 

1264  10174  70739 


1265 
1266 
1267 
1268 
1269 

1270 
1271 
1272 
1273 
1274 

1275 
1276 
1277 
1278 
1279 

1280 
1281 
1282 
1283 
1264 

1285 
1286 
1287 
1288 
1289 

1290 
1291 
1292 
1293 
1294 

1295 
1296 
1297 
1298 
1299 


10209  05255 
10243  37057 
10277  66149 
10311  92535 
10346  16221 

10380  37210 
10414  55506 
10448  71113 
10482  84037 
10516  94280 

10551  01848 
10585  06744 
10619  08973 
10653  08538 
10667  05445 

10720  99696 
10754  91297 
10788  80252 
10822  66564 
10856  50237 

10890  31277 
10924  09686 
10957  85469 
10991  58630 
11025  29^74 


11058 
11092 
11126 
11159 
11193 


11226  /»7684 
11260  50015 
11293/99761 
11327/  46925 
91511 


1300     Um  33521     1350    13033  37665 


ERIC 


x         logio « 

1301  11427  729ib 

1302  11461  09842 

1303  11494  44157 

1304  11527  75914 

1305  *  11561  05117 

1306  11594  31769- 

1307  11627  55878  • 

1308  11660  77440 

1309  11693  96468 

1310  11727  12957 

1311  11760  26917 

1312  11793  38350 

1313  11826  47281 

1314  11859  53652  « 

1315  11892  57528 

1316  11925  5889$ 

1317  11958  57758 

1318  11991  5410$ 

1319  12024. 47955 

^320  12057  39312 

1321  12090  28178 

•1322  12123  14551 

1323  12155  98442 

1324  12188  79851 

1325  12221  5878$ 

1326  12254  35241 

1327  12287  09229 

1328  12319  80750 

1329  12352  49809 

1330  12385  16410 

1331  12417  80555 

1332  12450  42248 

1333  12483  01494 

1334  12515  58296 

1335  12548  12657 

1336  12580  64581 

1337  12613  14075 
1336  12645  61134 

1339  12678  05770 

1340  12710  47984 

1341  12742  87779 

1342  12775  25158  , 

1343  12807  60127  >i\ 
M44  12839  92687 

1345  12872  22845 

1346  12904  50599 

1347  12936  75957 

1348  12968  98922 

1349  13001  19497 


100 


T«M«  4.2 


In/ 


ELBMINTARY  TRANBCBNDBMTAL  rCNCTIOKS 
NATURAL  LOGARITHMS  , 

In*  * 


0.000 

0. 001  -6. 90775  52789  821371 

*  0. 002  -6. 21460  80984  221917 

0.003  -S. 80914  29903  140274 

0,004  -5.52146  09178  622464 

0.005  -5.29831  73665  480367 
0.006  -5.11599  58097  540821 
0.007  -4.96184  51299  268237 
0.008  -4.82831  37373  023011 
0.009  .  -4.71053  07016  459177 

JUVlft^*4. 60517  01859  880914 
^W11^-4,S0986  00061  837665 
0  012   -4.^2284  86291  941367 


0.013 
0.014 

0.015 
0.016 
O.017 
0.018 
0^019 

^Dv^iO 
0.021 
0.022 
0.023 
0.024 


•-4.34280  59215  206003 
.4.26M9  79493  668784 

-4. 19970  50778  799270 
-4. 13516  65567  423558 
-4. 07454  19349  259210 
-^017)4  35210  859724 
-3. 96331  62998  156966 

-3.91202  30054  281461 
-3.86323  28412  587141 
-3.81671  28256  238212 
-3*77226  10630  529874, 
-3. 72970  14486  341914' 


0.050 
0.051 
0.052 
0.053 
0.054 

0.055 
0.056 
0.057 
0.058 
0.059 

0.660 
0.061 
0.062 
0.063 
0.064 

0.065 
0.066 
0. 067 
0.068 
*  0.069 

0. 070 
0.071 
0.072 
0. 073 
<?.074' 


-2.99573 
-2.97592 
-2. 95651 
-2.93746 
-2.91877 


22735  539910 
96462  578113 
15604  007097 
33654  300152 
12324  178627 


.2.90042  20937  496661 
-2.88240  35882  469878  , 
-2.86470  40111  475869/ 
-2.84731  22684  357177 
-2.83021  78350  76411^ 

-2.81341  07167^600364 
-2.79688  1414t  088258 
-2.78062  08939  370455 
-2.76462  05525  906044 
-2.74887  21956  224652 

-2.73336  80090  864999 
-2.71810  05369  557115 
^2.70306  26595  911710 
-2. 68824  75738  060304 
-2.67364  87743  848777 


-2.6S926 
-2.64507 
-2.63108 
-2.61729 
-2.60369 


0.025  -3.68887  94541  139363 

0.026  -3.64965  87409  606550 

0.027  -3.61191  84129  778080 

-  0,m  3^7555  07688  069331  

0.029  -3.54045  94489  956630 

0.030  -3.50655  78973  199817 

0.031  -3.47376  80744  969908  . 

0.032  -3.44201  93761  82410S 

0.033  -3.41124  77175  1  56568 

.  0.034  -3.38139  47543  659757 

0. 035  -3. 35240  72174  927234 

0.036  -3.32423  63405  260271 

0.037  -3.29683  73663  379126 

0  038  -3.27016  91192  557513 

0.039  -3.24419  36328  524906 

0. 040  -3. 21887  58248  682007 

0.041  -3.19416  32122  778292 

0.042  -3.17006  56606  987687 

0.043  -3.14655  51632  885746 

0.044  -3.12356  56450  638759 

0.045  -3.10109  27892  11817«-v 

0. 046  -3. 07911  36824  930421 

0. 047  -3. 05760  76772  720785 

0. 046  -3. 03655  42680  742461 
0. 049   -3. 01593  49808  715104 


0.075  jiltm2b 

0. 076  i^.  57702 


I'M 
0. 07,9 


7  -2.56394 
2.J5104 
2^13830 


00369 
54019 
91599 
58378 
01857 

71654 
.19386 
98571 
64522 


327781 
408216 
660817 
3^7459 
779673 

458266 
958060 
284532 
925453 


0.080 
0.081 
0.082 
0.083 
0.084 

0.085 
0.086 
0.087 
0.088 
0.089 

0.090 
0.091 
0. 092 
0.093 
0.094 

0.095 
0.096 
0.097 
0.098 
0.099 


-2.52572  86443  082554 
-2.51330  61243  096983 
-2.50103  60317  178839 
-2.48891  46711  855391 
-2.47693  84801  388234 


•2.46510 
•2.45340 
.2.44184 
•2.,43041 
•2.41911 


40224  918206 
79827  286293 
71603  275533 
84645  039306 
89092  499972 


.2.40794  56086  518720 
•2.39689  57724.652870 
■2. 38596  67019  330967 
-2.37515  57858  288811 
-2. 36446  04967  121332 


.2.35387 
•2.34340 
•2.33304 
■2.32278 
-2.31263 


83873  815962 
70875  143008 
43004  787542 
78003  115651 
54288  475471 


0.100 
0. 101 
0.102 
0.103 
0.104 

0.105 
0.106 
0.107 
0.108 
0.109 

0. 110 
0.111 
0.112 
0.113 
0.114. 

0.115 
0. 116 
0.117 
0. 118 
0.119 

0. 120 
0.121 
0. 122 
0. 123 
0. 124 

0.125 
0.126 
0. 127 
0. 128 

-0.1 

0.130 
0. 131 
0.132 
0.133 
0.134 

0.135 
0.136 
0.137 
0.138 
0.139 

0.140 
0.141 
0. 142 
0.143 
0.144 

0.145 
0. 146 
0.147 
0. 148 
0.149 


-2.  30258  50929  940457 
-2.29263  47621  408776 
-2.28278  24656  978660 
-2. 27302  62907  525013 
-2. 26336  43798  407644 

-2.25379  49288  2461S7 
-2.244H  6mi  700699 
-2.23492  64445  202309 
-2. 22562  40518  579174 
-2. 21640  73967  529934 

-2. 20727  49131  897208 
-2. 19822*  50776  698029 
-2. 18925  64076  870425 
-2.16036  74602  697965 
-2.17155  68305  876416 

-2.16282  31^6  188870 
-2.15416  50878  757724 
-2.14558  13441  843809 
-2. 13707  06545  164723 
-2. 12863  17858  706077 

-2. 12026  35362  000911 
-2.11196  47333  853960 
-2.10373  42342  488805 
-2. 09557  09236  097196 
-2.08747  37133  771002 

-2.07944  15416  798359 
-2.07147  33720-306591 
-2.06356  81925  235458 
-2.  05572  50150  625199 


-2.04022  08285  265546 
-2.03255  79557  809855 
-2. 02495  33563  957662 
.2.01740  61507  609833 

-2.00991  54790  nam 

.2. 00248  05005  437076 
.1.99510  03932  460850 
.1.98777  43531  540121 
-L 98050  15938  249324 
.1.97328  13458  514453 

-1.966X1  28563  728328 
.1.95899  53886  039688 
.1.95192  82213  808763 
-1.94491  06487  222298 
.1.93794  X9794  061364 

.1.93102  15365  61$627 
.1.92414  86572  738006 
.1.91732  26922  034006 
.1.91054  30052  180220 
.1.90380  89730  366779 


0.050   -2.99573  22735  539910      0.100   J2. 30258  50929  940457 

For  use  of  natural  logarithms  dee  EAmplcs  4-7. 


0.150   .1.89711  99848  858813 


m  ■ 


In  10  -  2.80268  60929  M0467 


ERIC 


H3 


ELGMENTARY  TRANSCENDENTAL  FUNCTIONS 


101 


NATURAL  UMiARITHMS 


'  In  .1 

0. 150  -1. 89711  99848  858813 

0.1S1  -1.89047  54421  672127 

0.152  -1.88387  47581  358607 

0.153  -1.87731  73575  897016 

0.154  -1.87080  26765  M5079 

0.155  -1.86433  01620  628904 

0. 156  -1. 85789  92717  326000 

0. 157  -1. 851M'^6  338290 

0.158  -1.84516  02^9  551702 

0.159  -1.83885  10767  619055 

0.160  -1.83258  14637  483101 

0.161  -1.82635  09139  976741 

0.162  -1.82015  89437  497530 

0. 163  -1. 81400  50781  753747 

0. 164  -1. 80788  88511  579386 

0. 165  -1. 80180  98050  81*5564 

0.166  -1.79576  74906  255938 

0.167  -1.78976  14665  653819 

0.168  -1.78379  12995  788781 

0.469  -1.77785  65640  590636 

0.170  -1.77195  68419  318753 

0.171  -1.76609  17224  794772 

0.172  -1.76026  08021  686840 

0.173  -1.75446  36644  843581 

0. 174  -1. 74869  99797  676080 

0.175  -1.74296  93050  586230 

0. 176  -1. 73727  12839  439853 

0. 177  -1. 73160  55464  083079 

^,  m  -li  72597  17286-980S19 

0.  179  -1.72036  94731  '413821 

0.180  -1.71479  84280  919267 

0.181  -1.70925  82477  163113 

0. 182  -1. 70374  85919  053417 

0. 183  -1. 69826  91261  407161 

0.184  -1.69281  95213  731514 

0. 185  -1. 68739  94539  038122 

0.186  -1.68200  86052  689358 

0. 1S7  -1. 67664  66621  275504 

0.188  -1.67131  33161  521878 

0.189  -1.66600  82639  224947 

0.190  -1.66073  12068  216509 

0. 191  -1. 65548  18509  355072 

0. 192  -1. 65025  99069  543505 

0. 193  -1. 64506  50900  772515 

0. 194  -1. 63989  71199  188089 

0. 195  -1. 63475  57204  183903 

0. 196  -1. 62964  06197  516198 

0.197  -1.62455  15502  441485 

0. 198  -1. 61948  82482  876018 

0.  199  -1. 61445  04542  576447 


0.200 


•1.60943  79124  341004 

['1"] 


0.200 

0.201' 

0.202 

0.203 

0.204 

0.205 
0.206 
0.207 
0.208 
0.209 

0.210 
0.211 
0.212 
0.213 
0.214 

0.-215 
0.216 
0.217 
0.218 
0.219 

0.220 
0.221 
0.222 
0.223 
0.224 

0.225 
0.226 
0.227 
0.226 
0.229 

0.230 
0.231 
0.232 
0.233 
0.234 

0.235 
(1.236 
0.237 
0.238 
0.239 

0.240 

0.241 

0.242, 

0.2*3 

0.244 

0.245 
0.246 
0.247 
0.248 
0.249 


..In  / 

-1.60943  79124  341004 
-1.60445  03709  230613 
-1.59948  75815  809323 
-1. 59454  92999  403497 
-1.58963  52851  379207 

-1. 58474  52998  437289 
-1. 57987  91101  92S560 
-1. 57503  64857  167680 
-1.57021  71992  808191 
-1.56542  10270  173260 

-1. 56064  7748»  646684 
-1.55589  71455  060706 
-1.55116  90043  101246 
-1. 54646  31132  727119 
-1.54177  92639  602656 


-1.53711 
-1. 53247 
-1. 52785 
-1:52326 
-1. 51868 

-1. 51412 
-1.50959 
-1. 50907 
■1. 50056 
-1. 49610 


72508 
68712 
79254 
02161 
35491 

77326 
25774 
78971 
35075 
92271 


544743 
979720 
416775 
930480 
656362 

297755 
643842 
098576 
220183 
270972 


-1.49165  48767  777169 
-1.48722  02797  098512 
-1.46260  52615  007344 
^1.47840  96S00  276963 
-1.47403-32754* 278974 

-1.46967  59700  S89417 
-1.46533  75664  603435 
-1.46101  79073  156271 
-1.45671  66254  164365 
-1. 45243  41636  244356 

-1. 44616  97646  379761 
-1.44392  34739  565270 
-1. 43969  51378  470059 
-1. 43546  46053  106624 
-1.43129  17270  506264 

-1.42711  63556  401457 
-1. 42295  83454  914821 
-1.41681  75528  254507 
-1.41469  38356  415886 
-1.41058  70536r469352 

-1. 40649  70664  374101 
-1.40242  37430  497742 
-1. 39836  69423  541599 
-1. 39432  65326  171549 
-1. 39030  23625  174294 


Table  M 

a*'  In  * 

0.250  -1.38629  43611  19690 

0.251  -1.38230  23398  503532 

0.252  -1.37632  61914  707137 

0.253  -1.37436  57902  546166 

0.254  -1.37042  10119  63600S 

0.2S5  -1.36649  17338  237109 

0. 256  -1. 36257  «76345  025746 

0i2S7  -1.35667  91940  669173 

0.256  -1.35479  56940  605196 

0.259  -1.35092  72172  625993 

0.260  -1.34707  36479  666093 

0.261  -1.34323  46716  594436 

0.262  -1.33941  07752  210402 

0.263  -1.33560  12468  04372S 

0.264  -1.33160  61756  356209 

0.265  -1.32602  S4S29  959148 

0.266  -1.32425  69702  004360 

0.267  -1.32050  66205  616675 

0.266  ^1.31676  82964  712604 

0.269  -1.31304  36993  802979 

0.270  -1.30933  33199  637623 

0.271  -1.30563  64S61  024362 

0.272  -1.30195  32126  861397 

0.273  -1.29828  34837  971773 

0.274  -1.29462  71725  940666 

0.275  -1.29098  41613  1S5656 

0.276  -1.28735  44132  649871 

0. 277  -1. 26373  77727  947986 

0.276  -1.26013  416S2  915000 

0.279  -1.27654  34971  607714 

0.260  -1.27296  56758  126674 

0.261  -1.26940  06096  463913 

0.282  -1.26564  62080  440235 

0.283  -1.26230  63813  366994 

0.264  -1.25878  10408  209310 

0.265  -1.25526  60967  134865 

0.286  -1.25176  34681  622845 

0.287  -1.24627  30632  225159 

0.288  -1.24479  47986  461911 

0.269  -1.24132  65906  697049 

0.290  -1.23787  43560  016173 

0.291  -1.23443  20118  106449 

0.292  -1.2)100  14767  136593 

0.;.93  -1.22758  26699  650697 

0.294  -1.22417  55116  434554 

0.295  -1.22077  99226  423172 

0.296  -1.21739  58246  560767 

0.297  -1.21402  31401  794374 

0.298  -1.21066  17924  767326 

0.299  -1.20731  17095  914506  ) 


0.250   -1.38629  43611  198906      0.300   -1.20397  26043  299360 


In  10  2.30268  60929  940467 


ERIC 


114 


/  Tablr  4.2 


NTARY  TRA^TSCENDBNTAL  FUNCTIOMB 
NATURAL  UIGARITHMS 


0.301 
0.302 
0.303 
0.304 

0.305 
0.306 
0.30T' 
0.308 
Q.309 

0.310 
0.311 
0.J12» 
0.313 
0^314/ 


In 


-1. 20064  b014^  332613 
19732  82616  072674 
*1. 19402  24734  727679 
-1. 19072  75775  759154 


0. 31 
0.316 
0.il7 
0/318 
*.319 

D.320 
0. 321 
0.322 
0.323 
0.324 

0.325 
0.326 
0.327 
0.328 
0.329 

0.330 
0.331 
0.332 
0.333 
0.334 

0.335 
0.336 
0.337 
0.338 
0.339 

0.340 
0.341  , 
0. 342 
0.343 
0.344 

0. 345 
0.346 
0.347 
0.348 
0.349 


0. 3S0  - 


-l,1874j 
.l.\184n 
-1.16090 
-1. 1X765 
-l.i7441 

1.17118 
1. 16196 
il.  16475 
■1. 16155 
.1. 158  ^6 


-1.155 


15023 
01770 
75313 
54960 
40020 

2SI815 
23668 
20911 
20884 
22930 


747254 
297563 
949399 
085626 
843916 

029451 
029029 
726547 
419838 
738837 


8  26401  565040 
.1.15261  30653  952249 
■1. 14885  35051  048564 
•1.14570  38962  019602 
-1. 14256  41761  972925 

-1.13943  42831  883648 
-1. 13631  41558  521212 
-1. 13320  37334  377287 
-1.1  MlO  29557  594805 
-1.12701  17631  898077 

-L 12393  00966  523996 
-1.12085  f8976  154294 
-1. 11779  5IO8O  848837 
-1.11474/16705  979933 
-1. 11169/75282  16^652 


-l.  1086( 
.1. 1056/ 
-1. 102( 


26245  216111 
69036  050742 
03100  656485 


-1. 09961  27890  01693^ 
-1.09661 '42860  054366 


■1.09d62  47471  570706 
.1. 09064  41190  189328 
-1.  08767  23486  29T753 
-1. 0B470  93834  99l|83- 
-1. 06175  51716  016166 


-1. 07880  96613  719300 
-1. 07587  28016  986203 
-1. 07294  45419  195319 
■1. 07002  48318  161971 
■1.  06711  36216  087387 

-1.06421  08619  507773 
-1. 06131  65039  244128 
-I.  05843  04990  352779 
-1.05555  27992  076627 
-1.05268  33567  797099 

1. 01162  21244  986777 


•flMpat*!!, 


0.350 
0. 351 
0. 352 
0. 353 
0.354 

0.355 
0. 356 
0. 357 
0. 358 
.0.  359 

0. 360 
0. 361 
0.  362 
0.363 
0.364 

0. 365 
0.366 
0. 367 
0. 368 
0. 369 

0.  370 
0. 371 
0.372 
0. 373 
0. 374 

0. 375 
0. 376 
0. 377 
0.378 
0. 3?9 

0. 380 
0. 381 
0. 382 
0.383 
0. 384 

0. 385 
0. 386 
0. 387 
0.  388 
0,389 

0.390 
0.391 
0. 392 
0. 393 
0. 394 

0.395 
,  0.396 
0.397 
0.398 
0.399 

0.400 


ln.> 

-1.04982  21244  986777 
-1. 04696  90555  1^712 
-1.04412  41033  840400 
-1. 04128  72220  468403 
-1. 03B45  83658  483626 

-1.03563  74895  067213 
-1.03282  45481  301066 
-1.03001  94972  024980 
-1.02722  22925  814367 
-1.02443  28904  938582 

-1.02165  12475  319814 
-1. 01887  73206  492561 
-1.01611  10671  563660 
-1.01335  24447  172863 
-1.01060  14113  453964 

-1.00785  79253  996455 
-1.00512  19455  807708 
-1.00239  34309  1275666 
-0.99967  23408  132061 
-0.99695  86349  416099 

-0.99425  22733  438669 
-0'.99155  32163  747019 
-0.96896  14247  069905 
-0.96617  66593  383215 
-0.98349  94815  676051 

-0.98082  92530  117262 
.0.97816  61355  922425 
-0.97551  00915  341263 
-0.97266  10633  625494 
-0.97021  90736  997107 


.0.96758 
.0.96495 
.0.96233 
-0.95972 
-0.95711 

-0.95451 
-0.95191 
-0.94933 
-0.94674 
-0.94417 

-0.94160 
-0.93904 
-0.93649 
-0.93394 
-0.93140 


40262  617056 
59036  554361 
46703  755619 
02898  014911 
2726)  944102 

19446  943526 
79095  173062 
05859  523552 
99393  588636 
59353^636906 

85398  584449 
77189  967713 
34391  916745 
56671  128758 
43696  842032 


-0.92886  9Sl40  810152 
-0.92634  10677  276565 
-0.92361  69962  949466 
-0.92130  32736  976993 
-0.91679  38620  922736 


-0.91\b29  07318  741551 


o 
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In  10-2.30268  60929  940467 

.  115 


0.400 
0.401 
0.402 
0.403 
0.404 

0. 405 
0.406 
0. 407 
0.406 
0.409 

0.410 
0.411 
0.412 
0.413 
0.414 

8.415. 
0.416\ 
0.417 
0. 416 
0.419 

0.420 
0.421 
0^22 
0.423 
0.424 

0.425 
0.426 
0.427 
0.428 
0.429 

0.430 
0.431 
0*432 
0.433 
0.434 

0.435 
0.436 
0.437 
0.436 
0.439 

0.440 
0.441 
0.442 
0.443 
0.444 

0.445 
0.446 
0.447 
0.448 
0.449 


-0. 91629 
.0.91379 
-0. 91130 
-0. 90881 
-0. 90634 


In  / 

07318  741551 
38516  755679 
31903  631160 
67170  354541 
04010  209870 


-0. 90366  82118  7559-79 
-0. 90140  21193  804044 
-0.89694  2093$  395421 
-0.69648  61045  779754 
-0.69404  01229  393353 

-0. 89159  81192  637836 
-0.68916  20644  659024 
-0.86673  19296  326107 
-0.884^0  76860  211043 
-0. 881188  93051  568227 


■0. 67947 
.0.67t07 
.0.67466 
.0.67227 
.0.|6986 

-0. 8)^50 
-0. 66U2 
-0.8621 
-0.6603( 
-0.65602 


67587 
00167 
90571 
36464 
43590 

05677. 
24452 
99649 
30999 
6237 


514386 
208738 
833356 
S73807 
599993 

047231 
997556 
461252 
356591 
501793 


-0.85566  61100  577202 
-0.85331  59327  127666 
-0.fe097  12657  535125 
'0.84863  20634  003403 
-0.84629  63600  541201 

-0.84397  00702  945269 
-0. 84164  71886  763693 
-0.81932  96907  380267 
-0; 83701  75509  796472 
-0.63471  07446  617322 

-0. 63240  92478  934530 
-0.63011  30356  331027 
-0.62782  20838  865469 
-0.82553  63686  056909 
-0.62325  58659  069657 

-0. 62098  05520  696302 
^0.61dn  04035  352911 
-a.  81644  53969  044369 
-0.81418.  5S069  370014 
-0.61193  07165  499123 

--0,60968  09968  156968 
'-0. 80743  632fe9  .620730 
-0.60519  66843  685682 
-0. 80296  20465  671519 
-0.60073  23912  398826 


0.450   -0.796&0  76962  177716 


\ 
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In 


0.450 
0.451 
0.4S2 
0.453 
0.454 

0.4SS 
0.456 
0.457 
0.458 
0.459 

0.460 
0.461 
0. 462 
0.463 
0.464 

0.465 
0.466 
0.467 
0.468  ' 
0. 469 

0. 470 
0.471 
0.472  ■ 
0. 473 
0.474  . 

0.475  ■ 
0.476  • 
0.477 
0.478  /. 

0.42^. 


-0.79850  76962  177716 
-0.79628  79394  794587 
-0.79407  30991  499059 
-0. 79186  31534  991030 
-0. 78965  80809  407891 

-0. 78745  78600  311866 
-0. 78526  24694  677510 
-0. 78307  18880  879324 
-0.78088  60948  679521 
-0. 77870  50689  215919 

-0. 776S2  87894  989964 
-0. 77435  72359  85488S 
-0.77219  03879  003982 
-0. 77002  82248  959030 
-0.76787  07267  558818 

-0. 76571  78733  947807 
-0. 76356  96448  564912  ^ 
-0.76142  60213  132397 
-0.75928.69830.644903 
-0. 75715  25105  358577 
J 

-0.75502  25842  780328 
-0.75289  71849  657193 
-0. 75077  62933  965817 
-0. 74865  98904  902041 
-0. 74654  79572  870606 


0. 74444 
0.74233 
0.74023 
0. 73814 

0.75605 


-Q. 
-0. 
-0. 
-0. 
-0. 


0.480 
0.481 
0.482 
0.483 
0.484 

0.4853^0. 
0.486  -0. 
0.487  -0. 
0.488  -0. 
0.489  -0. 


7339^ 
73188 
72981 
72773 
72567 

72360 
72154 
71949 
71743 
71539 


04749  474958 
74247  507170 
87880  937958 
45464  906811 

91750  802004 
80088  763759 
11649  315367 
86253  295644 
03722  6^5053 

63880  446539 
66550  816433 
11558  995473 
98731  289899 
27895  072650 


0.490  -0.71334  98878  774648 

0. 4<)1  -0. 71131  11511  876165 

0. 492  -0. 70927  65624  898289 

0.493  -0.70724  61049  394469 

0.494  -0.70521  97617*942145 

0.495  -0.70319  75164  134468 

0.  496  -0.70117  93522  572096 

0.497  -0.69916  52528  855083 

0.498  -0.69715  52019  574841 

0.499  -0.69514  91832  306184 

0.500  -0.69314  71805  599453 


J!  In  Of  • 

0.500  -0.^9314  71805  599453 

0.  SDl  -0. 49114  91778  972723 

0.502  -0.68915  5159?  904079 

0.503  .hO.  68716  5108i  823978 

0.504  -0.68517  90109  ]|076B4 

0.505  -0,68319  66497  067772 

0;5tf6  .0. 68121  86096  946715 

0. 507  -0. 67924  42753  909539 

0.508  -0.67727  38314  036552 

0.509  -0.67530  72624  316143 

0.'510  -0.67334  45532  637656 

0. 511  -0. 67138  56887  784326 

0.512  ^0.66943  06539  426293 

0.513  -0.66747  94338  113675 

0. 514  -0. 66553,  20135  269719 

0.515  -0. 66358  B3783  18400^"^. 

0.516  -0.66164^85135  005743 

0.517  -0.65971  24044  737079. 

0.518  -0.65778  00367  226540* 

0.519  -0.65585  13958  162484 

0.520  -0.65392  64674  066640 

0. 521  -0. 65200  52372  287701 

0.522  -0.65008  76910  994983 

0.523  -0.64817  38149  172142 

0.524  -0.64626  35946  610949 

0.525    -0.64435  70163  905X33.^ 
0.526   -0.64245  40662  444272 
0.527   -0.64055  47304  407747 
0.528   -0.63865  89952  758756 
"0;529  --0.65676  68471  238377 

0.530  -0.63487  82724  399695 
0.531  -0.63299  32577  401982 
0.532    -0.63111  17896  404927 

,0.531  _-s0..62923_ia5«8-162925  .. 
0.534   -0.62735  94400  219422 

0. 535  -0. 62548  85320a861305 

0.536  -0.62362  11179  113351 

0.537  -0.62175  71844  732724 

0.538  -0.61989  67188  203526 

0.539  -0.61803  97080  731399 

0. 540  -0. 61618  61394  238170 

0.541  -0.61433  60001  356555 

0.542  -0.61248  92775  424908 

0.543  -0. 61064  59590  482(U6 

0.544  -0.60880  60321  261944 

0.545  AO. 60696  94843  188930 

0.546  -0.60513  63032  372320  , 

0.547  -0.60330  64765  601558 

0.548  -0.60147  99920  341215 

0. 549  -0. 59965  68374  726064 

0.550   -0. 59783  70007  S56204 

[<-?"] 

In  10  -2.80268  50929  940467. 


0.550 
0.551 
0.552 
0.553 
0.554 


*  0.555 
0.556 
0.557 

0.55i 
0.55 


0.560 
0.561 
0.562 
0.563 
0.564 

0.565 
0.566 
0.567 
0.568 
0.569 

0.570 
0.571 
0.572 
0.573 
0.574 

0.575 
0.576 
0.577 
0.578 
0.579 


T«bie4.2 

In  ar 

-0.59783  70007  556204 
-0.59602  04698  292226 
-0»  59420  72327  050417 
-0.59239  72774  998023 
-0. 59059  05922  348532 

-0. 58878  71652  357025 
-0. 58698  69847  315547 
-0.58519  00390.548530 
-0. 58339  63166  008261 
-0.58160  58058  270379 

-0.57981  84952  529421 
-0. 57803  43734  594407 
-0. 57625  34290  884460 
-0.57447  5650B  424467 
-0.>57270  10274  840782 

-0. 57092  95478  356961 
-0.56916,12007  789541 
-0. 56739  59752  543850 
-0.56563  38602  609857 
-0.56387  48448  558061 

-0156211  89181  535412 
-0. 56036  60693  261268 
-0;  55861^62876  023392 
-0. 55686  95622  673975 
-0. 55512  58826  625706 

-0.55338  52381  847866 
-0. 55164  76182  862498 
-0.54991  30124  740375 
-0. 54818  14103  097596 
-0.54645  28014  mUlB 


0.580  -0.54472  71754  416720 

0.581  -0.54300  49221  302258 

0.582  -0.54128  48312  506992 

0.5B3  -0.5?9?f  gff9?fr  ?16447 

0.584  -0.53785  42961  539100 

0.585  -0.53614  34317  502806 

0.586  -0.53443  54894  051244 

0.587  -0.53273  04591  540406 

0. 588  -0. 53102  83310  835101 

0.589  -0.52932  90953  305503 

0.590  -0.52763  27420  823719 

0.591  -0.52593  92615  760389 

0. 592  -0. 52424  ^6440  981514 

0.593  -0.52256  08799  844116 

0.594  -0.52087  59596  194921 

0.595  -0.51919  38734  365073 

0.596  -0.5175146119  167873 

0.597  -0.51583  81655  899350 

0.598  -0.51416  45250  315053 

0.599  -0.51249  36808  666877 

0.600  -0.51082  56237  659907 
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BLEMENTARY  TRANBCENDBNTAL  rUNCTIONll 
NATURAL  LOGARITHMS 


/ 


0.600 
0.601 
0.602 
O.60) 
0.604 

0.60S 
O.606 
0. 607 
0^608 
0.609 

0.610 
0.611 
0.612 
0.613 
0.614 

0.61$ 
0.616 
0.617 
Q/618 
0.619 


^ 


.0.S1082  56237  659907 
-0.50916^03444  469295 
.0.50749  78336  733160 
-0.50583  80822  549516 
-0.50418  108ia  47.3221 

-0.50252  68209  512956 
-0.50087  52929  128226 
.^0.49922  64879  226388 
.0.49758  03970  159700 
-0.49593  70112  7224Q0 


0. 650 
0.651 
0. 652 
0.6W, 
0.654/ 

0.655 
0.6S6 
0.657 
0^58 
0/659 


/     •  Inx 

A  43078  29160  924543 
AO.  42924  56367  735678 
/-0. 42771  07170  554841 
-0.42617  81497  057060 
-0.42464.79275  249384 


0*620 
0.621 
0.622 
0.623 
0.624 

0.625 
0.626 
0.627 
0.628 
0.629 

0.630 
0.631 

0.633 
0.634 

0.635 
0.636 
0.637 

0,638, 
0.63f 

0.640 
Q.^4I 
0/642 
0.643 
0.644 

0.645 
0.646 
0.647 
0.ii48 
0.649 


-0.49429 
-0.49265 
-0.49102 
-0.48939 
-0.48776 

.0.48613 
-0.48450 
-0.48288 
-0.48126 
-0.47965 

-0.47803 
-0.47642 
-0.47481 
-0.47320 
-0.47160 


632^8  147801 
83198  105417 
29964  698110 
03430  459257  / 
03508  349946/ 

30111  756199^ 
83154  486179  . 
62550  767492 
68215  244463 
00062  97^409 

58009  429998' 
41970  486583 
51862/429576 
8760V  946839 
49106  127094 


.660 
0.661 
0. 662 
0.663 
0.664 


-0.47000  36292  457356 
.0.46840  49078  820385 
-0.46680  87383  492164 
-0.46521  51125  139384 
-0.46362/40222  816965 


-0.462(6  54595  965587 
-0. 46044  94164  409239 
-0^45886  58848  352796  . 

rM72r«56r7796or^" 

-0.45570  63245  449111 


1.45413  02800  894454 
/0. 45255  67156  420149 
.0. 45098  56234  099737 
-0.44941  69956  373472 
-0.44785  08246  046022 

-0.44628  71026  284195 

-0.44472  58220  614670 

-0.44316  69752  921759 

-0.44161  05547  445177 

-0.44005  65528  777834 

-0.43850  49621  863646 
-0.43695  57751  995352 
-0.43540  89844  812365 
-0.43386  45826  298624 
-0.43232  25622  780471 


-0. 42312 
-0.42159 
.0.42007 
-0.41855 
-0.41703 


004l3  468851 
44900  380480 
12604  975265 
03476  568199 
17444  796298 


0. 665 
0.666 
0.667 
0. 668 
0.669 

0.670 
0.671 
0.672 
0. 673 
0.674 

0.675 
0.676 
0.677' 
0.678 
0.679 

0.680 
0.681 
0.682. 

0.684 

0.685 
0.686 
0.687 
0. 688 
0.689 

0.690 
0;691 
0.692 
0.693 
0.694 

0.695 
0.696 
0.697 
0.698 
0.699 


-0. 41551  54439  616658 
-0.41400  14391  304508 
-0.41248  97230  451288 
-0.41098  02887  962745 
-0.40947  31295  057032 

-0.40796  82383  262829 
-0.40646  56084  417479 
-0.40496  52330  665133 
-0. 40346  71054  454913 
-0.40197  12188  539086 


.0.40047 
-0.  39898 
-0. 39749 
*0. 39600 
-0. 39452 

-0. 39304 
-0. 39156 
-0. 39008 
-0. 30860 
-0. 38713 

-0.  38566 
-0. 38419 
-0. 38272 

=o.-T8nf 


75665  971253 
61420  104553 
69384  589875 
99493  374092 
51680'698300 

25881  096072 
2l2029>  391730 
40060  698621 
79910  417415 
41514  234409 

24808  119847 
29728  326247 
56211  986750 
04194  113470' 


0.700 
0.701 
0.702 
0.703 
0.704 

0.705 
0.706 
0.707 
0.708 
0.709 

0.710 
0.711 
0.712 
0.713 
0.714 

0.715 
0.716 
0.717 
0.718 
0.719 

0.720 
0.721 
0.722 
0.723 
0.724 

0.725 
0.726 
0.727 
0.728 
0.729 

0.730 
0.731 
0.732 

Tr.-73r 


,  to* 

-0. 35667  49439  387324 
-0. 35624  73919  475470 
-0. 353K  18749  563259 
-0. 35239  83871  714721 
-0.35097  69228  240947 

-0.34955  74761  698684 
-0. 34814  00414  888950 
-0.34672  46130  855643 
-0.34531  11852  884173 
-0. 34389  97524  500096 

-0.34249  03089  467759 
-0.34108  28491  788962 
-0. 33967  73675  701613 
-0.33827  38585^678411 
-0.33687  23166  425527 

-0.33547  27362  881294 
-0.33407  51120  214914 
-0.33267  94383  825167 
-0.33128  57099  339129 
-0.32989  39212  610904 

-0. 32850  40669  720361 
~0. 32711  61416  971880 
-0.32573  01400  893108 
-0. 32434  60568  233724 
-0. 32296  388^5  964207 

-0.32158  36241  274623 
-0.32020  52641  573410 
-0.31882  88014  466177 
-0. 31745  42307  854511 
-0. 31608  15469  734789 

-0. 31471  07448  397Q02 
-0.31334  18192  323585 
-0. 31197  47650  208255 
-0.  31060  9S770  4S4BM 


o!  37979  73613  595866      0. 734  .  -0. 30924  62503  67621S 

0.735  -0.30788  47797  693004 

0.736  -0.30652  51602  532608 

0.737  -0.30516  73867  928004 

0.738  -0.30381  14543  816646 

0.739  -0.30245  73580  339353 

0.740  -0.30110  50927  839216 

0.741  -0.29975  46536  860502 

0.742  -0.29840  60358  147566 

0.743  -0.29705  92342  643779 

0.744  -0.29571  42441  490452 

0.745  .0.29437  10606  025775 

0.746  .0.29302  96787  783762 

0.747  -0.29169  00938  493197 

0.748  -0.29035  23010  076598 

0.749  -0.28901  62954  649176 


-0. 37833  64407  199118 
-0.  37687  76512  562518 
-0.  J7542  09867  597877 
-0.37396,64410  487934 
-0.  37251  40079  684785 

-0. 37106  36813  908320 
-0.36961  54552  144672 
-0.36816  93233  644675 
-0. 36672  52797  922338 
-0. 36528  33184  753326 


0.650   -0.43078  29160  924543 


['11 


-0.  36384  34^34  173449 

-0.  36240  56186  477174 

*-0.  36096  98682  216132 

-0.  35953  61762  1^7646 

-0. 3S810  45367  483268 

0.700   -0.35667  49439  387324 

m 
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0.750 
0.751 
0.752 
0.753 
0.754 

0.7SS 
0.756 
0.757 
0.758 
0.759 

0. 760 
0.761 
0.762 
0.763 
0.764 

0.765 
0. 766 
0.767 
0.768 
0.769 

0.770 
0.771 
0.772 
0.773 
0.774 

0.775 
0.776 
0.777 
0.778 

-0i77r- 


0.780 
0.781 
0.782 
0.783 
0.784 

0.785 
0.786 
0.787 
0.788 
0.789 

0.790 
0.791 
0.792 
0.793 
0.794 

fl;795 
0.796 
0.797 
0.798 
0.799 


■1% 


BLBMEMTABY  TRANSCBNQKNTAL  rONCnONB 

NATURAL  Logarithms 


Tdilft^l 


 ^ 


In 


-0.28768  20724  517809 

-0.28634  96272  180023 
-0.28501  89550  322973 

•0.28369  00511  822435 

-0.28236  29109  741810 

-0.28103  75297  331123 

-0.27971  39028  026041 

-0.27839  20255  446883 

-0.27707  18933  397654 

-0.27575  35015  865071 


-0.27443 
-0.27312 
-0.27180 
•0.27049 
-0.26918 

-0.26787 
-0.26657 
-0.26526 
-0.26396 
-0.26266 

-0.26136 
•0.26006 
-0.25877 
-0.25747 
-0.25618 


68457  017603 
19211  204512 
87232  954908 
72476  976800 
74898  156166 

94451'  556012 
31092  415458 
84776  148809 
55458  344649 
43094  764931 

47641  344075 
69054  188076 
07289  573609 
62303  947151 
34053  924099 


-0.25489  22496  287901 
-0.25360  27587  989183 
-0.25231  49286  144896 
-0. 25102  ^7548  037454 
^=0724974  42331  113688 


-0.24846  1B592  984996 
-0.24718  01291  424511 
-0.24590  01384  368260 
-0.24462  25829  913340 
-0.24334  62586  317292 


-0.24207 
-0.24079 
-0.23952 
-0.23825 
-0.23698 


15611  997286 
84865  529305 
70305  647338 
71891  242579 
89581  362628 


-0.23572  23335  210699 
-0.23445  73112  144832 
-0.23319  38871  677112 
-0.23193  20573  472891 
-0.23067  18177  350013 

-0.22941  31643  278052- 
-0.22815  60931  377540 
-0.22690  06001  919220 
-0.22564  66815  323283 
-0.22439  43332  158624 


0.800 

OrOOl 

0.802 
0.803 
0.804 

0.805 
0.806 
0.807 
0.808 
0.809 

0.810 
0.811 
0.812 
0.813 
0.814 

0.815 
0.816 
0.817 
0.818 
0.819 

0.820 
0.821 
0.822 
0.823 
0.824 


-0. 22314 
-0.22189 
-0.22064 
-0.21940 
-0.21815 


Inz 

35513  142098 
43319  137778 
66711  156226 
05650  353754 
60098  031707 


-0. 21691  30015  635737 
-0.21567  15364  755088 
•0.21443  16107  121883 
-0.21319  32204  610417 
-0. 21195  63619  236454 


-0.21072  10313  156526 
-0.20948  72248  667241 
-0.20825  49388  204591 
-0.20702  41694  343265 
-0.20579  49129  795968 


-0.20456 
-0.20334 
-0.20211 
-0.20089 
-0.19967 

-0.19845 
-0. 19723 
-0. 19601 
-0. 19479 
-0.19358 


71657  412743 
09240  180300 
61841  221342 
29423  793900 
11951  290676 

09387  238383 
21695  297088 
48839  259571 
90783  050672 
47490  726654 


0.850 
0.851 
0.852 
0.853 
0.,854 

0.855 
0.856 
0.857 
0.858 
0.859 

0.860 
0.861 
0.862 
0.863 
0.864 

0.865 
0.866 
0.867 
0.868 
0.869 

0.870 
0.871 
0.872 
0.873 
0.874 


-0. 16251 
-0. 16134 
-0.16016 
-0.15899 
-0.15782 

-0.15665 
-0.15548 
-0.15431 
-0. 15315 
-0.15198 


89294 
31504 
87521 
57314 
40851 

38100 
49028 
73603 
11794 
63569 


-^.15082  28897 
-0.14966  07745 
-0.14850  00083 
-0.;i4734^5878 
-0.14618  25101 

-0.14502  57720 
-0.14387  03704 
-0.14271  63022 
-0.14156  35643 
-0. 14041%21537 

-0.13926  20673 
-0. 13811  33021 
-0. 13696  58550 
-0. 13581  97231 
-0. 13467  49033 


345836 
544063 
184440 
987691 
78^14 

502577 
197019 
015952 


0.825  -0.19237  18926  474561  0.8fs 
0.826  -0.19116  05054  611590  0.876 
0.827   -0.18995  05839  584457  0.877 

JLJ2a_^0^18874  21245  968774  0.878       _  _   

0.829   -0.18753  51238  468421      0.879   -0.12897  0381 


0.13353  13926 
0. 13238  91880 
0.13124  8286 
0. 13010  8685 


0.830  -0.18632  95781  914934  0.880 

0.831  -0.18512  54841  266889  0.881 

0.832  -0.18392  28381  609285  0.882 

0.833  -0.18272  16368  152944  0.883 

0.834  -0.18152  18766  233903  0.884 

0.835  -0.18032  35541  312816  6.885 

0.836  -0.17912  66658  974354  0.886 

0.837  -0.17793  12084  926*17  0.887 

0.838  -0.17673  71785  000540  0.888 

0.839  -0.17554  45725  149309  0.889 

0.840  -0.17435  33871  447778  0.890 

0.841  -0.17316  36190  091890  0.891 

0.842  -0.17197  52647  398103  0.892 

0.843  -0.17078  83209  802816  0.893 

0.844  -0.16960  27843  861799  0.894 

0.845  -0.16841  86516  249632  0.895 

0.846  -0.16723  59193  759138  0.896 

0.847  -0.16605  45843  300827  0.897 

0.848  -0.16487  46431  902340  ,  0.898 

0.849  -0.16369  60926  707897  0.899 


-0. 12783  337 
-0. 12669  769: 
-0. 12556  32229 
-0. 12443  OOm 
-0. 12329  82163 


-0. 12216  7i 
-0.12103  8i 
-0.11991 
-0.11878 
-0.11765 


39 
83 
966 
359 
434 


742075 
770561 
725576 
899670 
682325 

-0. 11653;'d8162  559515 
.0. 1154iy085l5  113277 
-0. 1142f  91464  021277 
-0. 11316  86981  056380 
-9. 1120/1  95038  086229 

-0. 11093  15607  072817 

-0.10961  48660  072066 

-0.10|69  94169  233409 

-0. 1Q758  52106  799374 

-0. 10647  22445  105168 


0.800   -0.22314  35513  142098      0.850   -0.16251  89294  977749      0.900   -0.]l6536  05156  578263 

m       /  m 
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6 


EUe^fKNTABT  TRANBSBNDBMTAL  FUNCTIONB 
NATURAL  LOCAIimiMS 


In 


0.900 

or9oi 

0.902 
0.90S 
0.904 

0.-905 
.0.906 
0.907 
0.90S 
0.909 

0.910 
0.911 
0.912 
0.91) 
0.914 

0.91S 
0.914 
0.917 
0.918 
0.919 

0.920 
.  0.921 
0.922 
,0.923 
0.924 

0.92S 
0.926 
0.927 
0.928 
0.929 


-0.10596  05156  578263 
.0. 10425  00213  737991 
-0.10314  07589  195134 
-0.10203  27255  651516 
-0.10092  >9185  899606 


.0.09982 
.0.09871 
-0.09761 
-0.09651 
-0.09541 

-0.09431 
-0.09321 
-0.09211 
-0.09101 
-0.08992 


03352  822109 
59729  391577 
28288  670004 
09003  808438 
01848  046582 

06794  712413 
23817  221787 
^2869  078057 
93983  871686 
47075  279870 


-0.08883  12137  066157 
-0.08773  89143  080068 
-0.08664  78067  256722 
-0.08559  78883  616466 
-0.08446  91566  264500 

-0. 08338  16089  390511 
-0.08229  52427  268302 
I  -0.08121  00554  255432 
-Me012  60444  792849 
-0ni7904  32073  404529 

-0.07796  15414  697119 
-0.07688  10443  359577 
-0.07580  17134  162819 
-0.07472  35461  959365 
-0.07364  65401  682985 


0.930  -0.07257  06928  348354 
0.931  -0.07149  60017  050700 
0.932   ^0.07042  24642  965451- 


0.933 
0.934 

0.935 
0.936 
0.937 
0.938 
0.939 

0.940 
0.941 
0.942 
0.943 
0.944 

0.945 
0.946 
0.947 
0.948 
0.949 

0.950 


-0.06935  00781  347932 
-0.06827  88407  532944 


-0.06720 
-0.06613 
-0.06501 
-0.06400 
-0.06293 


87496  934501 
98025  045450 
19967  437149 
53299  759124 
97997  738741 


-0.06187  54037  180875 
-0.06081  21393  967574 
-0.05975  00044  057740 
-0.05868  89963  486796 
-0.05762  91128  366364 

-0.05657  03514  883943 
-0.05551  27099  302588 
-0.05445  61857  960588 
-0.05340  07767  27|152 
-0.05234  64803  72^092 

-0.05129  32943  8^5505 

rn 


0.950 
0.951 
0.952 
0.953 
0.954 

0.955 

0.956 

0.957 

0.958' 

0.959 

0.960 
0.961 
0.962 
0.963 
0.964 

0.965 
0.966 
0.967 
0.968 
0.969 

0.970 
0.971 
0.972 
0.973 

0.975 
0.976 
0.977 
0.978 
0.979 

0.980 
0.981 

0.983 
0.984 

0.985 
0.986 
0.987 
0.988 
0.989 

0.990 
0.991 
0.992 
0.993 
0.994 

0.995 
0.996 
0.997 
0.998 
0.999 


.0.05129  32943  075505 
-0.05024  12164  367467 
-0.04919  02441  907717 
-0.04814  037S3  279349 
-0.04709  16075*338505 


-0.04604 
-0.04499 
-0.04395 
AO. 04290 
-0.04186 

-0.04082 
-0.03978 
-0.03874 
-0.03770 
-0.03666 


39385  014068 
73659  307358 
18875  291828 
75010  112765 
42040  986988 

19945  202551 
00700  118446 
08283  164306 
18671  840115 
39843  715914 


-0.03562  71776  431511 
-0.03459  14447  696191 
-0.03355  67835  268427 
-0.03252  31917  055600 
-0.03149  06670  913708 


-0.03045 
-0.02942 
-0c0Z839 
-0.02737 
-0.02634 

-0.02531 
-0.02429 
-0.02326 
-0.02224 
-0.02122 


92074  847085 
88106  908121 
94745  216980 
11967  961320 
39753  396020 

78079  842899 
26925  690446 
86269  393543 
56089  473W7 
36364  516267 


-0.02020  27073  175194 
-0.01918  28194  167740 
-0.01816  39706  2767X2 
-0.01714  61588  349705 
-0.01612  93819  298836 


1.000 
1.001 
1.002 
1.003 
1.004 

1.005 
1.006 
1.007 
1.008 

1.-009 

LOIO 
1.011 
1.012 
1.013 
1.014 

1.015 
1.016 
1.017 
1.018 
1.019 

1.020 
1.021 
1.022 
1.023 
1.024 

1.025 
/  1.026 
'  1.027 
— r.tJ28 
1.029 

1.030 
1.031 
,  1.032 


Inx 

0.00000  00000  000000 
0.00099  95003  330835 
0.00199  80026  626731 
0.00299  55089  797985 
0.00399  20212  695375 


0.00498 
0.00598 
0.00697 
0.00796 
0.00895 


75415  110391 
20716  775475 
56137  364252 
81696  491769 
97413  714719 


0.00995  03308  531681 
o! 01093  99400  363344 
0.01192  85708  652738, 
0.01291  62252  665463 
0.01390  29051  689914 


0,01488 
C 01587 
0.01685 
0.01783 
0.01882 

0.01980 
0.02078 
0.02176 
0.02273 
0.02371 


86124  937507 
33491  562901 
71170  664229 
99181  283310 
17542  405878 

26272  961797 
25391  825285 
14917  815127 
94869  694894 
65266  173160 


•0.01511 
-0.01409 
-0.01308 
-0.01207 
-0.01106 


36378  100482 
89243  795016 
52395  486555 
25812  342692 
09473  594249 


-0.01005  03358  535014 
-0.00904  07446  521491 
-0.00803  21716  972643 
-0.00702  46149  369645 
-0.00601  80723  255630 


-0.00501 
•0.00400 
-0.00300 
-0.00200 
•'0.00100 


25416  235443 
60213  979366 
45090  202987 
20026  706731 
05003  335835 


1.W 

1.035^ 

1.036 

1.037 

1.038 

1.039 

i.040 
1.041 
1.042 
1.043 
1.044 

i.045 
1.046 
1.047 
1.048 
1.049 


0.02469  26125  903715 
0.02566  77467  465778 
0.02664  19S09  46jttl2 
"0.-02761r9l*TO-329734 
0.02658  74566  519126 

0.02955  68022  415444 
0.03052  92050  348229 
0.03149  86670  593740 
0.03246  71901  375015 


0.03343  47760  862374 


0.03440 
0.03536 
0.03633 
0.03729 
0.03625 

0.03922 
0.04018 
0.04114 
0.04210 
0.04305 

0.04401 
0.04497 
0.04592 
0.04686 
0.04781 


14267  173324 
71436  372913 
19292  473903 
57847  436969 
87121  170903 

07131  532813 
17896  326318 
19433  311752 
11760  166354 
94694  604470 

66654  167743 
33696  427312 
69316  663998 
35858  966904 
73294  %4im 


1.000     0.00000  00000  000000      1.050    0.04879  01641  694320 
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erIc 


.A. 


1.050 
1^1 
1.0S2 
LOSS 
1.054 

1.055 
1.056 
1.057 
1.058 
1.059 

l.'i60 
L061 
1.062 
1.069 
1.064 

1.065 
1.066 
1.067 
1.068 
1.069 

1.070 
1.071 
1.072 
1.079 
1.074 

1.075 
1.076 
1.077 
1.078 
1.079 

1.080 
1.081 

4rm^ 


0.04879  01641 
0.04974  20918 
0.05069  91149 
0.85164  92991 
0.05259^24501 


BLBMBM7ART 
NA1 


69492^ 

948141 

155181 

518984 

191706 


0.05954  07669 
0.05448  91852 
0.05S49  147068 
0.05698  09994 
0.05792  {S0666 

0.05826  89081 
0.05921  18596 
0. 06015  99228 
.0.06109  50999 
0. 06209  59909/194526 

0.06297  47991  619884 
0.Q6991  99297  496928 
0.Q648S  09729  196169 
0.06578  77405  980091 
0.06672  9«920  429082 

0.06765/0M84  798148 
0.06857  27914  656117 
0. 06952  60626  486102 
0.  Oms  84696  485614 
0.0n98  99960  866729 

0. 07292  0661Sr 796261 
0.^7925  04617  995927 
17417  99981  742515 
:07540  74724  868054 
, 07609  46862  759976 

0.07696  10411  961269 
0.07788-65986  570712 
0.07881  11804  242898 


0.07979  49680  188596 
0.08065  ^090  174545 

0.08157  99869  924229 
0.08250  12215  117497 
0.08942  16081  990724 
0.08494  11484  997509 
0.08529  98499  508294 

1.090  0.08617  76962  410529 

1.091  0.08709  47068  509998 

1.092  0.08801  08779  227199 
1.099  0.08892  62091  944015 

1. 094  0. 08984  07099  997895 

1.095  0.09079  49692  684641 

1. 096  0. 09166  71885  258298 

1.097  0.09297  91812  990992 

1.098  0.09949  09490  879 

1.099  0.09440  06754  21484; 

0.09S91  01798 


0.09991  01798  049249 
0.09621  88577  405429 
0.09712  67107  907227"> 
0.09809  97402  719694 
0.0989)  99478-549096 


AL  FUNCTIONB 


1.105 
0I.IO6 
1.107 
1. 108 
1.109 

1.110 
1.111 
1.112 
1.119 
L114 

1.115 
1.116 
1.117 
1.118 
1.119 

1.120' 

1.121 

1.122 

1.129 

1.124 

1.125 
1. 126 
1.127 
1.128 
1.129 

1.190 
1.191 

hl99 
LI94 

1.195 
i;i96 
1. 197 
1.198 
1.199 


0.09984 
0.10074 
0.10165 
0.10255 
0.10)49 


99949  697161 
99091  001491 
96997  264998 
69889  250921 
87089  682900 


0.10496  00159  242428 
0.10526  09106  974929 
0.1061*6  01998  289906 
0.10709.40722  994078 
0.10799  71419  090929 


0.10889 
0.10979 
0.11064 
0.11194 
0.11249 


44049  120821 
08699  991192 
69200  870097 
19747  929074 
94299  297882 


0.11992  86899  070092 
0.11422  11440  900229 
0.11911  28071  009046 
0.11600-96797  969061 
0. 11689  97914  714999 

0.11778  90996  9^9899 
0. 11867  19297  174986 
^^11999  92950  976992^" 
0.12044  61990  798672 
0.12199  22891  ^79290 

0. 12221  76927  242492 

n  iaS8  aaiai  ImSi 

'0.12486  89820  458699 
0.12575  12059  055609 

0.12669  26909  999660 
0.12791  9)202  989996 
0.128)9  )2147  6899^0 
0.12927  29)97  041)92 
0.1)019  06844  690491 

4).  1)102  82624  064041 
0.1)1W  50708  799986 
0.192tB  11112  998185 
0.19965  69848  126796 
0.1)499  08929  576062 

0.19940  46970  0620)0 
0.1)627  76182  929478 
0.1)714  98)81  472))6 
0.19802  12978  979747 
0.19889  19988  666186 


1.190    0.19976  19429  791987 

m 


.  1.190 
1.19X 
1.152 
1.199 

'  1.194 

1.159 
1.196 
1.197 
1.158 
1.159 

1.160 
1.161 
1.162 
1.169 
1. 164 

1 1.165 
)  1.166 
/  1. 167 
'  1.168 
1.169 

•1.170 
1.171 
1.172 
1.179 
1. 174 

1.175 
1. 176 
17177 
1. 178 
1.179 

1.180 
1.181 
1.182 
1.189 
1.184 

1.185 
1.186 
1.187 
1.188 
1.169 

1.190 
1.191 
1.192 
1.199 
1.194 

1.195 
L196 
1.197 
1.198 
1.199 

1.200 


0. 19976 
0. 14069 
0.14149 
0.14296 
0. 14929 

0. 14410 
0.14496 
0.14589 
0.14669 
0. 14755 


1( 

TablejiLa 

In  9 

19429  751587 
11297  997496 
99622  796999 
72412  869220 
41680  899070 

0)4)9  7)iP969 
97702  901857 
04482  119999 
4)791  9080)9 
7964)  976147 


0.14842  00091  1627)) 
0.14928  17027  197944 
0.19014  26984  297195 
0. 19100  287)9  969274. 
0.19186  29499  092461 


0.19272 
0.19997 
0. 19449 
0.19929 
0. 19614 


10870  176699 
90879  28)006 
6)9))  044169 
28644  060)5) 
86824  899)14 


0. 19700  )7488 
0. 19789  80846  19980) 
.  0.19871  16911  946209 
0. 19996  49696  719)84 
0. 16041  67214  099047 

V.  16126  81479  96122) 

~a.l62f6  88282  781)97 
0.li)81  80892  29)990 
0.16466  66219  992))9 

0. 1^991  44)64  7797)4 
0.166)6  19)72  15229) 
0.16790  79169  8)9065 
0. 16605  )9649  962497 
0.1^6669  85)64  6161)9 

0.16974  27745  870949 
0.17096  6)009  795)97 
0. 17142  91196  279)10 
0.17227  12209  4049)2 
0.17)11  26177  066446 

0.17)99  »071  2)4)80 
.  0. 17479  )290)  7)16)1 

X,  1756)  25686  4)1580 
.  17647  114)1  197791 
0. 177)0  90149  70410) 

0. 17814  6169)  6)4740 
0.17896  26995  264400 
0.17981,84269  796)61 
0.18069  94996  9)2976 
0.16146  76760  49)772 

0.182)2  199(7  9)9946 


liilO-2J02ttt(lt2>9W4S7 


120 


108 


ELBMEMTARY  TRANSCENDENTAL  FUNCTIONS 


Table  4.2 


NATURAL  M^CARITHMS 


.X  In  * 

1.200  0.18292  15S67  939546  . 
1.201V  0.18315  45430  978465  \ 

1.202  0.18398^8361.130158 

1.203  0.18481  84369  925418 

1.204  0.18564  93468  866293 

1.205  0.18647  95669  426183 

1.206  0.18730  90983  049937 
1/207  0.18813  79421  153944 

1.208  0.18896  60995  126232 

1.209  0.11979  35716  326556 

lj210  0.19062  03596  086497 

1J21I  0.19144  64645  709552 

1.212  0.19227  18876  471227 

lAli  0.19309  66299  619131 

1.1214  0. 1939r  06926  S7306S  ' 

l.*2i5  0. 19474  40767  925118  ' 

1.216  0.19556  67835  439753 

1.217  0.19638  88140  053901 

1.218  0.19721  01692  877Q53 

1.219  0.19803  08504  991345 

1.220  0.19885  08587  451652 
1.  221  0.19967  01951  285676 

1.222  0« 20048  88607  494036 

1.223  0.20130  68567  050353 

1.224  0.20212  41840  901343 

1.225  '  0.20294  08439  966903 

1.226  0.2a375  68375  140197 

1.227  0.20457  21657  287744 

1.228  0.20538  68297  249507 

1.229  0.20620  08305  838978 


1.250 
1.251 
1.252  . 
1.253 
1. 254 

1.255^ 

1.256"^ 

1.257 

1.258 

1.259 

1.260 
1.261 
1.262 
1.263 
1.264 

1.265 
1. 266^ 
1.267 
1.268 
1.269 

1.270 
1.271 
1.272 
1. 273 
1. 274 

,1.275 

i.m 

1.277 
1.278 
1.279 


0.22314  35513142098  1.300 

0.22394  32314  847741  1.301 

0.22474  22726  779068  1.302 

0. 22554  06759  139312  1. 303 

0.22633  84422  107290  1.304 

0.22713  55725  837472  1.305 

0.22793  20680  460069  1.306 

0.22872  79296  081104  1.307 

0.22952  31582  782488  .1.308 

0.23031  77550  622101  1.309 

0.23111  17209  633866  1.310 

0.23190  50569  827825  1.311 

0.23269  77641  190214  1.312 

0.23348  98433  683541  1.313 

0.23428  ^2957  246657  1.314 

0. 23507  21221  7Si4836  1. 315 

0.23586  23237  219844  1.316 

0.23665  19013  390020  1.317 

0.23744  08560  150342  1.318 
0. 23822  91887  322506  ■   1. 319 

0;  23901  69004  704999  U.320 

0.23980  39922  073170  1,321 

0.24059  04649  179304  1.922 

0.24137  63195  752695  "1.323 

0.24216  15571  499716  1.324 

0.24294  61786_10>|95  JLJ25 

0.24J7T01849  2251^81  1.326 

0.24451  35770  504022  1.327 

0.2412^-69559  553431  1.328 

0.24607  85225  967056  1.329 


In  it 

0.26236  42644  674911 
0. 26313  31995  303682 
0.26390  15437  863775 
0.26466  92981  427081 
0.26543  6463S  044612 


0.26620 
0.26696 
0.26773 
0.26849 
0.26926 

0.27002 
0.27079 
0.27155 
0.27231 
0.27307 


30407  746567 
90308  542393 
44346  420849 
92530  350070 
34869  277629% 

71372  130602 
02047  815628 
26905  218973^ 
45953  206591 
59200  624188 


0.27383  66656  297279 
0.27459  68)29  031255 
0.27535  64227  611440 
0.27611  54360  80)155 
0. 27687  38737  3S177S 

0.27763  17365  902795 
0.27838  90255  401883 
0.27914  57414  294945 
0.27990  18851  328186 
0.28065  74575  146165 


0.2^141 
0.28216 
0.28292 
0.28367 
0.28442 


24594 J81855 
68917  636708 
07553  500705 
40510  542421 
67797  311083 


1.230  0.20701  41693  843261  IJM 
1.2Ji  0.20/82  684/2  023165  l^m 


T;m   

1.232  0.20863  88651  113280 

1.233  0.20945  02241  822072 

1.234  0.21026  09254  831961 

1.235  0.21107  09700  799405 

1.236  0.21188  031»90  354990 

1.237  0.21268  90934  103508 

1.238  0.21349  71742  624044 

1.239  0.21430  46026  470054 

1.240  0.21511  13796  169455 

1.241  0.21591  75062  224702 

1.242  0.21672  29835  1128701 

1.243  0.21752  78125  285741/ 

1.244  0.218?13  19943  169877* 

1.245  0.21913  55299  166709 

1.246  0.21993  84203  652614 

1. 247  0. 22074  06666  978994 

1.248  0.22154  22699  Jt2359 

1.249  0.22234  32Sllpl|p4406 

1.250  0.22314  35513  142098 


0^24764  10229  145972 
0. 24d42  13584  984783 
0. 24920  10856  334994 
0. 24998  02052  677694 

0.25075  87183  471831 
0. 25153  66258  154276 
0.25231  39286  139896 
0. 25309  06276  821619 
0.25386  67239  570503 

0.25464  22183  735807 
0.25541  71118  645054 
0.25619  14053  604101 
0.  25696  50997  897204 
0.25773  81960  787088 

0.25851  06951  SlSOll 
0.  25928  25979  300830 
0.26005  39053  343068 
0.26082  46182  818983 
0.26159  47376  884625 

0. 26236  42644  674911 

r,.j)8] 


In  10  -  2.80268  60929  940467 


779   -1. 330     0. 28517  8942^  336624 


1.282 
1.283 
1.284 

1. 285 
1. 286 
1.287 
1.288 
1.289 

1.290 
1.291 
1.292 
1.293 
1.294 

1.295 
1.296 
1.297 
1.298 
1.299 

1.300 


1.331 
1.332 
1.333 
1. 334 

1. 335 
1.336 
1.337 
1.338 
1.339 

1.340 
1.341 
1.342 
1. 343 
1. 344 

1.345 
1.346 
1.347 
1.348 
1. 349 


0.28593  05394  129746 
0.28668  15721  161974 
0.28743  20411  965716 
0.26818  19474  93432,0 


0.28893 
0.28968 
0. 29042 
0.29117 
0.29192 


12916  522129 
00751  144540 
62981  196061 
59617  060367 
30667  090355 


0. 29266  96139  626200 
0. 29341  56042  995415 
0. 29416  10365  494901 
0.29490  59175  411005 
0.29565  02421  009576 


0.29639  40130  5)6024 
0.29713  72312  225361 
0.29787  98974  262269 
0.29862  20124  90115) 
0.29936  35772  296186 


1.350     0.30010  45924  503301 


ERIC 


BLBlitBMTARY  TRANSCEB^BMTAL  FUNCTI0N8 
NATURAL  LOGARITHMS 


Tabl«4.2 


»   •  .     '      lllx  a? 

1.350  0.30010  45924  503981  1.400 

1. 351  0.  30084-  50589  780618  1. 401 

1.352  0.30158  49776  207723  1.402 

1.353  0.30232  43491  886510  1.403' 

1. 354  0. 30306  )1744- 900833  1. 404 

1.355  0. 30380  14543  3i6642  1.405 

1.356  0.30453  91895  182038  1.406 

1.357  0.30521  63808  527321  1.407 

1.358  0.30601  30291  365044  1.40» 
1.359.  0.30674  91351  690067  1.409 

1.360  0.30748  46997.479606  %L41Q 

1.361  0.30821  97236  693290  %.411 

1.362  0.30895.42077  273206  1.412 

1.363  0.30968  81527  143956  1.413 

1. 364  0.  31042  15594  212704  '  1. 414 

1. 365  0. 31115  44286  369231  ,  1. 415 

1.366  0. 31188  67611  485983  1.416 

1.367  0.31261  85577  418125  1.417 

1. 368  0. 31334  98192  003587  U418 

1.369  0.31408  05463  063118  1.^419 

1.370  C  31481  07398  400335  1.420 

1.371  0. 31554  04OO5  801773  1.421 

1.372  0.31626  95293  036935  1.422 
h373  0.31699  81267  858340  1.42^ 
1.374  0.31772  61938  001576  1.424 

1.375'  0.31845  -37311  185346  1.425 

1.376  0.31918  07395  111519  1.426 

1. 377  0. 31990  >72197  465178  1. 427 

1.378  0.32063  31725  914668  1.428 

1.379  0.312135  85988  1116^  X.429 


1. 382 
1.383 
1.384 


I.._ja^22i»_s4f9i_69ma--v-^x^ 

II    0.32280  78744  271551  T  ^'^'^ 


0^92353  17253  454782 
0.  32425  50526  826212 
0.  32497  78571  954778 


1.385  0.32570  01396  393018 

1.386  0.32642  19007  677115 

1.387  0.32714  31413  326945 

1.388  0.32786  38620  846128 

1. 389  0. 32858  40637  722067 

1.390  0.32930  37471  426004 

1. 391  0.  33002  29129  413059 

1. 392  0.  33074  15619  122279 

1. 393  0.  33145  96947  976686 

1.394  0.33217  73123  383321 

1.395  0.33289  44152  733290 

1. 396  0.  33361  10043  401807 

1.397  0.33432  70802  748248 

1. 398  0.  33504  26438  116185 

1. 399  0. 33575  76956  833441 

1. 400  i).  33647  22366  212129 


1.432 
1.433 
1.434 

1.435 
1.436 
1.437 
1.438 
L439 

1.440 
1.441 
1.442 
,  1.443 
1.444 

,1.445 
/'L446 
1.447 
1.448 
1./I49 


In  X 

0. 33647  22366  212129 
0. 33718  62673  548700 
0.33789  97886  123983 
0.33861.28011  203239 
0. 33932  53056  036194 

0.34003  73027  85^091 
0. 34074  87933  884732 
0. 34145  97781  322520 
0. 34217  02577  358507 
0.34288  02329  165432 

0. 34358  97043  900769 
0. 34429  86728  706770 
0. 34500  71390  710503 
0.34571  51037  023904 
JL34642  25674.743810 


0. 34712 
0. 34783 
0.34054 
0. 34924 
0.34995 


95310  952009 
59952  715280 
19607  085434 
74281  099358 
23981  779056 


0.35066  68716  131694 
0.  35136  08491  149636. 
0.35206  43313  810491 
0.3<l276  73191  077153 
0.35346  98129  897840 

0. 35417  18137  206138 
0. 35487  33219  921042 
0. 35557  43384  946994 
0. 35627  48639  173926 
0. 35697  48989  477304 


0. 35837  35005  743139 
0.35907  20685  384539 
0.  35977  01488  460348 
0. 36046  /7421  774286 

0.36111  48492  115844 
0. 36186  14706  260324 
0. 36255  76070  968879 
0.36325  32592  988549 
0. 36394  84279  052308 

0.36464  31135  679093 
0. 36533  73170  173850 
0.36603  10388  627573 
0.56672  42797  917338 
0.  36741  7tf404  706345 

0.36810  93215  643955 
0.  36880  11237  365729 
0. 36949  24476  493468 
0.  37018  32939  635246 
0. 37087  36633  385453 


1. 450 
1.451 
1.452 
1. 453 
1.454 

1.455 

1.456 

1.457. 

1.458 

1.459 

1. 460 
1.461 
1.462 
1.463 
;.464 

1.465 
1.466 
1.467 
'  1. 468 
1.469 

1.470 
1. 471 
1.472  , 
1. 473 
1.474  ! 

1.475 
1.476 
1. 477 
1.478 
1. 479 

.4^480-- 
1.481 
1.482 
1.483 


1.485 
1.486 
1. 487 
1.488 
1.489 

1.490 
1.491 
1.492 
1.493 
1.494 

1.495 
1.496 
1,497 
1.498 
1.499 


1. 450     0. 37156  3SS64  324830 
In  1^-2.80268  S0929  940467 


0.37156  35564 
0. 3722S  29739 
0.37294  19164 
0.37363  03845 
0.37431  83791 

0. 37500  59006 
0. 37569  29497 
0.37637  95272 
.0. 37706  56335 
0.37775  12695 

0.37843  64357 
0.37912  11327 
0. 37980  53613 
0.38048  91220 
0.3fln  94155 

0.3818b  52424 
0. 38253  76034 
0.38321  94991 
0.38390  09301 
0.38458  18971 

0r3eS26'  24007 
0.38594  ^4416 
0.38662^0203 
0. 38730  11374 
0.^8797  97937 


3246ID. 
020586 
026049^ 
861459 
113276 

2/4558 
744942 
130676 
864661 
406486 

202451.  ' 
.66S624 
27S668  ~ 
379673 
3»ll9r 

690306  . 
644597 
606447 
923236 
917401 

906449  ; 
193005 
066845 
804932 
671449- 


■n 


■1 


0. 38865  79897  9176)1 
0.38933  57261  762808 
0. 39001  30035  492427 
0.39066  98225  260100 
0.39136^  61837  266^ 


0.J92O4 -29877 

0.  mn^sysi 

0.11339  25268 
f.  39406  70631 
9474  11447 


856617 
736951 
557950 
451687 


0/39541 
0. 39606 
0. 39676 
0.39743 
0.39810 

0.39877 
0.39944 
0.40011 
0.40078 
0.40143 


47722  546629 
79462  955674 
06674  7601 
29364  109001 
47Si37^671ft 

61199  57)678 
70357  826014 
75017  815691 
7516S  570S33 
70867  106256 


0.40312  62068  426497 

0.40279  48799  522655 

0.40346  310$4  374913 

0.40413  08850  950277 

0.40479  62191  204607 


2 


1.500  0.40546 


p  51081  061644 


ERIC 


90 


no 


ELKMBNTARY  THANSCBNOBNTAL  FUNCHONB 
NATURAL  LOG^ITHMS 


1.500 
1.501 
1.502 
1.503  . 
1.S04 

1.505 
1.506^ 

1,509 

1.  SIO 
1. 511 
i.512 
1. 513 
1.514 

1.515 
1.516 
1.517 
1.518 
1.519 

1.520 
1.521 
'1.522 
1.523 
1.524 

1.525 
1.526 
1.527 
1.528 
1.  S29 

1.530 
1.531 
1.532 
1.533 
.  1.534 

1.5)5 
1.536 
1. 537 
1.538 
1.5,39 

1.540 
1.541 
1.542 
1. 543 
1.544 

1.545 
1.546 
1.547 
L  548 
1.549 

1.550 


In  jr 

0. 40546  51081  081644 
0.40613  15526  513249 
0. 40679  75533  419430 
0.40746  31107  708374 
0.40812  82255  276481 

0. 40879  28982  008391 
0. 40945  71293  777018 
0. 41012  09196  443584 
.41078  42695  857643 
0.^1144  71797  857118 

0.41210  96508  268330 
0.41277  16832  906025 
0.41343  32777  573413 
0.41409  44^48  062189 
0.41475  51550  152570 

0.41541  54)89  613325 
0.41607  52872  201799 
0.4167)  4700)  66)952 
0.417)9^)6789  7)4)82 
0.41805  22236  136358 


0.41871 
0.41936 
0.42002 
0.42068 
0.42133 

0.42199 
0.42264 
0.42330 
0.42395 
0.42461 


03348 
80132 
52594 
20739 
84572 

44100 
99328 
50262 
96907 
39269 


581850 
771598 
394941 
1302^8 
644545 

59/749 
622653 
364954 
443287 
469252 


0.42526  77354  043441 
0.42592  lh66  755467 
0.42657  40713  183996 
0.42722  65998  896771 
0.42787  87029  450644 

0.42853  03810  391605 
0.42918  16347  254804 
0.42983  24645  564588 
0.4)048  28710  834522 
0.4)113  28548  567422 

0.43178  24164  255378 
0.43243  15563  379787 
0.43308  02751  411377 
0.43372  85733  tl0238 
0. 43437  64516  025844 


0.43502 
0.43567 
0. 43631 
0.43696 
0.43760 


39103  497088 
09501  652302 
75715  909291 
37751  675354 
95614  347316 


0. 4)825  49309  311553 


1. 550 
1. 551 
1. 552 
1.553 
1.554 

1.  555' 
1. 556 
1. 557 
1.S58 
1.559 

1.560 
1.561 
1. 562 
1.563- 
1;  564 

1.565 
1. 566 
1.567 
l.«68 
1.569 

1.570 
1.5?1 
1.572 
1.573 
1.574 

1.575 
1.576 
1. 577 
1.578 
1. 579 

1.580 
1. 581 
1.582 
1.583 
1. 584 

1.585 
1.586 
1,587 
1.588 
1,589 

1,590 
1,591 
1, 592 
1,593 
1,594 

1,595 
1, 596 
1, 597 
1.598 
1,599 


0,43825  49309  311553 
0,43889  98841  944018 
0,43954  44217  610270 
0,44018  85441  665500^ 
0,44083  22519  45455 j 

0.44147  55456  311 
0.44211  84257 
0.44276  08926 
0.44340  2947 
0.44404  459^ 


85565 
756395 


0.44468 
0.44532 
0.44596 
0.44660 
0.44724 

0.44788 
0.44852 
0.44916 
0.44980 
0.45043 


58212,614457 
66415  332950 
70514  174942 
70514  393396 
66421  231193 

Snyi  921165 
45975  686114 
29633  738838 
09219  282161 
84737  508955 


0.45107  56193  602167 
0.45171  23592  734841 
0.45234  8^940  070148 
0.45298  46240  761408 
0.45362  01499-952115 

0.45425  52722  775964 
0.45488  99914  356874 
0.45552  43079  809013 
0.45615  82224  236825 
0.45679  17352  735050 

0.45742  48470  388754 
0.45805  75582  273350 
0.45868  98693  454621 
0.45932  17808  988751 
0.45995  32933  922341 


0.46058 
0.46121 
0.46184 
0.46247 
0. 46310 

0.46S73 
0.46436 
0.46499 
0.46561 
0. 46624 


44073  292439 
51232  126562 
54415  442720 
53628  249440 
48875  545789 

40162  321402 
27493  556498 
10874  221913 
90309  279115 
65803  680233 


0.46687  37362  368079 
0.46750  04990  276170 
0.46812  68692  328754 
0.46875  28473  440829 
0.46937  84338  518172 


1.600     0.47000  36292  457356 
In  10  «2.80258  60929  940457 


1.600 
1.601 
1.602 
1.603 
1.604 

1.605 
1. 606 
1.607 
1.608 
1.609 

1.610 
1.611 
1.612 
1.613 
1.614 

1.615 
1.616 
1.617 
1.618 
1.619 

I 

1.620 
1.621 
1.622 
1.623 
1.624 

1.625 
1.626 
1.627 
1.628 
1.629 

1.630 
1.631 
1.632 
1. 633 
1.634 

1.635 
1.636 
1. 637 
1.638 
1. 639 

1.640 
1.641 
1.642 
1.643 
1.644 

1.645 
1.646 
1.647 
1.648 
1.649 


In  X 

0.  47000  36292  457356 
0.47062  84340  145776 
0.47125  28486  461675 
0.47187  68736  274159 
0.47250  05094  443228 


0.47312 
0.47374 
0. 47436 
0.47499 
0. 47561 


37565  819792 
66155  245699 
90867  553755 
11707  567746 
26680  102462 


0.47623  41789  963716 
0.47685  51011  948373 
0. 47747  56440  844365 
0.47809  57991  430718 
0.47871  55698  477571 

0.47933  49566  746199 
0. 47995  39600  989036 
0:48057  25805  949698 
0. 48119  08166  362999 
0.48180  86746  954981 

0.48242  61492  442927 
0. 48304  32427  535991 
0.48365  99556  932212 
0.48427  62885  324542 
0.484S9  22417  394662 

0.48550  78157  817008 
oO.  48612  30111  256168 
^.48673  76262  369007 
0.48735  22675  603486 
0.48796  63296  199061 

0.48658  00148  186710 
0.48919  33236  388768 
0. 48960  62565  419153 
0.49041  86139  883281 
0.49103  09964  378111 

0.49164  26043  492167 
0.49225  42381  605553 
0.49286  52983  689979 
0.49347  59854  308777 
0.49408  62997  616926 

0.49469  62418  361071 
0.49530  58121  079538 
0.49591  50110  302365 
0.49652  98390  551310 
0.497^3  22966  939662 

0.497/4  09642  173952 
0.49894  81022  548761 
0.49895  54511  955093 
0.49956  24314  672800 
0. 50016  90435  774619 


1. 650     0. 50077 


,  52879  1 


124892 


ERIC 
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Table  4.2 


1.651 
>  1.152 
1.6S3 
1.6S4 

1.655 
1.656 
1.657 
1.658 
1.659 

1.660 
1.661 
1.662 
1. 663 
1.664 

1.665 
1.666 
1.667 
1.668 
1.669 

1.670 
1.671 
1.672 
1.673 
1.674 

1.67S 
1.676 
1.677 
1.678 
1.679 

,1.680 
1.681 
1.682 
1.683 
1.684 

1.685 
1.686 
1.687 
1.688 
1.689 

1.690 
1.691 
1.692 
i:693 
1.694 

1.695 
1.696 
1.697 
1.698 
1.699 

1.  700 


^007Z.52879ill4B91. 
0.  :>0130  11649  379910 
0. 50198  66750  987863 
0.50259  18188  388871 
0.50319  65966  014996 


0. 50380 
0.50440 
0. 50500 
0.50561 
0. 50621 

0.50681 
(^50741 
0150802 
0.50862 
0.50922 


10088  290262 
50559  630679 
87384  444259 
20567  131032 
50112  083074 

76023  684519 
98306  311578 
16964  332564 
32002  107906 
43423  990168 


0. 509821  51234  324071^ 
0. 51042  55437  446509  , 
0.51102  56037  686569 
0.51162  53039  365550 
0.51222  46446  796980 

0.51282  36264  286637 
0.51342  22496  132567 
0.51402  05146  625099 
0. 51461  84220  046869 
0.51521  59720  672836 


0.51581 
0.51641 
0. 51700 
0. 51760 
0.51819 

.0.51879 
0.51938 
0.51998 
0. 52057 
0.52117 

< 

0.52176 
0.52235 
0. 52295 
0.52354 
0.52413 


31652  770298 
00020  598913 
64828  410718 
26080  450144 
83780  954038 


•37934 
88544 
35615 
79152 
19158 

55638 
88595 
18035 
43961 
66378 


151676 
264786 
507563 
086690 
201350 

043250 
796637 
638312 
737654 
256630 


0. 52472  85289  349821 
0. 52532  00699  164432 
0.52591  12611  640315 
0.52650  21031  509983 
0.52709  25962  298627 

0.52768  27408  324136 
0.52827  25373  697113 
0.52886  19862  520893 
0. 52945  10878  891556 
0. 53003  98426  897950 

0.S3062  82510  621704 

r,-8,5] 


1.701 
1.702 
1.703 
1.704 

1.705 

1.706' 

1.707 

1.708 

1.709 

1.710 
1. 711 
1.712 
1.713 
1. 714 

1.715 
1. 716 
1. 717 
1.718 
1.719 

1. 720 
1.721 
1. 722 
1.723 
1.724 

1.725 
1. 726 
1. 727 
1.728 
1.729 

1.730 
1. 731 
1.732  ' 
1.733 
1.734 

1.735 
1. 736 
1. 737 
1.738 
1.739 

1. 740 
1.741 
1.742 
1.743 
1.744 

1.745 
1. 746 
1.747 
1.748 
1.749 


In* 

tsiA62..a2510-^621^704 
53121  63134  137247 
0. 53180  40301  511824 
0.53239  14016  805512 
0.53297  84284  071240 


In 


0. 53356 
0. 53415 
0. 53473 
0.53532 
0,53590 

0. 53649 
0. 53707 
0. 53t66 
0. 53824 
0.53882 

0,53941 
0.53999 
0.54057 
0. 54116 
0. 54174 


51107  354801 
14490  6948N 
74438  123036 
30953  663781 
84041  334538 

33705  145685 
79949  100564 
22777  195504 
62193  419829 
98201  755880 

30806  179032 
60010  657705 
85819  153385 
8235  620636 


7|64  007122 


0. 54232  42908  253617 
0.54290  55172  294024 
0. 54348  64060  055391 
0. 54406  69575  457926 
0.  54464  71722  415014 


0. 54522 
0. 54580 
0. 54638 
0. 54696 
0.54754 


70504  833231 
65926  612362 
57991  645415 
46703  818639 
32067  011534 


0. 54812  14085  096876 
0.54869  92761  940"  *• 
0.54927  68101 
0.54985  40107  T^oiK' 
0.55043  08783  5U>; 

0. 55100  74133  98822b 
0. 55158  36162  381584 
0. 55215  94872  589679 
0.55273  50268  432003 
0. 55331  02353  721460 

0.55388  51132  264377 
0.55445  96607  860520 
0.  55503  38784  303111 
0.55560  77665  376839 
0. 55618  13254  867879 

0. 55675  45556  543905 
0.55732  74574  174105 
0.55790  00311  519195 
0.55847  22772  333437 
0. 55904  41960  364650 


1.750     0.55961  57879  354227 
In  10  -  2.80268  60929  940457 


V75<^- 

1.751 

1.752 

1.753 

1.754 

1. 755 
1.756 
1. 757 
1.758 
1. 759 

1.760 
1.761 
1.762 
1. 763 
1.764 

1.765 
1.766 
1.767 
1. 768 
1. 769 

1. 770 
1.771 
1.772 
1.773 
1.774 

1.775 
1.776 
1.777 
1.778 
1.779 

1.780 
1.781 
1.782 
1.783 
1. 784 

1. 785 
1.786 
1.787 
1.7B8 
1.789 

1.790 
1.791 
1.792 
1.793 
1.794 

1.795 
1.796 
1. 797 
1.798 
1.799 


'-0»55961-5?8W-*54*a7 
0. 56018  70533  037148 
0. 56075  79925  141997 
0.56132  86059  390974 
0. 56189  86939  499913 


0.56246 
0. 56303 
0. 56360 
0. 56417 
0. 56474 

0. 56531 
0.56588 
0.56644 
0. 56701 
0. 56758 


88569  178291 
84952  129249 
78092  049601 
67992  629853 
54657  554211 

38090  500604 
18295  140691 
95275  139878. 
69034  157332 
3957S  845996 


0. 56815  06903  852601 
0. 56871  71021  817683 
0. 56928  31933  975593 
0. 56984  89642  154517 
^.57041  44151  776482 

0.57097  95465  857378 
0. 57154  43568  006965 
0. 57210  88521  828892 
0. 57267  30270  920708 
0.57323  68838  673877 

0. 57380  04229  ,273791 
0. 57436  36445  699783 
0. 57492  65491  725143 
0. 57546  91370  917126 
0. 57605  14066  836981 

0.57661  33643  039*936 
0.57717  50043  075246 
0. 57773  63290  486176 
0.57829  73368  810034 
0.57685  80341  576176 

0. 57941  84152  316024 
0. 57997  64824  543073 
0. 58053  6t361  772910 
0.58109  76767  513224 
0.58165  68045  265821 

0.58221  56L98  526636 
0.56277  41230  785747 
0. 58333  23145  527367 
0. 56369  01946  229958 
0.56444  77636  366044 

0. 56500  50219  402422 
0. 58556  19696  .600079 
Q. 58611  86078  014220 
0.58667  49360  494285 
0. 56723  09549  663961 


1.800     0.58778  66649  021190 
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OfSam  20661  938190 
0.  SaM9  71591  861462 
0.;»i94S  19442  211802 
S9000  64216  404319 


0. 59056 
0. 59111 
0. 59166 
0. 59222 
0.59277 

0. 59332 
0. 59387 
0. 59443 
0. 59498 
0. 59553 


03917  848442 
44549  947937 
80116  100914 
12619  699848 
42064  131581 

66452  777344 
91789  012763 
12076  207876 
29317  727140' 
43516  929449 


0. 59608  54677  168141 
0.  59663  62801  791016 
0. 59718  67894  140341 
0.59773  69957  552871 
0.  59828  68995  359852 

0. 59883  65010  88704Q 
0. 59938  58007  454709 
0.59993  47988  377666 
0. 60048  J4956  965^60 
0. 60103'  18916  521396 

0.60157  99870  344548 
0.60212  77821  727767 
0. 60267  52773  958697 
0. 60322  24730  319583 
0. 60376  93694  087286 

0.60431  59668  533296 

0. 60486  22656  923737 

0. 60540  82662  519385 

0.60595  99688  575680 

O; 60649  93738  342731 

0.60704  44815  065336 
0. 60758  92921  982987 
0.60013  38062  329886 
0.60867  80239  334953 
0.60922  194S6  221840 

0. 60976  55716  208943 
0. 61030  89022  509408 
0,61085  19978  331151 
0.61139  46786  876862 
0. 61143  71251  344021 

0. 61247  92774  924905 
0.61302  11360  806604 
0. 61356  27012  171029 
0. 61410  39732  194924 
0. 61464  49524  049878 


1. 851 
1.852 
1.853 
1.854 

1.855 
1.856 
1. 857 
1.858 
1.859 

1.860 
1.861 
1.862 
1.863 
1.864 

1.865 
1.866 
1. 867 
1.868 
1.669 

1. 870 
1.871 
1.872 
.17873 
1.874 

1.875 
1.876 
1.877 
1.878 
1.879 

1.880 
1.881 
1.882 
1. 883 
1.864 

1.885 
1.886 
L887 
1.688 
1.689 

1.890 
1.691 
1.692 
1.893 
1.894 

1.69S 
1.896 
1.697 
1.898 
1.699 


"0;  6»tt-S639a  902339 
0. 61572  60335  913605 
0. 61626  61362  239876 
0. 61680  59473  03?227 
0.61734  54671  436634 

0. 61788  46960  593985 
0. 61642  36343  640088 
0. 61896  22623  705687 
0. 61950  06403  916468 
0.62003  87087  393070 

0. 62057  64877  251099 
0. 62111  39776  601137 
0. 62165  11788  548753 
0. 62216  80916  194514 
0.62272  47162  633994 


0.62326 
0^62379 
0.62433 
0. 62486 
0.62540 


10530  957789 
71024  251521 
28645  595856 
83398  066509 
35284  734258 


0. 62593  84306  664953 
0.62647  30472  919S26 
0. 62700  73780  554003 
0.62754  14234  619515 
0. 62807  51836  162304 


0. 62860 
0. 62914 
0.62967 
0.63020 
0. 63073 


86594  223741 
18505  840329 
47576  043718 
73807  860712 
97204  313283 


0. 63127  17768  416578 
0.63180  35503  188933 
0.63233  50411  631679 
0. 63286  62496  750154 
0.63339  71761  541713 

0.63392  78206  999741 
0. 63445  81642  112658 
0.63498  82663  864132 
0.63551  80677  233089 
0. 63604  75865  193725 

0.63657  68290  715510 
0. 63710  57896  763204 
JO.  63763  44706  296865 
0. 63816  28722  271858 
0. 63869  09947  636865 

0.63921  88385  343897 
0.631974  64038  328301 
0.64027  36909  526772 
0. 64080  07001  877361 
0. 64132  74318  301468 


"J,  900 
1. 901 
1.902 
1. 903 
1.904 

1.905 
1. 906 
1. 907 
1.908 
1.909 

1. 910 
1. 911 
1.912 
1.913 
1. 914 

1. 915 
1. 916 
1.917 
1. 918 
1.919 

1.920 
1.921 
1.922 
.  1.923 
V4.924 

1. 925 
1. 926 
1. 927 
1. 928 
1.929 

1.930 
1.931 
1. 932 
1.933 
1.934 

1. 935 
\.936 
1. 937 
1.938 
1.939 

1.940 
1.941 
1.942 
1.943 
^  1.944 

1.945 
1.946 
1.947 
1. 948 
1.949 


0.61518  56390  902335      1.900     0.64185  38861  723948  1.950 


:"r] 


In  10»  2.30268  60929  M0467 


Inx 

0. 64165  .38861 
0. 64238  00635 
0.64290  59641 
0. 64343  15883 
0.64395  69363 


1. 64448  20065 
1,64500  68052 
^.64553  13266 
0.64605  55730 
0.64657  95447 


0.64710 
0, 64762 
0. 64814 
64667 
0.64919 

0. 64971 
.0.65023 
0. 65076 
0. 65128 
0.65160 


32420 
66652 
96146 
26904 
52930 
.  'I 
76226 
96795 
14640 
29764 
42170 


723948 
062921 
231986 
140124 
691736 

786643 
320104 
162820 
260948 
436106 

585385 
581360 
29209S 
561158 
307625 

326093 
486688 
635074 
612465 
255629 


0. 65232  51^60  396902 
0.65284  58637  864196 
0. 65336  63105  481007 
0.65388  64666  066427 
0.65440  63522  435147 


0. 65492 
0. 65544 
0.65596 
0. 65648 
0. 65700 

0. 65752 
0. 65803 
0. 65855 
0. 65907 
0. 65959 


59677 
53133 
43694 
31961 
17339 

00629 
80034 
57357 
32002 
03970 


397475 
759338 
322293 
883539 
235920 

169942 
463774 
903263 
261938 
311026 


0.66010  73264  817451 
0. 66062  39868  543853 
0.66114  03844  248588 
0. 66165  65134  685745 
0. 66217  23762  60S148 

0. 66268  79730  752368 
0. 66320  33041  866732 
0.66371  83698  691332 
0. 66423  31703  953030 
0. 66474  77060  382473 

0. 66526  19770  704096 
0. 66577  59837  638133 
0. 66628  97263  900626 
0.66680  32052  203434 
0.66731  64205  254238 

0.66782  93725  756554 
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t  Inar 

1. 950  0. 66782  93725  756554 

1.951  0.66034  20616  409742 

1.952  0.66885  44879  909007 

1.953  0.66936  66518  945419 

1.954  0.66987  85536  205910 

1.955  0.67039,01934  373291 

1.956  0.67090  15716  126256 

1.957  0.67141  26884  139392 

1.958  0.67192  35441  083186 
L959  0.67243  41389  624037 

1. 960  0. 67294  44732  424259 

1.961  0.67345  45472  142092 

1.962  0.67396  43611  431713 
'1.963  0.67447  39152  943240 

1.964  0.67498  32099  322741 

1. 965  0. 67549  22453  212246 

1.966  0.67600  10217  249748 
1.  967  0. 67650  95394  069220 
t.  968  D.  67701  77986  300617 

1. 969  0. 67752  57996  569885 

1. 970  0. 67803  3^427  498971 

1.971  0.67854  10281  705832 

1.972  0.67904  82561  804437 

1. 973  0. 67955  52270  404783 

1. 974  0. 68006  19410  112898 

1.9t5  0.68056  83983  530852 

1. 976  0. 68107  45993  256761 

1.977  .0.68158  05441  884799 

1. 978  0. 68208  62332  005204 

1.979  0.68259  16666  204287 

1.980  0.68309  68447  064439 

1.981  0.68360  17677  164139 

1.982  0.68410  64359  077962 
1. 98)  0. 68461  08495  376589 

1.984  0.68511  50088  626811 

1.985  0.68561  89141  391537 

1.986  0.68612  25656  229808 

1.987  0.68662  59635  696798 

1.988  0.68712  91082  343823 

1. 989  0.6876S  19998  718351 

1.990  0.68813  46387  364010 

1.991  0.68863  70250  820592 

1.992  0.68913  91591  624065 
1.  993  0.68964  10412  306577 

1.994  0.69014  26715  396466 

1. 995  0. 69064  40503  418268 

1. 996  0. 69114  51778  892722 

1.997  0.69164  60544  336782 

1.998  0.69214  66802  263618 
t.999  0.69264  70955  182630 

2.000  0.69314  71805  599453 

m  _ 

For  t>ZA  m  Euuapld  Si 


2  Inar 

2.000  0.69314  71805  599453 

2. 001  0. 69364  70556  015964 

2.002  0.69414  66808  930288 

2.003  0.69464  60566  836812 

2.004  0.69514  51832  226184 

2.005  0.69564  40607  585325 

2.006  0.69614  26895  397438 

2.007  0.69664  10698  142011 

2. 008  0. 69713  92018  294828 

2. 009  0. 69763  70858  327974 

2.010  0.69813  47220  709844 
2.  Oil  0. 69863  21107  905150' 

2.012  <  0.69912  92522  374^28 

2.013  0.69962  61466  576544 

2.014  0.70012  27942  963706 

2.015  0.70061  91953  986463 

2.016  0.70111  53502  091222 

2.017  0.70161  12589  720747 

2.018  0.70210  69219  314172 

2.019  0.70260  23393  307004 

2.020  0.70309  75114  131134 

2.021  0.70359  24384  214840 

2.022  .0.70408  71205  982797 
2;  oh  0.70458  15581  8560M 

2.024  0.70507  57514  252191 

2.025  0.70SS6  97005  585025 

2.026  0.70606  34058  264916 

2.027  ^  0.70655  68674-698630 

2.028  0.70705  00857  289367 

2.029  0.70754  30608  436777 

2. 030  0. 70003  5793^  S36960 

2. 031  0. 70852  8282r  982476 

2.032  0.70902  05297  162355 

2.033  0.70951  25346  4^096 

2.034  0.71000  42976  263682 

2.035  0.71049  58188  945583 

2.036  0*71098  70986  882763 

2.037  0.71147  81372  446688 

2.038  0.71196  89348  005331 

2.039  0(71245  94915  923181 

2.040  0.tl294  98078  961250 

2.041  0.71343  98838  277077 

2.042  0.71392  97197  424738 

2.043  0.71441  93158  354850 

2.044  0.71490  86723  414580 

2.045  0.71539  77894  947651 

2.046  0.71988  66675  294347 

2.047  0.71637  93066  791525 

2.048  0.71686  37071  772614 

2.049  0.71735  18692  567627 

2.050  0.71783  97931  503168 
•(-8)8j 


2.050 
2.051 
2.052 
2. 053 
2.054 

2. 055 
2. 056 
2. 057 
2.058 
2.059 

2.060 
2.061 
2.062 
2.063 
2.064 

2. 065 
2.066 
2.067 
2. 068 
2.069 

2.070 
2.071 
2.072 
2. 073 
2.074 

2.075 
2. 076 
2.077 
2.078 
2. 079 

2. 080 
2.081 
2.082 
2.083 
2.084 

2.085 
2.086 
2.087 
2.088 
2.089 

2. 090 
2.091 
2.092 
2.093 
2.094 

2.099 
2.096 
2.097 
2.098 
2.099 


In  X 

0.71783  97931  503168/ 
0.71832  74790  90243< 
0.71881  49273  085231 
0.71930  21380  36796| 
0.71978  91115  06366S 

0.72027  58479  48197^ 
0.72076  23475  929187 
0.72124  86106  7082Q1 
0.72173  46374  llOSf 
0.72222  04280  4565?4 

0.72270  59828  014g97 
0.72319  13019  083220 
0.72367  63855  947182 
0.72416  12340,891148 
0.72464  58476  193163 

0.72913  02264  ^29961 
0.72961  43706  974468 
0.72609  82806  99i312 
0..72698  19966  461827 
0.72706  53987  63|l060 

0.72794  86072 
0.72803  19824  13 
0.  n89ri3243  91 
0.72899  68334 
0.72947  91098 

0.72996  ll>3fe|?6616 
0.73044  29693  036422 
0.73092  49448  039793 
0.73140  98926  ^70397 
0.73188  70088  758759 

0.73236  78937]  132266 
0.73284  89474U14974 
0. 73332  ,0970f  927771 
0.73380  91622  708349 
0.73428  91230  91120S 


907640 
709807 

  76200  950637 

0.73620  66700  203923 
0.73668  94829  744287 


0.73476  8899^ 
0. 73924  835 
0.73972 


0.73716  406 
0.73764  24 
0.73812 
0.73899 


9  767196 
4  46496$ 
62  026765 
34  638627 


0.73907  61124  403491^. 


0.73999 
0.74003 
0.74090 
0.74090 
0.74146 


2.100  0.74193 


In  10' 


6 

60929  940467 


13)  741011 
J64  907997 
919  197829 
l099  741094 
1408  304999 

17  293773 
(-1,31 


ERIC 
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Table  4.3 


ELSMENTARY  TRANBCBNDBMTAL  FUMCnONB 

RADIX  TABLE  OF  NATURAL  LOGARITHMS 


-10 
.  10 
10 
10 
10 
10 
10 
10 
10 

9 
9 
9 
9 
9 

9 
9 

8 
8 
8 
8 
8 
8 
8 
8 
8 


'8 
9 


In  (l+«10-») 

->Oi"OOeO0"OOOOO^"999W  W99 
0.00000  00001  99999  99998 
0.00000.00002  99999  99995 
0.  OOOOd  00003  99999  99992 
0.00000  00004  99999  99987 
0.00000  OOOOS  99999  99982 
0. 00000  00006  99999  99975 
0.00000  0Q007  99999  99968 
0. 00000  00008  99999  99959 


0. 00000 
0. 00000 
0. 00000 
0.00000 
0. 00000 
0. 00000 
0.  00000 
0. 00000 

0.00900 

0. 00000 

o.oonno 

3.00U00 
0, 00000 
0.00000 
0. 00000 
0.00000 

o.odooo 

0.00000 

0.  boooo 

0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0.00000 
0. 00000 
0. 00000 

0.  00000 
0. 00000 
Q,  00000 
0. 00000 
0. 00000 
0.  00000 
0. 00000 
0. 00^00 
0. 00000 


00009 
00019 
00029 
00039 
00049 
00059 
00069 
00079 
00089 

00099 
00199 
00299 
00399 
00499 
00599 
00699 
00799 
00899 

00999 
01999 
02999 
03999 
04999 
05999 
06999 
07999 
08999 

09999 
19999 
29999 
39999 
49999 
59999 
69999 
79999 
89999 


99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 
99999 

99999 
99999 
99999 
99999 
99998 
99998 
99997 
99996 
99995 

99995 
99980 
9995S 
99920 
99875 
99820 
99755 
99680 
99595 

99500 
98000 
955P0 
92000 
87500 
82000 
75500 
68000 
59500 


99950 
99800 
99550 
99200 
98750 
98200 
97550 
96800 
95950 

95000 
80000 
55000 
20000 
75000 
20000 
55000 
80000 
95000 

00000 
00000 
00000 
00002^ 
00004 
00007 
00011 
00017 
00024 

00033 
00266 
00899 
02133 
04166 
07199 
11433 
17066 
24299 


40000 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
50000 

00000 
00000 
00000 
00000 
00000 
00001 
00001 
00002 
00002 

00003 
Q0027 
00090 
00213 
00417 
00720 
011^ 
0170,7 
02430 

03333 
26667 
90000 
13333 
16667 
20000 
43333 
06666 
29998 

33331 
66627 
99798 
32693 
65104 
96760 
27331 
56427 
83598 


-to 

O,O000a4U)O01. 
0.00000  00002 
0.00000  00003 
0.00000  00004 
0. 00000  00005 
0.00000  00006 
0.00000  00007 
0.00000  00008 
0.00000  00009 


(l-«10-«) 

00000. 00000 
00000  00002 


30000- 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
00000  0Q040  50000 


00000  00004 
00000  00008 
00000  00012 
00000  00018 
00000  00024 
00000  00032 


0.  00000 
0. 00000 

0.  oooco 

0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 

0. 00000 
0. 00000 
0.00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 
0.00000 
0. 00000 

0. 00000 
0.00000 
0. 00000 
0.00000 
0.00000 
0. 00000 
0. 00000 
0. 00000 
0. 00000 

0. 00000 
0. 00000 
0. 00000 
0.00000 
0.00000 
0. 00000 
0. 00000 
0.00000 
0. 00000 


00010 
00020 
00030 
00040 
00050 
00060 
00070 
00080 
00090 


00000 
00000 
00000 
00000 
00000 

00000 

00000 
00000 
00000 


00100  00000 
00200  00000 
00300  00000 
00400  00000 
00500  00001 
00600  00001 
00700  00002 
00800*00003 
00900  00004 


01000 
412000 
03000 
04000 
05000 
06000 
07000 
08000 
09000 

10000 
20000 
30000 
40000 
50000 
60000 
70000 
80000 
90000 


00005 
00020 
00045 
00080 
00125 
00180 
00245* 
00320 
00405 

00500 
02000 
04500 
08000 
12500 
18000 
24500 
32000 
40500 


00050 
0020Cf 
00450 
00800 
01250 
01800 
02450 
03200 
04050 

05000 
20000 
45000 
80000 
25000 
80000 
45000 
20000 
05000 

00000 
00000 
00000 
00002 
00004 
00007 
00011 
00017 
00024 

Q0033 
00266 
00900 
02133 
04166 
07200 
11433 
17066 
24300 


00000 

oopoo 

00600 
00000 
00000 
00001 
00001 
00002 
00002 

00003 
00027 
O0090 
00213 
00417 
00t20 
01143 
01707 
02430 

03333 
26667 
90000 
13333 
16667 
20000 
43334 
06668 
30002 

33336 

66707 

00203 

33973 

68229 

03240^ 

39336 

76907 

16403 


For  n>10,  to  (1±*10-)  -±*lO--|«»10-*»  to  26D. 
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Table  4^ 


n 


-In 


-5 — OrOOOOO  99999  50000  33333  08354  0.00001  00000  50000  33333  S8334 


5 
5 
5 


0.00001 
0.00002 
0.00003 
0,00004 
0.00005 
0.00006 
0.00007 
0.00008 

0. 00009 
0. 00019 
0,00029 
0. 00039 
0.  00049 
0. 00059 
0.00069 
0. 00079 
0. 00089 

0. 00099 
0.00199 
0.00299 
0.  00399 
0.00498 
0.  00598 
0. 00697 
0.00796 
0. 00895 

0. 00995 
0. 01980 
0. 02955 
0. 03922 
0. 04879 
0.05826 
0. 06765 
0. 07696 
0.08617 

0. 09531 
0. 18232 
0.26236 
0.33647 
0.40546 
0.47000 
0. 53062 
0. 58778 
0.64185 


99998  00002  66662 
99995  50008  99979 
99992  00021  33269 
99987  50041  66S10 
99982  00071  99676 
99975  50114  32733 
9996r4)&170  65642^ 
99959  50242  98359 


99950 
99800 
99550 
99200 
98750 
98200 
97551 
96801 
95952 

95003 
80026 
55089 
20212 
75415 
20716 
56137 
81696 
97413 

03308 
26272 
88022 
.07131 
01641 
89081 
86484 
10411 
76962 

01798 
15567 
42644 
22366 
51081 
36292 
82510 
66649 
38861 


00333 
02666 
08997 
21326 
41651 
71967 
14273 
70564 
42836 

33083 
62673 
79798 
69537 
11039 
77547 
36425 
49176 
71471 

53168 
96179 
41544 
53281 
69432 
23975 
73814 
36128 
41052 

04324 
93954 
67491 
21212 
08164 
45735 
62170 
02119 
72394 


30833 
26673 
97548 
93538 
04791 
61554 
34192 
33215 
09300 

$3316 
05601 
47881 
45299 
07361 
46378 
24209 
87351 
90444 

08284 
71302 
40273 
29626 
00306 
77552 
80526 
32498 
33234 

86004 
>2621 
05203 
93050 
38197 
55365 
39623 
00818 
77599 


66673 
75049 
335:)8 
42292 
01555 
11695 
75220 
86809 

53332 
06560 
58785 
06509 
40636 
42280 
77369 
90059\ 
949481 

68094^ 
82538 
16106 
90751 
21022 
20189 
95222 
07973 
31465 

82154 
60291 
26194 
92009 
53(744 
57184 
84159 
42170 
13335 

i9521 
7180 
(4960 
»5934 
10131 
)9370 
/1$432 
197311 
10360 


0.00002 
0. 00003 
0.00004 
0.00005 
0.00006 
0. 00007 
JQ..O0O08 
0.00009 

(i>.oooio 

0.00020 
0. 00030 
0.00040 
0.00050 
0.00060 
0.00070 
0.  OOOtfO 
0. 00090 

0. 00100 
0.00200 
0. 00300 
0.00400 
d.  00501 
0.00601 
0.00702 
0.00803 
0. 00904 

0. 01005 
0.02020 
0.03045 
0.04082 
0.05129 
0.06187 
0. 07257 
0.08338 
0.09431 

0. 10536 
0. 22314 
0.35667 
0.51082 
0.69314 
0.91629 
1.20397 
1.60943 
2.30258 


00002 
00004 
00008 
00012 
00018 
00024 


00002 
50009 
00021 
50041 
00072 
50114 
00170 


00040 

00050 
00200 
00450 
00800 
01250 
01800 
02451 
03201 
040^2 

05003 
20026 
45090 
80213 
25418 
80723 
46149 
21716 
07446 

033^8 
27073 
92074 
19945 
32943 
54037 
06928 
16089 
06794 

05156 
35513 
49439 
56237 
71805 
07318 
28043 
79124 
50929 


00333 
02667 
09002 
21339 
41682 
72032 
14393 
70769 
43164 

33583 
70673 
20298 
97538 
23544 
25563 
36964 
97264 
52149 

53501 
17519 
84708 
20255 
87550 
18087 
34835 
39051 
71241 

57826 
14209 
38732 
65990 
59945 
74155 
25935 
34100 
94045 


66670 
00020 
33397 
66^22 
00324 
33933 
67690 
01640 

35833 
06673 
02548 
73538 
29791 
41555 
39196 
13224 
14318 

53350 
07735 
72181 
81834 
28204 
01620 
45987 
25903 
06220 

44118 
44840 
54591 
12955 
53342 
47179 
43071 
05839 
32687 

30122 
75576 
37891 
68320 
30941 
06518 
99262 
37460 
68401 


66673 
25049 
33538 
92292 
01555 
61695 
73221 


53335 
06773 
61215 
20162 
92719 
97800 
69533 
63873 
66419 . 

01430 
16511 
32509 
87927 
30937 
19350 
41123 
86494 
55241 

• 

35489, 

80453 

92613 

45771 

61961 

78001 

15733 

47658 

71427 

75010 
62951 
26387 
55141 
72321 
35272 
27462 
07593 
79915 


0     0.69314  71805  59945  30941  72321 


ERIC 
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TaUe  t.4 


EXPONENTIAL  PUhiCTlUN  ' 


0.000 
0.001 
0^002 
0.003 
0.004 

0.00S 
0.006 
0.007 
0.(108 
0,009 

0.010 
0.011 
0.012 
0.019 
0.014 

0.015 
0.016 
0.017 
0.018 
0.019 

0.020 
0.021 
0.022 
0.02) 
0.024 

0.025 
0.026 
0.027 
0.028 
0.029 

0.030 
.0.031 
0.032 
0.033 
0.034 

0.035 
0.036 
D.037 
0.038 
0.039 

0.040 
0.041 
0.042 
0.043 
0.044 

0.045 
0.046 
0.047 
0.048 
Q.049 

0.050 


1.00000  00000  00000  000 
1.00100  OSOOl  66708  342 
1.00200  20011  34000  267 
1.00300  45045  03377  026 
1.00400  80106  77341  872 

1.00501  25208  59401  063 
1.00601  80360  54064  865 
1.00702  45572  66848  595 
1.00803  20895  04273  431 
1.00904  06217  73867  814 


1.01005 
1.01106 
1.0U07 
1.01308 
1.01409 

1.01911 
1.01612 
1.01714 
1.01816 
1.01918 


01670  84168  058 
07224  44719  556 
22888  66077  754 
48673  59109  158 
84969  38492  345 

30646  15718  979 
86894  06094  «22 
5)223  99240  748 
29763  89793  761 
16486  17408  Oil 


1.02020  1)400  26799  810 
1.02122  20516  37928  693 
1.02224  37844  70438  239 
1.02326  69399  47217  479 
1.02429  03178  90621  934 

1. 02531  51205  24428  841 
1.02634  09484  73442  115 
1.02736  76027  63489  392 
1. 02839  66844  2142S  045 
1.02942  49944  75130  820 


1. 03049  45339 
1. 03148  55038 
1.03251  75053 
1. 03355  05392 
1.03458  46067 


93516  896 
86922  716 
09118  420 
41)09  472 
28117  894 


1. 03561  97087  99623  260 
1.03665  58464  90923  72r 
1.03769  30208  38157  074 
1.03873  12328  78497  733 
1.03977  04836  90197  831 


1.04081 
1.04169 
1. 04289 
1.0439) 
1.04498 

1.04602 
1.04707 
1.04612 
1.04917 
1.09022 


07741  92)66  227 
21099  49479  949 
44787  90763  2)8 
78946  30612 
2)946 JB844) 


785911  06716  943 
44109  569)7  164 
20090  79655  6)8 
0699)  24470  916 
0)507  40026  i48 


566 
779 


1.00000  oboOO  00000  000 
.0.99900  04996  33374  992 
0. 99800  19986  6m)  :06^ 
0. 99700  44959  03372  976 
p.  99600  79893  43991  472 


0.99S01 
0.99401 
0.99302 
0. 99203 
0.99104 

0.99Q04 
0.98906 
0,98807 
0,98706 
0.96609 


24791  92682  313 
79640  53935  265 
44429  3)235  105 
19148  )7060  630 
0)767  7286)  662 

96))7  49166  054 
02767  75)68  698 
17128  619)0  540 
41)50  20287  58) 
75442  62661  90) 


ERIC 


1.05127  1096)  76024  040 

m 

For  UM  and  extension  of  the  table  Me  Examplei  8-11. 
See  Table  7.1  for  values  of  ^^'''and  TaUe  36.1  for  e' 
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0.96511  19)96  0)062  661 
0,98412  7)200  99269  119 
0.96)14  36646  .)4909  6)9 
0.'98216  10)2)  58)00  718 
0.98117  9)622  42606  006 

0.96019  667))  06799  )02 
0.97921  69649  69459  586 
0.97824  02)50  51210  045 
0.97726  248)7  7)277  07) 
0. 97628  57097  57909  )14~ 

0.975)0  99120  26))2  669 
0.974))  50696  06749  326 
0.97336  12415  24336  791 
0.972)8  8)666  01246  691 
0.97141  64644  66604  629 

0.97044  55))5  46508  177 
0.96947  557)0  76025  946 
0.96890  65820  79197  585 
0.9675)  65599  690)2  009 
0.96657  19046  )7506  651 

0. 96560  54162  97566  478 
0.96464  029)4  6)12)  030 
0.96367  6135)  4905)  452 
0.96271  29408 '91199  529 
0.96175  07091  46)66  72) 

0,^6076  94)91  62)2)  209 
0,95982  91299  47796  914 
0.95666  97605  72464  552 
0.95791  1)900  670)0  669 
0.95695  )9974  7)046  676 

0.95599  74816  ))099  907 
0.95504  19621  90714  639 
0.99406  73979  90371  141 
0.99313  37670  77904  749 
0,99216  11296  96904  893 

0.99122  94249  00714  009 

m 


117. 


EXPONENTIAL  rUNCnOV 


MS* 
Q.0S8 

Km 

0.060 
0.0«1 
0.061 
0.063 
0.064 

0.06S 
0.066 
0*067  ■ 
0.06S 
0.069 

0.070 
0.071 
0.072 
0.073 
0.074 

0.075 
0.076 
0.077 
0.070 
0,079 

0.080 
0.081 

oloS 

0.084 

0.085 
0.086 
0.087 
0.088 
0.089 

0.090 
0.091 
0.092 
0.099 
0.094 

0.095 
0.096 
0.097 
0.098 
0.099 

0.100 


L 05127  10969  76024  040 
1,C»2>2  |W}2  85205  913 
17425  15364  763 
n  19555  907 


1.05337 
1.05442 
1. 05948 


57415 


1.05654  06146 
1.05759  768)7 
1.05865  58103 
05971  49957 
m  52407 

1.0619; 
1.062r 

1.06: 

1.06502 
1.  06609  2: 


95080  041 

79494  286 
|66ll252 
99500\087 
102871540 
40159  W 

45359 
87195 
20039 
51305  ^ 
61505  244 


464 


1.06715  90243  84192  625 
1.06822  67171  6999>  321 
1.06929  94781  74600  io2 
1.07036  93084  78774  366 
1.07149  62091  48346  205 

1.07250  81812  54216  479 
1.07358  12258  68957  989 
1.074m  39440  69819  620 
1.075b  05969  14709  476 
1.0769  68054  96219  891 


^Ontt  41508  84691  596 
1.01896  15741  5^89  889 
1.08004  20769  92600  919 
1.08112  2U86  70089  199 
1.08220  4im  70914  717 

1.08928  70676  74958  554 
1.08497  089M  66760  941 
1.0p45  58098  29549  059 
1. 08694  1M85  48298  061 
;.08762  nm  08826  156 

1.08871  70666  98998  696 
1.08980  6MS  05128  660 
1.09089  66797  ltt77  747 
1.09198  81220  28197  460 
1.09908  06569  26990  201 

1.09417  ^7  09210  958 
1.09526  90052  58465  401 


U 09746  17952  68081  994 
1.09855  97459  17179  796 


UVMh  41220  8gU 


1.09965  88591  26102  942 
Lr079  90699  99978  912 
1.10186  097H  21010  606 
1.1^  27891  08507  749 
L 10406  62995  58881  902 

1.10517  09180  75647  625 

['-.*] 


Table  4.4 

0.95122  94245  007li^ 
0.m7  86705  92426  995 
0.94992  88668  42889  58) 
,0.94898  00124  82298  184 
■0.9474)  21065  01798  900 

0.94648  51479  5948)  869 
0.94999  91)98  90996  267 
0.94499  40699  66929  949 
0.94964  99474  96798  914 
0.94270  67691  97099  794 

0.94176  49399  84248  710 
0.940tt  92997  76009  790 
0.99908  28867  91088  928 
0.99094  94796  §n))  241 
0.^)800  49995  90729  488 

6.9)706  746))  7740)  4)) 
0.9)61)  08642  91618 

0.9))92  66800  7820! 

0.99299  98199  09948  229 
0.99146  18921  279M  106 
0.99099  08998  11209  792 
O.9B6O  08900  29792  719 
0.92867  16998  41287  187. 


•:8a} 


0.92681  62069  9%  297 
0. 92988  98996. 06499  977 
0.92496  44269  49999  280 
0,92409  99244  49086  807 

0.92911  69469  866H  7M 
0.92219  96914  44608  072 
0.^127  19n6  96948  694 
0.^99  114Kf  20124  706 
0,91949  12960  99124  674 


8497  996 
190  9tt 


0.91891  22844 
0.91799  42)12 
0.91667  70996  9)192  299 
0.91976  08767  2))29  6)1 
0.91484  997)9  74492  OO)' 


71228  187 
9926S  80) 
49090  40) 
9tt40  557 
407^940 


0.91999,11052 
0.91901  77188 
0.91210  51499 
0.91119  99002 
0.91028  27622 

0.90997  29)44 
0.90846  40160 
0, 
0 
0 


0.90489  74180  99999  979 


o 
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lUmMTABT  THAHBClNPiarrAL  fONOnONB 


T«Me  M 


0.100 
0.101 
0.102 
0.103 
0.104 


EXPONENTIAL  FUNCTION 


0.109 
0.106 
0.107 


0.110 

o.m 

0.112 
0.11) 
0.114 

"0.115 
0.116 
0.117 
0.118 
0.119 

0.120 
0.121 
0.122 
0.123 
0.124 

0.125 
0.126 
0.127 
0.128 
0.129 

0.150 
0.151 
0.152 
0.155 
t.l54 


0.155 
0.156 
1.1)7 
1.158 
0.159 


8 


0.140 
0.141 
0.142 
0.145 
0.144 

0.145 
0.146 
0.147 
0.148 
0.149 

0.150 


1.10S17  09180  75647  689 
1.10627  66417  65425  921 
1.10750  54717  27995  571 
1.10S49  14090  760^250 
1.10960  04949  19982  940 

1.11071  06109  99709  252 
1,11182  10769  06990  899 
1.11299  42944  79929  609 
1.11404  77499  86467  994 
UlUU  29909  E44^ 


1^407 

98871  292 
94498  298 
196 
48989  987 
£12079  hi48  84155  091 


1.11627  80704 
1.11799  490M 
L 11891  28^ 
L 11969  19929 


L 12187  54979  71998  994 
1.12299  98721  95294  798 
1.12411  94296  90996  899 
1*12924  41119  67942  507 
1.12656  19182  88992  919 

1.12749  611919  79979  671 
1.12862  49129  67949  967 
1.12979  41017  80918  682 
1.19088  44209  47489  924 
1.19201  98709  99179  455 


1.15514  04950 
1.15420  21602 

1.15769  01241 


66026  517 
05024  976 
01406  442 
97060  507 
69751  502 


1.15002  W059  24621  051 
1.15996  77015  11990  506 
1. 14110  05192  67299  091 
1.14224  99909  90094  299 
1.14999  20196  44646  090 


1.14499  67049 
1.14560  10999 
1.14602  01409 
1.14797  99902 
1.14912  41000 


91914  m 
94061  007 
20590  199 
74170  672 
05609  000 


'1.19027  57900  97227  260 
1.19142  46479  04744  161 
1.15297  66409  57004  992 
1.19572  90016  66010  407 
1.15400  41089  24915  652 


1.15605  99702 
1.19719  61880 
1.19859  59650 
1.19991  28965 
1.16067  29892 


68021  625 
90796  218 
29099  297 
62975  996 
09009  969 


1.16109  42427  20205  125 


0.90405  74100 
0.90595  9O»0 


59999  975 
09064  009 
0,90502  99916  60076  019 
0.90212  69794  01916  470 
0.90122  02974  21204  700 


015 


0.90092  49229  06269 
0.09942  46400  79924  099 
0.09092  96729  90905  994 
0.09762  79964  50454  076 
0.  09679  04Ut4  90299  490 


0.09509 
0.09499 
0.09404 
0.09919 
0.0^29 

0.09156 
0.09047 

tm 

0.00700 


41592  96920  291 

S409  29051  000 
979  00597  297 
06601  16019  919 
79990  02400  129 

61459  06051  560 
9^52  97472  999 
11951  65411  554 
60926  14617  564 
70007  61990  067 


O»00692  04567  17197  916 
0.00605  99999  92079  991 
0.00914  09609  02627  096 
0. 00426  96629  60020  066 
0.00997  ^fiOA  02790  006 

0.00249  69029  01999  409 
O.0n61  40467  M416  046 
0.00079  9»29  9719^940 
0.07909  99791  44649  027 
0.07097  99699  49909  170 


0.07009  94909  20961 
  91049 


924 

0.07721  77749  91049  964 
0.07694  09990  79979  297 
0.07946  90921  00771  190 
0.07499  00646  09954  045 


0.07571  99116  00054  454 
0.07204  26524  00719  522 
0.07197  02261  92109  456 
0.07109  06917  49790  547 
0.07022  00204  90291  999 

0.06959  02595  90009  020 
0.06040  99116  97667  090 
0.06762  12964  09914  052 
0,06679  40600  99400  962 
0.06900  77400  99209  017 

J 06902  22951  10741  200 
06419  n051  04642  799 
06529  59774  1M19  421 
0.06245  11149  42049  445 
0.06156  91140  90990  277 

0.06070  79764  29097  007 

[<-,"■] 


0.190 

iLWii  

0il59 
0.194 

0.199 
0.19* 
0.157 
0.198 
0.199 

0.100 

o.m 

0.162 
0.169 
0.164 

0.169 
0.166 
0.167 
0.168 
0.169 

0.170 
0.171 
0.172 
0.179 
0.174 

0.179 
0.176 
0.177 
0.170 
0.179 

0.180 
0.181 
0.182 
0.189 
0.184 

0.189 
0.186 
0.187 
0.188 
0.189 

0.190 
0.191 
0.192 
0.199 
0.194 

«.'199 
0.196 
0^197 
0.198 
0.199 

0.200  * 


)KKt  TBAMBOINDIllTAt 


EXPONENTIAL 


1.16189  42427  2tt89  129 
1-L  t^flj^^  ^^SlBO  ^iiS^O  ^30 
1.16416  02964  92112  999 

1.16998  49789  42797  886 
1.16M9  08867  78499  490 

1.16769  79611  09129 
1116882  62890  MSM  , 

1.16999  96199  00919  9 
1.17116  61947  87669 
1.17299  79466  80717  662 


1.17991 
1.17468 
L 17986 
U 17709 
1.17821 

1.17999 
1.18097 
1.18179 
1.18299 
1.18412 

1.18990 
1.18649 
1.18767 
1.18886 
L 19009 


08709  91810  299 
49688  lisn  992 
82tt9  20999  694 
66116  88467  029 
49198  92722  171 

9118/  11990  994 

8817  29276  Oil 
699  08961  999 
66186  47810  849, 
01989  29969  971 

48919  20969  91 
07490  21711 
f8992  19909 
61090  84092 
99M8  20962 


1.19124  62166 
1.19249  80986  91 
1.19969  10991 
1.19482  99212 
1.19602  07441  6 


1.19721  79691  21810  169 
1.19841  91792  9n99 
1.19961  41998 
1.20081  44080 
1.20201  98298 

1.20921  8448l//!7699  976 
L  20442  22609/77629  686 
1.20962  72890  49924  742 
1.20689  991p  49609  917 
1.20804  09^4  82901  811 


1.20924  99976 
1.21049  94920 
1.21167  09169 
1.21288,17999 
L21489^«2829 

1.2199^  09864 
1.21#  69099 
1.21774  40407 
L  21896  tsm 
1.22018  19698 


97291  498 
81299  999 
64980  962 
19119  927 
96299  089 

89790  774 
94916  229 
09908  996 
21642  747 
99872  499 


l.?2140  27981  60169  894 

•  [•-.'"] 


* 

0.86070  79764 
II-  IStli  T69B6 

mm  WW  rW  w    www  ipip 

0.89898  82807 
0.89812  97218 
0.89727  20218 


Table  4.4 


29097  807 
49209-488 
41129  482 
11999  800 
11497  440 


1.89641  91774 

0.89984  97819 
0.89299  69989 


89619  991 

68481  799 
69191  911 


0.89214  97889  66211  998 
«^  89129  28711  07191  144 
^89044  12049  40292  998 
0*84999  11884  14990  269 
0.84874  20218  86266  741 


6.84789 
6.84704 
0.84619 
0.84999 
0.84490 

0.8416$ 
0.84282 
0.M197 
0.84119 
0.84029 

0.89949 
0.898tt 
0.89777 
0.89694 
0.89610 


97040  87919  828 
62941  89999  668 
96119  97188  270 
98946  84698  799 
89099  86894  926 


48169 
19794 
91791 
76148 
68976 

76207 
79899 
97849 
24294 
98999 


96989  682 
71619  999 
68499  904 
44629  201 
98491  498 

69207  998 
97074  009 
22999  869 
88768  879 
97099  511 


0.89927,82114  U272.021 
9»86  99789  94? 


8.89449 

/Sit 


..89960  19404  19799  909 
0.89276  81997  97090  991 
0.89199  98098  26671  728 

0.89110  42898  92129  699 
0.89027  99949  81992  761 
0.82944  9796S  "4409  919 
0.82861  47072  >.  '>80  694 
0.82778  69066  94799  697 

0.82699  9199?  49962  916 
0.82619  29881  91199  894 
0.82990  68684  91682  987 
0.82448  19741  99108  186 
0.82969  79042  68976  892 

0.82289  46980  96018  984 
0.82201  22946  7M86  9tt 
0.82119  66999  12697  919 
6.82696  98991  97891  021 
0.81994  98999  92929  626 

0.81879  07990  77981  89^ 

m 


132 


120 


Table  4^ 


0.200 
0.201 
0.202 
0.203 
0.204 

Ow205 
0.206 
0.207 
0.208 
0.209 

0.210 
0.211 
0.212 
0.21) 
0.214 

0.219 
0.210 
0.217 
0.218 
0.219 

0.220 
0.221 
0.222 
0.22) 
0.224 

0.22S 
0.226 
0.227 
0.228 
0.229 

0.290 
0.2)1 
0.2)2 
0.2)) 
0.2)4 

0.2)S 
0.2)6 
0.2)7 
0.2)8 
0.239 

0.240 
0.241 
0.242 
0.24) 
0.244 

0.245 
0.246 
0.247 
0.248 
0.249 

0.250 


tlilllBllTART  TR4NB0I1IDIMTAL  lUMOlim 
EXPONENTIAL  FUNCTION 


1.22140  27981  60169  8)4 
1.22262  477ir4M27412 
1.22)84  80081  t|)M  099 
1.22907  24682  47il9  189 
1.22629  81934  96110  607 

1.22792  90649  691>7  678 
1.22879  92039  99312  009 
1.22998  29717  80792  713 
1.23121  31699.48867  721 
1.23244  4«M9  30294  869 


L  23367  M599  96743  291 
1.23491  29990  tt394  396 
1.23614  78890  tUoI  912 
1.23738  46912  43600  719 
1.23862  26547  93492  289 

1.23986  i6969  66061  862 
1.24110  29790  00671  728 
1.24234  41021  37764  020 
1.24398  70676  19061  978 
1,24483  12766  87931  187 

1.24607  67309  87380  820 
1.24732  34309  640M  879 
1.24897  13778  64289  447 
1.2%  09737  39983  926 
1.29107  10194  28362  294 

1.29232  27161  91864  349 
t9397  96692  78186  948 
(9482  98679  40279  299 
S608  93294  32344  191 
»734  20390  09839  113 

1.29860  00099  29477  863, 
1.29989  92394  49231  426 
1.26111  97288  28329  426 
1.26238  14793  27261  349 
1.26364  44922  07777  797 

L 26490  87687  32891  796 
1.26617  43101  66879  897 
1.26744  11177  79203  640 
1.26870  91928  24910  818 
1.26997  89369  83836  947 

1.27124  91903  21404  692 
1.27292  10393  082S9  099 
1.27379  419a  16194  849 
1.27906  66241  18499  970 
1.27634  43304  89454  669 

1.27762  13132  04886  611 
1.27889  99739  41738  230 
1.28017  91127  78269  966 
1.28149  99321  94021  162 
1.28274  20330  69811  341 

1.28402  94166  87741  484 


,81873  079301  77981  899 
> 81791  24311  93899  397 
; 81709  492t«  42236  649 


0.01673  079901  77981 
0.81709 

0.81627  82414  29609  934 
0.61S46  23711  «7292  666 


0.81464  73164  11414  549 
0.81383  30762  82920  720 
0.81Sn  96499  87970  998 
0.81220  70367  11939  019 
0.81139  92396  43411  427 

0.81098  42499  70187  100 
0.80977  40668  81276  291 
0.80896  469n  66499  8M 
0.80819  613n  16488  379 
0.887)4  83890  22681  479 

0.80694  14401  77326  874 
0.80973  93018  73479  662 
0.80492  99693  09001  467 
0.80412  94416  66999  699 
0.80332  ^7181  53626  921 

ollSfl  66662  ¥m 
0.80091  93643  34699186 
0..8e6U  48492  94994  165 
0. 19931  51343  69365  114 

0.79851  i2187  59377  043 
0.79771  81016  69674  274 
0r79692  07M2  98139  647 
0.79612  42998  M493  m 
0.79932  S335  09093  973 

0.79493  96029  0|334  QOf 

0.79219   

.0.79136  18198  95983  899 

0.79097  08496  28735  590 
0.7g|8  06719  12602  794 


gjg6l*!|483 


0.71 


12886 


too 


0.76826  26916  SttS  426 
6.78741  48821  72687  922 

6.78662  78616  66993  469 
6.78984  16263  m5  515 
6.78565  61775  5109  496 
6.78427  15137  71596  491 
0.78348  76342  62862  932 

0.78276  49382  41868  168 
0.78192  22249  29477  270 
0.78114  06939  31376  498 
6.78639  99432  78634  273 
6.77997  99733  84766  396 

6.77886  678)6  71464  868 


ERIC 


133 


ILBliTOTABT  TBANBOEKBKMTAL  fD|f O^pOMS 


ft.2M 
41.251 
«.2»2 
Q.2»3 

(li.2S4 

0.29S 
0.2M 
9.257 
9.258 
0.259 

9.269 
9.291 
9.292 
9.26) 
9.264 

9.265 
9^266 

1^- 

9.279 
9.271 

9.274 

9.275 
9.279 
9.277 
9.279 
9.279. 

9.299 
9.291 
9.2tt 
9.2M 
9.294 

9.287 
9.289 
9.299  , 

9.299 
9.291 
9.292 
9.29) 
9.294 

9.295 
9.296 
9.297 
9.298 
9.299 

9.599 


EXPONENTIAL  FUNCTION 

..#»     


Tabk  4.4 


1.28492  94166  8n41  484 

1.28788  22748  )46)9  )66 
1.28917  18942  67884  299 

1.29846  ltt98  3889  9)1 
1.29175  17279 i{7U  974 

1.29)94  ^67  mtm 

1.294))  88186  Il2)7  745 
1.8996)  )8948  88948  )7) 


29)81 

-  51W 
819PM894 


65771  799 
))689  967 
795 
266 
1)1 


L 59865  91419  46496  646 


L)9996  4^7  ))247  )64 
1.)1U7  5979)  94597  979 
1. 51259  7891)  11198  252 
U)l)99  92448  247)9  219 


1. 91259 


252 


L 51521  48822  58724  599 

l.)165)  96749  67621  62) 
l.)1794  79M9  27)9)  )24 
l.)1916  6)719  )4959  973 
1.52949  61972  99995  )97 
1.92199  7)4)9  695)9  151 

1.52)12  9912)  )74)6  9)6 
l.)2445  )69)9  )5257  )19 
1. )2577  97199  96792  997 
1.^719  51619  17157  IM 
1.5294)  29)97  52794  751 

L 52976  29281  2147)  75) 
l.))199  84952  52291  719 
.l.))242  421)4  75675  945 
l.)))75  7)941  2))94  499 
l.))599  17285  28598  49) 

L))642  74988  25472  19) 
L  5)776  45^9  599)5  199 

L))9i9  mn  nrn  w 

l.)4944  27994  )168l  481 
1.^178  )99)6  66971  )7) 

l.)4)12  6»86  86276  747 
L)44«7  81568  )^  7)5 
1.54581  52994  48997  594 
l.)4716  17878  79554  952 
1.54959  962)4  72919  694 


1.54995  88975  76995  194 


9.77999  979)9  71494  969 
9.77992  29115  59957  512 
-9r77724^  47)99  68946  158 
9.77646  7JM19  2)7)7  929 
9.77569  19929  46476  «)4 

9.77491  64979  61989  929 
9.77414  19697  92248  )6Q 
9.77))6  921)7  65449  996 
9.77259  52)21  96928  945 
9.7|182  99239  4)79)  48) 


9.77195  15999 
9.77929  99196 
9.7695M92)7 
9.76874  1897) 
9.76797  )5)96 

9.76729  59499 
9.7664)  9U75 
9.76567  59714 
9.76199  77911 
9.76414  52556 


95566  281 
15979  142 
97575  896 
11169  593 
56796  175  X 

75955  6^9 
91919  155 
68)7)9)9 
92964  915 
48198  9)7 


9.763)7  9494)  )685)  186 
9.76261  64964  95965  596 
9.76195  42619  89857  543 
9.76199  27976  29934  279 
9.76933  29752  69992  966 

9.75957  21232  24969  476 
9.75991  29397  61241  499 
9.75995  44971  19598  557 
9.75729  66215  14535  547 
9.75655  99932  15947  399 

9.75579  37414  55725  472 
9.79592  93)54  99299  992 
9.75427  56845  33999  932 
9.75351  97979  59717  259 
9.75276  66447  96196  222 


9.79291  42945 
9.75126^159 
9.7595^  17298 
9.74976  15922 
9.74991  22954 


19398  639 
46886  626 
37967  974 
39941  391 
92669  349 


9.74926  35675  79565,215 
9.74751  56799  19991  916 
9.74676  «5359  75557  129 
9.74692  21496  97221  444 
9.74527  94914  43298  626 

9.74455  15974  65999  »7 
9.74579  74299  29179  599 
9.74394  49123  61939  943 
9.74239  13397  47774  369 
9.74155  94994  35919  592 

9.74991  92296  91717  966 

m 


f 


m 


tUQfUfTAST  VUMOnXWBSnU*  fUMOnUMB 


/ 


•  01S02 

0.)0S 
0.M4 

«.3es 

0.906 
0.M7 
JO.  300 
X.,JOO 

0.910 
0.911 
0.912 
0.919 
0.914 

0.91S 
0.9U 
0.917 
.0.910 
'^0.910 

0.920 
0.921 
0.922 
0.929 
0.924 


0.92S 


Q.99S 
0.99« 
0.997 
0.9M 
0.999 

0.940 
0.941 
0.942 
0.949 
0.944 

0.94S 
.0.946 
0.947 
0.948 
0.949 

0.990 


7000^^ 

oSSIm 

422S  948 
09671  692 


i.949»_iiaft 

1. 99120  99419 
1,99290  12267 
1.91991  44644 
1.99526  90960 

ilSoTOooiil 

1.96206  2970S 


1.96942  91141  ^77  794 

L  96792  19910  27609  290 
1.9M80  «796ft  ^7979  624 


1.97029  99; 
1.97169  02! 
1.97900  29 
L 97497 
1.97971  1 

L 97712  7 
1.90264 


96996  611 
26042  749 
29490  004 

Stt  200 
99  970 

99997  009 
99799  099 
97246r476 
.  09690  009 
1  19479  942 


1.  90409-06499  «791  421 
1.9M41  99600  ^704  617 


L990H  11204  69780  266 
1.99299  97929  08194  29 
1.99979  284M  12916  609 
1.99914  72904  69009  608 
1.99694  91499  74909  999 

1.99794  09892  22467  029 
1.99999  90248  lg90  g| 

L  40214  09094  940 
1.40994  99492  12726  OOl 

.1.40494  79909  69999  797 
1.40699  92408  62169  19» 
1.40776  02979  14102  9^ 
1.40916  07619  26490  017 
1.41097  06999  07670  4^8 

1.<S1198  99196  67699  079 
1.41940  26198  17677  066 
1.41481  67299  70^8  Mf 
1.41629  22497  40029  922 
1.41764  91909  41986  146 

1.41906  79409  99297  248 

m 


~  0.74001  tt206-017U^ 
0.r4007  77727  46707  647 
0.79999  806«0, 19911  848 
0.79099  90969* 
0.79706  00664 

0.79712  99749  91627  732 
0.79698  66194  9tt00  lU 
0.79969  06009  07299  919 
0.79491  99180  09068  726 
0.79410  07700  26269  991 


24289  264 
69992  m 

!4  881 


0.79944  ^ 
0.79271  987! 
Or 79198  1921 
0.79124  99129 
0.79091  90281 


0. 72970  00742  69096  797 
0.72909  94901  67629  797 
0.72099  ^1  pm  720 
0.72760  27884  14»9  469 
0.72687  99499  0098  294 


0.72614  90970 
0.72942  «909 
0.72469  01909 
0.72997  90949 
0.72929  02429 

0.72292  79996 

0.72096  90197 
0.71964  90167 


79690  929 
1141  101 


SIS 
29902 


67919  900 
7^42  419 

4^  1^ 
9Ln9  8l2 
26687  016 
M901  990 
47079  J99 


0.71020 
0.71740  -w 
0.71677  OlOil  99690  947 
0.71409  97022  27208  486 

0.71999  80869  92999  924 
0.71462  91098  16M7  M 
0.71990  8M99  Wm  099 
71919  92070  98282  260 
71240  24490  OnOl  796 


S: 


0.71177 
0.71109 
0.71094 
0.70969 
0.70092 


09227  62609  719 
89082  06409  791 
02047  09177  240 
82119  60200  649 
09280  49910  740 


0.70022  0M94 
0.70791  24871 
0.70680  992tt 
0.70609  OO7S 
0.70999  91902 


67799  979 
06901  689 
97749  469 
14984  998 
69994  990 


0.70460  00097  10719  494 

-  m 
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WUntmfliSfw  TMiSnOmmtlmniL  fUJHTTlUMB 


IXrONBNTIAL  FUNCnON 


O.ISO 

o.m 

0.994 

QL99» 
1.996 
0.997 
0.998 
0.999 

0.9(0 
0.9$1 
0.962 
0.9*9 
0.964 

0.969 

S:» 

0.960 
0.969 

0.970 
0.971 
0.972 
\0,979 
0.974 

0.979 
0.376 
0.977 
0.978 

0.979, 

0.980 
0.981 
0.382 
0.389 
0.384 

0.389 
0.386 
0.387 
0.388 
0.389 

0.390 
0.391 
0.392 
0.399 
0.994 

0.999 
0.996 
0.997 
0.398 
0.399 

0.400 


1.41906  794S9  99197  248 
1*42040  71899  Um  200 
1.42190 

1.421: 

1.424 


43141  98046  276 


1.440»  40081  49217 
1.44199  Mm  84916  01 


L  44999  ml 
1.44414  209 
L  44620  76096  74799  677 


1.49069 


69924  462 
9  86644  994 

2  99198  799 


L  49208  49998  92771  229 
1.  49999  71984  96892  407 

1.49499  14146  18201  996 
71086 


1.49644  71997 


092 


1.49790  49099  71«9  910 
1.49996  29420  79796  692 
1.460S  90997  49491  842 

1.46921  20891  92W  881 
1.46667  40900  68998  409 
1.46814  94416  81909  980 


41144  902 
14749  199 


L  46961  49214 

hiSS  S^lt  79199  970 
1.47402  97842  88141  992 
1.47998  49919  B894  999 


1.47698  07990  02642  977 
1.47049  89194  19147  100 

1^48290  09486  74799  004 
1.48490  41909  19914  066 

1.48804  40899  07277  619 
1,49099  96186  07402  969 

1.49102  46976  41270  910 


0.70468 


80097  10719  494 
9620  921 


97M8  9! 
n219  71 
71999 
49679 


0. 

0.69907 
0.68097 


^19  9^ 


907 

^7 
98 


0.68049 
0.67977 
0.67909 
0.47841 
OL  07779 

0^67709 
0.67698 
0.67970 
0.67902 
0.-67499 

0.67960 
0.67900 
0.67299 
0.67166 
0.67099 


9989 


40296  92697  274 
20876  62009  fh 
07019  99449  901 

0.67692^00460  99699  901 

m  ■ 
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Tahlc  4^ 


EXFONENTIAL  FUNCTION 


0.400 
0.401 
0.402 
0.405 
0.404 

0.40S 
0.406 
0.407 
0.400 
0.409 

0.410 
0.411 
0.412 
0.419 
0L414 

0.415 
Ol4U 
0.417 
0.410 
0.419 

0.420 
0.421 
0.422 
0.429 
0.424 

0.42S 
0.426 
0.427 
0.420 
0.429 

0.4)0 
0.4)1 
0.4)2 
0.4)) 
0.4)4 

0.4)S 
0.4)6 
0.4)7 
0.4)6 
0.4)9 


0.440 
0.441 
0.442 
0.44) 
0.444 

0.44S 
0.446 
0.447 
0.440 
0.449 

0.4S0 


1.49182  46976  41270  )1S 
1.49)91  72604  99960  090 
1.49481  19926  76042  686 
1. 49690  «|916  69982  585 
1.49780  94469  58198  840 

L  49990  29000  »766  870 
1.50080  25S24  58019  898 
1.50290  41056  61950  452 
1.50980  71611  70111  860 
1.50591  17204  855S9  754- 

1.  506n  77851  12859  578 
1.50892  59565  58058  082 
1.50989  44969  20744  898 
1.51194  50259  99999  742 
1.51285  71268  84994  526 

1,51497  07406  92048  265 
1.51588  58688  70568  894 
1.51740  25129  99084  718  . 
1.51892  0674^02299  927 
1.52044  09547  90196  115 

1.52196  15556  18699  796 
1.52948  42784  08759  926 
1.52500  85246  89279  422 
1.M659  ^0999  66456  685 
1.52806  15997  84057  126 

1.52959  04196  69978  690 
1.59112  07751  99247  982 
1.59269  26617  24018  802 
1.59418  60809  67579  666 
1.59572  10949  9794^  947. 

^.59725  75295  48281  402 
1.59879  55499  56865  HO 
1.54099  91151  61127  008 
1.54187  62207  00692  428 
1.54941  08681  16487  098 

1.54496  90589  51998  984 
1.94650  07947  49977  427 
1.54805  6£770  56940  096 

'074  19508  826 

1.55115  52879  87714  108 

1.95270  72189  11996  042 
L 55426  07029  42905  879 
1.55581  97404  94107  580 
1.55797  29949  41779  967 
1.95899  04856  21915  277 

1.56049  01990  92666  719 
1.56205  14669  99744  099 
li 56961  42992  86418  055 
1.56517  86956  59521  669 
1.56674  46571  99451  956 

1.56891  21894  90168  811 


Rir 
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0.67092  00460  95699  901 
0.66969  00610  97994  596 
0.66898  07456  90946  799 
0.66891  20999  29960  909 
'0.66764  41212  68928  902 

0.66697  68108  58474  400 
0.66691  01674  24086  998 
0.66564  41909  01521  227 
0.66497  88788  22401  808 
0.66491  42929  2?216  786 

0.66965  02501^919  966 
0.66290  69916  00727  986 
0.66292  42760  52122  256 
0.  66166  22Ki  2;^  972 
0.66100  09912  69912  454 

0.66094  02007  04902  886 
0.65968  02704  84989  050 
0.65902  09199  44m  i79 
0.65896  22284  24827  198 
0.65770  41^  67816  9^ 

0.65704  68198  15056  702 
0.65699  01014  09171  201 
41.69579  40999  99441  728 
0.65507  86991  11806  299 
0.6S442  98819  08898  960 


0.  65976  97051 


0.65246  95522  2^ 
0.65181  1«47  987: 
0.65115  99291  810; 


0. 65050  ^90947  29916  54» 
0.64985  89107  74749  906 
0.64920  99766  85147  998 
0.64896  04910  M976  075 
0.64791  22554  ^950  604 


0.64726  46670  78094  611 
0.64661  77299  99414  699 


0.64597  14914 
0.64592  57^8 
0.64468  07796 


0624  479 
7294  565 
285 


0.64409 
0.64999 
0,64274 
0.61210 
0.64146 

0.64002 
0.64018 

oloSlo 

0.69826 


64210  09141  999 
27069  72996  105 
469M  95991  200 
72070  87799  299 
54208  27919  $69 


92910  776 
74800  880 


42760  9l9) 
97720 
99082 

46840  91916  200 
60986  99768  809 


0.69762  81516  21779  299 


TMMSOnflHMfAL  fUN^TnONB 
BtfOUBWULfONCnON 


Tabic  iA 


m 


ir''  ni 

32U2  449 
00) 

4liM  14175  089 
79974  7M18  775 


L5777S 
LI7nt 
>5M90 


53IW  99991  lU 
09447  6M77  911 
_  MMI  49440  916 
L  98090  fmo  M419  781 
1.98149  070»  S999  449 


1.98407  99849,94481  779 
18918  80947  101 


846 

087 
147 


17900  841 
^    74401  909 
,9  79^  IM74  on 
19889  7p»  891 
09870  87440  416 


1.60801 
U6096t 
1.61119 
1.61804 
1.61441 

L 61607 
1.61769 

L68899 


41974  89781  899 

94899  89689  064 
91999  98689  174 


1  988^  982 
9  hm  496 
19  01927  890 
i  18074  869 


16496  98861  988 


1.687^  66091  7UI9  406 
1.689M  - 
1.69MI<' 

1.69891  68199  99978  970 
1.69994  99986  09969  097 
1.6^  41198  M899  912 
1.69m  #19  8n70  870 
1.698H  mm  99798  499 

1.64049  82990  97044  002 
1.64819  99978  im  919 
L  64978  89187  aOOM  892 
1. 44948  71294  04072  971 
1.6S4707  99799  19949  179 

1.64872  12707  00120  147 


O.'»^io2  81916  21779  299 
0.69699  08421  77982  999 
0.69699  41697  89087  097 
0.69971  81996  26414  299 
0.6990» 27992  49920  199 

0. 69444  7967«  48228  102 
0.69981  90970  90949  090 
0.69918  09400  62799  794 
0.69294  747M  07969  997 
0.69191  92448  99495  898 


0.1^9128  96499 
9069  26779 


0. 

4: 

0. 


12$  969 

29999  41912  291 
99  26929  08162  872 
1876  99944  67090  411 


891091 
72040 


0.621. 

0.62M8  00904 
O.62S9  99296 
0.629^  7M91 


0.62900  22602 
O.S497  79704 
0.62979  99129 
0.62919  00711 
0.62290  72929 


89640  014 
47940  790 
12977  027 
97995  996 
56910  790 

67606  794 


0.62188  9M64  69020  079 
0.62126  94822  47461  6M 
29292  99497  914 
21969  81999  997 
84846  92799  290 

0.61878  99918  06140  899 
0.61816  49177  02929  tt7 
0.61794  70617  64680  010 
0.61692  90299  7^  496 
0.61691  M019  ISOO  699 


0.61969  71967 
0.61908  18079 
£  61446  70929 
0.61989  28790 
0.61929  99269 


64289  119 
19928  699 
44690  776 
42017  049 
99927  908 


0.61262 
0.61201 
0,61140 
0.61079 
0.61010 


bo  924V4  668 


09072  9M09  207 

49949  02490  170 
74997  98789  694 

0.60699  06997  12699  424 

m 


0.60997 
0.69896 
0.60019 
0.60774 
0.60719 


138 


Table  4.4  IXrONBNTtAL  PimCTION 

,0.300  I.  M872  12707  00128  147  0.i>06S9  06997  12699  424 

0  SOI  1. 65017  08166  06510  214  0. 60992  44922  17187  470 

0.902  1.69202  20128  89464  418  0.60991  88106  46224  228 

0. 509  1. 69967  48611  82760  179  0; 60471  97949  94122  079 

0.504  1.69992  99691  97094  920  0.60410  99828  59864  709 

0,505  1.65698  99204  60890  766  !h*W52  52Z?5  5!8!2  221 

0  506  .  1.65864  99947  90909  196  0,60290  29719  09842  099 

0.507  1.66090  28076  89292  916  0.60229  97704  89069  990 

0.506  1.66196  99409  19109  918  0.60169  77717  6210}  g2 

0.509  L  66962  67961  19058  796  0.60109  69747  98979  297 

0.510  1.66929  11949  45886  908  %¥m  94? 

0.511  1.66695  79190  64047  601  0.99989  99899  81189  902 

0  512  1.66862  91101  99666  871  0.99^9  97878  49998  494 

0.519  1.67029  49698  40999  999  0.99869  67916  05W  199 

0. 514  1. 67196  96998  96112  826  0;S9809  89940  62761  969 

0. 515  1. 67H9  89017  97929  486  0. 99790  09946  18297  489 

0  516  1. 67591  29779  97987  414  0. 99690  99^6  74998  019 

0.517  1.67698  91289  10762  948.  0.99690  67876  99920  969 

0  518  1.67866  695^  19209  942  0.99971  07789  00921  298 

oisiO  I.68S4  64^7  82744  499  0.j»511  99698  77990  099 

0.520  1.68202  76496  98886>947  0.99492  09479  70194  999 

0^  521  1  68971  89186  42M8  129  0. 99992  6»49  89416  198 

0. 522  1. 68999  907Kf  97408  891  0. 59999  26991  29M2  019 

0. 529  1. 68708  19099  47211  926  0. 9«79  9M89  W4W  460 

0.524  1.68876  92944  78469  798  0.99214  72196  07481  294 

0.925      ^  1.69045  88489  79091  999  0.99199  99649  66819  082 

0^926      ^  LM215  O1S7  9878  S*32S!i  fiSSS  SHH 

0.  527  1.69984  91492  48618  IsT  S*S2S22  1523?  !H 

0.528  1.69999  78996  01819  881  Q.M970  99976  13890  490 

0.529  1.69729  42254  99001  809  0.58919  98690  48649  749 

0. 590  1«  69899  29086  18950  694  0. 98860  49696  78»9  196 

0.591  1.70069  20906  76949  702  ,^  0.98601  6^89  13089  972 

0.592  1.70299  99799  66781  146    "  0.98742  8^61  64U9  469 

0. 599  1. 70409  6758)  90727  817  0. 986M  18808  44946  670 

0.594  1.70574  16474  91974  889  0.98629  92929  67219  626 

0.595  1.70744  82422  94211  949  0.98966  M901  44799  8M 

0. 596  1. 70919  69449  M292  748  0.  M908  99199  91706  9» 

0. 597  1. 71086  65559  12940  887  0.         91221  229M  409 

0.598  1.71257  82781  87947  910  0.98991  4^1  92628  716 

0.599  1.71429  17190  40179  096  0.98999  12920  97698  896 

0.540  1.71600  68621  84898  460  i*2H?!  HH!  22!!?  ^ 

0. 541  1. 71772  97279  96547  069  0. 98216  97999  98641  490 

0.542  1.71944  29102  12106  199  S*2!}2S  2^52  9!^?  I!Z 

0  549  1.72116  26125  90lU  747  0.98100  16279  69601  M9 

0.544  1.72288  46960  10887  296  0.98042  19191  40742  991 

0. 545  1. 72460  89829  76495  429  0. 97984  17899  99846  979 

0. 546  1. 72699  98999  90909  696  0. 97926  22919  80782  099 

0.547  1.72806  10906  98981  099  0.57868  92986  89997  989 

0  548  1  7S78  99760  27847  197  0. 57810  40646  70519  691 

0.549  1.79152  06911  87299  477  0.97792  70487  61994  718 

0.550  1.79925  90178  67999  297  0.97694  98109  M486  699 


.  .  139 


O.SS0 
9.S91 

tin 

O.SM 

e.99S 

ASM, 

Q.9S7 

C1990 

0.9S9 


Q.S75 
Q.»76 
0.977 
01978 
0.979 

0.900 
0.901 
0.901 
0.909 
0.904 

0.909 
0.900 
0.907 
,0.900 
0.900 

0.990 
0.991 
0.991 
0.999 
0.994 

0.999 
0.990 
0.997 
0.990 
0.999 

0.000 


EXrOMBflUI.  FUNCnON 


1.79919  90170  679W  297 
1.7949t  m70  00719  902 
1.7)072  29927  21929  790' 
1.79040  MI49  09M9  047 

1.74019  moo  ma  700 


1.79417 
1.79999 
1.7970» 

1.79944 
1.70120 
L  70297 
1.70479 

1.7( 


79419  mn  499 

240S7  OmO  090 
92149  OHIO  040 


/  1.77719 
1.77090 
1.70000 
1.7I240 
1.70429 


1.7MQ9  04907 


14090  902 
02470  941 

99  S4O  977 
40940  010 


4.79499  09190  99900  007 


1.00991  04199  97tt0  940 

1.00940  n007  199f9  707 
1.01121  ma  28972  990 


1.81847  82049   

1.02029  79929  49908  101 

1.02211  00009  90900  979 


0.  97094  981( 
0.97097  9ir 
0.97979  700 
0.97922  19r 
0.97404 


Table  44 


00480  099 
48877  192 
90404  940 
29109  899 
19  89409  099 


97407  2201S  90490  024 
97949  Mf90  797M  991 
97292  p040  99910  429 
90099  297 
U420  941 


0.97292  S 
0.972H2I 
0.97178  ~ 


0.97120 
0.97009 
0.97000 
0.90949  ^ 
0.90892  8 


,.J2 

S3 

•11 


SSolSo 

J 8019  922 
9941  040 
79121  701 


9*90090  0|407  97940  404 


0.90722  49024 

0.90009  mi% 

0.90009  12409 


90m  288 
20184  129 
82224  097 
99299  792 


0.90992 

!:* 

0.90989  14047  04999  004 
0.96920  »0M1  22004  040 


90989  14047  04999 


99997  097 
229 
970 


0.90270 
0.9021 
0.901! 
0.9011 
0.90049 


01 


0.99989 
0.99999 
0.99077 
0.99022 
0.99700 


48088  00999  099 
24491  96tt2  497 
09897  29181  224 
92098  42170  990 
09449  74490  449 

8)009  09402  099 
07480  H720  049 

lUM  8701  I49 
92409  19791  179 


0.99710  98018 
0.99094  90944 
0.99999 
0.99949 
0.99488! 

0.99492  72847 
0.99977;  92949 
0.99)21 197)80 
0.9M00  07940 
0.9M11  4404) 


1217)  9P9 
10404  000 

^94  3« 

94907  0)9 
21M0  107 
9087)  848 
00481  771 
009)0110 


0.94991  09977   

0.949)0  07222  27429  984 

0.94001  16960  94026  4)9  ^ 


ERIC 
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Tnkk  4.4 


0.M0 
0.601 
0.602 
0.609 
0.604 

0.60S 
0.606 
0.607 
0.60S 
0.609 

0.610 
0.611 
0.612 
0.61) 
0.614 

0.61S 
0.616 
0.617 
0.618 
0.619 

0.620 
0.621 
0.622 
0.62) 
0.624 

0.62S 
0.626 
0.627 
0.620 
0.629 

«.6)0 
0.6)1 
0.6)2 
0.6)) 
0.6)4 

0.6)5 
0.6)6 
0.6)7 
0.6)0 
0.6)9 

0.640 
0.641 
0.642 
0.64) 
0.644 

0.M5 
0.646 
0.647 
0.648 
0.649 


0.^0 


1.82211  8800)  ^0908  975 
1.82)94  18)05  54062  08) 
1.82576  66846  59597  740 
1.82759  ))645  51970  20) 
1.82942  18719  97859  499 


1.8)125 
1.8))08 
1.8)491 
1.8)67) 
1.8)859 


22088  8577)  244 
4)770  26048  479 

{)782  5085)  497 
214)  94189.676 
18872  9189)  )12 


1.8404)  1)987  816)7  455 
1.84227 
1.84411 
1.84596 
1.84780 


27507  029))  750 
59448  971)4  m 
098)2  074))  )64 
78674  78869  496 


1.84965  65995  58)27  090 
1.85150  71812  945)a  )81 
1.85))5  96145  )808i  258 
1.85521  59011  41401  120 
1.85707  00429  58772  725 


L 86264 
1.86451 
1.866)7 

1.86824 
L 87011 
1.87198 
1.87M5 
1.8757) 


80418  46)g  044 
925 

51995  19St)  215 
864S2  86472  402 

59574  nm  407 
51)78  24085  5)0 
6188)  )1242  )21 
91108  2474)  442 
mn  77511  54) 


1.87761  Wm  64)4)  1)2 
1.87948  91289  61910  454 
1.881)6  95m  4876)  )61 
1.88m  <  18687  051)1  198 
1.8851)  «i0625  1)024  670 

,887J2  11414  587)1  766 

J9O79  SJ) 
Unm  17079 
l,MiiM)46)  50084  912 


1.90217  88646  47)91  502 
1.90408  19949  18580  )01 


L 90598 
1.90789 
1.90980 
L 91171 
1.91)62 


70292  71922  692 
)9696  1245)  188 
28178  47112  287 
)5758  84748  )84 
62456  56119  674 


1.91554  08290  1)896  070 


0.54881  16)60  94026  4)) 
0.94826  )0987  72)04  710 
0.54771  51097  1)727  448 
0.54716  7668)  70)05  54) 
0.54662  07741  94597  605 

0.54607 '44266  59709  419 
0.54552  86251  5929)  )68 
0.44498  ))692  07547  94) 
0.5444)  86582  59217  140 
0.54)89  44917  09989  946 


0.545)5  08690 
0.54280  77897 
0.54226  5255) 
0.54172  52591 
0.54118  18066 

0.54064  0895) 
0.54010  05246 
0.5)956  06940 
0.5)902  140)0 
0.5)848  26910 


74499  787 
90)2)  981 
1)98)  200 
02940  922 
15202  090 

09)16  571 
44)70  616 
79994  )1) 
76)57  05) 
94167  789 


0.5)794  44)75  94674  492 
0.5)740  67620  5966)  618 
0.59686  962)8  91459  568 
0.5)6))  90226  12924  149 
0.59579  69576  67456  0)7 

0.5)926  14289  18990  242 
0.59472  64)46  )1997  571 

o!l)>S  8mS  89S0  SI 

8.5)912  46591  92992  086 

0.5)259  18010  06897  190 
0.5)205  94754  1)047  68) 
0.5)1K  76818  78717  927 
0.5)099  64198  72114  )44 
0.5)046  56888  61974  88) 


0.5299)  5488) 
0.52940  58177 
0.52887  66765 
0.528)4'8e6n 
0.52781  9M02 


17568  489 
08694  574 
05682  485 
79)90  975 
01207  67) 


4)048  557 
77)57  426 
77105  )69 

  15790  242 

0.52518  74670  674)6  140 


0.52729  24240 
0.52676  5)951 
0.5262)  889)0 
0.52571  29172 


0.52466  25421  06592  872 
0.5241)  81418  08))5  4)2 
0.52)61  42656  4826)  478 
0.52)09  091)1  02500  807 
0*52256  808)6  47694  8)0 

Ol 52204  57767  61016  048 

m 
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BUBtttllTABT  TBAWaCBNDlMTAL  FUWtfWOIIB 
IXPONENTUL  FIJNCnON 


T«ble4.4 


0.«50 
0.691 
0.652 
0.693 
0.694 

0,699 
0.696 
0.697 
0.690 
0.6^9 

0.660 
0.661 
0.662 
0.669 
0.664 

0.669 
0.666 
0.667 
0.668 
0.669 

0.^70 
0.671 
0.672 
0.673 
0.674 

0.679 
0.676 
0.677 
0.678 
0.679 

0.680 
0.681 
0.682 
0.683 
0.684 

o.a9 

0.686 
0.687 
0.688 
>689 

0.690 
0.691 
0.692 
0.693 
0.694 

0.699 
0.696 
n.697 
.  698 
0.699 

0.700 


I.919S4  08290  19896  070 
1.91749  73279  32661  108 
1.91937  97449  08919  867 
1.92129  60800  61070  883 
1.92321  83971  09468  067 


1.92914  29173  76362  630 
1*92706  86227  89934  997 
1.92899  66992  64290  740 
1.93092  6«[67  394^  496 
1.93289  89091  41411  902 

1.93479  2^  02031  922 
1.93672  Wm  98146  776 
1.93866  979ia  36917  879 
1.94060  94266  83841  774 
1.94294  70027  36794  070 


1.94449 
1.94641 
1.948)8 
1.99033 
1.99228 


09213  36830  982 
998i4  8mS  272 
33999  9<SI98  192 
27918  64961  432 
40601  08339  069 


1.99423  73206  39939  496 
29»4  01029  417 
97U)  SMOf  794 
88»M  6M97  630 
1.96206  99246  83108  314 

1.96403  29799  69847  187 
1.96999  79912  89^9  700 
1.96796  49726  07799  339 
1.96993  99218  90929  979 
1.97190  48411  08189  868 

1.97387  77322  30447  994 
1.97989  29972  30606  040 
1.97782  94380  83926  371 
1.97980  82967  66049  609 
1.98178  90952  96994  989 

1.98377  18399  37159  979 
1.98979  6^999  89326  220 
1.98774  33493  98g7  931 
1.98973  20869  90709  889 
1.99172  28142  39403  001 

1.99371  99932  43082  329 
1.99971  02499  66461  049 
1.99770  69944  00292  033 
1.99970  96609  41163  899 
2.00170  63663  879(»  948 

2.00370  90739  41179  193 

2.00971  37892  03M8  396 
2.00772  09021  80193  869 

2.00972  92268  77288  869 
2.01173  99613  03818  219 

2.01379  27074  70476  922 


41-1 

0.92204  97767  61016  048 
0.92192  99919  20197  930 
0.92100  27286  03334  394 
0.92048  19862  89283  277 
0.91996  17644  97261  823 

0.91944  20629  87048  196 
0.91892  28801  98940  364 
0.91M0  ^166  93799  974 
0.91788  60719  92831  438 
0.91736  84443  3^1  612 

0.91685  13344  91699  238 
0.91639  47414  9094  426 
0.91981  86648  3p94  140 
0.91930  31039  ^41  674 
0.91478  80984  56^6  146 

0.91427  39277  06631  974 
0.91379  99112  29998  969 
0.91324  60089  12918  798 
0.91273  90190,41890  916 
0.91222.09423  03924  002 

0.9U70  89777  86942  478 
0.91U9  71249  77781  383 
0.91068  61833  66187  869 
0.91017  97924  40820  271 
0.90966  98316  91247  632 

0.90919  64206  07949  197 
0.90864  79186  80313  718 
91294  00639  348 
0.90763  12402  1^  723 


0.90712  98627 


661 


0.90661  69923  69989  610 
06289  97309  142 


0.90611 


0.90960  47709  99«91  448 
0.90909  94188  86890  827 
0.90499  49719  93991  189 

0^90409  02299  74829  926 
0.90398  69913  06371  449 
0.90906  30966  24390  644 
0.90298  '*2290  29428  387 
0.90207  .9960  06773  097 


0.90197 
0.90107 
0.90097 
0.90007 
0.49997 


60690  66099  534 
47437  01448  899 
39194  11627  71i 
39996  99767  698 
37720  93^  971 


0.49907  44479 
0.49897  96229 
0.49807  72969 
0.49797  94682 
0.49708  21374 


89ii9  969 
91216  941 
72961  693 
32044  844 
70637  732 


0.49698  93037  91409  919 


142 


0.70(1 
0.701 
0.702 
0.703 
0.704 

0.709 
0.706 
0.707 
0.700 
O.709 

0.710 
0.7U 
0.712 
0.713 
0.714 

0.71S 
0.716 
0.717 
0.710 
0.719 

0.720 
0.721 
0.722 
0.72} 
0.724 

0.725 
0.726 
0.727 
0.720 
0.729 

0.730 
0.731 
0.732 
0.733 
0.734 

0.735 
0.736 
0.737 
0.7)0 
0.739 

0.740 
0.741 
0.742 
0.743 
0.744 

0.745 
0.746 
0.747 
0.740 
0.749 

0.750 


BLnaMTAIlt  TRANBCBNDENTAL  FUNCTIONS 
EXPONENTIAL  FUNCTION 


2.01375  27074  7047i  522 
2.01574.74673  90010  100 
2.01770  42430  77179  065 
2.01900  30365  40759  247 
2.02102  30490  23544  296 

2.02304  66049  21347  653 
2.02507  19430  60004  506 
2.02709  04206  |»}74  210 
2.02992  73414  n341  $11 
2.03195  02040  44019  374 

2.03399  12506  46710  612 
2.03602  62672  40109  996 
2.03806  33110  99906  200 
2.04010  23949  43104  200 
2.04214  39173  29026  022 


2.044U  66ttt  90996  073 
2.04M3  ions  74n9  991 
2.m7  91467  23984  003 
2.09^2  84909»91146  049 
2. 0S23r  900^^7929  226 


2.09443  92100  43007  743 
2.09640  80714  13p0  106 
2.09894  61086  72211  297 
2.06060  97644  77194  626 
2.06266  74008  88034  109 

2.06473  10999  66406  929 
2.06679  60637  76210  896 
2.06886  46943  82971  273 
2.07093  49930  94990  430 
2.07300  65642  60992  036 

2.07900  06076  74122  645 
2.07715  67261  60033  052 
2.07923  49210  10844  323 
2.08131  51967  04749  082 
2.00339  75529  06025  509 

2.0b540  199251)9027  019 
2.08756  05179  06196  344 
2.00965  71302  36056  419 
2.09174  70325  43220  060 
2.09304  06269  90392  173 

2.09993  ^5144  94364  563 
2.09003  24903  26026  109 
2.10013  15001  90360  016 
2.10223  27621  06450  725 
2.10433  60464  19470  007 

2.10644  14349  80727  065 
2.10054  09299  87986  641 
2.11065  09339  43991  917 
2.11277  02477  90226  625 
2.11400  40747  43325  155 

2.11700  00166  12674  669 


0.49650 
0.49600 
0.49559 
0.49509 
0.49460 

0.494M 
0.49M1 
0.49312 
0.49262 
0.49213 


53037 
09666 
31256 
77002 
29299 

05742 
47126 
13446 
04690 

cM75 


91409  515 
97526  471 
92651  465 
00943  451 
67036  976 

56141  605 
53041  026 
66295  756 
00139  445 
62405  907 


0.49164  41974  60965  102 
0.49115  27990  03602  649 
0.49066  10916  99240  129 
0.49017  14750  96730  197 
0.40968  19489  89736  169 

0.48919  2i:l7  96331  934 
0.40070  31641  99079  460 
0.40821  47093  09032  312 
0.40772  67346  29731  193 
0.40723  92916  73209  263 

0.40679  22999  99971  690 
0.40626  97469  99034  960 
0.40577  97243  03004  990 
0.  40529  ^1873  88500  207 
0.40400  91357  67343  253 

0.40432  45609  95362  467 
0.40304  04064  67990  997 
0.40339  60878  21146  315 
0.40207  37725  31229  734 
0.40239  11401  15125  923 

0.40190  09900  90202  427 
0.40142  73219  74309  100 
0.40094  61352  05770  027 
0.48046  54295  43422  238 
0.47990  52042  66536  031 

0.47950  54909  74094  090 
0.47902  61931  88751  002 
0.47894  74064  20041  102 
0.47006  90902  16377  989 
0.4n99  12680  73052  052 

0.47711  39155  21034  300 
0.47663  70400  82972  004 
0.47616  06412  81989  423 
0.47560  47106  41607  003 
0.47520  92716  86144  466 

0.47473  42999  39912  416 
0.47429  90029  20019  067 
0.47370  97001  79H9  767 
0.47331  22312  09739  326 
0.47203  91555  55779  5^ 

0.47236  65527  41014  707 


U3 


ILTiA 

0.7S1 

Q.7M 

<I.7S9 

0.7S4 

0. 7SS 

0.756 

C.757 

••  -   v  * 

0.798 

0.7S9 

0.7A0 

0.761 

0.762 

0.769 

0.764 

■I:'.'.  ■ 

0.766 

0.767 

0.768 

0.769 

V-  .  ■  ■ 

0  770 

0.771 

■  ■ 

0.772 

0.779 

0.774 

(L  774 

0.776 

:'\ 

0.778 

0.779 

A  7Mi 

0.761 

0.789 

0.784 

0  7fl4 

V.  f«9 

0.766 

0,787 

0.788 

0.789 

A.  YOA 

0.791 

0.792 

0.799 

0.794 

0.79S 

0.796 

0.797 

0.798 

0.799 

0.800 

! 


2.11700  00166  laftTi  669 

-  

2.129M,0S526 


82ailP  212 
090 


2.11911  107! 
2.12129  a2SM 


2.12948  49788  89191*190 

2. 12761  19299  99298  098 
2.12974  01990  9n09A69 
2.19187  10044  69289  749 
2.19400  99417  NM9  946 
2.19619  90190  9il41  799 

2.19827  62204  96818  602 
2.14041  99663  11894  192 
2.14299  7Ma9  42714  282 
2.14470  06810  90769  901 
2. 14684  64S44-19676  079 

2.14899  49746  99220  179 
2.19U4  44498  89918  010 
2.19929  66642  60098  999 
2.19949  10979  916^1  678 
2.19760  79670  94989  916 


2.19976-62997 
2.16192  71002 
2.16409  01087 
2.16629  92812 
2.16842  26199 


84919  008 
81877  866 
06121  167 
20699  914 
90647  604 


2.17099  21271  89442  986 
2.17276  98049  68549  294 
2.17499  76999  17694  114 
2.17711  96810  049S9  757 
2.17929  18896.09947  MO 


2.18147  22694  98281  117 
2.18969  48288  69901  691 
2.18989  99798  89819  099 
2.18882  65087  49882  949 


2.19101  96296  904|49  070 


2.19240  69407 
2.19460  04442 
2.19679  61429 
2.19899  40972 
2.20119  41911 


99219  744 
42911  892 
99299  086 
99889  740 
60792  909 


2.20999  64262  99996  699 
2.20960  09247  47790  288 
2.20780  76288  40692  465 
2.21801  ^97  41947  466 
2.21222  76626  98787  977 

2.21444  09968  04074  299 
2.2160  69^  Mi42  961 
2.21887  49106  99740  996 
2.22109  42947  9149<  890 
2.22991  64999  6966k»  607 

2.22994  09284  ?2467  609 


0.47296  69927 
0.47189  44222 
0.47142  2769r 
0.47099  ^9766 
0.470jir  08604 

6.4700^  06147 
0.46994  08990 
0.46907  19928 
0.46860  26958 
0.46819  49279 


O'able  4.4 


41014  707 
92841  982 
99190  879  /' 
08222  m/ 
28990  5^ 

90997  469 
42799  274 
99998  749 
20690  211 
480M  549 


0.46766  64270  09909  294 
0.46719  89949  98187  907 
0.46679  20288  69494  892 
0.46626  99901  24879  997 
0.46979  94976  49828  242 

0.46999  99909  74919  9^ 
0.46486  88296  92768  29/ 
.0.46440  41991  60091  979 
0.46994  00210  91646  708 
0.46947  69129  69261  998 


11228  079 

7a 


0.46901  90689  . 
0.46299  02866  t2991  444 
0.46208  79679  89700  094 
0.46162  61105  89104  714 
0.46116  47192  08698  446 


0.46070  97809  98969  818 
0.46024  99074  99092  980 
0.49978  92942  90969  189 
0.49992  97407  91970  944 
0.49886  46469  99994  927 

0.49840  60119  09229  949 
0.49794  78944  20942  069 


0.49749  ggj 


111 


0.49709  28940  97^ 
0.49697  60496  J^9914  727 

0.4Mg  97PI7  89i9f  296 


0.49966  98100  67709  540 
0*49920  09740  1|61|  8H 

S92 


0.49479  99991  67940 
0.49429  88670  79699 


0.49984  47992  82999  822 
0.49999  lin9  99849  219 
0.49299  80127  76997  724 
0.49248  99011  97916  794 
0.49209  90420  29414  649 


297 


0.49198  12949  22! 
0.49112  98794  09«_  ^ 
0.49067  M790  19409  Ml 
0.49022  89219  02789  227 
0.44977  89178  20727  798 

0.44992  89641  17221  991 


ERIC 


144 


•■.,,/t.-v-.,r,,,^^^|_ 

•    •    •  :.--:t^, 
■  1 


Table  4.4 


ILBMBHTABT  nUNBOBNDBiaML  FDMOnONa 
EXFONBNTUL  FUNCTION 


0.800 
0.801 
0.802 
0.805 
0.804 

0.805 
0.80« 
0.807 
0.800 
0.809 

0.810 
0.811 
0.812 
0.819 
0.814 

0.819 
0.816 
0.817 
0.818 
0.819 

0.820 
0.821 
0.822 
0.829 
0.824 

0.82S 
0.826 
0.827 
0.828 
0.829 

0.890 
0.891 
0.692 
0.899 
0.894 

0.89S 
0.896 
0.897 
0.898 
0.899 

0.840 
0.841 
0.842 
0.849 
0.844 

0.849 

0.046 

0.847 

0.848. 

0.849 

0.890 


2.22554  09284  92467  605 
2.22776  75825  62440  556 
2.22999  64644  00181  717 
2.29222  75762  94579  111 
2.29446  09202  96726  759 


2.29669  64988 
2.29899  49140 
2.24117  49681 
2.24941  66695 
2.24566  }2022 


19986  909 
99992  270 
94978  249 
29979  186 
69290  599 


v2. 24790  79866  76471  419 
2^25015  7Mi9  91886  242 
2.8240  89014  64507  569 
2.28466  18969  ^45M8  061 
2.25691  7625|;m2  788 

2^25917  56729  49701  480 
2.26149  89779  86510  786 
2.26969  05450  59486  592 
2.26596  99758  91195  979 
2.26829  04725  66670  087 


2.27049  98975 
2.27277  14729 
2.27504  59812 
2.27792  15645 
2.27960  00251 


92405  781 
98968  215 
95999  046 
19108  700 
24198  650 


2.28188  07659  29909  690 
2.28416  97874  15424  217 

2.29102  65678  0U64  589 


2.29991 
2.29561 


87402  64182  888 


  91060  461H  907 

2.29790  99674  4147$  599 
2.90020  90267  46985  559 
2.90251  098^2  61709  945 

2.90481  40482  87012  474 
2.90712  00151  26555  958 
2.90942  82890  86905  628 
2.91179  88724  74597  497 
2.n405  17676  01894  966 

2.91696  69767  81091  794 
2.91868  45029  27518  919 
2.92100  49465  98641  644 
2.92992  65117  94904  951 
2.92565  10009  56672  462 

2.92797  78145  70294  794 
2.99090  69967  61809  579 
2.99269  84292  60527  970 
2.99497  M949  97872  812 
2.99790  89745  07647  299 

2.99964  689X9  29990  997 


0.44992  ^641  17221  591 
0.44887  98597  42716  986 
0.44849  12042  48109  590 
0.44798  29971  84749  691 
0.44759  52981  04412  969 

0.44708  79265  59956  447 
0.44664  10621  02264  940 
0.44619  46442  86271  936 
0.44574  86726  64960  242 
0.44590  91467  92950  798 


0.44485 
0^44441 
0.44996 
0.44952 
0.44908 


80662  22941  194 
94905  11626  826 
92992  19780  069 
54918  85209  512 
21880  82167  806 


0.44269  99279 
0.44219  69692 
0.44175  49999 
0.44191  99992 
4).44087  29064 


61951 
79898 


106 
654 
95992  992 
65856  218 
49756  146 


0.44049  16545  05999  269 
0.49999  14429  99999  580 
0.49955  16714  79947  574 
0.49911  29995  04469  662 
0.49867  94466  47967  847 


0.49829  49924  64949  297 
0.49779  69765  16959  6U 
0.49795  99989  65982  985 
49692  22575  74441  171 
49648  55597  05199  942 


0.49604  92869  21595  899 
0.49561  94549  87200  802 
0.49517  80592  6i956  699 
0.49474  90987  29608  428 
0.49490  85729  29995  109 

0.49987  44814  12990  906 
0.49944  08298  16504  299 
0.49900  75996  40877  6l6 
0.49257  48084  ^86  664 
0.49214  24498  79740  299 


0.49171  05294 
0.49127  90286 
0.49084  79652 
0.49041  79926 
0.42998  71904 

0.42995  79582 
0.42912  80155 
0.42869  91020 
0.42827  06172 
0.42704  29606 


29079  699 
88978  558 
27942  052 
14906  679 
19299  788 

10799  148 
99692  516 
96577  204 
12659  654 
99999  005 


0.42741  49919  48726  670 
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Table  4.4 


0.850 
0.851 
0.852 
0.859 
0.854 

0.855 
0.M* 
0.857 
0.858 
0.859 

0.8M 
0.8M 
0.862 
0.865 
0.864 

0.865 
0,866 
.A.  867 
0.868 
0.869 

0.870 
0.871 
0.872 
0.875 
0.874 

0.875 
0.876 
8.877 
0.878 
0.879 

0.880 
0.881 
0.882 

o,m 

0.884 

0.885> 
0.886\ 
0.887  \ 
0.888  I 
0. 


0.890 

0.891 

0.892 

0.895/ 

0.894 

0.895 
0.896 
0.897 
0.898 
0.899 

0.900 


2«)5964\68519  25990  957 
2.54198  X6689  91581  958 
2.54455  Ott8Q  44656  295 
2.54667  65|l4  28914  459 
2.94902  41814  89719  607 

2.95157  49805\74901  997 
2.55572  69510  94660  911 
V  2.55608  18992  21547  002 
^2.95849  90954  90464  656 
2.96079  87141  986M  996 

2.96916  06997  09794 
2.96592  90969  79806 
2.96769  17449  67090 
2.97026  0820ft  922^  .  ^ 
2.97269  22669  98442  400^ 

2.97900  60899  17111  999 

2.98214  18024  97978  010 
2.98492  91997  28468  126 


2.98691  00999 
2.98929  89982 
2.99168  94922 
2.99408  29979 
2.99647  76177 


24276  682 
91149  671 
97171  999 
92849  872 
11069  184 


2.99887  92999  67097  919 
2.40127  99690  98624  918 
2.40967  78499  09720  927 
2.40600  272»  90061  947 
2.40049  00X17  90929  666 

2.41009  970M  17209  091 
2.41991  10119  79^  961 
2.41972  69900  49997  996 
2.41014  92694  42990  700 
2.42096  26101  02990  419 

2.42299  49914  09990  019 
2.42940  mh  79U9  010 
2.42709  92094  69969  911 
2.49026  42990.01980  999 
2.49269  97907  97656  799 


2.49912 
2.49796 
2.44000 
2.44244 
2.44400 

2.44799 
2.44970 
2.49229 
2.49460 
2.49714 


96912  09074  927 
99909  11946  472 
47041  00220  460 
40092  99401  002 
96769  92996  194 

97094  62911  060 
49499  27699  994 
99909  77961  209 
00200  69026  949 
47974  97916  904 


2.49960  91111  96949  664 


0.42741 
0.42696 
0.42696 
0.42619 
0.42970 

0.42928 
0.42469 
0.42449 
0.42400 
0.42996 


49919  48726 
77906  99029 
09565  45091 
46085  98148 
66669  65650 


670 
901 

Sr 


51910  82274  125 
81204  61924  574 
94746  99790  899 
92999  71047  281 
94960  91652  979 


81 


0.42916-20829  17740 
0.42279  91917  4S  ^ 
0.42291  66099  19949  040 
0.42109  44909  979M,949 
0.42147  20147  799ir 


0.4a09  19926  27921 
0.42069  07119  90912  49 
0.42021  02910  64090  296 
0.41979  02900  00114  294 
0.41997  07109  42909  969 

0.41099  19492  47690  909 
0.41099  20071  04990  162 
0.41011  44094  99919  924 
0.41769  69779  97990  tt2 
0.41727  90901  90691  126 

0.4160ft  20196  70900  409 
0.41644  99660  20990  OH 
0.41602  91200  07692  919 
0.41961  99076  24000  400 
0.41919  79020  99066  960 

0.41470  29116  01901  967 
0.41496  09960  92242  420 
0.41999  41740  71274  097 
0.41994  04276  04919  140 
0.419U  70990  70210  290 

0.41271  41792  79049  666 
0.^90  16699  94000  799 
0.41100  99690  10027  999 
0.41147  70061  17170  960 
0.41106  66199,01499  949 

0.41069  97927  92949  480 
0.41024  99022  99044  001 
0.40909  92620  11070  999 
0.40942  9ft919  90410  002 
0.40901  64106  11406  922 

0.40860  79906  40040  490 
0.40019  91992  mQ  6» 
0.40779  12001  14m  207 
0.40790  96127  41769  026 
0.40697  64927  92940  199 

0.40656  96597  40599  112 
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0.900  2. 4S960  5UU  M949  664  0.40696  96597  40S99  lU 

0^901  2.46206  39444  7W9I  M8  0. 40616  M9S2  97943  710  1 

0^902  2.46452  72998  66997  08)  0.40575  73590  18615  453  m 

.     0^903  2.46699  29997  80940  863  '  0440939  1^784  96654  028 

*     q|904  2.46946  12266  88490  006  0;  40494  66293  26904  879  ;^ 

0.905  2.47199  19230  97471  626  0.40454  18851  09018  802  M 

0^906  2.47440  50913  98982  298  .  0.40413  79494  21491  540 

'         0^907  2.47688  07340  64990  529  0.40373  36098  77463  377  '^1 

0  908  2.47999  88996  91.199  292  0.40999  00780  67118  796  m 

0.909  2.48189  94929  98748  200  0.4^  69499  86885  779 

0.910  2.48492  25999  M6  587  0.40252  42240  99695  975 

o!911  2.48680  80984  ^29  986    .  0^40212  19010  04649  799  M 

0!912  2.48929  61904  10799  912^  0.40171  99800  97986  047  >! 

0  919  2.49178  66916  24212  291  0.40191  84609  10941  919  -m 

0^914  2.49427  97246  24919  942  0.40091  79490  41992  196 

0.915  2.496n  52919  04888  079  0.40091  66260  90818  809  L1 

0.916  2.19927  92799  60692  177  0.4001149096  96904  990 

0.917  2.50177  97992  89900  519  0.99971  69999  98U4  089  --M 

0.918  2.50427  68249  99156  620  0.99991  68767  96989  877 

01919  2.50678  19597  79449  810  0.99891  77994  51999  677  v 

0.920  2.90«l29  09899  96297  ^71               '  0.99891  90410  84914  179  M 

a  921  2.91180  09999  89748  977  ^^fS&VW^S^^ 

0.922  2.91491  99926  44944  189  0.99772  27999  09994  169  M 

£929  2.916^  99642  19141  971  0.99792  92799  04994  021  4| 

o!924  2.91994  76526  11719  709  0.99692  81488  29882  492 

0.929  2.52186  82609  58147  991  0.99659  14190  74^92  866 

£926  2.52499  19899  79052  794  0.99619  50898  59999  960 

0^927  2.92691  70499  79997  996  0.$!!^' S!l 

0  928  2.92944  92249  09917  699  0.99994  96074  26099  890 

£929  2.99197  99992  72919  022  0.99494  84614  24609  911 


0.990  2.99490  91776  17894  680  .      0.99499  97109  71601  190 

£931  2.59704  49944  72589  166  0.99419  9M98,72941 199 

£932  2.93998  32689  724n  944  <>*)^76  99919  92469  987 

0  939  2. 94212  41218  99897  927  0. 99997  18229  98^  m 

01994  2.94466  79174  69568  010  0.99297  86477  ^429  996 


0.935  2.54721  94577  99007  611  0.99298  98M9  91918  973 

£936  2.94976  19492  28117  220  0.39219  34^8  9»04  997 

0  937  2. 99231  29824  79984  997  0. 99180  14784  490W  198 


0  938  ,  2.994|6  69720  49847  026  ^'^'^  ISUS  ^SS^  fS 

£939  2.99742  27164  79094  464  0.99101  86989  72918  221 

0.940       *  2.95998  14189  29271  496  0.99062  78993  98521  102 

£941  2.56294  26801  69080  189  0.99029  74027  71991  894 

£  942  2. 56910  69049  49782  999  0. 98984  79604  22897  977 

£943  2.96767  28940  29209  299  0.98949  77079  21196  971 

£944  2.97024  18911  87792  007  0.98906  84448  77236  941 

0. 94S  2. 57281  39785  88926  089  0. 98867  95709  01759  010 

£  946  2. 57998  74788  02513  161  0.        10896  09872  971 

£  947  2. 57796  41944  04393  691  0. 38790  29886  OlllO  696 

£948  2.96054  34079  70643  376  ,  0.38751  52794  99369  747 

'£949               ,  2*98312  52420  80516  117  0.38712  79579  12940  390 

0.990                \  2.98570  96593  15846  199  0.38674  10234  94501  207 
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0.990 

o.m 

0.991 
0.994 

0.999 
0.996 
0.997 
0.998 
0.999 

0«9M 
0^961 
0.962 
0.969 
0.964 

^969 
0(966 
0.967 
0.960 
0.969 

0.970 
0.971 
0.972 
0.979 
0.974 

0.979 
0.976 
0.977 
0.978 
0.979 


0.999 
0.996 
0.997 
0.998 
0.999 

1.000 


•  2.98170  90999  19046  199 
2.98119  A6622  61091  072 
2,99068  629)9  09199  898 
2.99)47  84)96  )1686, 1)9 
2.99607  mit  )8890  126 

2.99867  09819  19921  699 
2.60127  W9)2  70992  740 
2.60)87  )1248  9919)  828 
2.60647  8)00)  88696  799 
2.60908  6082)  62797  )66 


2.<ill69 
2.614)0 
2.61692 
2.61994 
2.62216 


M7)4  2)117  716 
94761  80169  1)6 
909)2  46914  992 
9)272  )8971  )7) 
41807  74979  688 


2.M478  76964  74979  291  ' 
2.^741  97969  62492  101 
2.6)004  24848  64)04  829 
2.6)267  )842iim61  989 
2i 6)9)0  789)4  27480  9)9 

2.6)79*4  44999  94192  9)2 
2.64098  972)2  29909  708 
2.64)22  96276  80798  198 
2.64987  0179)  61940  998 
2.64891  7)689  1)478  808 

2.69116  72109  026Ci6  682 
2.69)81  97042  19166  470 
2.6H47  4M12  79691  628 
2.69l)  2S48  07209  4)4 
2^79  3m*  7164)  642 

4.66449  6|419  29417  1)8 
2.66712  20)08  4)694  602 
2.66979  04868  80149  169 
2.67246  16127  07)49  099 
2.6791)  94109  96)80  44L 

2.67781  18844  21049  708 
2.68049  10)96  97826  947 
2.68)17  2867)  89862  418 
2.68989  79822  86989  272 
2.68894  498)0  49722  2)9 


2.69129 
2.69)92 
2.69662 
2.699)2 
2.70202 


4472)  49262  289 
70928  87498  962 
2)27)  9)01)  016 
02984  41079  142 
09688  49668  692 


2.70472  4)412 
2.7074)  04184 
2.71019.920)0 
2.71289  06977 
2.71996  4909) 


79492  181 
9)802  582 
18796  6)7 
4)219  799 
18966  687 


2.71828  18284  99049  2)9 

)  m 


0.)8674  102)4  94901  207 
0.986)9  44797  97117  707 
0.)8996  8914)  74242  140 
0.98998  29989  7971)  111 
O.)0919  71491  67799  194 

0.98481  21449  92978  949 
0^984^  79247  90)78  916 
0.90404  )289)  799)9  27) 
0.)8)69  94980  4961)  409 
0.98)27  9970)  71)61  960 


0.)8lt89 
0.)0291 
0.98212 
0.)8174 
0.)81)6 


28899  79112  02) 
01844  71780  )68 
78694  78669  061 
99286  19447  076 
4)7)4  94189  917 


0.98098  )1997  )9))7  2)) 
0.)8060  24069  67716  4)7 
0.  39m  19947  989)4  929 
0.97984  19628  91)78  697 
0.)7946  2)107  46217  974 

0.97908  )0)81  0))98  818 
0.)7870  41449  4)649  797 
0.978)2  56296  88076  798 
0.)7794  749)1  98169  094 
0.97796  97)49  79777  964 

D. 97719  2)9)9  6)196  91) 
0.)7681  9)497  42920  899 
0.)764)  87227  )8069  949 
0. 97606  24721  71969  147 
0.97968 '69976  68)67  899 

0.979)1  10988  91)99  9)9 
0.9749)  9979)  49961  990 
0.97496  12267  79729  791 
0.97418  68927  67196  142 
0.97)81  28929  49466  482 

0.97)4)  92269  )6660  918 
0.)7)06  99749  6711)  412 
0.)7269  )0948  6)971,  961 
0.)72)2  09880  9)199' 291 
0.97194  849)9  69)98  181 

0.97197  66910  22049  691 
0.97120  9)000  97499  187 
0.9708)  42802  98199  674 
0.97046  )6)1)  7)247  )62 
0.)7009  ))929  11961  296 

0.96972  )4449  44098  989 
0.96999  99098  99692  024 
0.96898  47966  09141  744 
0.96861  59)6)  0)418  822 
79046 


0.96824 


1)662  921 


0.)6787  94411  71442  3Z2 
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Table  4A  EXrONE^r^ia  FIWCIION 

a  '             .          0>        ^'  «-* 

0,0  1. 0^000 -OeoHo  OOOOO                1.MOOO  OOOOO  OOOOO  00000 

£i  i.iosi|onii7S4o          ihS?!!?  IfifS  22^  SISi 

0.  S  1. 94909  OOOn  tOOO)                 0. 7^  glQO  01717  0M07 

0.4  1.40101  46976  41270                 0.0K^  00460  99639  M074 


019  .       1.64072  12707  00120  06997  126|9  42960 

UmUl  MOO)  901(19   

0. 49650 '59097  91409  91< 

 ,    lO 

0.9  2.49960  91111  96990  0.40696  96997  40999  lUOl 


0.6      >  1*  02211  00009  90909  0.94001  16960  94026  4S269 

S7  2.01979  27074  704il7    ?158?  S5!5 

0.0  2.22994  09204  92460  9*  44992  09641  I72n  99149 


0.M707  94411  714« '92160 
0.99207  10096  99079  99929 


1.0    .  2.71029  10204  99049 

9.00416  6W99  46499  a  i^*^  *™ 

L2  9.92011  ml  96947  0.90119  42119  12202  09664 

1.9  9.66929  M676  19244  0.27299  17990  94012  60912 

1. 4  tmif  99660  44679  0. 24689  09699  41606  47694 

1.9  4. 40l<i0  90709  99069  S*H?I1  S!^ 

4.^9  2349  99119  0.2Mf9  W179  94^ 

1.7  9.47994  71917  27290  0.1K60  99240  92794  ^ 

LO  6.04904  74644  12946  9-1^         21906  |m 


2.0  7.91909  10919  90690  ^mkm^VmrnM 


2  1  Cittii  99119  im  0-l»^         9i9ll  #1022 

2.2  ^.SmurnVm  o.ii«o  imi  vm  mm 

2.9  9.97410  24940  14721,  0. 1P@  II4|7  gij|7?979 

2. 4  11. 02117  69006  0*  0W71  79992  094U  90330 


2. 9  12. 10249  99607  09479  ^W^^  22SZ 

2.6  19»4M^  0M90  MOM  0^07^  »m  1099  00049 

2.7  14.07979  in40  72034  S>S$H?         ^f!  2$32 

9.2  24.99291  01971  09949  0.04076  22039  70366  21917 

l\  8^  &^7  ^vs&  m 

V,  \  49:4844^  3^4  0.020i4  19114  49004  90047 

4.0    *  94.99019  00^1  44239  M^fSl  I! 

4*1  40.94Pom79  61969  Sil^  |j 

4.2  66.68639  10409  29142  9*^499  99760  20477  K 


4.3  73.09m  109^  ?§797  M\mf^m».WA 


4.4  01:49006  06649  68117  0.01227  73399  ^44110 

4.5  90.01713  13009  21014  .    ^S^UO  09969  3tt0  30MO 

4.6  99.40431  96419  33009  0.M009  10997  44633  9064 

4. 7  109. 94717  ^1  23499  0.  Mg09  92771  01M|  Mm 
4.0  121.$1041  79107  34001  0.^  !Z22S  !^  WSi 
4.9  134.28977  96849  99409  0.00744  69030  70M4  34092 


9. 0  140. 41319  91029  76603  8. 00673  79469  99009  46710 

Flmn  C.  E.  Via  OMlnuM,  llBlit  «l  ttt  ttpoiimlU  (knetteo  tnd  of  the  drailir  iIm  and  eoilM 
to  fidiaa  •i|iiiMnti,M«iN(n  fli  tl»  Nitknal  Aendny  «f  SdtfMM^  vd.  li  ttfth  Mmofr.  UA 
GomniMiit  Priiitii«  Oflbt.  Weihtoolon,  0.0, 1981  (with  pmWoii)  for  «-',  sia4. 
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S.0  14«.41»S  nm  77  0.00«7S  mtft  9908S  4^10 


^1       '&^m'i  mmmm 


9.9 


M  aaTioM  «iMi  i7  o^oMsi  ^  4>6it  mtw 

i44.Mma}Mt3o    .  ^SS!!!  iZHS 

Sla  SM.199M  99096  49  O.00)tt  75947  4M79  01479 

fc9  169.09746  70699  19  ^    0.00179  94440  10760  9«9a9 

6.0  409.48079  94907  »  ^^tVMI^^ 

£l  449.09777  00019  p  5»SSJ!         5?2S  SSS 

6^2  492.74904  10992  56  ;  ^^^1SS^^SSitSS& 

ty  944.97191  01899  89  0.001W  69047  ^0  906g 

6^4  60L  04909  70720  08  0.00166  19972  79179  99490. 

6.9  669. ljU69  90449  68  ,  S'SSJSS  2!!2i  HflZ  S^S 

1 6  799. 09910  98419  79  ^  0,00196  09600  97947  m42 

6^  7  018.  mm  91679  49  OrOMU  09119  M679 

'  097.04^  16504  10  0.00111  97791  47044  009W 

ti  998187471  SSo  86  0.00100  77094  89040  91076 

7.0                )    1096.69919  04804  59  ^SSSSI  IHlS  £1^1 

Si  1811.96707  44989  77  2'522!!  !8j2  !H8  2S22 

7^8  1999.  W76  43944  10  .    8»252!!  Sls!  Sl?8  fflS 

7*9  1400,89998  7M49  45  0.00067  99107  79199  04484 

7I4  1699.90448  9$»9  27  0.00061  12987  61129  97296 

7.S  1000r04241  44960  49  -0.00055  90049  70147  09990 

7  6  19%199a9  91041  10  i^W&l^H  US&W 

7  7  2200.94799  10072  09  S*SSS!S iSH  Wt 

ie  2440,60197  76844  99  S'SSSI  22252  Si!  ZSU' 

7I9  2697. 2W98  08609  09    .  0.00097  07495  40499  00097 

8.0  "  2900.45790  70417  80       "     A  2*22222  2f2S}  2QS  2118 

£1  9894.46007  98890  41  ^  0.00090  99991  90070  06666 

£8  9640.SM0  79»9  55  ^  2221!  2l?S  SSfZI  1^^ 

£9  4089.07299  9M29  10  0.00M4  OllM  87107  9^ 

1 4  4447. 06674  tSmO  96  0. 00088  40679  84170  04087 


ti  H^Omi  tISo  n  O.OO0I6  uPo  10M7  69941 

ll  SKIiSi  mn  »  2-222}l  S22!  1^  SSS 

rS  799L  97999  91599  99  0.00019  69009  86408  01149 


9.0  0109.00992  79799  04  2'22%J         2ifiS  ^HS 

9  1  0995.89870  94089  18  2*22SM2s!  2!!!! 

Jll  9097.12909  07499  16  2*22^  }^  2}2i2  S% 

9:5  lOWI.  ttW5'  9MI  M  0.flOOW  vm  9lg0  IWM 

9^4  12000,90079  08169  04  0.00000  27840  69596  69286 


19999.72608  96610  72  0.00007  40510  89007  70059 


it.»  aaM*.4t}N  4M67  IT  «.o(MM  itm  mu  ***» 
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EXPOffUffUL  fVNCnON 


0)1*  DOOM  QMM  QOOM  000 

0)  2. 7m  Itm  59045  895 

1)  8.  Om  MM)  tSm  774 

1)  S.4»9tl  50055  14485  900 

2)  1.40415  15910  857M  054 
14. 05481  79549  I7|n  880 


4)  8.80804  15794  00071  058 

5)  1.68n4  79141  90059  200 

5)  4.13415  59800  OMOS  055 

6)  1.80800  48041  04770  770 


6)5. 


M  78110  059 
OS  07078  657 
8.41849  58755  57589  081 
0.56599  09157  55051  114 
1.70488  50096  51fra  600 


0)4.05105 

^9.|4480 
10)8.64091  88189 

10)7.80040  99557 
11  UHm  60948 

11  5.58040  ^ 

12  1.4405  70648 
12  5.95155  48971 


97908  700 
0|814  097 

04547  889 

167 
91475  174 
44048  074 


15)1.06064  74501 
15)8.90400  49665 

15)7.09089  mn 

14)8.14645  57970 


58446  815 
84748  583 
60069  516 
59160  646 
14)5.05461  74858  74540  014 


15)1.50601  54585 

15)  4.  >H85  15471 

16)  1.17191  48578 
16)S.1»59  51757 
16)8.65954  00425 


15450  780 
15195  887 
00261  151 
11575  688 
99574  695 


8.55505  86605  70199  054 
6.59045  49555  00549  492 
1.75927  49415  80501  047 
4.78705  94602  29546  561 
L 20516  00114  55950  020 

5.49542  71057  40509  555 
9.49611  94206  02440  075 
2.50151  20061  90067  596 
7.01675  59120  97651  759 
1.90754  65724.95099  691 


(21)5. 10170  55205  07072  464 


-2 


0)1.00000  00000  00000  000 
''5.67079  44117  14425  216 
L  55555  20525  6M26  919 
4.97070  60567  0094  290 
li 05156  50000  75410  029 


6.75794  69990  05467  097 
8.47075  81766  66550  485 
9.11001  905H  45168  000 
5.55468  68790  85110  500 
1.85409  80400  66795  495 


>790  84565  951 
»555  80809  759 


5)4.55999  89768  40405  154 
1.67017  007, 
6.14481  855j 
^  8.86098  94069  ,011 
-  7)0.51580  71910 '55670 

-7}5.M908  58050  108» 

-7)i.m55  17471  jmi. 

4,15995  77187  05166 
1.58899  79744  71868  . 
5.60279  64575  57867  540 

2.06115  56»4  50557  020 
7.SttS6  04m  11906  780 
2.70946  00920  60984  000 
L02M0  79651  7M09  050 
5.77515  45442  i(9097  752 

1.50079  45064  ^408  M9 
^IS!M  90800  ^4  780 
Unm  00169: 59005  895 
6.91440  «1069  4ttM  009 
2,54566  56475  769U  910 

(-14)9.5»768  89680  40174  605 
-14)3^44847  71p4  69976  450 
-14)1.86641  65549  09417  578 
-1^,4.05000  61451  0^7  504 
1-15)1.  n990  14511^8018  966 

1^  50011  67601  46909  506 

9.15915  87980  4fi^  689 
1. 15488  84175  01570  599 


I 


-10)4.84095 
-lOj  1.56800 

•40)  7.70115 


1-80)8.06251 
-20)1.05906 
-21)9.07999 
-41)1.42516 
-22)5.84200 


42552  91500  995 
21095  54900  760 
22642  95559  007 
10575  91000  407 
28411  55796  516 

05005  49999  641 
17957  55901  890 
76886  07107  119 
40087  40995  106 
56655  69469  997 


(•22)1.92074  90479  69917  709 
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EXrONBfllAL  PUNCnON  Table 


90  ' 

SI 

9t 

n 

M 

ss 

M 
99 

M 

tt 
«t> 
4} 
M 

69 
M 
67 
66 
69 

79 
71 
72 
7S 
74 

79 
76 
77 
79 

79 

90 
91 
91 
99 
94 

•9 
96 

97 
99 

99 

90 
91 
92 
99 
94 

99 
96 
97 
99 
99 

100 

flDr|s|>lQOi 


9.11479  99299  97972  464 
1.40994  99M4  26999  796 
X  99109  90007  4&76  949 
1.04197  994)9  02909  790 
2.09079  99092  74699  900 

(29)7.69470  92991  42917  190 
(.24)2.0910  94960  12996  194 
:4)9.60971  99999  99992  229 
2»; I* 94999  09999  90109  990 
29)4.20121  040)7  90914  299 


1.14290  79090  19604  204 
1.10429  79997  01919  909 
0.49099  66607  41494  409 
2.29170  )19f4  69699  979 
"9914 


i 


6.23 


90000  11616  00) 


1.69400  92444  1999)  714 
9710  66)4)  91291  94) 
92)6  91700  4221)  701 
9.40427  60499  91740  921 
29)70  17299  07707 


[90)2.91949  06709  19167  006 
90)6.0)767  12297  6274)  067 
)1)L  09067  17492  04127  900 
)1)9.0»99  96)02  76104  199 

I)2)l.97))0  29799  40176  100 

)2)).7))24  19967  99001  640 
))  1.01490  09001  1)000  720 
))  2.79991  )4949  2)170  206 
))  7.49941  69969  90120  4)9 
)4)  2. 0)020  10669  U660  767 


)6! 

f 

)o: 

)0 


9.94062,2)04)  9)910  09) 
1.90609  7)149  090)0  949 
4.09)99  69621  27494  697 
1.11296  97947  91799  412 
9.02907  7)222  91^42  ))0 

0.22)01  27146  2291)  910 
2.2)M4  660)7  )4719  047 
6.07609  02290  96072  190 
1.6916)  62949  94001  096 
4.40961  29191  74)49  246 


)9} 1.22040  9294)  17040  002 
)9  ).)1740  0090)  )9742  626 
)9  9.01762  94090  94290  9)1 
40  2.49124  99429  20099  796 
40)6.66)17  62164  10999  6)4 


42 


1.0112)  90029  0902)  202 
4.92)49  62060  12090  400 
1.9969)  47192  04269  900 
9.6)797  09476  06604  979 
9.66909  0)19)  46946  771 


-22! 
-4) 

-24 


L 92674  96479  6)917  76) 
7.09947  41622  04704  1)9 
2.61027  90696  67704  909 
9.60260  00949  00676  0)0 
9.5)262  09722  00007  0)0 


-44)1.29990  14290  0790)  074 
-99)4.70069  260)6  69469  061 
-29)1.79879  22024  24)11  649 
-26)6.4702)  49296  49460  926 
-26)2.)0026  64066  94400  606 


16.79691 
9.221)4 
1.10906 
4.)9961 
1.60)01 

)  9. 90009 
2.17092 
7.90490 
2.9)740 
1. 


07626  96920  ))0 
02699  92916  069 
46642  9)961  006 

  69060  974 

406)7  699 


/ 


9.90016 
1.97929 
7.20129 


8419  97061  )91 
11)  0)S9  412 
42496  06970  606 
2|ll7  10602  947 
^77  07270  499 

97)99  00646  000 
62272  912)0  947 
61600  211)0  414 
90779  46904  994 
0170)  2164)  0)4 


(-4))2.6706)  69610 
-94)9.09419  46061 
-94)).  62914  09191 
-94) l.)))61  40199 

(-99)4.9060^47)06 

11.00409  1)079 
6.69967  71999 
.   J2. 44260  07977 
-97)6.90962  99440 
[-)7)).)O970  06267 

[-)7)  1.21609  92992 
-96)4.47)77  99661 
-96)1.64991  14910 
-99)6.09460  10994 
-)9)2.227M  )S617 


06077  944 
11296  029 
4)999  224 
02261  941 
49260  966 

49419  172 
607)4  401 
40927  679 
49)60  670 
607)4  290 

92629  964 
01120  7)9 
0227)  691 
01169  669 
99749  7)9 


-40 


-41 

-4l! 

-42! 

-4) 
-49 


6.19401  262)9.90919  4)0 
X 01440  67690  69)74  99) 
1.1069)  9019)  121)6  979 
4.07999  66671  77960  196 
1.90070  97627  07)94  666 


S. 92106  22770 
2.0)109  26627 
7.47197  2997) 
2.74676  90079 
1.01122  14926 


269)2  7)2 
)4810  926 
42990  161 
10214  9)0 
10446  9)0 


(4))2. 66611  71416  161)9  446 
II. 


(-44)9.72007  99760  206)9  969 


\ 
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Talile  4.S 


KLBMEMTART  TRANSCENDENTAL  FUNCTIONS 

RADIX  TABLE  OF  THE  EXPONENTIAL  FUNCTION 


10 
10 
10 
10 
10 
10 
10 
10 
10 

9 
9 
9 
9 
9 
9 
9 
9 
9 

8 
8 
8 
8 
8 
8 
8 
8 
8 


1«  00000 
1. 00000 
1. 00000 
1. 00000 
Iv^OOO 

Looiroo 

1. 00000 
1.00000 
1. 00000 

1. 00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 
1.  00000 

1. 00000 
1.  00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 
1. 00000 
X.  00000 
1. 00000 

1. 00000 
1. 00000 
1. 00000 
1.  00000 
1. 00000 
1. 00000 
1.  00000 
1.  00000 
1. 00000 


00001 
00002 
00003 
00004 
00005 
00006 
00007 
00008 
00009 

00010 
00020 
00030 
00040 

oooso 

00060 
00070 
00080 
00090 

00100 
00200 
00300 
00400 
00500 
00600 
00700 
00800 
00900 

01000 
0 

03  . 
04000 
05000 
06000 
07000 
08000 
09000 


00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 

00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
OOOQO 

00000 
00000 
00000 
00000 
00001 
00001 
00002 
00003 
00004 

00005 
00020 
00045 
0080 
-_J5 
00180 
00245 
00320 
00405 


00000 
00002 
00004 
00008 
00012 
00018 
00024 
00032 
00040 

00050 
00200 
00450 
00800 
01250 
01800 
02450 
03200 
04050 

05000 
20000 
45000 
80000 
25000 
80000 
45000 
20000 
05000 

00000 

qoooo 

00000 
00001 
00002 
.00003 
00005 
00008 
00012 


50000 
00000 
50000 
00000 
50000 
00000 
50000 
00000 
50000 

00000 
00000 
00000 
00000 
00000 
00000 
00001 
00001 
00001 

00002 
00013 
00045 
00107 
00208 
00360 
00572 
00853 
01215 

01667 
13333 
45000 
06667 
08333. 
60000 
71667 
53334 
15G00 


1. 00000  10000  0^0500  00016  66667 
1. 00000  20000  02000  00133  33340 
I. 00000  30000  04500  00450  00034 
1.00000  40000  08000x01066  66773 
1. 00000  50000  12500  'Q2083  33594 
1.00000  60000  18000  09600  00540 
1.00000  7000C  245001^5716  67667 

8  6     1. 00000  80000  32000  08533  35040 

9  6  1. 00000  90000  40500  12150  02734 
For  n>lO.  e**"^-'*-!  i:«10~V}  ««10~*" 


0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 

0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.9999^ 
0.999y9 
0.99999 

0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 

0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 
0.99999 


99999  00000  00000 
99998  00000  00002 
99997  00000  00004 
99996  00000  00008 
99995  00000  00012 
99994  00000  00018 
99993  00000  00024 
99992  00000  00032 
99991  00000  00040 


99990  00000 
99980  00000 
99970  00000 
99960  00000 
99950s.  00000 
99940  00000 
99930  00000 
99920  00000 
99910  00000 


99900 
99800 
99700 
99600 
99500 
99400 
99300 
99200 
99100 

99000 
98000 
97000 
96000 
95000 
94000 
93000 
92000 
91000 


00000 
00000 
00000 
00000 
00001 
00001 
00002 
00003 
00004 

00004 
00019 
00044 
00079 
00124 
00179 
00244 
00319 
00404 


00050 
00200 
00450 
00800 
01250 
01800 
02449 
03199 
04049 

04999 
19999 
44999 
79999 
24999 
79*999 
44999 


04499 

99999 
99999 
99999 
99998 
99997 
99996 
99994 
99991 
99987 


50000 
00000 
50000 
00000 
50000 
00000 
50000 

ooioo 

50000 

00000 

OOOOO 

00000/ 

00000 

00000 

ooooo 

99999 
99999 
99999 

99998 
99987 
99955 
99893 
99792 
99640 
99428 
99147 
98785 

98333 
86667 
55000 
93333 
91667 
40000 
28333 
46667 
85000 


0.99999  90000  00499  99983  33334 
0.99999  80000  01999  99866  66673 
0.99999  70000  04499  99550  00034 
0.99999  60000  07999  98933  33440 
0.99999  50000  12499  97916  66927 
0.99999  40000  17999  96400  00540 
0. 99999  30000  24499  94283  34334 
0.99999  20000  31999  91466  68373 
0.99999  10000  40499^87850  02734 


 ,    ,  to25D. 

CompUed  from  C.  E.  Van  Orrtrwid,  Tables  of  tho  eiponential  functton  and  of  the  cliwilar  ijw 
and  cosine  to  radian  arguments,  Memoirs  of  the  National  AcakJemy  of  Sciences,  vol.  14,  Fifth 
Memoir.  U.S.  Government  Printing  OfSee,  Washhi^,  D.C.,  1921  (with  permission). 
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RADK  TABLE  OF  THE  EXPONENTUL  FUNCTION    Table  4^ 


1.00001 
1.00092 
1.00003 
1.00004 
1.00005 
1.00006 
1.00007 
1.00008 
1.00009 

1.00010 
1.00020 
1.00050 
1.00040 
1.00050 
1.00060 
1.00070 
1.00080 
1.00090 

1.00100 
1.00200 
1.00300 
1.00400 
1.00501 
1.00601 
1.00702 
1.00803 
1.00904 

1.01005 
1.02020 
1.03045 
1.04081 
1.05127 
1.06183 
1.07250 
1.08328 
1.09417 

1. 10517 
1.22140 
1.34985 
1.49182 
1.64872 
1.82211 
2.01375 
2.22554 
2.45960 


60000 
00002 
00004 
00008 
00012 
00018 
00024 
00032 
00040 

00050 
00200 
00450 
00800 
01250 
01800 
02450 
03200 
04051 

05001 
20013 
45045 
80106 
25208 
80360 
45572 
20855 
06217 

01670 
13400 
45339 
07741 
10963 
65465 
81812 
70676 
42837 

09180 
27i81 
88075 
46976 
12707 
88003 
27074 
09284 
31111 


^10"  •» 

50000 
00001 
50004 
00010 
50020 
00036 
50057 
00085 
50121 

00166 
01333 
04500 
10667 
20835 
36005 
57176 
85350 
21527 

66708 

34000 

03377 

77341 

59401 

54064 

66848* 

04273 

73867 

64168 
26755 
^516 
//368 
76024 
45359 
54216 
74958 
05210 

75647 
60169 
76003 
41270 
00128 
90508 
70476 
92467 
56949 


16666 
33334 
50003 
66677 
83359 
00054 
16766 
33504 
50273 

67083 
40000 
33752 
73341 
93776 
40064 
67223 
40273 
34242 

.34166 
26675 
02601 
87235 
06338 
86485 
55523 
43117 
81406 

05754 
81016 
85561 
22675 
03969 
62222 
47905 
55443 
35787 

62481 
83392 
10398 
31782 
14684 
97487 
52162 
60457 
66360 


70833 
00000 
37502 
33342 
37526 
00065 
70973 
00273 
37992 

34167 
26668 
02510 
86724 
04384 
80648 
40801 
10308 
14882 

80558 
55810 
29341 


35662 
55845 
16000 
20736 
25705 

21655 
01439 
24400 
70448 
75176 
46849 
31039 
59878 
28976 

17078 
10720 
37443 
48530 
86508 
53677 
45494 
95375 
01266 


0     2.71828  18284  59045  23536  02875 


0,99999 
0.99998 
0.99997 
0.99996 
0.99995 
0.99994 
0.99993 
0.99992 
0.99991 

0.99990 
0.99980 
0.99970 
0.99960 
0.99950 
0.99940 
0.99930 
0.99920 
0.99910 

0.99900 
0.99800 
0.99700 
0.99600 
0.99501 
0.99401 
0.99302 
0.99203 
0.99104 

0.99004 
0.98019 
0.97044 
0.96078 
0.95122 
0.94176 
0.93239 
0^92311 
0.91393 

0.90483 
0.81873 
0.74081 
0.67032 
0.60653 
0.54881 
0.49656 
0.44932 
0.40656 


00000 
00001 
00004 
00007 
00012 
00017 
00024 
00031 
00040 

00049 
00199 
00449 
00799 
01249 
01799 
02449 
03199 
04048 

04998 
19986 
44955 
79893 
24791 
79640 
44429 
19148 
03787 

98337 
86733 
55335 
94391 
94245 
45335 
30199 
63463 
^852 

74180 
07530 
82206 
00460 
06597 
16360 
53037 
89641 
96597 


49999 
99998 
49995 
W89 
49979 
99964 
49942 
99914 
49878 

99833 
98666 
95500 
89334 
79169 
64005 
42843 
14683 
78527 

33374 
67333 
03372 
43991 
92682 
53935 
33235 
37060 
72883 

49168 
06755 
48508 
52323 
00714 
84248 
05948 
86635 
71228 

35959 
77981 
81717 
35639 
12633 
94026 
91409 
17221 
40599 


83333 
66667 
50003 
33343 
16692 
00053 
83433 
66837 
50273 

33749 
73333 
33747 
39991 
27057 
39935 
.33609 
73060 
33257 

99166 
06675 
97601 
472,35 
31335 
26474 
10490 
63033 
66216 

05357 
30222 
17693 
20943 
00909 
70953 
22885 
78291 
18674 

57316 
85866 
86606 
30074 
42360 
43262 
51470 
59143 
11188 


37500 
33333 
37498 
99991 
70807 
99935 
37^60 
33060 
37008 

99167 
06668 
97510 
46724 
29384 
20648 
95801 
30307 
99880 

80554 
55302 
20662 
23064 
25642 
44980 
47970 
98697 
45648 

39060 
08141 
25284 
921Q7 
14253 
71^8 
79^6 
07598 
735^5 

42491 
99355 
68738 
44329 
37995 
84589 

01024 
34542 


0.36787  94411  71442  32159  55238 
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0.M0 
0.00) 
0.002 
0.003 
0.004 

0.005 
^OOt 
0.007 
0.008 
0.009 

0.010 
0.011 
0.019 
0.0» 
0.014 

0.01$ 
0.016 
0.017 
0.019 
0.010 

0.(ttO 
0.M1 
0.022 
0.029 
0.024 

.0.029 
0.026 
0.027 
0.020 
0.020 

0.M0 
0.091 
0.092 
0.09) 
0.094 

0.09S 
0.096 
0.097 
0.090 
0.099 

0.040 
0.041 
0.042 
0.049 
0.044 

^  0.046 
0.047 
0.048 
0.049 

0.050 


0.00000  00000  OOMO  08000  000 
0.00099  99998  >59$  94166  667 
0.00199  99986  66666  99999  991 
0. 09299  99995  00002  02499  957 


0.08999 


99941  96666  942 


0,00499  997^  66692  70991  789 
0.00999  99640  00064  79994  446 
0. 00699  99«9  99479  99190  927 
0.00799  99146  66999  79291  729 
0.00899  987«  00498  07485  100 

0.00999  98999  14166  66468  294 
0.01099  9n81  68008  75446  .684 
0.01199  97128  02079  59289  099 
0.01299  96998  M427  42921  699 
8.01999  99426  71148  91241  801 


944 


0.01999  99179 

0.01699  91811  78498  72691  726 
6.81799  9«80  19746  27892  892 
Q. 81899  88968  99967  91491  809 

0.01999  86666  99999  Cf7996  649 
8.82099  Um  94099  81764  999 
0.02199  82299  76279  77179  771 
0.02299  79722  I0I02  18277  769 
0.02999  76960  66994  28999  911 

0.02499  79999  14712  99066  217 
0.02999  70707  69676  99979  917 
0.02699  67196  19972  14999  411 
0.02799  69414  76790  98992  746 
9.02899  99999  9/589  48577  881 

8.02999  55082  8^499  66076  899 
0.09099  98990  71904  19288  792 
0.09199  49989  46218  11682  188 
0.09299  40108  26119  81908  7^ 
0.09999  94497  11991  44999  499 

0.09499  28946  84996  19281  762 
0.09999  22849  09869  29189  461 
8.09699  19584  11188  88699  489 
0.09799  08991  26997  09298  414 


0.09899  01142  91841  09720  089 
0.09998  99941  86614  15949  299 


0.04098  89141  92096  96791  449 
0.04198  m»  mn  89918  946 
0.04298 -67900  98949  76878  799 


0.04998  9M40  40909  18626  492 

0.04498  48140  97660  29692  066 
0.04998  97790  49604  99749  W4 
0.04698  26980  77774  94099  689 
0.04798  19701  29249  92191  940 
0.04898  09941  87159  17808  409 


eoa  M 

1.00000  00080  00000  00000  000 
^088  08041  i6666  928 
0.99999  80000  00666  66697  778 
0.99999  99000  09974  99898  790 
0.99999  80008  1866^  66097  778 

0.99998  79000  26041  64496  929 
0.99998  20000  99999  99920  004 
0.99997  95801  08041  90926  942 
0.99996  60081  78666  98297  8S9 
0.99999  99002  79974  26188  857 

0.99999  00004  46669  27778  026 
0.99999  9500^  10099  20617  059 
0.99992  80008  69999  89281  066 
0.99991  99011  90894  96278  991 
0.99990  20016  00696  20901  498 

0.99988  79021  09999  17979  106 
0.99987  20027  98649  96998  490 
0.999tt  99094  88008  14249  829 
0.999H  80849  79992  76107  991 
0.99981  99894  29976  92998  690 


8.99969 
0.99960 
0.99997 

0.99955 
0.99951 
0.99948 
0.99945 
0.99942 


00066  66977 
99081  09899 
80097  60909 
99116  99896 
20198  89794 

79162  79702 
201M  4029? 
99281  42696 
80296 


19 

009^7  jlS987 
99984  78809 
88496  89179 
99494  11981 
20596  78921 


77841  270 

SXn  996 
999  878 
86928  790 
98199  002 

98624  ^7 
62219  698 
92299  214 
98994  779 
99997  207 

91627  216 
04981  810 
98984  718 
92996  824 
14926  779 


0.99998  75625  29488  97981  460 
0.99999  20699  88976  76116  700 
0.99991  99788  86478  24487  902 
0.99927  80868  76484  91848  819 
0.99929  99969  88487  98862  998 


0.99920  01066 
0.99919  96177 
0.99911  81296 
0.99907  96424 
0.99909  21561 


60977  94091  457 
99444  49n0  040 
46976  98494  049 
41262  88964  524 
60988  80198  859 


0.99898  76788  47842  40921  992 
0.99894  218M  47508  41817  869 
0.99889  570)9  05071  12480  849 
0.99884  82211  67019  76767  299 
0.99879  97401  80818  48087  272 


2879  487      b.  99875  02609  94966  24696  207 


0.04997  91692  70679 

m  m 

For  uae  and  cxteniloa  of  the  table  lee  ExMBplM 
Vnm  C.  E.  Van  Ontnuid,  Taltte  of  the  eipoiMiitlal.fitiietionaiMl  of  ttoeir- 
eolar  rine  and  eoriae  to  hkUbb  argiiiiwiits,Meiiioin  of  the  National  Academy  of 
Sdenees,  vol.  14,  Fffth  Memoir.  MA,  Qovernment  Printing  OfBee,  Wathlnston, 
D.C.,  1821  (with  pmnlMlon).  Known  emn  have  been  eoneeted. 
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Table  46 


Q.0S1 
Q.0S2 
«.0S) 
0.094 

O.MS 
0.096 
0.097 
0.098 
0.099 

0.060 
0.061 
0.062 
0.069 
0.064 

0.069 
0.066 
0.067 
0.060 
QL069 

0.070 
0.071 
0.072 
0.079 
QL074 

0.079 
0.076 
0.077 
0.070 
0.079 

0.080 
0.081 
0.082 
0.089 
0.084 

0.089 
0,086 
0.087 
0.088 
0.089 

0.090 
0.091 
0.092 
0.099 
0.094 

0.099 
0.096 
0.097 
0.098 
0.099 


0.09997  97998  MlOO  99099  909 


0,09497  Ml 
0.09997  Of I 

0.09896  17761 


896 


0.09996  40064  79444  99919  909 


0106894  92619  »117  22169  004 

0.06994  28479  97912  76997  699 
0.07094  09692  00106  79794  071 
0.07195  780n  22929  94229  480 
0.07299  91U1  06790  19974  290 
0.07999  24ill  99977  74898  960 

0.07492^7072  72742  ^08  684 
0.07992  68984  99809  90718  980 
0.07692  99997  20017  99972  489 
0.07792  0M20  9^01  4897  OU 
0.07891  78924  71660  tt292  478 

0.07991  46999  W72  68790  688 
£  08091  14999  919M  OW?  2^ 
O.0H9O  81968  29m  98826  994 
0.08290  47949  866H  796M  718 
SoSoO  12900  49140  80689  698 


0^08489  76828 
0.08989  40298 


0.08689  gno  g 
olosaS  2^6  nnO  9i924  112 


944 

914 

  492 

!889  29994  979 


10  27992  29764 


ftsai  s?}» 

0.09187  02P  

"186  * 


0.99879  02609  94966  24696  287 
0.99869  97018  98996  84647  297 
0.99864  89046  29200  ^242  407 
0.99899  9«i7  99299  97989  629 
0.99894  29942  99964  41694  991 


446     0. 99848  70812 


_  '68  07600  919 
79U9  84949  819 
0;  09286  99984  62099  69966  929 
0:09986  16904  79196  82662  791 

0.094M  71686  94997  29M9  724 
0.09989  26119  92817  M609  947 
0.09684  79999  78472  89M9  006 
0.09784  92099  76177  91779  689 
0.09889  89627  98679  98110  609 


m 

0*' 
0. 


998  40919  009 

9^7  89749  SBS  770 
04714  67796  69862  676 
16  00048  91461  29969  299 


0.99ttO  09999  99204  16994  766 
0.99n4  00768  1849Q  94961  497 
^1S9S!  M196  QlTtt  86992  769 


99229 


0.99788  82496  7U01  10999  144 
0.99782  27904  99211  77694  6» 
0.99779  69999  04419  09998  992 
0^99768  88907  999^  09696  926 
0.99762  04449  IMlS  40«72  866 


0.99799 
0.99748 
0.99740 
0.99799 
0.99726 


19002  99279  97462  091 
09986  42140  62048  084 
91199  90926  14797  726 
66890  49879  24197  199 
92492  12624  99707  m 


0.99718  mm  12207  44922  774 
0.99711  »I98  29099  40029  968 
0.99709  69644  20996,78496  789 
0.99699  99419  81296  79991  417 
0.99688  11229  82497  82476  279 

0.99680  17069  02619  98197  771 
0.99672  12992  21197  70997  999 
0.99669  98894  18489  87272  829 
0.99699  74769  76019  67091  212 
0.99647  40799  76147  99999  998 

0.99698  96749  ^  47191  970 
0.99690  42786  98841  99967  906 
0.99621  78864  71197  7tt94  M6 
0.99M9  04980  WW  Itttt  412 
0.99604  21199  69887  49872  988 


0.99999  27990 
0.99986  29969 
0.99977  09841 
0.99967  86199 
0.99998  92921 

0.99549  08927 
0.99999  99978 


11994  29909  284 
01490  99192  986 
28694  21709  «9 
84916, 29482  217 
62669  96090  844 

99249  22976  426 
97019  90094  649 


0.99929  91879  69990  46479  Ott 
0.99920  18419  70941  00679  686 
0.99910  9S011  79992  91179  796 


t^lQO     0.09989  94166  46828  19290  681      0.99900  41692  70029  76609  996 
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S.100 
Ok  101 
0.102 
0.109 
0.104 

O.109 

0.108 
0.109 

0.110 
0.111 
0.112 
0.119 
0.114 

0.119 
0.1U 
0.117 
0.118 
0.119 

0.120 
0.121 
0.122 
0.129 
0.124 

0.12S 
0.126 
0.127 
0.128 
0.129 

0.190 
0.191 
0.192 
0.199 
0.194 

0.19S 

0.196' 

0.197 

0.198 

0.199 

0.140 
0.141 
0.142 
0.149 
0.144 

0.14S 
0.146 
0.147 
0.148 
0.149 


iiB« 


0.09989  94166  46828  19290  681 
0.100U  pTOY  29S67  99Ua  979 

oaouS  nnt      9i074  864 

0.10281  79m  19187  92769  040 
0.10M1  26248  28902  69768  897 


O.10O78 


941 

791  68869  999 


0.10977  89008  $7174  88866  499 
0.11877  m&  88m  91964  714 

0.11176  s99it  9iB9  mn  9» 

0.11279  96706  ielM  28999  909 
0^11979  M96«  01979  97019  696 

0.11474  66889  ^9  81299  972 
0.11974  08296  99878  82961  09? 
0. 11679  »47S  44469  84099  722 
0.11772  6H19  16621  44080  790 
0.11871  999»9  IMH  99496  619 


0.11971 
0.12070 
0.12169 
0.12269 
0.12968 

0.12467 
0.12966 
0.12669 
0.12769 
0.12864 


79898  12947 
88908  24919 
24799  46009 


99996  799 
47206  619 
79970  447 
99626  009 
1926/7  407 


47999  89227  689^  744 

  29197  989 

79969  978 

  72799  909 

29160  74174  47049  279 


68689  49729 
88780  47972 
07608  86148 


0.12969  41426  19694  89994  121 
0.19062  96999  91089  49179  968 
0.19161  70098  16M9  99844  499 
0.19260  82484  89608  49692  907 
0.19999  99429  46144  07929  171 


0.19499  09110  07948  90998  844 
0.19998  11448  7^92  74799  979 
0.19697  18491  68029  60677  867 
24048  89962  67892  499 
28290  41908  92784  107 


0.19796 
0.19899 


0.19994  91146  44296 
0.14099  92607  098K 


48171 

  61999 

0.14192  92662  90297  76942 
0.14291  91902  99999  47^7 
0.14990  28917  29962  82984 


0.14449  24297 
0.14948  18692 
0.14647  11912 
0.14746  02927 
0.14844  92868 


09272  92992 
18167  16949 
99922  98870 
41998  94041 


0.190      0.14949  81924  79999  22149  779 


0.99900  41692  78029  76609  996 


0.99490  98949  79976  69997  840 
»99480  29089  70176  08999  469 
0.99470  01879  61949  84192  117 


8.99499  68726  99618  92709  797 

0.99449  29627  48497  44220 
0.99498  72989  90896  48929 
0.99428  89999  66128  0990 
0.99417  966^  00466  8899. 
0.99406  99792  61290  07909  607 

0.99999  60979  96696  89099  704 
0.99984  98226  96148  49499  489 
0^99979  49999  89860  26916  978 
0.99962  82907  49101  29908  692 
0.99990  90942  86194  29976  080 

0.99999  47849  14219  84471  799* 
0.99927  99409  47999  86219  499 
0.99916  99049  01917  70968  768 
0.99904  60744  92218  OHIO  921 
0.992i»  78916  96926  97814  990 

0.99280  86998  99866  29224  810 
0.99268  84272  62292  80699  067 
0.99296  72299  82294  82299  929 
0.99244  90921  99199  97029  902 
0.99292  18498  49142  88699  070 


0.99219 
0.99207 
0.99194 
0.99181 
0.99169 


76672  29929 
24964  17990 
69999  94118 
91787  04099 
10920  94896 


09914  910 
67999  462 
94879  474 
99198  809 
90278  129 


0.99196  18997  14788  09999  491 
0.99149  17698  12868  49177  481 
0.99190  M4  7^  79099  791 
0.99116  1^8  49107  19819  699 
0.99109  94260  42499  27814  929 


0.99090  19912 
0.99076  62494 
0.99069  01689 
0.99049  91018 
0.99099  90441 


04947  96199  999 
69948  01628  979 
99989  16919  714 
24999  91491  667 
96067  97644  997 


99962  12697  17189  899 
99980  19299  27270  029 
49297  98079  86699  149 
29119  28007  21689  946 
99099  29111  92197  214 

99098  72994  77279  984 
09187  19894  60997  991 
49^1  94478  18007  704 
79764  60241  99027  617 
00216  98111  76296  1 


0.98877  10779  96042  28679  498 
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I^AmMTABT  TftANBOBNOINTAL  fPMCTKWS 
CWCDUB  SiNlSS  AMD  G08INBS  VOR  KAOIAN  ABGUMBNT9       Table  4.6 


0.150 
0.191 

o.i»a 

0.1S5 
0.154 

0.195 
0.154 
/  0.157 
0,158 
'0.159 

0.140 
0.141 
0.142 
0.14) 
0.144 

dll45 
0.144 
0.147 
0.148 
0.149 

0.170 
0.171 
0.172 
Q.l7f 
0.174 

0.17S 
0.174 
0.177 
0.170 
0.179 

0.180 
0.181 
0.182 
0.183 
0.184 

0.189 
0.184 
0.187 
0.188 
0.A89 

0.190 
0.191 
0.192 
0.199 
0.194 

0.199 
0.194 
0.197 
0.198 
0.199 


79599 


0.1gg 

lb  1^  m 

0.19999  20107  94904 

im  9m  mn 


22149  779 
08115  725 


0.i5899  08I9S 
0.19991  82044 

0.14227  91670 
0.14924  ~ 


59989  954 


79999  01894 


94485  ttS 

i 

 ^  849 

79189  0^  981 


ms  iiti?  mil  gjp  812 


0.17410  81979 
0.17509  27749 
0.17407  72411 
0.17704  19292 
0.17804  54409 


99595  95189  499 
14918  24144  905 
42278  24778  174 
99011  74492  917 
tt290  74417  975 


0.17902  95794  25824  17894  180 
£lKl  99274  99^9  10581  029 
0.18099  49014  40581  59452  980 
O^inOO  02944  44417  72574  299 
timh  95054  47974  57754  114 


894  970 

-  ■  291 
224 


97940  70895  554 
75ttl  05288  019 


0.10994  45m  28041 
0.18492  99774  41589 
0.18591  20948  25775 
0.18489  45100 
0.18787  47944 

0.18885  88949  74500  17799  289 
o!  18984  08844  18510  84484  571 
0  19^  25844  19792  95925  424 
o!  19188  40599  98445  92980  491 
£19278  59905  79120  87958  485 

0.19974  45949  42421  92749  098 
0.19474  74859  B204  14058  510 
£19572  824U  48517  09^9  204 
£1870  88814  07404  74404  MO 
0^19748  91450  45907  27549  917 


0. 200      0. 19844  99907  99041  21945  941 


WIS 

£98814  54148  42074  75M4  9^ 


0,98798  41079  42( 


85098  004 
90224  794 
78054  449 
794 
158 


0.98722  72899  75424  94904  095 
£98704  74715  81945  18284  099 
£98190  44727  289ll  09029  574 
0lm74  48849  59272  91905  498 
0.  98498  21144  40824  22928  294 

0.98441  89599  44947  70185  554 
£9855  9M98  99994  09940  791 
£9848  78m  Omo  72956  »9 
0.9tt92  11402  lg41  91^  712 
0.9«75  94944  98088  25946  494 

8,98998  47469  09540  t09l7  199 
Ol 98941  50917  94948  98117  998 
£9^4  44912  Sm  97474  124 
0.98507  27894  95555  2^91  598 
Ol 98490  01544  50280  42491,158 

0.9M72  45989  04999  47469  670 
0.  98499  19984  99129  47797  N2 
0.96497  69994  09449  89414  499 
£98419  9^  09997  99229  449 
0.98402  22904^09  97749  044 


0.98984 
0.98946 
0.98)48 
0.98990 
0.98911 


94927  88121 
41719  22728 
94441  99244 
21779  80179 
97054  49017 


41459  272* 
49058  522 
19984  089 
98485  974 
99552  448 


0.98299  42904  90291  44781  1?2 
0.9tt75  18126  59276  ttl21  799 
0.98256  M91?  96991  41192  999 
£90297  99886  47999  94997  971 
£9^19  240p  78499  69689  022 

0.98200  42991  17270  91894  788 
£98181  48892  91499  49791  879 
0.98142  49999  71919  9^28  094 
0.98149  92402  44441  ^7  170 
0.98124  09499  28491  99290  214 

0.98104  74499  49977  24945  729 
0.98085  niti  29119  99080  479 
0!  98065  61746  49922  44441  847 
£980%  19941  09497  04042  170 
0.98024  47971  09477  09494  794 

0.98004  49778  41241  49112  420 
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lUmMTART  TRANSCBNDIHTAL  PDNOTiOira 

« 

TaUe  44     CnkCULAS  SINB9  AND  COSINES  FOR  lUDIAN  AKG^BNTS 


0.200 
0.201 
0.202 
0.209 
0.204 

0.20S 

0.20« 
0.209 

0.210 
0.211 
£212 
0.2M 
0.214 

0.213 
0.216 
0.217 
0.210 
0.210 

0.220 
0^221 
0.222 
0.229 
0.224 

0.229 
0*220 
0.227 
0.220 
0,229 

0.290 
•  0.291 
0.292 
0.299 

"0r294=- 

0.299 
0.290 
0.297 
0.290 
0.290 

0.240 
0.241 
0.242 
0.249 
0.244 

0.249 
0.246 
0.247 
0.248 
0.249 


0. 19866  99907  99061  2154S  941 

(777  97909  997 
949  miO  896 


Iks 

0.21199 
0.21297 

4.21990  741^ 


0.21492 
0,21725 


$7060  871 
^8^tS 

ipoo  m 

99467  99l^ 

0782  28707  677 
49764  909 


42 

79990  um  71249  m 

96166  79981  89968  494 


"IS 


0,  21920  Oon!  S27I7  91! 
0.28018  0M«2  19»9  ||i 
0122118  69290  04m  29146  020 
0.222b  14566  $3m  41119  484 


9199$  179 
115  124 
,671  977 


69621  91745 
10445  29176 
59828  99982 
97960  88904 
97499  19708 

752»  m88 
10757  m69 


0.22910 
0.22408 
0.229M 
0.22602 
0,22708 

0.22797 
0.22895 
0.22992  < 

Hjow ; 

—«,-«l8fi 


0.29284  29885  12416  78279  112 


44782  417 
94494  428 
99296  720 
16071  214 
47642  M9 

99940  462 
77792  954 
#9999  497 


49990  72082  49999  497 


0.^^  |gg  78110  ^  889 


0.29679  11697  68868  01 


7827: 


984 

m 
m 


0.29770  26264  27194 
0.29867  98499  88799 
0.29964  4^56  76627 
0.24061  99669  19695 
0.24198  60669  47196 


58896  079 
69429  994 
22091  869 
08191  828 
67995  999 


0.24295  69247  88572  09049  922 
0.24992  69406  79702  09196  946 
0.24449  61190  925B  27965  989 
0.24946  96408  95291  09750  445 
0.24649  49292  92928  96159  997 


0.98006  65770 
0.97986  74185 
0.97966  72799 
0.97946  61604 
0.97926  40621 


\ 


0.97809  09147 
0.97782  1^ 
0. 97761  2jKm 
0.97740  11948 
0,97718  92591 


69112  420 
09887  090 
99192  906 
47187  084 
52742  047 


7927  996 
„:M  784 
01119  196 
\99874  491 
£97829  86899  79894  41879  559 


24148  24491  614 
49628  84946  201 
41229  09984  014 
26869  66886  099 
11448  869 


0.97697  69942  06862 
0.97676  25589  29969 
0.97694  7|496 
0.97699  19964 
0.976U  51909 


98094 
1^11 
90099 
99246 
75978  7 


944 


& 97969  74499  90609  48940 
0;  97p7  87917  95212  21920  992 

89699  08167  40897  988 
0.V7501, 47299  96877  71849  992/ 

0.97479  41070  68949  28292  79? 
0.97457  M199 '46989  01125  708 
0.97494  99490  94590  60681  052 
0.97412  04M4  16^  94926  607 
0.97989  38M6  57756  81006  477 

0.97966  69990  05974- 89696  779 
0.97949  79906  86678  96799  940 

9*!S>S       ^^^^  ^ 

0.9^97  80819  65176  26494  602 
0.97274  66988  22218  1153«  294 

0.97251  49419  91649  00978  989 
0.97228  10121  28p7  686^  891 
0.97204  67106  44041  10166  929 
0.97181  14971  12644  95675  849 
0.97157  51917  69892  68949  094 

0.97199  79748  92029  60492  618 
0.97109  978M  96272  61916  095 
0.97086  8^  46809  96210  262 
0.970S  04970  24800  96988  991 
0.97097  99961  88979  89676  294 


0.97019  79249 
0.96989  42896 
6.96969  62729 
6.96940  92914 
0.96919  95411 


72699  98069  919 
19690  79682  299 
72469  41782  166 
79684  47694  429 
72494  89199  997 


0.296      0.24746  99992.94922  92959  685      0.96891  24217  16644  78414  459 
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CnCULa  »NB8  AND  COUHU  fOi  lUDlAN  AMHMINT8 


QllSO 

0.I5S 
OLtM 

0.199 

0.2M 
Qil6» 

0.2*7 
Q.2M 
0.2t0 

01270 
0.171 
0.272 
0.273 
0.274 

0.279 
0.276 
0.277 
0.270 
0.279 

0.280 
0.281 
0.282 
0.289 
0.284 

0.289 
0.286 
0.287 
0.288 
0.289 

0.290 
0.291 
0.292 
0.299 
0.294 


0.299 
0.296 
0.297 
0.298 
0.299 


0.24740 
0.24897 


0.29214 


mm 


689 

0.29127  7«i9»  77212  88917 


1  24217  10644 


0.96791  90912  29961 
0^96766 

^^^Ml 
0.96664  68794  48609 


Table  44 


78414  499 
76898  999 

92178  Ml 

96809  979 
96494  780 
68781  180 
92999  126 
82914  099 


•  lim  lil^  9Nff  (n996  401 


1*189  &4S6  il4 
94868  68986  299 


94919  22999  822 


0.96^  14144  90919  02999  699 
0.9^  9M49  94190  90687  191 

a  96961  Sim  ^^M^  w 

0.969n  99279  99618  04909  920 


0,26976 


49924  49992  999     0.96909  29008 
0.96489  01691 

-   196  iSm 


94999  86^  278 
46199  69779  278 
18411  99979  972 
48290  942 


0.9649 


28964  929 
07924  997 
16072  914 


liiii 

0.27098  49761  49491  64: 


902 


0.27194  69969  9M12  89991 
0.27290  92262  19879  79627  997 
0.27947  12429  74449  10829  981 
0.27449  29862  97786  29907  ^ 


0.27999  44991  08166  09990 

0.27699  96489  64119  7999} 
0.27711  69696  *4499  n869 
0.27827 

0.27929  . 
0.28019  7649i  2] 


967 
270 


0.2^07 
0.28409 
0.28499 

0.28999 
0.29079 

if^ 

0.29960 
0.29496 


91667 
98984 

22291 
09298 

81996  ^  . 

mm 

98901  29642  f 


1  997 
'90297  984 


4199  479 
911 

17  489 


^  ^^^^ 
47229  71949  69198  989 

0. 100     0. 29992  0206«  61999  97910  992 


Ql96|^^49|9  42476  11208  118 


71498  72716  08109  968 


629 
696 

0^96196  69662  90994  02919 '084 
,94a49  62699 


07977  92796  246 


0.96242  91976  2ltt97  94814  248 
0.96219  916M  29980  94278  169 
0.96188  Wm  66694  99286  807 
29189,19299^879 
89996  67778  997 


0.96160  621  _ 
0.96199  0199 


> 96109 
.96877 


94989 
86021 


0.99709 


0  94792  499 
8mgM9  878 

SSo^o  98 

n«0  48981  499 


16926  974n  10746  990 

07021  90972  199 
94929  OMoi  719 
47227  984 

18799  12697  16807  019 
19999  20481  688 
96644  89799  478 
9961  96096  908 
1619  61487  696 


19916  14809  2;9678  990 
0.99999  64891  29606  01961  291 
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Tallt  44    CnCVUl  SiHlft  AND  GMINI8  l)Dil  RAMAN  ASGUMSm 


a.M0 

0.301 
0.30t 
0.901 
0.)04 


e.90s 

SOI 
909 


I 


0.910 
0.911 
0.912 
0.919 
0.914 

• 

0.919 
0,916 
0.917 
0.910 
0.919 

0.^20 
0,921 
0.922 
0.929 
0.924 

0.929 

0.926 

0.92t, 

0i.92i/ 

0.929 

0.93(0 
0.9)1 
0.992 
0.999 
0.994 

0.999 
0.996 
0.997 
0.990 
0.999 

0.940 
0.941 
0.942 
0.949 
0.944 


0.90911  6l) 
0.91«76  n 


0.91496  69606 


tiffi  199 


mm 

 ,90946  9I990  144 

0.91196  Q97S6  '9414S  21990  674 


St  3^  69767 


0*92120  94474  21997  <^  919 


94670  go 


499S9  97100 


0.92076  91691 
0.92971  94116  4! 
79«6  ?! 


0.99069  ^ 
0.99160  On7( 
0.99294  411 


92882: 997 
_  ,  J1  71669  766 
88879  64S17  288 


1.99997  19992  4NB  16900  91? 


 7  19992  409M  16900 

0. 99691  9M12  04116  29460  104 
0.99729  94928 


12819  999 


0.99019  66772  41 
0.99919 

'"^'^'^  ^^Tii  ^6 
a  94195  11694  90276  64099  M8 

0.94289  78074  99481  94918  969 

'f 


01964  291 
28886  414 
#4^?  769 
116 
242 

9  99784  281 
79998  098 
99961 


111 


a  69269  094 
14047  76481  749 
72999  79811  467 


82440  86797  991 
56M9  01794  999 
10427  28762  901 
99969  69764  179 
•19  22190  87164  619 

164  14819  72098  048 
198  96899  12699  094 
.  .Jl9  68029  61918  976 
0.946^  89970  69069  M147  877 
0.946^  59194  816^  »541  991 


0.944^9  86069 
0.94^  0: 

0.94911  97997 
0.9<M08  76811 


28386  97192  941 
92866  92611  768 
19S98  I97g  999 

11264  38089  419 

instills 


46699  28346  22850  264 

O7on  ^9  11062  m 


41990  109 
99  99801  949U  894 
0,941111  91706  89707  SM29  468 


0.93997  27128  47978  92003  909 


ERIC 
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CIlcmR  SINES  AND  GDSINM  POB  lUUAN  AR0UMBNT9     TaM*  44 


0.350 
0.3S1 
0.352 
0.353 
0.354 

0.35^ 
0.356 
0.357 
.0.358 
0.359 

0.340 
0.341 
0.342 
0.343 
0.344 

0.345 
0.344 
0.347 
0.348 
0.349 

0.370 
0.371 
0.372 
0.373 
0.374 

0.375 
0.374 
0.377 
0.378 
0.379 

0.380 
0.381 
0.382 
0.383 
0.384 

0.385 
0.384 
0.387 
0^388 
0.389 

0.390 
0.391 
0.392 
0.393 
0,394 

0..395 
0.394 
0.397 
0.398 
0.399 

0.400 


0.34289  78074  55491  34918  943 
0.M383  70085  42847  17481  237 
0.34477  98458  3390  09467  102 
0.34571  43783  27841  91098  778 
0.34449  29491  Oaon  20tl9  319 


0.  34799  0H»  39764  28943  892 
0.34892  78977  79141  09878  897 
0.34946  49417  82m  17091  064 


0.)9040  17363  27364  90940  091 
0.39133  81604  70298  87848  632 

0.39227  4m  19019  97614  991 
0.99320  99938  |96bi9610  866 
0.39414  93811  8^1  ^Ib4  608 
0.39908  09343  01789  19734  069 
0.39601  49989  96801  69913  894 


0.3H94  98944 
0.39788  38396 


Tini  39803  863 

 Om6  41980  647 

0.39881  68848  99391  69142  021 
0.39979  00992  86289  99904  394 
0.34068  89839  67048  91140  781 

0.36161  94319  64961  97803 n789 
0.36894  79783  47479  21412  973 
0.36347  93621  tt448  31902,813, 
0.34441  07829  98943'  004' 
0. 36934  18384  ttOTO  96191  067 


0.36687 
0.H780 
0.36813 
0.36906 
0.36999 


89890  86047  96197  891 
20934  14429  99809  733 
26109  44961  41649  291 
83999  39997  37811  984 
16194  71944  34164  798 


0.97098  04494  18988  67184  949 
0.37184  89484  33968  49909  8f' 
0.37877  70996  M884  8M80  M 
0.37370  47699  ^  n063  11 
0.37463  81906  69741  70944  479 

0.37995  91347  47501  81610 J069 
0.97448  974n  4tt99  27762^ 
0.37741  lOni  99099  46601  997 
0.37833  7637$  M061  ^  840 
0.37984  39161  89869  69706  110 


0.38018  M191  8311 
0.36111  9193? 


1  48623  118 
9  91840  671 
0.96203  74716  33067  49^  349 
0.36294  14878  94099  99p  774 
0.98988  49999  93696  89011  966 

0.98480  n888  0820  02477  888 
0.36979  69921  14697  01694  707 
0.36669  94110  mU  34184  698 
0.36797  94427  12900  79611  426 
0.96849  70667  99002  89601  963 

0.38941  83423  08690  49144  631 


Mi*  ' 

0.93937  27186  47376  92003  909 
0.93902  99494  10799  81784  981 
0.93866  90969  44869  99619  841 
0.99^  97997  44014  97991  869 
0.99799  36109  09447  99866  461 

0.93764  6^  IW^  m09  41| 

0!9S94  943S  mn  898M  416 
0.93699  94998  61768  72980  716 
0.99684  86299  04184  73976  918 


0.99969  66896  77994 
0.99994  40619  94999 
0.93919  04096  86060 
0.^9  97910  90799 
0.93446  084r 


8091 
388 


0.93418 
0.93376 
0.93340 
0.93304 
0.93266 

0.93298 
0.93196 
0.93160 
0.93189 
0.93067 


37611 
69448 
79946  ^  ^ 
87113  99740 
84948  14096 


889 
83 


70186 
67499 
86988 


07964  897 
09404  799 
97489  988 
87971  606 
19946  671 

42980  961 
74068  797 
69191  960 
62999  947 
79984  189 


0.93090  76819  18914  29114  948 
0.93014  06841  90901  4n04  269 
0.92977  m69  87881  98417  811 
0.92940  46166  98129  6t491  834 
0.92909  99916  91824  06912  928 


0.92866  46999  74910  84949  893 
92829  g906  94696  24M6  ,696 
92798  19976  099n  74777  471 


0.921 

0)92794  14966  49666 
0.92717  J99869  46161 


79184  70494  899 

0.98490  90998  97919  04149  060 
0.92498  8(1090  91069  88198  776 
0.98414  66997  16401  99997  914 
2976  43942  86497>  070 
!996  09109  89947  07696  401 


0.92679 

0. 92966  79669 
0.92986  67697 


0.92 
0.92 


0.922^ 
0.922( 
0.922a 


69649  69117  29229  6?3 


 psisa^^ 

0.92163  79680  46904  04602  914 


0.92144  9?917  49892  09996  190 
0.92106  09940  02089  00279  699 

m 


162 


160 


TaU«4.« 


BiBUSMTABT  TIIAN80EMDBMTAL  FDNOnoiro 
CmCVLAR  SINES  ANP  COSINES  fOR  RAMAN  ARGUMENTS 


0.400 
0.401 
0.402 
0.403 
0.404 

0.40S 
0.406 
0.407 
0.408 
0.409 

0.410 
0.411 
0.412 
0.413 
0.414 

0.415 
0.416 
0.417 
0.418 
0.419 

0.420 
0.421 
0.422 
0.423 
0.424 

0.425 
0.426 
0.427 
0.428 
0.429 

0.430 
0.431 
0.432 
0.433 
0.434 

0.435 
0.436 
0..437 
0.438 
0.439 

0.440 
0.441 
0JM2 
0.443 
0.444 

0.445 
0.446 
0.447 
0.448 
0.449 


0.38941 
0.39033 
0.3912S 
0.39217 
0.39309 

0.39401 
0.3949S 
0.39S8S 
0.39677 
0.39769 


03423 
92084 
96842 
97687 
94611 

8760) 

42903 
20080 


08650  49m  631 
39988  29019  595 
92150  17700  358 
64660  43663  363 
17494  61924  955 


1780  49071  620 
05390  ni30  302 
mm  29995  01^ 
49226  97924  956 
09812  36782  508 


0.99860  99279  84422  89959  980 
0.99952  62499  49790  65298  251 
0.40044  27711  88890  99528  558 
0.40195  88925  ^00  29958  010 
0.40227  46126  22702  98524  766 

0.40918  99909  05626  69109  550 
0.40410  48449  iSm  49047  645 
0.40501  99554  26869  06660  654 
0.40599  94608  75762  96747  999 
0.40684  71609  91229  82097  655 


0.40776  04590 
0.40867  99979 
0.40958  50142 
0.41049  70000 
0.41140  95970 

0.41292  (i7017 
0.41323  16141 
0.41414  20993 
0.41505-20304 
0.41596  16203 


S970  10597  279 
491  47203  546 
02100  04671  703 
50946  15143  900 
01996  01937  201 

43424  75749  499 
64165  31025  593 
59926  15001  009 
00400  14109  067 
95640  32014  901 


0.41607  00024  29210  76621  692 
0.41777  95595  92007  52291  249 
0.41060  70909  7»79  50196  257 
0.41959  50196  70607  39579  028 
0.42050  99207  70910  58584  774 

0.42141  04019  66640  04759  604 
0142291  70605  52619  26011  010 
0.42322  32974  aS05  U919  146 
0.424U  91^  67240  01929  456 


0.42509 


09056  -79016  027 


0.42599  94650  69999  60276  972 
0.42604  40096  00712  04499  901 
0.42774  01159  O74S0  04751  750 
0.42865  179^  58129  98091  029 
0.42955  50545  57025  59917  745 

0.49049  700l»r  00900  09666  443 
0.43136  02795  06947  65073  141 
0.43226  22999  12746  02453  917 
0.43316  97711  76942  50749  219 
0.43406  40696  76203  11100  244 


0.92106  09940  02005  00279  053 
0.92067  11151  95020  06221  075 
0.92028  09157  16118  16919  248 
0.91988  85959  56976  45007  979 
0.91949  59569  09915  49197  110 

0.91910  29971  65774  72800  745 
0.91870  79189  19919  49079  295 
0.91091  25219  66209  01259  960 
0.91791  62067  00060  79416  956 
0.91751  09795  17701  44075  797 

0.91712  00220  16605  10547  564 
0. 91672  17549  94602  97292  150 
0.916»  17704  51001  09796  20?. 
0.91592  00695  05705  61266  649 
0.91551  90927  99696  92092  194 


0.91511 
0.91471 
0.91490 
0.91990 
0.91949 


69204  94691 
20790  79922 
01109  99416 
26944  97475 
62441  52975 


79759  292 
91100  100 
09000  291 
01072  722 
66972  725 


09409  12900  27249  609 
07299  02776  66957  919 
15997  72997  72060  9961 
19910  90901  04979  992 
il  47720  45647  576 


0.91900 
0.912p 
0.91227 
.0.91106 
0.91149  0591 

0.91103  07329  5403^  67564  979 
40.91062  59567  21601  06066  990 
0.91021  22690  69449  20950  OOO 
0.90979  76727  99022  94591  701 
0.90990  21659  24990  9(»77  960 

0.90096  57496  74005  12247  591 
0.90854  04244  59097  41149  698 
0.90013  01906  94960  95366  563 
0.90771  10400  00709  47044  729 
0.90729  09991  95404  04510  495 

0.90607  00422  99936  62905  791 
0,90644  01705  99221  67977  469 
0.90602  54009  19009  79101  601 
0.90960  17920  79492  97096  040 
0.90517  7l|02  90245  59747  647 

0.90475  16692  19969  41716  954 
0.90492  92714  50099  41206  061 
0.90909  79759  55027 
0.90946  97759  62061 
0.90904  06710  99394  99766  309 


91009  904 
19479  092 


0.90261  06659  96192  15497  999 
0.90217  97962  02279  19291  979 
0.90174  79449  00749  01061  710 
0.90191  92919  47941  04923  )l% 
0.90000  16175  90700  24210  092 


0.450      0.49496  95941  11290  21042  004      0.90044  71029  92676  92166  004 
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VUSMMmAKt  TBAMIKJBNOBMTAL  FUNCTIONd 


CIRCUUII  SINES  AND  GOSINES  rOS  RADIAN  ARGUMENTS    Table  4^ 


0.450 
0.451 
0.452 
0.453 
0.494 

0.455 
0.456 
0.457 
0.458 
0.459 

0.460 
0.461 
0.462 
0.463 
0.464 

0.465 
0.466 
0.467 
0.468 
0.469 

0.470 
0.471 
0.472 
0.473 
0.474 

0.475 
0.476 
0.477 
0.478 
0.479 

0.480 
0.481 
0.482 
0.483 
0.484 

0.485 
0.486 
0.487 
0.488 
0.489 

0.490 
0.491 
0.492 
0.493 
0.494 

0.495 
0.496 
0.497 
9.498 


0.500 


0.43496  55341  11290  21042  084 
0.49586  57635  80759  44573  567 
0.43676  55571  84561  42243  681 
0.43766  49148  22842  61170  507 
0.43856  38331  96346  25020  568 

0.43946  29138  05859  29944  492 
0.44036  03549  53189  84468  918 
0.44125  79557  40194  59944  942 
0. 44215  51152  69287  hSo  215 
0.44305  18326  43981  99059  008 

0.44394  81069  69519  76524  151 
0.44484  39379  99668  29610  752 
0.44579  99228  69916  42569  218 
0.44669  42626  60878  89618  275 
0.44752  87558  17615  92537  506 

0.44842  28014  45694  49101  919 
0.44991  69986  M888  85958  244 
0.45028  95465  397n  08029  479 
0.45110  22442  19166  27868  609 
0.49199  44907  96949  84976  942 

0.49288  62859  79068  29070  927 
0.45377  76278  75545  09909  796 
0.45466  85149  94492  69474  799 
0.49955  89482  44849  07100  695 
0.45644  89359  96949  22966  671 


0.45799  84471 
0.45822  75118 
0.45911  61167 
0.46000  42639 
0.460if9  19498 

0.46177  91795 
0.46266  59994 
0.46955  22406 
0.46449  80789 
0.46992  94915 


78955  48139  307 
83158  66969  994 
59888  96847  279 
20540  75109  180 
76867  95479  739 

41482  88913  664 
26861  16364  968 
46998  96679  522 
13619  ^95  490 
42849  72867  192 


0.46620 
0.46709 
0.46797 
0.46886 
0.46974< 

0.47062 
0.47150 
r  0.47298 
0.47927 
0.#?419 


89594  48672 
28011  46175 

02829  78918 
99261  466?il| 

'98881  71198 
79855  69788 
96114  60472 
07649  61589 
1449X  91970 


79849  162 
15899  451 
94840  104 
77761  998 
98768  824 

89618  136 
21242  715 
11121  556 
91539  149 
19709  261 


»2 

lU 


0.47503  16512  70950  79950 
0.47591  13829  18919  71699 
0.47679  06374  5494a  97532 
0.47766  94157  997W  51191 
0.47854  77164  75827  05452  099 

0.47942  55386  04209  00027  929 

m 


0.90044  71023 
0.90001  16866 
0.89957  53709 
0.89913  81556 
0.89870  00412 


52676  92166  884 
67546  26580  847 
70803  9833?  319 
98765  67474  569 
88646  59552  965 


0.89826  10281 
0.89782  11168  07522 


78561 


11993  463 
31966  167 

0.89738  03076  15441  53089  090 
0.89699  86010  49127  90896  721 
0.89649  99975  92287  98759  714 


0.89605 
0.89568 
0.89516 
0.89471 
0.89426 
I 

0.89382 
0.89337 
0.89292 
0.89247 
0.89262 

0.89156 
,0.89111 
0.89066 
0.89020 
0.88974 


24975  25525  24253  639 
81014  66339  64298  997 
28097  99127  21110  867 
66229  69179  97699  988 
95414  22689  59942  602 


15656  0I72O 
26959  69266 
29929  59190 
22770  26296 
07286  21128 

8^881  99928 
49562  81929 
07990  92497 
56199  22891 
96159  4* 


58962  879 
92423  883 
99790  459 
80142  134 
01196  897 

93645  402 
96296  541 
04773  005 
26178  282 
33674  967 


0.88929  27216  29168  28970  288 
0.08889  49986  65888  56721  822 
0.88897  62667  53744  38842  074 
0.88791  67065  25407  48723  197 
0.88745  62583  88438  05969  212 

0.88699  49227  79284  19499  995 
0.88659  27801  89281  47206  469 
0.88606  95910  54^2  44417  051 
0.88568  59958  SM66  20075  401 
0.88514  87158  52897  98129  517 

0.88467  49491  88928  31872  223 
0.88420  82984  89949  99499  894 
0.81974  07696  61999  55981  874 
0.88927  29496  93899  75469  416 
0.88286  98492  59463  46844  214 


0.88299  28986  18121  49970  947 
0.88186  17916  93995  44(»i  907 
0.88198  98427  96191  29994  541 
8.88891  78125  68597  69298  769 
8.68044  99814  29984  98988  879 


0.87996  870g 


_  96304  22974  197 
0187949  93982  79786  96012  194 
&  87901  68872  98284  70981  529 
OL 87859  96971  69808  47270  917 
0.87806  19485  57828  28743  029 


0.87758  25618  90372  71611  628 
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Tabte  4«      CIRCULAR  9INB8  AND  COSINES  FOR 


0.500 
0.901 
0.SO2 
0.903 
0.504 

0.505 
0.506 
0.507 
0.508 
0.50^ 

0.579 
0.511 
0.512 
0.513 
0.514 

0.515 
0.516 
0.517 
0.518 
0.519 

0.520 
0.521 
0.522 
0.523 
8.524 

0.525 
0.526 
0.527 
0.528 
0.929 

0.530 
0.531 
0.532 
0.533 
0.934 

0.939 
0.936 
0.937 
0.938 
0.539 

0.940 
0.941 
0.942 
0.949 
0.944 

0.949 
0.946 
0.947 
0.948 
0.949 


0.47942  99386  04209  00027  929 
0.48030  28813  07080  29394  947 
0.48117  97497  07116  30978  414 
0.48209  61249  27448  70881  314 
0.48293  20240  91696  39573  583 

0.48980  74403  29960  19929  617 
0.48468  23717  4MI3  94818  170 
0.48599  68204  9m$  38243  967 
0.48643  07826  77106  78840  «8 
0.48710 

0.48817  72468  02907  49490  013 
0.48904  97471  964n  73499  994 
0.48992  17919  M371  971|7  006 
0.49079  32796  82932  89982  104 
0. 49166  49101  91^99  39667  778 

0.49299  48490  sIlOl  63810  964 
0.49340 .48999  49999  92799  029 
0. 49427  44482  90944  98899  617 

0.49688  01976  43m  71493  446 
0.49774  77084  98729  M299  049 
0.49861  47812  86099  97199  109 
0.49948  ^3^  1|^1  78996  698 


0.87798 
0.87710 
0.87662 
0.87614 
0.87969 

0.07917 
0.87469 
0.87420 

0tW97J 


2M18  90372 
26976  40428 
19962  87899 
09909 
78441 


44744  26201 
02294  79911 
91098  42264 
9U60  00180 


ARGIMEim 


71611  628 
38630  733 
90799  903  ^ 
39397  047 
97748,299 

33418  203 
19988  999 
46912  991 
79092  910 


19407 


0.90034 


10484  918 


0.90121  30046  79797  84942  748 
0.90207  80778  64718  66796  092 
0.90294  26469  77609  MlOl  411 
0.90980  67171  47881  24994  981 
0.90467  02819  U483  83949  996 

0.90999  994U  04046  96181  966 
0.90699  96999  64911  01306  149 
0.90725  79491  29121  69909  473 
0.90811  94696  39491  92741  999 
0.90698  09160  22300  66964  220 

0.90984  10394  28699  79260  934 
0.91070  10929  94099  97962  496 
0.91196'  09998  98461  73096  946 
0.91241  99471  62396  299g  794 


0.91327  80260  46726 


0.67274  49076  49791  26910  901 
0.67229  96941  06019  76790  129 
0.67176  61069  14494  09187  176 
0.67127  60907  94960  26698  969 
0.67076  46219  16667  99767  441 

0.67029  27?22  96069  49S47  904 
0.66979  97929  84799  J994(l  192 
0.86990  99126.71641  89964  429 
0.66681  93049  84660  240 
0.66831  96298  2»26  60924  109 

0.66781  91796  77649  90038  789 
0.66m  16697  19069  69614  647 
0.666n  36644  26666  33969  896 
0.66692  46969  16696  64978  779 
0.86982  47218  62144  62699  524 

0^66992  99416  22941  26999  961 
0,86482  22960  99666  22644  OH 
^0^66«n  97n6  94971  19799  996 
,  0.86961  64109  09960  96071  496 
0.66331  21729  66210  99902  671 

0.66280  70709  14761  01160  670 
0.66290  11098  \949U  41641  248 
0.66179  42786  92829  81912  694 
0.66U6  69901  97140  13920  311 
0.86077  86400  94992  10201  726 

0.66026  86292  74799  70140  02! 

...      0.69679  92972  44824 
666     0.69622  29864 


19482  96999  939 


0.91419 
0.91499 
0.91989 
0.91670 
0.91796 

0.91841 
0.91927 
0.92012 
0.92096 
0.92163 


99916  99113 
34431  13991 
03796  00968 
68002  27290 
27041  47234 

60909  04916 
29984  49792 
73071  10073 
11396  49129 
44492  07094 


10467  728 

8404  91/1 
798  874 
01726  969 
00899  920 

98289  861 
69410  714 
19436  612 
88849  679 
38896  868 


0.88770  86819  69624  14293  797 
0.89719  41166  09999' 41303  947 
0.09667  86946  49241 
0.69616  24160  16304 
0.89964  92812  21022 


91262  623 
39926  092 
92429  967 


0.69512  72907 
0.89460  04492 
0.89408  87490 
.0.89396  81907 
0.89904  67829 


80930  77799  997 
12819  91161  787 
96734  29018  472 
71979  12987  709 
99096  36027  442 


0.5S0      0.92268  72289  30659  16778  898      0.85292  49220  99909  74280  496 
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CnCtlLAB  SINKS  AND  COSINES  FOR  RADIAN  ARGUMENTS    Tabki  4.6 


108 


O.SSO 
0.991 
0.992 
0.999 
0.994 

0.999 
0.990 
0.997 
0.990 
0.990 

0.900 
0.901 
0.902 
0.969 
0.964 

0.969 
0.966 
0.967 
0.968 
0.969 

0.970 
0.971 
0.572 
0.579 
0.574 

0.575 
0.576 
0.577 
0.570 
0.579 

0.500 
0.581 
0.502 
0.589 
0.504 

0.509 
0.506 
0.567 
0.588 
0.509 

0.590 
0.591 
0.992 
0.599 
0.594 

0.S95 
0.596 
0.597 
0.598 
0.599 

Of  600 


0.92200  72289  90099  16770  090 
0.92999  94919  67090  97999  699 
0i^499  18914  69909  04009  969 
0.92924  84448  097U  94901  297 
0.92009  J1964  99099  44909  976 

0.92044  99002  09901  99674  699 
0.92779  29970  90292  97027  100 
0.  92804  20400  04991  I4M4  797 
0.M949  0^  90488  ,10999  419 
0.99099  86779  98002  99819  002 

0.99110  01979  20089  40989  187 
0.99209  91072  97010  81418  999 
0.99287  96440  41199  26900  949 
0.99972  99691  09179  47726  909 
0.99497  09998  49699  06947  607 

0.99941  90160  11109  99902  972 
0.99026  01M7  62996  29097  921 
0.99710  99212  94697  07291  160 
0.99794  71000  42441  99926  969 
0.99878  98780  89121  91211  559 


0.59969  20487  99969  24099  446 
0.94047  96797  92912  00924  009 
0.94191  47702  98021  69614  465 
0.54215  99199  28905  91099  020 
0.94299  99266  09714  69219  909 


0.94909  47906  89642  59158  222 
0.54467  97109  20025  10694  718 
0.94951:  20065  00942  24296  196 
0.94694  99165  59010  25797  291 
0.54710  72002  69429  24292  921 


0.94002 
0.94086 
0.94969 
0.99099 
0.99196 

0.99219 
0.59909 
0.99906 
0.99469 
0.99992 


99967  91079  55610  27C 
01252  90492  74602  091 
97649  20912  90598  982 
08948  71672  90900  969 
59942  0H24  42692  424 


99029  90227 
20101  77494 
S7009  91909 
00299  40029 
90041  91605 


61999  909 
40692  il99 
26009/504 
21494^97/ 
44900  271 


0.55696  10229  12789  77572 
0.55719  16052  72905  55027 
0.55002  17904  41900  90096 
0.55885  19979  88127  90927 
0.99960  09290  09979  40000 


0.56050  07544 
0.56199  66226 
0.96216  99299 
0.96299  06799 
0.96901-60995 


98744  29070  004 
09209  18907  516 
75090  90821  541 
81092  90929  792 
96460  49709  545 


0.56464  24799  95099  99720  099 


MM  « 

0.09292  49220  99909  74290  499 
0.09200  14006  99464  10999  761 
0.09147  744n  90004  02092  114 
0.09099  26269  67999  29067  110 
0.090«[  69599  92026  20100  491 

»0  04402  69091  90102  210 
17  90721  07267  99704  207 
49949  71701  09600  919 
Ml  97991  91992  99049  047 
1779  50794  99209  77692  917 

0.04729  91110  19416  12609  492 
0.04072  99012  70906  06609  799 
0.046X9  10440  16169  29196  401 
0.04968  77421  64950  21964  490 
0.04912  99999  99969  44654  991 

0.04499  96004  29999  24099  979 
0.04409  27624  02919  00990  949 
0.04991  60909  20900  70609  796 
D. 04297  09547  99999  96691  Oil 
0.04244  01061  70611  99719  449 


0.8419< 

o.r 

0.04( 
0.04027 
0.09979 


09751  62269  74019  976 
09222  99020  99929  690 
00279  02920  99076  692 
02920  92069  14960  099 
97179  24902  41099  609 


0.09919  29024  20654  14757  549 
0.89864  00401  24499  98825  019 
0.09810  29551  00954  99176  690 
0.p7S5  70241  99990  05609  910 
0.n701  02555  29991  98499  807 

/e3646  26499  15186  99465  789 
[89991  42078  98442  27494  927 
189596  49298  47559  49911  997 
B. 89481  48164  91816  96209  988 
,89426  98689  21926  96908  907 


0.89971 
0.89915 
0.89260 
0.89209 
0.89149 

0.89094 
0.89098 
0.82982 
0.82926 
0.82870 


20898 
94697 
60204 
17989 
66249 

06791 
99026 
62999 
78999 
85994 


87097 
40792 
95026 
29970 
60044 

09169 
99672 
19948 
04797 
26199 


96877  861 
96149  949 
84991  997 
27999  720 
91099  992 

49924  800 
61649  946 
29660  299 
09961  249 
79147  786 


0.82014  04908  99990  04199  469 
0.02798  79761  04294  90917  407 
0.02702  90297  81491  82974  799 
0.82646  92484  92992  29164  660 
0.82989  98446  21199  19254  799 

0.82599  96149  09678  29724  099 


\ 
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BLIMBlPrABT  TRAN80INDBNTAL  FUNCVIONB 
Table  CWCVLAII  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


0.M0 
0.601 
0.602 
0.603  • 
(jl.604 

0.605 
0.606 
0.607 
0.608 
0.609 

0.610 
0.611 
0.612 
0.61) 
0.614 

0.619 
0.616 
0.617 
0.618 
0.619 

0.620 
0.621 
0.622 
0.623 
0.624 

0.625 
0.626 
0.627 
0.628 
0.629 

0.650 
0.651 
0.652 
0.655 
0.634 

0.659 
"0.656 
0.657 
0.658 
0.639 

0.640 
0.641 
0.642 
0.643 
0.644 

0.645 
0.646 
0.647 
0.648 
0.649 


0.96464  24735  99039  39720  099 
0.96946  79269  91179  93980  897 
0.96629  20142  39837  0899f  3M 
0.96711  9$396  M951  18642  028 
0. 96793  92899  17336  91043  974 

0.96876  20762  98900  04938  687 
0.96998  42938  38494  31827  607 
0.97040  99418  33722  21808  719 
0.97122  70194  23119  81800  299 
0.97204  79297  89937  99709  300 

0.97286  74601  00481  26119  098 
0.97368  68219  48012/96380  111 
0.97490  96093  08770  12963  221 
0.97938  38229  6)966  29419  904 
0.97614  14604  9S387  76236  989 


0.97699 
0.97777 
0,97899 
0,97940 
0.98022 


89222  89396 
90071  16951 
09141  73907 
62426  39217 
09916  98732 


78697  979 
60606  809 
49614  047 
34861  590 
88972  073 


0.98103  91609  37309  07994  296 
0.98184  87483  48769  14829  922 
0.98266  17942  99929  36729  641 
0.98347  41779  88979  84999  681 
0.98428  68174  07909  39888  387 

0.98909  72729  40462  19480  940 
0.98990  79435  76194  76836  925 
0.98671  80279  04032  85139  861 
0.98792  79297  13891  88396  292 
0.9885)  64)99  96274  18246  006 

0.98914  47979  42269  91311  811 
0.98999  24907  43999  99690  191 
0.99079  96339  92400  89983  484 
0.99196  61896  81661  44035  909 
0.99257  21462  04789  99639  440 

0.99317  79143  99812  91193  198 
0.99398  22895  29379  30319  494 
0.99478  64703  20697  86392  429 
0.99999  00969  29999  66873  364 
0.99639  50471  40494  98084  641 

0.99719  94415  62392  09188  599 
0.99799  72385  88897  92681  579 
0.99879  84574  18219  24994  797 
0.99999  90376  49149  04675  426 
0.60059  90582  81087  16496  070 


0.60119  84585  14041 
0.60199  72579  48606 
0.60279  54349  89984 
0.60)99  30288  27978 
0.60439  00194  76995 


03939  191 
49196  949 
96961  976 
28662  868 
47908  070 


0.650      0.60918  64097  56059  96057  292 


0.82935  96149  09678  29724  099, 
0.82477  09998  62617  27022  125  \ 
0.82420  46800  49069  11146  195 
0.82365  79760  22901  99159  898 
0.82507  04483  62850  68484  954 


0.82290 
0.82193 
0.82136 
0.82079 
-0.82022 


20976  32380 
29243  99900 
29292  34964 
21127  06368 
04793  86127 


00471  116 
23405  216 
99786  102 
09403  580 
52517  895 


0.81964  80178  49479  91790  079 
0.81907  47406  96882  17114  229 
0« 81890  06443  93612  42372  770 
0.81792  97296  29766  49108  949 
0.81734  99969  40299  08919  198 

0.81677  34469  00822  J9949  689 
0.81619  60800  88007%359  091 
0.81961  78970  79180  69969  411 
0.81903  88984  92924  40689  288 
0.81449  90847  87037  62991  318 

0. 81387  84966  62953  92868  400 
0.81329  70146  99641  39292  359 
0.81.271  47993  99801  97147  027 
0.81215  16913  49270  91684  290 
0.81194  78111  99116  19498  351 


0.81096 
0.81037 
0.80979 
0.80920 
0.80861 


31199  09217 
76168  48267 
15038  13768 
41809  88052 
62489  98182 


90218  993 
68485  996 
19067  975 
28936  214 
86969  178 


0.80802  79083  12191  87292  371 
0.88743  79996  38679  90282  722 
0.80684  76039  27519  98094  922 
0.80629  64409  68414  96904  969 
0.80966  44713  93140  97676  966 


0.80907  16964  73462 
0.80447  81168  22199 
0,80388  37320  92798 
C.  80528  89457  ,79779 
0.80269  29921  78276 


77004  837 
17917  411 
10998  948 
93030  792 
91996  338 


0.80209  97978  84292  61598  611 
0.80149  81614  94617  26862  719 
0.80089  97636  06847  22096  216 
0.80050  09648  19380  50729  469 
0.79970  09697  51415  26659  842 

0.79909  97669  42991  15971  848 
0.79849  81690  94786  69377  243 
0.79789  97726  68919  69899  199 
0.79729  29783  86946  48612  527 
0.79^8  89868  12061  56819  444 

0.79608  57989  49099  82891  760 


MS 
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CtBCULAM  aiNBS  AND  OOfllNBS  rOR  BAOIAN  AlGUMI 

«  ^9 


0.6S0 
0.651 
0.6S2 
C.6SS 
0.654 

0.659 
0.656 
0.697 
0.658 
0.699 

0.660 
0.661 
0.661 
0.669 
0.664 

0.665 
0.666 
0.667 
0.668 
0.669 

0.670 
0.671 
0.672 
0.679 
0.674 

0.675 
0.676 
0.677 
0.678 
0.679 

0.680 
0.681 
0.682 
0.689 
0.684 

0.685 
0.686 
0.687 
0.688 
0.689 

0.690 
0.691 
0.692 
0.699 
0.694 

0.695 
0.696 
0.697 
0.698 
0.699 

0.700 


0.60518  64057  96099  96097  292 
0.60590  21860  08790  99782  998 
0.60677  79618  99284  80905  818 
0.60757  tfm  12527  99n8  646 
0.60896  98909  59891  48897  929 

0.60919  92499  29414  78949  652 
0.60999  19869  45749  91174  755 
0.61074  41198  10140  92964  999 
0.61199  96429  90466  62074  079' 
0.612tt  65599  19201  91867  907 

0.61911  66519  79499  78861  $19 

0.61990  3979   

0. 61469  96091 
0m948  40660  _  _ 
0.61^7  19079  44970  90974  li 

0.61709  91927  28086  60071  „  ^ 
0.61784  97408  92911  98918/989 
0.61869  17911  91267  20421/976 
0.61941  71027  7»99  24475  901 
0.62020  18990  08948  124$!  919 

0.62098  99870  96999  6802f9  744 
0.62176  94980  78899  947 
0.62299  29879  91669  99092  281 
0.62999  46940  72160  48194  700 
01.62411  62974  98092  88496  949 

0.62489  79167  27699  89921  682^ 
0.62967  77111  00082  14094  496 
0.62649  74797  94809  48299  849 
0.62729  66220  92101  29989  477 
0.62801  91970  92827  22288  698 

0.62879  90240  18468  91970  410 
0.62997  02822  11198  18947  018 
0.69094  69108  99978  11028  644 
0.69112  29091  09199  79049  207 
0.69189  82762  61884  89499  197 

0.69267  90119  16986  99989^  498 
0.69944  71lilO  97929  04908^084 
0.69422  05n2  92410  49969  542 
0.69499  94181  46961  45549  906 
0.69976  96180  66947  JjlllO  966 


0.69659«71822 
0.69790  81098 
0.69807  84001 
0.69884  80929 
0.69961  70697 


21967  94029  749 
99859  46216  467 
49694  25929  984 
81182  06781  899 
64670  79895  200 


0.64098  94999  91146  94609  464 
0.64119  91729  12296  98782  169 
0.64192  02691  40207  94660  196 
0.64268  67154  47966  45892  698 
0.64945  25290  69069  48091  069 

0.64421  76872  97691  09967  261 


0.79608 
0.79947 
0.79487 
0.79426> 


TaUe  4.6 


49055  82891  760 
02918  08009  927 
9  n492  42041  189 
96  80778  62180  929 
19591  99114  757 


79281  01659  45900  987 
89724  95985  57259  789 
80249  91889  28666  909 
»121  68849  99686  65458  154 
79060  49592  51069  55794  590 

^0. 78999  22914  97969  09278  982 
0.7r»97  87197  9149)H6994  080 
0.74876  44186  2^0  86496  061 
0.78814  99287;,i8099  86897  998 
0.78759  94906  99999  81980  929 

0.78691  67891  28428  68686  649 
0.78629  99926  40184  00789  991 
0.78968  10998  92672  21968  279 
0.78906  20699  04192  040^JU7- 
0.78444  229M99Sai'9844r244 

  16698  80849  28990  294 

0.7892r020#t69ia40976  414 
0.78297  81270  91948  10240^  974 
0.78199  91899  19924  22999  698 
0.78199  149>9  91981  98907  578 


0.78070 
0.78008 
0.77949 
0.77882 
0.77820 


69911  92446 
16699  66429 
55959  18809 
87488  19699 
11228  89820 


87998  926 
68499  890 
99990  877 
22908  414 
99699  786 


0.77797  27187  90927  99718  299 
0.77694  99970  49981  92416  999 
0.77691  99789  969^  411M  966 
0.77968  28494  99S9  79498  196 
0.77909  19927  88918  98411  247 

0.77441  90470  91998  77299  990 
0.77978  99869  76976  60479  500 
0.77915  21590  74891  94292  299 
0.77291  75460  21918  69496  286 
0.77188  21664  90269  68194  418 

0.771^4  60149  97106  60197  994 
0.77060  90922  97998  79979  541 
0.76997  19989  89862  90904  069 
0.76999  29997  10992  19670  418 
0.76869  97090  98049  88909  192 

0.76809  97017  99915  502 
0.76741  29924  92449  99966  921 
0.76677  19956  59961  77279  757 
0.76612  90921  16142  98998  494 
0.76548  60224  49294  79491  799 

0.76484  21872  84488  42625  986 

[<.-,"'] 
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TaM*  44     CnCUMIt  9INB8  AND  GOSINBft  FOR  RADIAN  ARGUBfBNTS 


0.700 
0.701 
0.702 
0.703 
0.704 

0.70S 
0.704 
0.707 
0.70tf 
0.709 

0.710 
0.711 
0.712 
0.713 
0.714 

0.715 
0.716 
0.717 
0.718 
0.719 

0.720 
0.721 
0.722 
0.723 
0.724 

0.725 
0.726 
0.727 
0.728 
0.729 

0.730 
0.731 
0.732 
0.733 
0.734 

0.735 
0.736 
0.737 
0.738 
0.739 

0.740 
0.741 
0.742 
0.743 
0.744 

0.745 
0.746 
0.747 
0.748 
0.749 

0.750 


0.64421  76872  37691  05H7  261 
0.64498  22071  88685  07414  902 
0.64574  60821  57925  6S445  583 
0.64650  93113  80397  08940  870 
0.64727  18940  93892  61979  783 


0.64803 
0.64879 
0.64955 
0.65031 
0.65107 

0.65183 
0.65259 
0.65334 
0.65410 
0.65486 


38295  39607  19561  705 
91169  43946  23064  641 
97999  56422  40498-747 
97446  13997  14339  062 
90833^9081  46169  394 

9t710J1996  68121  019 
180Mi4275  19866  915 
91900  95161  24450  179 
99199  87111  M0|9  709 
19997  79096  99888  $65 


0.69961  74166  97140  27966  889 
0.69697  21820  09821  99009  469 
0.69712  62909  98976  2789t  891 
0.69787  97427  46644  44880  859 
0.69869  25366  75324  69505  417 

0.69938  46719  714)3  19361  800 
0.66013  61478  89004  90862  992 
0.66088  69636  98443  19198  027 
0.66163^  71189  46973  13079  967 
0. 66238  66117  98499  69907  069 

0.66913  94426  69949  66778  441 
0.66988  96109  ^872  29449  994 
0.66469  11142  98899  79184  280 
0.66997  79994  99748  97699  666 
0.66612  41272  90799  01924  909 


96990  09697  87979  259 
44798  47097  90099  199 
86490  79996  91979  181 


0. 

0.66761 
0.66899 
0.66910 
0.66984 

0.67058 
0.67192 
0.67206 
0.67280 
0.67954 

0.67428 
0.67502 
0.67576 
0.67650 
0.67723 


21999  46342  39102  739 
49897  14909  99849 
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71556  37903  75177  973 
86509  74117  74942  523 
94749  81736  71700  537 
96269  19936  70869  650 
91060  4856!|,  84779  796 

79116  28145  06748  388 
60429  19868  84968  216 
34991  85605  9M17  996 
02796  87900  20669  485 
63836  89971  13633  096 


0.67797  18104  55714  81235  936 
0.67870  69592  49704  53032  193 
0.67M4  06293  37191  55745  803 
0.6M17  40199  84105  86745  313 
0.68090  67304  57056  87450  " 


0.66163  87600  23334  16679  324 


OM  « 

0.76484  21872  84488  42625  586 
0.76419  79872  83998  97099  292 
0.76399  22230  89109  11442  079 
0.76290  60993  94492  20299  968 
0.76229  92046  77847  99166  029 

0.76161  19917  62061  70499  792 
0.760M  91972  94787  98298  m 
0.76091  99617  44499  64021  819 
0.79966  4tt99  40193  91299  107 
0.79901  99904  71984  94997  406 

0.79896  18799  90908  16694  146 
0.79770  96611  47219  18942  199 
0.79709  66^9  94990  20799  299 
0.79640  P649  84811  1VM  892 
0,19974  84809  72991  28009  128 


0.79909  92412  11992  84790  074 
0.79449  72469 
0.^978  04970 
0.79912  29999 
0.79246  47978 


S996  12749  209 
999  91989  969 
94701  46092  269 
00199  76799  998 


0.79180  97291  40894  97944  949 
0.79114  99686  79987  70091  976 
0.79048  Stm  69174  94189  363 
0.74982  41949  68966  49814  983 
0.74916  21890  48626  09078  707 

0.74849  94219  66169  10497  806 
0.74789  99129  81944  92799  969 
0.74717  16949  66679  88624  209 
0.74690  66909  77410  94219  910 
0.74984  089^  81999  02999  109 


0.74917 
0.74490 
0.74989 
0.74917 
0.74290 

0.74183 
0.74115 
0.74048 
0.79981 
0.79914 

0.79846 
0.79779 
0.79711 
0.79644 
0.73576 


44029  44870 
71602  99841 
91796  19714 
04491  98479 
09699  90899 


98879  019 
90102  964 
42167  699 
71921  199 
77719  862 


07994  02928  18928  866 
97994  49109  01099  791 
80969  24196  19999  297 
96967  17168  68402  998 
24772  94986  14660  198 


89987  19987 

8016  96092 
068  68796 
23749  22975 
55065  34881 


90979  142 
48249  787 
84181  492 
75897  592 
12339  982 


0.73908  79023  81341  266M  937 

0.73440  99631  39960  28591  681 

0.73373  04894  89077  96602  289 

0.79905  06821  07766  10125  695 

0.79297  01416  75893  81627  979 

0.73168  88688  73820  88631  ^84 
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o.m 

0.7S2. 
0.7S9 
0.7S4 

I17M 
0.7S7 
«.7N 
0.799 

0.760 
0.761 
0L762 
.0.769 
0.764 

0.769 
0.766 
0.767 
0.768 
0.769 

0.770 

o.ni 

0.772 
0.779 
0.774 

0.779 
0.776 
0.777 
0.778 
0.779 

0.780 
0.781 
0.782 
0.789 
0.784 

0.789 
0.786 
0.787 
0.788 
0.789 

0.790 
0.791 
0.792 
0.799 
0.794 

0.799 
0.796 
0.797 
0.798 
0.799 

0.800 


0.6816)  87600  2M)4  16679  924 
8.6tt97  01079  90988  29889  169 
eJBlO  077)1  088)1  22429  994 
0^»89  87999  69297  62^  080 
0.68486  00849  91)49  04892  289 

0.68928  86686  97494  92691  9l7 
0.68MS  0974  )499)  29484  772 

8.68674  98401   

168747  09962 
0.68819  62647 


0.68892.14491  10991  99914  776 
0.68964  59969  99792  )98»  )8) 
0.690M  97)8)  2)194  98826  0)0 
109  28497  968)9  98982  200 


0. 
0. 

0. 


92788  97724  6)761  700 


6929)  69988  6)481 
0.69)29  ml? 


28299  794 

676)1  22) 

0,68)97  ^772  ^196  1098)  0)9 
0.69469^99  799)9  7)0)8  199 
0.69941-69808  89887  26789  802 

0.6961)  92)86  27)96  74701  988 
8.69689  28811  89729  610M  ^6 
0.69796  96667  n»l  4)442  924 
0.698M  98)47  99)68  69024  972 
0.69900  1)049  7)609  29718  98) 

0.69971  60799  4660»  94062  747 
0.7004)  01464  0)980  787U  296 
0.70114  99170  90469  99929  979 
0.701»  61869  19900  60948  949 
0.70296  81941  4Ue9  19989  818 

0.70927  94192  00410  18496  790 
0.70998  99809  80296  98108  974 
0.70469  98987  70180  66997  288 
0.70940  89918.68)24  70046  981 
0.70611  74)99  419)9  661)1  480 

0.70682  91811  09)69  92)74  614 
0.70799  22198  44879  98290  801 
0.70829  89490  90629  19901  199 
0.70894  41^  18692  904H  790 


0.70964 

0,71099 
0.71109 
0.71179 
0.71246 
0.71916 


42696  90970  897 


92724  17607 
67624  99949 
99414  04980 
16086  09999 
29699  99997 


80981  409 
88841  974 
78299  979 
98929  620 
19009  776 


0.71986  96049  99096  79112  719 
0.71496  99926  92990  98979  148 
0.71926  27498  06672  07482  991 
0.71996  12496  98066  96241  109 
0.71669  90296  28277  81996  690 

0.71799  60908  99922  76162  718 

['-r'*I 


0.79168  88688  79820  88691 
0.79100  68649  89000  09699 
0.79092  41288  89)79  76111  U 
0.72964  06690  6)689  44099  6C 
0.72899  64676  01988  89978  961 

0.72827  19491  82687  42999  ^ 
9.72798  98904  92909  49472  790, 
0.72689  99102  16489  70919  496 
0.72621  24090  41026  27404  867 
0.72992  49696  99220  91961  4941 


0.72489  68107  40909  17299  969 
0.72414  67269  92699  68719  814 
0.72949  67190  97707  99489  948  1 
0.72276  99877  46116  61298  918 
0.72207  49996  28998  19949  129 

0.72i99  29974  96606  24219  699 
0.72068  94998  62917  00799  084 
0.71999  98419  98627  96800  072 
0.71990  19099  99197  92949  410 
0.71860  64497  78249  29962  010 

0.71791  06696  10949  96997  129 
0.71721  4l7i9  99099  64806  626' 
0.71691  69642  41008  16797  999 
0.71981  90964  92078  19981  770 
0.71912  09928  04171  96996>  807 

0.71442  10940  99991  9609a  117 
0.71972  09608  86716  89660  709 
0.  7U02  01799  96600  90279  099 
0.71291  86740  86970  99099  972 
0.71161  64618  97929  19198  964 


0.71091  99980 
0.71020  99092 
0.70990  99982 
0.70880  09098 
0.70809  47409 


12277  99721  626 
99990  79296  299 
84980  19991  499 
10910  96614  797 
96999  82877  671 


0.70798  82691  67199  76290  990 
0.70668  1090^  09799  47889  099 
0.70997  92049  71999  67909  990 
0.70926  46199  99771  79107  880 
0.70499  99168  89692  99994  179 

0.70984  99156  52296  09e9l  278 
0.70919  46109  79982  19602  208 
0.70242  92029  64976  91409  812 
0.70171  10917  90026  60906  279 
0.70099  82799  84649  69792  914 

0.70028  47660  41099  70466  129 
0.69957  09524  12728  08742  151 
0.6968!  96992  19922  95499  779 
0.6981^  00271  59999  64661  971 
0.69742  97167  65179  99709  964 

0.6967^  67099  47165  42092  075 
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0.800  0.717)S  60908  99922  76162  710 

0.801  0.71805  24988  14  7M  98809  799 

0.802  0.71874  80686  K  971  49741  299 

0.809  0.71944  29797  92997  90488  691 

0. 804  0. 72019  71714  64909  7'9994  269 

0.809  0.72089  06429  99098  90992  996 

0. 806  0. 72192  99997  09910  99922  909 

0.807  0.72221  94228  84188  62476  922 

0.808  0.72290  67298  49704  19472  999 

0.809  ,  0.72999  79199  08990  19721  677 

0. 910  9. 72428  71749  70142  91092  818 

0.811  0.72497  69109  44620  89179  999 

0. 812  0. 72966  47217  42849  06266  069 

0.819  0.72699  24072  76416  00277  089 

0.814  0.72709  99664  97696  19989  027 

0.819  0.72772  55989  99990  91786  594 

0.816  0.72841  11090  19926  88414  775 

0.817  0.72909  98790  21260  99942  691 

0.818  0.72977  99299  90776  72949  229 

0.819  0.79046  92490  60427  99969  902 

0.820  0.79114  98297  26899  87998  191 

0.821  0.79192  76892  47999  96909  084 

0. 822  0. 79290  88089  40670  98872  920 

0.829  0.79918  92001  24998  91414  929 

0.824  '  0.79986  88581  20187  01966  289 

0.829  0.79494  77822  46978  94879  150 

0. 826  0. 79922  99718- 29249  04999  477 

0.827  0.79590  94261  78008  99991  799 

0.028  0.79658  01446  27404  08557  557 

0.829  0.79725  61264  96715  99150  579 

0.890  0.79799  19711  09962  71872  858 

0.891  0.79860  58777  91899  89026  7p 

0.892  0.79927  ^6498  68020  82099  494 

0. 899  0. 79999  26746  64997  48919  944 

0.894  0.74062  49699  08481  lS6p9  989 

0.895  0.74129  65117  27509  09^20  808 

0.896  0.74196  79186  50074  95758  049 

0.897  0.74269  79896  09990  06248  576 

0.898  0.74990  67059  29989  44844  755 

0.899  0.74997  52849  94r92  89924  992 

0.840  0.74464  9119^  70859  92125  657 

0.841  0.74591  02109  69927  87199  577 

0.842  0.74597  65594  46848  16798  929 

0.849  0.74664  21945  59275  18184  599 

0.844  0.74790  70070  17609  86260  985 

0.845  0.74797  11121  74999  80199  429 

0.846  0.74869  44699  61999  89598  886 

0.847  0.74929  70779  19279  01550  724 

0.848  0.74995  89971  68190  «6917  968 

0.849  0.75062  00464  64299  69922  547 

0.850  0.75128  04051  40292  70271  207 

[<r] 


0.69670  67099  47169  42092  079 
0.69998  90090  22499  99692  699 
0.69927  06047  08886  74871  998 
0.69499  19091  24727  19129  218 
0.69989  17189  89116  26891  296 

0*69911  12990  21844  29998  429 
0.69299  00579  49994  94027  996 
0.69166  81884  74949  40074  991 
0.69094  96279  98969  02928  784 
0.69022  29792  96214  89026  191 

0.68949  84929  91747  01794  964 
0.68877  98011  48909  69129  198 
0.68804  84809  72916  99994  472 
0.68792  24719  47906  18169  280 
0.68699  97799  99881  19892  949 

0.68986  89994  96797  ^9262  969 
0.68914  09290  49297  24929  414 
0.68441  19714  99909  18772  692 
0.68968  21999  90246  67094  544 
0. 68295  2011^/84907  59742  692 

0.68222  1202  87619  55166  656 
0.68148  97204  69169  07005  802 
0.68075^75521  61060  91008  857 
0.68002  47090  95457  91885  292 
0.67929  11740  05207  90088  219 

0.67855  69696  29899  88990  098 
0.i7782  20786  89969  99229  106 

S;67708  69199  29264  69888  949 
.67699  02720  78908  90409  790 
/  0.67961  99998  81996  99991  781 

0.67487  97600  71267  10211  246 
0« 67419  74919  89299  77928  481 
0.67999  89489  61885  24928  580 
0.67265  89929  99984  27994  597 
0.67191  86494  99207  01992  989 

0.67117  76826  99842  28712  970 
0. 67049  60906  82890  89295  098 
0.66969  97482  69864  96499  449 
0.66899  07761  69185  89498  989 
0.66820  71991  09786  68708  997 


0.66746  28298  41908 
0.66671  78491  14099 
0.66997  22096  69016 
0.66922  98962  91824 
0.66447  89216  08791 


11792  267 
92999  9% 
98654  482 
47240  065 
14192  152 


0.66979  12824 
0.66298  29796 
0.66229  40197 
0.66148  49857 
0.66079  40961 


86891  57589  286 
99764  89991  100 
97719  70674  409 
27709  96802  946 
79969  62590  789 


0.65998  91458  84982  17099  542 

en 
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0.850 
0.8S1 
0.852 
0.853 
0.854 

0.855 
0.056 
0.857 
0.858 
0.859 

0.860 
0.861 
0.862 
0.863 
0.864 

0.865 
0.866 
0*867 
0.868 
0.869 

0.870 
0.871 
0.872 
0.873 
0.874 

0.875 
0.876 
0.877 
0,878 
a.  879 


0.1 
0.881 
0.882 
0.883 
0.884 

0.885 
0.886 
0.887 
0.888 
0.889 

0.890 
0.891 
0.892 
0.893 
0.894 

0.895 
0.896 
0.897 
0.898 
0.699 


0.75128  04051  4029}  70271  207 
0.75194  00129  IM09  23260  412 
0.79259  81679  91779  88815  295 
0.75925  69708  487»t  26849  594 
0.75)91  49204  48790  97191  360 

0.79497  09161  949S6  2919)  2)7 
0.79922  67972  49928  67867  227 
0.79980  184)1  )7m  79144  490 
0.7569)  617)1  44244  79699  143 
0.79718  97466  14602  tt217  260 


0.  757M  29628 
0.79M^  4621) 
0^79914' 99212 
0.75979)64620 
0.76044  62430 


95276^97229  459 
))451  58068  441 
77068  06)50  566 
74826  5)141  684 
76186  24087  122 


0.76109  52636 
0.76174  352)0 
0.762)9  10208 
0.76)0)  77561 
0.76)68  )7284 

0.764)2  89)70 
0.7M97  ))81) 
0.76561  70606 
0.76625  99742 
0.76690  21217 


)1)66 
91)46 
07866 
93429 
21299 

^5505 
00837 
02892 
87869 
12977 


24465  750 
04168  073 
22598  272 
13500  144 
49706  858 

07814  480 
32779  191 
02436  134 
91953  834 
38182  114 


0.76754  35022  36027  03963  458 
0.76818  41152  156)8  42))7  7)6 
0.76882  )9600  11198  60682  252 
0.76946  )0)59  82862  8477)  027 
0.77010  1)424  91595  22769  271 


0.7707) 
0.771)7 
0.n201 
0.77264 
0.77)28 


88788  98969 
56445  67568 
16)88  60587 
68611  420)2 
1)107  76680 


29120  965 
68)99  506 
79051  ))7 
)7074  497 
19618  049 


0.77)91  49871 
0.77454  78895 
0.77518  00174 
0.77581  1)701 
0.77644  19470 


0.77707 
0.77770 
0.778)2 
0.77895 
0.77958 

0.78020 
0.7808) 
0.78145 
0.78208 
0.78270 


17475 
07709 
90165 
648)9 
3172) 

90811 
42097 
85575 
21238 
49080 


30081  68904  290 
68560  53673  706 
59214  36952  600 
69915  33)4)  )21 
69)10  782)7  045 

2682)  86549  0)) 
12654  17776  )16 
97778  38577  722 
53950  85676  211 
53704. 28683  432 

70350  IU46  443 
77980  21716  548 
51465  39740  163 
66458  14771  667 
99392  20506  171 


0.900      0.783)2  69096  27483  38846  136 


0.65998  31458  84982  17039  542 

0.65923  15356  13509  82909  449 

0.65847  92661  10556  81024  321 

0.65772  63381  28392  55410  547 

0.65697  27524  19944  98010  152 

0.65621  89097  38799  7)388  013 
0.69946  36108  39199  4337)  )00 
0.69470  80564  76842  916)5  218 
0.65)99  18474  04884  4819)  134 
0.69319  49843  8193)  1)861  148 

0.6524)  74681  64051  84627  20) 
0.65167  92995  08756  75966  794 
0. 65092  04791  74216  47091  )57 
0.65016  10079  19251  251)1  416 
0.64940  08865  0)))2  29254  574 

0.64864  01156  86580  94716  )7) 
0.64787  86962  29767  96858  196 
0.64711  66288  94)12  75010.176 
0.646)5  )9144  42282  56)69  276 
0.64559  055)6  36391  79782  561 


0.64482  65472 
0.644Q6  18960 
0.64329  66007 
0^64253  06621 
0.64176  408tr 

0^64099  68581 
0^64022  89942 
O4 63946  04901 
04  63869  13466 
0.63792  15643 


40001  19477  766 
17117  08727  234 
32390  63447  260 
S1117  05733  091 
^34~B7329  202 

63325  13035  656 
90610  64049  903 
66995  21244  528 
26862  88380  872 
73477  15258  639 


0.63715  11441  98580 
0.63638  00868  72592 
0.63560  83931  66570 
0.63483  60638  52208 
0.63406  30997  01835 


20801  550 
16079  131 
27264  710 
18529  695 
14874  216 


0.63328  f5014 
0.63251  52699 
0.63174  04059 
0.63096  49102 
0.63018  87834 


68415  24894  213 
65546.  63485  020 
67460  74481  571 
09021  53235  256 
85724  69127  530 


0.62941  20265  73696  88020  35S 

0.62863  46402  49694  94643  540 

0.62785  66252  91105  14919  057 

0.62707  79824  75942  38222  426 

0.62629  87125  62849  39581  242  / 

0.62551  88163  91096  0181Q  860  > 
0.62473  82946  80576  37587  545 
0.62395  71482  31818  11458  656 
0.62317  53778  25961  61790  663 
0.62239  29642  44779  22654  524 

0.62160  99662  70664  45646  472 
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tt.«M 
0.901 
0.902 
0.90i 
0.904 

0.90S 
0.906 
0.907 
0»900 
0.909 

0.910 
0.911 
0.912 
0.919 
0.914 

0.91S 
0.916 
0.917 
0.910  . 
0.919 

o.9r.) 

0.921 
0.922 
0.929 

o.r 

0.925 
0.926 
0.927 
0.920 
0.929 

0.930 
0.991 
0.992 
0.999 
0.994 

0.999 
0.996 
0,997 
.0.990 
0.999 

0.940 
0.941 
0.942 
0.949 
0.944 

0.94S 
0.946 
0.947 
0.940 
0.949 


0.70992  690M  27409  9M46  190 
0.70J94 


eU70  20790  22199  796 
1914  SS501  279 


09620 
02117 
m62 


,  „  10722  499 
t49  49910  260 


0.70642 
0.70704 
0.70769 
0.700|7 
0.70000 


91949  92674  00991  017 


0.79011  70909 
0.79072  96919 
0.79194  14214 
0.79199  24001 


09990  4U07  096 
S9911  92190  474 
69647  40890  789 
12998  10619  897 
19799  41660  812 


0.79062 
0.79922 
0.79902 
0.00042 
0.00102 

0.00161 
0.00221 
0.00201 
0.00940 
0.00400 

0.00499 
0.00919 
0.00970 
0.00697 
0.00696 


07691  90014 
21909  00542 
20949  40198 
26704  76967 
17061  91191 


90701  11969 
24941  99667 
51049  79999 
69100  25779 
79006  99964 


0.62160 
0.62082 
0.62004 
0.6m9 
0.61047 


0. 79296  29868  74tt4  92929  499 
£79917  19810  mi  80192  790 
0.79978  OOnO  B8M0  11886  ^9 
0.79490  89899  ttl29  48816  7p 
S79499  94021  79919  72096  OM 

0.79960  16200  96966  09026  828 
0.79620  70422  91262  60999  471 
0.79681  16689  99189  29692  919 
0.79741  94979  79901  99169  898 
0^79001  09299  96989  58226  129 


17797  699, 
20660  997 
49699  970 
01629  698 
80405  294 


99400  89777  19200  492 
79799  96488  41719  806 
40040  11092  57726  899 
98928  99998  026tt  210 
48574  89099  17941  971 


09955  869 
09965  945 
59525  671 
51827  400 
69959  919 


0.00755  01004  05114  20607  022 
0  80814  74845  52690  09l»  915 
0.00079  60605  59190  16899  872 
0.00992  90278  17496  94799  790 
0.00991  07057  57982  19921  017 


0.01049  69997 
01100  22719 
0.01166  67977 
0.01225  05125 
0.01209  94150 


07009  69900  909 
20770  98699  669 
71526  54920  560 
55595  97990  951 
09190  54194  591 


n.990      0.01941  55047  09979  79060  942 


99682  70664 
69906  06699 
2072?  76329 
71990  29992 
16961  14519 


45640  472 

21690  070 
02590  590 
22842  989 
21204  650 


0.61768  95799  99401  62045  040 
£61689  08460  66759  56924  Ml 
0.61611  14999  01914  ^992  m 
0.61592  J9284  24490  19111  466 
£61499  49462  24068  97929  020 


0.61974  97494 
0.61299  99990 
0.61216  HIM 
0.  61197  44799 
0.61098  S929 


88811  54692  118 
07096  97447  009 
7in9  27429  099 
68709  61677  674 
91968  99846  110 


09794  92490  19011  790 
77080  82406^74910  990 
42917  94706  00764  999 
01471  82824  21909  476 
94992  -80049  06922  989 


0.608i9 
0.60820 
0.60741 
0.60661 

0.60902  01966  49462  81179  741 
0.60902  42922  45979  65991  746 
0.60422  77420  24202  65074  904 
£00949  06291  74099  16960  900 
£6^69  »126  94996  79945  468 

0.60109  49929  02112  55977  049 
0.60109  56700  94746  07005  466 
6^60029  61402  51790  09949  709 
0.99949  60294  92679  40009  791 
£99069  59091  77612  46494  504 

0.59709  99822  87298  29849  491 
0.59709  20695  69091  54424  260 
0.59622  95470  06791  09960  909 
0.99942  64950  21092  41997  046 
Ol 59462  27204  00087  58618  345 


0. 59301  t4263 
0.59301  39309 
0. 59220  00416 
0.59140  19605 
0.59059  52881 


74063  90139  324 
20063  32740  634 
54181  65034  067 
79507  66977  705 
02922  39319  443 


0.50970  00250  31090  22996  099 
0.50898  01721  71298  18462  976 
£50017  17303  3m9  04967  973 
Oi 50736  27003  19770  59766  300 
£58655  30029  45514  77276  748 


0.50574  20790 
0.50493  20093 
0.50412  07147 
0.58330  07560 
0.58249  62199 


18224  08177  827 
40104  70446  913 
45944  00339  436 
23117  31310  012 
91583  12874  994 


0.50160  90094  69009  49416  610 
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0.9S0 
0.9SI 
0.9S2 
0.999 
0.994 

0.999 
0.996 
6.997 
0.998 
0.999 

0.960 
0.961 
0.962 
0.969 
0.964 

0.969 
0.966 
0.967 
0.960 
0.969 

0.970 
0.971 
0.972 
0.979 
0.974 

0.975 
0.976 
0.977 
0.978 
0.979 

0.900 
0.981 
0.982 
0.989 
0.994 

0.905 
0.906 
0.907 
0.900 
0.989 

0.990 
0.991 
0.992 
0.999 
0.994 

0.995 
0.996 
0.997 
0.990 
0.999 

1.0QO 


■ills 

0.81941  99047  89979  79068  942 
0.81999  67810  74171  99907  499 
0.81457  7249)  M296  918)5  411 
0.81915  68910  7)166  40081  169 
0.8157)  572)6  27292  7)9»l  145 

0.816)1  )7404  49689  42999  922 
0.81689  09409  90441  69980  49) 
0.81746  7»49  64)27  09)81  694 
0.81804  28907  10996  04977-644 
0.81861  76)88  14762  45701  891 

0.81919  19689  00998  2716)  )22 
0.81976  46789  997)4  09121  101 
0.820))  69691  298S9  94877  969 
0.82090  84)9)  19084  28189  26) 
0.82147  90886  0)9)8  10495  962 

0.82204  89164  09771  78067  694 
0.82261  79281  66757  55069  656 
0.82918  6105)  05889  70944  986 
0.82)79  94692  98989  19)19  )2e 
0.824)2  00014  5868)  98799  1)6 

0.82488  9719)  98490  09747  662 
0.82949  06009  92971  92898  964 
0.82601  46618  76161  49947  087 
0.82657  70974  09198  940)4  790 
0.82714  0)06)  96)26  70155  495 

0.82770  18881  67257  6)479  226 
0.82826  26422  76)69  97992  699 
0. 82882  25681  22907  06297  689 
0.829)8  16691  44947  29486  997 
0.8299)  99)27  89990  699)4  022 

0.8)049  7)704  91970  46808  49) 
\  0.8)109  )9776  97248  99697  028 
VO. 8)160  975)8  48619  00)10  290 
>0. 8)216  4698)  90)04  50142  70) 
0^8)271  88107  67)60  99690  294 

0.89)27  20904  29676  0)744  902 
0.89)82  49968  11970  1)209  801 
0.8)4)7  61499  7)796  90007  262 
0.8)492  69279  99949  8256)  )79 
0.89947  68708  184)2  76889  279 

0.8)602  99786  00920  91678  926 
0.8)657  4250)  56699  9)299  444 
0.8)712  16895  98697  90701  88) 
0.8)766  828)9  99079  90248  989 
0. 8)821  404)9  91248  90499  694 

0.8)075  89661  69442  96694  99) 
0.8)9)0  )0499  88741  19967  79) 
0.8)904  62997  09099  69790  245 
0.840)8  86979  79194  52241  668 
0.8409)  02618  56621  40406  555 


0.84147  09048  07896  50665  250 


«M  9 

0.58168,90894  6)88)  49416  618 
0.9808619)8)2  9)142  86928  810 
0.98009  80961  7)067  )9704  748 
0.97924  02290  97944  08966  29) 
0.57842  47826  62640  014)5  096 

0.97760  87978  62601  47846  900 
0.97679  11994  »9tt)  2140)  911 
0.97997  49762  92997  96176  9)6 
0.97919  78210  77219  3441  119 
0.5749)  88907  44296  99961  007 

0.97)51  99860  72456  66212  505 
0.57270  0|078  80718  44951  995 
0.97188  m69  88520  07)22  91) 
0.97109  98)42  18912  96911  940 
0.5702)  8640)  89918  0)741  929 

0.96941  6876)  12990  84208  614 
0.96tt9  45428  24714  78562  699 
0.96777  16407  42409  2^9  004 
04  96694  n700  88498  96091162 
«0. 96612  41)40  86469  79171  417' 

0.96929  95911  60)94  91)0)  65) 
0.56447  4)629  94794  78229  727 
0.96)64  86)02  )48)9  9969)  190 
0.96282  2)))8  86)49  66624  480 
0.96199  94747  19994  99167  66) 

0.96116  80999  49941*4)490  81) 
0.9M)4  00712  15121  09200  110 
0.99951  192M  40876  229)7  7)6 
0.99868  2426)  99149  4918)  654 
0.55785  27654  87042  87601  950 

0.99702  29467  66217  90087  666 
0.99619  17710  22891  97806  645 
0.555)6  04990  87840  78i67  797 

& 99452  85917  92)97  97748  299. 
99)69  M099  68448  )9160  207 

0.99286  ni44  484)9  97861  976 
0.99202  99660  69)94  98911  49) 
0.99119  94696  52799  19672  )22 
0.990)6  08140  447)2  1649)  272 
0.94992  56U0  7594)  01100  969 

0.94868  98609  81987  97994  919 
0.94789  9560)  97417  28224  252 
0.54701  6712)  997)2  2«618  647 
0.54617  9)17)  09)80  4)512  268 
0.545)4  1)760  71756  8))62  006 

0.54490  28894  96802  60547  9^5 
0.54)66  )8584  19004  29976  412 
0.94282  428M  77)92  792)7 
0.94190  41661  11542  88699 
0.94114  99065  61572  095)1  067 

0.940)0  2)056  681)9  71740  094 
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numonnitNTAL  fumotioms 

TaM*  M     CmduUlt  SmSS  AMD  GOSIPfES  m  SAOIAN  ARGUMBVrS 

.lb  a  '  «•  •  • 


1.000 
1.001 
1.002 
1.009 
1.004. 

1.005 
1.006 
1.007 
1.008 
1.009 

LOlO 
1.011 
1.012 
1.01) 
1.014 

LOIS 
1.016 
1.017 
1.018 
1.019 

1.020 

1.021- 

1.022 

1.02) 

1.024 

1.025 
1.026 
1.027 
1.028 
1.029 

1.0)0 
1.0)1 
1.0)2 
1.0)) 
1.0)4 

1.0)5 
1.0)6 
1.0)7 
1.0)8 
1.0)9 

1.040 
1.041 
1.042 
1.04) 
1.044 

1.045 
1.046 
1.047 
1.048 
1.049 


0.84147 
0.84m 
0.84»4 
O.MIOI 
0.84362 


<Simn 

0.84820 


lf6|749$S0 
9S60S  8«99y 


250 
268 
21046  978 
07lg747 

mnm 

42861  27) 
18177  Uf 

2994)  0S) 


0.14881  1844J  II 

16 


0.L  ^ 
0.84M»  , 
0.84809^1 


07211  0» 
7)284  991 
t  M390  486 
04660  010 


0.  84948  88817  68464  2n7)  048 
0.8SW8  77461  71^  9M49  09) 


o;m0|9  40919  67990  787)0  164 
0.89109  «986»  ln04  92646  III 
0.M19B  42)00  )1)6)  4S804  944 

0.89210  80210  49)62  92)61  699 
0.8926)  09617  89411  448tt  4U 
0.89)19  90489  )8)69  26719  808 
0^89M7  42829  64749  24)08  778 
0.I|9419  466))  16717  )9)74  949 

0.89471  41894  7409)  41097  997 
0.8992)  28609  17)91  17949  719 
0,89979  06771  27819  )0046  986 
0.89626  76)79  87681  60M6  ^1 
0.  89678  97417  79^  67982  929 

0.  09729  89891  88609  97214  MT^ 
0.89781  9)792  98)11  )1744  )98 
0.898)2  69119  94711  44887  626 
0.8988)  99899  64271  9128)  7)4 
0.899)9  14006  94)17  98248  998 

0.89986  2)964  7)0)4  9704)  W8 
0.860)7  2492)  89466  7.4094  819 
0.86088  16879  ))918  21889  224 
0^861)9  00629  9999)  90)89  6)4 
0.86189  79798. 68)97  979)6  979 

0.86240  42272  4)))8  40)i8  079 
0.86291  00162  1412)  49486 v997 
0.86)41  49422  74964  20190  1)1 
0.86)91  90049  209)4  62441  124 
0.86442  220^  47972  1196)  496 

0.86492  49)79  92878  80206  699 
0.86942  6007)  ))nO  0N66  MS 
0.86992  66112  87822  80077  424 
0.06642  6)49)  19708  46961  0)7 
0.06692  92209  17477  01685  140 


1.090      0.86742  )22S9  94016  894)8  141 


0.940)0  2)098  681)9  71740  094 
0.99946  01648  72446  99694  214 

0.9)777  iXm  41780  86864  469 
0.1)69)  21084  91907  7)>84  669 


89970  84748  188 
9986)  gn6  262 
,97  26016  77062  668 
0»  1))94  421)0  747 
^47496  )a)6  904 

Q.A186  0721)  74)99  46680  6^ 
0.99101  962)7  409)7  99041  426 
C99016  99990  mOO  16121  808 
0.929)1  78)tt  797tt  Ml|7  984 
0.92846  9l4tt  48691  )7196  798 

0.92761  9M»  48406  70219  896 
0.92677  0187)  2S74  61274  9)2 

S929n  gi6)  )7g9  jnii) 

0.  92906  91194  2700  90098  8)2 
0.92421  77974  48627  ll7)4  90) 

0.929)6  99912  91649  96988  961 
0.92291  )9U6  88764  98461  249 
0^i2166  06896  12941  099M  792 
S92O8O  72790  79271  98190  Wt 
0.91999  9941)  )0969  6)497  942 

0. 91909  88868  )))69  68691  9» 
0!  91824  )91)2  )6926  16)7)  )7) 
0.917)8  8421196612  990tt  276 
0.9169)  24121^67920  7)697  996 
0191967  98864  86899  79899  186 

0.91481  88449  69999  )47J)  »0 
0.91)96  12887  14248  86768  878 
T.91)10  )2184  97296  90)70  116 
0^91224  46)91  77168  40101  719 
£91130         U447  80821  629 

0.91092  99)26  622)0  21»tt  776 
0.90966  9n91  86122  9^)  9)5 
0.90880  91880  44242  08887  020 
£90794  40920  97216  02209  404 
0.90708  24082  06180  18797  1)8 


92778  40979  447 
99161  9721)  919 
87986  81491  427 

  42416  61010  «6 

0.90276  69997  66117  9)290  711 


0.90622  02972 
0.909)9  76000 
0,90449  44)74 
£90)6)  07704 


0.90190  1926)  2)261  )8600  720 
0.9010)  67909  78920  94140  MO 
0.90017  10749  97070  07194  996 
0  499)0  48980  44986  8891)  419 
0^4984)  82221  87247  26)07  796 

0.49797  10470  91726  99029  085 
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l,«iO  0.M74I  SilM         IMM  1«  0.49797  10471  9172^  99029  009 

hm  % Hfff  Ottii  99414  mil  4|0  0L4n»  77|0S  09910  49094  006 

tm  S^mi  ^  40^^  O.49S99  790»  19949  99499  000 

i!St  SoiiH  4w3i  iiSt  tSS  »9  0.49140  mu  9984o  10707  m 


1.09T 
L09O 

L099 


0.49140  M444  99840  10707  979 
0.49001  9099  10299  91794  792 
0.40974  41927  61499  41446  994 


1.069    Kmm  hm  nm  Um m    o,40689  moo  10972  07^7  m 

£064     0.0100  99066  29249  96460  402     0.40997  »902  64029  06692  9S 


itHi'  tof^SSilSo^^  U099  ml SS: Si 


1.070  0.07720  09042  74601  61090  706  0.40012  42290  20994  U496  909 

L071  SonOO         29479  09M7  996  0.47924  67906  00969  g099  904 

£072  SoTOlO  19976  92149  41077  919  0.47ti6  00609  41447  22»9  904 

£079  £o?069  6M74  01900  46904  969  0.47749  04709  ^0  962tt  M9 

1. 074  0. 87911  99704  74797  99716  111  0. 47661  19999  79922  90991  762 

1.079  o.ow  W904  WOO  90997  loi  0.52522      «2S  2J*S  1*} 

1.076  O.i|006  94420  02709  90016  069  0.474«  24199  TlMl  90960  911 

L077  O^iS^  9mi  06140  96244  791  0.47997  21126  49990  4m9  040 

i!o7o  timm  ym  toou  00079  619  0.47909 19999  99192  2m  996 

1:079  iCottS  oSS  20461  76291  297  0.47221  00061  6946^  96279  992 

1.000  0.0019MiOU  04947  47979  999  0.47192  09641  79740  Wm  999 

tm  S0tt40694r91$^?H09  169  0.47044  MTOO  «»6M  90071  547 


1.002  £  002i9  01990  69191  46247  091  0.46996  99070  79499  90767  010 

ll009  SSm  tSSo  Pm7  69990  660  0.46060  09797  ^9  47749  217 

twi  SoSS  OSOO  61096  96990  790  0.46779  ^7717  91096  79009  727 

LOOS  0.00490  94144  96069  09797  994  0.46691  27019  21199  20904  062 

1.007  0.-00929  94706  llWl  00962  972  0.46914  91624  46299  96791  014 

LOOO  SoStO  nno  WM  Vm  922  0^44^9  76949  91609  44199  401 

lloS  0:Sl6  9980  462^         000  0146997  17629  99919  MlOl  299 

1.090  0.00662  69144  49407  29160  060  0.46240  99660  79900  077M  790 

l!091  OIOOTOO  09964  29061  99990  971  0.46199  09000  69990  M790  092 

1.092  Oimns  01119  l^  90641  470  0^46071  llOM  90149  49099  190 

l!099  SoOm  09706  90W7  25o7  991  ol^Ott  94009  99101  60972  761 

lIoS  0)088^77860879  940  olSoS  91607  96047  20099  709 

1.099  0.00092  02400  99422  97470  660  0.49004  64697  19902  94119  606 

1.100  0.09120  79600  61499  99999  100  0.49999  61214  29977  90777  197 


\ 
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Tafafa  4*     CnCUUM  9INI9  AND  OOSINBS  FOB  BAOIAN  ABGVMKNTS 


1.100 
1.101 
1.102 
1.109 
1.104 

1.109 
1.106 
1.107 
1.108 
1.109 

1.110 
1.111 
1.112 
1.119 
1.114 

1. 119 
1.116 
1.117 
1.118 
L119 

1.120 
1.121 
1.122 
1.129 
1.124 

1.12$ 
1.126 
1.127 
1.128 
1.129 

1.190 
1.191 
L199 
1.199 
1.194 

1.199 
1.196 
1.197 
1.198 
1.199 

1.140 
1.141 
1.142 
1.149 
1.144 

1. 145 
1.146 
1.147 
1.148 
1.149 


0.89180  79600  61499  93999  180 
0.89166,09109  09618  67046  971 
0.89811  27692  89968  80240  901 
0.89296  41999  94417  Wl71  080 
0. 899^  46100  99408  60699 .678 


0.89946  4191^  49869  98069  989 

0.89991  wm  7tm  mn  012 

0^89496  06724  89719  m9  994 


0.89480  79718  4M71 
0.89929  99769  88110 

0.89969  86896  88047  62924  069 
0.89614  28992  7tt79  M779  801 
0.89698  62167  8N74  ni47  427 
0.897M  86179  8K94  24689  120 
0.89747  01614         74699  789 

0.89791  07877  89740  61099 
0.89899  09162  44797  91180  079 
0.89878  99469  49299  09041  921 
0.89922  72776  64977  09884  290 
0.89966  49097  S2698  49829  826 

0.90010  04421  76904  99711  910 
0. 90099  96744  99984  98780 
0.90097  00062  87864  929r  ~ 
0.90140  94971  09819  091 
0.90189  99669  20999  79088 

0.90226  79940  99099  1<  _ 
0.90269  89194  10271  62488  298 
0.90912  81420  29209  90191  296 
0.90999  70619  08069  41927  464 
0.90998  90774  99948  71798  698 

0.90441  21899  78829  91609  708 
0.90489  89969  09989  10994  160 
0.90926  96996  08090  78429  429 
0.90968  80970  90848  90177  929 
^90611  19887  71644  86249  948 

0.90699  41744  00926  96078  401 
0.90699  98994  96110  80269  960 
0.90797  66296  99916  72819  692 
0.90779  64909  98972  69281  260 
0.90821  94479  64819  78880  126 


0.90869 
0.90909 
0.90946 
0.90988 
0.91029 

0.91071 
0.91112 
0.91199 
.0.91194 
0.91299 


94961  19889  26499  422 
06962' 99992  94999  940 
68679  00620  94400  999 
21889  00918  09294  199 
66006  19102  04926  889 


01020  40761 
26927  92994 
49729  41410 
91409  96190 
49969  09786 


29914  164 
99479,912 
6708f  079 
96671  684 
06199  821 


0.49999  61214  29977  98777  197 
0.49270  46874  16008  69206  400 
0.49181  28007  01790  90979  790 
0.49092  04621  74808  86868  976 
0.49002  76727  27402  89992  928 

0.44919  44992  92961  97927  478 
0.44n4  07446  42924  48892  689 
0.44m  66077  92780  11424  866 
0.44649  20299  96069  22607  909 
0.  44999  69929  47969  94616  628 

0.44466  19167  41706  84864  974 
0.44976  98998  74970  06499  991 
9,Mm  fim  41874  98699  090 
0.44197  24297  99984  97201  474 
0.441^7  91742  69707  44874  890 

44017  7489?  16299  01609  891 
49927  99989  89491  94849  166 
49898  07829  89299  69^2  498 
0.49748  17749  96929  99629  410 
0.49688  29287  27666  99482  777 


0.49968 
0.49478 
0.49988 
6.49298 
0.49207 

0.49117 
0.49027 
0.42997 
0.428«6 
0.42796 

0.42669 
0.42579 
0.42489 
0.42994 
0.42909 


J 4462  76712 
IMl  49947 
19792  27890 
01884  91099 
89686  94146 

69167 

4(097  667(, 
11204  60741 
77777  891  , 
40066  989111 

9^  90197 
91829  61627 
01914  97990 
46994  64178 
87959  49789 


0.42219  24^9 
0.42122  96874 
0.42091  89211 
0.41941  09949 
0.418S0  29289 


16761  999 
41099  796. 
74199  6U 
00292  420 
91929  849 

17699  197 
97297  492 
09806  070 
8697f,749 
99194  090 

91097  122 

mn  769 

91609  976 
14410  940  ^ 
29669  902 


88672  09679  909 
99161  42980  219 
89998  41784  696 
90949  29249  478 
09800  48798  979 


1.  ISO      0. 91276  t99402  60921  08094  409 


0.41799  4S099  98998  09217  919 
0.41668  96618  16446  99794  999 
0.419n  64029  88807  89100  094 
0.41486  67289  89000  90999  707 
0.41999  66989  14400  10281  892 

0.41304  61994  87194  88«28  929 
0.41219  92m  19088  99906  792 
0.41122  98904  09997  64496  120 
0.41091  2190i  79090  99991  981 
0.40940  00004  28987  08169  999 

0.40848  74408  04197  29819  298 

m 


ERIC 


/  ' 


177 


^C|ICIlUft  SINBS  AND  COSINES  ffM  WOiUM  ARGUMBNfS     TaUe  4« 


1.1S0 
1.1S1 
1.152 
T.T55 — 
1.194 

1.15S 
1.136 
1.1S7 
1.158 
1.159 

1.160 
1.161 
1.162 
1.169 
1.164 

1.165 
1.166 
1.167 
1.168 
L169 

1.170 
1.171 
1.172 
1.173 
1.174 

1.175 
1. 176 
1.177 
1.178 
1.179 

1.180 
L181 
1.182 
1.183 
1.184 

1. 185 
1.186 
1.187 
1.188 
1.189 

1.190 
1.191 
1.192 
1.19J  ^ 
tl94 

1.195 
1.196 
1.197 
1.198  / 
1.199 


.91176 

.91517  19712 


)940a  60S21  09094  403 
19712  nm  90106  792 
357  90090  70967  97146  l|g 
~~   52933  10330  SOlOt  602 
05035  6S079  88S79  865 


0.91479^49994  29314  10469^816 
0.91519  84204-90669  12711  431 
0.  91960  09663  69679  91743  383 
0.91600  29966,39000  69819  143 
0.91640  33109  OT401  09261  996 

0.91680  31007  71766  92661  066 
0.91720  19890  33100  429U  136 

023 


0.91799  99936  92920  93200 
0  SSo  31^ 


9iOM  40902  883 
146tt  03374  147 


0.91070  03300  04290  97^  941 
0.91910  26291  69996  906 
0.91997  60010  64310  49790  170 
0.91996  04593  07139  60222  492 
0.92035  99097  41992, 1S336  360 

0.92079  09977  36139  63997  301 

0.92191  69076  9S796  26061  369 
0.92230  30343  16793  36919  902 


0.92260 
0.92307 
0.92349 
0.92304 
0.92422 

0.92460 
0. 99490 
0.92536 
0.92574 
0.92612 

0.92649 
0.92607 
0.92724 
0.92762 
0.92799 


90306  71033 
4«03  39910 
90709  29149 
13140  99"  : 
46293  44173 

60i24  00020 
M740  69932 
60123  37446 
46244  43024 
23100  04096 


01996  12t 
00974  - 

ro97 

lOO'W 
29312  70L 

34610  794 
00196  619 
03329  642 
76141  242. 
19180  649 


90710  42093  99916  099 
49047  02697  96303  400 
90116  47634  30942  352 
37912  62076  43019  290 
60432  94404  92606  900 


0.92036  09672  49166 
0.92074  01620  79030 
0.92911  04297  60829 
0.92947  97679  36260 
0.92904  01790  32004 


69260  202 
97404  990 
77946  099 
24192  920 
620n  403 


0.93021  56542 
0.93058  22025 
0.93094  70201 
0.93131  25060 
0.93167  62622 


79650  67095  956 
11719  95146^  303 
61664  26076  003 
63066  00337  679 
53630  40349  974 


1.200      0.93203  90059  67226  34967  013 


SMS 


0.40040  74400  04157  29019  291 
0.40797  44MJ2320  67107  204 
0.40666  10971^9  19621  071 
o:4(»74  73149  70706  20372  706 
0.40449  31269  64086  24481  224 


0.40391  09341 
0.40300  39373 
0.40200  01379 
0,40117  23397 
0.40029  61326 

0.39933  99294 
0.39842  29267 
0.39790  91297 
0.39690  73271 
0.39966  91320 


16372  97790  397 
90199  29449  949 
00441  76496  266 
22620  779 


9^496 

0^273 
00993 
32340 

'79039  ^109.706 


19449  164 
13402  399 
n  779 


3e4»  79270  377 


0.39479  09412  20737  09066  129 
0.393^  19996  60990  09967  090 
0. 39291  21762  7M00  17146  ir 
0.39199  24039  WOO  79312 
«.  39107  22396  76682  027tt 


„  266 
.0  072 
679  999 
021 


0.39019  160O  002 
0.38923  07307  80r.. 
0.38830  9Wr37316 
0. 38730,^^9  v77139  OOOil  094 
0.38646Spl9  29I|H  67479  979 

flH  lini  01793  942 
[911  99929  07293  947 
MO  02996  62040  710 
)9  09499  29M!  407 
62792  48743  902 

0.38092  40243  66081  Wm  960 
0.30000  mW  46170  «»47  271 
0.37907  40917  29470  11840  934 
0.37814  92963  29998  I  6942  917 


0.37722  93627  09174 


0.37629  70920 
\  0.37937  03649 
LA37444  33029 
(^97391  98696 

0.37290  00992 


0.37073  13176 
0.36980  23922 


,9493  444 
7494  471 


17090  ^ 

91921  49910  342 
16491  14476  334 
37709  48149  962 
43133  39684  798 

M7.«  W?4  J8«  }J«  u5 

44362  09093  026 
60273  08999  672 
19116  99213  302 


0.36007  30970 
0.36794  3f330 

0.36701  34010  26990  49714  970 
0.36600  30020  20629  92004  019 
0.36919  22369  31729  06923  MB 
0.36422  11066  40622  11604  076 
0.36320  9612v     430  02399  631 

0. 36235 V7544  766T3  57763  0^7 
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SLBMBMTABT  TRAN8CBNDIMTAL  rOMOnom 


Table  4.6       CUCULAll  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


1.200 
1.201 
1.202 
1.203 
1. 204 

1.20i 
1. 206 
1.207 
1.208 
1.209 

1.210 
1.211 
1.212 
1. 213 
1.214 

1. 215 
1.216 
1. 217 
1.218 
1.219 

1.220 
1.221 
1.222 
1.223 
1.224 

1.225 
1.226 
1.227 
1.228 
1. 229 

1. 230 
1.231 
1. 232 
1.233 
1.234 

1. 235 
1. 236 
1. 237 
1. 238 
L239 

1.240 
1. 241 
1. 242 
1.243 
1.244 

1.245 
1.246 
1. 247 
1.248 
1.249 

1.250 


0.93203  90859  67226  34967  013 

0.93240  09776-41805  91853  542 

0.93276  19369  15485  54567  367 

0.93312  19634  27305  98748  519 

0.93348  10568  17240  76215  175 


0.93383  92167 
0.93419  64427 
0.93455  27346 
0.93490  80919 
0.93526  25144 


26196  50966  302 
96013^  35090  992 
69465  24584  444 
90260  35070  567 
03041  37431  162 


0.93561  6001S  53385  93341  646 
0.93596  85530  87806  90713  291 
0.93632  01686  53752  79041  926 
0.93667  08478  99608  04663  095 
0.93702  05904  74693  4S9l3  598 


0.93736  93960  29266  48199  416 
0.93771  72642  14521  58969  959 
0.93806  41946  82590  62598  617 
0. 93841  01870  86543  15169  574 

0.93875  52410  80386  79170  848      0.34458  46736  92990  69704  455 


COB  X 

0.  36235  77544  76673  57763  837 
0.36142  55343  67184  05108  539 
0.36049  29528  32190  27614  189 
0.35956  00108  04273  71008  651 
0. 35862  67092  16376  30309  065 

0.35769  30490  01799  565^7  660 
0.35675  90310  94203  63341  607 
0.3S582  46564  27606  33727  018 
0.35488  99259  36382  26557  166 
0.35395  48405  55261  83165  039 

0.35301  94012  19330  33870  301 
0.35208  36088  64027  04470  775 
0.35114  74644  25144  22698  521 
0.35021  09688  38826  24640  616 
0.34927  41230  41568  61124  730 

0.34833  692179  70217  04069  578 
0.34739  93845  61966  52800  358 
0.34646  14917  54360  40329  260 
0.34552  32564  85289  39601  140 


0. 93909 
0. 93944 
0. 93978 
0.94012 
0.9A046 

0.94080 
0. 94114 
0.94148 
0. 94181 
0. 94215 


93563 
25324 
47691 
60660 
64228 

58391 
43146 
18490 
84419 
40930 


19067 
58470 
55418 
67676 
53946 

73872 
88036 
57965 
46123 
15917 


0. 94248  88019  31697 
0.94282  25683  58754 
0. 94315  53919  63320 
0.94348  72724  12574 
0.94381  82093  74633 


58093  524 
30937  151 
86621  257 
58302  957 
57600  622 

08723  559 
82507  685 
30357  157 
18091  912 
59701  104 

51002  382 
03206  998 
76390  684 
12870  299 
70486  175 


0.94414  82025 

0.94447  72515 

0.94480  53560 

0.94513  25157 

0.94545  873C3 


18562  55790  164 
14367  57139  322 
32999  77695  223 
46354  68328  851 
27272  60431 


0.94578  39994  49538 
0.94610  83227  87884 
0. 94643  17000  17986 
0.94675  41308  16467 
0.94707  56148  60895 


046 


98628  471 
73405  063 
53628  942 
18984  738 
92311  309 


0.94739  61518 
0.94771  57414 
0.94803  43832 
0.94835  20770 
0.94866  88225 


29788  71844  815 
02608  63367  118 
59766  12259  472 
82619  '5461  479 
53474  53335  262 


0. 94898  46193  55586  21434  849 


0.34364  57463  16047  02047  552 
0.34270  64752  93385  66500  405 
0.34176  68615  64277  57501  890 
0.34082  69060  68336  40132  702 
0.33988  66097  45517  56153  996 

0.33894  59735  36117  30011  855. 
0.33800  49983  80771  74807  668 
0.33706  36852  20455  98234  533 
0.33612  20349  96483  08479  750 
0.33518  00486  50503  20093  523 

0.33423  77271  24502  59823  955 
0.33329  50713  60802  72418  427 
0.33235  20823  02059  26391  462 
0.33140  87608  91261  19759  164 
0.33046.51080  71729  85740  328 

0. 32952  11247  87117  9l424  316 
0.32857  68119  81408  78405  786 
0.32763  21705  98914  98386  387 
0.32668  72015  84277  88743  487 
0.32574  19058  82466  43066  054 

0.32479  62044  38776  23657  769 
0.32385  03381  98828  67007  475 
0.32290  40681  08569  S9227  042 
0.32195  74751  14269  91456  764 
0.32101  05601  62521  65238  364 

0.32006  33242  00239  97855  712 

0.31911  57681  74660  77643  341 

0.31816  78930  33339  99262  871 

0.31721  96997  24152  68947  423 

0.31627  11891  95292\097114  116 

0.31532  23623  95268  6654^  754 
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BUDIOMTAIIT  TBANBCBNDBNTAL  FONOnONB' 
aRClXAR  SINES  AND  COSINES  ItOR  RADIAN  ARGUMENTS    Tiible  4.6 


1.250 
1.251 
1.252 
1.259 
1.254 

1.355 
1.256 
1.257 
1.258 
1.259 

1.260 
1.261 
1.262 
1.263 
1.264 

1.265 
1.266 
1.267 
1.268 
1.269 

1.270 
1.271 
1.272 
1.273 
1.274 

1.275 
1.276 
1.277 
1.278 
1.279  N 

1.280 
1.281 
1.282 
1.283 
1.284 

1.285 
1.286 
1.287 
1.288 
1.289 

1.290 
1.291 
1.292 
1.293 
1.294 

1.295 
1.296 
1.297 
1.298 
1.299 

1.300 


sin  X 

0.9^898  46193  55586 
0.94929  94671  73157 
0.94961  33656  91340 
0.94992  63145  96237 
0.95023  83135  74899 

0.95054  93623  15326 
0.95085  94605  06469 
0.95116  86078  38232 
0.95147  68040  01466 
0.95178  40486  87975 


OM  9 


21434  849 
62180  713 
96439  444 
75008  528 
10006  196 

06166  303 
92038  225 
51091  729 
52726  783 
83188  287 


0.95209  03415  90515  76385  682 
0.95239  56824  02793  44617  416 
0.95270  00708  19468  09200  227 
0.95300  35065  36151  31003  222 
0.95330  59892  49407  40886  709 

0.95360  75186  56753  70045  767 
0.95390  80944  56660  80258  512 
0.95420  77163  48552  94039  032 
0.95450  63840  32808  24694  963 
0.95480  40972  10759  06289  671 

0.95510  08555  84692  23509  018 
0.95539  66588  57849  41432  673 
0.95569  15067  34427  35209  944 
0.95598  53989  19578  19640  104 
0.95627  83351  19409  7865V  170 


0.95657  03150 
0.95686  13383 
0.95715  14048 
0.95744  05142 
0.95772  86661 


40985  94719  118 
92326  78101  497 
82408  96095  419 
21166  02109  886 
19488  64678  437 


0.95801  58602  89224 
0.95830  20964  43180 
0.95858  73742  95120 
0.95887  16935  59764 
0.95915  50539  52796 


0.95943 
0.95971 
0.95999 
0. 96027 
0.96055 

0. 96083 
0. 96111 
0.96138 
0. 96166 
0.96193 

0.96220 
0. 96248 
0.96275 
0.96302 
0.96329 


74551  90853 
88969  91535 
93790  73400 
89011  55966 
74629  59710 

50642  06072 
17046  17450 
73839  17203 
21018  29652 
58580  80080 


96370  075 
82604  453 
10371  286 
96853  962 
17957  320 

36739  577 
31748  357 
25260  814 
11427  805 
84322  094 

65890  556 
33810  354 
49249  056 
84528  675 
50693  590 


86523  94730  24982  339 
04845  00807  78203  231 
13541  26481  02013  782 
12610  00880  36103  915 
02048  54098  95282  920 


Q.  96355  81854  17192  96470  135 


0.31532  23623  95268  66544  754 
0.31437  32202  72909  11534  791 
0.31342  37637  77355  49010  665 
0.31247  39938  58064  20615  601 
0.31152  39114  64805  10363  979 


0.31057  35175 
0.30962  28130 
0.30867  17989 
0.30772  04761 
0.30676  88456 


47660  49664  355 
57024  22311  242 
43600  69445  729 
58403  94485  052 
52756  68021  196 


0.30581 
0.30486 
0.30391 
0.30295 
0.30200 

0. 301o4 
0.30009 
0.29914 
0.29819 
0.29723 


69083  78289 
46652  86939 
21173  30948 
92654  62866 
61106  35544 

26538  02136 
88959  16100 
48379  31192 
04808  01472 
58254  81295 


32688  634 
08001  291 
95158  833 
81822  373 
46859  693 

65060  070 
11818  814 
67791  595 
23518  675 
84019  121 


0.29628  08729 
0.29532  56240 
0.29437  00799 
0.29341  42413 
0.29245  81094 


25318  73355  114 
88493  39166  425 
26068  57175  182 
93588  35661  000 
46891  19906  57^ 


0.29150 
0.29054 
0.28958 
0.28863 
0.28767 

0.28671 
0.285TS 
0.28479 
0.28383 
0.28288 

0.28192 
0.28096 
0.28000 
0.27904 
0.27808 


16850  42108  96613  869 
49691  35665  98290  890 
79626  84278  07609  308 
06666  44951  61732  860 
30819  74982  56616  726 


52096  31955 
70505  73742 
86057  58503 
98761  44681 
08626  91007 


51277  939 
72036  934 
16730  332 
58895  050 
51923  831 


15663  56494  33192  303 
19881  00438  28157  651 
21288  82417  54428  993 
19896  62291  25809  577 
15714  00i?L56310  871 


0.27712  08750  565^7  64138  661 
0.27615  99015  92064  75651  234 
0.27519  86519  67693\29289  769 
0.27423  71271  44692  79480  997 
0.27327  53280  84588  0^512  263 


0.27231 
0.27135 
0. 27038 
0.26942 
0.26846 


32557  49177 
09111  00534 
82951  01003 
54087  13198 
22529  00008 


90379  053 
74605  108 
10035  206 
88600  711 
41057  992 


0.26749  88286  24587  40699  798 
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BLBlOMTiUnr  TBA1I80IN9BMTAL  FUNOHONS 
TaU*  4A     CIBCUIAR  SINES  AND  COSINES  FOR  RADIAN  ARGUMENTS 


L300 
1.301 
1.392 
1.303 
L304 

1. 309 
1.306 
1.307 
1.308 
1.309 

1.310 
1.311 
1.312 
1.313 
1.314 

1.315 
1.316 
1.317 
1. 31S 
1.319 

1.320 
1.321 
1.322 
1.323 
1.324 

1.325 
1.326 
1.327 
1.328 
1.329 

1.330 
1.331 
1.332 
1.333 
1.334 

1.335 
1.336 
1. 337 
1.338 
1.339 

1.340 
1.341 
1.342 
1.343 
1.344 

1.345 
1.346 
1.347 
1.348 
1.349 

1.350 


0.96355  81854  17192  96470  135 
0.96382  52024  22181  89589  331 
0.96409  12996  02048  64366  761 
f«.  96439  69446  90740  17032  899 
0.96462  04694  231^7  36927  937 

0.96488  36299  39209  93009  126 
0.96914  98247  63694  96266  806 
0.96940  70948  464)9  26036^699 
0.96966  73199  22209  96221  061 
0.96992  66189  90740  81411  924 

0.96618  49916  12794  02916  926 
0.96644  23189  09896  14689  920 
0. 96669  87189  ^740  29162  218 
0.96699  41927  80986  02983  276 
0.96720  86199  23199  62696  736 


0.96746  21191 
0.96ni  46912 
0.96796  62196 
0.96821  68121 
0.96846  64403 

0.96871  91001 
0.96896  27911 
0.96920  99132 
0.96949  92661 
0.96970  00499 


16794  30089  794 
48)90  48019  478 
69416  05402  607 
16)06  62M8  991 
90469  766^7  879 

18869  26273^990 

2049  36648  )40 
119  04608  211 
41792  2)202  292 
67204  06414  689 


0.96994  )86)2  92687  1)740  188 
0.97018  67070  74)87  74662  2)6 
0.97042  89806  69462  1)0)4  469 
0.97066  94898  )60)6  71)69  091 
0.97090  9416)  33208  39004  060 


0.97114  83779 
0.971)8  63683 
0.97162  3)874 
0.97189  94348 
0.97209  49104 


21044  9623)  768 
6098)  78261  900 
1)8)9  99117  786 
4)780  99451  409 
14)72  462)9  282 


0.97232 
0.97256 
0.97279 
0.97302 
0.97325 

0.97348 
0.97371 
0.97394 
0.97416 
0.97439 


86138  90534 
17450  38163 
39036  24129 
50894  16271 
53021  83406 

45416  95)19 
28077  22772 
01000  57498 
64184  12205 
17626  20575 


56)69  2)0 
80187  900 
04871  129 
7)757  046 
09557  9)1 


)7478  787 
082)8  616 
20994  )65 
46167  522 
4817)  )49 


0.97461  61)24  37264  08052  713 
0.97483  95276  37901  46006  501 
0.97906  19479  99092  4)8)2  60) 
0.97928  ))932  98416  67269  42) 
0.97990  )86))  14428  88217  916 

0.97572  ))978  26699  06926  111 

m 


0.26749  88286 
0.2669)  91)68 
0.26597  11789 
0.26460  69946 
0.26)64  24661 


24987  40699  798 
90)60  070)9  699 
41018  09469  690 
60919  70890  877 
7)088  71)18  016 


0.26267 
0.26171 
0.26074 
0.29978 
0.29881 


77140  4)21) 
26992  .)9646 
74227  19401 
18894  4n99 
6088)  98246 


91496  761 
16299  0)1 
)8427  774 
61999  494 
09996  626 


0.29789  00)29 
0.29688  97188 
0.29991  71488 
0.29499  0)817 
0.89398  98408 

0.29)01  99047 
0^29204  8)16) 
0.29100  04798 
0.29011  2)842 
0.24914  40429 


92669  661))  818 
17082  22194  742 
17797  37244  0)0 
01)89  6)196  911 
)467)  4)917  17) 

84742  169)7  022 
18927  20)48  497 
04816  92269  7)8 
10291  76046  996 
09)2)  2)067  996 


0.84817  94916  98)78  99997  998 
0.84780  66186  89991  717)8  199 
0.2462)  7926)  9)018  44974  869 
0.24926  819)9  229)9  )0889  004 
0.24429  86161  8)886  68490  760 

0.249)2  87941  466)8  2)449  582 
0.842)5  87287  80615  91516  46) 
0.241)8  84210  59889  01181  799 
0.24041  78719  4279)  16828  662 
0.23944  70884  11769  41682  448 


0.23847 
0.23790 
0.23693 
0.23996 
0.23498 


609)4  ))72) 
47899  79649 
92810  20797 
19999  28690 
99624  7906) 


20791  978 
49748  768 
47988  097 
21298  288 
04672  221 


0.29)61  7)908  )1892  99492  809 
0.2)264  49099  71991  49999  286 
0.2)167  22276  66009  89946  099 
0.2)069  9)180  88407  89998  998 
0.2^972  61778  11912  99624  089 

0.22879  28078  08499  46929  264 
0.22777  92090  92617  18849  891 
0.22680  9)829  17984  84074  691 
0.22989  1)291  77188  87989  899 
0.22489  70900  09482  99)09  819 

0.22988  29499  76744  96286  212 
0.22290  78180  69480,  0^79  929 
0.22199  88678  46419  69890  729 
0.22099  76944  94902  90100  469 
0.21998  29007  84919  26774  007 

0.21900  66870  93041  98142  002 

m 


ERIC 
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aRCULAH  SINES  AND  0081 


1.3S0 
1.3S1 
1.3S2 
1.3S9 
1.3M 

1.3SS 
1.3S6 
1.3S7 
L3S8 
1.3S9 


1.361 
1.362 
L363 
1.364 

1.36S 
1.366 
1.367 
1.368 
1.369 

1.370 
1.371 
1.372 
1.373 
1.374 

1.375 
1.376 

i.3n 

1.378 
1.379 

1.380 
1.381 
L382 
1.383 
1.384 

1.38S 
1.386 
1.387 
1.388 
1.389 

1.390 
1.391 
1.392 
1.393 
1.394 

1.398 
1.396 
1.397 
1.398 
1.399 


•in  M 


iiMTAL  ruvoncm 

rOR  BADIAN  ARGUMKNTS    Table  4.6 


0.97972  33578  26659  06926  111 
0.97594  18766  15612  73996  110 
0.97615  94194  62771  12359  536 
0.97697  99861  50591  M095  407 
0.97659  15764  62506  87244  418 


0.97680 
0.97701 
0.97729 
0.97744 
0.97765 

0.97786 
0.97807 
0.97828 
0.97848 
8.97869 


61901  82927 
98270  97298 
24869  91804 
41696  53969 
48748  72097 

46024  95916 
99521  94074 
11297  59561 
79171  04006 
97919  60615 


17405  609 

1925  386 

»352  894 

21803  706 

1225  805 

18567  849 
02249  690 
23|9S  125 
20496  864 
61349  685 


0.97889  85681  29574  6199$  774 
0.97910  24259  88047  0778A,  196 
0.97990  59095  50175  799S?\516 
0.97990  72024  07082  45982  ^^1 
0.97970  81217  56868  99862  ^7 

0.97990  80619  98614  22288  769 
0.98010  70211  92380  30754  328 
0.98030  50007  59206  93540  094 
0.98050  20000  8U14  49613  239 
0.98069  80189  01103  68424  652 

0.98089  30570  29155  69608  920 
0.98108  71142  52292  42586  155 
0.98128  01909  94276  66065  826 
JO.  98147  22852  56212  27452  479 
U 98166  99986  49944  42159  949 

0.98189  95909  72959  72787  819 
0.98204  26802  45926  4p98  791 
0.98229  08480  75694  tt965  850 
0.98241  80996  75296  99920  221 
0.98260  42968  56947  26961  571 


0.98278 
0.98297 
0.98915 
0.98999 
0.98952 

0.98370 
0.98988 
0.98405 
0.98429 
0.98441 

0.98498 
0.98476 
0.98493 
0.98510 
0.98527 


94574  94442 
96992  22962 
69500  97068 
92216  J4707 
091Qri9205 

08148  11276 
01959  08614 
84791  29898 
58262  84790 
2195i  07939 

75797  18974 
19798  42512 
53948  04152 
78250  30479 
92701  49063 


61276  561 
42059  162 
92032  708 
31273  679 
95597  148 

54484  004 
29809  722 
19274  870 
84697  20T 
29485  405 

5^974  960 

17462  089 

20048  145 

50019  670 

86162  846 


1.400      0.98544  97299  88460  18065  947 


on  t 


0.21900  66870  93041  58142  002 
0.21803  08543  94501 
0.21705  4803 
0.21607  8531  _ 
0.21510  20520  14I8:U761S4  163 


0.21412  535: 
0.21314  84: 


7  46271  899 

  69917  95410  772 

0.21217  19197  25046  24434  790 
0.21119  39753  15278  49048  406 
0.21021  64257  11553  02083  908 

0.20929  86658  91419  95767  598 

0.20826  06968  92697  29^64  842 

0.20728  25195  19175  64404  112 

0.20690  41949  11211  80880  089 

0.20592  55440  05190  29435  952 

0.20494  67477  79S21  80924  992 
0.20996  77471  99182  61191  240 
0.20298  85492  49119  16990  497 
0.20140  9196?  14517  94489  499 
0.20042  95281  70801  98946  217 

0.19944  97209  97572  96568  820 
0. 19816  97199  74640  16515  079 
0.19748  95072  82|L0  52911  545 
0.19650  91096  99810  06892,798 
0.19952  85096  08682  28980  899 


0.19494 
0. 19996 
0.19258 
0.191'60 
0.1M62 

0.18964 

qIi8767 
0.18669 
0.18971 

VlM72 
0.18974 
0.18276 
0.18178 
0.18079 


77079  88987 
67176  21600 
99340  87911 
41977  67909 
25898  44156 


08912 
88891 
67462 
44217 
19109 

92199 
69919 
92669 
00189 
69884 


97894 
10696 
64691 
41999 
24819 

99776 
97940 
92988 
69189 
17979 


18444  822 
90840  918 
74192  912 
19999  129 
72884  094 

96920  919 
90914  908 
29995  757 
97980  715 
92156  990 

21491  016 
90977  942 
97169  960 
79489  451 
28124  404 


0.17981  29776  72999  47699  616 
0.17882  91871  19656  98996  911 
0.17784  52177  29142  27690  484 
0. 1768^  10704  97424  66179  860 
0.17587  67464  04691  28756  976 

0.17489  22464  99146  16914  467 
0.17390  79715  79409  18192  681 
0.17292  27228  04119  11799  690 
0.17199  77011  12112  69997  830 
0.17095  25074  82429  41718  899 


0.16996  71429  00240  99861  675 
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TaH*  44     CndlUK  SINBS  AND  COlttNBS  POK  RADIAN  ARGUMENTS 


1.400 
1.401 
1.402 
1.401 
1.404 

1.409 
1.406 
1.407 
1.40S 
L409 

1.410 
1.411 
1.412 
1.413 
1.414 

1.4lt  .  ^ 

1.410  \a, 

1.419  0. 


0.9aM4  97299  004M  18065  947 
0.90961  92041  7120$  61209  040 
0.90570  76911  48094  04019  966 
0.98999  91961  91890  04097  776 
0.98612  17191  99791  28769  609 

18  72440  66021  94406  982 
•9  17886  89129  92902  294 
..U  99468  92991  829U-912 
8:98677  79184  84669  09070  691 
0.90699  99091  70970  18907  406 


tot  a 


0.16996  71429  00240  99061  679 
0.16898  16009  90929  72979  299 
0.16799  99048  20024  29971  842 
0.16701  00992  99227  99999  894 
0.16602  99947  96412  29529  909 


0.98710 
0.98729 
0.98741 
0.98797 
0.98n9 


81010  19890  94142  909 

^  ^O^m!  904 

S712  80922  69672  099 
197  62012  66048  706 


0.16909 
0.16409 
0.16906 
0.16207 
0.16109 

0.16010 

0.19812 
0.19714 
0.19619 


77901  99619 
14209  97042 
48869  47062 
81902  92209 
199^^4  99179 

49U9  54891 
71919  6tt84 
97924  68420 
22992  24876 
46408  47090 


1.420 
1.421 
1.422 
1.429 
1.424 

1.429 

1.429 

1  490 
1.491 
1.492 
1.499  , 
1.494 

L499 
1.496 
1.497 
1.4S0 
1.499 

1.440 
1.441 
1.442 
1.449 
1.444 

1.445 
1.446 
1.447 
1.440 
1.449 


82805  10969 
29999  70919 
66981  88408 

^948  am 

18490  81089 

17628  91719 
14999'70799 
02962  08979 
79896  99844 
47999  25405 


21928  142 
97959  120 
91in  144 
40992  986 
491M  170 

79279  ^27 
66940  921 
97944  222 
40962  021 
60478  991 


0.98999  09209  50295  91560  129 
0. 98959. 59145  J4798  92599  174 
0198967  91106  09949  61199  714 
0.90902  19171  04192  48716  941 
0.98996  97997  02400  74976  U9 

0.99010  49609  97177  79489  729 
0.99024  49968  67997  01748  121 
0.99098  92491  99901  89907  176 
.Q.990»  10990  96046  14729  460 
0.99069  79614  97779  88889  946 

0.99079  90991  61619  74794  609 
0.99092  87290  91709  01072  941 
0.99106  26160  99197  79999  459 
0.99119  55180  92079  Q0909  060 
0.99192  74207  79592  81565  795 

0.99145  09481  9l60r96292^6^ 
0.99158  82761  49554  59929  766 
0» 99171  72125  19229  09074  676 
0.99104  51571  11779  78212  505 
0.99197  21099  79249  94748  990 

0.99209  80700  14606  79795  055 
0.99222  90995  52141  500M  088 
0.99294  70160  66699  95228  024 
0.99247  00002  94209  02494  216 
0.99299  19919  91050  76929  086 


65404  770 
61099  544 
64065  IM 
91258  571 
29882  968 

19016  996 
90869  977 
92080  999 
44997  996 
44949  791 


0.19916 168909  14996  614n  792 
0.19417  08646  19929  99606  967 
0.19919  07447  97202  41027  471 
0.19220  24716  6»47  49917  291 
0.19121  40469  97099  91126  199 

0.19022  94699  11689  n948  698 
0.14929  67492  00880  64281  559 
0.14824  78672  59944  74765  840 
0.14725  08490  57959  95914  499 
0.14626  96716  09792  97224  747 

0.14920  0M98  79891  97679  648 
Aail2«  88908  79628  60810  906 
0,14990  12899  80926  90007  914 
0.14291  19929  84199  72928  666 
^.14192  16400  76299  94969  048 

ia4099  16098  46796  66299  990 
a9994  14912  09619  02699  279 
.19899  11179  89089  91761  799 
. 19796 JI6691  29440  99441  799 
0.19697  00799  19144  90849  940 

,19997  9949f  90784  71160  049 
,19490  84881  67086  26994  499 
Oil  19999  74924  14910  85149  546 
,19240  69692  65254  19887  244 
01.19141  51017  09245  19491  052 


1.19042 
12949 
0.12844 
0.12744 


90145  49297  792 
159  49947  92159  906 
,  :   16975  79275  576 
^512  40881  85090  002 


1.450      0.99271  29910  97500  49766  595 


0.12645  68425  92647  28105  195 


0.12946  48079  99900  71694  929 
0.12447  26467  21717  24789  871 
0.12948  09^16  11217  49017  919 
0.12248  79590  20966  29190  991 
0.12149  94219  4197?  99999  540 

0.12050  27699  67966  97059  207 
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ILUHNTART  TSAN80ENDBNTAL  FUNOTIONB 
GmCVLAR  9INBS  AND  COSINES  FOII  RAMAN  ARGUMENTS    Table  4.6 


1.450 
1.4SI 
1.492 
1.493 
1.494 

1.499 
1.496 
1.497 
1.49S 
1.499 

1.460 

1.461 

1.462 

1.469. 

L464 

1.469 
1.466 
1.467 
1.46« 
L469 

1.470 
1.471 
1.472 
1.479 
1.474 

1.479 
1.476 
1.477 
1.476 
1.479 

1.480 
1.481 
1.482 
1.489 
1.484 

1.489 
1.486 
1.487 
1.488 
1.489 

1.490 
1.491 
1.492 
1.493 
1.494 

1.499 
1.496 

lr497 

1.498 
1.499 

1.900 


0.99271  29910  37988  49766  939 
0.99283  29974  30417  91499  118 
0.99299  20109  903)2  63717  946 
0.99307  00319  98319  11943  329 
0.99318  tmi  96996  79120  114 

0.99330  909)4  87418  01619  777 
0.99341  81349  39468  96909  149 
0.99)9)  21821  69467  9712)  8)0 
0.99)64  92962  6))66  802)2  )99 
0.99)79  72«67  16112  77980  899 


0.99986  896)4 
0.99)97  84)62 
0.99408  79190 
0.99419  99998 
0.99490  26904 

0.99440  «7866 
0.99491  98888 
0.99461  7999i 
0.99472  11088 
0.99482  32269 


11644  84228  68) 
)8896  92148  879 
87794  99991  194 
49260  21797  229 
19209  04)00  286 

78990  )11)7  92) 
))187  76860  141 
74019  96879  04) 
969)8  97979  012 
988)1  48727  4)7 


0.99492  4)497  77980  89789  99) 
0.99902  44780  )206)  44122  4)0 
0.99912  )6112  62190  87122  898 
0.99922  1749)  68709  96604  762 
0.999)1  88922  9)602  62729  9)2 

0. 99941  98)98  19689  97818  664 
0.99991  01919  70812  46069  894 
0.99960  4)486  11829  9)149  787 
0.99969  79096  48981  79747  M6 
0.99978  96749  87906  90969  720 

0.99988  08449  97640  09648  408 
0.99997  10182  06611  69969  891 
0.99606  01999  04648  0^  3)7 
0.99614  8)n9  gig  99643  974 


0.99629  996)0 


496n  461 


0.996)2  S7922  86)49  44494  246 
0^99640  69492  18829  1)277  079 
0.99649  11417  44446  6)607  9)) 
0.99697  4)417  79009  4)986  699 
0.99669  69492  99)09  90490  819 

0.9967)  77920  4)14)  )8899  920 
0.99681  79621  09)12  2909)  14) 
0.99689  7179)  97602  19219  811 
0.99697  9)917  08799  7)094  448 
0.99709  26110  84688  68141  099 

0.99712  889)4  08049  6)930  364 
0.99720  40986  02660  27921  9)4 
0.99727  82869  9)299  41279  821 
0.9^799  1917)  09727  06960  877 
0.99742  97906  66724  921)1  999 


0.12090  2769) 
0.11990  99962 
0.11891  71097 
0.11792  40929 
0.1169)  096)9 


on  s 

67)66  97099  287 
90401  47620  080 
09490  0906)  )27 
99404  79804  068 

71276  7)971  7)9 


0.11999  77188  12194  42109  061 

0.11494  4)981  19402  91829  237 

0.11)99  08828  74262  84991  407 

0.11299  72940  82249  96104  618 

JO. 11196  99927  92991  17410  919 

0.11096  97798  20069  99117  469 
0.10997  9896)  97417  )2232  463 
0.10898  18292  78917  88797  839 
0.10798  76816  98604  22199  919 
0.10699  34)24  10617  88)69  996 

0.10999  90769  89208  01747  909 
0.10460  46191  68790  96201  684 
0.10)61  00491  4)646  29467  646 
0.10261  9)799  0^  69826  290 
0.10162  06072  96026  06440  964 

0.10062  9799)  66991  70090  698 
0.09969  07988  90112  9)999  391 
0.0986)  96647  62942  98)49  147 
0.09764  09119  99299  86604  676 
0.09661  92419  99949  9)009  929 

0.09964  96749  46961  6)026  606 
0.09469  44118  47711  19476  186 
0.09)69  68944  94456  71949  169 
0.09266  920)4  62)99  99492  948 
0.09166  74996  07098  70920  464 

0.09067  16244  64)09  69977  62) 
0.08967  96964  49949  69400  641 
0.06667  96627  99686  79926  792 
0.08768  99769  90194  44661  519 
0.08666  79669  96891  09477  909 


0.08969 
0.08469 
0.08)69 
0.08270 
0.08170 


11079  96168 
47491  64)89 
82940  97666 
17612  1)060 
91496  66499 


99002  649 
99004  070 
92996  240 
99407  918 
949)4  076 


0.99749  49666  04094  4)094  172 


t' 


0.08070  84484  94600  61486  6)2 
0.07971  16709  14699  99729  907 
0.07671  48128  62694  62770  926 
0.07771  76764  96249  9946)  234 
0.07672  06624  11762  14220  192 

0.  07972  97716  06424  87121  394 
0.a7472  66090  77922  90411  478 
0.07972  996)6  21620  68691  060 
0.0727)  20468  )6961  79219  898 
0.07179  46611  19499  92192  949 

0.07079  72016  67702  91006  819 
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1.300 
LSOl 
1.S02 
1.909 
1. 504 

1.S05 
1. 906 
1.907 
1.900 
1.509 

1.510 
1.511 
K512 
1.515 
1.514 

1.515 
1.516 
1.517 
1.518 
1.519 

1.520 
1.521 
1.522 
1.525 
U524 

1.525 
1.526 
1.527 
1.528 
1.529 

1. 5)0 
1.531 
1. 552 
1. 553 
1.534 

1.535 
1. 536 
1. 537 
1.5)8 
1.539 

1.540 
1.541 
1.M2 
1.54) 
1.544 

1.945 
1.546 
1. 547 
1.548 
1.549 


0.99749  49866  04054  4)094  172 
0.99796  52250  46480  86109  291 
0.99765  44659  25765  57519  909 
0.99770  27091  66667  10175  501 
0.99776  99947  06942  80549  750 

0.99785  62024  77546  94581  065 

0.99790  14524  11651  76579  092 

0.99796  57044  44947  52899  104 

0.99802  89989  11841  61264  976 

0.99809  12149  90260  59994  597 

0.99815  24724  97948  11924  274 
0.99821  27922  92446  96696  992 
0.99827  19998  74699  90942  912 
0.99899  02971  89099  99912  947 
0.99898  79221  65198  42198  118 

0.99844  97887  97929  91899  188 
0(99849  90969  06949  86092  499 
0.99099  99269  96990  10496  612 
0.99860  69976  99799  00999  169 
0.99869  88701  44081  46689  784 

0.99871  01499  79905  00717  251 
0.99876  04190  97(»5  79776  654 
0.99080  96954  58128  72196  872 
0.99885  797)0  09621  42098  089 
0.99890  52517  0)224  94919  928 


0.9989s 
0.99899 
0.99904 
0.99900 
0.99912 


15914  91658 
68125  28645 
10941  68902 
45769  68148 
66606  05100 


81616  285 
05749  180 
17998  729 
40604  234 
92265  762 


9.99916  79452 
.99920  82506 
0.W24  75169 
0.99920  58058 
0.99^32  50915 

0.999315  93799 
0.99939X46689 
0.99942  89585 
0.99946  2^486 
0.99949  45399 


71476  01592  427 
91989  10170  755 
04554  76205  152 
69286  79026  436 
48498  22220  465 

04701  98256  819 
01607  91817  592 
03928  83506  202 
77574  95976  906 
08654  84360  752 


0.99952  58306  05479  05600  596 
0.99955  61222  ^6555  95674  180 
0.99958  54144  n599  85726  242 
0.99961  97069  01900  62497  095 
0.99964  09999  1758)  71251  052 

0.99966  72952  12550  18609  586 
0.99969  29868  40506  79272  821 
0.99971  68007  75959  78696  660 
0.99974  01749  94615  55418  249 
0.99976  24694  7)179  2)686  190 


1.S50      0.99970  57641  89)56  96)89  761 


«M  » 

0.0707)  72016  67702  91008  819 
0.0697)  96714  78750  12551  065 
0.06874  20715  50191  67942  200 
0.06774  44028  79447  )9990  761 
0.06674  66664  64)65^89251  245 

0.06574  80655  02625  40257  545 
0.06479  0994)  9202)  24928  268 
0.06)79  90607  90494  01908  470 
0.06279  50655  15719  57280  758 
0.06175  70051  46086  65952  955 

0.06075  88812  19585  90650  160 
0.05976  06985  5)809  01748  769 
0.05876  24960  87558  97464  281 
0.09776  41948  78816  94115  1055 
0.05676  57959  09949  24248  072 

0.09S76  79801  67282  968M  891 
0.09476  89086  61249  97429  949 
0.09977  09829  86901  48297  999 
0.05277  18025  40981  08625  609 
0.05177  51695  29862  74620  716 


0.05077  44849 
0.04977  57495 
0.04877  69644 
0.04777  81505 
0.04677  92488 


59579  19672  615 
68814  94487  284 
28505  27218  560 
10859  25595  598 
15258  67056  588 


0.04578  05205  40597  18782  571 
0.04478  19460  09299  17991  291 
0.04978  29270  48798  81854  166 
0.04270  52642  29915  05695  871 
0.04178  41586  27850  6507)  26^ 

0.04070  50112  41591  05068  899 
0.05978  582)0  70)4)  64)80  51) 
0.0)878  65951  15276  47406  277 
0.05778  75285  69617  42526  000 
0.05678  802)8  )86))  15178  590 


0.0)570  86825 
0.0)478  9)054 
0.  05578  989)5 
0.05279  04478 
0.0)179  0969) 


19628  107)4  )12 
1194)  52566  495 
14956  45115  075 
28078  65750  505 
50755  74851  796 


0.0)079  14590  82466  15762  248 
0.02979  19180  22720  05041  568 
0.02879  2)471  71090  40)14  898 
0.02779  27479  27091  98418  526 
0.02679  51200  90)00  )5425  217 

0.02579  54658  60450  86675  867 
0.02479  57058  57097  66826  971 
0.02579  40010  19980  69885  184 
0.02279  45524  08784  69229  928 
0.02179  46010  052)8  17647  9)4 


[.-«.] 


0.02079  48278  0)092  47364 

['-?>•] 
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aUCULAK  BlliU  AND  OOSINES  FOB  SADUN  ABGUHENTS  Talile  4.6 


9  *  fin  « 

I.HO  0.99978  97M1  a9S$6 

1.991  0;  99980  40991  21899 

1.992  \  0.99982  99942  90974 


1.999 
1.994 

1.999 
1.99* 
1.997 
1.998 
1.999 

L9M 
1.961 
1.962 
L969 
L964 

1.969 
1.966 
1.967 
1.968  , 
1.969 

1.970 
L971 
1.972 
1.979 
1.974 

1.979 
1.976 
L977 
1.978 
1.979 

1.980 
1.981 
1.982 
L98) 
L984 

ills 

1.987 
1.988 
1.989 

1.990 
1.991 
1.992 
1.999 
1.994 

1.999 
L996 
1.997 
1.998 
1.999 

1.600 


0.99984  16499  99684 
0.99989  89490  19908 


96989  761 
81488  767 
86102  606 
97999  966 
89428  298 


0.99987  92406  241)1  09949  942 
0.99989  0996)  99799  91998  676 
0.99990  48921  99007  76979  277 
0.99991  81281  27470  74891  099 
0.99999  04241  49888  99090  629 

0.99994  17202  29966  29974  917 
0.9999f  2016)  74406  79969  172 
0^99996  l)m  66914  17896  944 
0.99996  96M7  98192  96062  798 
CL99997  69M0  99949  07929  7^ 

0.99998  ttOl)  44876  0^1 


U42  794 
^  142 

0199999  609(2  88779  t2499  201 
0199999  89866  06486  88879  162 


Ik  TwfT9  mlyjf  *WWW?'  Vff 


0.99999  96tt9  918)4  62021  099 
0^99999  99792  98612  89919  899 
0. 99999 ;n799  89499  12082  997 
0.99999-79719  19189  19626  289 
0.99999  48682  49)86  61164  999 

0^99999  11649  78809  19694  429 
0.99998  64609  291)8  4992)  419 
0.99998  07972  81696  16298  798 
0.99997  409)6  98979  92197  261 
0.99996  69900  61699  ^94  968 

0.99999  76464  98740  09299  179 
0^99994  79429  78229  98)61  899 
0.99999  72999  09847  46949  499 

^nm      jjJi?  urn  408 


6.99991 


^)))0  08844  )24 


0.99989  91299 
0.99988  4^6| 


29999  9640?  ,899 
86814  89904^974 
99691  04289  91) 
0^99989  20204  6)927  21)44  2)2 
£9998)  4)177  1S26  24106  922 

0.99981  96191  94290  87198  198 
£99979  99127  96829  68697  422 
0.99977  92109  4)927  08066  646 
0.99979  99089  79109  24982  972 
0!  99979  08868  9)294  1486T  999 

0.99970  71094  08681  9M17  299 
£'99968  24042  41086  77790  702 
£99969  6709)  99171  11241  891 
0.9996)  00089  006)9  99248  219 
0.99960  2)027  72179  99440  799 


0.99997  96090  41909  16494  211 

m 

For  «>1.8  iw  BsMpI* 


CM  a 

0.02079  48278  09092  47)64  991 
0.01979  90998  08120  70061  827 
0.01879  92200  18116  76909  802 
0.01779  99874  92894  98964  929 
0.01679  99970  92286  09229  907 


0.01979  96698 
0.01479  97869 
0.01979  98891 
0.01279  99n9 
0.01179  60992 


76142  06628  284 
04929  92049  499 
96791  90929  849 
79249  89896  874 
19782  98778  999 


0.01079 
0.00979 
0.-00879 
0.00779 
0.00679 

0.00979 
0.00479 
0.00979 
0.00279 
0.00179 


98267  44982  992 
06696  94927  146 
98899  99449  014 
14822  99777  ' 


61170 
61701 
6219) 

62478   

62744  74962  79997  946 


062 


6294)  )8028  66997  972 
69084  09200  72096  784 
69176  76064  77049  999 
63291  90611  46029  496 
69258  28899  29249  099 


♦0.00079  69267  10799  92948  941 
-0.00020  96792  09699  22989  294 
-0.00120  96729  14490  99042  804 
-Ol 00220  96714  21599  14087  901 
.0.00920  96677  24944  4994)  61) 

-0.00420  )6608  24688  )Q802  109 
-0.00920  96497  20771  68822  280 
-0.00620  969)4  1)209  78U9  029 
-0.00720  96109  02006  97812  142 
-0.00820  99811  87197  87924  647 

-0.00920  994)2  68808  26480  999 
-0.0102Q  94961  46876  19491  796 
.0.01120  94988  21448  74764  968 
-0.01220  99702  9298)  49294  494 
-0.01920  92899  60948  88260  749 


-0.01420 
-0.01920 
••O.  01620 
.0.01720 
.0.01828 


91996  24829 
90874  86108 
29641  44904 
28249  99998 
26678  91948 


89219  999 
98099  797 
6897)  479 
20489  440 
99408  492 


.0.01920  24929  01692  . 
-0.(0020  22987  48949  2 


...  909 
170  069 


.0.02120  20849  99900  92788  989 
.£02220  18488  96779  94801  0)9 
.0.02920  19910  77799  98191  902 


.0.02420 
-0.02920 
•41.02620 
-0.02720 
-0.02819 


19101  17296 
10049  99969 
06749  92491 
09180  28949 
99)42  i9082 


87068  992 
69999  m 
99282  294 
11714  764 
87922  09) 


-0.02919  99229  01288  72620  977 


J-L87079  88297  M896  81988  188     t-8.14169  86686  89798  88846  884 


ELEMENTARY  TBANSCENDSNTAL  FUNOnONS 
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RADIX  TARLE  OF  QRCULAR  S1NB»  AND  COSINES 


tin  /10"» 

8001  00000  00000  00000 
002  00000  00000  ooooo 

oooos  oooM  ooooo  ooooo 

00004  ooooo  OOMO  00000 

oooos  ooooo  ooooo  ooooo 

00006  ooooo  ooooo  ooooo 

00007  ooooo  ooooo  ooooo 
MOoo  ooooo  ooooo  ooooo 


0,0^ 
0*00000 
0. 
0. 
0. 
0. 

0.  . 
0.00000 
0.00000 


0*00000  oooip  ooooo  ooooo 
0*00000  00020  ooooo  ooooo 
0*00000  00030  ooooo  ooooo 
0*00000  00040  ooooo  ooooo 
0*00000  oooso  ooooo  ooooo 
0*00000  ooooo  ooooo  ooooo 

0*00000  00009  90999  99999 
0*  ooooo  O0OT9  99999  99999 
0*00000  00009  99999  99999 


0* 

0*00000  00199 
0*00000  00299^ 
0*000$  00999 
0*00000  00499 
0*000M 
0.00000 
0.00000 
0*00000  00099 

0*00000  00999 
0*00000  01999 
0*00000  01999 
0.00000  0)999 
0*00000  04999 
0.00000  0S999 
0.00000  00999 
0*00000  07999 
OlOOOOO  00999 

0.00000  09999 
0.00000  19999 
0.00000  29999 
0.00000  99999 
0.00000  49999. 
0.00000  99999 
0*00000  69999 
0*00000  79999 
0*00000  09999 

0*00000  99999 
0*00601  99999 
0*00002  99999 
0*  OOwS  99999 
0*00004  99999 
0*00009  99999 
0*00006  99999 
0.00007  99999 
0100000  99999 


9999^  99990. 
99999  99907 
99999  99955 
99999  99091 
99999  99792 
99999  99640 
99999  99420 

 99147 

9t»5 


99999  9099) 
99999  86667 
99999  95000 
99990  9)))) 
99997  91667 


99994  2099) 
99991  46667 

nfn  89000 
}}») 

MM7 


99990  995J0 
99999  9«9)) 
99999  97916 
99999  9M00 
99999  94X0) 
99999  914M 
99999  07890 

99999  tiin 


MM7 
OOOOO 

MM7 


9999$  »0«00 

»89  }})» 
79  16M6 


9994a  8)l)t 
99914  t«M6 
90000 


}}>» 
6M67 
00003 

66099 
0806S 
}>47) 
6«940 
00492 


0.00009  99999  998)9  )»))  M107 
O.M019  99999  980M  M066  93)9) 
0.00039  99999  9»00  00003  02900 
0.00099  99999  0999)  99941  86M7 
0.00049  99999  79166  66693  7M9) 
O.M099  99999  04000  M064  80000 
0.00069  99999  48899  99479  99167 
0.00079  99999  14666  66999  79999 
0.00089  99998  78900  00493  07499 

0.00999  99990  9)9)9  94166  66669 
1 


99999  99907  90000 
99999  99982  OOOOO 
99999  99979  90000 


e08  jrlO*» 
0.99999  99999  99999  99999  50000 
0*99999  99999  99999  99990  OOOOO 

A  AAAAA  flMAOA  Ottttdtt  ftlMAil 

0*99999 
0.99999 
0*99999 
0,99999 
0*99999 

,99999  99999  99999  99999  90000 

0*99999  9999?  9999?  99990  OOOOO 
0*99999 
0*99999 
0*99999 
0. 99999 
0,99999 
0,???9? 
0,99999 
0,99999 


99999  99990 
?????  99200 
99999  90790 


OOOOQ 

99999  97990 
99999  96800 
99999  99990 


A    ^k^AAA    .^B^AAA    ju^A^A    ^^AAAA  AAAAdk 

0,99999  99999  99999  99000  OOOOO 
0*99999  99999  99999  OOOOO  OOOOO 
0,99999  99999  99999  99000  OOOOO 
0,99999  ?????  99999  20000  OOOOO 
0,9999?  999?9  99998  79000  OOOOO 
0,?????  9????  ??9?8  20000  OWOO 
0,99999  99999  99997  99000  OOOOO 
0.99999  99999  99996  80000  OOOOO 
0.99999  99999  99999  99000  OOOOO 


in  n^MA  AAMtt  ABAAA 

HI,  VinW 

0,99999  99999  WOO 
0*  ???99  ?????  ???99 


OOOOO  OOOOO 


0,99999  99999  99920 
*  99999  99999  99079 
0,99999  99999  99020 
0,99999^99999  99799 

M   ginftftn    firtniiA  aaa^^ 

0,99999  99999  99680 
0*99999  99999  99999 


OOOOO  OOOOO 


0,99999 
0,99999 
0.99999 
0.99999 
0,99999 
0,99999 
0, 99999 
0,99999 
0^99999 


99999  99900  ^00  OOOOO 
99999  90000  OOOOO  00007 
99999  M900  MOM  0M94 
99999  MOM  tmt  00107 
99999  879M  OOMO  008M 

 83M0  OOOM  00940 

79900  OOOM  OlMO 

  6MM  ONM  01707 

99999  999M  OOOM  03794 


0,  JJJTT  tWW 

0,99999  99990 
0,99999  99?W 
0»  99999  99992 
0,99999 
0.99999 
0,99999 

0)9999? 


OOOM  ( 
S8&I 


04167 
.66667 
97900 
OOOiO  6V  67 

4  OOOM 
.  OOIM  04167 


0.99999  99990  OOOOO  00416  66667 
"  99999  998M  MOM  MM6  66666 
0.99999  9«9«  MOM  99749  99990 
0.99999  993M 
0.99999  98790 
0.99999  98300 

0.99999  97990  ONIO   -^^^ 

0.99999  96000  0M17  06666  M036 
0.99999  99990  00M7  nm  93619 


99992 

116  6M99 


0.99999  990M  00041  66666  93778 


For  »  >  W,  ain  rW-»  -  /lO-  006  rlO-  •  - 1  -  J  i»10"««j  to  26D. 
Frmn  C.  E.  Van  Ontrand,  Tablet  of  the  expoMntlal  funetkM  and  of  the  oireuUu'aiM  and  eosiBe  to 
radian  afsumenta.  Memoin  of  the  National  AcMtemy  of  Sdeneea,  vol,  14r  fifth  Memoir.  VA 
Qovemment  Printing  Office,  Washington,  D.C.,  1981  (with  permivion). 
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CmCtLAR  SINB8  AND  COSINES  FOR  LARGE  RADIAN  ARGUMENTS    Table  4J 


0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 

ly 

14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 
27 
28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 
47 
48 
49 

50 


tiaa 

0.00000  00000  00000  00000  000 
4^0.84147  09848  07896  50665  250 
4^0.90929  74268  25681  69539  602 
^0. 14112  00080  59867  i2210  074 
-0.75680  24953  07928/25137  264 

.0.95892  42746  63138  46889  315 
.0.27941  54981  98925  87281  156 
4^0.65698  65987  18789  09039  700 
♦0.98935  82466  23381  77780  812 
♦0.41211  84852  41756  56975  627 


-0.54402  111Q8 
.0.99999  02065 
-0.53657  29180 
♦0.42016  70368 
♦0.99060  73556 


89369  81340  475 
50703  45705  156 
00434  97166  537 
26640  92186  896 
9487A  30787  535 


♦0.65028  78401  57116  86582  974 
-0.28790  33166  65065  29478  446 
-0.96139  74918  79556  85726  164 
-0.75098  72467  71676  10375  016 
♦0. 14987  72096  62952  32975  424 

♦0.91294  52507  27627  65437  610 
♦0.83665  56385  36056  03186  648 
-0.00885  13092  90403  87592  169 
-0.84622  04041  75170  63524  133 
-0.90557  83620  06623  84513  579 

-0.13235  17500  97773  02890  201 
♦0.76255  84504  79602  73751  582 
♦0.95637  59284  04503  01343  234 
♦0.27090  57883  07869  01998  634 
-0.66363  38842  12967  50215  117 

^0. 98803  16240  92861  78998  775 
-8.40403  76453  23065  00604  877 
♦0.55142  66812  41690  55066  156 
♦0.99991  18601  07267  14572  808 
♦0.52908  26861  20023  82083  J49 

-0.42818  26694  96151  00440  675 
-0.99177  88534  43115  73683  529 
-0.64353  81333  56999  46068  567 
♦0.29636  85787  09385  31739  230 
♦0.96379  53862  84087  75326  066 

♦0.74511  31604  79348  78698  771 

-0.15862  26688  04708  98710  332 

-0.91652  15479  15633  78589  899 

.0.83177  47426  28598  28820  958 

♦0.01770  19251  05413  57780  795 

♦0.85090  35245  34118  42486  238 
♦0.90178  83476  48809  18503  329 
♦0. 12357  31227  45224  00406  153 
.0.76825  46613  23666  79904  497 
-0.95375  26527  59471  81836  042 


oos« 

1.00000  OOOOO  OOOOd  00000  000 
♦0.54030  ^3058  68139  71740  094 
-0.41614  68365  47142  38699  757 
-0.98999  24966  00445  45727  157 
.0.65364  36208  63611  91463  917 

♦0.28366  21854  63226  26446  664 
♦0.96017  02866  50366  02054  565 
♦0.75390  22543  43304  63814  120 
-0.14550  00338  08613  52586  884 
-0.91113  02618  84676  98836  829 

-0.83907  15290  76452  45225  886 
♦0.00442  56979  88050  78574  836 
♦0.84385  34587  32492  10465  396 
♦0.90744  67814  50196  21385  269 
♦0.13673  72182  07833  59424  893 

-0.75968  79128  58821  27384  815 
-0.95765  94803  23384  64189  964 
-0.27516  33380  51596  92222  034 
♦0.66031  67082  44080  14481  610 
♦0.98870  46181  86669  25289  835 

♦0.40808  20618  13391  98606  227 
-0.54772  92602  24268  42138  427 
-0.99996  08263  94637  12645  417 
-0.53283  30203  33397  55521  576 
♦0.42417  90073  36996  97593  705 

♦0.99120  28118  634»  59808  329 
♦0.64691  93223  28640  34272  138 
-0.29213  88087  33836  19337  140 
-0.96260  58663  13566  60197  545 
-0.74805  75296  89000  35176  519 

♦0.15425  14498  87584 'i5071  866 
♦0.91474  23578  04531  27896  244 
♦0.83422  33605  06510  27221  553 
-0.01327  67472  23059  47891  522 
-0.84857  02747  84605  18659  997 

-0.90369  22050  91506  75984  730 
-0.12796  36896  27404  68102  833 
♦0.76541  40519  45343  35649  108 
*0»%iSVt  36440  47294  85758. 654 
♦0.26664  29323  59937  25152  683 


52261  84438  409 
23826  45822  883 
88351  29395  471 
20625  67704  483 
♦0.99904  33086  47691  22006  901 


-0.66693  80616 
-0.98733  92775 
-0.39998  53149 
♦0.55511  33015 


♦0.52532  19888  17729  69604  746 
-0.43217  79448-84778  29495  278 
-0.99233  54691  50928  71827  975 
-0.64014  43394  69199  73131  294 
♦0.30059  25437  43637  08368  703 

0.26237  48537  03928  78591  439  ♦0.96496  60284  92113  27406  896 
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SO 
SI 
S2 
S) 
S4 

SS 

s« 

S7 
SO 
S9 

60 
61 
62 
69 
64 

6S 
66 
67 
68 
69 

70 
71 
72 
79 
74 

75 
76 
77 
70 
79 

80 
01 
82 
89 
84 

85 
86 
87 
88 
89 

90 
91 
92 
93 
94 

» 

95 
96 
97 
98 
99 


•0.26297  48597  09928  78591  499 
^0.67022  91758  49974  79449  49S 
7S920  40485  29698  757 
91501  81894  18150  999 


40.96662 
40.99592 


.0.55878  90488  51616  24981  787 


-0.99975 
-0.52155 
40.49616 
♦0.99287 
40.69679 


51799  58619 
10020  86911 
47552  47824 
26480  84597 
80071  99197 


89659  869 
88018  741 
99908  059 
11816  509 
88077  129 


-0.90481  06211  02216  70962  565 
-0.96611.77700  08992  94701  829 
-0.79918  06966  49222  86727  602 
40.16795  57009  02806  92152  784 
40.92002  60981  96790  60995  194 


40.82682 
-0.02655 
-0.85551 
-0.89792 
-0.1M78 

I 

40.77389 
40.95105 
40.25982 
-0. 67677 
-0.98514 


86794  90109 
11940  29966 
99789  79922 
76806  89291 
48197  89187 

06815  57889 
46592  54974 
99627  62096 
19568  87907 
62604  68247 


46m  021 
79446  984 
25899  689 
26040  079 
22054  507 

09778  799 
69665  657 
27906  909 
62215  498 
97089  169 


-0. 98778  16954  09490  49779  094 
40.56610  76968  98180  92961  028 
4a 99992  01585  80791  24986  610 
40.51997  84559  87595  21169  609 
-0.44411  26687  07508  96890  760 


-0.99988 
-0.62988 
40.91922 
40.96836 
40.79919 


86999  29)79 
79942  74499 
87824  99085 
44611  00185 
09200  79292 


18979  081 
87896  921 
15269  959 
40495  015 
16696  921 


-0.17607  56199  48587  07696  212 
-0.92945  84470  04059  80260  16) 
-(L  82181  78)66  )0822  54487  211 
40.095)9  8)027  ))660  68)62  54) 
40.86006  94058  1245)  2268)  685 

40.89399  666)6  00557  89091  827 
40. 10598  75117  51156  85002  021 
-0.77946  60696  15804  68855  400 
-0.94828  21412  69947  2)21)  104 
-0.24525  19854  67654  52522  044 


^0.68)26  17147 
40.98)58  77454 
40. 57960  77)90 
-0.57)38  18719 
-0.99920  68)41 


)6120  98)69  958 
54)44  85760  773 
27521  69648  192 
90422  88494  922 
8635)  69443  272 


40.9^96  60284  9211)  27406  896 
40.74215  41968  1)782  5)946  7)8 
-0.16299  07807  95705  48100  )))' 
-0.91828  27862  12118  89119  97) 
-0.829)0  98)28  6)150  14772  785 

40.02212  67562  61955  73456  356 
♦0.85)22  01077  22584  11)96  968 
40.89986  68269  6919)  78650  500 
40.11918  41)54  48819  2854)  584 
-0.77108  02229  75645  229)8  744 

-0.95241  29804  15156  29269  382 
.0.25810  16)59  58267  44570  121 
40.67)50  7162)  2)586  25288  78) 
40.98S89  65815  82549  6974)  864 
♦0.)9185  72)04  29550  00516  171 

-0.56245  58512  98172  0)106  212 
-0.99964  74559  66)49  9648)  045 
-0.51776  97997  89505  06565  5)9 
♦0.44014  )0224  96040  ;70S9)  105 
♦0.995)9  0)797  22271^6)756  155 

♦0.6)))1  920)0  86299  83233  201 
-a  30902  27281  66070  70291  749 
•J  96725  05882  73882  48729  171 
'^73619  27182  21315  96016  815 
♦0.17171  73418  3^777  55609  845 

♦0.92175  12697  24749  316)9  2)0 
♦0.8249)  1))11  07557  75991  501 
-0.0)097  50)17  51216  45752  196 
-0.85780  509)2  44987  85540  6)9 
-0.69597  09467  9096)  148))  70) 


-0.110)8 
♦0.77668 
♦0.94967 
♦0.24954 
-0.68002 


724)8  )9047 
59820  216)1 
76978  8254) 
01179  7)))8 
)4955  875)8 


5S811  767 
15768  542 
20471  )26 
124)7  735 
79542  720 


-0.96437  66433  94041  89491  821 
-0.36369  84449  49741  84477  893 
♦0.56975  03)42  65311  92000  651 
♦0.99937  )2636  95124  69698  442 
♦0.51017  70449  41668  69902  )79 


-0.44807 
-0.994)6 
-0.62644 
♦0.)1742 
♦0.96945 


56161  29170 
74609  28201 
44479  10339 
67015  19701 
9)666  69987 


152)6  546 
52610  672 
06660  027 
64974  551 
60)60  499 


♦0.79017  99609  94^19  66179  392 
-0.1804)  04492  9108)  99011  650 
^-0.92514  75965  96419  69170  475 
-0.61926  62452  91459  25267  566 
♦0.09962  0860)  9)1)8  69816  160 


100 


-0.906)6  56411  09756  79)65  656 


♦0.06231  68722  87683  93410  194 
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100  -0.M636  564 

101  40.45202  579 

102  40.99402  679 
105  40.62290  063 

104  -0.32162  240 

105  .0.97053  520 

106  -0.72714  250  , 

107  40.10470  174 
100  40.92601  051 

109  40.01674  ^1 

110  -0.04424  260 

111  -0.06455  145 
112'  .0.00999  560 

113  -0.09710  191 

114  40. 70490  039 

115  40.94543  533 

116  40.23666  139 

117  -0.60969  794 
110  .0.90195  217 

119  .0.37140  410 

120  4Q.S0061  110 

121  40.99001  522 

122  40.49071  315 

123  -0.45990  349 

124  .0.99560  699 

125  -0.61604  046 

126  40.32999  003 

127  40.97263  007 
120  40.72103  771 

129  -0.19347  339 

130  -0.93010  59S 

131  -0.01160  339 

132  40.05300  ^59 

133  40.06096-576 

134  40.00592  402 

135  40.00036  069 

136  -0.7904)  321 

137  -0.94251  445 
130      -0.22005  226 

139  40.69600  013 

140  40.90023  966 

141  40.36317  137 

142  .0.50779  501 

143  -0.99034  536 

144  .0.49102  159 

145  40.46774  516 

146  40.99646  917 
,147      40.60904  402 

140  .0.3)033  339 
149      -0.97464  ^65 


CMS 

40.862)1  007 
40.«9200  487 
40.10158  570 
.0.78229  009 
.0.94606  801 

-0.24095  905 
40.68648  655 
40.90277  950 
40.37550  960 
.0.57700  210 

.0.99902  001 
.0.50254  4)2 
40.45596  910 
40.99526  664 
40.61952  061 

-0.32500  981 
-0.97159  219 
.0.72409  720 
40.18912  942 
40.92817  1)2 

40.01418  097 
-0.04066  361 
-0.06676  709 
-0.08796  891 
-0.09277  620 

•40.70771  451 
/40. 94)98  414 
40.2)2)5  910 
-0.69209  582 
-0.90110  552 


■0.)67ai 
B4W 


1)3 

40.58429  882 
40.99059  007 
40.49407  222 
-0.46)82  087 


.0.99608 
.0.61254 
40.5)416 
40.97)64 
40.71796 

.0.19701 
.0.9)172 
.0.80900 
40.05750 
40.07114 


704 
824 
5)8 
889 


410  1 

)5r 


236 
991 
253 
740 


40.00)86  ))7 
40.00395  944 
-0.79)1)  642 
.0.94102  631 
.0.22)74  095 


150      .0.71407  64)      40.69925  081 


150 

.0.71487  64) 

151 

40.20214  900 

IK) 

'  *IL  80640  OSS 

ISA 

155 

-0«07))1  190 

156 

-0.08178  462 

.0  07954  854 

190 

▼W»  r770C  •f*W 

160 

40« 21942  526 

161 

-0«  70240  779 

lOc 

▲RMAO^  ^7A 

165 

♦0,  99779  728 

166 

♦0«  48329  156 

*  t  JLT 

^  9  999  WAT 

tMI 
IM 

77  #  A  f  9mT 

-ILAAIM  M7 

»W» PUA77  7Qf 

170 

40.)4664  946 

171 

40.97659  007 

172 

▼U«  f  7A^ 

1 

IfJ 

A  A1A^4  107 
— W»7J©40  A7f 

175 

-0.80113  460 

176 

40.07075  224 

1  77 

19  9 

▲A  A77iiA  070 

▼U*0ff90  7t7 

17a 
1/0 

'    ▲A  A77^7  ^ti 

170 

1  #T 

▲A  A7A7^  217 

lao 

-0.80115  264 

181 

-0.93645  140 

AW 

•A  21A7A  1A7 

AO  J 

aA  7AA6A  041 

lO^ 

aA  07AM  438 

TV. 7  9 999 

185 

40.34662  118 

186 

-0.60202  394 

lOf 

.A  00717  102 

— 11.77 f  A*  *W» 

titfl 

XQQ 

.A  47i52  367 

— V.^f7«P«  999 

1  AO 

jA  4Am  705 

♦W. ^99 9^  9w9 

190 

40.99779  928 

191 

40.59490  855 

192 

-0.5549)  0)6 

19) 

-0.97045  657 

194 

.0.702)8  6)) 

195 

40.21945  467 

196 

40.9)95)  006 

197 

40.79500  584 

198 

.0.07957  059 

199 

.0.08179  88« 

200 

-0.07)29  7)0 

40.69925  001 
40.979)5  460 
40.)5904  429  . 
.0.59136  960 
.^008  109 

-0.40716  1)5 
40.47165  229 
40.9968)  099 
40.60552  787 
-0.54249  478 

.0.97562  9)1 
-0.7117/7  476 
40.20648  22) 
40.9)490  040 
40.80)77  546 

-0.066))  694 
-0.07545  946 
-0.87968  859 
.0.0751)  609 
40.79049  619 

40.9)799  475 
40.21510  527 
-0.70555  101 
-0.97752  694 
-0. 55076  911 

40.59848  422 
40.99749  592 
40.47941  2)1 
-0.4794)  077 
-0.99749  605 

-0.59846  007 
40.55079  7)4 
40.9775)  )29 
40.70552  964 
-0.2151)  471 

-0.9)000  520 
-0.79047  004 
40.07516  615 
40.07970  29) 
40.07544  489 

'  40.06630  606 
-0.80)79  ))9 
-0.9)488  971 
-0.20645  27) 
40.71179  593 

40.97562  270 
40.54246  646 
-0.60555  186 
-0.99682  859 
-0.47162  571 

40.48718  768 


/ 

/ 
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200  -01.87329  7)0 

201  .0.06109  025 

202  40.00041  841 

20)  ♦0.9)3)0  970 
204  40.20112  0)6 

209  -0.71489  7S1 

206  -0.97464  190 

207  -0.))8)0  SO) 
200  40^60906  79) 

209  40.99646  664 

210  40.46771  852 

211  -0.49104  785 

212  -0.998)4  709 

21)  -0.50777  062 

214  .  40.)6)19  945 

215  40.98024  562 

216  40.69605  849 

217  -0.22800  161 
210  -0.94252  45) 

219  -0.79041  474 

220  40.088)9  871 
\  221  40.0859)  880 

222  40.86895  084 

22)  40.05)05  )49 

224  -0.01162  100 

225  -0.9)009  488 

226  -0.19)440)82 
.227  40.72105  860 

220  40.97262  )06 

229  4q,)2996  2)7 

2)0  -0.61606  420 

2)1  -0.99568  419 

2)2  -0.4^7  672 

2))  40.4n7)  928 

234  40.99881  66^ 

2)5  40.50058  664 

236  -0.)714)  209 

2)7  -0.98195.787 

2)8  .0P68967  «11 

2)9  40.23669  060 

240  40.94544  515 

241  40.78496  171 

242  °   -0.09721  191 

243  -0.89000  9)5 

244  -0.0645)  6)0 

245  -0.04421  256 

246  40.01676  000 

247  40.92680  719 
240  40.18475  212 
249  -0.72716  )19 


9e$9 


40.4871(768 
40.99808  296 
40.591)4  5)8 
.Q.)5907  242 
.0.979M  069 


-0.88)8^  747 
-0.8711)  260 
«-0.0S74f  24) 
40.80r 
40.93 

40.19778440) 
-0.717981500 
-0.97)64  e02 
-0.))41)  697 
40.61257  207 

40.99608 
40.46)80 
^.49489 
-0.99859 
-0.58418 


9)1 


40.)67)1 
40.98111  1)5 
40.69287 
-0.2)238  842 
-0.94)99  409' 


-0.78769  594 
40.09200  622 
40.88798  277 
40.86675  206 
40.0486)  )50 

-0.81419  847 
-0.92846  012/ 
-0.18909^82/ 
40.72411  799 
40.97150  506 

40.)25t8  1)1 
-0.67954  420 
-0.99526  )71 
-0.45594  228 
40.^257  0)0 

40.9^2  215 
40.57697  756 
-0.)755)  754 
-0.98278  515 
-0.68646  463 


-0.97052  802 
-0.32159  386 
40i 62)01  221 
40.99482  373 
40.45199  890 

-0.50639  163 
-0.99920  803 
-0.57335  717 
40.3790  563 
310 


>0. 68)23  970 
^0^24520  121 
^0.94829  171 
-0.77944  719 
40.10601  749 

40.09401  017 
40.06005  403 
40.03536  010 
-0.02183  501 
-0.92)44  688 

-0.17664  595 
40;7))21  082 
40.968)9  694 
40.)1)20  015 
-0.62991  141 

-0.94?^  5)) 
-0. 444i4  566 
40.51400  4)1 
■40.99952  109 
.40.56600  279 

.  -0.50700  942 
-0.90515  144 
-0.67674  976 
40.25)85  252 
♦0.95106  )97 

40.77)87  199 
-0.11481  476 
-0.89794  095 
-0.85550  4)7 
-0.02652  102 

40.82684  56) 
.  40.92001  42) 
40.167)2  598 
-0.7)920  100 
-0.96610  999 

-0.)0478  191 
->0. 6)676  125 
40;99206  906 
40.4)61)  76) 
-0.52157  672 


40.2409%^  8)1 
40.94687  771 
40.78221  211 
-0.10161  069 
-0.89201' 050 

-0.862)0  )61 
-0.0)979  076 
40.819)0  55J 
40.9251) 
40.18040 


-0. 7)019' 416 
-0.96945  197 
-0.51740  012 
40.62646  794 
40.994)6  427 

40.44804  667 
-0.51020  297 
-0.999)7-4)5 
-0.56972  556 
40.58)72  628 

40.984)8  199 
40.68000  1)9 
-0.^^24956  9)1 
^0.94968  714 
^0.77666  699 

40.11041  720 
40.89598  4)) 
^0.85778  760 
40.0)094  490 
-0.824)4  840 

-0.9217)  958 
-0.17168  765, 
40.7)621  )12' 
40.96724  294 
40.)0899  406 

-0.6)))4  2») 
-0.99))8  691 
-0.44011  591 
40.51779  599 
40.99964  826 

40.56242  89) 
-0.)9188  496 
-0.98590  16) 
-0.67)48  488 
40.2581)  076 

40.95242  217 
40.77106  10) 
-0.11921  006 
-0.89987  997 
-0.85)20  4)9 


250      -0.97052  002       40.24090  031 


)00      -0.99975  584      -0.02209  662 
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ILEHUITABV  TBANBCBNDBHTAL  VUNCfnom 
.'CmCUUR  ^INES  AND  CO^INI»^K  LABGE  ttAOIAN  ARGUMEim       TaUp  4^ 


300 
301 
302 
303 
304 

306 
307 
308 
309 

310 
311 
312 
313 
M4 

315 
316 
31V 

3'? 


322 
323 
324  , 

325 
326 
327 
328 
329 

330 
331 
332 
333 
334 

33S 
336 
337 
338 
339 

340 
341 
342 
343 
344 

345 
346 
347 
348 
349 

350 


-0.99975  584 
.0.55876  405 
♦0.39595  283 
*0, 98663  250 
♦0.  6702a  680 


-0.26240 
rO. 95376 
-0.76823 
♦0.12360 
♦0.90180 


394 

171 
536 
304 
137 


♦0.85088  769 
♦0.01767  179 
-0.83179  148 
-0.91650  949 
-0.15859  291* 

♦0.74513  326 
♦Q.  96378  735 
♦0. 29633  979 
-0.64356  121 
.0.99177  500 

-C.  42815  543 
♦0.52910  827 
99991  226 
tC. 55140  153 
-0.40406,522 

-0.98803  627 
-0.66361  133 
^0. 27093  481 
♦0.  95638  473 
♦0,76253  895 

l0.i>238 
-0. 90559, 
-0.81620 
-0.00882  117 
♦0.83667  215 

♦0.91293  295 
♦0.14984  741 
-0.75100.715 
-0.96138  920' 
-0.28787  445 

'♦0. 65031  074 
♦0.99060  323 
♦0.4200  968 

-  -0. 5»S9  836 
-0.99999  034 

-0.  54399  582 ' 
♦0.41214  595 
♦0.98936  263 
♦0.65696  387 
-0.27944  444 


-0. 02209  662 
♦0.82932  668 

^♦0.91827.;085 
♦0.16296/104 

""-0. 74219/ 440 

-0.96495  812 
-0. 30056  379 
♦0.64016  750 
♦0.99233  174 
♦0.43215  876 


-0.99984 
-0.$5508 
♦0.40001 
♦8'.9J7S4 


350. 

351 

352 

353 

354 


♦0.66691 
-0.26667 
-0«55508 
-0.76539 
♦0.12799 

♦0.90370 
♦0. 

-0.83423  998 
-0.^1473  oir 


15422 
,74807 
♦^96259  770 
29210  998 
0.64694 


167 
753 


231 


-0.99119  882 
-0.42415  171 
♦0.53285*853 
♦0.99996  109 
♦0.54770  404 

-0.4081(1  958 
.0.98870  914 
.0.66029  407 
♦0.27519  232 
♦0.95766  816 

♦0.75966  831, 
y^O.  13676  708 
Co.  90745  945 
.0.84383  778 
-0.00439  555 

♦0.83908  793. 
♦0.91111  784 
♦0^14547  021 
-0.75392  206 
-0.96016  186 


.0.95893 
-0.75678 
♦0.14114 
♦0.90930 
,♦9.84145 

^.00003 
-0.84148 
-0.90928 
-0.14109 
«f0.7^ 


91 
27938 
65700 
^  -0^  98935 
-0.41209 

♦0.54404 
♦0.V999 
♦0.53654 
-0^42019 
-0.99061 


37a 
371 
372 
375 
374 

375 
376 
377 
378 
37^ 

380 
381 
382 
383 
384 

38S 
386 
387 
388 
389 


.0.95893  283  -0.28363*^28- 


395 
396 
397 
398 
399 

400 


283 
279 
985 
997  . 
478 

014 

m 

488 

017 
220 

572 
655 
932 
386 
102 

640 
007 
748 
439 
148 


-0.65026  494 
♦0.28793  218 
♦0.96140  579 
♦0.75096  734 
-0.14990  701 

-0.91295  755 
.0.'«3663  913 
♦0.00888  145 
♦0.84623  647 
♦0.90556  557 

^♦0.13232  187 
-0.76257  795" 
rO. 95636  712 
1^0.27087  677 
♦0. 66365  643 

♦0.98802  697 
♦0.40401  007 
-0;  55145  183 
-0.49991  146 
-0.S2905  711 


390  -    ♦O. 42820  991 

391  ,  ♦O. 99178  271 

392  '  ♦O. 64351  506 

393  -0.29639  737 

394  -0.96380  342 


-0.28363  328 
♦0.65366  643 
♦0.98998  824 
♦0.41611  943 
-0.54032  767  . 

-1.00000  000 
-0.54027  694 
♦0.41617  425 
♦0.98999  675 
♦0.  69362  081 

-0.28369  109 
.0.96017  871 
^0.75388  245 
;.0. 14552, 966 
♦0.91114  268 

♦0.83905  513 
-0.00445  584 
-0.64387  013 
-0.90743  412 
-0^13670  736 

♦0.75970  752 
♦0.95765  080 
♦0.27513  436 
-0.66033  ^35 
.0.98870  010 

-0.40805  454 
44.54775  446 
♦0.99996  056 
♦0.53280  751 
-0.42420  631 

-0.991201680 
-0.64669  634 
♦0.29216  764 
♦0.96261  403 
♦0.74803  752 

-0.15426  123 
-0/91475  494 
.0.89420  674 
♦0.01330  689 
♦0.84696  622 


-0.74509  306 
♦0.15665  243 
♦0.91653  361 
♦0.83175  801 
-0.01773  206 


♦0.90367  930 
♦0.12793  379 
.0.76943  345 
-0.99506  471 
-p.  26661  966 


♦0.66696  052 
♦0.98733  450 
♦0.3999<t  1M9 
-0.55513  837 
.0.99964  277 


:0. 85091  9H  -    -0.52529  634 
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Table  4J 


BLBMBNTABT  TitANSGBNSllMTAL  rUNCTIONB 
CIRCULAl  8INBS*AI^  CpSINES  FOR  LARGE  RADIAN  -ARCtlMBNTS 


» 

'» 

ab* 

0M« 

400 
401 
402 
403  - 
.*04 

-0.85091  936 
-0.90177  532 
-0.12354  321 
♦0.76827  396 
♦0,95374  359 

-0.52529  634 
♦0.  43220  513 
♦0.99233  919 
♦0.64012.118 
-0.3006ri29 

450 
451 
452 
453 
454 

-0.68328  373* 
-0.98358  231 
-0.37957  985 
♦0.57340  657 
♦0.99920  563 

-0.73015  296 
♦0.18046  010 
♦0.92515  898 
♦0.81927  096 
-0.03985  100 

40S 
406 
407 
408 
409 

♦0.26234  577 
-0.67025  155 
-0.98662  268 
-0.39589  747 
4^.55881  405 

-0.96497  394 
-0.74213  399  . 
♦0.16302  052 
♦0.91829  472  v 
♦0.82929  299  ^ 

455 
456 
457 
458 
459 

♦0.5oW  965 
-0.45205  '268 
-0(99482  985 
-0^62296  505 
♦0.32165  095 

-0.86233  4l4 
-0.89199  124 
-0.10155  572 

A   ''•■aAA;4,  A4.*V 

♦0. 78224*  967 
fO.  94685  832. 

410 
411 
412 

413 
414 

♦0.99975  451  , 
♦0.52152  526  \ 
-0.43619  188  .' 
-0.99287  624 
-0. 63671  47^ 

-0.^2215  689 
.-0.85323  583 
-0.89985  368 
-0.11915  021 
♦0.77109  942 

460r 

461 

462 

463 

464 

♦0.97054  255 
♦0.72712  181 
-0.18481  137 
-0.92682  982 
-0.81672  521 

♦0.24092  979 
-0.68650  847 
-0.98277  401. 
-0. 37548H66  ^ 
♦0.57702  iWs^^  ' 

415 
416 
417 
418 
419 

♦0.30483  93i 
^0.96612  55S 
♦0,73916  039 
-0.16738  542 
-0.92003  785 

♦0.95240  379 
♦0.25807  251 
-0.67352  944 
oQ. 98589  154 
-0.39182  950 

465 
466 
467 
468 
469 

♦0.rf4427  279 
♦0.86456  660 
♦0.88998  186 
♦0.09715  190 
-0.78499  906 

♦0.99901  948  ^\ 
♦0.50251  826- 
-0.45599  593 
-0.99526  957 
-0.  61949  695 

420 
421 
422 
423 
424 

-0.82681  172 
♦0.02658  129 
♦0.85553  55%<A 
♦0,«791  441 
♦0.11475  487 

♦0.56247  878 
♦0.99964  666  ^ 
♦0.51774  401  ^ 
-0.44017-009 
-0.99339  384 

470 
471 
,472 
473 
474 

-0.94542  551 
-0.23663  211 
♦0.68971  977 
♦0.98194.647 
♦0.3713r  611 

♦0.32583  830 
♦0.97159  932 
♦0.72407  641 

A    V  AA4  K  AA^ 

•*0. 18915  902 
-0.^848  tS? 

425 
426 
427 
428 
429 

-0.77390  977 
.-0.95104  534 
-0.25379  421 
♦0.67679  415 
♦0.98514  108 

-0.63329  587 
♦0.30905  140 
♦0.96725  824 
♦0.73617  232 
-0.17174  704  • 

475 
476 
477 
478 
479 

/0.5806?  573 
/rO.  99881  376 
-0.49868  703 
♦0.45993  026 
♦0.99568  978 

-0.-81416  347 
♦0/04869  372 
♦0.86678  212 

A    AA^VAfi  KAA 

♦0.88795  504 
♦0.09274  619 

430 
431 
432 
433 
434 

♦0. 38775  385 
-0.56613  249 
-0.999k  922 
-0. 51395  260 
♦0.44413  968 

-0.92176  296 
-0.82431  427 
♦0.03100  516 
♦0.85781  859 
♦0.89595  756 

480 
481 
482 
483 
484 

♦0.61601  671 
-0.33001  928 
-0.97263  707 
-0.72101  682 
♦0.19>JiO  297 

-0.78773  308 
-0.94397  419 
-0.23232  978 
♦0.  69291  756 
♦0.98109  969 

435 
436 
437 
438 
439 

♦6.99389  198 
♦0. 62986  458 
-0. 31325  741 
-0.96837  198 
-0.73316  982 

♦0.11035  728 
-0.77670  497 
-0.94966  826 
-0.24951  093 
♦0.68004  560 

485 
486 
487 
488 
489 

♦0.93011  702 
♦0.81158  578 
-0.05311  369 

A    A     AAA    A  ^  *V 

-0.86898  067 
-0.88591  083 

♦0.36726  329 
-0.58423  328 
.-0.99858  847 

A  ilAilOil  ^A^ 

-0.49484  603 
♦0.46385  557- 

440 
441 
442 
443 
444 

♦0.17610  529 
♦0.9234  7  001 
♦0.82180  066 
-0.03542  843 
-0.86008  478 

♦0.98437  134 
♦0.38367  061 
-0.56977  511 
-0.99937  222 
-0.51015  112 

490 
491 
492 
493 
494 

'  -0.08833  866 
/  ♦O.  79045  167 
/  ♦O.  94250  438 

'             A    AAAAA  AAV 

♦0.22802  291 
-0.69610  177 

♦  ♦O.  99609  050*  • 
♦0.61252  441* 
-0, 33419" 379 
-0.97365  577  . 
-0.71794  312 

445 
446 
447 
448 
449 

-0.89398  316 
-0.10595  754 
♦0.77948  495 
♦0.94827  257 
♦0.24522  276 

Vo. 44810  056 
♦0.99437  066 
♦0.62642  095 
-0.31745  729 
-0.96946  676 

495 
496 
497 
498 
499 

\ -0.98023  370 
UO.  36314  328 
♦0. 58781  939 • 
♦^.99834  363 
♦0.49099  533 

♦0. 19784  312 
♦0.93173  331 
♦0.80899  219  ^ 
-0. 05753  262 
-0. 87116  220 

450 

-0.68328  373 

-0.73015  296 

500 

-0.46777  181 

iO.  88384  927 

V 
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SLBMBMTABT  TRANBOBNDBMTAL  FDNOHONB 
aRCULAR  SINES  AND  COSINES  FOR  LARGE  RADIAN  ARGUMENTS      Table  4^ 


500  .0IM6777  181 

501  -0.99647  170 
'502  -0.60902  Oil 

503  4>0. 33836  176 

504  40.97465  539 

505  4>0. 71485  535 

506  -0.20217  940 

507  -0.93333  135 

508  -0.'e0638  275 

509  -  4.0.06195  042 

510  40.87336  6>7 

511  40.88177  040 

512  40.07951  849 
5i:  -0.79584  235 

514  -0.93950  941 

515  .-0.21939  585 

516  40.70242  924 

517  40.97844  413 

518  40.35488  199 

519  -0.59495  701 

920  -0.99779  528 

521  -0.48326  517 

522  40.47557  670 

523  40.99717  555 

524  40.60191-580^. 

525  -0.34667  773 

526  -0.97659  735 

527  -0.70863-787 

528  40.21084  000 

529  40.93647  255 

530  40.80111  655 

531  -0.07078  230 

532  -0.87760  424 

533  -0.87756  088 

534  -0.07069  210 

535  40.80117  068 
-536  40.93644  083 
537  ^  40. .21075  160 
*38  -0;70870  168 

539  -0.97657  790 

540  -0.34659  290 

541  40.60204  801 

542  40.99716  876 

543  40.47549  715 

544  -0.48334  434 

545  -0.99780  128 

546  -0.59488  432 

547  40.35496  654 

548  40.97846  280  ' 

549  40.70236  487 


-0.88984  927 
-0. 08392  940 
40.79315  478 
40.94101  611 
40.22371  157 
t 

-0.69927  236 
-0.97934  850 
-0.35901  615 
40.59139  399 
40.99807  523, 

40.48713  502 
-0.47167  887 
-0.99683  339 
-0.60550  389 
40.34252  310 

40. 97563  593 
40.71175  358 
-0.20651  172 
-0.93491  110 
-0.80375  753 

40. 06636  701 
40.87547-403 
40.87967  426 
40.07510  603 

__J.1JJ9851  433._ 

-0.93998  430 
-0.21507  583' 
40.1W557  237 
.  49.97752  059 
40.35074  088 

-0.59850  837 
-0.99749  179 
-0.47938  586 
40.47946  §22 
40.99749  818 

40.'59843  592 
-0.35082  S»y 
-0.97753  965 
-0.70550  828^ 
40.21516  415  ^. 

40.93801  565' 
40.79845  989 
-0.07519  621 
-0.87971  726 
-0.87543  ^32 

-0.06627  678 
40.80381  133 
40. 93487  901 
40.20642  324 
^  -0.71181  710 


550 
551  ^ 
552 
553 
554 

^555 
^  556 

557 

558 

559 

560  • 
'  56t 
562 
563 
564  ' 

565- 
566 
,567 
568 
569 

5*70 
571 
572 
573 

&7*.- 

575 

576 

577* 

578 

'579 

580 
581 
582 
583 
584 

585 
586 
587 
588 
589 

590 
591 
592 
593 
594 

595 
596 
597 
598 
599 


-0.21948  408 
-0.93954  038 
-0.79578  759 
40.07960  864 
40.88181  305 

40.87328  261- 
40.06186  016 
-0.80643  623 
/-0. 93329  888 
-0.20209  084 

40.7149X  859 
40.97A63  516 
40.33827  666 
-0.60909  184 
-0.99646  411 

-0.46769  187 
40.49107  411 
'  40.99834  883 
40.58774  623 
-0.36322  754 

.0.98025  158 
-0.69603  684 
40.22811  096 
40.94253  460 
^19039  ^8 


-0.08842  874 
-0.88595  278 
-0.86893  M2 
-0.05302  338 
40.81163  ik 

40.^3008  380 
40.19341  424 
-0.72107  948 
-0.97261  606 
-0.32993  391 

40.61608  795 
40.99568  139 
40.45984  996 
-0.49876  541 
-0.99881  816 

-0.58056  210 
40.37146  008 
40.98196  357 
40.68965  4M 
-0.23671  997 

-0.94545  497 
-0.78494  304 
40.09724  191 
40.89002  309 
40.86452  115 


O0S9 

-0.97561  608 
-0.34243  814 
40.60557  585 
40.99682  620 
4Q4 47159  913 

-0.48721  400 
-0.99808  483 
-0.59132  107 
40.35910  055 
40.97936  678 


40.69920 
-0.22379 
-0.94104 
-0.79309 
40. 08401 


771 
971 
671 
970 
951 


40.88389  157' 
40. 87111  780 
40.05744  234 
-0.80904  534 
-0.93170  046 

-0.19775  448 
40.71800  607 
40.97363  514 
40.^3410  856 

.-fl..6m9  381 


-0.99608  251 
-0.46377  546 
40^49492  461 
40.99859  327 
4% 58415  989 

36734  740 
-0.98111  719 
-0.69285  235 
40.23241  774 
40.94400  403 

40.78767  737 
-0. 09283  623 
-0.88799  663 
-0.86673  702 
-0.04860  339 

40.81421  597 
40.92844  893 
40.18907  022 
-0.72413  878 
-0.97157  792 

-0. 32575  281 
40. 61956  794 
40.99526  078 
40.45591  545 
-0.50259 


-0.21948  408       -0.97561  608 


600 


40.04418  245       -0.'^99902  348 


4 
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Table  4^  CIRCULAR  SINES  AND  COSINES  FOR  LARGE  RADIAN  ARGUMENTS 


Ml)  X 


COS  X 


600 

40. 04418  245 

601 

•0.81677  739 

602 

-0.92679  586 

603 

18472  249 

604 

♦0. 72718  389 

605 

•^0.97052  07S 

486 

4.0.32156  932 

607 

-0.62303  579 

608 

-0.99482  067 

609 

-0.45197  201 

610 

4*0.50641  763 

611 

4*0.99920  923 

612 

4*0. 57333  ^48 

613 

-0. 37966  '(51 

614 

-0.98359  962 

61S 

-0^832^  76"^ 

M6 

^0  z4531  0v3 

OA  f 

▲0  94830  128 

■  UA" 

^0  77942  830 

OAT 

•0  10604  746 

—V.  AVOV^     »  TW 

620 

-0.89402  368 

OCA 

-0  86003  865 

oc* 

«0  03S33  805 

—V.  V^a^^^  MV^ 

^0  218 

▼V.  OCAO?  »AO 

aIL  92343  531 

62S 

4O. 17601  627 

D&O 

>0  73323  132 

■•V.  f  ^^fc^ 

#  -0  96834  941 

OCO 

•0  31317  153 

DC  ' 

^0  62993  482 

630 

40.993P8  200 

691 

D^A 

▲0.44405  865 

632 

-0.51403  017 

633 

-0.99952  202 

^         www            •  ^» 

634 

«0. 56605  794 

635 

4*0.38783  721 

D^V 

▲0  98515  661 

637 

4*0.67672  757 

•0. 2S388  168 

D^T 

«0  95107  328 

640 

-0.77385  250 

Ml 

♦0.11484  470 

642 

•^0.  89799  4n 

643 

♦0.85548  876 

644 

♦0.02649  089 

645 

>0.<82686  259 

646 

-0.92000  241 

647 

-0. 16729  6S6 

,  648 

♦0.73922  130 

649 

♦0.96610  221 

650 

t 

♦0.  30475  320 

-0.99902  348 
-0.57695  294 
♦0.37556  547 
♦0.98279  072 
♦0.68644  271 

-0.24101  756 
-0.94688  740 
-0.78219  333 
♦0.10164  568 
♦0.89203  212 

♦0.86228  634 
♦0.03976  064 
-0.81932  281 
-0.92512  465 
-0.18037  115 

♦0.73021  475 
♦0.96944  458 
♦0.31737  153 
-0.62649  144 
-0.99436  107 

-0.44801  972 
♦0.51022  890  > 
♦0.99937  542 
♦0.56970  079 
.^0.38375  412 

-0.98438  726 
-0. 67997  929 
♦0.24959  850 
♦0.94969  658 
♦0.77664  801 

-0. 11044  716 
-0.89599  772 
-0.85777  21a 
-0.03091  477 
♦0.82436  546 

♦0.92172  789 
♦0.17165  795 
-0.73623  352 
-0.96723  528 
->0. 30896  539 

♦0.63336  586 
♦0.99)38  346 
♦0.44008  889 
-0.51782  138 
-0.99964  905 

-0. 56240  400 
♦0.39191  270 
♦0.98590  667 
♦0.67346  260 
-0.25815  988 

-0.95243  136 


sin  X  '• 

COS  t 

650 

4*0.30475  320 

-0.95243  136 

651 

-0.63678  449 

-0.77104  183 

652 

-0.99286  546 

4*0. 11923  999 

653  0 

-0.43611  050 

4*0.89989  312 

654. 

4*0.52160  244 

4*0.85318  866 

655 

4*0.99975  651 

4*0.02206  648 

656 

^0. 55873  905 

-0.82934  352 

657 

-0.39598  051 

-0.^1825  891 

658 

-0.98663  742 

-0.16293  130 

659 

-0.67018  443 

4*0.74219  460 

660 

^0.26243  303 

4*0.96495  021 

T                 r  ^7^7    7  ^7        ^7  •  • 

661  • 

♦0.95377  077 

♦0.3005»  504 

662 

4*0.76^21  607 

/ -0.64019  066 

663 

-0.12363  295 

-0.99232  802 

664 

-0.90181  440 

-0.43212  358 

— W.  ^^W 

665 

/ 

-0.  85087  185 

♦0  52537  329 

666 

-0.01764  165 

♦0.99984  437 

667 

4*0.83180  821 

♦0.55506  31S 

000 

▲0.91649  743 

,tW.  7JkW^7  f 

-0  40004  057 

—V.  ~W WW~    V^  f 

OD7 

15856  314 

^0  98734  884 

—V.  TO  9  ^"t 

Or  V 

-0.74515  337 

«.0  fc6MQ  314 

—  V.  9DDOT 

671 

-0.96377  931 

♦0.26670  104 

672 

-0.29631  100 

♦0.95509  151 

Or  ^ 

♦0.64358  428 

♦0  76S3f  525 

kit 
Of 

♦0.99177  114 

-0  12802  348 

— W.         WW*    ^  f w 

kl^ 
Dr  9 

♦0.,42812  819 

-0  90371  802 

—  W.  7V^f  A  WWfc 

676 

-OJ 52913  384 

-0.84853  838 

'  677. 

-0199991  266 

-0.01321  646 

678 

-0.55137  639 

♦0.83425  660 

679 

4*0.40409  279 

♦0.91471  800 

▼  W.    r  *  ~  •  *  WWW 

680 

4*0.98804  092 

♦0.15419  168 

681 

40.66358  878 

-0.74809  754 

682 

-0.27096  382 

-0.96258  953 

kM 
00^ 

-0.95639  354 

-0.29208  115 

684 

-0.76251  945 

♦0.64696  529 

685 

DD3 

4*0.13241  151 

♦0.99119  483 

686 

4*0.90560  393' 

♦0.42412  441 

687 

4*0,84618  828 

-0.53288  404 

688 

4*0.00879  102 

-0.99996  136 

W.   www  rw 

OwT 

-0.83668  866 

w. w^www  www 

-0  54767  882 

~W.          f  W  f  WW* 

*^  690 

-0.91292  065  ' 

♦0.40813  710 

T  W.  ~ W W* ^     f  Aw 

.  691 

-0.14981  760 

♦0.98871  365 

692. 

♦0.75102  706 

«Q.  66027  143 

693 

•fO.  96138  09(P 

-0.27522  130 

694 

♦0.28784  558 

-0.95767  684 

695 

-0.65033  364 

-0.75964  871 

*  696 

-0:99059  911 

♦0.13679  694 

697 

-0.42011  233 

♦0.90747  211 

698  ■ 

.♦0.53662  379 

♦0.84382  161 

699 

♦0.99999  047 

♦0.004^6  541 

700 

♦ 

♦0.54397  052 

-0.83910  433 
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CIRCULAR  SINES  AND  COSINES  FOR  LARGE  RADIAN  ARGUMENTS  TaUe4J 


9  \  , 

sin  s 

CO* 

700 
701 

703 
704 

♦0.54397  052 
-0.41217  342 
.0  702 

>0. 65694  115 
♦0.27947  339 

-0.83910  433 
-0.91110  541 
-0.14544  0)9 
,  ♦O.  75394  186 
^^♦0.96015  344 

705  ' 

706  . 

707 

708 
709 

♦0.95894  137 
♦0.75676  309 

yO. 90932  251 
AO,  84143  841 

♦0.28360  437 
-0.65368  925 
-0  9M98  399 
-0.41609  202 
♦0.54035  304 

710 
711 

713 
714 

WiUlQ66  029 
♦0784150  -356 

♦0. 14106  032 
-0. 75684  190 

♦1.00000  000 
♦0.54025  157 
-0  41620  166 
-0.99000  100 
-0.65359  799 

715 
716 

717 

718  * 
719^ 

-0.95890  717 
-0.27935  761 
\i.O  6S709  20i 

♦0.98934  947 
♦0.41206  355 

♦0.28372  000 
♦0.96018  713 
♦0.75386  264 
-0.14555  968 
.0.91115  511 

720 
721 
722 

9  mm 

723 
724 

-0.54407  170 
-0.99998  994 
-0  53652  204 
♦0.42022  174 
♦0.99061  560 

-0.83903  673 
♦0.00448  599 
♦0.84388  631 
♦0.90742  145 
♦0.13667  750 

725 
726 

728 

♦0. 65024  204 
-0.28796  105 

n  QA1A1  AOS 

-0.75094  744 
♦0.14993  682 

-0.75972  |12 
-0.95764  212 
.0.27510  538 
♦0.66036  198 
♦0.98869  558 

730 
731 

Urn 

733 

^  734 

♦0.91296  985 
♦0.83662  262 

-0.84625  253 
-0.90555  279 

♦0.40802  ?82 
.0.54777  970 
-0  99996  029 
-0. 53278  200 
♦0.42423  360 

735 
736 

738 
739 

-0. 13229  199 
♦0.76259  745 

♦0.27084  775 
-0.66367  898 

♦0.9912i  079 
♦0.64687  335 
.(k  24219  647 
-0^96262  220 
-0.74801  752 

740 
741 

743 
744 

-0.98802  232 
-0. 40398  250 

.A  KC1A7  M7 
♦U.  99mf  Ot» 

♦0.99991  106 
♦0.52903  153 

♦0.15431  102 
♦0.91476  672 
aO  83419  Oil 
-0.01333  703 
-0. 84B60  Z17 

745 
746 
747 
748 
749 

-0.42823  715 
-0.99178  657 
-0.64349  199 
♦0.29642  616 
♦0.96381  146 

-0.90366  639 
-0.12790  390 
♦0.76545  285 
♦0.95505  577 
♦0. 26658  483 

750 

♦0.74507  295 

-0.66698  298 

750 
751 
752 
753 
754 

755 
756 
757 
758 
759 

760 
761 
762 
763 
764 

765 
766 
767 

76 

770 
771 
772 
773 
774 

775 
776 
777 
778 
779 

780 
781 
782 
r  783 
784 

785 
786 
787 
788 
789 

790 
791 
792 
793 
794 

795 
796 
797 
798 
799 

800 


Bilk  X 

♦0.74507  295 
-0.15868  219 
-a  91654  566 
-0.83174  127 
♦0. 01776  220 


♦0.85093  519 
♦0.90176  229 
■»  0.12351  330 
-0.76829  325 
-0.95373  453. 


-0.26231  668 
♦0.67027  392 
♦0.98661  776 
♦0. 39586  979 
-0. 55883  905 

-0.99975  384 
-0.52149  956 
'♦D. 43621  901 
♦Oi  99287  983 
♦0.63669  152 

-0. 30486  804 
-0.96613  33^ 
-0.73914  009 
♦0.16741  514 
♦0.92004  966- 

♦0.  82679  477 
VO.  02661  142 
-Oi 85555  119 
-0.89790r  114 
-0.11472  492 

» 

♦0.77392  886 
♦0.95103  602 
♦0. 25376  :>05 
-0.67681  634 
-0.98513  591 

-0. 38772  606' 
♦0. 56615  733 
♦0.99951  829 
♦0.51391  674 
-0. 44416  668 

-0.99389  531 
-0.62984  117 
♦0.  31328  604 
♦0.96837  950 
♦0.73314  932 

-0.17613  497 
-0.92348  158 
-0.82178  349 
♦0.03545  855 
♦0.96010  016 


008  t 

-0.66698  298 
-0.98732  971 
-0.39993  006  - 
♦0.55516  345 
♦0.99984  224 

♦0.52527  069 
-0.43223  231 
-0.99234  292 
-0.64009  002 
♦0.30065  004 

♦0.96498  184 
♦0.74211  379 
-0.16305  026 
-0.91830  665 
-0.82927  614 


♦0.02218  703 
♦0.85325  155 
♦0.89984 
♦0.11912 
-0.77111 


053 
028 
861 


-0.95239  460 
-0.25804  '339 
♦0.67355  173 
♦0.98588  649 
♦0.39180  176 

.0.56250  370 
-0.99964  585 
-0.51771  822 
♦0.44019  716 
♦0.99339  730 

♦0.63327  255 
-0.30908  007 
-0.96726  589 
-0.73615  192 
♦0.17177  673 

♦0.92177  465 
♦0.82429  720 
.0.03103  529 
.0.85783  408 
-0.89594  417 

-0.11032  732 
♦0.77672  396 
♦0.94965  881 
♦0.24948  174 
-0.68006  770 

-0.984^6  \603 
-0.38364  277 
♦0. 56979  988 
♦0.99937  115 
♦0.51012  519 


♦0.89396  965       -0.44812  751 
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9tll  * 

'  z 

8O0* 

^0.89396  965 

/•O.  44812  751 

850 

801 

♦0.10592  756 

iO.  99437  385 

851 

802 

•0,77950  384 

•^0. 62639  745 

852  . 

803 

-Oa 94826  300 

♦0.  31748  587 

853 

804 

«Q»  24519  354 

♦  0.96947  415 

854 

4>0. 68330  573 

♦0.73013  237* 

855 

806  \ 

4>0, 98357  687 

^0. 18048  975 

856 

807 

♦0,37955  196 

-0.92517  042  A 

857 

808 

-0.57343  126 

-0.81925  368 

858. 

809 

•*0. 99920  443 

♦0.03988  112 

85^ 

810 

-0.506M  365 

♦0.86234  940 

860 

811 

♦0.45207  956 

♦0.89197  762 

861 

^812 

♦0.99483  291 

♦0.10152  573 

862 

813 

♦0.62294  147 

-0.78226  845 

863 

814 

-0. 32167  949 

-0.94684  862 

964 

«  815 

-0.97054  981 

-0.24090  054 

865 

816 

-0.72710  111 

♦0.68653  039 

866 

817 

♦0.18484  099 

♦0.98276  844 

867 

818 

♦0.92684  in  , 

♦0.37545  372 

868 

819 

♦0.81670  782 

-0.57705  142 

W#  ^  ff  ff  • 

869 

820 

-0.04430  291 

-0.99901  814 

879 

821 

-Q.  86458  174' 

-0.50249  220 

871 

•  822 

-0.88996  811 

♦0.45602  276 

872 

oc^ 

-0.09712  190 

♦0.99527  249 

873 

824 

-♦0.78501  774 

♦0.61947  329 

874 

♦0.94541  569 

«0  32586  680 

—  V.  wv 

875 

826 

♦0.23660  282 

-0.97160  646 

876 

827 

-0.68974  159 

-0.72405  561 

877 

-0.98194  076 

4>0. 18918  862 

878 

fl9Q 

-0. 37134  812 

«0  92849  371 

879' 

O 

♦0.  58066  027 

♦0  81414  596 

880 

831 

♦0.99881  229 

-0.04872  383 

881 

832 

♦0.49866  090 

-0.86679  716  ' 

882 

A)) 

-0.45995  702 

-0.88794  118 

883 

-0.99569  258 

-0.09271  618 

884 

835 

-0.61599  297 

♦d.  78775  165 

885 

836 

♦0.33004  774 

♦0.94396  424 

886 

837 

♦0^97264  407 

♦0.23230  046 

887 

♦6. 72099'  594 

-0.69293  929 

888 

-0.19353  254 

-0.98109  386 

889 

840 

-0.93012  809 

-0.36723  525 

890 

841 

-0.81156  816 

♦0.58425  775 

891 

842 

tO.  05314  379 

♦0.99858  687 

892 

843 
844 

4-0.86899  559 

♦0.49481  983 

893 

>  0.88589  685 

-0.46388  228 

894 

845 

/ ♦O.  08830  863 

rO.  99609  316 

895 

846 

-0.79047  014 

-0.61250  058 

896 

847 

-0.94249  4:;; 

♦  0.33422  221 

897 

848 

-0.22799  356 

♦0.97366  264 

898 

849 

40.69612  342 

♦0.71792  213 

899 

850 

♦0.98022  773 

-0.19787  267 

900 

8tn  X 

4>0. 98022  773 
♦0.36311  519 
-0.58784  378 
-0.99834  189 
-0. 49096  907 

♦0. 46779  845 
♦0.99647  423 
♦0.60899  620 
-0.33839  013 
-0.97466  214 

-0. 71483  427 
♦0.20220  893 
♦0.93334  217 
♦0.80636  493 
-t).  06198  051 

-0.87334  135 
-0.88175  618 
-0.07948  845 
♦0.79586  060 
♦0.93949  908 

♦0.21936  644 
-0.70245  07(k 
-0.97843  790), 
-0.  35485  38U 
♦C.  59498  127 

♦0.99779  328 

♦0.  mzyjfffr 

-0.478^0  322 
-0. 99717  ^82 
-0.60195  173 

♦0.34670  601 
♦0.97660  383 
♦0.70861  660 
-0.21086  947 
-0.  93648  312 

-0.80109  851 
♦0. 07081  237 
♦0.87761  869 
♦0.87754  643 
♦0.07066  203 

.0.*8'oil8  871 
-0.93643  025 
-0.21072  213 
♦0.70872  294 
♦0.97657  141 

♦0.  34656  4*63 
-0.60207  208 
-0.99716  649 
-0.47547  063 
♦0. 48337  073 


COB  X 

-0.19787  267 
-0.93174  426 
-0. 80897*  447 
♦0.05756  271 
♦0.87117  700 

♦0.88383  517 
♦0. 08389  936 
-0.79317  314 
-0.94100  591 
-0. 22}i>S  219 

♦0.69^29  390 
♦0.97934  241 
♦0.35898.802 
-0. 5914r«30 
-0.99807  736 

-0.48710  870 
♦0.47170  545 
♦0.99683  579 
♦0. 60547  989 
-0.34255  142 

-0.97564  254 
-0.71173  241 
♦0. 20654  122 
♦0.93492  180 
♦0. 80373  '959 

-0. 06639  709 
-0.87548  859 
-0. 87965 .992 
-0.07507  597 
♦0. 79853  248 

♦0.93797  ftS 
♦0.21504  639 
-0.70559  373 
-0.97751  423 
-0. 35071  265 

♦0. 59853  252 
♦0. 99748  965 
♦0. 47935  940 
-0.47949  167 
-0.99750  031 

-0. 59841  177 
♦0.35085  380 
♦0.97754  600 
♦0. 70548  692 
-0.21519  358 

-0.93802  610 
-0.79844  174 
♦0.07522  627 
♦0.87973  159 
♦0.87541  575 


♦0. 99780'  327       >0. 06624  670 
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V 


CIRCDLAR  9INBS  AMD  GOSU^S  FOE  URGE  RADIAN  ARGUMENTS 

atts 


900 
901 

9C2  , 

m 

904 

409 
906 
907 
908 
909 

910 
911 
912 
919 
914 

915 
916 
917 
918 
919 

920 
921 
922 
923 
924 

925 
926 
927 
928 
929 

1 

9)0 

9)2 
933 
934 

935 
9)6 
9)7 
9)8 
9)9 


940 
941 
942 
94) 
.944 

945 
946 
947 
948 

949' 


■in*' 

^'0. 99780  )27 
\  40.59486  009 
^.)5499  472 
.0.97846  902 
.0.702)4  )41 

40.21951  )49 
40.9)955  070 
40; 79576  9)) 
-0.07969  A69 
*  ^0.«B182  727 

.0.-87)26  792 
.0;0618)  008 
40.80645  406 
40.9))28  805 
40.20206  1)1 

.0.7149)  966 
-0.97462  841 
-0.))824  829 
40.60911  575 
40.99646  158 

40.46766  52) 
-0.49110  0)7 
-0.998)5  056 
-0.58772  184 
40.)6)25  962 

40.98025  754 
40.69601  520 
-0.22814  0)1 
-(j;W25f  46T 
-0.790)7  781 


40.08845  877 
40.88596  676 
40.86892  100 
40.05299  )28 
-0.81165  622 

-0.9)007  27) 
.0.19))8  467 
40.72110  0)7 
40.97260  905 
40.)2990  546 

-0.61611  169 
-0.99567  859 
-0.4^982  )19' 
40.49879  154 
40.99881  962 

40.5805)  755 
-0.)7148  806 
-0.98196  927 
-0.6896)  246 
40.2)674  926 


40.06624  670 
-0.80)82  926 
; -0.9)48^  8)1 
-0.206)9  )74 
40.7118)  827 

40.97560*947 
40.)4240  981 
-0.60559  984 
-0.99682  )80 
-0.47157  255 

40.48724.0)2 
40.99808  669 
40.59129  676 
,  -0.)5912  869 
"-0.979)7  287 

' -0.69918  616 
40.22)82  909 
40.94105  690 
40.79)08  1)4 
-0. 08404  955 

-0.88)90  567 
-0.87110  299 
-0.05741  224 
40.80906  )06 
40.jS)168  952 

40.19772  49) 
-0.71802  705 
-0. 97)62  827 
^  *lfc5)488  Oti 
40.61261  972 

40.99607  984 
40.46)74  875 
/^O.  49495  080 
-0.99859  487 
-0.5841)  542 

40.)67)7  544* 
40.98112  )02 
40. 6928)  061 
'-0.2)244  706 
-0.94401  )^8 

-0.78765  880 
40.09286  625 
40.80801  049 
40.86672  199 
^0.04857  )28 

-0.0142)  )47 
-0.9284)  77) 
-0. 1B904  062 
40.72415  957 
40.97157  078 


000* 


950 
951 
992 
95) 
954 

955 
956 
957 
958 
959 

960 
961 
962 
96) 
964 

965 
966 
967 
968 
969 

9t0 
971 
972 
'  97) 
974 


975 
976 
977 
VTB 
979 


980 
981 
982 
98) 
984 

985 
986 
987 
988 
989 

990 
991 
992 
99) 
994 

995 
996 
997 
998 
999 


40.9«$46  479 
4.0.76492  436 
"-0.09727  191 
*<.0.8900)  684 
.0.86450*600 


2)) 
478 


.0.04415 
40.81679  . 
40,92678  454 
40.18469  287 
.0.72720  458 


.0.97051  )49 
.0.)215)  677 
40.62)05  9)7 
40.99481  760 
40.45194  512 

.0.50644  )62 
.0.99921  04) 
-0.57))0  778 
40.)7969  140 
40.98)60  406 


40.68)19 
-0.245)) 
.0.948)1 
.0. 77940 
40.10607 


5to 

966 
084 

744 


40.8940)  718 
40.86002  )27 
40.0)5)0  79) 
.0.  82186  9)6 
.0.92)42  )74 

.0. 17598  660 
40.7)325  181 
.^0.96834  189 
40. 31314  290 
.0.62995  82) 


.0\99 
.o!]44 
40,51 


1^99387  867 
14403  164 
»1405  60) 
40.99952  296 

40.5660)  m 

.0.  )8786  499 
.0. 98516  179 
.0.67670  5)8 
40.25391  083 
40.95108  260 

40.77383  341 
-0. 11487  465 
.0.89796  748 
.0.85547  315 
-0.02646  075 


40.32572  491 
.0.61999  160 
.0.99529  784 
.0.49588  862 
40.90262  290 

40.99902  481 
40.97692  8)2 
.0.97999  941 
.0.98279.629 
.0.68642  079* 

40.24104  682 
40.94689  709 
40.78217  499 
.O.m67  567 
.0.89204  574 

-0.86227  908 
.0.0)97)  092 
40.819)4  009 
40.92911  920 
40.18094  190' 

.0.7)02)  5)9 
.0.9694)  718 
.0.)17)4  294 
40.62691  49) 
40.994)9  787 

40.44799  277 
.0.91029  482 
-0.999)7  648 
.Q.S6967  601 
40.)8)78  199 


40.984)9  296 
40.67999  719 
-0.24962  769 
-0.94970  602 
-0.77662  902 


40.11047  712 
40.89601  111 
40.89779  661 
40.0)088  464 
.0.824)8  252 

.0.92171  620 
.0.17162  825 
40.7)625  )92 
40.96722  76) 
40.3089)  672 

.0.6)))8  919 
.0.99)38  000 
.0.44006  182 
40.51784  716 
40.99964  985 


950  40. 94546  479  40. 32572  431 
For  *>1000  see  Eiamplc  16. 


1000      40. 82687  954       40. 56237  908 


r 
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Tabl«4.9  \  , 

•;CIRCIJU1I  TANGENTS,  <:<)TANUENT8,  SECANTS  AND  COSECANTS  FOR  RADIAN  ARGUMENTS 


JO^OO 
0.01 
0.02 
0.09 
0.04 

0.0S 
0.06 
0.07 
0.08 
0.09 

0.10 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16 
0.17 
0.18 
0.19 

0.20 
0.21 
0.22 
0.29 
0.24 

9.2S 
0.26 
0.27 
0.28 
0.29 

0.90 
0.91 
0.92 
0.93 
0.94 

0.3S 
0.36 
0.37 
0.38 
0.39 

0.40 
0.41 

0.4^; 

0.43 
0.44 

0.4S 
0.46 
0.47 
0.48 
0.49 

0.50 


tanx  1 

0.00000  0000 
0.01000  0333 
0.02000  2667 
0.03000  9003 
0.04002  1347 

0.05004  1708 
0.06007  2104 
0.07011  4558 
0.08017  1105 
0.09024  3790 


0.10033 
0.11044 
0.12057 
0.13073 
0.14092 


467 
582 
934 
732 
189 


0.15113  522 
0.16137  946 
0.17165  682 
0.18196  953 
0.19291  984 

0.20271  004 
0.21314  244 
a22361  942 
0.23414  936 
0.24471  670 

0.25534  192 
0.26602  154 
0.27675  814 
0.28755  433 
0.29841  279 

0.309>9  625 
0.92092  751 
0.99198  941 
0.94252  487 
0;^95979  688 

0.96502  849 
0.97640*285 
0.98706  916 
0.99941  272 
0.41105  492 

0.42279  922 
0.49469  120 
0.44657  255 
0.45862  102 
0.47078  059 


0c48905 
0.49544 
0.50796 
0.52061 


507 
877 
590 
084. 


0.59998  815^ 


eot< 

40 

99.99666  66^ 
49.99999  32 
99.92999 
24.98666 


27 
52 


19.98999 
16.64666 
14.26297 
12.47992 
11.08109 


06 
19 
99 
19 
49 


9.96664  44 
9.05421  28 
8.29929  49 
7.64892  55 
7.09612  94 


6.61659 
6.19657 
5.82557 
5.49542 
5.19967 

V99915 
4.69169 
4.47188 
4.77088 
4.08695 


15 
54 
68 
56 
16 

49 

81 
» 
77 
78 


9*91691  74 
9^75909  41 
9.61926  92 
9.47760  97 
9.951.06  28 

9.29272  81 
9.12180  50 
9.01759  80 
2.91949  61 
2.82696  00 


2.79951 
2.65672 
2.57822 
2.50967 
2.49276 


22 
80 
89 
59 
50 


2.96522  24 
2.90080  12 
2.29927  7& 
2.18044  95 
2.12419  20 


2.07015 
2.01897 
1.96869  61 
1.92082  05 
1.87^80  79 


aecx 

1.00000 
1.00005 
1.00020 
1;00045 


00 
00 
00 
02 


1.00080  05 


1.00125  19 
1.00180  27 
•1.00245 
1.00920 


50 
86 


1.00406  97 

1.00502  09 
1.00608  07 
1.00724  95 
1.00850  99 
1.00988  07 

1.01195  64 
1.01299  80 
1.01462  61 
i;01652  16 
1.01892  55 

1.02099  88 
.  1.02246,  26 

1.02469^  78 
n.02704  58 

1.02950  78 

1.09208  50 
1.09477  89 
1.09759  10 
1.04052  27- 
1.04957  57 


1^4(75  16 
5005  22 
1.05947  94 
1.0S709  51 
1.06072  19 


1.06454  02 
1.06849  98 
1.07258  47 
1.07681  50 
1.08118  74 

1.08570  44 
1.09096  89 
1.09518  96 
1.10015  15 
1.10527  57 


1.11055 
1.11600 
1.12161 
1.12740 
1.19995 


94 
60 
91 
22 
91 


« 

100.00166 
50.00999 
99.99899 
25.00666 

20.00899 

16.67667 

14.29798. 

12.51994 

11.12612 

10.01668 

i. 10926 
.95996 
7.71401 
7.16624 

6.69179 
6.27674 
5.91078 
5.58566 
5.29495 


67 
95 
99 
79 

58 
09 
76 
92 
59 

61 
89 
70 
72 
99 

24 
65 
21 
99 
84 


5.09948  95 
4.79708  57 
4.58292  99 
4.98699  79 
4.206^  71 


4.04197 
9.88989 
9.74908 
9.61852 
9.49708 

9.989^*6 
9.27805 
9.17897 
9.08600 
2.99861 

2.91692 
2.89869 
2.76596 
2.69599 
2.69027 

2.56799 
2.50872 
2.45242 
2.99882 
2.94775 

2.29909 
2.25251 
2.20805 
2.16559 
2.12489 


25 
14 
94 
56 
77 

94 
89 
74 
99 
68 


75 
87 
57 
48 

25 
20 
09 
48 
15 

27 
55 
98 
72 
00 


000 


0.00000 
0.00999 
0.00666 
0.01000 
0.01999 

0.O1666 
0.02000 
0.02994 
0.02667 
0.09001 

0.09995 
0.09669 
0.04009 
0.04998 
0.04672 

0.05007 
0.05342 
0.05677 
0.06013 
0.06348 

0.06684 
0.07020 
0.07357 
0.07693 
0.08090 


335 
664 
060 
476 

944 
480 
096 
805 
621 

558 
628 
845 
223 
776 

516 
458 
615 
000 
628 

512 
667 
105 
Ml 
889 


0.083&8  264 
0.08705<'978 
0.09044  046 
0.09382  483 
0.09721  302^ 

0.10060  519 
0.10400  147 
0.10740  202 
0.11080  697 
0.11421  648 

0.11769  070 
0.12104  976 
0.12447  983 
0.12790  306 
0.13193  759 

0.13477  m 
0.13822  ^18 
0.14167 
0.14513  185 
0.14859  524 


.15206  486 
I.155S4  089 

0.15902 

0.16251 

0.16600 


348 
280 
901 


0.00000  000 
0.00166  668 
0.00333  949 
0.00509  059 
0.00666  791 


0.00899 
0.01000 
0.01167 
0.01994 
0;01501 

0.01668 
0.01895 
0;02009 
0.02170 
0.02998 

0.02506 
0.02674 
0.02842 
0.09011 
0.09180 


576 
420 
994 
990 
419 

614 
925 
965 
946 
680 

578 
659 
915 
979 
054 


0.09948  955 
0.09518  092 
0.09687  477 
0.09857  124 
0.04027*044 


0.04197 
0.04967 
0.04598 
0.04709 
0.04881 

0.05059 
0.05225 
0.05997 
0.05570 
0.05744 

0.05917 
0.06091 
0.06266 
0.06441 
0.06617 

0.06799 
0.06969 
0.07146 
0.07924 
0.07502 


290 
754 
569 
707 
181 

009 
186 
744 
689 
094 

792 
976 
601 
678 
222 

246 
769 
789 
996 
418 


0.07681  091 
0.07860  24: 
0.08040 
0.08220 
0.08401 


022 
990 
366 


2.08582  96       0.16951  228 


0.54690  249      1.83048  77      1.19949  99 

■   yr]  m 

Compilation  of  tan  i  and  cot  x  from  National  Bureau  of  Standarda.  Table  of  circular  and  hyperbolic  tangents  and  eotan** 
genu  for,  radian  argumenta,  2d  printing.  Columbia  Univ.  Preaa,  New  York,  N.Y.,  1947  (with  permiaaion). 
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CIRCUUR  TANGENTS,  COTANGENTS,  SECANTS  AND  COSECANTS     Table  4.9 


0.50 
0.51 
0.52 
*0.5S 
0.54 

O.SS 
O.St 
0.57 
0.58 
0.59 

0.60 
0.61 
0.62 
0.69 
0.64 

0.65 
0.66 
0.67 
0.68 
0.69 

0.70 

A.71 

0^2* 

0.73 

0.74 

0.75 
0.76 
0.77 
0.?8 
0.79 

0.80 
0.81 
0.82 
0.83 
0.84 

0.85 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91  . 
0.92 
0.93 
0.94 

0.95 
0.96 
.0.97 
0.98 

0.99' 

1.00 


0.54630  249 
0.5593S  872 
0.57256  183 
0.58591  701 
0.59942  962 

0.61310  S21 
0.62694  954 
'0.64096  855 
0.65516  845 
0.66955  565 


0^68413 
0.69891 
0.71390 
0.72911 
0.74454 


681 
886 
9Q1 
473 
382 


0.76020  440 

0i77610  491 

0.79225  417 

0.80866  138 

0.82533  611 

0.84228  838 
0.85952  867 
0.87706  790 
0.89491  753 
0.91308  953 

0.93i59  646 
0.95045  146 
0.96966  833 
0.989»6  154 
1.00924  629 


1.02963 
1.05045 
1.07171 
1.09343 
1.11563 

1.13833 
1.16155 
1.18532 
1.20966 
1.23459 

1.26015 
1.28636 
1.31326 
1.34087 
1.36923 

1.39838 
1.42835 
1.45920 
1.49095 
1.52367 


857 
514 
372 
292 
235 

271 
586 
486 
412 
946 

822 
938 
370 
383 
448 

259 
749 
113 
827 
674 


1.55740  772 


FOR  RADUN  ARGVRVNTS 

1.83048  772 
1.78776  154 
1.74653,626 
1.70672°634 
1.66825  255 

'  1.69104  142 
1^59502  471 
1.S6019  894 
1.52632  503 
4.49352  784 


1.46169  595 
1.43078  125 
1.40073  879 
^1.37152  626 
1.34310  429 

1.31543  569 
1.28848  559 
1.26222  118 
1.23661  155 
1.2U62  759 

1.18724  183 
1.16342  833 
1.14016  258 
1.11742  140 
1.0951^  285 

1.07342  615 
1.05215  158 
1.03128  046 
1.01085  503 
0.99083  842 

0.97121  460 
0.95196  830 
0.93308  500 
0.91455  085 
0.89635  264 


0.87M7 
0.86091 
0.84365 
0.82667 
0.80997 

0.79355 
0.77738 
0.76146 
0.74578 
0.73033 

0.71511 
0.70010 
0.68530 
0.67070 
0.65630 


778 
426 
058 

575 
930 

115 
169 
169 
232 
510 

188 
485 
649 
999 
719 


0.64209  262 


mo* 

1.13949  39 
1.14581  07 
X  1.15291  98 
1.15900. 77 
1.16589  70 

,  1.17298  «8 
1.18028  21 
1.18778  81 
1.19551  06 
1.20945  |9 

1.21162  89 
1.22009  59 
1.22868  47 
1.29758  16' 
1.24679  99 


1.25614  92 
1.26589  52 
1.27580 
1.28605 


04 
94 


1.29660  91 

1.90745  99 
1.91869  17 
1.99019  09 
1.94196  77 
1.95415  98 

1.M670  11 
1.97962  24 
1.99299  10 
1.40664  08 
1.42076  67 


1.49592.42 
1.45092  96 
1.46580  02 
1.48175  42 
1.49821  08 


1.51519  02 
1.59271  99 
1.55080  .46 
1.56948  69 
1.58878  44 


1.60872 
1.62999 
1.65065 
1.67270 
1.69552 


58 
92 
49 
52 
44 


1.71914  92 
1.74961  84 
1.76897  97 
1.79525  95 
1.82252  92 

1.85081  57 


2.08582  96 
2.04849  69 
2.0»55  78  • 
1.97810  89, 
1.94501 .07 

l,9lh9  00 
1.88257  90 
1.85911  45 
1.82479  78 
1.79799  41 

1.77109  22 
1.74560  45 
1.72106  62 
1.69W  57 
1.69f49  97 

1.65298  94 
1.69101  05 
1.61094  29 
1.59034  84 
1.57100  01 

1^55227  09 
1.59419  95 
- 1.51656  54 
1.49954  95 
1.48904  60 


1^705  27 
1?45154  49 
1.49650  25 
1.42190  99 
1.40775  09 


1.99400  78 
1.98066  78 
1.96771  62 
1.95519  96 
1.94292  52  ^ 

1.99106  09 
1.91959  59 
1.90899 
1.29745 


72 
69 

1.28688  25 


1.2V660  62 
1.26661  84 
1.25691  05 
1.24747  40 
1.29890  10 


1.22998  40 
1.22071  57 
1.21228  91 
1.20409  77 
1.19619  51 

1.18899  51 

m 
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• 

*    CIBCULAB  TANGENTS,  COTANGENTS,  SECANTS  AND'GOSECANTS 

FOR  ftAMAN  AIGUMENTS 

• 

r 

1.0C  • 
1.01 

.  1.0J 
1.04 

tan' 

1.55740  77 
1.59220  60 
.    1.62813  04 
1.66524  40 
1.70361  46 

cotk 

0.64209  262  ' 
0.62805  942 
0.61420  141 
0.60051  260 
0.58698  722 

0.57361  9f0 
0.56040  467 
0.54733  693 
0.53441  147 
0.52162  342 

.  1.85081  57  ^ 
r    1.88019  15 
1.91070  89 
1.94243  08 
1.97542  47 

eae« 

U88)9  51 
1.18087  20  ■ 
1.17)56  01 
1.16645  42 
1.159S4  90 

J.» 
1.06 

1  A7 

^  iot 

1.74331  bi 
1  78442  48 
*  1.82702  82 
1.87121  73 
1.91709  18 

2.00976  32  ' 
2.04552  49 
2^08279  43 
2.12166  31 
2.16223  06 

1.1528)  98 
1.146)2  17 
U)999  02 
1.1))84  11 
1.12787  01 

« 

.1.10  ' 

1.11  . 
Ill 

1.12 
1.13 
1.14 

1.96475  97 
'  2.01433  82  < 
,     2.06595  53  > 
&     2.11975  01 

2.17587  51. 

0.50896  811 
0.49644  096 
0.48403  759 
0.4717S  371 
.  0.45958  520 

2.20460  44 
2.24890  16 
2.29524  97 
2.34)78  77 
2.39466  7S 

'  1.12207  )) 
1.11644  69 
•         1.11098  71 
1.10569  05 
1.10055  )7 

.  1.0955Am 
1.09074  5? 
1.08607  04 
1.08154  17 
1.07715  79 

1.15 
1.16 

1  17 

1.18 
1.1? 

2.23449  69*  . . 
2  29579  85 
2.35998  11 
2.42726  64 
.  2.49769  94 

0.44752  802 
0  43597  829 
0.42373  \tl 
0.41198  610  ' 
0.4003^638 

2.44805  57 
2.5041)  48 
2.56310  57 
2.62518  99 
2.690^^  21 

1.20 
1.21 
1.22 
1.23 
1.24 

>  ■'.  2.ii7h5  16  • 
2.65032  46  ' 
^73275,  42 
2.81981^  57 
2.91192  99 

.        0.38877  S97..-.. 
0.37731  227     .  ■ 
•     0.3659)  119  • 
0.35463  310 
'   0.34341  486- 

2.79970  )6 
2.8)270  55 
2.90997  )5 
2.99188  25 
).97885  )0 

1.07291  64 
1.06881  46 
1UI6485  01 
.UU02  06 
1.057)2  39 

• 

»  ■ 

1.25 
1.26 
1,27 
1.28 
.1.29 

3.00956  97 
'3.11326  91 
3.22363  32 
3.34135  00  . 
.        5^6720  57 

•  VVjimiO  24  . 
V747Q8  10 
3.90534  78g^\ 
4.07250  9r^. 
4.25561  79^  : 

0.))227  )42 

0.32120  577 
.  0.)1020  899 
.  1U9928  02) 
.  0.28841.670  . 

).17i")5  77 
-).2699)  04 
).)75ir  57 
3.48778  15 
).60.85)  )6 

.  .1.05)75  79 
.        l;050)2  05 
1.04700  98 
1.04)82  41 
,      1.04076  14 

uo 
i.n 

U3 

.   ,,^7761  5$5 
^6667  440 
-   '    0.25619  0)4 
•        0.24^56  086 
0.23498  350 

3.7)8)3  41 
).87822  )) 
4.02940  74 
4.19)29  )1 
4.)71S)  10 

1.0)7111  00 
1.0)499  85 
1.0)229  5) 
1.02970  88 
•    1.0272)  77 

>  U5 
1.36  - 

.  1.37 
1.38 
1.39 

4.45522  18 

4.91305  81 
5.17743  -74 
5.47068  86 

0122449  572 

.  0JS)5J.922», 
-     OaW4  574  -  ^  , 
.     ^0.18179  2)4  . 

4.56607  06  '.■ 
4.7»2)  14 
.     5401)79  49 
V7>12  60 
5.561))  )» 

1.02488  07 
1.0226)  65 
1.02050  39 
1.01846  18 
1.01696  9) 

• 

1.40 
1.41 
1.42 
'  1.43 

5.79788  37 
^16535  6l 
6.58111  95 
7.05546  38 
7.60182  61 

0.17247  67) 
0.16219  663 
0.1»94  983 
0.14173  413 
0.13154  734 

5.88)49  01 
6.24592  80  . 
6.65666  08 . 
7.12597.  85 
7/667)1  76 

1.01476  51 
1.01)06  85 
1.01147  05 
1.00999  4) 
1.00861  92 

1.45^ 

1.46 

1.47 

1.48 

1.49 

8.23809  28 
S.9M6fl  76 

VP*  TOW  V  »1» 

'.9.88737  49 
10.98337  93 
12.34985  64 

0.12138  732 
0.11125  194 
0.10113  908 
0.09104  6660 . 
0.08097  2601 

'8^9856  45 
9.64406  25 
9.9)781  58 
11.02880  87 
12.)90^r,  66 

1.007)4  09 
'  1.00616  99 
1.00510  15 
1.00413  62 
1.00)27  29 

1.50 
1.91 
1.52 
1.95 
1.51 

14.10141  99 
Ifc  42809  17 
19.66952  78 
24.49841  04 
32.46113  89 

0.07091  4844 
0.06087  1343 
0.05084  0061 
0.04081  8975 
0.03080  6066 

14.1)68)  29 
16.45849,92 
19.6949)' 14 
24.51881  14 
)2.4765)  8) 

1.00251  19 
1.00185  09 
1.00129  19 
1.0008)  27 
1.00047  44 

• 

1.99 
1.96 
1.57 
1.98 
1.59 

48.07848  25 
92.62049  63 
♦1255.76559  W 
.  108.64920  36 
-   52.06696  96 

Jk  AAA'S  A  AAlS 

0.02079  9325 
0*01079  6746 
♦  0.00079  6327 
.  0.00920  3933 
.  0.01920  6034 

*  48.08888  10 
92.62589  45 
♦1255.76598  97 
108.65)80  55 
-   52.07657  18 

1.00021  6) 
1.M009  8) 
KOOOOO  0) 
1.00004  24 
1.00016  44 

l.iO          -   34.23253  27 
For  t>\A,  UN  4.3.44. 

.  0.02921  1978 

m 

■  .   34.2471)  56 

1.00042  66 
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BLfcllBMTABY  THANSCBNDEMTAL  FUNOHONS 
CmCt'UR  SINES  AND  COSINES  TO  TENTHS  OF  A  DEGREE 


■in  « 


0.0  ' 
0.1 

0.2  , 

0.3-'  ! 
0.4 

0.5* 
0.6 
0.7 
0.8 

0.9  ^ 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 

2.  9"  • 

3.0 
'•I 

3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

•  4.5 
4.6 
4.7 
4.8 
4.9 

5.0 

W-9 


0.00000  00000  00000 
0.00174  53283  6r>898 
0.00349  06514  15224 
0. 00523  59638  31420 
0.00698  12602  97962 


0. 00872  65354  98374 
0.01047  17841  16246 
tf.  01221  70008  35247 
0.01396  21803  39145 
0.01570  '/3173  11821 


•0.01745  24064  37284 
0. 01919  74423  99690 

•0. 02094  24198  83357 
0. 02268  73335  72781 
0.02443  21781  52653 

0.02617  69483  07873 
0.02792  16387  23569 
0.02966  62440  85111 
0.03141  07590  78128 
0.03315  51783  88526 


0.03489 
0.03664 
0. 03838 
0.04013 
0.04187 

0.04361 
0« 04536 
0.04710 
0.04884 
0.05099 


94967  02501 
37087  06556 
78090  87520 
17925  32560 
565)7  29200 

93873  65336 
29881  29254 
64507  09643 
97697  95613 
19400  76713 


0.05233  59562  42944 
0.05407  88129  84775 
0. 05582  15049  93164 
0.05756  40269  59567 
0.05930  63735  75962 

0.06104  85395  34857 
0.06279'  05195  29313 
0.06453.23082  52958 
0.06627  39004  00000 
0.06801  52906  65248 

0.06975  64737  44125 
0.07149  74443  32686 
0.07323  81971  27632 
0. 07497  87268  20828 
0.07671  90281  26ai9 

0.07845  90957  27845 
0.08019  89243  28859 
0.08193  85086  30041 
0.08367  78433  32315 
0^08541  69231  37367 

0.08715  57427  47658 


OOBI 

I  00000  00000  00000 
0.99999  84769  13288 
0.99999  39076  57790 
0.99998  62922  47427; 
0.99997  56307  05395 

0.99996  19230  64171 
0.99994  51693  65512 
0.99992  53696  60452 
0. 99990  25240  09304 
0.99987  66324  81661' 

0.99984  76951  56391 
0.99981  57121  21644 
0.99978  06834  74845 
4.99974  .26093  22698 
0.99970  14897  81183 

0.99965  73249  75557 
0.99961  01150  40354 
0.99955  98601  19384 
0.99950  65603  65732 
0.99945  02159  41757  ' 

0.99939  08270' 19096 
0.99932  83937  78656 
0.99926  29164  10621 
0.999|9  43951  14446 
0.99912  28300  98858 

0. 999M  82215  81858 
0.99897  05697  90715 
0.99888  98749  61970 
0.99880  61373  41434 
^9987]n  9^38^71  84186 

0.99862  99347  54574 
0.99853  66703  26212 
0.99844  07641  81981 
0.99834  18166  14028 
0.99823  9K79  23765 

0.99813  47984  21867 
0.99802  67284  28272 
0.99191  56182  72179 
0.99780  14682  92050 
0.99768  42788  35605 

0.99756  40502  59824 
0.99744  07829  30944 
0.99731  44772  24458 
0.99718  51335  25116 
0.99705  27522  26920 

0.99691  73337  33128 
0.99677  88784  56247 
0.99663  73868  18037 
0.99649  28592  49504 
0.99634  52961  90906 


0.99619  46980  91746 
sin* 


Table  4.10 
90»-» 

90.0* 

89.9 

89.8 

89.7 

89.6 

89.5 
89.4 
89.3 
89.2 
,89.1 

89.0 
88.9 
88.8 
88.7 
88.6 

88.5 
88.4 
88.3 
88.2 
88.1 

88.0 
87.^ 
87.8 
87.7 
87.6 

87.5 
w87.4 
•  87.3 
87.2 
87.1 

87.0 
86.9 
86.8 
86.7 
86.6 

86.5 
86.4 
86.3 
86.2 
86.1 

86.0 
85.9 
85.8 
85.7 
•  85.6 

85.5 
85.4 
.  85.3 
^  83.2 
85.1 

85.0 
9 


For  convpreion  from  radians  to  degrees  see  Eumple  14. 
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BUSMBNTART  TRANBCKNDSMTAL  FUNCTIONS 
Tahle  4.10      CIRCULAR  SWES  AND  COSINES  TO  TENTHS  OF  A  DEGREE 


5.0' 

5.1 

5,2 

5.3 

5.4 

5.5 

l:» 

5.S 

5.4 

6.0 
6.1 
6."2 
6.3 
6^4 

6.5 
6.6 
6:7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

»  8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


•         «n  #. 

0.0i7U  57427  47658 
0.08889^42968  66442 
,  0.0906)  25801  97780 
.   "^09237  05874  46562 
^09410  83133  ^8514 

0.09584^25  20224 
-  -  0.09758  28997  59149 
0.09931  97497  43639 
0.10105  62971 '82946 
,  8.10279  25367  87247 

«f«  4.10452  84632  67653 
0.10626  40713  36233 
0.10799  93557  06023 
0.10973  43110  91045 
0.11146  89322  06325 

0.11320  32137  67907 
0.11493  71504  92867 
p.  11667  07370  99333 
0.11840  39683  08501 
0. 12013  68388  34647 

0.12186  93434  0S147 
0^2360  14767  40493 
0.12533  32335  64304 
0.12706  46086  01350 
0.12879.  55/)65  77563 

0.13052  61922  20052 
0.13225  63902  57122 
0.13398  61854  18^92 
0.13571  55724  34304 
0. 13744  45460  37147 


0.13917  31009  60065 
0.14090  12319  37583 
0.14262  89337  05512 
0.14435  62010  00973 
0. 14608  30285  62412 


0.14780  94111  29611 
0.14953  53434  43710 
0. 15126  08202  47219 
58362  84038 
03862  99468 


0.15298 
0. 15471 


0.15643  44650  40231' 
0.15815  80672  54484 
0. 15988  11876  91835 
0.16160  38211  03361 
0. 1633f^  59622  41622 

0.16504  76058  60678 
0. 16676  87467  16102 
0. 16848  93795  65003 
0.17020  94991  66033 
0.17192  91002  79410 


0. 17364  81776  66930 

•  r(-8y 


ctm» 

6.99619  46980  91746 
0.99604  10654  10770 
0.99588  43986  15970 
0.99572  46981  84582 
0.99656,19646  03080 

0.99539  61983  67179 
0.99522  73999  81831 
6.99505  55699  61226 
0.99488  07088  28788 
0.99470  28N1  17174 

0.99452  18953  68273 
0.99433  79441  33205 
0.99415  09639.  72315 
0.99396  09554  55180 
0.99376  79191  60596 

0.99357  18556  76587 
0. 99337  27656  00396 
0.99317  06495  38486 
0.99296  55081  06537 
0.99275.73419  29446 

0.99254  61516  41322 
0.99233  19378  J5489 
0.99211  47013  14478 
0.99189  44425  90030 
0.99167  11623  83090 

0.99144  48613  73810 
0.99121  S5402  51542 
0.99098.31997  14836 
0.99074  78404  71444 
0.99050  94632  38309 

0.99026,80687  41570 
0.99002  36577  16558 
0.9897?  62309  07789 
0.98952  57890  68969 
0.98927  23329  62988 


0.98901 
0.98875 
0.98849 
0.98822 
0.98795 

0.98768 
0.98741 
0.98713 
0.98685 
0.98657 


58633  61917 
63810  47006 
38868  08684 
83814  46553 
98657  69389 

83405  95138 
38067  50911 
62650  72988 
57164  06807 
21616  06969 


0.98628  56015  37231 
0.98599  60370  70$05 
0.98570  34690  88854 
0.98540  78984  83490 
0.98510  93261  54774 


rn 


0.98480  77530  12208 

tin  9 


/ 


90»-> 

85.0* 

84.9 

84.8 

84.7 

i4.«6 

84.5  , 
84.4  • 
84.3 
84.2 

84.1  * 

84.0 
83.9 
83.8  . 
83.7 
83.6 

83.5 
83.4 
83.3 
83.2 
83.1 

83.0 
82.9 
82.8 
82.7 
82.6 

82.5 
82.4 
82.3 
82.2 
82.1 

'82.& 
181.9 

81.8 

81.7 
!81.6 

81.5 
81.4 
81.3 
81.2 
81.1 

81.0 
80.9 
80.8 
80.7 
80.6 

80.5 
80.4 
80.3 
80.2 
80.1 

80.0|pP 
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BLBIfBIITARY  TSANaCBNDEMTAL  FDNCnONB. 


101 


CIRCUiAR  SINES  AND  COSINES  TO  TENTHS  OF  A  DEGREE       TaWe  4.10 


e 

tint 


10.0" 

10.1 

10.2 

10.3 

10.4 

10.5 
10.6 
10.7 
10. 8  « 
10.9 

11.0 
11.1 
11.2 
11.3 
11.4 

11.5 
11*6 
11^7 
11.8 
11.9. 

12.0 

12.  i 
12.1 
12.3 
12.4 

12.5 
12.6 
12.7 

n.B 

12.9 

13.0 
13.1 
13.2 
13.3 
13.4 

13.5 

13.6' 

13.7 

13.8 

13.9 

14.0 
14.1 
14.2 
14.3 
14.4 

14.5 
14.6 
14.7 
U.S 
14.9 

-  15.  0- 


0.17364  81776  66930 
0.17536  67260.91987 
0.y7708  47403  19583 
0.17880  2'2151  16350 
0.18051  91452  50560 


0. 18223 
0.18395 
0.18566 
0.18738 
0.1^909 

0.19080 
0.19252 
0.19423 
0.19594 
0.19765 


5S254  92147 
13506  12720 
66153  85577 
13145  85725 
54429  89891 

89953  76545 
19665  25907 
49512  19972 
61442  42518 
73403  79126 


0. 19936  79344  17197 
0.20107  79211  45965 
0.20278  72953  56512 
0.20449  60518  41790 
0.20620  41859  96690 

0.20791  16908  U75r 
0.20961  85629  03822 
0.21132  47964  55389 
0.21309,03862  74977 
0.21473  59271  67063 

0.21649  96139  38103  ^ 
0.21814  32413  96549 
0.21984  62049  52898 
0.22154  84976  19467 
0.22325  Jll60  10951 

0.22495  10549  43865 
0.22665  13074  96855 
0.22895  08701  10656 
0.29004  97971  88104 
0.29174  79034  94157 

0.29344  53638  55905 

0.23514  21131  02590 

0.23689  81460  65619 

0.29859  94575.78581 

0.24022  80424  77264 

0.24192  18955  99668 
0.24961  50117  86029 
0.24590  79858.78809 
0.24699  90127  22749 
0.24868  98871  64855 


0.25098 
0.25206 
0.25975 
0.25544 
0.25719 


00040 
99582 
79445 
57579 
27991 


54441 
49114 
84806 
95791 
54696 


0.25881  90451  Q2521 


0.98480  77590  12208 
0.98450  31799  74437 
0. 98419  -56079  69242 
0.98988  50979  99542 
0.98357  14706  19986 

0. 98925-49075''69955 
0.98299  59491  49554  • 
0. 98261  27965,  49615 
0.90228  72507  286^9 
0.98195  87126  96444 

0. 98162  71894  47664 
0.98129  26699  92245 
0. 98095'  51559  49192 
0. 98061  46585  46619 
0. 98027  11746  21722 

0. 97992  47046  20890 
0.97957  52495  99944 
0.97922  28106  21766^ 
^97886  79887  61685  < 
0.97850  89851  01778 


0. 97814 
0. 97778 
0. 97741 
0. 97V04 
0.97667 


76007  99806 
92967  58606 
58942  86096 
55744  95264 
22789  94168 


0. 97629  60071  19999 
0.97591  67«19  98747 
0.97559  45499  45857 
0. 97514  ^954ni)55W 
0.97476  11941  91222 

0.97497  00647  85295 
0.97997  59672  79052 
0.97957  89028  79160 
0.97917  88727  77088 
0.97277  58782  09997 


0. 97296 
0.97196 
0. 97154 
0. 97119 
0. 97071 

0. 97029 
0.961(87 
0. 96944 
0. 96901 
0.96858 


99209  97677 
10005  78546 
91199  97646 
42799  09696 
64815  78191 

5726^  75996 
20152  84747 
59498  95199 
57914  06870 
91611  28691 


0. 96814  76409  78108 
0. 96770  91704  81971 
0. 96726  77527  75877 
0. 96682  99d86  04459 
0.96697  607^9  21929 

0.96592  58262  89068 
sin* 


\ 


\ 


80.0* 
79.9 
79.8 
79.7 

79. 5* 
79.4 
79.9 
79.2 
79.1 

9 

79.0 

78.9* 

78.8 

78.7 

78.6 

78.5 
78.4 
78.9 
78.2 
.78.1 

78.0 
77.9 
77.8 
77.7 
77.6 

77.5 
77.4 
77.9 
77.'2 
77.1 

77.0 
76.9 
76.8 
76.7 
76.6 

76.5 
76.4 
76.9  ' 
76.2 
76.1 

76.0 
75.9 
75.8 
75.7 
75.6 

75.5 
-75.4 
75.9 
75.2 
75.1 

75.0 
9 
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Table  4.10  ,  CIRCUUR  SINES  AND  COSINES  TO  TENtUS  OF  A  DEGREE 


1S.1 
IS.  2 
IS.) 
15.4 

1S.S 
1&6 
1517 
15^8 
15.9 

16.0 
16.1 
U.2 
16.3 
16.4 

16.5 
16.6 
16.7 
16.8 
16.9 

(  17.0 
17.1 
17.2 
17.3 
17.4 

17.5 
17.6 
17.7 
17.8 
17.9 

18.0 
18.1 
18.2 
18.5 
18.4 

18.5 
18.6 
18.7 
18.8 
18.9 


19.0 
19.1 
19^2 
19.3 
19.4 

19.5 
19.6 
19.7 
19.8 
19.9 

20.0 


0.25A81  90461  02S21 
0.26050  45086  42648 
0.26218  91786  40865 
0.26387  30499  65373 
0.26555  61174  86809 


0.26723 
0.26891 
0.27060 
0.27228 
0.27395 

0.27563 
0.27731 
0.27899 
0.28066 
0.28234 

0.28401 
0.28568 
0.28736 
0.28903 
0.29076 


83760  T8257 
98206  15266 
04459  75864 
02470  40574 
92186.92432 

73558  16999 
46533  02378 
11060  39229 
67089  20788 
14568^2876 

53447  03923 
B3674  04974 
05198  49712 
1.7969  44472 
21935  98252 


0.29237  17047  22737 
0.29404  03252  32304 
0.29570  80500  44047 
0.29737  48740  77786 
0.29904  07922  56087 


0.30070 
0.30236 
0.30403 
0.30569 
0.30735 

0.30901 
0.31067 
0.31233 
0.31399 
0. 31564 


57995  04273 
98907  50445 
30609  25490 
53049  63106 
66177  99807 

69943  74947 
64296  30732 
49185  12233 
24559  67405 
90M9  47102 


0.31730  46564  05092 
0.31895  93092  98070 
0.32061  29905  85676 
0.32226  56952  30511 
0.32391  74181  98149 

0.32556  81544  57157 
0.32721  78989  79104 
0.32886  66467  38583 
0.33051  43927  13223 
0.33216  11318  83703 


0.33380 
0.33545 
0.33709 
0.33873 
0.34037 


68592  33771 
15697  50255 
52584  23082 
79202  45291 
95502  13050 


0.34202  01433  25669 
eotf 


0.96592 
0.96547 
0.96501 
0.96455 
0.96409 

0.96363 
0.96316 
0.96269 
0.96221 
0.96174 

0.96126 
0.96077 
0.96029 
0.95980 
0.95931 


58262  89368 
26308  79225 
64944  72311 
74184  57798 
54042  34110 

04532  08623 
25667  97658 
17464  26479 
79935  29285 
13095  49211 

16959  38319 
91541  57594 
36856  76943 
52919  75187 
39745  400S8 


0.95881  97348  «|8193 
0.95832  25744  65133 
0.95782  24948  45315 
0.95731  94975  32067 
0.95681  35840  57607 

0.95630^7559  63035 
0.95579 ^50147  98330 
0.95527  83621  22344 
0.95476  07993  02797 
0.95424  03285  16277 

04  95371  69507  48227 
0.95319  06677  92947 
0.95266  14812  53586 
0.95212  93927  42139 
0.95159  44038  79438 


0.95105 
0.95Q51 
0.94997 
0.94942 
0.94887 


65162  95154 
57316  27784 
20515  24653 
54776  41904 
60116  44497 


0.94832  36552 
«100 


06199 

0.94776  MlOO  09586 
0.94721  02777  46029 
0.94664  92601  15696 
0.94608  53588  27545 


0.94551 
0.94494 
0.94437 
0.94380 
0.94322 


85755  99317 
89121  57531 
63702  37481 
09515  83229 
26579  47601 


0.94264  14910  92178 
0.94205  74527  87297 
0.94147  05448  12038 
0.94088  07689  54225 
0.94028  81270  10419 


0.93969  26207  85908 


«0»-» 

75.0* 

74.9 

74.8 

74.7 

74.6 

74.5 
74.4 
74.3 
74.2 
74.1 

74.8 
73.9 
73.8 
73.7 
73.6 

73.5 
73.4 
73.3 
73.2 
73.1 

73.0 
72.9 
72.8 
72.7 
72.6 

72.5 
72.4 
72.3 
72.2 
72.1 

72.0 
71.9 
71.8 
71.7 
71.6 

71.5 
71.4 
71.3 
71.2 
71.1 

71.0 
70.9 
70.8 
70.7 
70.6 

70.5 
70.4 
70.3 
70.2 
70.1 

70.0 
* 
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..^^BIAMIMTAIIT  TBAKSCIMOIMTAL  fUttCfnat^ 
CUICULAR^Smis  AND  COSINES  TO  TENTHS  OF  A  DEGREE 


20.0' 

20: 1 

20.2 
20.3 
20.4 

20.  S 
20.6 
20.7 
20.8 
20.9 

21.0 
21.1 
21.2 
21.5 
21.4 

21.5 
21.6 
21.7 
21.0 
21.9 

22.0 
22.1 
22.2 
22.3 
22.4 

22.  S 
22.6 
22.7 
22.8 
22.9 

23.0 
23.1 
23.2 
23.3 
23.4 

23.  S 
23.6 
23.7 
23.0 
23.9 

24.0 
24.1 
24.2 
24.3 
24.4 

24.5 
24.6 
24.7 
24.8 
24.9 

25.0 

00^ 


■in« 

4 

0.34202  01433  25669 \ 
0.34365  96945  8S616 
0.34529  81989  98535 
0.34693  56515  73256 
0.34857  20473  21815 

0.35020  73812  59467 
0.35184  16484  04702 
0.35347  40437  79257 
0.35510  69624  08137 
0.35673  79993  1962& 


0.35836 
0.35999 
0.36162 
0.36325 


0.M650 
X 36812 
1».  36974 
0.37136 
0.37298 


79495 
68081 


12267 
45526 
67572 
78355 
77825 


82092 
72978 
37620 

24297 
84678 
73829 
50235 
75809 


0.37460  65934  15912 
0.37622  42631  39966 
0.37784  07868  18467 
0.37945  61595  29005 
0.38107  03763  50274 


0.38268 
0.38429 
0.38590 
0.38751 
0.38912 

0.39073 
0.39233 
0.39J94 
0.39554 
0.39714 


34323 
53226 
60423 
55864 
3950^ 

H2^ 
71166 
19095 
S502S 
78906 


65090 
59804 
24319 
52103 
40206 

89274 
93561 
90951 
62965 
34701 


0.39874  90689  25246 
0.4003C  90325  56895 
0.40194  77766  55960 
0.40354  52963  52390 
0.40514  15867  79863 

0.40673  66430  75808 
0.40833  04603  81385 
0,40992  30338  41573 
0.41151  43586  05109 
0«,41)10  44298  24542 

0,41469  32426  56239 
0.41628  07922  60401 
0.41786  70738  01077 
0.41945  20824  46177 
0.42103  58133  67491 

0.42261  82617  40699 
Mt9 


/ 


0.93969 
0.93909 
0.93849 
0.93788 
0.93728 

0.93667 
0.93M5 
0.93544 
0.93482 
0.93420 

0.93358 
0.93295 
0.93232 
0.93169 
0.93105 

0.93041 
0.92977 
0.92913 
0.92848 
0.92783 

0.92718 
0.92652 
0.92587 
0.92520 
0.92454 


...aai..l  

26207  85908 
42520  94709 
30227  59556 
89346  11898 
19894  91892 

21892  48398 
95357  38973 
40308  29867 
S6763  96014 
44743  21030 

04264  97202 
35348  25489 
38012  15512 
12275  85549 
58158  62528 

75679  82025 
64858  88251 
25715  34056 
58266  80914 
62538  98920 

38545  66787 
86308  n837 
05848.09995 
97183  85782 
60336  12313 


0.92387  95325  11287 
0.92321  02171  12981 
/  0.92253  80894  56246 
0.92186  31515  88501 
0.92118  54055  65721 


0.92050 
0.91982 
0.91913 
0.91844 

0.917751 


48534  92440 
14973  21738 
53392  95234 
63813  43087 
46256  83981 


0.91706  00743  89124 
0.91636  27299  62240 
0.91566 '29933  39561 
0.91495  96678  49825 
0.91429  39992  34264 


0.91394 
0.91283 
0.91212 
0.91140 
0.91068 

0.90996 
0.90923 
0.90090 
0.90777 
0.90704 


94976  42601 
41772  33043 
01161  72273 
32766  39449 
36608  06177 

12708  76943 
61090  47069 
81779  26722 
74789  32909 
40142  91465 


0.90630  77870  36650 
lint 


T«ia«4.10 

,...Wr.» 

*  70.0* 
69.9 
69.8 
69.7 
69.6 

69.5 
69.4 
69.3 
69.2 
69.1 

69.0 
.  '68.9 
68.8 
68.7 
6S.6 

68.5 
68.4 
68.3 
68.2 
68.1 

68.0 
67.9 
67.8 
67.7 
67.6 

67.5 
67.4 
67.3 
67.2 
67.1 

67.0 
66.9 
66.8 
66.7 
66.6 

66.5 
66.4 
66.3 
66.2 
66.1 

66.0 
65.9 
65.8 
65.7 
69.6 

69.9 
69.4 
69.3 
69.2 
69.1 

69.0 
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BLBMBMTABT  TRANBCBNDBNTAL  rUMCnONB  •  I 

Tabl*  4.10        CIRCUIAR  SINES  AND  COSINES  TO  TENTHS  OF  A  DEGREE 


25.0" 

25.1 

25.2 

25.3 

25.4 

25.5 
25.6 
25.7 
25.8 
25.9 

.26.0 
26.1 
26.2 
26.3 
26.4 

26.5 
'26.6 
26.7 
26.8 
26.9 

27.0 
27.1 
.27.2 
27.3 
27.4 

27^5 
27.6 
27.7 
27.8 
27.9 

28.6 
28.1 
28.2 
28.3 
28.4 

28.5 
28.6 
28.7 
28.  S 
28.9 

29.0 
29.1 
29.2 
29.3 
29.4 

29.5 
29.6 
29.7 
29.8 
29.9 

30.0 


sin  I 

0.42261  82617  40699 
0.42419  9422^  45390 
0.42577  92915  «5073 
0. 42735  78633  87192 
0.42893  51334  03146 

1 

0.43051  109681  08295 
0.43208  57489  01982 
0.43365  90845  87544 
0.43523  10993  72328 
0.43680  17883  67702 

0.43837  11467  89077 
0..43993  91698  55915 
0.44150  58527  91745' 
0. 44307  11908  24180 
0.44463  51791  84927 

0.44619  78131  09809 
0.44775  90878  38770 
0.44931  89986  15897 
0.45087  75406  89431 
0.45243  47093  11783 

0.45399  04997  39547 
0.45554  49072  33516 
3.45709  79270  58694 
0. 45864  95544  84315 
0.46019  97847  83852 

0.46174  86132  35034 
0.46329  60351  19862 
0.46484  20457  24620 
0. 46638  66403  39891 
0.46792  98142  60573 

0.46947  15627  85891 
0.47101  18812  19410 
0. 47255  07648  69054 
0.4740lt  82090  47116 
0.4756?  42090  70275 

0.47715  87602  59608 
0.47869  18579  40607 
0. 48022  34974  43189 
0.48175  36741  01715 
0.48328  23832  55002 


/ 


0.)48480 
0.4S633 
0.48785 
0. 48938 
0.49090 


96202  46337 
5J804  23490 
96591  38733 
24517  48846 
37536  15141 


0.49242  35601  03467 
0.49394  18665  84231 
0.49545  86684  32408 
0.49697  39610  27555 
0.49848  77397  53830 

0. 50000 .00000  oopoo 


0.90630 
0.90556 
0,90482 
a;  90408 
«.9033^ 

o! 90258 
0.90183 
0.90107 
0.90031 
0.89955 


«ot9 

77870  36650 
87990  11140 
70524  66020 
25496  60778 
52928  63301 

52843  49861 
25264  05114 
70213  22092 
87714  02194 
77789  55180 


0.89879  40462  99167 
0.89802  75757  60616 
0.89725  83696  74328 
0.89648  64303  83441 
0.89571  17602  39413 


0.89493 
0.89415 
0.89337 
0.89258 
0.89179 

0.89100 
0.89021 
0.88941 
0.88861 
0.88781 


43616  02025 
42368  39368 
13883  27838 
58184  52125 
75296  05214 

65241  88368 
28046  11127 
63732  91298 
72326  54949 
53851  36401 


0.88701  -08331  78222 
0.88620  35792  31215 
0.J8539  36257  54416 
0.88458  09752  15084 
0.88376  56300  88^93 

0.88294  75928  ^927 
0.88212  68660  17668 
0.88130.34520  64992 
0.88047  73535  09162 
0.87964  85728  66617 


71126  61965 
0.87798  297 


0.87881  ^ 
0.87798  29754  27981 
0.87714  61637  05589 
0.87630  66800  43864 
0.87546  45270  00018 


0.87461  97g;i  39396 
0.87377  i«30  35465 
0.8729r20772  69810 
0.87206  92724  32121 
0.87121  38111  20189 

0.87035  56959  399P0 
0.86949  49295  05219 
0.86863  15144  38191 
0.86776  54533  68928 
0.86689  67489  35603 

0.86602  54037  84439 
din  9 

p-r]  . 


65.0* 

64.9 

64.8 

64.7 

64.6 

64.5 
64.4 
64.3 
64.2 
64.1 

64.0 
63.9 
63.8 
63.7 
63.6 

63.5 
^3.4 
63.3 
63.2 
63.1 

63.0 
62.9 
62.8 
62.7 
62.6 

62.5 
•  62.4 
62.3 
62.2 
62.1 

&2.0  . 

61.9 

61.8 

61.7 

61.6 

ji61.5 
61.4 
61.3 
61.2 
61.1 

61.0 
60.9 
60.8 
60.7 
60.6 

60.5 
60.4 
60.3 
60.2 
60.1 

60.0 
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CIRCULAll  SINES  AND  COSINES  tO  TENTHS  OF  A  DEGREE       TaUe  4.10 


30.0** 

90.2 
90.9 
30.4 

90.  S 
90.6 
90.7 
90.8 
90.9 

91.0 
91.1 
91. 2' 
31.9 
91.4 

91.5, 
31.6 
31.7 
J1.8 
31. » 

32.0 
32.1 
92.2 
V32.9 
32.4 

32.5 
32.6 
32.7 
32.8 
32.9 

33.0 
99.1 
33.2 
33.3 
33.4 

33.5 
33^.6 
33.7 
33.8 
33.9 

34. 0 
34.1 
34.2 
34.3 
34.4 

34.5 

34.6. 

34.7 

34.8 

94.9 

35.0 


•m  # 

0.50000  00000  00000 
0.50151  07371  594S7 
0.50901  99466  90295 
0.50452  76298  15019 
0.506P9  3|r641  21164 

0.50759  89629  6070% 
0.50904  14197  50971 
0.51054  29179  11606  , 
0.51204  206M  7057i 
0.51954^2520  58170 


0. 51509  80749 
0.51659  99288 
0.51802  70099 

0.51951  mii 

0. 52100  «6918 

t 

0.52249  85647 
0. 52998  59059 
0.52547  16510 
0.52695  57954 
0. 52849  89947 


10054 
66642 
79190 
79509 
40576 

15949 
70079 
72268  / 
96678 
22947 


0.  52991  92642  99205 
0.59199  85795  18083 
0. 59287  62760  70790 
0.53435  29499*89826 
0. 59582  67949  78997 

0.59729  96089  46824 
0.  53877  07850  06869 
0,54024  «}204-77455 
.  0. 54170  82102  82740 
0. 54917  44499  50671 

« 

0.54469  90950  15027 
0.54610  19610  14429 
0. 54756  92294  92550 
0.  5490»  28179  98192 
0.55048  07400  84996 

0. 55193  69853  12058^ 
0. 55399  15492  49944 
0. 55484  44274  47999 
•'0.55629  56155  00905 
0. 55774  51089  79690 

0. 55919  29094  70747 
0. 56063  89945  63242 
0.56208  99778  52191' 
0.56952  60489  37571 
0,56496  70094  24998 

0. 56640  62969  24899 
0. 56784  97450  59101 
0. 56927  95234  90844 
0. 57071  35676  84432 
0. 57214  58734  45516 


0.  S73S7  64363  51046 

008  9 


0089 

0.86602  54097  84499 
0.86515  141205  69704 
0.86427  48019  59705 
0.86999  95506  06772 
0.86251  96692  07257 


0.86162 
0.86074 
0.85989 
0.85695 
0.85806 


91604  41926 
20270  09944 
22719  96879 
98969  90664 
49097  29M9 


0.89716  79007  02112 
0.89626  70846  00928 
0.85596  42601  60507 
0.85445  88901  92807 
0.85995  07972  75927 


0.85264 
0.85172 
0.85081 
0.84989 
0.84897 

0.84804 
0.84712 
0.84619 
0.84526 
0.84492 


01649  54092 
69941  49048 
11094  24051 
26929  86864 
16876  29141 

80961  56426 
19219  82197. 
91661  27564 
18992. 21856 
79255  02015 


0.84999  14458  12886 
0.84245  29970  07148 
0.84151  07819  49906 
'  0.84056  htm  95684 
0.89961  98645  94419 


0.89867 
0.89771 
0.89676 
0.89580 
0.89484 


05679  45424 
87166  20499 
49194  58962 
79619  68270 
78692  69407 


0.89988  58220  67168 
0.89292  12407  10099 
0.89195  41221  90489 
0.89098  44692  74928 
0«'§9001  22850  95967 

0.82909  75725  55042. 
0. 82806  09946  22494 
0.82708  05742  74562 
0.82609  82944  95764 
0.82511  94982  78295 

0.82412.61886  22016 
0.82919  69685  94442 
0.82214  40410  90797 
0.82114  92091  99704 
0.82915  18758  79772 


1915  20442  88992 

sin  $  . 


60.0^ 

59.9 

59.8 

59.7 

59.6 

59.5 
59.4 
59.9 
59.2 
59.1 

59.0 
58.9 
,  58.8 

58.5 
58.4 
58.9 
58.2 
58.1 

58.0 
57.9 
57.8 
57.7 
57.6 

57.5 
57.4 
57.9 
57.2 
57.1 

57.0  ' 

56.9 

56.8 

56.7 

56.6 

56.5 
56i4 
56,9 
.  56.2 
56.1 

56.0 
55.9 
55.8 
55.7 
55.6 

55.5  / 
55.4  / 
95.9  / 
55,2  / 
55.^  / 

55,oN1 
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35.0' 

)S.l 

SS.2 

35.3 

35.4 

35.5 
35.6 
35.7 
35.8 
35.9 


BLUaNTART  tRANSCSNDENTAL  rUNOXTQHB  ^ 
CIRCULAR  SINES  AND  COSINES  TO  TENTHS  OF  A  DEGREE 


iinf  . 

0. 57357  64363  51046 
0. 57500  52520  43279 
0.57643  23161  69793 
0.57785  76243  83505 
0.57928  11723  42679 


36,0 
3^1 
36.2 
36.3 
36.4 


37.0 
37.1 
37.2 
37.3 
37.4 

37.5 
37.6 
37.7 
37.8 
37.9 

38.0 
38.1 
38.2 
38.3 
38.4 

38.5 
38.6 
38.7 
38.8 
38.9 

39.0 
39.1 
39.2 
39.3 
39.4 

39.5 
39.6 
39.7 
39.8 
39.9 

40.0 


0. 58070  29557 
0.58212  2970t 
0.58354  12113 
8495  76749 
0.5863j^  23567 

0.587718^22 
0.58919  69573 
0.59060  56676 
0.59201  31787 
0.59341  8^66 

0.59482  Vtikr 
0.59622  48749 
0.597»  51469 
0.599M  35985 
0.60042  02253 


10940 
57289 
56118 
87215 
35769 

92473 
53342 
19925 
99220 
03701 

51341 
65616 
75521 
15586 
25884 


0.60181  50231  52048 
0.60320  79877  45282 
0.60459  91148  62375 
0.60598  84002  657ll 
0.60737  58397  23287 

0.60876  14290  08721 
0. 61014  51639  01268 
0.61152  70401  85831 
0. 61t90iJ|D536'S29f6 
0.61428  52000  98943 


0.61566 
0.61703 
0. 61840 
0.61977 
0.62114 


14753  25658 
58751  40749 
83953  57554 
90317  95140 
77802  78310 


0.62251  46366  37620 
0.62387  95967  09386 
0.62524  26563  35705 
0.62660  38113  64461 
0. 62796  30576  49338 


0.62932 
0.63067 
0.63202 
0. 63338 
0.63473 

0.63607 
0.63742 
0.63876 
0.64010 
0.64144 


03910  49837 
58074  31286 
93026  64851 
08726  27550 
05132  02268 

82202  77764 
39897  48690 
78175  15598 
96994  84955 
9M15  69158 


0.64278  76096  86539' 


0.81915  20442  88992 
0.81814  97174  25023 
0.81714  48983  35129 
0.81613  75900  80160 
0.81512  ]r7957  28554 

0.81411  55183  56319 
0.81310  07610  47028 
0.81208  35268  91806 
0.81106  38189  89327 
0.81004  16404  45796 

0.80901  69943  74947 
0.80798  98838  98031 
0.80696  03121  43802 
0.80592  82822  48516 
0.60489  37973  55914 


0.80385 
0.80281 
0.80177 
0.60073 
0.79966 


68606  17217 
74751  91115 
56442  43754 
13709  46733 
46564  87091 


0,79863  55100  4729> 
£  79756  39288  25229 
0. 79M2  9918a  24196 
O.I<P?  94608  54896 
0.f9441  46205  35418 


0.79335 
0.79228 
0.79122 
A^98» 


33402  91235 
96433  55191 
35329  67490 
50123  75690 


0.78906  40648  34691 


0.78801 
0.78693 
0.78585 
0.78477 
0.78369 


07536  06722 
50219  61337 
68931  75402 
63705  33083 
34573  25840 


0.78260  61568  52414 
0.78152  04724  18819 
0.76043  04073  36330 
0. 77933  79649  31474 
0.77824  31465  26021 

0.77714  596k4  56971 
0.77604  64070  66546 
0. 77494  44667  04180 
0.77384  02097  26506 
0.77273  35734  97351 

0.77162  45833«877?0 
0.77051  3242/  75789 
0.76939  95550  46895 
0.76626  35235  93523 
0.76716  51518  15300 
^ 

0. 76604  44431  18976 
atn  » 


55.0* 

54.9 

54.8 

54.7 

S4.6 


54:5 
54.4, 
54.3 
54.2 
54.1 

54.0 
53.9 
53.8 
53.7 
53.6 

53.5 
53.4 
53.3 
53.2 
53.1 

53.0 
52.9 
52.8 

^6 

52.5 
52.4 
52.3 
52.2 


52.1 

52.0 
51.9 
51.8 
51.7 
51.6 

51.5 
51.4 
51.3 
51.2 
51.1 

51.0 
50.9 
50.8 
50.7 
50.6 

50.5 
50.4 
50.3 
50.2 
50.1 

50.0 
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CIRCULAII  MINES  AND  COSINES  TO  TJ^rTHS  OF  A  DEGREE 


40. 0* 
40.1 
40.2 
40.3 
40.4  1 

40.5* 
40.6 
40.7 
40.8 
40.9 

41.0 
41.1 
41.2 
41.3 
s41.4 

4^5 
41.6 
41.7 
41.8 
41.9 


42.5 
42.6 
42.7 
42.8 
42.9 

43.0 
43.1 
43.2 
43.3 
43.4 

43.5 
43.6 
43.7 
43.8 
43.9 

44^0 
44.1 
44.2 
44.3 
44.4 

44.5 
44.6  . 
44.7 
44.8. 
44.9 

45.0 


0.64278 
0.64412 
0.64545 
0.64678 
0.64811 

0.64944 
0.65077 
0.65209 
0.65342 
0.65474 

6.65605 
0.65737 
0.65868 
0.66000 
0.66131 


76096  86539 
36297  61387 
76877  23951 
97795  10460 
99010  6^131 

80483  30184 
42172  65851 

{4038  30392 
6039  90105 
08137  17340 

90289  90507 
52457  94096 
94601  18680 
16679  60937 
18653  23652 


0.66262  00482  15737 
0.66392  62126  52242 
0.66523  03546  54361 
0.66653  24702  49452 
0.66783  2555(1  71047 

0.66913  06063 '58958 
0.67042  66189  58799 
0.67172  05893  22990. 
0.67301  25135  09773 
0.67430  23875  89723 

0.67559  02076  1566Q 
0,67687  59694^82661 
0.678i5  96698  68071 
0.67944  13042  61517  ' 
0.68072  08689  58918 

0.68199  83600  62499 
0.68327  37736  80799 
0.68454  71059  28689 
0.68581  83529  27376 
0.68708  75108  04423 

0.68835  45756  93754 
0.68961  95437  35670 
0.69088  24110  76856 
0. 69214  31738  70407 
0.69340  18282  7S«13 

0.69465  837C4  58997 
0.69591  27965  92314 
0.69716  51028  54565 
0.69841  52854  31006 
0.69966  33405  13365 


0.70090 
0.70215 
0.70339 
0.70463 
0.70587 


92642  99951 
30529  95162 
47028  10504 
42099  63595 
15706  78681 


*0. 70710  67811  86548 

COB  9 

['-.'"] 


0.76604  44431  18978 
0.76492  14009  18432 
0.76379  60286  34642 
0.76266  83296  95608 
0.76153  83075  36737 

0.76040  59656  000^1 
0.75927  13073  34881 
0.75813  43361.97652 
0.75699  40556  51756 
0.75585  34691  67640 


0.75470 
0.75356 
0. 75241 
0.75126 
0.7S011 

0.74895 
0.74779 
0.74663 
0.74547 
0.74431 


95802  22772 
33923  01«38 
49088  95724 
41335  03511 
10696  30460 


57207  89002 
80904  98532 
81822  8539: 
59996  8286; 
15462  3115 


0.74314  48254  77394 
0.74197  58409  75616 
0.74080  45962  86750 
0.73963  10949  78610 
0.73845  5340S'25884 


0. 73727 
0.73609 
0.73191 
0.73372 
0.73254 

0. 73135 
0.73016 
0.72896 
0.72777 
0.72657 


73368  10124 
70871  19734 
45951  49960 
98645  62876 
28987  87379 

37016  19170 
22766  20752 
86274  21412 
27576  57210 
46709  70976 


0.72537  43710  12288 
0.72417  18614  37468 
0.7229jb' 71459  09568 
0.72176  02280  98362 
0. 72055  11116  80330 

0.71933  98003  38651 
0.71812  62977  63189 
0.71691  06076  50483 
10.71569  273)7  03736 
0.71447  26796  32803 

0.71325  04491  54182 
0.71202  60459  90996 
0.71079  94738  72992 
0.70957  07365  36521 
0.70833  98377  24529 


0.70710  67811  86548 
.ain  • 
•,-7,.] 


Table  4.10 

90»-# 

.  50.0* 
49.9 
49.8 
49.7 
49.6 

49.5 
49.4 
49.3 
49.2 
49.1 

49.0 
48.9 
48.8 
48.7 
48.6 

48.5 
48.4 
48.3 
48.2 
48.1 

48.0 
47.9 
47.8 
47.7 
47.6 

47.5 
47.4 
47.3 
47.2 
47.1 

47.0 
46.9 
46.8 
46.7 
46.6 

46.5 
46.4 
4  46.3 
'  46.2 
46.1 

46.0 
45.9 
^  45.8 

45.7 
45.6 

45.5 
45.4 
45.3 
45.2 
45.1 

45.0 
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Talil«4.11 


CIRCUUR  TANGENTS.  COTANGENTS,  SECANTS  AND  COSECANTS 


TO  FIVE  TENTHS  OF  A  DEGREE 


t  tan  9 

0.0*     0.00000  00000  00000 
0.S    /O. 00872  68677  90759 
1.0  /  .0.01745  50649  M217_ 
1.5  (  0.02618  59215  69187 
2.^   0.03492  07694  91747 


%  • 

114.5886$  01293  09608 
57.28996  16307  59424 
SillMiT^Rm  25i09 
28.63^25  32829  1S603 


2.5 
3.0 
3.5 
4.0 
4.5 

5.0 
5.5 
6.0 
6.5 
7.0 

7.5 
8.0 
8.5 
9.0 
9.5 

10.0 
10.5 
11.0 
11.5 
12.0 

12.5. 

13.0 

13.5 

14.0 

14.5 

15.0 
15.5 
16.0 
16.5 

17.0-4 

17.5 
18.0 
18.5 
19.0 
19.5 

20.0 
20.5 
21.0 
21.5 
22.0 

22.5 


0.04366  09429  08512 
0.05240  77792>  83041 
0.06116  26201  5048 
0. 06992  68119  4351C 
0.07870  17068  24618 


22.90376 
19. 08113 
16. 34985 
14.30066 
12.70620 


0.08748 
0.09628 
0.10510 
0. 11393 
0.12278 


86635  25924 
90481  97538 
42352  65676 
56083  01645 
45609  02904 


0.13165  24975  87396 
0. 14054  08347  02391 
0.14945  10013  49128 
0.15838  44403  24536 
0.16734  26090  81419 

0. 17632  69807  08465 
0.18533  90449  31534 
0.19438  03091  37718 
0.20345  22994  23699 
0.212^5  65616  70022 

0.22169  46626  42940 
0.23086  81911  25563 
0*24007.87590  80116 
0.24932  80028  43180 
0.25861  75843  55890 

0.26794  91924  31122 
0.27732  45440  59838 
0.28674  53857  58808 
0.29621  34949  62080 
0.30573  06814  58660 

0.31529  87888  78983/ 
0. 32491  96962  32906/ 
0.33459  53195  02073^ 
0.34432  76132  89665 
0.45411  85725  30698 

0.36397  4tt342  66202 
0.37388  46794  84804 
0.38386  403M-4»416 
0.39391  04f56  14942 
0.40402  62258  35157 

0.41421  35623  73095 

['-/"] 


55484  31198 
66877  28211 
54760  99672 
62567  11928 
47361  74704 


11.43005  23027  61343 
10. 38539  70801  38159 
9.51136  44542  22585 
8. 77688  79568  69956 
8.14434  64279  74594 

7.59575  ♦IIZ^  25150 
7.11536  97223  84209 
6.69115  62383  17409 
6.31375  15146  75043 
5.97$76  43644  33065 


5. 67128 
5.39551 
5.14455 
4. 91515 
4.70463 


18196  17709 
71743  19137 
40159  70310 
70310  71205 
01094  78454 


4. 51070  85036 
4. 33147  58742 
4^16529  97700 
4.  01078  09335 
^.86671  30948 

3.73205  08O75 
3. 60588  35087 
3. 48741  44438 
3.37594  34225 
3. 27085  26184 

3.17159  48023 
3.07768  35371 
2.98868  41^7 
2.90421  0||76 
2. 82391  28856 


057 
55 
90417 
35844  4^ 
98738 

68877 
60874 
40908 
91246 
84141 

63212 
75253 
42893 
75823 
00801 


2. 74747  74194  54622 
2.67462  14939  26824 
2. 60508  90646  93801 
2.53864  78956  64307 
2. 47508  68534  16296 

2.41421ji^623  73095 


80C  9 

1.00000  000 
1.00003  808 
1.00015  233 
"T.  00034  179" 
1.00060  954 

1.00095  269 
1. 00137  235 
1.00186  869 
1.00244  190 
1.00309  220 

1.00381  984 
1.00462  509 
1.00550  828 
1.00646  973 
1.00750  983 

1.00862  896 
1.00982  757 
1.01110  613 
1.01246  513 
1.01390  510 

1.01542  661 
1.01703  027 
1.01871  670 
1.020H8  657 
1.02234  059 

1.02427  951 
1.02630  411 
1.02841  519 
1.03061  363 
1.03290  031 

1.03527  618 
1.03774  221 
1.04029  944 
•  1.04294  891 
1.04569  176 

1.04852  913 
1.05146  222 
1.05449  231 
1.05762  068 
1.06084  870 

1.06417  777 
1.06760  936 
1.07114  499 
1.07478  624 
1.07853  474 


220 


CM  9 

114.59301  348 
57.29868  850 
38.20155  001 
28.65370  835 

22.92558  563 
19. 10732  261 
16. 38040  824 
14. 33558  703 
12.74549  484 

11.47371  325 
10.43343  052 
9.56677  223 
•  8.83367  147 
8.20550  905 

7.66129  758 
7.18529  653 
6.76546  908 
6.  39245  322 
6.05885  796 

5.75877  049 
5.48740  427 
5.24084  307 
5.01585  174 
4.80973  435 

4.62022  632 
4.44541  148 
4.28365  757 
4. 13356  550 
3.99392  916 

3.86370  331 
3.74197  754 
3.62791/528 
3.5209T652 
3.42030  362 

3.32550  952 
3.23606  798 
3.15154  530 
3,:  07155  349 
^.99574  431 

2.92380  440 
2.85545  095 
2.79042  811 
2.72850  383 
2.66946  716 

2.61312  593 
neat 


90.0* 

89.5 

89.0 

88.5 

88.0 

87.5 
87.0 
86.5 
86.0 
85.5  - 

85«0 
84.5 
84.0 
83.5 
83.0 

82.5 

81.5. 

81.0 

80.5 

80.0 
79.5 
79.0 
78.5 
78.0 

77.5 
77.0 
76.5 
76.0 
75.5 

75.0 
74.5 
74.0 
73.5 
73.0 

72.5 
72.0 
71.5 
,  71.0 
70.5 

70.0 
.  69.5 
69.0 
68.5 
68.0 

67,5 


O 
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CIRCULAR  TANGENTS,  COTANGENTS,  SECANTS  AND  COSECANTS 
TO  FIVE  TENTHS  Of  A  DEGREE 


Table  4.11 


t 


22.5- 

23.0 

23.5 

24.0 

24.5 

25.0 
25.5 
26.0 
26.5 
27. 0 

27.5 
28.0 
28.5 
29.0 
29.5 

30.0 
30. 5 
31.0 
31.5 
32.0 

32.5 
33.0 
33.5 
34.0 
34.5 

35.0 
35.5 
36.0 
36.5 
37.0 

37.5 
38.0 
38.5 
39.0 
39.5 

40.0 
40.5 
41.0 
41.5 
42.0 


0.41421  35623  73095 
0.42447  48162  09604 
0.43481  23749  60933 
0.44522  86853  08536 
0.45572  62555  32584 

0.46630  76581  54998 
0.47697  55?26  98160 
0.48773  25885  65861 
0.49858  16080  53431 
0.50952  54494  94429 

0.52056  70505  51746 
0.53170  94316  61479 
0.54295  56996  38437 
0.55430  90514  52769 
0.56577  27781  87770 

0.57735  02691  89626 
0.58904  50164  20551 
0.60086  06190  27560 
0.61280  07881  39932 
,  0.62486  93519  09327 


0.63707 
0.64940 
0.66188 
0.67450 
0.68728 

0.70020 
0.71329 
0.72654 
0.73996 
0.75355 


02608  07493 
75931  97510 
55611  95691 
85168  42426 
09586  01613 

75382  09710 
30678  97005 
25280  05361 
10750  28487 
40501  02794 


0.76732  69879  78960 
0.78128*56265  06717 
0. 79543  59166  67828 
0.80978  40331  95907 
0.82433  63858  17495 


0,83909 
0.85408 
0.86928 
0.88472 
0.90040 

0.91633 
0.93251 
0.94896 
0.96568 
0.98269 


96311  77280 
06854  63466 
67378  16226 
52645  55944 
40442  97840 

11740  17423 

50861  37661 

45669  14880 

87748  07074 

72631  15690 


oot  t  . 

2. 41421  35623  73095 
2. 35585  23658  23753 
2. 29984  25472  36257 
2.24603  6n39  04216 
2. 19429  97311  65038 

2. 14450  69205  09558 
2. 09654  35990  88174 
2, 05030  38415  79296 
2. 00568  97082  59020 
1.96261  05055  05150 

1.92098  21269  71166 
1.88072  64683  46332 
1.84177  08860  33458 
1.80404  77552  71424 
1.76749  40162  42891 

1.732*05  08075  68877 
1.69766  31193  26089 
1.66427  94823  50518 
1.63185  16871  28789 
1.60033  45290  41050 

i.  56968  55771  17490 
1.53986  49638  14583 
1.51083  51936  14901 
1.48256  09685  12740 
1.45500  90286  72445 

1. 42814  800^7  42114 
1.40194  82944  76336 
1. 37638  19204  71173 
1.35142.24379  45808 
,1.32704  48216  20410 

1.30322  53728  41206 
1.27994  16321  93079 
1.25717  22989  18954 
1.23489  71965  3505? 
1.21309  70040  92932 

1.19175  35925  94n0 
1.17084  95661  12539 
I  1.15036  84072  21009 
1.13029  43863  61753 
1.11061  25148  29193 

}. 09130  85010  69271' 
1.07236  87100  24682 
1.05378  01252  80962 
1.03553  03137  90569 
1.0^760  73929  72125 


1.00000  00000  00000 

eot  8 

[<r] 


1.00000  00000 
tan* 

(-4)3J 


00000 


*aee  9  ■ 

1.08239  220 
1.08636  038 
1.09044  110 
1.09463  628 
1.09894  787 

^1*10337  792. 
1.10792  854 
1.11260  194 
1.11740  038 

U. 12232  624 

1.12738  195 
.1.13257  005 
1.13789  )18 
1.14335  407 
1.14895  554 

1.15470.054 
1. 16059  210 
1.16663  340 
1.17282  770 
1.17917  840 

1.18568  905 
1.19236  329 
1.19920  494 
1.20621  795 
1.21340  641 

1.22077  459 
1.22832  691 
1.23606  798 
1.24400  257 
1.25213  566 

1.2^047  241 
1.26901  822 
1.27777  866 
1.28675  957 
1.29596,700 

X10540^72r 
1.31508  700 
1. 32501  299 
1. 33519  242 
1.34563  273 

1. 35634  170 
1. 36732  746 
1. 37859  847 
1. 39016  359 
1.40203  206 

1.4X421  356 

CM  9 


2. 61312 
2.55930 
2.50784 
2.45859 
2.411^12 

2. 36620 
2. 32282 
2.28117 
2.24115 
2.20268 

2.16568 
2. 13005 
2.09573 
2.06266 
•2. 03077 


593. 
467 
285 
334 

102: 

158 
050 
203 
845 
926 

P57 
447 
853 
534 
204 


2.00000  000 
1.97029  441 
1.94160  403 
1.91388  086 
1.88707  991 

1.86115  900 
1.83607  846 
1.81180  103 
1.78829  165 
1.76551  728 

1.74344  680 

1.72205  082 
1.70130.162 
1.68117  299 
1.66164  014 

1.64267  '>63 
1,62426  925 
1.60638  793 
1.58901  573 
1.57213  369 


67.5* 

67.0 

66.5 

66.0 

65.5 

65.0 

64.5 

64.0 

63.5* 

63.0 

62.5 
62.0 
61.5 
61.0 
60.5 

60.0 
59.5 
\59.a 
58.5 
58.0 

57.5 
57.0 
V  56.5 
56.0 
55.5 

55.0 
.54.5 
54. 0 
53.5 
53.0 

52.5 
52.0 
51.5 
51.0 
50.5 


t.^5572^3  50,0 


[' 


1.53976  904 
1.52425  309 
1.50916  050 
1.49447  655 

1.48018  723 
1.46627  919 
1.45273.  967 
1.43955  654 
1.42671  819 

U4l«l,J56 


49.5 
49.0 
48.5 
48.0 

47.5 
47.0 
46.5 
46.0 
45.5 

45.0 
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Table  4.12 


CIRCULAR  FUNCTIONS  FOR  THE  ARGUMENT  h» 


I' 


0.00 
0.01 
0.02 
0.03 
0.04 

» 

0.05 
0.06 
0.07 
0.08 
0.09 

0.10 

All 

0.12 
0.13 
0.14 

0.1S 
0.16 
0.17 
0.18 
0.19 

0.24 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0.27 
28 
1.29 

0.30 
0.31 
0.32 
0.33 
0.34 


-0.^ 
0.36 
0.37 
0.38 
0.39 

C.40 
0.41 
0.42 
0.43 
0.44 

0.45 
0.46 
0.47 
0.48 
0.4.9 

0.S0 
I  / 


0.00000  00000  00000  OOQOO 
0.01570  73173  11820  675^5 
0. 03141  07590  78128  29384 
0.04710  64507  09642  66090 
0. 06279  .05195  29313  37607 

0.  07845  90957  27844  94503 
0. 09410  83133  18514  31847 
0. 10973  43110  91045  26802 
0. 12533  32335  64304  24537 
66116 


0.14090  12319  37582 


1.00000. 
0.99987 
0.99950 
0.99888 
0.'99802 

1).  99691 
0.99556 
0.W396 
0.99211 
p.  99002 


00000  00000 
66324  81660 
65603  65731 
98749  61969 
67284  28271 

if 

73337  33127 
19646  03080 
09554  95179 
47013  14477 
36577/16557 


00000 
59864 
55700 
97264 
56195 

97620^ 

01290* 

68775. 

83105 

56725 


tan|ir 

0.00000  00000  00000  00000 
0.01570  92553  23664  91632 
0.03142  62660  43351  14782 
0. 04715  88028  77480  47448 
0.062^1  46672  53649  75722 


0.15643  44650 
0. 17192  91002 
0. 18738  13145 
0. 20278  72953 
0.21814  32413 


0. 23344 
0. 24868 
0. 26387 
0. 27899 


53638 
98871 
i0499 
U060 
0.29404  D3252 


40230 
79409 
85724 
56512 
96542 

55905 
64854 
65372 
39229 
32303 


86901 
54661 
63054 
48344 

55202 

41177 
78824 
89696 
25185 
95777 


0.30901 
0. 32391 
0.  33873 
0.  35347 
0. 36812 


6994^ 
74181 
79202 
48437 
45526 


74947  42410 

98149  41440 

45291  38122 

79257  12472 

84677  95915 


0.97236  ^9203 
0.96858/31611 
0.96455  74184 
0.96029  36856 
0.95579  30147 

4.95^05  65162 
0.M608  53588 
0.94088  07689 
0y93544  40308 
92977  64858 


0.38268  34323  65089  77173  /0. 92387  95325  11286  75613 
0.39714  78906  34780  61375/  0.91775  46256  83981  14114 
0.41151  43586  05108  77405^  0.91140  32766  35445  24821 
0.42SJ7  92915  65072  64886  0.90482  70524  66019  52771 
0.439^  91698  5591^  140^3   0.89802  75757  60615*63093 


0.45399  04997  39546*7?i56 
0. 46792  98142  60573  37723 
0.48175  36741  01715  27498 
0.49545  86684  32407/53805 
0. 50904  14157  5037^  30028 

t).  5224t"8S*47"t9?48'  

0. 53582  67949  78496  61827 
0. 54902  28179  98131  74352 
0. 56208  33778  52130  60010 
0.57500  52520  43278  56590 

0.  58778  5252i  92473  12917 

0. 60042  02253  25884  04976 

0. 61290  70536  52976  49336 

0. 62524  26563  35705  17290 

0. 63742  39897  48689  71017 


0.89100  65241  88367  86236 
0. 88376  56300  88693  42432 
0.87630  66800  43863  58731 
0.86863  15144  38191  24777 
0.86074  20270  03943  63716 

f  TO43  W92  22152 
0.84432  79255  02015  07855 
0.83580  73613  68270  25847 
0.82708  0|742  74561  82492 
0. 81814  97174  25023  43213 

0.80901  69943  74947  42410 
0.79968  46584  87090  53868 
0. 79015  50123  75690  36516 
0.78043  04073  38329  73585 
0.77051  32427  75789  23080 


0. 64944  80483 
0.66131  18653 
0.  67301  25135 
0. 68454  71059 
0. 69591  27965 


30183  6S572 
23651  87657 
09773  33872 
28688  673^3 
92314  3254^ 


0.76040  59656 
0.75011  10696 
0. 73963  10949 
0. 72896  86274 
0. 71812  62977 


00030  93817 
30459  94151 
78609  69747 
21411  52314 
63188  83037 


0.70710  67811^86547  52440 

COB  5* 


['-,r] 


0. 70710  67811  86547  52440 


0.07870  17068 
0.09452  78311 
0.11040  10278 
0.12632  93784 
0.14232  10757 


24618  44806 
79282  04901 
15818  94497 
46108  17478 
02942  94229 


0. 98768  8340^  95137  72619 
0.98510  932«1  54773  91802 
0.98228  72507  28688  68108 
0.97922  .28106  21765  78086 
0.97591  6/619  38747  39896 


97676  60183 
28631  11949 
57798  09366 
76943  07175 
98330  12664 

95153  57211 
27545  31853 
54225  47232 
29867  32511B 
88251  40366 


0.15838  44403  24536  29384 
0» 17452  79388  94365.08461 
0.19076  02022  18566  74856 
0.20709  00444  27938  70402 
0.22352  64828  97149  10184 

0.24007  87590  80116  03926 

0.25675  63603  67726  78332 

0.27356  90430  82237  23655 

0.29052  68567  31916  45432 

0.30764  01696  59898  29067 

32491  96962^^2906  32615 
0. 34237  65257  28683  05965 
0. 3^02  21530  95756  62634 
0.37786  85117  75820  93670 
0. 39592  80087  97721  26049 


0.41421  45623 
0.43273  86422 
0.45151  73130 
0.47056  42812 
0.40,989  49450 


73095  04880 
47425  93197 
86983  28945 
12251  49308 
22477  05270 


0.50952  54494  94428  81051 
0.52947  27451  ^014  63252 
0.54975  46521  ^770  07429 
0.57038  99296  73294  88698 
0.59139  83513  99471  09817 

nff.m2I01imi  39931  99664 
0. 63461  92975  44148  10071 
0*65687  72^24  01279  37691 
OL 67959  92982  24526  52184 
0.70281  17712  40357  33761 

U 72654  25280  05360  88589 
0.75082  12380  38764  68575 
0.77567  95110  49613  10378 
0.80115  10705  58751  23382 
0. 82727 . 19459  72475  63403 

0.85408  06854  63466  63752 
0.88161  85923  63189  11465 
0.90992  99881  77737  46579 
0.93906  25058  17492  35255 
0.96906  74171  93793  27618 


l-x 

1.00 
0.99 
0.98 
*0.97 
0.96 

0.95 
0.94 
0.93 
0.92 
0.91 

0.90 
0.89 
0.88 
0.87 
0.86 

0^85 
0.84 
0.83 
0.82 
0.81 

0.80 
0.79 
0.78 
0.77. 
0.76' 

0.75 
0.74 
0.73 
0.72 
0.71 

0.70 
0.69 
0.68 
0.67 
0.66 

0.fe 
0.64 
0.63 
0.62 
0.61 

0.60 
0.59 
0.58 
0. 57 
0.56 

0. 55 
0.54 
0.53 
0. 52 
0.51 


1.00000  00000  00000  00000  0.50 
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BLEMSNTARY  tBANBCE^DENTAL  FUNCTIONS 
CIRCUUR  PlJNCnONS  FOR  THE  ARGUMENT  Ix 


201 
Table  4.1a 


t 


0.00 
0.01 
0.02 
0.03 


63.65674  11628  71580  99500 
31.82051  59537  73958  03934 
21.20494  87891b  88751  52283 


0.04  15.89454  48438  65303  44576 


0.07 
0.08 
0.09 


0.10 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16^ 
0.17 
0.18 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0.33 
0.34 

_0.35 


0.36 
a  37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.4) 
0.44 

.0.45 
0.46 
0.47 
0,48 
0149 

0.50 


7! 91581 
7.02636 


6.31375 
5.72974 
5.24218 
4.82881 
4.47374 

4.16529 
3.89474 
3.65538 
3.44202 
3.25055 


15146 
16467 
35811 
73521 
28292 

97700 
28549 
43546 
25766 
08012 


1.63185 
1. 57574 
1.52235 
1.47145 
1.42285 

1. 37638 
1.33187 
1. 28919 
1.24820 
1.20879 


14871. 
78599 
45068 
53158 
60774 

19204 
49515 
22317 
40363 
23504 


21789  61767 
68651  08688 
96131  24085 
19969  04283 
31870  £9031 

71173  53820 
02597  59439 
8S066  47042 
53049  43751 
09609  13115 


1.17084  95661  12539  22520 

1.13427  73492  55405  46422 

1.09898  56505  36301  56382 

1.06489  18403  24791  86700 

1.03191  99492  80495  57182 

1.  OOpOO  00000^00000  00000 
V  tanjr 


1.00000  00000  00000  00000 
1.00012  33827  39761  81169 
1.00049  36832  37144  42400 
1.00111  13587  85243  76109 
1.00197  71730  71142  10978 


0.05  12.70620  47361  74704  64602 
0.06  10.57889  49934  05635  52417 
9.05788  66862  38928  19329 
50883  05826  84427 
62290  41380  19848 


1.00309  21984 
1.00445  78193 
1.00607  57361 
1.00794  79708 
1.01007  '68726 


82825  50283 
57019  51480 
86291  90575 
09297  28943 
13784  19104 


75043  09898 
24314  86192 
13176  73758 
92759  97818 
11554  62415 

90417  20387 
29859  33474 
52259  73004 
69018  62809 
99836  37634 


3.07768  35371  75253  40257 
2.92076  09892  98816  40048 
2. 77760  68539  14974  88865 
2.64642  32102  86631  86514 
2. 52571  16894  47304  99451 

2.41421  35623  73095  04880 
2. 31086  36538  82410  63708 
2.21475  44978  13361  51875 
2.12510  81731  57202  76115 
2.04125  39671  21703  26026 

1.96261  05055  05150  58230 
1.88867  13416  31067  67620 
1. 81899  32472  81066  27571 
1.75318  66324  72237  08332 
1. 69090  76557  85011  24674 


1.01246  51257  88002  93136 
1.01511  57576  62501  87437 
1.01803  21481  91042  38259 
1.02121  80406  26567  47910 
1.02467  75534  55900  33566 

1.02841  51936  65208  54585 
1.03243  58714  17339  88710 
1.03674  49162  32016  53065 
1.04134  80947  70681  14007 
1.-04625  16303  39647  78848 

1.05146  22242  38267  21205 
1.05698  70790  93232  61183 
1.06283  39243  36113  96396 
1.06901  10439  98926  01199 
1.07552  73070  22247  78234 

1.08239  22002  92393  96880 
1.08961  58646  48705  30888 
1.09720  91341  29537  26252 
1.10518  35787  56399  59380 
1.11355  15511  90413  37268 

1.12232  62376  34360  80715 
1.13152'  17133  97749  42882 
1. 14115  30035  92241  17245 
1.15123  61494  81376  51287 
1.16178  82810  72765  98513 

^.17282  769i4a4QQaJ-4ll55 
1.18437  39497  36918  17500 
1^9644  79450  89806  17366 
1.20907  20434  06541  15436 
1.22227  01770  86068  14117 

1.23606  79774  99789  69641 
1.25049  29154  09784  85573 
1.26557  44560  72090  15648 
1.28134  42308  20677  31999 
1.29783  62271  84727  }2712 

1. 31508  69998  90784  80424 
1.33313  59054  50172  40410 
1.35202  53634  40027  12805 
1.37180  11480  64918  28453 
1.39251  27141  49012  49662 

1.41421  35623  73095  04880 


63.  66459 
31. 83622 
21.22851 
15. 92597 

f 

12. 74549 
10. 62605 
9.11292 
7. 97872 
7.  09717 


53060  00564  58546 
52090  97622  95566 
50958  16816  17580 
11099  08654  59358 

48431  82374  28619 
37962  83115  .99865 
00161  49841  72675 
97555  59476  60149 
00264  69225  38129 


6. 39245  32214  99661  54704 
5. 81635  10329  24944  03199 
5.33671  14122  92458  78639 
4..93127  53949  49859  96253 
4.58414  38570  27373  56913 

4/28365  75697  31185  03924 
4.02107  -22333  75967  50952 
3.78970  11465  59780  81919 
3. 58434  36523  72161  57038 
3.40089  40753  61802  31848 

3. 23606  79774  99789  69641 
3. 08720  66268  08416  38088 
2.95213  47928  09339  97327 
2.82905  56388  91501  64260 
2. 71647  18916  65871  743G|7 

2. 61312  59297  52753  05571 
2.51795  36983  10349  34110 
2. 43004  88648  55296  52041 
2.34863  46560  54351  86300 
2.27304  15214  61957  72361 

2.20268  92645  85266  62156 
2.13707  26325  27611  85837 
2.  07574  96076  48793  05903 
2. 01833  18280  89559  43676 
1. 96447  66988  67248  48330 


l-x 

1.00 
0.99 
0.98 
0.97 
0.96 

0.95 
0.94 
0.93 
0.92 
0.91 

0.9Q 
0.89 
0.88 
0.87 
0.86 

0/85 

0.84 

0.83- 

0.82 

0.81 

0.60 
0. 79 
0.78 
0.77 
0.76 

0.75 
0.74 
0.73 
0.72 
0.71 

0.70 
0.69 
0.68 
0. 67 
0.66 


1,  91388-08554  40942^72280  -0,65 

1.86627  47167  00567*54120  0.64 

1.  82141  79214  74081  38479  0. 63 

1. 77909  54854  79867  33350  0. 62 

1.73911  45497  30640  74960  0.61 

1.70130  16167  04079  86436  0.60 

1.66550  01910  65749  08074  0.59 

1.63156  87575  13749  73007  0.5 

1. 59937  90408  68062  88301  0. 5 

1.56881  45035  05365  75750  0.56 

1. 53976  90432  22366  30748  0. 55 

1.  51214  58610  31226  40092  0. 54 

1.48585  64735  81717  76608  0.53 

1.46081  98491  22513  12750  0.52 

1.43696  16493  57094  20394  0.51 

1. 41421  35623  73095  04880  0.  SO 

IT 
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T«ll9  4.IS 


<-8 


0,86602  S40M  -O^SOOOO  00000 


HAmONIC  ANALYSIS 


1.00000  00000  ♦O.OOOOO  00000 
0*00000  00000  •Itf 


0.99109  651to  ♦  0,90901  09944 
0,501!70  52989  ««80901  09944 


1 
2 
> 
4 

9 


i 
2 
9 
4 
9 
0 
7 


#-6 

0.00602  94098  ♦0.90000  00000 
0.06002  94090  «4.90000  00000 
0.00000  00000       00000  00000 


0.64278  76097 
0.90400  77990 
0.06602  94098 
0.94202  01499 


-9 


0.76604  44491 
♦0. 17964  M777 
•0.90000  00000 
•0.99969  26208 


^18 


0.90000  00000 
0.06602  94098 
1*00000  00000 
0.06602  94098 
0.90000  00000 
0.00000  00000 


0.06602  94098 
0.90000  00000 
♦0.00000  ooooo 
•0.90000  OOMO 
•0.06602  94098 
•L  OOOOO  OOOOO 


»  .-7 
O.TnSS  14914  ♦0.62948  98019 
0.97492  79122  -OL 22292  09940 
0.49388  97)91  ^90096  88679 


0.98778  9292) 
0.99109  6916) 
0.99109  69169 
0.98778  92929 
0.00000  OOOOO 


0.46472  91720 
0.82298  98699 
0.99270  88741 
0.9)901  62427 
0.66912  26982 
0.2)9)1^664) 


1-10 ' 


0.00901 
♦0.)0901  69944 
.0.)0901  69944 
^00901  69944 
.^00000  OOOOO 

-18 
0.08949  60297 
0.96806  47468 
♦0.|2m  6680) 
.0.M460  48871 
•^74891  07482 
-0.97094  18174 


0.70710  67812 

1.0000: ::: : 

0.  OOOOO 


0. 70710  j67*U 
♦0.00000  OOOOO 
-0.70710  67812 
>L000^  OOOOO 


0.94064  08174 
0.9096)  19999 
0.98982  14419 
0.79974  9974) 
0.2817)  29968 


0.84129  »m 
♦0.41941  901)0 
>0. 142)1  4898) 
-0.69486  07)40 
-0,99949  297)6 


»-14 

0. 4))88  )7)91  0. 900H  88679 
0.7818)  14829  %  0.62)48  98019 
0.97492  79122  ♦0.22291  09)40 
0.97- 


.  7492  79122 
0.7818)  14829 
0.4))88  )7)91 
0.00000  OOOOO 


-0.  22292  09)40 
-0.62)48  98019 
-0.90096  08679 


1 
2 
) 
4 
9 
6 
7 
8 


r 


1 
2 
9 
4 
9 
6 
7 
0 
9 
10 


0.40679  66491 
0.74914  48299 
0.9910)  69169 
0.99492  10994 
0.86602  94098 
0.907M^929 
0.20<fl  16908 


IB 
0.91994 
0.66919 
♦0.90901 
•0.10492 
•0.9M00 
•0.80901 
-0.97814 


94976 


84699 


0.94202  01499 
0.64270  76097 
0.86602  94098 
O.WIiO  77990 
0.98400  77990 
0.06602  94098 
0.64278  76097 
0.94202  01499 
0.00000  OOOOO 


0.99969 
0.76604 
0.90000 
♦0.17964 

rim 

•0.76604 
•0.99969 
•i. 


69944 
76007 


26208 
44491 


81777 

OOOOO 
44491 
26208 


0.98268  94tt4 
0.70710  67012 
0.92987 
1.00000  OOOOO 
0.92987  MW 
0. 70710  f7812 
0.M260 

0. — 


MDOO 


-16 
0.92987 
0.70710 
0.98268 
♦0.00000 
•0.98268 
•0.70710 
•0.92987 
•1. 


99929 
67812 
94924 


94924 
67012 
99929 


i-19 


0,92469  94692 
0.61421  27m 
0.99716  64782 
0.96940  02699 
^,99698  44990 
0.91977  99266 
0.79972  99107 

^^98696  19094 


0.94901  72417 
0.78914  09094 
0.94694  81981 
♦0.24948  94872 
^08297  99499 
•0.40169  94247 
•0.67m  19716 
•0,07947  97912 


0.96124 
0.67969 
0.09916 
0.99979 
0.961tt 
0.79801 
0.92649 
0.18974 


16662 

96496 

92911^ 

41769 

96492 

72279 

21629 

99178 


•17 

0.99247  22294 
0.79900  89172 
0.44979  M998 
♦0.09226  0999 
•0.27966  29901 
4.0.60269  46964 
40l  89021  71997 
10.90297  30997 


*-2 


0.90901  69944 
0.98778  92929 
0.80901  69944 

0.  99109  69169 

1.  OOOOO -00800- 
0.99109  6U69 
0.80901  69944 
0.98778  92929 
0.90901  69944 
0.00000  OOOOO 


0.99109  69169 
0.00901  69944 
0.98778  92929 
0.90901  69944 

♦Oijooo^^moo 


•a907?8  92929 
•0.00901  69944 
•0.99109  69169 


1 
2 
9 
4 
9 
6 
7 
0 
9 
10 
11 


0.29479 
0.96992 
0.70109 
0.9)087 
0.99720 
0.97492 
0.06602 
0.60017 
0.49908 
0.14904 


91744 


14029 
97486 
97972 
79122 
94098 
27978 
97991 
22662 


0.99997  28098 
0.82629  87949 
0.62948  98019 
0.96994  10244 
♦0.87479  00996 
•0.22292  09940 
•0.90000  OOOOO 
•0.79909  10718 
•0.90096  00679 
•0.900M  00262 


0.28179 
0.94064 
0.79974 
0.90969 
0. 
0.91 
0.90969 

tJSli 

0.2817) 
0.00000 


29968- 
08174 
9974) 
1999) 
14419, 
14419 
1999) 
9974) 
08174 
29968 


0.99949  297)6 
0.04129  )9)20 
0.69486  07)40 
0.41941  901)0 
♦0.142)1  48)8) 
-0.142)1  48)8) 
-0141941  901)0 
-0.69486  07)40 
84129  »nt 
-0.^949  297)6 


»,Tf908 
0.99766 
0.94226 
0.81696 
0.6)108 
0.)9840 
0.1)616 


7944) 
10898 

66491* 


0.9629V  72874 
0.K441  94046 
0.68299  91492. 
0.46006  90)70 
♦0.20M9  (01)1 
.0.06&  241)4 
-0.))48T  96122 
-0.97668  0)221 
•0.77971  12907 
-0.91721  1)019 
-0.  


•-8 


1 
2 
) 
4 
9 
6 
7 
0 
9 
10 
11 
12 


0.29081 
0.90000 
0.t0710 
0.86602 
0.9MM 
1.00000 
0.96992 
0.06602 
0.70710 
O.S00OO 
0.29081 
0.  OOOOO 


90491 
OOOOO 
67012 
94098 
9826) 


9826) 
940)0 
67812 


90491 
OOOOO 


OL 96992  9826) 
0.86602  940)0 
0.70710  6m2 
0.90000  00080 
*9491 

.00000 


♦  0.1  

-0.29881  90491 
•0.90000  OOOOO 
-0.70710  67812 
.0.666N  940)0 
-0.96992  9026) 
-L  OOOOO  OOOOO 


0.91 

o.r  __ 
0.77M1 
0.98778 
0.96812 
0.12999 


98872 
96741 
71099 
79299 
69169 
67204 
72907 

92929 
49927 
929)6 


ma 

0.72896 

0.9)982 
0.)0901 
♦0.06279 
-0.187)8 
-0.42977 
-0.6)742 
-0.80901 
-0.92977 
-0.99211 


)1611 
66801 
86274 
67990 


09196 

1)14* 

"116 


69944 
64999 
4701) 
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INVERSE  ORCULAH  SINES  AND  TANGENTS 


,0.000 
0.001 
0.002 

•0.005 
0.004 

0.00S 
0.006 

o:oo7 

0.008 
0.009 

0.010 
0.0M 
0. 012 
0.013 
0.014 

0.015 
0.OU 
0.017 
0.018 
0. 019 

0.020 
0.021 
0.022 
0.023 
0.024 

f  0.025 
0.026 
0.027 
0.028 
0.029 

0.030 
0.031 
0.032 
0. 033 
0.034 

0.035 
6.036 
0.037 
4. 038 
0.039 

0.040 
0. 041 
0. 042 
0. 043 
0. 044 

0.045 
0.046 
0.047 
0.048 
0. 049 


araun  x 

0. 00000  00000  00 
0.00100  00001  67 
0. 00200  00013  y%. 
0. 00300  00045  00 
0. 00400  00106  67 


0. 00500 
0.00600 
0. 00700 


00208  34 
00360  01 
00571  68 


0. 00800  00853  36 
0. 00900  01215  04 

0. 01000  01666  74 
0. 01100  02218  45 
0. 01200  02880  19 
0.01300  03661  95 
0. 01400  04573  74 


0. 01500 
0. 01600 
0.01700 
0.01800 
0.01900 

0.02000 
0. 02100 
0. 02200 
0. 02300 
0. 02400 


05625  57 
06827  45 
08189  40 
09721  42 
11433  52 

13335  73 
15438  06 
17750  53 
20283  16 
»3045  97 


0. 02500>  26048  99 
0.02600  29302  25 
0.02700  32015  77 
0.02800  36599  58 
0. 02900  40663  72 

0.03000  45018  23 
0.03100  49673  15 
0. 03200  54638  51 
0. 03300  59924  37 
0. 03400  65540  77 

0. 03500  71497  75 
0.03600  77805  38 
0.03700  84473  72 
0.03800  91512  81 
0.03900  98932  73 

0. 04001  06743  54 
0:04101  14955  31 
0. 04201  23578  12 
0.04301  32622  04 
0. 04401  42097  16 

0.04501  52013  56 
0.04601  62381  33 
0. 04701  73210  57 
0.04801  84511  37 
0. 04901  96293  83 


arctan  x  ' 

0. 00000  00000  00 
0.00099  99996  67 
0.00199  99973  33 
0. 00299  99910  00 
0. 00399  99786  67 

0.00499  99583  34 
0.00599  99280  02 
0. 00699 ,98856  70 
0. 00799  98293  40 
0.00899  97570  12 

0. 00999  96666  87 
0. 01099  9S563  66 
0.01199  94240  50 
0.01299  92677  41 
0.01399  90854  41 

0.01499  88751  52 
0. 01599  86348  76 
0.01699  83626  17 
0. 01799  80563  78 
Oi 01899  77141  62 

Ot 01999  73339  73 
0.02094  69138  17 
0.02199  64516  97 
0. 02299  59456  20 
0.02399  53935  92 


0. 02499 
0. 02599 
0.02699 
0. 02799 
0.02899 

0. 02999 
0. 03099 
0.03198 
0.03298 
0. 03398 

0. 03498 
0.03598 
0.03698 
0. 03798 
0.03898 


47936  19 
41437  08 
34418  68 
26861  07 
18744  33 

10848  57 
00753  89 
90840  39 
80288  21 
69077  46 

l'  ■ 

57188  29 
44600  82 
31295  22. 
17251  64 
02450  25 


0. 03997  86871  23 
0. 04097  70^4  77 
0.04197  53301  OS 
0. 04297  35270  30 
0.04397  16382  71 

0. 04496  96618  52 
0. 04596  75957  97 
0. 04696  54381  30 
0. 04796  31868  77 
0.04896  08400  65 


0. 050    0. 05002  08568  06    0. 04995  63957  22 


"'1'"] 


•(-,,,] 


0.050 
0. 051 
0.052 
'•0.053 
0.054 

0. 055- 
0.056 
0.057 
0.058 
0.059 

0.060 
0.061 
0.062 
0.063 
0.064 

0.065 
0.066 
0.067 
0^068 
0.069 

0.070 
0.071 
0.072 
0.073 
0.074 

0.075 
0.076 
0. 077 
0.078 
0.079 

0.080 
0.081 
0.082 
0.083 
0.084 

0.085 
0.086 
0.087 
0.088 
0.089 

0.090 
0.091 
0.092 
0.093 
0. 094 

0.095/ 
0.096 
•0.097 
0.098 
0.099 


aresin  x.  • 
0.05002  08568  06 
0.05102  21344  17 
0. 05202  34632  28 
0.05302  48442  51 
0.05402  62784  97 

0.05502  77669  81 
0.05602  93107  15 
0.05703  09107  14 
0.05803  25679  92 
0.05903  42835  64 

0.06003  60584  45 
0.06103  78936  52 
0. 06203  97902  01 
0.06304  17491  09 
0.06404  37713  94 


0.06504 
0.06604 
0.06705 
0.06805 
0.06905 


58580  75 
80101  69 
02286  97 
25146-79 
48691  36 


0.07005  72930  88 
0.07105  97875  58 
0.07206  23535  68 
0.07306  49921  42 
0.07406  77043  03 


0. 07507 
0.07607 
0.07707 
0.07807 
0.07908 


04910  77 
33534  87 
62925  62 
93093  26 
24048  07 


0.08008  55800  34 
0.  08108  ^360  35 
0.08209  21738  40 
0.08309  55944  79 
0.p8409  90989  83 


0. 08510 
0.08610 
0.08711 
0.08811 
0.08911 


26883  84 
63637  IS 
01260  09 
39763  00 
79156  23 


0.09012  19450  15 
0.09112  60655  11 
0.09213  02781  49 
0.09313  45839  68 
0.09413  89840  07 

0.09514  34793  06 
0.09614  80709  05 
0.09715  27598  48 
0.09815  75471  75 


TaUe  4.14 

aretan  x 
0.04995  83957  22 
0.05095  58518  77« 
0.05195  32065  61 
0. 05295  04578  05 
0.05394  76096  42' 

0.05494  46421  07 
0.05594  15712  34 
0. 05693  83890  60 
0.05793  50936  23 
0.05893  16829  64 

0.05992  81551  21 
0.06092  45081  38 
0.06192  07400  58 
0. 06291  ^89  26 
0.06391  28327  89 


0. 06490 
0. 06S90 
0.06690 
0. 067891 
0.06889 


86896  93 
44176  90 
00148  29 
54791  63 
08087  46 


0.0l988  60016  35 
0.07088  10SS8  85 
0.07187  59695  56 
0.07287  07407  09 
0.07386  53674  06 

0. 07485  98477  11 
0.07985  41796  89 
0.07684  83614  08 
0.07784  23909  37 
0.07883  62663  48 

0.07982  99857  12 
0.08082  35471  OS 
0.  08181  69486  04 
0.08281  01882  86 
0.08380  32642  31 


0.  08479 
0.08578 
0.08678 
0. 08777 
0.08876 


6L74S  23 
89172  45 
14904  84 
38923  27 
61208  65 


0. 08975  81741  90 
0.  09075  40503  96 
0. 09174  17475  79 
0.  09273  32638  38 
0.  09372  45972  74 

0. 09471  57459  88 
0.  09570  67080  87 
0.  09669  74816  76 
0.09768  80648  65 


0.09916  24339  32    0.09867  84557  66 


O/lOO    0.10016  74211  62    0.09966  86524  91 

[<-f"]  m 


For  use  and  exteiuion  of  the  table  see  Examples  21-25.  For  other  inverae  functions  see  4.4  and 
4.3.45.  2=1.67079  68267  66 

Compilation  of  arcsin  r  from  National  Bureau  of  Standards,  Table  of  arcsin  Columbia  Univ. 
Press,  New  York,  N.Y.,  1946  (with  permissioft'). 
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Table  4.14 


ELBMBN7ARY  T8AN8CBNDENTAL  rUNCTXONS 
INVERSE  CIRCULAR  SINES  AND  TANGENTS 


arcwn  t 


0.100  NO.  10016  74211  62 

0.101  0.10117  25099  11 

0.102  0.10217  77012  25 

0.m  0.10318  29961  53 

0.104  0.10418  83957  41 

0.105  0.10519  39010.40 

0.106  0.10619  95131  00 

0.107  0.10720  52329  72 

0.108  0.10821  10617  08 

0.109  0.10921  7000$*  62 

0.110  0.11022  30499  88  • 

0.'111  0.11122  92116  41 

0.112  -0.11223  54863  77 

0.113  0.11324  1^52  55 

0.114  0.11424  8$793  32 

0,115  0.11!>25  4^996,68 

0.116  0. 11(26  47373  23 

0. 117  0. 11726  85933  61 

0. 118  0. 11827  55688  42 

0.U9  0.11928  26648  32 

0. 120  0. 12028  48823  9& 

0. 121  0. 12129  72225  97 

0. 122  0. 12230  46865  07 

0.123  0.12331  22751  92 

0.124  0.12431  99897  22 

0.125  0.12532  78311  68 

0.126  0.^2633  58006  02 

0. 127  0. 12734  38990  98 

0.128  0.12835  21277  29 

0. 129  0. 12936  04875  72 

0.130  0.13036  89797  03 

0.131  0.13137  76052  01 

0. 132  0. 13238  63651  45 

0. 133  0. 13339  52606  16 

0. 134  0. 13440  42926  9S 

0.135  0.13541  34624  67 

0.136  0.13642  2m0  15 

0. 137  0. 13743  22194  25 

0.138  0.13844  18087  85 

0. 139  0. 13945  15401  83 

0.140  0.14046  14147  10 

0.141  0.14147  14334  56 

0. 142  0. 14248  15975  13 

0. 143  0. 14349  19079  77 

0. 144  0. 14450  23659  42 

0. 145  0. 14551  29725  04 

0. 146  0. 14652  3^87  64 

0.147  0.14753  46358  19 

0.148  0.14854  56947  71 

0. 149  0. 1495S  69067  22 

0. 150  0. 15056  82727  77 

['-,""] 


'  oretan  *  * 

0. 09966  86524  91  Q.  150 

0.10065  86531.58   ^  0.151 

0. 10164  84558  83    >  0. 152 

0. 10263  80S87  89  0.153 

0.10362  74599  97  0.154 

0. 10461  66576  33  0.  ISS 

0. 10560  56498  23  0. 156- 

0.10659  44346  99  0.157 

0.10758  30103  93  0.158 

0.10857  1375ff  39  0.159 

0.10955  95267  74  0.160 

0. 11054  74637  38  0. 161 

0.11153  51840  74  0.162 

0. 11252  26859  25  0. 163 

0. 11350  99674  40  0. 164 

0.11449  70267  67   .  0.165 

0. 11548  38620  60  0. 166 

0. 11647  04714  73  0. 167 

0. 11745  6d^31  63  0. 168 

0.11844  30052  90  0.169 

0. 11942  89260  18  0. 170 

0.12041  46135  12  0.171 

0. 12140  00659  40  0. 172 

0.12238  52814  72  0.173 

•0.12337  02582  82  0.174 

0.12435  49945  47  0.175 

0. 12533  94884  45  0. 176 

0. 12632  37381  58  0. 177 

0. 12730  77418  71  0. 178 

0. 12829  14977  71  0. 179 

0.12927  50040  48  0.180 

0.13025  82588  96  0.181 

&.  13124  12605  10  0.182 

0. 13222  40070  89  0. 183 

0. 13320  64968  35  0. 184 

0.13418  87279  52  0.185 

0. 13517  06986  49  0. 186 

0.13615  24071  35  0.187 

0. 13713  38516  25  0. 188 

0.13811  50303  34  0.189 

0. 13909  59414  82  '  0. 190 

0.14007  65832  92  0.191 

0. 14105  69539  90  \  0. 192 

0. 14203  70518  03  \  0. 193 

0. 14301  68749  65  /  0. 194 

0. 14399  64217  09  0.195 

0.14497  56902  74.  0.196 

0.14595  46789  00  0.197 

0. 14693  33858  33  0. 198 

0.14791  18093  19  0.199 


areon* 

0. 15056  82727  77 
0. 151S7  97940  40 
0. 15259  14716  20 
0. 15360  33066  21 
0.15461  53001  61 

0. 15562  74533  44 
0.15663  97672  86 
0.15765  224)1  01 
0.15866  48819  05 
0. 15967  76848  15 


0.160«9 
0.16170 
0.16271 
0. 16373 
0. 16474 


06529  52 
37874  35 
70893  88 
05599  34 
4^001  99 


0. 16575  80113  10 
0.16677  19943  96 
0. 16778  61505  87 
0. 16880  04810  17 
Q. 16981  49868  19 


0.17082 
0. 17184 
0.17285 
0.17387 
0. 17489 


96691  29 
45290  84 
95678  23 
47864  87 
01862  19 


0.17590  57681  64 
0.17692  15334  66 
0. 17793  74832  75 
0. 17895  36187  .40 
0. 17996  99410  13 


0. 18098 
0.18200 
0. 18302 
0. 18403 
0.18505 


64512  47 
31505  97 
00402  20 
71212  76 
43949  25 


0.18607  18623  31 
0.18708  95246  57 
0.18810  73830  71 
0.18912  54387  40 
0.19014  36928  36 


0.19116 
0. 19218 
0. 19319 
0. 19421 
0.1952) 


21465  31 
08009  99 
96574  17 
87169  63 
79808  18 


0.19625  74501  64 
0. 19727  71261  85 
0.19829  70100  69 
0.199)1  710)0  03 
0.20033  74061  80 


0.14888  99476  09      0.200    0.20135  79207  90 


arotan  t 

0. 14888  99476  09 
0. 14986  77989  58 
0.15084  5)616  21 
0. 15182  26338  59 
0. 15279  961)9  )7 

0.15)77^63001  20 
0.15475  26906  78 
0.15572  878)8  86 
0.15670  45780  19 
0. 15766  0071)  58 

0.15865  52621  86- 
0. 1596)  01487  91 
0. 16060  47294  61 
0.16157  90024  91 
0. 16255  29661  78 


0.16352 
0.16449 
0. 16547 
0.16644 
0. 16741 

0.168)9 
0. 16936 
0.17033 
0.17130 
0.17227 


66l8i  ^1 
99587  75 
29841  97 
56935*49 
80850  9) 

01571  48 
19080  )4 

J))60  78 
4)96  07 
52169  54 


0.17324  56664  52 
0.17421  57864  43 
0.17518  55752  68 
0.17615  50312  74 
0.17712  41526  10 

0.17809  29)82  31 
0.17906.13856  94 
0.16002:94941  59 
0.16099  7261)  91 
0. 16196  46659  59 

0.18293  17662  )5 
0.18)69  65005  94 
0.16466  46674  16 
0.1856)  09250  85 
0.16679  66119  67 

0.16776  19465  14 
0.18872  69270  59 
0.16969  15520  22 
0.19065  56196  05 
0.19161  97266  15 

0.19256  )2774  60 
0. 19)54  64641  55 
0.19450  9267)  16 
0.19547  1745)  71 
0. 1964)  )6)67  )6 

0. 19739  55596  50 


/  ^-1.67079  68307  96 
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fiLSM£NTARY  TftANBCEKDfiNTAL  FUNCTIONS 
INVEliSE  CIRCULAR  SINES  AND  TANGENTS 


2 


\ 


0.200 
0.201 
0.202 
0.203 
0.204 


0.20135  79207  90 
0.20237  86480  31 
0.20339  95890  97 
0.20442  07451  90 
0.20544  21175  10 


0.205  0.20646  37072  61 
0.206  0.20748  55156  48 
0.207  0.20850  75436  81 
0.208  0.20952  97931  68 
0.209  ^21055  22647  22 


0.210 
0.211 
0.212 
0.213 
0.714^ 

0.215 
0.216 
0.217 
0.218 
0.219 

0.220 
0.221 
0.222 
0.223 
0.224 

0.225 
0.226 
0.227 
0.228 
0.229 

0.230 
0.231 
0.232 
0.233 
0.234 

0.235 
0.236 
0.237 
0.238 
0.239 

0.240 
0.241 
0.242 
0.243 
0.244 

0.245 
0.246 
0:247 
0.248 
0.249 

0.2S0 


0. 21157  49597  58 
0.21259  78794  93 
0. 21362  10251  46 
0.21464  43979  39 
0.21566  79990  96 


0.21669 
0. 21771 


18298  42 
58914  06 


0. 21874  01850  IV 
0.21976  47119  15 
0. 22078  94733  28 

0.22181  44704  97 
0.22283  97046  62 
0.22386451770  66 
0.22489  08889  55 
0.22591  68415  75 

0.22694  30361  79 

0. 22796  94740  17 

0.22899  61563  45 

0. 23002  30844  22 

0. 23105  02595  07 

0.23207  76828  63 
0. 23310  53557  56 
0. 23413  32794  S3 
0.23516  14552  26 
0. 23618  98843  48 

0.23721  85680  94 
0.23824  75077  44 
0. 23927  67045  76 
0. 24030  61598  80 
0.24133  58749  37 

0.24236  58510  39 
0.24339  60894  77 
0. 24442  65915  47 
0. 24545  73585  45 
0. 24648  83917  73 

0.24751  96925  34 
0.24855  12621  33 
0.2495.8  31018  81 
0. 25061  52130  88 
0.25164  75970  69 

0.25268  02551  42 

[<-r] 


Table  4.14 


0.19739  555M  50 
0.19835  6913r^0 
0.19931  78950 
0.20027  85040  06 
0.20123  87384  69 

0.20219  85968  83 
0.203U  80777  01 
0.20411/71793  81 
0.20507  59003  83 
0.20603  42391  73 


0.20699 
0.20794 
0.20890 
0.20986 
0.21082 


21942  20 
9V639  97 
694^9  83 
37416  57 
01465  06 


0.21177  61600  20 
0.21273  17806  92 
0.21368  70070  19 
0.21464  18375  04 
0.21559  62706  53 

0.21655  03049  76 
0.21750  39389  87 
0.21845  71712  05 
0.21941  00001  53 
0.2^036  24243  57 

0.22131  44423  48 
0.22226  60526  61 
0.22321  72538  37 
0.22416  80444  19 
Ow 22511  84229  53 

0.22606  83879  94 
0.22701  79380  96 
0.12796  70718  22 
0.22891  57877  34 
0.22986  40844  03 

0.23081  19604  03 
0.23175  94143  10 
0.23270  64447  07 
0.23365  30501  80 
0.23459  92293  19 

0.23554  49807  21 
0.23649  03029  83 
0.23743  51947  10 
0.23837  96545  10 
0.23932  36809  95 


0.24026 
0.24121 
0.24215 
0.24309 
0.24403 


72727  81 
04284  90 
31467  47 
54261'  82 
72654  29 


0.24497  86631  27 


z  arcBin  x 

0.250  0.25268  02551  42 

0.251  0.25371  31886  28 

0.252  0.25474  0988  49 

0.253  0.25577  98871  33 

0.254  0.2568^,  36548  08 

0.255  0.25784  77032  07  . 

0. 256  0; 25888  20336^66- 

0.257  0.25991  66475  22 

0.258  i  0.26095  15461  18, 

0.259  0.^198  67307  97 

0.260  0.26302  22029  08 

0.261^  0.26405  79638  02 

0.262  0.26509  40148  31 

0.263  0.26613  03573  53 

0.264  0.26716  69927  28 

0.265-  0.26820  39223  20. 

0.26'6  0.26924  11474  95 

0.267  0.27027  86696  22 

0.268  0.27131*64900  75 

0.269  0.27235  46102  31 

0.270  0.27339  30314  67 

0.271-  0.27443  17551  69 

0.272  t;2754r  07827  21 

0.273  0.276^1  01155  13 

0.274  0.27754  975^  38 

0.275  0.27858  97e3  92 

0.276  0.27962  99592  75 

0.277  0.28067  05269  90 

0.278  0.28171  14069  43 

0.279  0.28275  26005  45 

0.280  0.28379  41092  08 

0.281  0.28483  59343  51 

0.282  0.28587  80773  93 

0.283  0.28692  05397  58 

0.204  0.28796  33228  75 

0.285  0.28900  64281  74 

0.286  0.29004  98570  89 

0.287  0.29109  36U0  61 

0.288  0.29213  76915  30 

0.289  0.29318  20999  43 

0.290  0.29422  68377  49 

0.291  0.29527  19064  01 

0.292  0.29631  73073  57 

0.293  0.29736  30420  76 

0.294  0.29840  91120  25 

0.295  0.29945  55186  70 

0.296  0.30050  22634  85 

0.297  0.30154  93479  45 

0.290  0.30259  67735  30 

0.299  0.30364  45417  24 

0.300  0.30469  26540  15 


arctanx. 


0..244r7 
0.24591 
0.24686 
0.24780 
0.24873 


86631  27 
96179  19 
01284  51 
01933  77 
98113  53 


0.24967  89810  38 
0.25061-77010  99 
0.25155  59702  05 
0.25249  37870  29* 
0.25343  11502  51 

0.25436  80585  53 
0.25530  45106  23 
0.25624  05051  53 
0.25717  60408  40 
0.25811  11169  83 

0.25904  57304  89 
0.25997  98818  68 
0.26091  35692  33 
0.26184  67913  04 
0.26277  95468  05 

0.26371  18344  62 
0.26464  36530  10 
0.26557  50011  84 
0.26650  58777  27 
0.26743  62813  84 

.0.26836  62109  06 
0.26929  56650  49 
0.27022  46425  71 
0.27115  31422  39 
0.27208  11628  19 

0.27300  87030  87 
0.27393  57618  19 
0.27486  23377  99 
0.27578  84298  14 
0.27671  40366  55 

0.27763  91571  20 
0.27856  37900  08 
0.27948  79341  26 
0.28041  15882  83 
0.28133  47512  95 

0.28225  74219  81 
0.28317  95991  65 
0.  28410  12816  76 
0.28502  24683  46 
0.28594  31580  14 

0.28686  33495  23 
0.28778  30417  18 
0. 28870  22334  53 
0.28962  09235  83 
0.29053  91109  69* 

0.29145  67944  78 


3-1 .67079  «3ar7  96 
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Tahlf  4.14 


BLEMENTARY  TRAN8CENDBMTAL  FUNCTIONS 
INVERSE  CIRCULAR  SINES  AND  TANGENTS 


arcuu.^ 


0.300 
0.301 
0.302 
0. 303 
0.304 

0.305 
0.306 
0.307 
0.308 
0.309 

4).  310 
0. 311 
0. 312 
0.313 
0. 314 

0. 315 
0. 316 
0. 317 
0.318 
0.919 

0.320 
0.321 
0.322 
0.323 
0.324 

0.325 
0.326 
0.327 
0. 328 
0.329 

0.330 
0.331 
0. 332 
0. 333 
0.334 

0.335 
0.336 
0.337 
0.  338 
'  0. 999 

0.940 
0.941 
0. 942 
0.  949 
0. 344 

0. 345*' 
0.346 
0.947 
0.  948 
0.949 

0.  950 


0.*90469  26540  15 
0.90574  11118  95 
, 0. 90678  99168  60 
0.  90789  90704  09 
0. 90888  85740  46 

0»90999J4292  78 
-^4l09rl6376  19 
1D.O1203  92005  89 
O.Kl09  01196  91 
0. 91<Hl9964  68 

0. 91519  90924  41 
0.  91624  50291  49 
0.31729  79881  12 
0. 91895  01108  88 
0.91940  91990  18 

0.  92045  66540  50 
0.92151  04775  98 
0. 92256  46710  42 
0.92961  92961  24 
0. 92467  41749  51 

'  0. 92572  94872  95 
0. 92678  51765  91 
:0. 92784  12496  42 
0. 92889  76902  11 
0. 92995  45178  29 

0. 99101  17280  89 
0. 99206  99225  91 
0.  99912  79029  98 
0.99418  56707  98 
0. 99524  44276  04 

0. 99690  95751  54 
0.99796  91150  09 
0.99842  90487  98 
0. 99948  99781  50 
0. 94054  41047  05 

0. 34160  52901  02 
0. 94266  67559  88 
0. 94972  86840  15 
0. 94479  10158  99 
0.94585  97591  21 

0. 94691  68975  27 
0. 34798  04507  29 
0.  34904  44144  03 
0. 9S010  67902  30 
0. 35117  35798  98 

0. 35223  87850  97 
0. 35330  44075  25 
0. 35437  04488  84 
0. 35543  69108  61 
0. 35650  37952  29 

0.  35757  11036  46 

['-;"] 


0.29145  67944  78 
0.29237  39729  79 
0.29329  06453  47 
0.29420  68104  62 
0.29512  24672  09 

0.29603  76144  75 
0.29695  22511  55 
0.29786  63761  46 
0.29877  99683  52 
0.29969  30866  80 

0.30060  56700  42 
0.30151  77373  55 
0. 30242  92875  41 
0. 30334  03195  25 
0.30425  06322  38 

0. 30516  08246  16 

0. 30607  02955  99 

0.30697  92441  31 

0. 30768  76691  62 

0. 30879  55696  46 

0.30970  29445  42 
0. 31060  97926  14 
0. 31151  61134  29 
0.31242  19053  60 
0.31332  71675  84 

0. 31423  16990  84 
0. 31513  60968  47 
0,iim  97658  69 
0. 91694  28991  90 
0. 91784  54976  47 

0. 91874  75604  21 
0.91964  90864  60 
0.92055,  00747  81 
0.92145  05244  09 
0.92295  04349  49 

0. 92324  98036  48 
0.32414  86319  34. 
0. 32504  6^164  46 
0.32594  46560  25 
0. 32664  16551  19 

0. 32773  65067  81 
0.32863  46120  66 
0.32953  01700  37 
0. 33042  51797  60 
0.33131  96403  04 

0.33221  35507  47 
0.33310  69101  67 
0.33399  97176  49 
0. 33489  19722  83 
0. 33578  36731  63 

0.33667  48193  87 


 -arcMn«  

0.350  0.35757  11036  46 

0. 351  0. 35863  86378  55 

0. 352  0. 35970  69995  85 

0. 355  0.  36077  55905  70 

0.954  0.36184  46125  51 

0. 355  0. 36291  40672  71 

0. 356  0. 36398  39564  82 

0.357  0.36505  42819  39 

0.  358  0. 36612  50454  OS 

0.359  0.36719  62486  46 

0. 360  0. 36626  78934  37 

0. 361  0. 36933  99815  54 

0.362  0.3704125147  84 

0.363  0.37148  54949  16 

0.364  0.37255  89237  46 

0.365  0.37363  28030  75 

0.366  0.37470  71347  12 

0.367  0.37578  19204  71 

0.368  0.37665  71621  69 

0.369  0.37793  26616  34 

« 

0.370  0.37900  90206  96 

0. 371  0. 38008  56411  93 

0.372  0.38116  27249  69 

0.379  0.36224  02738  73 

0. 374  0. 36931  82897  61 

0. 375  0. 36439  67744  96 

0.376  0.36547  57299  45 

0.377  0.38655  51579  83 

0. 378  0. 38763  50604  92 

0. 379  0. 38671  54393  57 

0.380  0.38979  62964  74 

0.381  0.39087  76337  42 

0. 382  0. 39195  94530  68 

0. 383  0. 39304  17563  64 

0.364  0.39412  45455  51 

0. 385  0. 39520  78225  54 

0.366  0.39629  15893  06 

0.387  Ot 99737  56477  48 

0.368  0.39846  06998  24 

0.389  0.39954  5^74  89 

0.390  0.40063  15927  11 

0.391  0.40171  76374  28 

0.392  0.40280  45636  44 

0.393  0.40389  18333  27 

0.394  0.40497  95684  67 

0. 395  0. 40606  76510  57 

0.396  0.40715  66231  00 

0.397  0.40824  59066  02 

0.398  0.40933  57035  81 

0.399  0.41042  60160  60 

0.400  0.41151  68460  67 

[<-«.] 


MOten«   

0. 33667  48193  87 
0.33756  54100  58 
0. 33845  54442  85 
0. 33934  49211  81 
0. 34023  38398  61 

0.34112  21994  49 

0.34200  99990  70 

0.34289  72376  56 

0. 34978  39149  42 

0.34467  00294  69 

0.34555  55805  82 
0.34644  05674  30 
0.  34732  49891  68 
0. 34620  68449  54 
0.34909  21339  52 

0.34997  48553  30 
0. 35085  70082  60 
0.35173  65919  21 
0.35261  96054  93 
0.35350  00481  64 

0.  35437  99191  23 
0.35525  92175  68 
0.35613  79426  98 
0. 35701  60937  18 
0.35789  3669^38 

0.  35877  06702  71 
0. 35964  70942  35 
0. 36052  29409  56 
0. 36139  62096  58 
0. 36227  2S995  76 

0.36314  70099  46 
0. 36402  05400  09 
0.  36489  34890  12 
0. 36576  58562  04 
0.36663^76406  40 

0. 36750  68421  61 
0.36837  94594  90 
0.  36924  94920  36 
0.37011  89390  92 
0. 37098  77999  35 

0.37185  60738  49 
0.37272  37601  18 
0. 37359  08560  36 
0. 37445  73668  96 
0. 37532  32660  01 

0. 37611  86146  53 
0. 37705  33$21  62 
0,37791  74978  43 
0. 37678  10510  12 
0.37964  40109  93 

0.38050  63771  12 

[(-8)8] 
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ELEMENTARY  TRANHCENDENTAL  FUNCTIONS 
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INVERSE  CIRCULAR  SINES  AND  TANr.ENTS 
arennx  ftroUn*  *  «roam« 


0.400 
0.401 
0.402 
0.403 
0.404 

0.405 
0.406 
0.407 
0.408 
0.409 

0.410 
0.411 
0.412 
0.413 
0.414 

0.415 
0.416 
0.417 
0.418 
0.419 

0.420 
0.421 
0.422 
0.423 
0.424 

0.425 
0.426 
0.427 
0.428 
0.429 

0.430 
0.431 
0.432 
0.433 
0.434 

0.435 
0.436 
0.437 
0.438 
0.439 

0.440 
0.441 
0.442 
0.443 
0.444 

0.445 
0. 446 
0.447 
0.448 
0.449 

0.450 


0.41151  66460  67 

0.41260  81956  42 

0.41370  Q0668  2^ 

0. 41479  24616  80 

0.41^88  53822  54 

0.41697  68306  20 

0.41807  28088  50 

0.41916  73190  29 

0.42026  23632  45 


0.38050  63771  12 
0.38136  81487  02 
0. 38222  93250  97 
0.38308  99056  39 
0.36394  98696  72 

0.38480  92765  46 
0. 38566  80656  14 
0.38652  62562  34 
0.  38738  38477  69 


0.42195  79435  96  ^  0.38824  08395  85 


0.42245  40621  87 
0.42355  072U  31 
0. 42464  79225  49 
0.42574  56685  70 
0.42684  39613  30 

0.42794  28029  74 
0.42904  21956  53 
0.43014  21415  30 
0.43124  26427  72 
0.43234  37015  57 

0.43344  53200  70 
0.43454  75005  03 
0.43565  02450  60 
0.43675  35559  49 
0.43785  74353  90 


0.43696 
0.44006 
0.44117 
0. 44227 
0.44338 


18856  10 
69086  44 
25073  36 
86833  39 
$4391  16 


0.44449  27769  36 
0.44560  06990  78 
0.44670  92078  31 
0.44781  83054  92 
0.44692-  79943  67 

0.45003  82767  71. 
0.45114  91550  28 
0. 45226  06314  71 
0.45337  27084  44 
0.45448  53882  99 

0.45559  86733  96 
0.45671  25661  37 
0.45782  70688  11 
0.45894  21838  99 
0.46005  79137  71 

0.46117  42608  35 
0.46229  12275  10 
0.46340  88162  25 
0.46452  70294  19 
0.46564  58695  40 

0.46676  53390  47 

['-r] 


0. 38909  72310  55 
0.38995  30215  54 
0.39060  82104  62 
0.  39166  27971  64 
0. 39251  67810  48  ^ 

0. 39337  01615  09 
0. 39422  29379  43 
0.39507  51097  52 
0.  39592  66763  44 
0.  39677  763TX  29 

0. 39762  79915  22 
0. 39847  77389  43 
0.39932  68788  14 
0.  40017  54105  66 
0.40102  33336  29 

0.40187  06474  40 
0.40271  73514  42 
0.40356  34450  79 
0.40440  89278  00 
0.40525  37990  60 

0. 40609  80583  18 
0.40694  17050  34 
0.40178  47386  77 
0.40862  71567  18 
0.40946  89646  31 

0. 41031  01556  96 
0.41115  07319  97 
0.41199  06924  22 
0.41283  00366  64 
0.41366  87642  17 

0.41450  68745  85 
0.41534  43672  70 
0.41618  12417  83 
0.41701  74976  36 
0.41765  31343  48 

0. 41868  81514  38 
0.  41952  25484  34 
0.42035  63246  66 
0. 42118  94602  67 
0.  42202  20141  75 

0.42285  39261  33 

[<-r] 


0.450  0.46676  53390  47 

0.451  0.46768  54404  09 

0.452  0.46900  61761  03 

0.453  0.47012  75486  20 

0.454  0.47124  95604  59 

0.455  0.47237  22141  29 

0.456  0.47349  55121  50 

0.457  0.47461  94570  53 

0.458  0.47574  40513  79 

0.459  0.47666  92976  80 

0.460  0.47799  51985  19 

0.461  0.47912  17564  68 

0.462  0.48024  89741  12 

0.463  0.48137  66540  46 

0.464  0.46250  53988  75 

0.465  0.48363  46112  18 

0.466  0.48476  44^7  02 

0.467  0.48589  50489  67 

0.466  0.48702  62796  64 

0.469  0.48615  81884  55 

0.470  0.48929  07780  14 

0.471  0.49042  40510  26 

0.472  0.49155  60101  88 

0.473  0.49269  26582  08 

0.474  0.49362  79978  07 

0.475  0.49496  40317  17 

0.476  0.49610  07626  82 

0*477  0.49723  81934  59 

0.47r  n. 49837  63^68  16 

0. 4'  '  49951  51655  34 

0. 4au  i<.  50065  47124  05 

0.481  0.50179  49702  34 

0.482  0.50293  59418  39 

0.483  0.50407  76300  52 

0.484  0.50522  00377  13 

0.485  0.50636  31676  79 

0.486  0.50750  70228  19 

0.487  0.50865,16060  14 

0.488  0.50979  69201  57 

0.489  0.51094  29681  57 

0. 490  0. 51208  97529  34 

0.491  0.51323  72774  22 

0.492  0.51438  55445  69 

0.493  0.51553  45573  34 

0.494  0.51668  43186.93 

0. 495  0. 51783  48316  32 

0.496  0.51898  60991  55 

0.497  0.52013  81242  77 

0.498  0.52129  09100  26 

0.499  0.52244  44594  47 

0. 500  0. 52359  87755  98 


Tabl«4.U 
♦ 

aretenar 

0.42285  39261  33 
0. 42368  52156  87 
0.42451  58823  89 
0.42534  59257  92 
0.42617  53454  56 

0. 42700  41409  43 
0. 42783  23118  21 
0. 42865a98576  60 
0.42948  67780  36 
0.43031  30725  28 

0.43113  87407  19 
0.43196  37821  96 
0.43278  81965  51 
0. 43361  19833  80 
0.43443  51422  81 

0. 43525  76728  58 
0.43607  95747  19 
0.4^690  08474  74 
0.43772  14907  40 
0.43854  15041  36 

0. 43936  08872  65 . 
0.44017  96398  14 
0.44099  77613  55 
0.44181  52515  43 
0.44263  21100  17 

0.44344  83364  20 
0.44426  39303  99 
0.44507  88916  06 
0.44589  32196  95 
0. 44670  69143  24 

0.44751  99751  57 
0.44833  24018  60 
0.44914  41941  03 
0.44995  53515  61 
0.45076  58739  11 

0.45157  ,57608  36 
0.45236  96120  20 
0.45319  36271  55 
0.45400  16059  33 
0.45480  69480  51 

0.45561  56532  11 

0.45642  17211  17 

0.45722  71514  78 

0. 45803  19440  06 

0. 45883  60964  16 

0.45963  96144  30 
0.46044  24917  71 
0.46124  47301  65 
0.46204  63293  45 
0.46264  72890  44 


0. 46364 


64  76090  01 

[<-n 
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ELEMENTARY  TRANBCENDENTAL  FUKCTIOKS 


Table  4.14 


INVERSE  CIRCULAR  SINES  AND  TANGENTS 


0.  soo 

0.S01 
0.S02 
0.503 
0.504 

0.305 
0.506 
0.507 
0.508 
0.509 

0.510 
0.511 
0. 512 
0.513 
0.514 

0.515 
0.516 
0. 517 
0.518 
0.519 

0.5^ 
0. 521^ 
0.522 
0.523 
0.524 

0.525 
.  0.526 
0. 527 
0.528 
0.529 

0.530 
0.531 
0.532 
0.533 
0.534 

0.535 
0.536 
0.537 
0.538 
0.539 

0.540 
0.541 
0. 542 
0.543 
0.544 

0.545 
0.546 
0.547 
0.548 
0.549 


araunx 

0.52359  87755 '98 
0.52475  38615  51 
•  0.52590  97203  91 
0.52706  63552  20 
0.52822  37691  54 

0.52938  19653  22 
0.53054  09468  69 
0.53170  07169  56 
0.53286  12787  56 
0.53402  26354  61 

0,53518  47902  76 
0.53634  77464  20 
30 
57 


0.53751  15071 
0.53867  60756 
0.53984  14552  69 

0.54100  76492  49 
0.54217  46608  96 
0.54334  24935  25 
0.54451  11504  67 
0.54568  06350  69 

9.5^85  09506  96 
0.54802  21007  28 
0.54919  40885  61 
0.55036  69176  11 
0^55154  05913  07 

b.  55271 '51130  97 
0.55389  04864  46 
0.55506  67148  37 
0.55624  38017  69 
0.55742  17507  59 

0.55860  05653  43 
0.-55978  02490  72 
0. 56096  P8055  18 
0.56214.22382  69 
0.56332  45509  33 

0.56450  77471  34 
0. 56569  18305  17 
0. 56687  68047  44 
0.56806  26734  97 
0.56924  94404  76 

0. 57043- 71094  60 
0.57162  56840  08*- 
0.57281  51680  58 
0.57400  55653  28 
0,57519  68796  15 

0. 57638  91147  36 
0.57758  22745  29 
0. 57877  63628  51 
0.57997  13835  79 
0.58116  73406  12 


0.46364  76090  01 
0.46444  72889  58 
0.46524  63286  62 
0.46604  47278  61 
0.46684  24863  09 

0.46763  96037  63 
0.46843  6tf799  83 
0.46923  19147  34 
0.47002  71077  82 
0.47082  16589  00 

0.47161  55678  62 
0.47240  88344  48 
0.47320  14584  38 
0.47399  34396  20 
0.47478  47777  82 

0.47557  54727  17 
0.47636  55242  22 
0.47715  49320  97 
0.47794  36961  45 
0.47873  18161  73 

0.47951  92919  93 
0.48030  61234  17 
0.48109  23102  64 
0.48187  78523  54 
0.48266  27495  12 

0.48344  70015  67 
0.48423  0608^ 
0.48501  y  ' 
0.48579  511854  40 
0.48657/^554  29 


T).4l735 
0.^8813. 
0.48891 
0.48969 
0.49047 

0.49125 
0.49203 
0.49280 
0.49358 
0.49435 

0.49513 
0.49590 
0.49668 
0.49745 
0.49822 


85795  0$ 
89575  10 
86893  19 
77747  65 
62137  12 

40060  2$ 
11515  60 
76502  10 
35018  23 
87062  83 

326i4  60 
71732  62 
04355  40 
30502  17 
50171  59 


0.49899  63362  71 
0.49976  70074  50 
0.50053  m05  90 
0.50130  64056  22 
0.50207  51324  20 


0.555 
0.556 
0.557 
0.558 
0.559 

0.560 
0.561 
0.562 
0.563 
0.564 

0.565 
0.566 
0.567 
0.568 
0.569 

0.570 
0.571 
0.572 
0. 573 
0.574 


0.577 
0.578 
0.579 

0.580 
0.581 
0. 582 
0. 583 
0.584 

0.585 
0.586 
0.587 
0. 588 
0.589 

0. 590 
0.591 
0. 592 
0.1093 
0.594 

0. 595 
0. 596 
0. 597 
0. 598 
0. 599 


0.550    0.58236  42378  69    0.50284  3^09  20  .  0.600 

['-/"] 


!84  32109  ; 


vmax 

0.58236  42378  69 
0.58356  20792  89 
0.58476  08688  33 
0.58596  06104  84 
0.58716  13082  43 

0.58836  29661  37 
0.58956  5588^  10 
0.59076  91785  32 
0.59197  37411  92 
0.59317  92803  04 

0.59438  58000  01 
0.59559  33044  41 
0.59680  17978  05 
0.59801  12842  95 
0.59922  17681  37 

0.60043  32535  81 
0.60164  57448  99 
0.60285  92463  89 
0.60407  37623  71 
0.60528  92971  89 

0.60650  58552  13 
0.60772  34408  36 
0. 60894  20584  75 
0. 61016  17125  74 
0.61138  24076  01 

0.61260  41480  49 
0.61382  69384  37 
0.61505  07833  09 
0.61627  56872  37 
0.61750  16548  IZ 

0. 61872  86906  72 
0.61995  67994  52 
0.62110  59858  34 
0.62241  62545  21 
0.62364  76102  44 

0.62488  00577  61 
0. 62611  36018  60 
0. 62734  82473  54 
0.62858  39990  87 
0.62982  08619  28 

0.63105  88407  78 
0.63229  79405  66 
0.63353  81662  50 
'0.63477  95228  17 
0.63602  20152  84 

0.63726  56487  00 
0.63851  04281  42 
0.^3975  63587  17 
0.64100  34455  66 
0.64225  16938  57 

0. 64350  11087  93 


aretanx 

6. 50284  32109  W" 
0.50361  06410  37 
0. 50437  74226  73 
0. 50514  35557  57 
0. 50590  90402  12 

0.50667  38759  68 
0.50743  80629  S3 
0.50820  16011  02 
0.50896  44903  52 
0.50972  67306  43 

0.51048  83219»  17 
0.51124  92641  21 
^0.51200  95572  04 
0. 51276  92011  19 
0.51352  01958  22 

0.51428  65412  69 
0.51504  42374  25 
0. 51580  12842  52 
0.51655  76817  18 
0.51731  34297  96 

0.51806  05284  57 
0.51882  29776  79 
0.51957  67774  41 
0.52032  99277  27 
0.52108  24285  22 

0.32183  42798  14 
0.S22S8  54815  96 
0.52333  60338  62 
0.52408  59366  09 
0.52483  51898  38 

0.52558  37935  52 
0.52633  17477  57 
0.52707  90524  63 
0.52782  57076  82 
0.52857  17134  28 

0.52931  70697  1% 
0.53006  17765  76 
0.53080  58340  23 
0.53154  92420  86 
0.53229  20007  93 

0.53303  41101  77 
0.53377  55702  73 
0.53451  63811  18 
0.53525  65427  53 
0.53599  60552  20 

0.53673  ^19185  66 
0.53747  31320  39 
0.53821  06980  90 
0.53894  76143  74 
0.53968  38817  48 

0.54041  95002  71 

['-r] 
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areoms 


\ 


TtM>i4»14- 


arotons 


0.601 
0.602 
0.603 
0.604 

0.605 
0.606 
0.607 
0.60S 
0.609 

0.610 
0.611 
0.612 
0.613 
0.614 

0.615 
0.616  . 
0.617 
0.618 
0.619 

0.620 
0.621 
0.622 
0.623 
0.624 

0.625 
0.626 
0.627 
0.628 
0.629 

0.630 
0.631 
0.632 
0.633 
0.634 

0.635 
0.636 
0.637 
0.638 
0.639 

0.640 
0.641 
0.642 
0.643 
0.644 

0.645 
0.646 
0.647 
0.648 
0.649 

0.650 


   93 — 0;  54041  95002  fl 

0.64475  16956  07  0.54115  44700  04 
0,64600  34595  63  0.54188  87910  IS 
0.64725  64059  60  0.54262  24633  69 
0.648510540126    0.54335  5487137 


-Oi  650 — 0rTO7S0  44367  21    0. 57637  52205  ft 


0.64976 
0.65102 
0.65228 
0.65353 
0.65479 


58674  24 
23932  51 
01230  34 
90622  38 
92163  58 


0. 65606  05909  25 
0.65732  31915.05 
0.65858  702l7  00 
0.65985  20931  44 
0.66111  84055  09 


0.66238 
0.66365 
0.66492 
0.66619 
0.66746 


59665  02 
47818  67 
48573  84 
61988  69 
88121  78 


0.66874  27032  02 
0.67001  78778  71 
0. 67129  43421  53 
0.67257  21020  54 
0.67385  11636  20 

0.67513  15329  37 
0.67641  32161  29 
0. 67769  62193  62 
0^67898  05488  41 
0.68026  62108  12 

0.68155  32115  63 
0.68284  15574  24 
0.68413  12547  66 
0.68542  23100  04 
0.68671  47295  93 

0.68800  85200  35 
0. 68930  36878  74 
0.69060  02396  97 
0.69189  81821  37 
0. 69319  75218  73 

0. 69449  82656  27 
0.69580  04201  68 
0.69710  39923  13 
0.69840  89889  23 
0.69971  54169  09 


0.70102 
0.70233 
0.70364 
0.70495 
0. 70626 


0. 54408 
0.54481 
0. 54555 
0.54628 
0. 54701 


32832  27 
25948  84 
93589  34 
55824  80 
92726  76 


0.70758  44367  25 


78623  92 
95892  10 
06676  70 
10978  51 
08798  38 


0. 54774  00137  16 
0.54846  84995  75 
0. 54919  63375  05 
0. 54992  35276  01 
0. 55065  00699  59 

0.55137  59646  79 
0.55210  12118  61 
0.55282  58116  10 
0.55354  97640  33 
0.55427  30692  38 


0.  ^499 
0. 55571 
0. 55643 
0. 55715 
0.55787 


57273  39 
77384  48 
91026  82 
98201  62 
98910  07 


0. 55859  93153  44 
0.55931  80932  97 
0.56003  62249  97 
0.56075  37105  74 
0. 56147  05501  63 

0.56218  67439  00 
0.56290  22919  24 
0.56361  n943  75 
0. 56433  14513  97 
0.56504  50631  37 

0.56575  80297  42 
0. 56647  03513  63 
0.56718  20281  53 
0.56789  30602  67 
0.56860  34478  63 


0.96931 
0.57002 
0. 57073 
0. 57143 
0.57214 


31911  01 
22901  42 
07451  52 
85562  98 
57237  47 


0.57285  22476  73 
0. 57355  81282  48 
0.57426  33656  48 
0.57496  79600  51 
0.57567  19116  38 


0.57637  52205  91 

•(-8)8j 


0.651 
0.652 
0.653 
0.654 

0.655 
0.656 
0«657 
0.^58 
0.65^ 

0. 660 
0.661 
0.662 
0.663 
0.664 

0. 665 
0.666 
0.667 
0. 668 
0.669 

0.670 
0.671  ' 
0.672 
0.673 
0.674 

0.675 
0.676 
0.677 
0.678 
0.679 

0.680 
0. 681 
•0.682 
0.683 
0.684 

0.685 
0. 686 
0.687 
0.688 
0.689 

0.690 
0.691 
0.692 
0.693 
0.694 

0.695 
0.696 
0.697 
0.698 
0.699 

0.700 


0.70890  10818  82 
0.71021  92154  53 
0.71153  88447  93 
0.71285  99773  14 

0.71418  26204  76 
0.71550  67817  97 
0.71683  24688  45 
0. 71815  96892  45 
0.71948  84506  75 

0.72081  87608  70 
0.72215  06276  21 
0.72348  40587  76 
0.72481  90622  40 
0.72615  56459  74 

0.72749  38180  01 
0.72883  35864  02 
0.73017  49593  16 
0.73151  79449  44 
0.73286  25515  49 

0.73420  87874  53 
'  0.73555  66610  44 
0.73690  61807  69 
0.73825  73551  41 
0.73961  01927  39 

0.74096  47022  03 
0.74232  08922  43 
0.74367  87716  32 
Oi  74503  83492  13 
0.74639  96338  96 

0.74776  26346  60 
0.74912  73605  52 
.0.75049  38206  91 
0.75186  20242  68 
0.75323  19805  42 

0.75460^36988  49 
0.75597*41885  95 
0.75735  2fe92  63 
0.75872  95104 
0.760l0^8: 


0.57707  78870  95 
0.57777  99U3  37 
0.57848  12935  07 
0.57918  20337  94  ' 

0.57988  21323  94 

0.58058  158^5  01 

0.58128  04053  13 

0.58197  85800  31 

0.58267  61138  57 

0.58337'  30069  94 
0^58406  92596  49 
0.58476  48720  31 
0.58545  90443  49 
0.58615  41768  17 

0.58684  78696  50 
0.58754  09230  63 
0.58823  33372  77 
0.58892  51125  11 
0.58961  62489  89 

0.59030  67469  35 
0.59099  66065  77 
0.591f<t  58281  44 
0.592^.  44118  66 
0.59306  23579  77 

0.59374  96667  11 
0.59443  63383  05 

'0»5?512  23729  99 
0.39580  77710  32 

/  0.^9649  25326  49 

0,5^17  66580  93 
0.59786  01476  11 
0. 59854  30014  52 
0.59922  52198  66 
0.59990  68031  06 


10 
68 


0.60058 
0.60126 
0.60194 
0.60262 
0,60330 


77514  26 
80650  81 
77443  31 
67894  35 
52006  54 


0.76148  90527  48 

0.76287  15434  36 

0.76425  58636  00 

0.76564  20231  84 

0.76703  00322  15 

0.76841  99008  00 
0.76981  16391  29 
0.77120  52574  75 
0.77260  07661  95 
0.77399  81757  30 


0.77539  74966  11 


0.60398  29782  53 
0.60466  01224  96 
0. 60533  66336  52 
0.60601  25119  88 
0.60668  77577  76 

0. 60736  23712  89  \ 
0.60803  63528  01 
0. 60870  97025  88 
0.60938  24209  26 
0. 61005  45081  01 

0. 61072  59643  89 


w 

r 


1X7079  68267  95 
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INVERSE  CIRCULAR  SINES  AND  TANGENTS 


arcsins 


0. 701 
0.702 
0.705 
0.704 

0.705 
0.706 
0. 707 
0.708 
0.709 

0.710 
0.711 
0.712 
0.713 
0. 714 

0,715 
0. 716 
0.717 
0.718 
0.719 

0.7i20 
0.721 
0.722 
0.72) 
0.724 

0.725 
0.726 
0.727 
0.728 
0.729 

0.730 
0.7)1 
0.7)2 
0.73) 
0.734 

0.735 
0.736 
0. 737 
0.738 
0.739 

0.740 
0.741 
0.742 
0.743 
0.744 

0.745 
0.746 
0. 747 
0.748 
0.749 

0.750 


0.77679  87394  52 
0.77820  19149  57 
0.77960  70339  20 
0.78101  41072  V 

0.78242  31458  43 
0.78383  41608  47 
0.78524  71633  95 
0.78666  21647  44 
0.78807  91762  45 

0.78949  82093  46 
0.79091  92755  96 
0.79234  23866  39 
0.79376  75542  24 
0.79519  47901  99, 

0.79662  41065  16 
0.79805  55152  32 
0.79948  90285  08 
0.80092  46586  13 
0.80236  24179  26 

U. 80380  23189  33 
0.80524  43742  33 
0.80668  85965  35 
0.80813  49986  66 
0.80958  35935  64 

0.81103  43942  88 
0.81248  74140  11 
0.81394  26660  28 
0.81540  01637  58 
0.81685  99207  37 

0.81832  19506  32 
0.81978  62672  31 
0.82125  28844  52 
0.82272  18163  44 
0.82419  30770  85 

0.82566  66809  86 
0.82714  26424  94 
0.82862  09761  92 
0.83010  16968  01 
0.83158  48191  83 


0.83307 
0.83455 
0.83604 
0.83754 
0.83903 


03583  42 
83294  24 
87477  24 
16286  83 
69878  93 


0.84053  48410  98 
0.84203  52041  95 
0.84353  80932  39 
0.84504  35244  42 
0.84655  15141  77 

0. 84806  20789  81 

['-/"] 


aretanx 

41M2-59643-B9- 
0.6ir39  67900  75 
0.61206  69854  44 
0.61273  65507  83 
0.61340  54863  79 

0.61407  37925  25 
0.61474  14695  10 
0.61540  85176  29 
0.61607  49371  78 
0.61674  07284  SZ 

0.61740  58917  52 
0.61807  04273  76 
0.61873  43356  27 
0.61939  76168  09 
0.62006  02712  26 

0.62072  22991  86 
0.62138  37009  97 
0.62204  44769  70 
0.62270  46274  14 
0.62336  41526  45 

0.62402  30529  77 
0.62468  13287  26 
0.62533  89802  10 
0.62599  60077  48 
0.62665  24116  63 

0.62730  81922  76 
0.62796  33499  11 
0.62861  78848  95 
0.62927  17975  54 
0.62992  50882  17 

0.63057  77572  15 
0.63122  98048  79 
0.63188  12315  41 
0.63253  20375  38 
0.63318  22232  04 


sratan« 


-0,  750— 0»  84806~20J8>^ei — 0.^350  11087  93 


0.63383 
0.63448 
0.63512 
0.63577 
O; 63642 

0.63707 
0.63771 
0.63836 
0.63900 
0.63965 

0.64029 
0.64093 
0.64157 
0.64221 
0.64286 


17888  78 
07348  99 
90616  06 
67693  42 
38584  50 

03292  76 
61821  64 
14174  63 
60355  21 
00366  89 

34213  19 
61897  63 
83423  76 
98795  14 
08015  33 


0.64350  11087  93 


0.751 
0. 752 
0. 753 
0.754- 

0. 755 
0. 756 
0. 757 
0.758 
0. 759 

0.760 
0. 761 
0.762 
0. 763 
0.764 

0.765 
0.766 
0. 767 
0.768 
0.769 

0.770 
0.771 
0.772 
0. 773 
0.774 

0.775 
0.776 
0.777 
0.778 
0. 779 

0.780 
0.781 
0.782 
0.783 
0.784 

0.785 
0. 786 
0.787 
0.788 
0.789 

0.790 
0.791 
0.792 
0.793 
0.794 

0.795 
0. 796 
0.797 
0.798 
0.799 


0. 84957  52355  56 
0. 85109  10007  70 
0.85260  93916  63 
A  8541)  04254  45 

>|5565  41195  .04 
0.|5718  04914  02 
0.85870  95588  84 
0. 86024  13398  74 
0.M177  58524  85 

0.86331  31150  16 
0.86485  31459  55 
0.86639  59639  86 
0. 86794  15879  89 
0.86949  00370  42 

0. 87104  13304  26 
0.87259  54876  26V 
0.87415  25283  38 
0. 87571  24724  65 
0.87727  53401  29 

0. 87884  11516  69 
0.88040  99276  42 
0.88198  16888  33 
0.88355  64562  55 
0.88513  42511  51 

0.88671  50950  00 
0.88829  90095  19 
0.88988  60166  70 
0.89147  61386  58 
0. 89306  93979  43 


0. 89466 
0.89626 
0.89786 
0.89947 
0.90108 


58172  34 
54195  03 
82279  83 
42661  72 
35578  41 


0.90269  61270  38 
0.904)1  19980  87 
0.90593  11956  01 
0.90755  37444  80 
0.90917  96699  17 

0.91080  89974  07 
d.  n244  17527  48 
0.  <^1407  79620  46 
0.91571  76S17  23 
0.91736  08485  19 

0.91900  75795  0^ 
0.9206S  78720  67 
0.92231  17539  49 
0.92396  92532  24 
0.9256)  0)98)  15 


0.800    0.92729  52180  02 


0.64414  08016  5) 
0.64477  98804  75 
0.64541  63456  20 
0.64605  61974  52 


0.64669 
0.64733 
0.64796 
0.64060 
0.64923 


34363  37 
00626  40 
60767  30 
14789  75 
62697  45 


0.64987  04494  12 
0.65050  40183  48 
0.65113  69769  28 
0.65176  93255  25 
0.65240  1064S  18 

0.65303  21942  83 
0.65)66  27151  99 
0.65429  26276  46 
0.65492  19)20  05 
0.6555%  06286  59 

0.65617  S7179  91 
0.65680  6200)  87 
0.6574)  )0762  )1 
0.65805  93459  11 
0.65868  50098  15 


0.65931 
0.65993 
0.66055 
0.66118 
0.66180 


0068)  33 
4521B  55 
63707  72 
16154  79 
42563  67 


0.66242  62936  33 

0.66)04  77282  73 

0.66)66  65600  83 

0.66428  87896  62 

0.66490  64174  09 

0.66552  744)7  26 
0.66614  56690  12 
0.66676  369)6  71 
0.667)8  09181  07 
0.66799  75427  24 

0.66661  39679  28 
0.66922  69941  25 
0.66984  )8217  24 
0.67045  60911  32 
0.67107  16827  61 

0.67168  47170  20 
0.67229  7194)  22 
0.67290  69990  79 
0.67392  02397  09 
0.67413,06866  19 

0.67474  09422  24 


•1.67079  63267  06 


ERIC 


223 


GLBMBNTARY  TRANSCENDENTAL  FUNCTIONB 
INVERSE  CIRCULAR  SINES  AND  TANGENTS 


211  ^ 


mmn* 


•Ntan* 


0.800  0.92729  52180  02 

0.801  0.92896  37414  22 

0.802  0.93063  59980  83 

0.803  0.93231  20178  64 

0.804  0.93399  18310  25 

0.805  0.93567  54682  12 

0.806  0.93736  29604  bh 

0.807  0.93905  43392  28 

0.608  0.94074  96363  49 

0.809  0.94244  88840  95 

0.610  0.94415  2U51  54 

0.611  0.'9458S  93626  48 

0.812  0.94757  06601  38 

0.813  0.94928  60416  29 

0.814  0.95100  55415  87 

0.815  0.95272  91949  40 

0.816  0.95445  70370  88 

0.817  0.95618  91039  18 

0.81B  0.95792  54318  04 

0.619  0.95966  60576  23 

0.820  0.96141  10187  64 

0.821  0.96316  03531  36 

0.822  0.96491  40991  79 

0.823  0.96667  22956  76 

0.824  0.96843  49827  60 

0.825  0.97020  21999  29 

0.826  0.97197  39880  56 

■0.827  0.97375  03884  00 

0.828  0.97553  14428  17 

0,829  0.97731  71937  77 

0.630  0.979ia  76843  68 

0.831  0.98090  29583  19 

0,632  0.98270  30600  05 

0.833  0.96450  60344  64 

0.8)4  0.98631  79274  13 

0.635  0.96813  27852  56 

0. 836  0. 98995  26551\  06 

0.837  0.99177  75847  95 

0.838  0.99360  76226  94 

0.  839  0. 99544  2818?  22 

0.840  0.99728  32223  72 
0.841  .  0.99912  88647  18 

0.842  l.f,0097  98^74  39 

0.843  1.00283  61930  35 

0.844  1.004^9  79448  46 

0.845  1.00656  51670  67 

0.846  i.008''3  79147  75 

0. 847  1. 01031  62439  41 

0.848  1.01220  02115  56 

0. 849  1. 01408  98751  50 

0. 850  1. 01598  52038  15 


0.67474 

0. 67595 
0.67656 
0.67717 


09422  24 
04009  49 
92652  08 
75354  19 
52120  01 


t  mams 

0.850  1. 01598  52938  15 

0.851  1.01788  65272  25" 

0.652  1.01979  36361  62 

0.853  1.02170  66824  41 

0.854  1.02362  57289  29 

0.855  1.02555  08395  76 

0.656  1.02748  20794  40 

0.857  1.02941  95147  10 

0.858  1.03136  32127  41 

0.859  1.03331  32420  77 

0.860  1.03526  96724  81 

0.861  1.03723  25749  68 

0.662  1.03920  20218  39 

0.863  1.04117  80867  05 

0.664  1.04316  08445  30 

0.665  1.04515  03716  61 

0.866  1.04714  67458  63 

0.867  1.04915  00463  62 

0.868  1.05116  03538  76 

0.869  1.  05317  77506  61 

0.870  1.05520  23205  49 

0.871  1.05723  41489  91 

0.872  1.05927  33231  01 

0.873  1.06131  99317  03 

0.874  1.06337  40653  78 

0.875  1.06543  58165  11 

0.876  1.06750  52793  43 

0.877  1.06958  25500  24 

0.878  1.07166  77266  67 

0.879  1.07376  09094  07 


0.880  1.07586  22004  54 

0.881  1.07797  17041  59 

0.882  '1.08008  95270  75 

0.883  1.08221  57780  2, 

0.884  1.08435  05681  5' 


0.885  1.08649  40110  49 

0.886  1.08864  62227  36 

0.887  1.09080.73218  22 

0.888  1.09297  74295  43 

0. 889  1. 09515  66698  56 

0.890  1.09734  51695  23 

0.891  1.09954  30581  99 

0.892  1.10175  04685  30 

0.893  1.10396  75362  43 

0.894  1.10619  44002  56 

0.895  1.10843  12027  75 

0.896  1.11067  80894  12 

0.897  1.11293  52092  94 

0.898  1.11520  27151  85 

0.899  1.11748  07636  13 

0.900  1.11976  95149  99 


Tallin  4.14 

Arotens 

0. 70449  40642  42 
0.  70507  43293  58 
0. 70565  40219  63 
0.70623  31425  16 
0.70681  16914  79 

0. 70738  96692  96 
0.70796  70764  42 
0. 70854  39133  73 
0.70912  01805  50 
0. 70969  58784  34 

0. 71027  10074  87 
0.71084  556dl  72 
0.71141  95609  52 
0.71199  29862  92 
0. 71256  58446  55 

0.71313  81365  07 
0.71370  98623  14 
0. 71428  10225  41 
0.71485  16176  56 
0. 71542  16481  25 

0.71599  11144  16. 
0. 71656  00169  99 
0. 71712  83563  41 
0.71769  61329  12 
0. 71826  33471  82 

0.71882  99996  22 
0. 71939  60907  02 
0. 71996  16208  94 
0. 72052  65906  70 
0."72109  10005  03 

0.72165  48508  65 
0.72221  81422  30 
0.72278  08750  71 
0. 72334  30498  64 
0.72390  46670  83 

0. 72446  57272  04 
0.72502  62307  01 
0. 72558  61780  53 
0.72614  55697  34 
0.72670  44062  23 

0.72726  26879  97 
0.72782  04155  34 
0. 72837  75893  12 
0.72893  42098  11 
0.72949  02775  09 

0. 73004  57928  87 
0. 73060  07564  24 
0.73115  51686  02 
0.73170  90299  00 
0. 73226  23408  01 

0^73281  51017  87 


0.67778  22953  77 
0.67838  87859  65 
0.67899  46841  90 
0.67959  99904  74 
0.68020  47052  41 

0.68080  88289  16 
0.68141  23619  25 
0.68201  53046  96 
0.68261  76576  55 
0.68321  94212  31 

0.^8382  05958  54 
0. 68442  11819  54 
0.68502  11799  62 
0.68562  05903  10 
0.68621  94134  31 

0.68681  76497  59 
0.%8741  52997  28 
0.68801  23637  73 
0. 68860  88423  31 
0.68920  47358  39 

0.68980  00447  34 
0. 69039  47694  55 
0.69098  89104  41 
0.69158  24681  33 
0.69217  54429  71 


0. 69276 
0. 69335 
0. 69395 
0. 69454 
0. 69513 


78353  97 
96458  54 
08747  85 
15226  33 
15898  44 


0. 69572  10768  63 
0.69630  99841  36 
0. 69689  83121  11 
0.69748  60612  34 
0.69807  32319  55 

0.69865  98247  21 
0.69924  58399  85 
0.69983  12781  94 
0.70041  61398  02 
0.70100  04^52  59 

C. 70158  41350  19 
0.70216  72695  35 
0.70274  98292  60 
0. 70333  18146  49 
0.70391  32261  58 

0. 70449  40642  42 

■  m 


•  1.57079  03287  96 


ERIC 
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212 

Tabb  4.14 


BLlOIENTARY  TRANaCBNDBNTAL  FUNCTIONS 
INVERSE  ClRCliUR  SINES  AND  TANGENTS 


«.900  1,11976  95149  99 

0,901  1,12206  91337  93 

0.902  1,12437  97886  21 

0,903  1,12670  16524  29 

0,904  1,12903  49026  45 

0,905  1,13137  97213  39 

0.906  1,13373  62953  9& 

0.907  1,13610  48166  99 

0.908  1,13848  54823  12 

0.909  1,14087  84946  83 

0.910  1,14328  40618  5^ 

0,911  1.14570  23976  58. 

0,912  1.14813  37219  91 

0.913  1,15057  82610  10 

0,914  U 15303  62474  12 

0.915  1,15550  79206  90 

0,916  1.15799  35274  19 

0.917  1,16049  33215  50 

0.918  1.16300  75647  25 

0.919  U 16553  65266  04 

0.920  1.16808  04852  14 

0,921  1,17063  97273  16 

0,922  1,17321  45487  95 

0.923  1.17580  52550  71 

0.924  1.17841  21615  31 

0,925  1,18103  55939  97 

0.926  L 18367  58892  09 

0.927  1,18633  33953  44 

0. 928  1. 18900  84725  71 

0. 929  1, 19170  14936  35 

0,930  1,19441  28444  77 

0.931  1.19714  29249  00 

0.932  1,19989  21492  75 

0.933  1,20266  09472  92 

0,934  1,20544  97647  69 

0,935  1.20825  ^0645  07 

0.9)6  1.21108  93272  10 

0.937  1,21394  1  0524  70 

0.938  1.21681  47598  22 

0,939  1,^1971  09898  74 

0.940/  1.22263  0)055  22 

0.94r  1,22557  )29)2  59 

0,942  1,22854  05645  81 

0.94)  1,2)15)  27575  05 

0,944  1,2)455  05)82  02 

0.945  1.2)759  46027  74 

0.946  1,24066  56791  62 

0. 947  1. 24)76  45292  24 

0.948  1,24689  19509  90 

0. 949  1. 25004  87811  06 

0.950 


aretan  x  x 

0.7)281  51017  87  0.950 

0.7)))6  7)1))  )8  0,951 

0.73)91  89759  )8  0,952 

0,7)447  00900  70  0.95) 

0.7)502  06562  16  0.954 

0.7)557  06748  62  0.955 

0.7)612  01464  89  0.956 

0.7)666  90715  84  0.957 

0,7)721  74506  )0  0.958 

0,7)776  52841  1)  >959 

0.7)8)1  25725  17  0.960 

-^,-7$885  9)16)  )a  0,961 

0,7)940  55160  36  0,962 

0,7)995  11721  22  (k96) 

0.74049  62850  76  0.964 

0.74104  0855)  8)  0.965 

0.74158  488)5  )2  0,966 

0.74212  8)700  10  0,967 

0,74267  1)15)  04  0.968 

0,74)21  )7199  05  0,969 

0.74)75  55842  99  0,970 

0.74429  69089  76  0.971 

0.7448)  76944  25  0,972 

0.745)7  79411  35  0.97) 

0.74591  76495  97  5,974 
*i  ■ 

0.74645  6820)  00  0.975 

0,74699  545)7  )5  0.976 

0.7475)  )550)  92  0.977 

0,74807  11107  62  0.978 

0.74860  81)5)  )6  0.979 

0,74914  46246  06  0,980 

0.74968  05790  6)  0.981 

0,75021  59991  99  0.982 

P,  75075  08855  06  0.983 

0.75128  52)84  76  0.9«4 

0.75181  90586  0)  0.985  , 

0,752)5  2)46)  79  0,986 

0.75288  51022  96  0.987 

0,75341  7)268  49  0.988 

0,75394  90205  30  0.989 

0,75448  01838  34  0.990 

0.75501  08172  55  0,991 

0,75554  09212  86  0.992 

0,75607  04964  22  0.99) 

0.75659  95431  57  0.994 

0.75712  80619  86  0.995 

0.75765  60534  05  0,996 

0.75818  35179  08  0.997 

0.75871  04559  90  0.998 

0.75923  68681  48  0,999 


aradn^r 

1,25323  58975  03 
1.25645  42223  06 
1.25970  47250  03 
1,26298  84259  28 
1, 266)0  64000  67 

1.26965  97812  42 
1.27304  97667  20 
1. 27647  76222  92 
1,27994  46878  88 
1,28)45  23838  00 

1,28700  22175  87 
1.29059  57917  69 
1.29423  48124  14 
1. 29792  10987  43 
1. 30165  65939  20 

1. 30544  33771  97 
1,30928  36776  35 
l.Jl)17  98896  52 
1,)171)  45907  19 
1. 32115  05615  54 

1. )252)  08092  80 
1,32937  85940  9) 
1, )))59  74601  02 
1,))789  12711  79 
1.  )4226  42528  47 


aretan  t 

0. 75976  27549  76 

0. 76028  81166  70 

0. 76081  2^540  28 

0.761))  72674  4) 

0. 76186  10574  14 


1.  54672 
1.  )5126 
1. 55590 
1.  56064 
1, )6549 

1, 57046 
1. )7555 
1, 58077 
1,)8614 
1,)9167 


10414  9) 
67425  45 
69996  85. 
80777  70 
69629  42 

14844  72 
04644  29 
)90))  )2 
)2129  70 
15119  16 


0,762)8 
0. 76290 
0,76)42 
0. 76)95 
0. 76447 

0. 76499 
0.7WS1 
0. 76603 
0. 76655 
0. 76707 


1.39737  40056  99 
1.40326  84832  96 
1.40937  59766  46 
1.41572  16538  31 
1.42233  60S57,98 

1. 42925  68994  70 
1.43653  14207  77 
44422  07408  32 
1. 45240  56012  67 
1.46119  69689  63 

1.47075  46131  83 
1.48132  37665  90 
1.49331  72818  71 
1.50754  02<79  20 
1. 52607  12396  26 


43244  37 
70690  08 
92916  23 
09927  81 
21729  78 

28327  11 
29724  78 
25927  75 
16941  02 
02769  55 


1.25323  58975  03 

[T] 

For  aretan  i,  i  >1  see  Kxample  22. 

arcain  r-J-l2(l 


0.75976  27548  76      1. 000    1.57079  63267  95 


[(-8,71 


J 


0.76758  83418  33 
0.76810  58892  33 
0.76862  29196  53 
0.76913  94335  92 
0. 76965  54315  49 

0.77017  09140  20 
0. 77068  58815  06 
0.77120  03345  05 
0.77171  42735  14 
0^77222  76990  34 

0.77274  06115  63 
0.77325  30116  01 
0.77376  48996  45 
0. 77427  62761  95 
0.77478  71417  51 

0. 77529  74968  12 
0. 77580  73418  77 
0. 77631  66774  45 
0.77682  55040  17 
0. 77733  38220  91 

0. 77784  16321  67 
0. 77834  89347  44 
0. 77885  57303  23 
0. 77936  20194  04 
0.  77986  78024  85 

0.  78037  30800  67 
0.78087  78526  49 
0. 78138  21207  32 
0. 78188  58848  15 
0.78238  91453  98 

0. 78289  19029  81 

0.  78339  41580  64 

0. 78389  59111  47 

0. 78439  71627  31 

0.78489  79133  14 

0. 78539  81633  97 

r(|)5] 


J-1.G7079  68267  96 


/(») 

1. 00421  42513  02 
1. 00412  90197  59 
1. 00404  38274  04 
1.00395  86742  15 
1. 00587  55601  »- 

1. 00378  84851  78 
1. 00370  34492  58 
1.00361  84523  57 
1.00353  34944  39 
1. 0p344  85754  69 

1. 00336  36954  10 

1. 00127  88542  28 

1. 00319  40518  88 

1.00310  92883  53 

1. 00302  45635  89 

1. 00293  98775  61 
1.00286  52302  33 
1.00277  0621S  71 
1. 00268  60515  39 
1.00260  15201  02 

1.00251  70272  25 
1. 00243  25728  74 
1.00234  81570  13 
1.00226  37796  07 
1.00217  94406  23 

1. 00209  51400  25 
1.00201  08777  78 
1.00192  66538  49 
1. 001B4  24682  01 
1.00175  83208  02. 

1.00167  42116  16 
h  00159  01406  08 
1.00150  61077  45 
1. 001^2  21129  93 
1.00133  91563  16 

1. 00125  42376  80 
1.00117  03570  52 
1.00108  65143  98 
1.  00100  27096  82 
1.00091  89428  72 

1.00083  52139  55 
1.00075  15228  31 
1.00066  78695  92 
1. 00058  42540  02 
1.00050  06762  08 

1.00041  71361  15 
1. 00033  36336  91 
1.00025  01689  01 
1.O0016  67417  11 
1.^0008  55920  89 

1.00000  00000  00 

m 
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KLEMKNTART  TRANSCENDENTAL  rUNOnOMB 


0.00 
0.01 
0.02 
0^09 

0.09 
0.06 
0.07 
0.00 
0.09 

0.10 
0.11 
0.12 
0.19 
0.14 

0,19 
0.16 
0.17 
0.10 
0.19 

0.20 
0.21 
0.22 
0.29 
0.24 

0.29 
0.26 
0.27 
0.26 
0.29 

0.90 
0.91 
0.92 
0.99 
0.94 

0.99 
0.96 
0.97 
0.90 
0.99 

0.40 
0.41 
0.42 
0.49 
0.44 

I1.49 
0.46 
0..47 
0.40 
0.49 

0.90 


linh  « 
0.00000  0000- 
0.01000  0107 
0.020m999 
OJ»0OO  4900 

^^-^  "~  


HYPEilBOUC  FUNCTIONS 


0.09002  0096 
0.06009  6006 
0.07009  7101 
0.08000  9961 
4.09012  1949 


coih  0 
1.00000  0000 
L 00009  0000 
1.00020  0007 
'  00049  0094 


0. 10016  6790 
0. 11022  1960 
0.  UNO  0207 
0.19096  6476 
0.14049  7782 

0.19096  9199 
0.16060  9941 
0. 17002  0017 
0.10097  9976 
0.19114  9292 

0.20199  6009 
0.21194  6907 
0.22177  0966 
0.29209  9204 
0.24291,0649 

0.29261  2917 
0.26299  9290 
0.27929  2478 
0.  20967  9099 
0. 29408  1960 

0.90492  0299 
0. 91490  9079 
0. 92940  9964 
0. 99602  2190 
9.94698  8694 

0. 99710  9729 
0.96702  6944 
0.97090  0142 
0r90921  1990 
0.99996  1960 

0.41079  2926 
0.42198  9767 
0. 49249  7960 
0.44997  4214 
0.49499  9999 

0.46994  2017 
0.47699  9170 
0.48749  9962 
0.49064  9909 
0.90904  4919 

0.92109  9909 

m 


i.oon9,e260 

1.00180s0940 
L 00249  1001 
L 00920  1707 
L 00409  2794 

Iw 00900  4160 
1.00609  6109 
1.00720  8644 
1.00046  1907 
1.00901  6017 

,1.01127  1110 
1.01202  7990 
1.01448  4894 
1.01624  9707 
L 01010  4966 

1.02006  6796 
1; 02219  1199 
1^02429  7764 
1.02696  6006 
L 02099  0906 

1.W141  9100. 
1.09999  0096 
1.09667  1979 
1. 09949  6777 
1.04294  9920 

U04999  0914 
-1.04049  6099 
L 09169  0401 
1. 09^94  9991 
L 09099  0997 

1.06107  7019 
1.06990  2070 
1.06929  4479 
1.07907  2999 
1.07701  0894 


L 00107 
L 00929 
L 00990 
1.09900 
1.09097 


2972 
4010 
4100 
9909 
1020 


L 10297  OU*? 
1.10767  0019 
1. 11249  0291 
1.11742  0097 
1.12247  1907 

1.12762  9969 

m 


0.00000  000 

0.00999  967 
0.01999  799 
0.02999  100 
0^09997^ 

0.04999  OS 
0.09992  01 
0.06988 
0.07902 
0.00979  779 

0.V9966  000 
0..10999  047 
0.11942  790 
0.12927  298 
0.19909  249 


0.14000  909 
0.190M  090 
0.16090  109 
0.17000  007 
0.10774  621 


0.19797  992 
0.20696  690 
0.21691  806 
0.22602  099 
0.  29949  979 

0.24491  066 
0.29429  999 
0.26962 '404 
0^27290*900 
0.20219  481 

0.29191  261 
0.90049  710 
0.90990  692 
0.91092  070 
0.92747  740 

0.99697  994 
0.94921  409 
0.99999  171 
0.96270  747 
0.97196  029 

0.97994  096 
0.98847  268 
0.99699  049 
0.40992  191 
0.41964 


0.42109  901 
0.49000  421 
0.49019  992 
0.44624  961 
A  49421  649 

0. 46211  716 

m 


Table  4.15 

coth  9 
  « 

100.00999  39 
90.00666  69 
99.94999  27 
29.01999  19 


20.01666  99 
16.60666  19 
14.90904  00 
12.92669  99 
1;. 14109  49 

"-1^09991  11 

t 12794  62 
97929  90 
7.79999  29 
7.10946  29 


6.71699  10 
6.90924  29 
9.99091  07 
9.61942  64 
9.92699  99 


9.06640  96 
4.09169  90 
4.61099  29 
4.42422 
4.24636 


37 
11 


4.08298  02 
3.93243  24 
3.79326  93 
3.  66427  77 
3.94440  49 

9.49279  04 
9.92040  98 
9.29094  99 
9.19991  26 
9.09964  99 

2.97206  77 
2.09679  36 
2.02492  49 
2.79704  28 
2.69280  32 

2.63193  24 
2.97410  36 
2.91999  92 
2.46717  09 
2.41799  92 

2.97029  99 
2.92912  60 
2.20206  66 
2.24092  04 
2.20199  96 

2.16399  94 


For  eoth  T.  f  £  .1  tne  4.S.67. 
Compilation  of  tonh  t  and  eoth' «  from  National  Bureau  of  Staadarda,  Table 
of  droilar  and  hyporbolie  taagMiti  and  eotaaaoits  for  radian  aisuments,  2d 
printing.  Columbia  Univ.  fim,  New  York,  N.Y.,  1947  (with  penniMioo). 
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Table  4.1S 


■UmMTABT  TRAMBCENDBMTAL  FDNOnONS 
HYPBRBOLlC  FlINCnONS 


0.S0 
0.51 
Q.S2 
0.93 
0.M 


0.52109  5905 
0.59299  7808 
0.94975  9991 
0.99916  9M9 
0.96M2  9909 


0.99  0.97819  1604 

0.96  0.9897il718 

0.97  0.60197  0806 

0.98  0.61907  0092 
0.99    '    0.62483  0969 

0.60  Ml»  69669  9582^ 

0.61  0.64894  0269 

0.62  0.66049  1802 

0.69  0.67290  9989 

0.64  0.6M99  4228 

0.69  0.69674  7926 

0.66  '  0.70897  0900 

0.67  0.72126  4971 

0.68  0.79969  0970 

0.69  0.7il606  9792 

0.70  0.79898  9702 

0.71  0.77117  9591 

0.72  0.78984  0477 

0.79  0.79658  5809 

0.74  0.809^1  0799 

0.75  0.82291  6792 

0.76  0.89590  4897 

0.77  ,  0.84897  6599 

0.78  0.86159  9127 

0.79  0.87477  5815 

0.80  0.88810  5982 

0.81  0.90152  4960 

0.82  0.91509  4092 

0.89  0.92869  4727 

0.84  0.94292  8227 

0.85        0.95611  5960 

0.86  0.96999  9906 
0.87       0.98997  9652  / 

0.88  0.99805  8997  / 
0.89       1.01229  6949  / 

0.90  1.02651  6726 
0.91  1.04089  9159 
0.92t  1.05598  5674 
0.99  1.06997  7794 
0.94        1.08467  6791 

0.95  1.09948  4918 
0.96  1,11440/1794 
0.97  1.12949  0711 
0.98  1.14497  2972 
0.99        1.199^  8891 

1.00       1.17420  1194 

tn 


1.127tt  9965 
1.19289  9987 
L 19827  4099 
L 14976  8699 
1.14997  7997 

^.19910  1414 
1.16094  0782 
L 16689  6245 
1.17296  8999 
1.17915  7850 

1.18946  9218 
1.19189  1194 
1.19849  6240 
1.20910 
1.  21188  6692 

1.21^79  9909 
1.22982  1894 
1.2n07  2949 
1.24024  7962 
1.24764  9801 

1.29916  9906 
L 26281  7728 
1.27059  2799 
L 27849  4799 
1.28652  4719 

1.29468  9289 
1.90297  1924 
1.9119t  9661 
1.919M  9198 
1.92862  0611 

4946 

^  98,3026 
95546'  5746 
96468  4019 
97409  8750 

1.98959  0892 
1.99916  1988 
1.40299  1201 
1.41284  1909 
1.  42289  2702 

L 49908  6985 
1.44942  9979 
L 49990  4716 
1.46499  1444 
1.47990  4627 

1.48622  9941 
L 49729  4680 
1.90891  9749 


1.91988 
,99140 


9670 
9982 


tanbs 


716 
920 


0.46211 
0.46994 
0.47770  001 
0.48598  109 
0.49298  797 


0.90092  021 
0.90797  749 
0,91999  928 
0.92266  949 
0.92989  961 

0.99704  997 
0.94412  710 
0.99112  809 
Or 99809  222 
0.96489  999 

0.97166  997 
0.97896  941 
0.98497  988 
0.99131  940 
0.99798  200 

0.60436  778 
0.61067  683 
0.61690  930 
0.62306  939 
0.62914  916 

0.63914  895 
0.64107  696 
0.64692  945 
0.69270  671 
0.69840  904 

0.  66403  677 
0.66999  026 
0,67906  987 
0.68047  601 
0. 68980 «^ 

0.69106  947 
0.  J9629  767 
0.70137  413 
0.70M1  932 
0.71139  373 


0.71629  787 
0.72113  229 
1.72989  742 
1.73099  390 
0.73922  229 


0.79978  909 
0.74427  687 
0.74870  429 
0.79906  991 
0.79736  292 


1.94908  0699  0.76 


0.76199  416 


eoths 

2.16995  94 
2.12790  77 
2.09996  40 
2.06029  68 
2.02844  71 

1.99792  19 
1.96899  14 
1.94099  99 
1.91926  98 
1.88716  42 

1.86202  9S 
1.89780  99 
1.81446  04 
1.79194  70 
1,77022  62 

1.74926  10 
1;  72901  67. 
1.70946  09 
1.69096  16 
1.67229  11 

1,69462  16 
1.  69792  79 
1.62098  98 
1.60496  81 
1.98949  89 

1.97449  98 
L 99987  91 
1.94976  96 
L 99208  17 
1.91881  27 

1.90994  07 
1.49949  06 
1.48192  81 
1.46999  99 
1.49819  18 

1.44709  29 
,1.49624  99 
1.42977  26 
1.41998  98 
L 40969  19 

1.99606  79 
1.98670  82 
L 97760  91 
1.96874  99 
L 96019  29 

1.99174  76 
1.94958  60 
1.99964  08 
1.32790  90 
1.92097  aO 

1^91909  99 


IIillfllfrABT  TRANliCINDKMTAL  VUNOnOKB 


mmaoouc  functions 


1.17S20  IIM 
1.1906^  1018 
1. 20429  9912 
1.22202  9497 
1.29788  1166 

1.25989  6684 
1.26999  7989 
1.28618  9491 
1.90294  2019 
L  91902  8789 

1*99964  7470 
1.99299  9717 
1.96928  7204 
1.98691  1621 
1.40947  4672 

1.42077  8070 
1.49822  9948 
L 49981  2849 
1.47994  t792 
1.49142  9972 

1.90946  1)99 
1.92764  9687 
1.94997  8789 
1.96446  8479 
1.98911  4629 


1.60191 
1.62088  9790 
1.64001  0470 
1.69990  1219 
1.67879  7886 

1.69898  2497 
L 71817  6828 
1.79814  9098 
1.79828  9069 
L 77899  8918 

1.79909  269S 
1.81976  6262 
1.84062  1868 
L 86166  1997 
1.88288  7974 

1.90490  1901 
1.92990  6060 
1.94770  9212 
1.96969  9199 
L 99188  4029 

2.01427  2114 
2.09686  1627 
2.09969  4828 
2.08269  9996 
2.10986  1492^ 

2.12927  949^ 


1.94908  069S 
1.99490  9997 
1.96689  4892 
1.97909  6998 
1.99199  9848 

1.60979  4494 
1.61641  9400 
1.62919.4009 
1.64219  7998 
L 65524  9289 

1. 66891  «94 
1.68199  8678  ^ 
1.69556  6999 
1.70994  4878 
1.72929  9694 

1.79741  4840 
L 75170  9728 
1.76617  9790 
1.78082  6471  . 
1.79565  1296 

1.81065  5567. 
1.82984  0966 
1.84120  8990 
1.89676  1097 
L  87249  8841 

1.88842  9877 
1.90499  7797 
1.92084  2092 
1.99799  8919 
1.99482  8669 

1.97091  4290 
1.98799  6884 
2.00927  8940 
2.02276  0924 
2.04044  4987 

2.05899  2896 
2.07642  7099 
2.09472  8828 
2.11924  0090 
2.19196  2679 

2.19089  8469 
2.17004  9944  / 
2.18941  7229  / 
2.20900  4097 
2.22881  1788^ 

2.24884  240} 
,2.26909  7902 
,28998  0919 
J1029  U 
»9129  4087 


0.76199  416 
0.76976  202 
0.76986  654 
0.77990  894 
0.77788  807 

0.78180  696 
0.78966  986 
0.78946  122 
0.79919  910 
0.79687  814 

0.80049  902 
0.80406  299 
0.80796  892 
0.81101  926 
0.81441  409 

0.81779  408 
0.82109  988. 
0.82427  217/ 
0.82745  161// 
0.89057  887/ 

0.89969 
0.89667 
0.89969 
0.84297 
0.84545, 


167  225 


0^87405  929 
jO.  87699  907 
^.87869  219 
0.88099  127 
0.88)17  089 

0.88595  165 
0.88749  419 
0.88959  892 
0.89166  660 
0.89969  779 

0.89969  287 
0.89769  260 
0.89997  745 
0.90146  799 
0.90992  474 


0.90514  825 

;<-«)«] 


Tal|ie4.IS 

1.91909  59 
1.90588  87 
1.29892  64 
1.29214  27 
lV?85S9  20 

1^27908  91* 
i; 27280  90 

,26071  75 
,25489  70 

,/l.249^ri8 
'  1.24968  46 
1.29828  44 
1.29901  69 
1.22787  66 

1.22286  15 
1.21796  76 
1.21919  19 
1.^0852  99 
1.20997  96 

L 19959  79 
1.19920  08 
1.19096  65 
1.18689  19 
1.18279  42 

1.17885  10 
L 17499  96 
1.17129  77 
1.16751  29 
1.16997  29 

1.16046  55 
1.15709  86 
1.19969,01 
1.19041)79 
1.14722  02 

.  ^4409  50 
1. a41Q4  05 
1.19809  50 
1.19519  66 
1.19228  97 

1.12949  47 
1.12676  80 
1.12410  21 
1.12149  54 
1.11894  66 

1.11645  41 
1.11401  67 
1.11169  90 
1.10990  17 
1.10702  16 

1.10479  14 

m 
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iUMBMTA^T  TBANBOINDBMTAL  FCNGnom 


T«Mf.4.1f 


HYFBRBOUC  FUNCTIONS 


1.50 
1.S1 
1.S2 
1.59 
1.54 

1.5? 
1.56 
1.57 
1.58 
1.59 

1.60 
1.61 
1.62 
1.63 
1.64 

1.65 
1.66 
1.67 
1.6S 
1.69 

1.70 
1.71 
1.72 
1.79 
1.74 

1.75 
1.76 
1.77 
1.78 
1.79 

1.80 
1.81 
1.82 
1.89 
1.84 

1.85 
1.86 
1.87 
188 
1.89 

1.90 
1.91 
1.92 
1.99 
1.94 

1.95 
1.96 
1.97 
1.98 
1.99 

2»00 


dub* 

2.12927  9455 
2.15291  0408 
2.17675  6654 
2.20082  0577 
2.22510  4585 

2.24961  1104 
2.27494  2587 
2.29990  1506 
2.92449  0957 
2.94991  1658 

2.97596  7959 
2.40146  1807 
2.42759  5809 
2.45997  2572 
2.48059  4795 

2.50746  4999 
2.59458  5992 
2.56196  0966 
2.58959  0998 
2.61748  0591 

2.64569  1994 
2.67404  7849 
2.70279  1158 
2.79168  4749 
2.76091  1511 

2.79041  4966 
2.62019  6265 
2.85026  0186 
2. 88060  9196 
2.91124  6148 

2.94217  4288 
2.«7999  6648 
9.00491  6949 
9. 09679  6545 
9.06886  0417 

9.10129  1178 
9.19409  2071 
9. 16708  6969 
9.20045  7970 
9.29414  8496 


9.26816 
9.9(tt50 
9. 99717 
9.97218 
9.40752 

9.44«0 
9.47929 
9. 51560 
9.55299 
9.58941 


2912 

4206^ 

575f 

1029 

99l6 

6754\. 
4922  ^ 
9816 
6874 
9168 


Midi* 

2.95240  9615 
2.97982  0986 
2.99546  8941 
2.41795  6245 
2.49948  9686 

2. 46189  9078 
2.48447  8698 
2.50794  6618 
2.59046  5495 
2.59989  7270 

Is 

2.97t46  4471 
2.60194  9421 
2.62949  4608 
2.64990  2146 
2.67497,4777 

2.69951  4868 
2.72472  4912 
2.75020  7491 
2.77596  4974 
2.80200  0115 

2.82691  5458 
2.85491  H95 
2.88179  7906 
2.90896  9159 
2.99649  1912 

2.96418  8910 
2.99224  1129 
9.02059  9175 
9.04924  7289 
9.07620  6918 

9.10747  9176 
9.19705  0785 
9.16694  2100 
,  9.19715  0119 
9.  22767  7844 

9.29892  6944 
9.28970  4701 
9.92121  0091 
9.99904  7484 
9..96522  0245 

9.41779  1991 
9.49098  4999 
9.48978  2716 
9.51792  9220 
9.55122  7460 

9.98948  0626 
9.62009  2749 
9.69506  6672 
9.69040  6111 
9.72611  459i 


9.62696  0408  9.76219.5691 


0.9flll4  825 

0.91042  459 
0.91212  097 

0.91976  949 
0.91542  046 
0.91702  576 
0.91860  189 
0.92014  999 

0.92166  855 
0.92916  009 
0.92462  422 
0.92606  158 
0.92747  257 

0.92885  762 
0.99021  718 
0.99155  168 
0.99286  155 
0.99414  721 

0.99540  907 
0.99664  754 
0.99786  909 
0.99905  S99 
0.94022  664 

0.94197  554 
0.94250  901 
0.94960  942 
0.94469  516 

0.'94S76  057 

0.94680  601 
0.94789  185 
0.94869  842 
0.94962  608 
0.95079  514 

0.95174  596 
0.95267  684 
0.95959  412 
0.95449  211 
0.95597  912 

0.99629  746 
0.99708  542 
0.95791  791 
0.95679  941 
0.95959  401 

0.96091  999 
0.96108  969 
0.96164  561 
0.96258  698 
0.96991  422 

0.96402  758 

m 


oothx 

1.10479  14 
1. 10260  99 
1.10047  60 
1.09898  86 
1.09694  65 

1.09494  87 
1.09299  42 
1.09046  19 
1.08661  09 
1.08678  01 

1.08496  67 
1.08929  58 
1.08152  04 
1.07964  18 
1.07819  90 

1.07659  19 
1.07501  78 
1.07947  77 
1.07197  04 
1.07049  51 

1.06905  10 
1.06769  75 
1.06625  98 
.1.06469  99 
1.06957  94 

1.06227  Si 
1.06100  46 
1.05976  05 
1.05854  25 
1.05795  01 

1.05618  26 
1.05509  95 
1.05992  02 
1.05262  49 
1.05175  19 

1.05070  (A 
1.04967  17 
1.04866  42 
1.04767  76 
1.04671  15 

1.04576  $9 
1.04489  86 
1.04999  14 
1.04904  26 
1.04217  25 

1.04192  02 
1.04048  55 
1.09966  79 
1.09866  72 
1.09608  29 

1.09791  47 

m 


229 


BLBMIMTART  TRAN8CBNDBMTAL  FUNCnONB 

HYPERBOLIC  FUNCTIONS 


217 


sinhx 


2.0  3.62686  0408 

2.1  4.02185  6742 

212  4.4maMn 

2.3  4.93696  1806 

2.4  5.46622  9214 

.2.5  6.05020  4481 

2.6  6.69473  2228 

2.7  7.40626  3106 

2.8  8.19191  83$4 

2.9  9.05956  1075 

3.0  10.01787/4927 

3.1  11.07649  1040 

3.2  12.24588  3997 

3.3  13.531B7  7877 

3.4  14.96536  3389 

3.5  16.v64262  7288 

3.6  18^28545  5361 
3.  7  20.21129  0417 

3.8  22.33940  6861 

3.9  /24. 69110  3597 

27.28991  7197 

4. 1/  30. 16185  7461 
33.33566  7732 
36.84311  2570 

(.4  40.71929  5663 

4.5  45.00301  1152 

4.6  49.73713  1903 

4.7  54.96903  8588 

4.8  60.75109  3886 

4.9  67.14116  6551 

5.0  74.20321  0578 

5.1  82.00790  5277 

5.2  90.63336  2655 

5.3  100.16590  9190 

5.4  110.<a0094  9812 

5.5  122.34392  2746 

5.6  135.21135  4781 

5.7  149.13202  7501 

5. 8  165. 14826  6177 

5.9  182.51736  4210 


'  ooshx 

3.76219  5691 
4.14431  3170 
4.4679a^329^ 


5.03722  0649 
5.55694  7167 

6.13228  9480 
6. 76900  5807 
7.47346  8619 
8.25272  8417 
9. 11458  4295 

10. 06766  1996 
11. 12150  t)242 
12.28664  6201 
13.57476  1044 
14.99873  6659 

16.57282  4671 
18.31277  9083 
20.23601  3943 
22.36177  7633 
24.  71134  5508 

27.30823  2836 
30. 17843  0136 
33.35066  3309 
36.85668  1129 
40.73157  3002 

45.01412  0149 
49.74718  3739 
54.97813  3865 
60. 75932  3633 
67.14861  3134 

74.20994  8525 
82.01400  2023 
90.63887  9220 
100.17090  0784 
110.70546  6393 

122.  34800  9518 

135.21505  2645 

149.43537  3466 

165.15129  3732 

182.52010  3655 


0.96402  75801 
0.97045.19366 
0.97574  31300 


6.0    201.71315  7370    201.71563  6122 


0.98009  63963 
0.98367  48577 


0.98661 
0.98902 
0.99100 
0.99263 
0.^9396 

0.995P5 
0.99594 
0.99668 
0.99728 
0.99777 


42982 
74022 
74537 
15202 
31674 

« 

47537 
93592 
23978 
29601 
49279 


0.99817  78976 
0.99850  79423 
0.99877  82413 
0.99899  95978 
0.99918  08657 

0.99932  92997 

0.99945  08437 

0.99955  03665 

0.99963  18562 

0.99969  85793 


0. 99975 
0. 99979 
0.99983 
0.99986 
0.99988 


32108 
79416 
45656 
45517 
91030 


0.99990  92043 
0.99992  56621 
0.99993  91369 
6.99995  01692 
0.99995  92018 

0.99996  65972 
0.99997  26520 
0.99997  76093 
0.99998  16680 
0.99998  49910 


Table  4.1S 


cothx 


1.03731 
1.03044 
1.02485 


47207 
77350 
M932 


0.99998  77117 

•(-4,.-j 


1. 02030 
1.01659 


78022 
60756 


1.01356  73098 
1.01109  43314 
1.00907  41460 
1.00742  31773 
1.00607  34973 

1.00496  98233 
1.00406  71152 
1.00332  86453 
1. 00272  44423. 
1.00223  00341 


1. 00182 
1.00149 
1. 00122 
1. 00100 
1. 00081 


54285 
42872 
32532 
14040 
98059 


1.00067  11504 
1.00054  94581 
1.00044  98358 
1.00036  82794 
1. 00030  15116 

1.00024  .68501 
1.00020  20992, 
1. 00016  SAbltt 
1.00013  54666 
1. 00011  09093 

1.00009  08040 
1. 00007  43434 
1. 00006  06668 
1. 00004  98333 
1.00004  07998 

1.00003  34040 
1.00002  73488 
1.00002  23912 
1.00001  83323 
1.00001  50092 


1.00001  22885 
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2'8 


ELSMENTABT  TRANSCENDENTAL  KUNCTIONB 


TaMe  4.1S 

s  atnhx 

^0  201.71315  7370 

6.1  222.92776  3607 

6.2  246.37350  5831 
6.32Tg.28503  6911 
.^"^  300#  92X68 — SI  57 

6.5  332.57006  4803 

6.6  367.54691  4437 

6.7  406.20229  7128* 

6.8  448.92308  8938 

6.9  496.13685  3910 

7.0  548.31612  3273 

7.1  605.98312  4694 

7.2  669.71500  8904 

7.3  740.14962  6023 

7.4  817.99190  9372 

7.5  904.  02093  0686 

7.6  999.09769  7326 

7.7  1104.17376  9530 

7.8  1220.30078  3945 

7.9  1348.64097  8762 

8.0  1490.  47882  5790 

8.1  1647.23388  5872 

8.2  .1820.47501  6339 

8.3  2011.93607  2653 

8.4  2223.53326  1416 

8.5  2457.38431  8415 

8.6  2715.82970  3629 

8.7  3001.45602  5338 

8.8  3317.12192  7772 

8.9  3665.98670  1384 

9.0  4051.54190  2083 

9.1  4477.646)9  5908 

9.2  4948.56447  8052 

9.3  5469.00955  8370 

9.4  6044.19032  3746 

9.5  6679.86337  7405 

9.6  7382.39074  8924 

9.7  8158.80356  8366 

9.8  9016.87243  6188 

9.9  9965.18519  4028 


HYPERliOLIC  FUNCTIONS 


eo8h« 
201. 71563  6122 
222.93000  6475 
246. 37553  5262 
272.28687  3215 
300.  92334  9715 

332. 57156  8242 
^67.54827  4805 
406.20352  8040 
448.92420  2713 
496. 13786  1695 

548. 31703  5155 
605.98394  9799 
669.71575  5490 
740.15030  1562 
817.99252  0624 

904.02148  3770 
999.09819  7778 
1104. 17422  2357 
1220.30119  3680 
1348.64134  9506 

1490.47916  1252 
1647.23418  9411 
1820.47529  0993 
2011.93632  1170 
2223.53348  6284 

2457.384S2  1884 
2715.82988  7734 
3001.45619  1923 
3317.12207  8505 
3665.98683  7772 

4051.54202  5493 
4477.64640  7574 
4948.56457  9892 
5469. 00964  9795 
6044.19040  6471 

6679.86345  2257 
7382.39081  6653 
8150.80362  9649 
9016.87249  1640 
9965.18524  4202 


10.0    11013.23287  4703    11013.23292  0103 


0.99998  77117 
0; 99998  99391 
0. 99999  17629 
0.99999  32560 
0.99999  44785 

0.99999  54794 
0.99999  62988 
0.99999  69697 
0.99999  75190 
0,99999  79687 


0.99999 
0.99999 
99999 
0.99999 
0*99999 


03369 
06384 
00852 
90873 
92527 


0.99999  93882 
0.99999  94991 
0.9<)999  95899 
0.99999  96642 
0.99999  9.7251 

0.99999  97749 
0.99999  90157 
0.99999  98491 
0. 99999  98765 
0.99999  9^989 


0.99999 
0.99999 
0.99999 
0. 99999 
0.99999 

0.99999 
0.99999 
0.99999 
0.99999 
0.99999 

0.99999 
0.99999 
0.99999 
0.99999 
0.99999 


99172 
99322 
^9445 
99546 
99628 

99695 
99751 
99796 
99833 
99863 

« 

^9888 
99908 
99925 
99939 
99950 


0.99999  99959 


■ooth  X 
1.00001  22885 
1.00001  00610 
1.00000  82372 
1.00000  67441 
1.00000  55216 

1.00000  45207 
1.00000  37012 
1.00000  30303 
1.00000  24810 
1.00000  20313 

1.00000  16631 
1. 00000  13616 
1.00000  11148 
1.00000  09127 
1.00000  07473 


1. 00000 
1. 00000 
1. 00000 
1.00000 
1. 00000 


06110 
05009 
04101 
O33S0 
02749 


1.00000  02251 
1.00000  01043 
1.00000  01509 
1.00000  01235 
1.  OOOPO  01^11 

1.00000  00828 
1.00000  00678 
1.00000  00555 
1. 00000  00454 
1. 00000  00372 

1.00000  00305 
1.00000  00249 
1.00000  00204 
1. 00000  00167 
1. 00000  00137 

1.00000  00112 
1.00000  00092 
1.00000  00075 
1.00000  00061 
1.00000  00050 

1. 00000  00041 


For  9»0,  sinh  «-ooah       e».  For  «>10,  tanh  at-l -20-«»,  ooth  «'wl+2e-«»  to  lOD. 
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ILEMEMTABT  TBAMBOBNOBMTiL  FUNCHONS 
!  EXPONENTIAL  AND  HYPEBBOUC  FUNCTIONS  FOR  THE  ARGUMENT  «« 


0.00 
0.01 
0.02 

1i.04 

0.05 
0.06 
0.07 
0.08 
0.09 

0.10 
0.11 
0.12 
0.15 
0.14 

0.15 
0.16 
0. 17 
0.18 
0.19 

0.20 
0.21 
0.22 
0. 23 
0.24 

0.25 
0.26 
0.27 
0.28 
0.29 

6.50 
0.51 
0.32 
0.55 
0.54 

0.55 
0.56 
0.37 
0.58 
0.59 

0.40 
0. 41 
0.42 
0.43 
0.44 

0. 45 
0.46 
0.47 
0.48 
0.  ^9 

0.50 


1.00000  00000 

1.05191  461S5 

1.06484  77755 

1.09885  19805 
1.15590 


1.17008 
1.20745 
1\24596 
M8575 
1. 5^676 

1.56^0 
1.41280 
1.4S7I 
1.50441 
1.^^245 


07803 

8787S 
17210 
64599 
09795 
45892 

77706 
25184 
15610 
94029 
5694 


1.60197  76515 

1.65510  41518 

1.70586  25548 

1.76050  42750 

1.81648  57088 

1.87445  60876 

1.95427  86525 

1.99601  05910 

2.05971  22948 

2. 12544  72205 

2.19528  00507  ' 

2.26527  77598 

2.55550  95782 

2.41004  62616 

2.48696  19609 

2.56655  25952 

2.64825  59064 

2.75275  55366 

2.81996  81081 

2.90996  65054 

5.00285  67606 

5.09867  11487 

5.19756  40581 

5.29961  50645 

3.40491  89460 

5.51558  56245 

3.62572  05579 

3.74145  58285 

5.86084  02496 

5.98405  74810 

4.11120  71429 

4.24241  47575 

4.57780  97717 

4.51752  58864 

4.66170  09875 

4.81047  73810 


1.00000 
0.96907 
0.95910 
0.91005 
0.88191 

0.85463 
0.82820 
0.80258 
0.77776 
0.75571 


00000 
24265 
15674 
72407 
15785 

59992 
41813 
985S5 
76792 
32120 


0.75040  26910 
0.70781  51080 
0.68592  21659 
0.66470  82576 
0.64415  04440 

0.62422  84536 
0.60492  25628 
0.58621  57756 
0.56808  36059 
0.55051  41585 

10.55548  80911 
0.51698  85988 
0.50099  95958 
0.485(0  4700 
0.47048  9i  " 


001 

17i| 


0.45595  81278 
0.44185  70677 
0.42817  21192 
0.41492  97945 
0.40209  70227 

0.58966  11574 
0.57760  98638 
0.5659)  13069 
0.55461  59595 
0.54564  65907 

0.55501  845S5 
0.52271  89855 
0.51275  88681 
0.50506 
0.29369 


58385 

n 


474 


0.28460  95455  , 
0.27580  72607  ^ 
0.26727  72115 
0.25901  09757 
0.25100  05946 

0.24525  75614 
0.2)571  48158 
0.22842  47266 
0.22136  01040 
0.21451  59751 

0.20787  95764 


ainh 

0. 00000 
0.05142 
0.06287 
0.09458 
0.12599 

0.15772 
0.18961 
0.22168 
0.25390 
0.28652 


00000 
10945 
52029 
75698 
47010 

63942 
57699 
85022 
16502 
56886 


['-.*'] 


0.51955  25398 
8.35249  46052 
0.38598  45975 
0.41985  55727 
0.45414  09627 

0.48887  46088 
0.52409  07945 
0.55982  42796 
0.59611  03546 
0.63298  47755 

0.67048  59982 
0.70861  50169 
0.74750  54976 
0.78710  57973 
0.82747  90015 

0.86867  09615 
0.91072  05361 
0.95366  86295 
0.99755  82556 
1.04245  24691 

1.08855  56289 

1.15551  50215 

1.18541  10148 

1.25267  70845 

1.28515  98575 

1.55490  91626 
1.58797  60787 
1.44241  29850 
1.49827  56129 
1.55561  50995 

1.61448  80405 

1.67495  65486 

1.75707  85085 

1.80091  46570 

1.86652  85452 

1.95598  47907 
2.00554  99617 
2.07469  25226 
2.14808  28912 
2.22559  35071 

2.30129  89025 

^(-4)31 


1.00000  80000 
1.00049  55208 
1. 00197  45704 
1.00444  46105 
1. 00790  60795 

1. 01256  25955 
1.01781  79512 
1.02427  81577 
1. 05174  95294 
1.04025  89006 

1.04975  52308 
1.06030  77152 
1.07190  67654 
1.08456  38503 
1.098?9  14067 

1.11510  50425 
1.12901  55575 
1.14605  80552 
1.16419  59405 
1.18349  89555 

1.20397  20895 
1.22565  56157 
1.24850  48954 
1.27260  84975 
1.29796  82190 

1.52460  90895 
1. 55255  74058 
1. 38184  07487 
1.41248  80280 
1.44452  94918 

1.47799  67665 
1.51292  28851 
1.54934  25218 
1.5ii729  10258 
1.62680  64481 

1.66792  75980 
1.71069  50620 
1.75515  10551 
1.80155  94514 
1.84950  58467 

\.  89909  75838 
1.95076  58093 
2.00455  55198 
2.05992  36127 
2.11752  89578 

2.17722  25522 
2.23906  47756 
2.50511  72491 
2. 56944  29952 
2.45810  74802 

2.50917  84787 


0.00000  00000 
0.03140  55952 
0.06274  93000 
0.09396  97111 
0.12500  65906 

0.15580  05292 
0.18629  43856 
0.21645  36952 
0.24616  60454 
0.27544  21974 

0.50421  61929 
0.53244  55750 
0.36009  15776 
0.38711  92855 
0.41349  76928 

0.43919  97^77 
0.46420  24748 
0.48048  66<I06 
0.51205  691)75 
0.53484  lt>57 

0.55689  53)69 
0.57818  66>85 
0.59872  051 
0.61849  64181 
0.65751 

0.65579  42b26 
0.67555  21140 
0.69014  3U83 
0.70624  19055 
0.72164  15276 

0.75655  85995 
0.75041  05695 
0.76581  50706 
0.77659  17513 
0.78876  00021 

0.80055  99953 
0.81155  21279 
0.82181  70068 
0.85175  52875 
0.84118  75745 

0.85015  45259 
0.85861  57589 
0.86665  17947 
0.87426  19762 
0.88146  54241 

0.88828  07899 
0.89472  62194 
0.90081  95236 
0.90657  71557 
0.91201  U950 


0.91715  25557 


Compiled  from  British  Atfodation  for  the  Advancement  of  Sdoiee,  Mathematieal  TUt^ice,  vol*  h  Cimular  and 
hyperbolic  funetione,  eiponential.  litie  and  eomne  integrals*  faetorial  function  and  allied  funettona,  Hermitian 
probability  functions,  3d  ed.  Cambridge  Univ.  frm,  Cambridge,  England,  1961  (with  permiiBion).  Known 
errors  have  been  coneeted. 
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ELBMBMTARY  TRAMSCBNDBNTAL  TDNOnONS 


TiiM«4.16       EXPONENTIAL  AND  HYPERBOUC  FUNCTIONS  FOR  THE  ARGUMENT  ts 


0.50 
0.S1 
0.S2 
0.S3 
0.54 

0.55 
0.56 
0.57 
0.58 
0.59 

0. 60 
0.61 
0.62 
0.63 
0.64 

0.65 
0.66 
0.67 
0.68 
0.69 

0.70 
0.71 
0.72 
0.73 
0.74 

0.75 
0.76 
0.77 
0.78 
0.79 

0.80 
0.81 
0.82 
0.83 
0.84 

0.85 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91 
0.92 
0.93 
0.94 

0.95 
0.96 
0.97 
0.98 
0.99 

1.00 


4. 8104 
,4.96401 
•5.1224; 

5.28591 


73810 
19160 
61276 
63869 


5.45460  40558 

5. 6266B  56460 
5.80832  29831 
5. 99369  33767 
6. 18497  97951 
6.38237  10460 

6.58606  19627 
6. 79625  35967 
7,01315  34158 
7.23697  55091 
7. 46794  07985 


7.  70621 
7.952M 
S. 20601 
8. 4679( 


72563 
01304 
21768 
38986 


8.  73815  37941 

9.01702  86109 
9.30460  36103 
9. 60176  28381 
9.90819  94054 
10.22441  57779 

10.55072  40742 
10.88744  63743 
11.23491  50371 
11.59347  30285 
11.96347  42604 

12. 3452^1  39392 
12.73927  89270 
13. 14584  81133 
13. 5653^  27988 
13.99832  70916 

14. 44507  83157 
14.90608  74333 
15.  38Wk94795 
15.87271  40119 
16.37928 

16.90202  41717 
17.44144  57711 
17.99808  28034 
18.5724i  46925 
19.1652i  83968 

19. 77686  89693 
20.40804  01345 
21. 05935  48847 
21.73145  60946 
22.42500  71560 

23. 1406^  26328 


0. 20787  95764 
0.20145  03654 
0.19521  99944 
0.18918  23136 
0. 18333  13637 

0. 17766  13694 
0.17216  67343 
0.16684  20350 
0.16168  20156 
0.15668  15832 

0.15183  58020 
0.14713  98890 
0.14258  92093 
0.13817  92710 
0.13390  57214 

0.12976  43423 
0.12575  10461 
0.12186  18713 
0.11809  29793 
0.1U44  06500 

0.11090  12784 
0.10747  13709 
0.10414  75422 
0.10092  65114 
0.09780  50993 

0.09478  02248 
0.09184  89025 
0. 08900  82388 
0.08625  54299 
0.08358  77587 

0.08100  25922 
0.07849  73785 
0.07606  96451 
0.07371  69955 
0.07143  71077 

0.06922  77313 
0.06708  66855 
0.06501  1857L- 
i9Sl 


1.06105  27239 

0.05916  45113 
0.05733  46965 
0.05556  14735 
0.05384  30919 
0.05217  78557 

0.05056  41 2 U 
0.04900  02956 
0.04748  48354 
0.04601  62446 
0.04459  30738 


0.04321  39183 


flinh  tt 
2. 30129  89023 
2. 38127  57753 
2.46360  30666 
2.54836  20366 
2.63563  63461 

2.72551  21383 
2. 81807  81244 
2.91342  56709 
3.01164  88897 
3. 11284  47314 

3.21711  30804 
3. 32455  68538 
3.43528  21032 
3.54939  81191 
3.66701  75386 

3.78825  64570 
3. 91323  45^2 
4.04207  51527 
4. 17490  54597 
4. 31185  65720 

4. 45306  36663 
4.59866  61197 
4. 74880  76480 
4. 90363  64470 
5. 06330  53393 

5.22797  19247 

5.  39779  87359 
5. 57295  33992 
5. 75360  87993 

"5.93994  32508 

6.13214  06735 

6.  33039  07743 
6. 53488  92341 
6.74583  79017 
6. 96344  49919 

7.18792  52922 
7.41950-03739 
-7.-65839  88112 
7.90485  64069 
8.15911  64248 

8. 42142  98302 
8. 69205  55373 
8.97126  06650 
9.25932  08003 
9.55652  02706 

9. 86315  24240 
10.17951  99195 
10.50593  50247 
10.84271  99250 
11. 19020  70411 

11. 54873  93573 


2.50917  84787 
2.58272  61407 
2.65882  30610 
2.73754  43503 
2.81896  77098 

2.90317  35077 
2.99024  48587 
3. 08026  77058 
3. 17333  09054 
3.26952  63146 

3. 36894  88823 
3.47169  67428 
3.57787  13125 
3.68757  73901 
3.80092  32600 

3.91802  07993 
4.03898  55883 
4.16393  70240 
4.29299  84390 
4.42629  72220 

4.56396  49447 
4.70613  74906 
4.85295  51901 
5.00456  29584 
5.16111  04386 

5.32275  21495 
5.48964  76384 
5.66196  16379 
5.83986  42292 
6.02353  10095 

6.21314  32657 
6.40888  81528 
6.61095  88792 
6.81955  48972 
7.03488  20996 

7.25715  30235 
7.48658  70594 
7.72341  06683 
7.96785  76050 
8.22016  91487 

8.48059  43415 
8.74939  02338 
9.02682  21384 
9.31316  38922 
9.60869  81263 

9.91371  65453 
10.22852  02151 
10.55341  98601 
10.86873  61696 
11.23480  01149 


taoh  19 
0.91715  23357 
0.92200  08603 
0.92657  65376 
0.93069  34251 
0.93496  50714 

0.93680  44259 
0.94242  38675 
0.94583  52160 
0.94904  97460 
0.95207  82009 

0.95493  08066 
0.95761  72976 
0.96014  69151 
0.96252  84417 
0.96477  02118 

0.96688  01293 
0.96666  56859 
0.97073  39783 
0.97249  17255 
0.97414  52857 

0.97570  06726 
0.97716  35718 
0.97653  93563 
0.97963  31019 
0.98104  96015 

0.96219  33600 
0. 98326  87071 
0.96427  96111 
0.96522  98912 
0.96612  31297 

0.96696  27033 
0.96775  17946 
0.96849  34022 
0. 98919  03509 
0.96964  53014 

0.99046  07591 
0.99103  90830 
0.99156  24936 
0.99209  30816 
0.99257  28142 

0.99302  35419 
0.99344  70066 
0.99384  48466 
0.99421  66036 
0.99456  97266 

0.99489  95797 
0.99520  94443 
0.99550  05263 
0.99577  39591 
0.99603  06064 


11.59195  32755      0.99627  20t62 
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BLBMBMTA8T  TRAMSCKNDEMTAL  FUNmONS 


0.00 
0.01 
0.02 
0.03 
0.04 

0.05 
0.06 
0.07 
0.08 
0.09 

0.10 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16 
0.17 
0.18 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26. 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0.33 
0.34 

0.35 

0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
0.44 

0.45 
0.46 
0.47 
0.48 
0.49 

0^50 


aratnhx 
0.00000  0000 
0.00999  9833 
0.01999  8667 
0.02999  S502 
0.03998  9341 

0.04997  9190 
0.05996  4058 
0.06994  2959 
0.07991  4912 
0.08987  8941 

0.09989  4079 
0.109n  9366 
0.11971  3851 
0.12963  6590 
0.13954  6654 

0.14944  3120 
0.15932  5080 
0.16919  1696 
0.17904  1904 
0.18887  5815 

0.19869  0110 
0.20840  6350 
0.21826  2908 
0.22801  8972 
0.23779  3749 

0.24746  6462 
0.25715  6349 
0.26682  2667 
0.27646  4691 
0.28600  1719 

0.29967  3048 
0.30523  8020 
0. 31477  5980 
0.32428  6295 
0.33376  8392 

0.34322  1995. 
0.392M  9330 
0.96203  9121 
0. 37140  2391 
0.38073  4624 

0.39003  9320 
0. 39930  4001 
0.40894  0208 
0.41774  3900 
0.42691  3494 

0.43604  9669 
0.44919  1799 
0.49421  9399 
0.46329  2120 
0.47224  9713 


INVe  IE  HYPERBOUC 

aictanhs  x 

0.00000  0000  0.90 

0.01000  0333  0.91 

0.02000  2667  0.92 

0.03000  9004  0.9) 

0.04002  139)  0.94 


0.09004  1729 
0.06007  2196 
0.07011  4671 
0.08017  1)29 
0.09024  4188 

0.100))  9)47 
0.11044  6919 
0.12898  1028 
0.1307)  9890 
0.14092  9976 

0.19114  04)6 
0.m)8  6696 
0.17166  666) 
0.18198  2689 
0.192)3  7169 


0.2027)  2994 
0.21)17  1)46 
£22)69  6109 
0.2)418  9466 
0.24477  4112 


0.29941  2812 
0.26610  0407 
0.27686  )82) 
0.20768  2072 
0.29886  6264 

0.90991  9604 
0. 92094  9409 
0.9)164  7108 
0.)4282  8294 
Ot 99409  2928 


0.96944  9794 
0.97688  9901 
0.98842 
0.40009 


9100 
9690 


0.41180  00)4 

0.42)64  89)0 
0.4)961  122) 
0.44761  202) 
0.49999  6681 
0.47229  0804 

0.48470  0279 
0.497)1  1288 
0.91007  09)7 
0.92298  4278 
0.9)606  0))7 


0.48121  1829 


0.59 
0.96 
0.97 
0.98 
0.99 

0.60 
0.61 
0.62 
0.69 
0.64 

0.69 
0.66 
0.67 
0.68 
0.69 

0.70 
0.71 
0.72 
0.79 
0.74 

0.79 
0.76 
0.77 
0.78 
0.79 

o:8o 

0.81 
0.82 
0.89 
0.84 

0.89 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91 
0.92 
0.9) 
0.94 

0.99 
0.96 
0.97 
0.98 
0.99 

1.00 


FbncrnoNs 

•Noiiih  > 
0.48121  1829 
0.49019  8161 
0.49902  8444 
0.90788  241^ 
0.51669  9824 

0.92548  0448 
0.99422  4074 
0.94299  0909 
0.99199  9962 
0.96029  1077 

0.96882  4899 
0.977)9  0892 
0.98989  8992 
0.99497  8911 
0.60282  0799 

0.61122  4914 
0.61998  9984 
0.62791  6489 
0.6)620  4970 
0.64449  9009 

0.69266  6966 
0.66089  9641 

S.  66897  4227 
.67707  0992 
0.68912  7974 

0.69914  7181 
0.70112  7988 
0.70907  0441 
0.71697  4994 
0.72484  0909- 

0.79266  0256 
0.74049  7912 
0.74820  9969 
0.79992  9900 
0.76999  9222 

0.77129  749) 
0.7788)  8046 
0.78640  1177 
0.79)92  6990 
0.00141  9491 

0.80886  69)6 
0.81628  1421 
0.82)69  9091 
0.8)100  0091 
U. 9)8)0  4979 

0.04997  2697 
0.89280  4617 
0.86000  0498 
0.86716  0907 
0.07428  4812 


Talife4.17 

sfetonh  x 

0^94930  6144 
0.96272  9769 
0.97699  9794 
0.99014  9160 
'  0.60419  9609 

0.61838  1313 
0.63203  3186 
0.64792  2844 
0.66246,2707 
0. 67766 \6068 

0.69914 
0.70892 
0.72500 
0.74141 
0.79817 

0.77929 
0.79281  96)1 
0.81074  9129 
0.82911  4038 
0.84799  9799 

0.86790  0927 
0. 88718  >869 
0.90764  498) 
0.92872  7)64 
0.99047  9)81 

0.97299  9074 
t  0.99621  9082 
SI.  02092  7798 
1.04997  0948 
1.0714)  1684 

1.09861  2289 
1.12702  9026 
1.19681  7469 
1.1881)  6404 
1.22117  )918 

1.29619  2811 
1.29994  4672 
1.99907  9629 
1.97976  7697 
1.42192  9871 

1.47221  9490 
1.92792  4429 
1.98902  6919 
1.698)9  0020 
L  7)804  9)49 

1.89178  082) 
1.94991  0149 
2.09229  9720 
2.29799  9929 
2.64665  2412 


0.949)0  6144 

[<-?*]  [<-?^ 

For  use  of  tM  table  nt  EaamplM  26-28. 

Qo(«)  (Legmdre  Fanetkm— Second  Kiiid)-aretanh  s(H<l) 

-areeoth  «(|stj>l) 

Compiied  from  Harvaid  Computotloii  UMtoiy,  Ttioles  of  inverse  hyperbolic 
functions.  Harvtvd  Univ.  Pftai^  Cambridge,  Mass.,  11M9  (with  permlari^ 
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fLlMBMTABT  TBANSCENDIMTAL  rUNCnONB 


T«bl0  4.17 


INVERSE  HYPEHBOUC  FUNCTIONS 


1.00 
1.01 
1.02 
1.03 
1.04 

U05 
1. 06 
1. 07 
1.0S 
l.t»9 

/-1. 10 
/  1.11 
1.12 
1. 13 
1.14 

1. 15 
1.16 
1.17 
1. 18 
1.19 

1. 20 
1. 21 
1. 22 
1.23 
1.24 

1.25 
1. 26 
1.27 
1.28 
1.29 

1.30 
1.31 
1.32 
1.  33 
1.34 

1. 35 
1. 36 
1.37 
1. 38 
1.39 

1.40 
1.41 
1.42 
1.43 
1. 44 

1.45 
1.46 
1.47 
1.48 
1.49 

1.50 


0.88137  3587 
0. 88842  7007 
0.89544  5249 
0.90242  8496 
0.90937  6928 

0.91629  0732 
0.92317  0094 
0.93001  5204 
0.93682  6251 
0.94360  3429 

0.95034  6930 
0.95705  6950 
0.96373  3684 
0.97037  7331 
0.97698  8088 

0.98356  6154 
0.99011  1729 
0.99662  5013 
1.00310  6208 
1. 00955,  S514 

1.01597  3134 
1.02235  9270 
1.02871  4123 
1.03503  7896 
1.04133  0792 

1.04759  3013 
1.05382  4760 
1.06002  6237 
1.06619  7645 
1.07233  9185 

1.07845  1059 
1.08453  3467 
1.09058  6610 
1.09661  0688 
1.10260  5899 

1.10857  2442 
1.11451  0515 
1.12042  0317 
1.12630  2042 
1.13215  5887 

1.13798  2046 
1.14378  0715 
1.14955  2086 
1.15529  6351 
1.16101  3703 

1.16670  4331 
1.17236  8425 
1.17800  6174 
1.18361  7765 
1.18920  3384 


1.19476  3217 


ERIC 


WiT  * 

1.00000  000  1.50 

0.99667  995  1.51 

0.99338  621  1.52 

0.99011  848  1.53 

0.98687  641  1.54 

0.  98365  968  1.55 

0.98046' 798  1.56 

0.97730  099  1.57 

0.97415  841  1.58 

0.97103  994  1.59 

0.96794  529  1.60 

0.96487  41S  1.61 

0.96182  625  1.62 

0,95880  131  1.63 

0.95579  904  1.64 

0.95281  918  1.65 

0.94986  146  1.66 

0.94692  561  1.67 

0.94401  139  1.68 

0.94111  853  1.69 

0.93824  678  1.70 

0.9^39  589  1.71 

0.932S6  563  1.72 

0.92975  576  1.73 

0.92696  604  1.74 

0.92419  624  1.75 

0.92144  613  1.76 
0.91871  550     •  1.77 

0.91600  411  1.78 

0.91331  175  1.79 

0.91063  821  1.80 

0.90798  328  1.81 

0.90534  676  1.82 

0.90272  843  1.83 

0.90012  810  1.84 

0.89754  557  l.»"i 

0.89498  064  l.kj 

0.89243  313  1.87 

0.^990  284  1.88 

0.88738  959  1.89 

0.88489  320  1.90 

0.88241  348  1.91 

0.87995  026  1.92 

0.87750  336  1.93 

0.87507  261  1.94 

0.87265  784  1.95 

0.87025  888  1.96 

0.84>787  557  1.97 

0.86950  774  1.98 

0.86315  523  1.99 

0.86081  788  2.00 

[<-.)«]  ■ 
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1.19476  3217 
1.20029  7449 
1.20980  6263 
1.21128  9840 
1.21674  8362 

1.22218  2008 
1.22759  0958 
1.23297  5390 
1.23833  5478 
1.24M7  1400 

1.24898  3328 
1.25427  1436 
1.25953  5895 
1. 26477. 68n 
1.26999  4549 

1.27518  9081 
1.28036  0639 
1.28550  9389 
1.29063  5495 
1.29573  9120 

1.30082  0427 
1.30587  9576 
1.31091  6727 
1.31593  2038 
1.32092  5666 

1.325W  7767 
1.330tf4  8496 
1.33577  8006 
1.34068  6450 
1.34557  3978 

1.35044  0740 
1.35528  6886 
1.36011  2562 
1.36491  7914 
1.36970  3089 

1.37446  8228 
1.37921  3477 
1.38393  8975 
1.38864  4863 
1.39333  1280 

1.39799  8365 
1.40264  6254 
1.40727  5083 
1.41188  4987 
1.41647  6099 

1.42104  8552 
1.42560  2476 
1,  43013  8002 
i. 43465  5259 
1.43915  4374 


1.44363  5475 

^(-8)3^ 


0.86081  788 
0.85849  554. 
0.85618  806 
0.85389  528 
0.85161  706 

0.84935  324 
0.84710  368 
0.84486  823 
0.84264  676 
0.84043  913 

0.83824  520 
0.83606  483 
0.83389  788 
0.83174  424 
0.82960  3?6 

0.82747  632  ' 
O; 82536  179 
0.82326  005 
0.82117  097 
0.81909  443 

0.81703  032 
0.81497  850 
0.81293  888 
0.81091  132 
0.80889  572 

0.80689  197 
0.80489  994 
0.80291  954 
0.80095  066 
0.79899  318 

0. 79704  701 
0.79511  203 
0.79318  816 
0.79127  527 
0.78937  328 

0. 78748  209 
0.78560  160 
0.78373  170 
0.78187  231 
0,78002  334 

0. 77818  468 
0.77639  625 
0.77453  796 
0.77272  971 
0.77093  142 

0.76914  300 
0.76736  437 
0.76999  544 
0.76383  612 
0.76208  633 


0.76034  600 


•iMinh  jr-tni 

0«S0  I 

0«  7S04a 

42946 

0*49 

0,74839 

16011 

0«4S 

0,74632 

48941 

0t47 

0,74420 

89962 

0, 74220 

94908 

0,74031 

01219 

0.44 

0.73036 

90921 

•     0.4S  . 

0,79646 

100S7 

0*42 

0,79498 

64641 

0,41 

0.79274 

60676 

0«40 

0.79094 

04145 

0«  99 

0.72917 

01001 

0,30 

0.72749 

97167 

0,37 

0.72979 

78924 

0.36 

0.72407 

70912 

0. 3S 

0.72249 

40117 

0«34 

0. 72086 

91879 

0, 33 

0.71992 

91846 

0.32 

0.71781 

,969. 

0«31 

0.71634 

987M 

.  0«30 

0.71492 

3M78 

0«29 

0,71999 

84725 

0;2t 

0.71219 

48165 

0.27 

0.71089 

32154 

0«26 

0.70969 

41742 

0,^5 

0.70841 

81861 

['11 


I 


ERIC. 


SLBMIMTAIIT  TR|MraCINDlNTAL  nmOTIONB 


ixvnae  nmiiBOLic  punctions 

w«e««h»-liix       <u>  «->  MMbtbs-lnit 


0.62381  07164 
0.62685  40940 
0.62981  77884 
0.63268  90778 
0.63547  51194 

0.63817  79566 
0.64079  95268 
0.64334  16670 
0.64580  61207 
0.64819  45429 

0.65050  85051 
0.65274  95004 
0.65491  89477 
0.65701  81952 
0.65904  85249 

0.66101  11M(5 
0.66290  7M58 
0.66473  78974 
0.66650  «1577 
0.66820^7.0226 

0.66984  74382 
0.6hi2  63038 
0.61294  44732 
0.67440  27575 
0.67580  19258 

0.67714  27078 


0.2S 
0.24 
0.23 
0.22 
0.21 

0.20 
0.19 
0.18 
0.17 
0.16 

0.1S 
3.14 
0.13 
0.12 
0.11 


0.10 
0.09 
0.Q8 
0,07 
y.06 

0.05 
0.04 
0.03 
0.02 
0.01 


0.70841  81861 
0.70724  57326 
0.70611  72820 
0.70503  32895 
0.70399  41963. 


0.70300 
0.70205 
0.70115 
0.70029 
0.6994 


0.69872  53043 
0.69801  15527 
0.69734  56533 
r.  69672  78946 
.69615  85462 


0.69563  78573 
0.69516  60572 
0.69474  33542 
0.69436  99357 
0.69404  59680 

0.69977  15954 
0. 69354  69408 
0.69337  n047 
0.69324  71656 
0.69317  21796 


0.00       0.69314  71806 


'<4->-'iMarait  inteftr  to . 


0^7714  27078 
A  67842  57947 
/0. 67965  18411 
0.68082  14660 
0.68193  52541 


0.68299 
0.68399 
0.68494 
0.68584 
0.68668 

0.68747 
0.68821 
0.68889 
0.68952 
0.69010 


37571 
74947 
6955S 
25981 
48518 

41175 
07683 
51504 
75836 
83616 


0.69063  77531 
0.69111  60018 
0.69154  3)26«. 
0.69191  99235 
0.69224  59631 

0.69252  15938 
0.69274  69403 
0.69292  21046 
0.69304  71656 
0.69312  21796 

0.69314  71806 


i 

6 
6 

II 

8 

I  ' 
I  10 
11 
13 
14 
17 

20 
25 
33 
50 
100 


R4IUT1I  a»  ur  MM  eodi 


Tablje  4.18 


4.73004  07 
7.85320  46 
10.99560  78 
14.13716  55 
17.27875  96 


IHI(JT!»««UFeM«.c<Mli«« 


1.87510  41 
4.69409  11 
7.85475  74 
10.99554  07 
14. 13716  84 
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ILIlflllTABT  TRAMBGENDIMTAL  PDNOnOira 


Tabk  4.19 

0.00 
0.05 
0.10 
0.19 
0.20 


ROOTS S nOF  UmS II  >X*N 


0.29 
0.30 
fl.39 
0.40 
0.49 

0.50 
0.99 
0.60 
0.69 
0.70 

0.79 
0.80 
0.85 
0.90 
0.99 


9.14159 
2.99304 
2.86277 
2.79032 
2.69366 

2.97043 
2.49840 
2.43966 
2.38064 
2.33208 

2.28893 
2.29037 
2.21971 
2.1M40 
2.19998 

2.13008 
2.10638 
2.08460 
2.06493 
2.04997 


n 

6.28314 
9.99209 
9.76096 
5.58578 
5.45435 

5.35403 
5.27587 
5.21370 
5.16331 
5.12176 

5.08698 
5.05750 
5.03222 
5.01031 
4.99116 

4.9^428 
4.95930 
4.94592 
4.93389 
4.92303 


n 
9.42478 
9.00185 
8.708)1 
8.51805 
8.39135 

8.30293 
8.23845 
8.18965 
8.15156 
8.12108 

8.09616^ 

8.07544 

8.05794 

8.04298 

8.03004 

8.01875 
8.00881 
7.99999 
7.99212 
7.98505 


12.56637 
12.02503 
11.70268 
11.52018 
11.40863 

11.33482 
11.20284 
11.24440 
11.21491 
11.19159 

11.17271 
11.15712 
U.14403 
11.13289 
11.12330 

11.11496 
11.10764 
11.10116 
11.09538 
11.09021 


1S.70796 
15.06247 
14.7)347 
14.56698 
14.469a7 

14.40797 
14.36517 
14.33391 
14.31012 
14.29142 

14.27635 
14.26395. 
14.25357 
14.24475 
14.23717 

14.23059 
14.22482 
14.219.71 
14.21517 
14.21110 


18.84996 
18.11361 
17.79083 
17.64009 
.}7.55621 

17.50)4) 
17.467)2 
17.4411) 
17.42129 
17.40574 

17.59)24 
17.)8298 
17.)74)9 
17.)6711 
17.)6086 

17.)954) 
17.)5068 
17.54648 
17.)4274 
17.))9)9 


21.99115 
21.17717 
20.86724 
20.7)148 
20.65792 

20.6120) 
20.58092 
20.55844 
20.5414* 
20.92818 

20.51752 
20.50877 
20.50147 
20.49528 
20.48996 

20.485)5 
20.481)1 
20.47774 
20.47457 
20.47172 


25.13274 
24.25156 
2).957)7 
2).8)468 
2).76928 

2).72a94 
2).70l66 
2).68201 
23.66719 
2).65561 

2).646)2 
2).6)871 
2).6)2)5 
25.6269? 
2).622)5 

2).61834 
2).6148) 
23.6117) 
2).60897 
2).606S1 


28.274)) 
27.))519 
27.05755 
26.94607 
26.88740 

26.85142 
26.82716 
26.80971 
26.79656 
26.786)1 

26.77809 
26.771)5 
26.76572 
26.76096 
26.75688 

26.75))) 
26.7502) 
26.74749 
26.74506 
26.74288 


1.00    2.02876    4.91)18    7.97867    11.08554    14.20744    17.336)8    10.46917    23.60428  26.74092 


-1.00 
-0.99 
-0.90 
-0.85 
-0.80 

-0.75 
-0.70 
-0.65. 
-0.60 
-0.55 

-0.50 
•0.45 
-0.40 
-0.)5 
-0.)0 

-0.25 
•0.20 
-0.15 
-0.10 
-0.05 

0.00 
0.05 
0.10 
0.15 
0.20 

0.25 
0.)0 
0.)5 
0.40 
0.45 

0.50 
0.55 
0.60 
0.65 
0.70 

0.75 
0.80 
0.85 
0.90 
0.95 

1.00 


2.02876 
2.01194 
1.99469 
1.97687 
1.95857 

1.9)974 
1.920)5 
1.900)6 
1.87976 
1.85852 

1.8)660 
1.81)96 
1.79058 
i;76641 
1.74140 

1.71551 
1.68868 
1.66087 
1.6)199 
1.60200 

1.57080 
J  .5)8)0 
1.50442 
1.46904 
1.4)20) 

l.)9)25 
1.35252 
l.)0965 
1.26440 
1.21649 

1.16556 
1.11118 
1.05279 
0.98966 
0.92079 

0.0447) 
0.799)1 
0.66086 
0.54220 
0.38537 


«9 
4.91)18 
4.90)75 
4.89425 
4.88468 
4.87504 

4.865)4 
4.85557 
4.8457) 
4.8)58) 
4.82587 

4.81584 
4.80575 
4.79561 
4.78540 
4.7751) 

4.76481 
4.75449 
4.74400 
4.7))51 
4.72298 

4.712)9 
4.70176 
4.69108 
4.680)5 
4.66958 

4.65878 
4.6479) 
4.6)705 
4.62614 
4.61519 

4.60422 
4.59)21 
4.58219 
4.57114 
4.56007 

4.54899 
4.5)789 
4.52678 
4.51566 
4.50454 


7.97867 
7.97258 
7.96648 
7.960)6 
7.95422 

7.94807 
7.94189 
7.9)571 
7.92950 
7.92)29 

7.91705 
7.91080 
7.90454 
7.89827 
7.89198 

7.88567 
7.879)6 
7.87)0) 
7.86669 
7.860)4 

7.85)98 
7.84761 
7.8412) 
7.83484 
7.82844 

7.8220) 
7.81562 
7.80919 
7.80276 
7.796)) 

7.78988 
7.78)44 
7.77698 
7.7705) 
7.76407 

7.75760 
7.75114 
7.74467 
7.7)820 
7.73172 


11.08554 
11.08110 
11*07665 
11.07219 
11.0677) 

11.06)26 
11.05879 

II.  054)1 
11^04982 

III,  049)) 

11.040 
11.0)6] 

11.0)  li 
11.0271 
11.0227 

11.0182^ 

11.01)  7] 
11.00920 
11.00466 
11.00012. 

10.99957 
10.99102 
10.98647 
10.98192 
10.97736 

40.97279 
10^9682) 
10.96366 
10.95909 
10.95452 

10.94994 
10.94537 
10.94079 
10.93621 
10.93163 

10.92704 
10.92246 
10.91788 
10.91329 
10.90871 


n 

14.20744 
14.20395 
14.20046 
14.19697 
14.19347 

14.18997 
14.18*47 
14.18296 
14.17946 
14.17594 

14.1724) 
14.16892 
14.16540 
14.16188 
14.158)5 

14.1548) 
1.151)0 
1U4777 
14.1*424 
14.14d70. 

14.1)717 
14.1))6) 
14.1)009 
14.12655 
14.12)01 

14.11946 
14.11592 
14.112)7 
14.10882 
14.10527 

14.10172 
14.09817 
14.09462 
14,09107 
14.08752 

14.08)96 
14.08041 
14.07686 
14.07))0 
14.06975 


7.5)638 
7.)))51 
7.53064 
742777 
7.32490 

7.32203 
7.31915 
7.31628 
7.31340 
7.31052 

7.30764 
7.30476 
7.30187 
7.29899 
7.29610 

7.29321 
7.29033 
7.28744 
7.28454 
7.28165 

7.27875 
7.27586 
7.27297 
7.27007 
7.2*718 

7.26428 
7.26138 
7.25848 
7.2M58 
7.25268 

7.24978 
7.24688 
7.24398 
7.24108 
7.23817 

7.23527 
7.23237 
7.22946 
7.22656 
7.22366 


20.46917 
20.4*673 
20.4*430 
20.4*187 
20.49943 

20.45700 
20.4545* 
20.45212 
20.449*8 
20.44724 

20.44480 
20.4423* 
20.43992 
20.43748 
20.43503 

20.43259 
20.43014 
20.427*9 
20.42525 
20.42280 

20.42035 
20.41790 
20.41545 
20.41300 
20.41059 

20.40810 
20.405*5 
20.40320 
20.40075 
20.39829 

20.39584 
20.39339 
20.39094 
20.38848 
20.38*03 

20.38357 
20.38112 
20.378*7 
20.37*21 
20.3737* 


SB 

2J.*0428 
23.*0217 
23.*000* 
23.99795 
23.59564 

23.59372 
23.591*1 
23.58949 
23.58738 
23.5852* 

23.58314 
23.58102 
23.57891 
23.57*79 
23.574*7 

23.57255 
23.57043 
23.5*831 
23.5**19 
23.9*407 

23.5*194 
23.59982 
23.55770 
23.55558 
23.55345 

23.991)3 
23.94921 
23.94708 
23.5449* 
23.54283 

23.54071 
23.53658 
23.53*4* 
23.53433 
23.53221 

23.53008 
23.5279* 
23.52583 
23.52370 
23.52158 


0.00000    4.49)41  7.72525 


10.90412  14.0**19 


17.22075     20.571)0  2).51949 

<x>''near«t  integer  to 


26.74092 
2*.7)905 
2*.7)718 
2*.739)2 
2*.7)545 

2*.7)159 
2*.72972 
2*.72785 
2*.72598 
2*.72411 

2*.72225 
2*.720)8 
2*.718S1 
2*.71*64 
26.71477 

26.71290 
26.71102 
26.7091'^ 
26.70728 
26.70941 

26.70354 
26.70166 
26.69979 
26.69792 
26.69*04 

2*.*9417 
2*.*92?0 
26.69042 
26.68655 
26.68*68 

26.66480 
26.68293 
26.68105 
26.67918 
26.67730 

26.67543 
26.67355 
26.67168 
26.66980 
26.66793 

26.66605 
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Roots  ««  op  mi  un  -xs* 


X 

0.00 
0.05 
0.10 
0.1S 
0.20 

0.25 
0.30 
0.35 
0.40 
0.45 

0.50 
0.55 
0.60 
0.65 
0.70 

0.75 
0.80 
0.85 
0.90 
0.95 


1.57080 
1.4961) 
1.42887 
1.36835 
1.31384 

1.26459 
1.21995 
1.17933 
144223 
1.10820 

1.07687 
1.04794 
1.02111 
0.99617 
0.97291 

0.95116 
0.93076 
0.91158 
0.89352 
0.87647 


4.71239 
4.49148 
4.3Q580 
4.15504 
4.03357 

3.93516 
3.85460 
3.78784 
3.73184 
3.68433 

3.64360 
3.60834 
3.57756 
3.55048 
3.52649 

3.50509 
3.48590 
3.4M59 
3.45292 
3.43865 


7.85398 
7.49541 
7.22811 
7.04126 
6.90960 

6.81401 
6.74233 
6;68698 
6.64312 
6.6^761 

6.57833 
6.55380 
6.53297 
6.51508 
6.49954 

6.48593 
6.47392 
6.46324 
6.45368 
6.44508 


«4 

10.99557 
10.51167 
10.20026 
10.01222 
9.89275 

9.81188 
9.75407 
9.71092 
9.67758 
9.65109 

9.62956 
9.61173 
9.59673 
9.58394 
9.57292 

9.56331 
9.55486 
9.54738 
9.54072 
9.53473 


14.13717 
13.54198 
13.21418 
13.03901 
12.93522 

12.86775 
12.82073 
12.78621 
12.75985 
12.73907 

12.72230 
12.70847 
12.69689 
12.68704 
12.67857 

12.67121 
12.66475 
12.65904 
12.65395 
12.64939 


17.27876 
16.58639 
16.25936 
IK70053 
16.01066 

15.95363 
15.91443 
15.88591 
15.86426 
15.84728 

15.83361 
15.82237 
15.81297 
15.80500 
15.79814 

15.79219 
15.78698 
15.78237 
15.77827 
15.77459 


20.42035 
19.64394 
19.32703 
19.18401 
19.10552 

19.05645 
19.02302 
18.99882 
18.98052 
18.96619 

18.95468 
18.94523 
18,93734 
18.93065 
18.92490 

18.91991 
18.91554 
18.91168 
18.90825 
18.90518 


*» 

231.56194 
22.71311 
22.41085 
22.28187 
22.21256 


T«Ue  4M 

H 

26.70354 
25.79232 
25.50638 
25.38952 
25.32765 


22.16965 
22.14058 
22.11960 
22.10377 
22.09140 

22.08147 
22.07333 
22.06653 
22.06077 
22.05583 

22.05154 
22.04778 
22.04447 
22.04151 
22.03887 


25.28961 
25.26392 
25.24544 
25.23150 
25.22062 

25.21190 
25.20475 
25.19878 
25.19373 
25.18939 

25.18563 
25.18234 
25.17943 
25.17684 
25.17453 


1.00  0.86033  3.42562  6.43730    9.52933  12.64529  15.77128  18.90241  22.03650  25.17245 


1.00 
0.95 
0.90 
0.85 
0.80 

0.75 
0.70 
0.65 
0.60 
0.55 

0.50 
0.45 
0.40 
0.35 
0.30 

0.25 
0.20 
0.15 
0.10 
0.05 


xt 

0.86033 
0.84426 
0.82740 
0.80968 
0.79103 

0.77136 
0.75056 
0.72851 
0.70507 
0.68006 

0.65327 
0.62444 
4.59324 
0.55922 
0.52179 

0.48009 
0.43284 
0.37788 
0.31105 
0.22176^ 


313 

3.42562 
3.41306 
3.40034 
3.38744 
3.37438 

3.36113 
3.34772 
3.33413 
3.32037 
3.30643 


** 

6.43730 
6.42987 
6.42241 
6.41492 
6.40740 

6^39984 
6.39226 
6.38464 
6.37700 
6.36932 


3.29231  6.36162 
3.27802  6.35389 
3.26355  6.34613 
3.24891  6.33835 
3.23409 ^33054 


3.21910 
3.20393 
3.18860 
3.17310 
3.15743 


6.32270 
6.31485 
6.30696 
6.29906 
6.29113 


9.52933 
9.52419 
9.51904 
9.51388 
9.50871 

9.50353 
9.49834 
9.49314 
9.48793 
9.48271 

9.47749 
9.47225 
9.46700 
9.46175 
9.45649 

9.45122 
9.44595 
9.44067 
9.43538 
9.43008 

9.42478 


12.64529 
12.64138 
12.63747 
12.63355 
12.62963 

12.62570 
12.62177 
12.61784 
12.61390 
12.60996 

12.f.0601 
12.60206 
12.59811 
12.59415 
12.59019 

12.58623 
12.58226 
12.57829 
12.57432 
12.57035 


15.77128 
15.76814 
15.76499 
15.76184 
15.75868 

15.75553 
15.75237 
15.74921 
15.74605 
15.74288 

15.73972 
15.73655 
15.73338 
15.73021 
15.72704 

15.72386 
15.72068 
15.71751 
15.71433 
15.71114 


18.90241 
18.89978 
18.89715 
18.89451 
18.89188 

18.88924 
18.88660 
18.88396 
18.88132 
18.87868 

18.87604 
18.37339 
18.87075 
18.86810 
18.86S46 

18.86281 
18.86016 
18.85751 
18.85486 
18.85221 


22.03650 
22.03424 
22.03197 
22.02971 
22.02745 

22.02519 
22.02292 
22,02066 
22.01839 
22.01612 

22.01386 
22.01159 
22.00932 
22.00705 
22.00478 

22.00251 
.22.00024 
21.99797 
21.99569 
21.99342 


0.00.0.00000  3.14159  6.28319 

[>-»«]  [';,"']  [ 


12.5«637 

(..,.1 


15.70796 

['-»"] 

<x>  •nesNat  integer  to  x. 


18.84956  21.99115 

<-»"}  [<-»"] 


25.17245 
25.17047 
25.16848 
25.16650 
25.16452 

25.16254 
25.16055 
25.15857 
25.15659 
25.15460 

25.15262 
25.15063 
25.14864 
25.14666 
25.14467 

25.14268 
25.14070 
25.13871 
25.13672 
25.13473 

25.13274 

[<-»'■] 


It 
2C 


For  A  '  >  .20.  th*  mwtimutn  error  m  linear  interpoiatlon  ia  (-4)7;  flve-poir  t  interpolation  glvea  6D. 

4 

For  .\  »  « .20, 
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S.  Exponential  Integral  and  Related  FunctionB 

■  -  *  , 

IfAum  QAvnem  *  Am  WiiiUAM  F.  OabhiL  ' 
Gonteiito 


MftthanatiMl  PMpertlM .  .  .  .  .  :  

S.1.  IBiiNmeDtid  Int^   228 

5J.  SiiwuidOoaiiMlntagnb   281 


83.  UMMdExUDaiMiortbeTablM    283 

Biifuniiifiw  .  .  .   "  285 

Tahl0  8.1. Siii0,  Coaine  tad  EsqMmential  Integrab  (O^x^lO) ....  288 

«-«plSl(«)-l0»— y),«-«iaiW+ln«+t),«=0(.01).5,  108 
Si(«xa(«),  10D;Bi(«),  £;(«),  9D;««.5(.01)2 
SiW.aW,  l(a);«-^iaW,aw»fi(»),  9D;»=2(.1)10 

Table  8.8.  Siiia;  Ooaine  and  Eipoo^tial  Integrab  for  Uffge  Ai^BU^ 

(lO^x^o)   248 

•I>;«V(«);  7D;«-1iaOr),  8D;aM-^(«),  lOD 
/(x)«-iiaf)  008  »+CiW  "in  «.  "to  «-Ci(«)  cob  s 

r»«.l(-.005)0  u  J  I 

Table  83.  Sine  aadCMne  Integrab  for  AnpuiwDt0«s(O 10)  .  .  .  244 
8i(«j),Cin(fl9t),a»0(.l)10,  7D 

Table  SA,  Eiponentbl  Integrab  B»(^)  (0^»^2)   248 

Ui  a,        ii»8, 4, 10, 20,  a-<»0(.01).5 
En(^),  nmi,  8, 4, 10, 20,  a- J(.01)2,  7D 

Talde  83.  Biponentbl  Integrab       for  Luge  Aigumento  (2       •) .  248 
»«2, 8, 4, 10, 20,      »-»=3(-.06).l(-t01)0.  8D 

Table  8.8.  Biponenlbl  Integral  for  Oomplei  Afgumente  (|0|<29)  .  .  240 
iW^W,  ««a4.<v,  a— 19(1)20,  »«0(1)20,  8D  , 

Tfble  8.7.  ExpOMOtbl  Integral  kt  Small  Cmipkx  Argumento  (|a|<6)  .  251 
••^iW,  *«--4(3)-2,y«0(4)l,  eD 

iE;(i)+ln  f,  a«a+<y, 2(.5)2.6,  y«0(3)l,  OD 

The  eutlMn  Mkavt^edga  tlie  MiMuMe  of  Devld  8.  Uepiiiui  la  tlie  preperaHoa  end 
ehedilail  of  the  tebht,  BobeH  t.  Ihineh  fer  llM  oompatatloD  of  Tebb  8J,  aad  AM 

ilean  for  the  oomimtetloa  et  tyji  8.4. 

•dooil  worker,  NatkaalBoNin  of  SteadMdtpfiomtlwAaMlfliaUalve^  (fimtOf 

Purdue  Oolvwtltj.)  / 

I  Nelloeel  Baieeo  of  Bteaderdt.  (PNeeatly  MABA.) 
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S.  Exponential  Integral  and  Related  Fimcttons 

Mathematiisal  PkopertiM 
S»l«  Ei^MMBtlal  Intfgfwl 


vu        -£'^j^<ft-£^j<tt  («>o) 

Sa4    H(af)-£5^-Eidn«)  («>1) 


4H,^a)-J*  (i»»0, 1,2,  . . .;  ilaX)) 

fi»\9)^  j\  t**"*di      0»«o;i,  2, .  .  . ) 

,  Iii8.1.1itisumiin«dUiftithe]Mthofint<grRtiim 
ndiidfls  the  origin  uid  does  not  earn  the  negative 
real  axte. 

AnelyUo  oontinuetion  of  the  funetione  in  S.l.l« 
tlx  and  S.1.4  for  4i>0  yielde  nralti-vehied  funo- 
tione  wiUi  brenoh  pointa  at  f»0  and  fi**.' 
Thqr  an  etngte-valiMd  funottone  in  the  e-plane 
eut  ahmg  Uie  negatiTe  real  aiie.*  The  fufietion 
U(t),  the  logaritlmdo  integral,  hae  an  additional 
branoh  point  nt0<»l. 


5.1.7 

iK,(-«±<0)«-El(«)Tw, 
-.Bi(«)-KiP,(-.«-f<0)-H£?,(~«-«))l  («>0) 


•Boom  antlMn  (S.Mt,  (5.iei  on  tbe  eatlra  funelioii 
j^d-rOA/l  M  Um  bMl«  litiMtlOD  aad  daaot*  II  hf 
ElB(«).  W«  lunre  an(«)  •  ffiM  -l-la  «•»•  r 

« Vartoue  miIMi  ddM  tbt  latspal  Jj^  (•  </l)4l  la  Um 

ffduM  mit  aloBf  the  poiithrt  imI  nil  tad  daBole  U  alie 
bfBI(«).  for  «>«a>0  idditleBal  BstaUoaa  MMh  «  Bl(i) 
(M.,  la  |I.10)»  I5.86P,  f*(f)  (la  (ft.ap,  Bl«(i)  (la  (MD  are 
tlMB  UMd  to  dodgaato  the  pttaM^  value  el  IIm  laleiraL 
Oomapeadla|l7,  ti(e)  It  elUa  dneled  by  -ll(-«>. 


«•(•)  sad  fad) 
5.1.9 

a+«-i^+ . . . +5)) 


Feoubb  6.1.  ynBiCK)  end  y-*iBi(B). 


•.e     U     M  M 


FfOVBI  6.2.  1fmS»(/0 

i»«0,l,9,8,6,10 


■ZfONIMnAL  IMTMnUL  AMD  BILATID  fVMUIIHJNS 


9       10    *>  14      ftO      2.»      M  M 


n->0(l)6 


Fkovai  5.4.  y»>Ai(iB) 

ii«0,l,2,6,10,15 

S.UO  (»>0) 
8.1.11 

8.1.13  ^  » 

(Ngf|<») 

ymAmX  89649  .  .  .  It  Bidtf^  MttMni. 


8.1.14 


(«-l,2,8,...) 


8,1.18  (il«-l,2,8,...) 
84.16 

iA,(f)-(-l)V-«--Hift.-i(i)     (•-1.2.8. . . .) 


\ 


1mvmIIi1m(«^I0.41 


8.U7 

2=i^.(,)<E;^,(,)<^(»)  («>0;ii-1.2.8....) 

I 

8a.i8 

8.1.19 
8.1  JO 

ito(l+D<«'^i(»)<to(l+i)  (?»>0) 


8.141 


8.148 


8.148 


8.144 


«i(0). 


(•>!) 


SRJC 


8.148      «»(f)«^  Ai(i)-^iinh  • 


(^1,2.3....) 


(For  more  ottoniiTe  tabks  of  intognJo  Me 
(S3),  (6.e),  (6.111,  [6.12],  (S.13].  for  iatcgldt 


S.14S 


TOO*- 


>2^]n2 


\ 


8.1JS 


EMC 


(•>0,*>0) 


MDUUFBD  VOMOtlOMi 

(a>0,ftNd) 
8.L40  J]'^i=^il-El(«)-ln»-7  (»>«) 


•jj'-v 


Jj^<fa-ll,-£i(-.a-<ai)-«-K,(«-.<»)J 


J^<to— iy(,«-JH(-»+*i))+conii  (»>0 
8X41 

8.1.18       £;(f)-i^»r(i-ii,  •) 

84.48         a.(f)-r»-»r(il+l,  •) 

8.1UI1  fc(f)-r«-nr(«+i,-t)-r(»-i-i,f)J 

■iliHw  to  atfcwiBrt  BmwI  Puuitf  11  <fm  IM) 


i 


■xroMimuL  nmoiAL 


(AMumiBg  RitniMui't  hjpotliMit  thtt  tU  bob- 
imI  am  ol  r(«)  bav*  *  fMl  pari  of  I) 

t^)  is  tlM  numbar  of  primfla  kia  than  or  aqnal 
toa. 


AND  BILATID  fUMOnpNS 
a,«>-J7731  666 

a.a^J4Wl  055 


281 


o       200     400    aoo    aoo  looo 

V 

FioiiTM  5.5.  y^U(a)  ami  y>Bv(a) 
8.1.81  " 

(laig  i|<|r) 


8.1J8  OSall  \ 

£;(«)+hi  a^a»+aia-|-ai^^+a««*+a^+4i) 


liWKaxio-* 


•  TIN  ^VMrinaUoo  •.IJi  to  ft«n  E  ft  Allin«  N«l« 
m  MTAO  lb  MO  (I0M>|  ap^wwlinaliwii  MJ*  m« 
M  J«  M«  iMtt  e.  Baniap,  Jr.,  ApfNataatloai  for  tfighti 
aompolm,  MamIob  Vnlv.  Aw,  MoMloa,  N  J..  10M} 
■PiiMliBallM  Own  0.  llMli^  if.,  Molt  148, 

llTiiOr,M(lM8)(irflli 

ERIC 


a.«  .05510  966 
a«*B— .00076  004 
a»«   .00107  857 


8.144  l^K* 

Ka)|<5X10-» 

^ai-2.334783 
<||-i  .250621 

10^K» 


51-8.330657 
5i- 1.681534 


8.IJ8 


8.1.86 


U(»)l<io-' 

ai»4.03640 
ai»1.15108 


5i«i5.08637 
5ia4.10160 


|t(ir)|<2X10-* 


at»  8.57882  87401 
0.-* 18.08001  60780 
Oi-  8.63476  08825 
a«»   .36777  37348 


5i«i  9.87382  28454 
W--25.63295  61486 
5i-*21.09968  80827 
5«»  3.95849  69828 


54*  Sine  and  Co^ne  Intagrab 


8J.1  aw-/.'^* 

4 

8A8'  8l»i(f)-J|'^d« 
8A4' 

CM(f)-t+lB  <H     (laig  •«») 

•  8oaM  aulhm  15.U1,  ».14l 

OdK/i  «•  Ito  bMte  fai|BtloB  tad  dnolt  to  bf 

<Xb(«).  Wahara 

OiB(t)— 01(»)-t-la  f-l-v.  ^ 

»Tte  aalattoaa  8lh(iH  J[' Hah  I M 

Oahd)- j|'(«Mh  l-l)<ll/l  haiva  atoa  bMa  frapaaid  18.14.1 


BXPONIW^  IMVSOIUI.  AND  SBLATBD  FUNCnONS 

8^  n(s)»Si(9)-| 

AtttlUaiy  WmMkm 

> 

S^6  »Ci(a)  am  oos  §  ' 


SliM  and  CoflM  Intaffab  In  Twum  of  AinlUwy 


5.2.8  Si(«)B|-/(«)  oos.«-0(«)  sin  « 

8.2.9  a(s)»/(s)  sin  «-0(s)  oos  s 

latafrall 


8.2.10    si(a)  —J^  «-••"'  cos  («  sin  t)(U 

9 

(All  a(>)+£,(>)-r  <-""'iiii  (••!«()(« 


1.0 


FiQURB  5.6.  y"Si(x)  and  yCi(r) 


SAW  ClaW-r^la,+2s^ 

SjmiMtrjr  Rclatlom 

Si(-«)=-Si(«)„Si(5)=S0O 


Ci(-«)«Ci(«)-»»     (0<arg  «<») 
Ci(i)«a(r) 
Rdatka  to  Eiponentlal  Intagral 

8.2J2  Si««)-i(Ei(»)+i?,(x)I  (/>*)) 
8.2JB 

Ci(s)  g  mizHE,i-iz)]      (larg  «|<J) 

8.2:24  Ci(w)«|(Ei(x)-£:,(x)l+i|  (*>0) 
Value  at  Inflottr 

8.2.28  lim  Si(x)«s 
#-»•  • 

InMgral* 

(For  more  extensive  tables  of  integrals  see 
[6.3],  {6.6],  [5.11],  [6.12],  [6.13].) 

8.2.26  J^"2^rf<«-si(»)  (largsKir) 
8.2i7  J^*2«Jrf<«_ci(«)  (!ttnf«|<») 
5.2^J^*«-"a«)rf<=-5jln(l+a*)  (.«a>0)* 

8.2.29  J^'r-'sKOrf*— jarctona  (diPa>0) 
8.2J0       COB  <  Ci  (t)<ft^j^  sin  <  si  (Orf<«-| 
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SJjl         Ci«  (0<<l- J^*  «X'«-5 
SASlI*  J^*a(l)si«)ai-ln2 

+i^i(a+i6)(a»d,6>0) 


ir(»)-p(i-ii+!l-5»+-  •  •)  ^'^^ 

Ratlaiial  Apprarimatlam* 

|«(jr)|<2X10-* 
a>«7.241ie3  6|99.068580 
ata2.4e3936  &^«7.157433 


12^ 


84J7  l^K* 

U(«)l<io-* 

a,»7.647478  12.723684 
Oit^  1.564072  15.723606 

S.2^  i2;«<» 

|i(»)|<5X10-' 
Of-  38.027264      »i«  40.021433 
at«265.187033      »i»322.624911  * 
^  ai«335.677320  »i»570.236280 
*  <ii«  38.102495      6««  157.106423 

U(«)!<3Xio-' 

42.242855  6i»  48.190927 
(i»  482.485984 
6,«  11 14.978886 
6«»  449.690326 


a,a302.757865 
a,»352.018498 
a«a  21.821899 


NumiMlcal  Methods 


8A  UaettidEKteiulMiof  ^TaUM 

Enmplal.  Compute  O  (.26)  to  5D. 
Fvom  TaUw  S.1  and  4.2  wo  bavo 

a(.25)~ln(.25)-y_  ^^^3^^ 

Ci  (.25)«(.25)«(-.249350)+(-1.38629) 

+Ji772l6a-J2466. 

Esampla  2.  Compute  Ei  (8)  to  8S. 

From  TaUo  8.1  wo  havo  M"Ei  (t) « 1.18186  for 
tmS.  From  Tablo  4.4,  <*»2.98096X10>.  Thiit 
El  (8)«-440.38. 


•  From  C.  HMtings,  Jr.,  ApprMliMttom  for  digital 
comptttm,  FrincHon  Vnlv.  Pnw,  PHiMdoa,  K  J.,  IMA 
(triih  pmaWba). 


8.  Compute  SI  (20)  to  6D. 
Since '  l/20a.06  from  Table  5.2  we  find 
/(20)  ».049767,  p(20)<» .002464.  From  Table  4J, 
ain  2ea.912945,  ooe  20«.408082.  Using  5.2.8 


Sl(20)-|-/(20)  COS  20-0(20)  tin  20  ^ 

» 1.570796-.022555<=>  1.54824. 


Emmple4.  Compute  £,(a),  A«>  1(1) AT,  to  5S 
for  SB  1.275,  10. 

If  «  is  len  than  about  five,  the  recurrence 
rdation  11.14  can  be  ufed  in  inoreaiing  order  of » 
without  serious  loss  of  aecurscy. 

By  quadratic  interpolation  in  Table  8.1  we  gsl 
fii(1.275)«.1408099,  and  from  Table  4.4,  r»"» 
B.2794310.  The  recurrence  formula  $.1.14  then 
yidds 

9>f  e 
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BSPCHnSMTIAL  XMTBCnUL' AMO  BIL4TID  fpHOIiMm 


II  «i(1.278) 

1  .1408099 

2  .0908984 

3  .0760303 

4  .0608307 
ft  .0504679 


6  .0430168 

7  .0374307 

8  .0331009 
0  .0290634 

10  .0268469 


InUipolatiBg  dinetly  la  TabteM  for  ft«*10 
we      £^(lJ76)-itt68470  as  ft  oheok. 

EnmpfeSw  Compnte  nB>l(l)A;  to  68 
for«»10,iV«10. 

If ,  M  in  thk  oxMni^,  s  is  aiiiiredftUy  krger 
thtn  Avt  ftad  ATi^s,.  thou  the  nifttion 
8.1.14  maj  be  iftfetjr  need  in  deoraudng  order  of 
n({6.6D«  JVom  Table  8Jl  for  «r'a.l  we  get 
(rl:10y£;.(«)«  1.02436  eo  that  £h(10)»2.32629 
XIO"*.  Uiiiig  this  as  the  initial  Talue  we  obtain 
ooliinin(2). 


n  (1) 

1  .41670 

2  .38300 

3  .36505 
J3000 
.310^ 
J8800 
.2786? 

8  .2^ 

9  SSSSS 

10  .22673 


4 

6 
6 
7 


.41670 
.38302 
.36488 
.33041 
.30698 
.29006 
.27326 
.26822 
.24472 
.23263 


1  ¥nm  Table  8.8  we  get  »'£^(s)a.916633  ao 
libftt£t(10)«4.16697X10^aBaoheek.  Forward 
Weeurrenoe  starting  with  £;(10)<»4.1670X10-* 
yields  the  yaliiai  in  oolunm  (1).  The  underiined 
fi||ltires  are  in  error. 

CMoiple  6.  Oompute  fi«l(l)M  to  6S 
for  «al2.3,  iV»20. 

If  AT  is  appreciahly  larger  than  9,  and  «  appro* 
elably  larger  than  five,  then  the  reeurrenoe  rela- 
Uon  6.1.14  should  be  uied  in  the  baokward  direo< 
tion  to  generate  E»(s)  for  n<fio»  and  in  the  forward 
direetiim  to  generate  E»(,»)  for  n>fio,  wliere 
»•«<«>. 

From  5.1.52*  with  ih^aiz,  «mi3.3,  we  have 


'"Tir5(l  +  02032-- 4K)043- .00001) 
2*-3  .  «1.910a 


91038X10 

Using  the  rdation  5*1.14,  as  indicated, 

we  get 
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» 

10*^.(12.3) 

10«£,(12.3) 

n 

12 

. 191088 

.  191038 

12 

11 

.199218 

. 188498 

13 

10. 

.208098 

.  176616 

14 

.2177^8 

.  170042 

15 

g 

.228406 

.164016 

10 

.240073 

.  168897 

17 

.26296U 

.  158144 

18 

|{ 

.267234 

. 148226 

IB 

.283166 

.148608 

20 

3 

.300998 

2 

.321117 

1 

.843968 

From  Tablee  5.2  and  5.8  we  find  £i(12.3) ». 343958 
X10-«,  £;t(12.3)«.143609X10-*  as  a  eheek. 

EnmpfeT.  X3omputeo.(2)ta 68 forn-o  1(1)8. 

The  reeurrenoib  formula  8.1.15  oan  be  used  for 
.  an  «>0  in  increasing  order  vt  w  without  loss  of 

aoouncy.    From  8.1.28  we  haye  «^(2)*|<'^ 

«.0676676,  sows  get 

»  *i(2) 

0  .0676676 

1  .101601 

2  .169169 

3  .821421  t 

4  .710610 
6  1.84394 

Independent  oaleulation  Mth  8.1.8  yields  the 
same  result  for  <m(2). 

Hie  funotions  and  01(9)  can  be  obtained 
firomjrablo  lOJ  using  5.1.48, 8.1.49. 

Bample  8.  Oompute  #.(«),  n-0(l)Ar  to  68 
for«»l,i^«5. 

Use  the  relation  8.1.16  in  inoressing 

order  of «» if  * 

«>.368i^+.184  In  ^+.821 

and  in  deoretsing  order  of  f»  otherwise  {6.6]. 

From  5.1.9  with  n<s6  we  get  ^((1) a -.824297 
correctly  rounded  to  6D.  Ushig  the  recurrence 
formula  5.1.16  in  deoreadng  mder  of'  n  and 
carrying  9D  we  get  the  Talues  in  ijolunm  (2). 

,  W  W 

2.36040  2 
-.73676  9209. 

37888  3849 
-'.44M0  9722 
.66236  3499 
-.3243r877i 


II 
0 
1 
2 
3 
4 
6 


2J6040  2380 
-.73675  8880 

.87888  4629 
-.44960  7883 

.66237  2^ 
-.32429  7 


Using  forward  reounrence  instead,  starting  with 
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liiih  lja3.350403  and  agiOn  CMfyiag  9D, 
w«  obtain  flohunii  (1).  Th*  mMiatd  figm 
«« in  trror.  The  above  ibowe  that  three  tignifi- 
eent'figune  ure  kwt  in  forward/e^uRenoe,  whereas 
about  three  ngmfioant  figures  are  gained  in  baok- 
ward  reeurrenoei 

An  alternative  procedure  is  to  start  with  an 
i^trary  value  for  n  suiBdently  huge  (see  also 
(5.11).  To  illustrate,  starting  with  the  value 
sero  atnall  weget 


n 

« 

^.(1) 

11 

0. 

6 

-.324297 

10 

^80560 

4 

.552373 

9 

-J20(W84 

3 

-.449507 

8 

.310908 

2 

.878885 

7 

-.383812 

1 

-.735759 

6 

.404621 

0 

2.350402 

The  functions  A>(«)  uid  A(s)  can  be  obtained 
fkom  Taliie  VM  using  8.1.49. 

Euunpie  9.  Oomputo  Ei{»)  for  «»3.2678 
+6.8943i. 

From  Table  8.6  we  have  for  ib«a^+*|b«3+7i 

M^Eiifh)  -  .934958+ .095598i, 

«^£^(s,)»  .059898-.107895t. 

From  Taylor's  formula  with/(«)-«'^(»)  we  have 


Torts 

(8.1]  r.  J.  Corb»t4,  On  the  eomputotkm  of  autUiary 
funetloM  for  two-wntor  lataipals  by  mesai  of  » 
higb-opMd  oomputw,  J.  OlMm.  Phjrt.  M.  482-488 
(1984). 

(8.21  A.  BnMlyi  «t  aL,  Highv  tranMondontal  faiwtion>, 
vd.  2  (MoOraw-HiO  Book  Co.,  lao..  Near  York. 
N.Y.,  1988). 

(8.81  A.  Brdttyt  at  al.,  Tal>l«  of  ta««pal  traasforni,  volt, 
t.  2  (M«Oraw.Hlll  Book  Co.,  laa..  Now  York, 
N.Y.,  1984). 

(8.4)  W.  QautMhl,  Boma  atamaatary  iaaqualUlai  lalatlBg 
10  tha  gamma  and  iaaomplala  gamma  fosaliOB, 
S.  Math.  Phyi.  88,  77-81  (1988). 

(8.8)  W.  QaotMhl.  Reeuniva  oompotatkm  of  aertaln 
iotegrali,  J.  AaMo.  Compol.  Maah.  8,  21-40 
O  (1941). 
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with  As»s-sb»'.2578-.1057v  Thus  with  8.1.27 
weget 


* 

(Af)y<»(i,)/»l 

A 
U 

•  uowRfo       lUf  wot 

1 

.008174  +.012795< 

.008460  +.00248M 

2 

-.001889  +.00018M 

~. 000094  +.000110< 

8 

.000088  -.000212< 

-.000003  -.000004< 

/(0)».OO3261 

-.105364% 

s-«=».031510 

-.022075< 

£^(8)» -.000332 

-.004710» 

BqMating  the  calculation  with  ib">3+0i  and 
As».2578+.8943i  we  get  the  same  result. 

An  idtemative  procedure  is  to  jMrform  bivariate 
interpolation  in  the  real  and  imai^nary  parts  of 

Btampio  10.  Compute  JEt(s)  for  s-*— 4.2 
+12.7<. 

Udng  the  formula  at  the  bottom  of  Table 

 .711093 

«'^«W--3,784225+12.7t 


m518       .  .010889 
"**-1.90672+12.7»"'"2.0900+12.7< 


«>-.0184100-.0736698i 
JB%(s)  »-1.87133-4.70540i. 


(8.6)  W.  QrObnar  and  N.'  HofMtar.  IntafraUalkl 

(8iNrinfer»Varlag,  Wtan  and  InnabrtiOk,  Austria, 
1949-80). 

(8.7)  0.  Rartingi.  Jr.,  Approilmatioaa  for  digital  aoB»> 

ptttm  (Ptrlnoaton  Univ.  Ffam,  PMaoatoa,  N.J., 
1988). 

(8.8)  B.  Hopf.  Matliamatlaal  problems  of  radiative 

aquillbrium,  Oembridga  TraeU  in  Matkamatloi 
and  MathMBStiaai  PhyalM,  No.  81  (OaaMfi 
Univ.  Prm,  Cambridge,  Bagtaad,  1084). 

(8.9)  V.  X^ttrgaaoff,  Baale  methods  in  VnaOm  prablsms 

(Oiford  Univ.  Prma,  London,  Bnglaad,  1982). 

(8.10)  P.  Lflaah  sad  F.  Behoblik,  Die  rakolMt  tmd  var- 

waadle  ViuktlonaB  (B.  0.  TaabBsr,  Lelpsig, 
Qvmsay,  1981). 

(8.11)  N.  Niebsa,  Thaorie  des  tntagrsllogaHthmss  (B.  O. 

Teab^^aj^rig,  Ckrmsay,  1908). 
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iS.13]  F.  Ob6rh«tllng0r*  Ttbellmi  itur  Foori^r  Tnndwm^ 

Hon  (8|>Hiii«r«VerUm,  B«rUii,  OMttngiiii  Rtidd* 

berg»  0«rmAny,  1957). 
(6.131  1*  M.  Rythik  aad  1.  8.  Oradstalot  Tablfli  of  nrim, 

produeto  ud  tni^grab  (VEB  D0UtMh«r  V«rlat 

d«r  WlBMnaehaften,  Berlin,  GermMiy»  1M7). 
1 6. 141  8*  A*  8ehdkuiMMi\  Proposed  ey (Dbob  for  the  niodUled 

eoeine  and  expuneniial  integrel^  Quart.  Appl. 

Math,  a,  90  (1944). 
(6.161  J*  Toddi  Evaluation  ol  the  exponential  Integral  for 

large  eomiriex  argumentSf  J.  Reeeareh  NB8  5St 

31»-317  (1964)  RP  26W. 
(6.161  F.  O.  Trieomi,  Funitoni  ipergeometrieb  eonfluenti 

(Edialoni  Cremoneee,  Rome,  Italy»  1964). 

TaMea 

(6.171  British  AjBflodation  for  the  Advanoement  of  8denee» 
*Mathematieal  Tablee^  vd.  I.  Cireular  and 
hyperboUe  funetioila,  exponential^  tine  and  eoeine 
integrals,  ete.,  3d  ed.  (Camtnridge  Univ.  Preas^ 
Cambridge,  England,  1961).  £l(;r) -hi  Xp  -£t(e) 
-In  Cl(x)-\nx,  m(xh  <»0(.1)6,  IID;  Ei(«), 
««6(.1)16,  10-118;  «i(<)/<«>6(.l)16,  13-14D; 
8i(«),Ci(;r),«»6(.l)20(.2)40,  lOD. 

(6  181  L.  Fox,  Tables  of  Weber  paraSoUe  eylinder  f  unetiona 
and  other  funetions  for  large  arguments,  Mathe* 
matieal  Tables,  vol.  4,  National  Physical  Labora* 
tory  (Her  Majesty's  Stationery  Ottoe;  London, 
England,  1960).  e-*£i(<),  e^St<^h  r-<»0(.001).l, 
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SINE.  COSINE  AND  EXPONENTIAL  INTEGRALS 
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1.02818  6335 
1.03081  8352 
1.03346  2259 
1.03611  8125 

1.03878  6018 
1.04146  6006 
1.04415  8158 
1.04686  2544 
1.04957  9234 

1.05230  8298 
1.05504  9807 
1.05780  3833 
1.06057  0446 
1.06334  9719 

1.06614  1726 
1.06894  6539 
1.07176  4232 
1.07459  4879 
1.07743  8555 

1.08029  5334 
1.08316  5293 
1.08604  8507 
1.08894  5053 
1.09185  5008 

1.09477  8451 
1.09771  5458 
1.10066  6108 
1.10363  0481 
L 10660  8656 

1.10960  0714 
1. 11260  6735 
1.11562  6800 
1.11866  0991 
1.12170  9391 
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1.13094  0671 
1.13404  6738 
1.13716  7432 
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0.98519  77n4 
0.98276  86889 
0.98035  02898 
0.97794  25142  • 

0.97554  59033 
0.97315  85980 
0.97078  23999 
0.96841  64710 
0.96606  09336 

0.96371  56702 
0.96198  06240 
0.95905  57983 
0.95674  09969 
0.95443  62237 


0.95214 
0.94985 
0.94758 
0.94591 
0.94306 

0.94081 
0.93857 
0.93699 
0.93413 
0.99192 


14833 
66804 
17603 
6(684 
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39946 
#>7481 
94997 


0.92973  17075 
0.92794  39196 
0.92996  42849 
0.92919  49910 
0.92109  40684 

0.91888  27898 
0.91674  06933 
0.91460  76209 
0.91248  36388 
0.91096  86982 

0.90826  26297 
0.90616  99048 
0.90407  72950 
0.90199  77725 
0.89992  70693 

0.89786  50778 
0.89581  17511 
0.89376  70423 
0.89173  09048 
0.88970  32920 


0.88768  41584 
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gINB.  G09INB  ANP  EXFONENTUL  INTBGBALS       Table  M 


M 

0.91 
0.92 
0.99 
0.94 

0.99 
0.96 
0.97 
0.98 
0.99 

0.60 
0.61 
0.62 
0.6) 
0.64 

0.69 
0.66 
0.67 
0.60 
0.69 

0.70 
0.71 
0.72 
0.79 
0.74 

0.79 
0.76 
0.77 
0.7S 
0.79 

0.80 
0.81 
0.82 
0.89 
0.84 

0.89 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91 
0.92 
0.99 
0.94 

0.99 
0.96 
0.97 
0.98 
0.99 

LOO 


-  8i(*> 
0.49910  74180 
0. 90268  77906 
0.9p29  19212 
0.92179  84228 
0.99192  81492 

0,94084  09991 
0.99099  48969 
0.99981  12298 
0.96926  92197 
0.97870  89069 

0.98812  88096 
0.99792  9tt99 
0.60691  12909 
0.61627  27944 
0.62961  41609 

0.69499  90941 
0.64429  91891 
0.69991  42997 
0.66277^19817 
0.67200  80721 

0.68122  22991 
0.69041  41969 
0.69998  96990 
0.70879  09490 
0.71789  99660 

0.72699  42472 
0.79609  09067 
0.74908  96664 
0.79411  22494 
0.76911  69804 

0.77209  97899 
0.78109  01921 
0.78997  99299 
0.79888  29277 
0.80776  0719; 


0.81661 
0.82949 
0.89429 
0.84900 
0.89179 

0.86047 
0.86916 
0.8n82 
0.88649 
0.89906 


24972 
78170 
69999 
89102 
99016 

07107 


29964 
60899 
14112 


0.90969  80880 
0.91218  98696 
0.92070  44970 
0.92919  97970 
0.99769  99420 

0.94608  90704 

D-r] 


cm 

-0^17778  40788 
-0.16049  92990 
-0.14999  97998 
-0.12707  07998 
-0.11099  04967 

-a  09929  99274 
-0.07998  99129 
-0.06909  69744 
-0.0904414819 
-0.09610  99707 

-0.02227  07070 
-0.00867  92486 
♦£00460  99849 
'«.  01798  17424 
0.09026  09686 

0.04264  98299 
0.09479  77949 
0.06699  19994 
0.07819  76699 
0.08946  99199 

0.10091  47070 
0.11191  79929 
0.12187  89922 
0.19220  92879 
0.14229 


0.19216  96010 
0.16180  97827 
0.17129  98110 
0.18049  89999 
0.18946  98290 

0.19827  86160 
0.20688  88610 
0.21990  49899 
0.22992  96792 
0.29196  78824 

0.29942  28968 
0.24709  80486 
0.29499  69199 
0.26192  27264 
0.26907  86687 

0.27606  78909 
0.28289  92069 
0.28999  77010 
0.29686  41998 
0.90241  92498 

Q.90tel  969id 
0.91466  20947 
0.92096  28499 
0.92691  89189 
0.99199  14982 

0.99740  99229' 


0.49421  9909 
0.48709  2167 
0.91999  0699 
0.99179  0449 
0.98964  9991 

0.61929  0697 
0.64667  7490 
0.67781  8642 
0.70872  9720 
0.79940  9764 

0.76988  1290 
0.80019  0920 
0.89022  6417 
0.86011  8716 
0.88989  9949 

0.91990  6468 
0.94877  8277 
0.97801  9042 
1.00711  6121 
L 09607  6976 

1.06490  7199 
L 09961  4901 
1.12220  4777 
1.19068  4069 
1.17909  8208 

1.20799  2816 
1.29991  9919 
1.26960  4960 
1.29161  2809 
1.91994  1799 

1.94799  6948 
1.97918  1789 
1.40290  1910 
1.49096  1249 
1.49816  9978 

1.48971  4176 
1.91921  9791 
1.94067  2664 
1.96808  8994 
L 99946  7096 

1.62281  1714 
1.69012  6019 
1.6n41  991T 
1.70467  6091 
1.79191  9946 

1.79914  9612 
1.78699  6947 
L 81999  6941 
1.84074  8919 
1.86799  4949 

1.89911  7816 


0.99977  9999 
0.94792  2992 
0.9)621  9798 
0.92499  1910 
0.91400  9886 

0.90996  4081 
0.49)01  9999 
0.48296  0094 
0.47917  9499 
0.46964  9849 

0.49497  9909 
0.44999  9112 
0.4)696  1894 
0.42799  79)8 
0.41969  1981 

0^41191  6976 
0.40998  6279 
0.99989  2969 
0.908)0  924) 
0.98095  0010 

0.)7)76  884) 
0.)6679  9981 
0.)999l  7914 
0. 99)2)  7)64 
Q.)4671  9279 

0.)40)4  081) 
0.9)411  im 
0.92809  2946 
0.922M  7610 
0. 91617  7004 


0.91099  6979 
0.90904  2999 
0.29961  1296 
0.29429  915S 
0.28910  2918 


0.28401  9269 
0.27904  9070 
0.27417  7901 
0. 26941  9046 
0.26474  9496 

0.26018  )9)9 
0.29971  9758 
0.2919)  6425 
0.24704  9901 
0.24285  0627 

0.2987)  7924 
0.2)470  7988 
0.2)075  9090 
0.22689  1167 
0.22)09  9826 

0.219)8  99)4 
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KDONBHtML  OfTBOBAL  AND  RXLATED  rCNCnOKS 


SINB>  COSINE  AND  EXFONENTUL  INTEGRALS 


1.00  0.94000  30704 

1.01  0.95440  20020 

1.02  0.90205  19107 

1.03  0.97119  00039 

1.04  0.97949  04431 

1.05  0.90n7  52233 
1.00  0.99002  07135 
1.07  1.00423  40040 
LOO  1.01241  09091 
LOO  1.02056  71617 

1.10  /l.  02060  52107 

Lll  1.03677  00503 

1.12  1.04402  90000 

1.13  1.05204  40002 

1.14  1.00003  10045 

1.15  1.06070  40757 

1.16  1.07670  51696 

1.17  1.00459  17561 
1.10  1.09244  44270 

1.19  1.10026  29760 

1.20  1.10004  71990 

1.21  1.11579  60937 
1.^2  1.12351  10599 
1.23  1.13119  10994 
L  24  1.13003  60160 

L2S  1.14644  64157 

1.26  1.15402  05063 

1.27  1.16155  00970 
1,20  1,16906  14023 

1.29  1.17652  70340 

1.30  1.10395  00091 

1.31  1.19135  17459 

1.32  1.19070  00649 

1.33  1,20602  91006 
L34  1,21331  25410 

1.35  1,22055  07513 

1.36  1.22776  76460 

1.37  1,29499  90571 
1.30  1.24207  20100 
1.39.  1.24916  07640 

1.40  1.25622  67920 

1.41  1.26324  65642 

1.42  1.27022  01004 
L43  1.27717  11054 

1.44  1.20407  56650 

1.45  L 29094  13902 

1.46  1.29776  02094 

1.47  1.30455  59767 
1,40  1,31130  45473 

1.49  1.31001^700 

1.50  1.32460  35312 


0.33740  99229 
0.94279  02254 
0.94799  65405 
0195900  10067 
0.99799  97091 


0.96279  66010 
0.96741  19060 
0.97196  19201 
0.97690  00192 
Ob  90069  02912 


0.90407  99774 
0.90099  00142 
0.39200  90645 
0.39671  06194 
0.40049  7909Q 

0.40404  59647 
0.40754  25599 
0.41099  10990 
0.41421  29105 
0.41790  70016 

0.12045  91029 
0.42942  76402 
0.42629  46/60 
0.42906  16979 
0.49172  90002 

0.49490  07240 
0.43677  54665 
0.49915  59015 
OL 44144  17205 
0.44969  57130 

0.44573  05675 
0.44775  14723 
0.44967  55955 
0,45151  20063 
0.45326  20759 

0.45492  66752 
0.45650  69011 
0.45000  40711 
0.45941  90071 
0.46075  20949 

0.46200  65051 
0.46910  12790 
0.46427  70995 
0.46529  74519 
0.46624  09014 

0.46710  92094 
0.46790  93219 
0.46062  41732 
0.46927  26040 
0.46904  97667 

0.47035  63172 


El(») 
1.09511  7016 
1*92290  1005 
1.94940  7042 
1.97667  0925 
2.009O7  7925 

2.09100  7104 
2.05O90  9000 
2.00994  7025 
2.11200  M72 
2.14007  9712 

2.16797  0200 
2.19470  1672 
2.22205  2152 
2.24949  1949 
2.27604  9260 

2.90420  0252 
2.39176  9062 
2.95920  7000 
2.30604  6549 
2.41444  7967 

2.44209  2205 
2.46970  9915 
2.49752  2442 
2.52531  1634 
2.55315  2036 

2.50104  7974 
2,60099  0956 
2,63700  7673 
2.66507  5997 
2.69320  5705 

2.72199  0000 
2.74965  7110  . 
2^77790  2207 
2.00697  6214 
2.09404  0677 

2.06997  7499 
2.09190  0900 
2.92067  4997 
2.94949  9269 
2.97020  2044 

9.00720  f464  i 
9.09621  4049 
9.06590  6691 
9.09440  4712 
9.12975  0601 

9.15910  6049 
9.ia255  2741. 
9.21209  S955 
9.2A172  6566 
9.27145  7042 

3.30120  5449 


0.21930  3994 
0.21574  1624 
0.21217  1009 
0.20067  0559 
0.20529  0952 

0.20107  2019 
0.19057  2947 
0. 19599  5409 
0.19216  0479 
0.10904  6110 

0.10599  0905 
0.10299  3465 
0.10009  2467 
0,17716  6615 
0.17499  4651 

0.17155  5354 
0.16002  7595 
0.16615  0040 
0.16352  1740 
0.16094  1567 

0.15040  0497 
0.15592  1324 
0.15347  9226 
0.15100  1164 
0.14072,6100 

0.14641  3373 
0.14414  1015 
0.14191  0699 
0.19971  0909 
0.19756  6092 

0.13545  095O 
0.13337  2975 
0.13133  1314 
0.12932  5224 
0.12795  3972 

0.12541  6044 
0.12951  9146 
0.12164  2190 
0.11900  9997 
0.11799  5919 

0.11621  9919 
0.11447  2909 
0.11275  6090 
0.11106  0207 
0.10940  0929 

0.10777  7440 
0.10617  3291 
0.10459  5946 
0.10904  4002 
0.10151  9593 


a ) 0001  9502 


4 
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mmMfUL  wnmuot  and  rblatio  functions 


241 


8INB,i»SINB  AND  EXffOKIBPrnAL  nfTBCHALS 


Mii) 

1.S37M  404M 
1.3444S  4M9S 
I.SSOM  90149 

1.  99749  9^ 
1.969M  9411} 
1.97«9  90811 
1.97660  41179 
1.90291  27949 

1.90910  04099 
1.99940  79666 
1.46199  92640 
L 40779  00670 
1.41904  16690 

1.41990  99644 
1.42992  40402 
1.49190  42202 
1.49704  19016 
1.44979  00961 

1.4*999  22097 
1.49940  46907 
1.46117  90299 
1.46690  99404 
1.47290  914974 

1.47029  94109 
1.40909  90249 
1.40999  42979 
1.49491  09090 
1.90090  91072 

1.90901  67009 
1.S1120  96942 
1.91699  10699 
1.92109  92249 
1.92711  97169 

1.99299  92019 
1.99790  70626 
1.94269  94066 
1.94772  70621 
1.99277  91000 

1.99777  99197 
1.96279  42192 
1.96761  90949 
1.97292  21001 
1.97799  11991 

1.90219  67967 
1.90607  09407 
1.99197  76010 
1.99629  29902 
1.60004  47291 


1.90 
1.91 
1.92 
1.99 
1.94 

1.99 
1.96 
1.97 
1.S0 
1.99 

1.60 
1.61 
1.62 
1.69 
1.64 

1.69 
1.66 
1.67 
1.60 
1.69 

L70 
1.71 
1.72 
1.79 
1.74 

1.79 
1.76 
1.77 
1.70 
1.79 

1.00 
1.81 
1.02 
1.89 
1.84 

1.89 
1.86 
1.87 
1.80 
1.09 

1.90 
L91 
L92 
1.99 
1.94 

1.99 
1.96 
1.97 
1.98 
1.99 


2.00      1.60941  29760 


CKf) 
0.47099  69172 
0.47079  92292 
0.47116  19600 
0.47146  19992 
0,47169  47019 

0:47106  17642 
0.47196  99709 
0.47200  04499 
0.47197  97992 
0.47100  42164 

0147179  29169 
0.47191  94040 
0.47124  90904 
1)147091  29929 
0.47092  01907 

01 47006  990H 
0.46996  19900 
0.46099  64972 
01 46097  94012 
0146769  92169 

0.46696  09M2 
0.46610  96999 
0.46994  97909 
0,46449  99716 
0.46991  92206 

0.46291  99967 
0.46147  69960 
0146090  29099 
0.49924  09471 
0.49004  97097 

01 49601  11294 
0149992  94909 
0.49419  99496 
0.49201  94262 
0.49199  29427 

0.44992  47241 
0.44041  91966 
0.44609  09019 
0.44926  00940 
0144962  19406 

0.44194  09497 
0.44021  09009 
0.49049  69991 
0149669  46900 
0.49401 


( 


0.49299  44941 
OL 49101  72792 
0.42906  27200 
0.^707  14279 
0.42904  99991 


Em , 

9.90120  9449 
9.99121  9449 
9.96124  2701 
9.99197  4090 
9.42161  1976 

9.49199  4909 
9.40240  9209 
9.91296  9900 
9.94969  7024 
9.97442  1266 

9.60991  9949 
9.69699  4719 
9.66746  7221 
9.69071  9099 
9.79009  1999 


9.76190  7969 
9.79920  7496 
9.02499 
9.09602 
9.00002 


9910 
6709 
9920 


9.92096  9201 
9^99922  9462 
9.90962  9972 
4. 01016 '6999 
4.09004;OIOO 

4.00969  9699 
4.11660  7047 
4.14970  4649 
4.10294^796 
4.21699  20d9 


7997 
1601 


4.24986 
4.20999 
4.91790  6009 
4.99197  4072 
4.90991  7964 


4.41901  6000 
4.49^7  2746 
4.40000  9097 
4.92966  6072 
4.99060  7017 

4.99971  9607 
4.62090  6242 
4.66442  7249 
4.70009  0409 
4.79902  1794 


4.77177 
4.00791 
4.01422 
4.00071 
4.91790 


0709 
1490 
1901 
0791 
1191 


TaU»8.1 

0.10001  9902 
0.09094  4M9 
0.09709  9466 
0.09S66'6424 
0.09426  2706 

0. 09200  2100 
0.09192  9960 
0.09010  7917 
O.08OO7  9966 
0.00790  0904 

0.08690  0994 
0.00909  6670 
0.00902  9199 
0.00261  9994 
0.00142  0970 

0.08024  7627 
0.07909  2970 
0.07799  6604 
0.07609  0412 
0.07979  7099 

0.07469  4644 
0.07990  8910 
0.07299  9194 
0.07190  6299 
0.07040  9927 

0.06940  0609 
0.06090  9447 
0.06799  9999 
0.06697  0691 
0.06969  0641 

0.06471  9129 
0.06900  1909 
0.06290  4719 
0.06202  1920 
0.06119  1402 

0.06029  4967 
0.09949  1949 
0.09062  0994 
0.09700  9091 
0. 09699  7629 

0.09620  4970 
0.09942  9149 
0.09469  9791 
0.09909  9927 
0.09914  9940 

i. 09241  4900 
0.09169  0297 
0.09097  6900 
0.09027  4992 
0.04990  2291 


Fl  297< 


0,42290  00200 


4.99429  4996 

■(-.«] 


0.04890  0911 
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BXPONKMTIAL  IMTBOBAL  AND  RELATED  ITJNOnONB 


V 


Tablo  S.I 

t 
2.0 
2.1 
2.2 
2.3 
2.4 

2.5 

a.6 

2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.5 
3.4 

3,5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 


SINE,  COSINS  AND  EXPONENTIAl;  INTEGRALS 


1.60541  29768 
L  64869  i6H2 
1.68762  48272 
1.72220  74818 
1.75248  55008 

1.77852  01734 
1.80039  44505 
1.81821  20765 
1.83209  65891 
1.84219  01946 

1.84865  25280 
1.85165  93077. 
1.85140  08970 
1.84808  07828 
1.84191  39833 

1.83312  53987 
1.82194  81156 
1.80862  16809 
1.79339  03548 
L 77650  13604 

1.75820  31389' 
1.73874  36265 
1. 71836  85637 
1.69731  98507 
1.67583  39594 

1.65414  04144 
1.63246  03525 
1.61100  51718 
k 58997  52782 
1.56955  89381 

1.54993  12449 
1.53125  32047 
1.51367  09468 
1.49731  50636 
1.48230  00826 

1.46872  40727 
1.45666  83847 
1.44619  75285 
1. 43735  91823 
1.43018  43341 

1.42468  7S513 
1.42086  73734 
1.41870  68241 
1.41817  40348 
1.41922  29740 

1.42179  42744 
1.42581  61486 
1.43120  53853 
1.43786  84161 
1.44570  24427 

1.45459  66142 


CiOt) 

0.42298  08288 
0.40051  19878 
0.37507  45990 
0.34717  56175 
0.31729  16174 

0.28587  11964 
0.25333  66161 
0.22008  48786 
0.18648  83896 
0.15289  53242 


0.11962 
0.08699 
0.05525 
♦0.02467 
-0.00451 

-0.03212 
-0.05797 
-0.08190 
-0.10377 
-0.12349 


97860 
18312 
74117 
82846 
80779 

85485 
43519 
10013 
81504 
93492 


-0.14098  16979 
-0.15616  53918 
-0.16901  31568 
-0.17950  95725 
-0.18766  02868 

-0. 19349  11221 
-0.19704  70797 
-0.19839  12468 
-0.19760  36133 
-0.19477  98060 

-0.19002  97497 
-0. 18347  62632 
-0.17525  36023 
-0.16550  59586 
-0.15438  59262 

-0.14205  29476 
-0.12867  17494 
-0.11441  07808 
-0.09944  06647 
-0.08393  26741 

-0.06805  72439 
-0.05198  ?5290 
-0. 03587  30193 
-0.01980  82206 
-0.00418  14110 

♦0.01110  15195 
0.02582  31381 
0.03985  54400 
0.05308  07167 
0.06539  23140 


0.07669  52785 


1.34096  5420 
1. 37148  6802 
1.39742  1992 
1.41917  1534 
1.43711  8315 

1.45162  5159 
1.46303  3397 
1.47166  2153 
L 47780  8187 
1.48174  6162 

1.48372  9204 
1.48398  9691 
1.482^4  0191 
1.48017  4491 
1.47646  8706 

1.47178  2389 
L 46625  9659 
L 46003  0313 
1.45321  0902 
1.44590  5765 

1.43820  8032 
1.43020  0557 
1.42195  6813 
1.41354  1719 
1.40501  2424 

1.39641  9030 
1.38780  5263 
L 37920  9093 
1. 37066  3313 
1.36219  6054 

1.35383  1278 
1.34558  9212 
1. 33748  6755 
1.32953  7845 
1.32175  3788 

1.31414  3566 
1.30671  4107 
1.29947  0536 
1.29241  6395 
1.28555  3849 

1.27888  3860 
1.27248  6357 
1.26612  0373 
1.26002  4184 
1.25411  5417 

1.24839  1155 
1.24284  8032 
1.23748  2309 
1.23228  9952 
1.22726  6684 


1.22240  8053 


0.72265  7234 
0.73079  1502 
0.73843  1132 
0.74562  2149 
0.75240  4829 

0.75881  4592 
0.76488  2722 
0.77063  6987 
0.77610  2123 
0.78130  0252 

0.78625  1221 
0.79097  2900 
0.79548  1422 
0.79979  1408 
0.80391  6127 

0.80786  7661 
0.81165  .7037 
0.81529  4342 
0.81878  8821 
0.82214  8967 

0.82538  2600 
0.82849  6926 
0.83149  8602 
0.83439  3794 
0.83718  8207 

0.83988  7144 
0.84249  5539 
0.84501  7971 
0.84745  8721 
0.84982  1778 

0.85211  0880 
0.85432  9519 
0.85648  0958 
0.05856  8275 
0.96059  4348 

0.86256  1085 
0.86447  3436 
0.86633  1399 
0.86813  8040 
0.86989  5494 

0.87160  5775 
0.87327  0793 
0.87489  2347 
0.87647  2150 
0.87801  1016 

0.B7951  2881 
0.88097  6797 
0.88240  4955 
0.88379  8662 
0.88515  9176 


0.88648  7675 


ERIC 
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ixMKiiimL  nmoBAti  and  bhatid  rmronom 


mm,  eoMNB  and  BKroNBuriuL  inrrecMLs 


jr 
I.P 
7.1 
7.2 

Vl 

hi 
7.* 
7.7 
7.S 
7.« 

HO 

l\ 

•.4 

il 

9.9 

f.« 
9.1 
9.1 

V, 

9.9 
10.0 


L  97411  U|17 
1.9MM||ti» 

1.4M0I 


1.MM4  007M 
1.4MII4MM 

i.ft73n«2is 
Lft749a  nm 

1**7444  ytm 

l.ft7m  HMOI 
1.47M4  4S447 
1.647M  MlAf 
l.«*)N  40944 

1.49t94  79941 


cki) 


QL0M94  mU 
0.0490*  tnts 

0,M9tS  i4117 

♦0>  9tHt  10900 
^00770  70M1 
^01700  409n 

-aomi  91011 

.0.0M74  999*1 


if 

1.10041  1900 
1.19*49  1401 

UU^n  7194 
U179t4  «*H 


«•«!(•) 

100*40  7679 
0.0in0  9l94 
0.00909  9119 


1911  MM       0.009M  9119 

Sits  ttsss^ 

10041 


iiSSiSS 

0.09497  9*46 
a  OHM  0797 
.Jt.09nT  4902 

0.i9tt9  7119 
0.09917  7000 
0.9M|9  7906 
0.9ni9  6099 
0.90017  4*99 


1.19279 
1.19092 
i;  14797 
1.14960 
1.14947 


9209 


U 14192  9476 
L 19929  6109 
1.19720  9929 
1.19924  1190 
1.19992  0746 

Li9147  0209 

m 


snf     CwfiBi  7419 


0.90779  7602 
06  90161  im 
0.90144  09)0 
0.911tt7  2177 
0,91107  9090 

0.91107  2990 
0.91269  1097 
0.91941  7049 
0.91416  0766 
0.91490  7410 

0.9196)  )))9 


9099 


SINE,  OOSINB  AND  BXfONRNTIAL  INTEGRALS  ffM  UMiB  ARVtMRNTii 


0.100 
0.099 
0.090 
0.009 
0.000 

0.079 
0.070 
0.069 
0.060 
0.094 

0.090 
0.049 
0.040 
0.0)9 
0.090 

0.029 
0.020 
0.019 
0.010 
0.009 

0.000 


«/(•) 
0.90in  0991 
O.W9i  4427 


0. 
0. 

0.91 


9171 
1776 
9  9409 


0.90940  9100 
0.99070  0244 
0.99199  9699 
0.99900  2602 
0.99419  2909 

0.99914  0092 
0.99604  901) 
0.996n  0722 
0.99790  4771 
0.99021  09)7 


.99999  1207 


199999 
0.99900  02)9 
0.99999  0019 


1. 


MOOO  0000 

m 


0.94009  )9 
0.99929  10 
0.99740  44 
0.96160  17 
0.96997  i) 

0.97649  99 
0.97976  47 
0.90209  17 

0.909*0  24 
0.90090  92 

£99469  97 

0.99629  97 
0.99761  09 
0.99069  60 
0.99940  12 
0.99909  01 


w-*EI(.)l 
1.1)147  021 
1.12249  671 
1.11909  977 
1.10964  799 
1.0977)  779 

1.09014  007 
1.0M09  094 
1.07970  090 
1.06096  940 
1.062)6  969 

1.09999  991 
1.04972  640 
1.04)66  194 
1.0)779  199 
1.09190  909 

1*10  4,1 


Ci(#)-/(^)rin^ 


0.91969  99994 
0.91929  60206 
0.92299  19044 
0.92669  90990 
0.99044  09999 

f. 9)427  07466 
0.99017  42490 
0..942U  92406 
0.94tt4  96670 
O.MS2  99126 

0.99497  09099 
0.99090  410)0 
0.96206  74711 

0.96722  nm 

0.97169  49996 

0.97616  460)1 
O.90S79  94969 
0.9094)  0001) 
0.99M9  42207 
0.99904  92646 

1.00000  00000 

m 


<i^>-iMi«8t  tamapr  to 


10 
11 
11 
12 
1) 

1) 
14 
19 
17 
10 

20 
22 
29 
29 
)) 

40 
90 
67 
100 
200 
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■xroNiifmL  nmosAL  amp  wblatio  wmanam 


TaU*  S.S 


WHE  AND  OMINB  INTICIULS  POK  AtGUNENTS  wm 


«.0 

0.  7 

uo 

^1 

1.  t 

1.3 
1.4 
1.9 

1.7 
Ul 

1.  f 

t.0 
2.1 
2.2 
2.3 
2.4 
2.9 

2.  * 
2.7 

2.  « 
2.9 

S.0 
3.1 
S.2 
1.3 
1.4 
S.9 

3.  * 
1.7 

3.  a 

3.9 

4.0 
4.1 
4.2 

4.  ) 
4.4 
4.9 
4.6 
4.7 
4.8 
4.9 

9.0 


MM 

0.00000  00 
0.31244  10 
0.41470  01 

0.  00710  n 

1.  m47  74 
1.37076  12 
1.9»0b  39 
1.6I789  94 
1.71166  12 
1.03923  69 


1.09193  70 

l.fiS>  20 
L 79019 
1.74191 

^49103  91 
1.49072  17 
1.42621  09 


90 
10 
60 
27 
36 


1.41019  16 
1.42969  13 
1.44667  30 
1.47794  03 
1.91960  40 
1.99903  10 
1.99441  60 
1.62792  16 
1.69399  62 
1.66949  09 


02 
02 
08 


1.67476  10 
1.66960  11 
L 69939 
1.61369 
1.60721 
1.97070  92 
1.99099  » 
1.92667  «9 
1.90700  19 
1.49612  20 

1.49216  12 
1.49999  24 
1.90607  40 
1.92343  40 
1.94302  74 
1.96993  04 
1.90799  19 
1.60664  04 
1.62147  49 
1.63080  69 

1.63396  40 

m 


CiiiM 

0.00000  00 
0.02497  20 


0.09700  67 
^21400  79 
0.36970  10 
0.99679  77 
0.76666  63 
0.90999  9) 
1.21719  42 
1.43932  60 

U64027  79 
1.09737  40 
2.00168  91 
2.13021  22 
2.24999  41 
2.32981  82 
2.38040  96 
2.41370  90 
2.43067  79 
2.43600  30 

2.43769  34 
2.43044  23 
2.44369  73 
2.49676  99 
2.48004  47 
2.91446  40 
2.99979  93 
2.61492  99 
2.67647  93 
2.74269  41 

2.00993  76 
2.07498  49 
2.93491  77 
2.98737  63 
3.03074  71 
3.06427  29 
1.08807  91 
1.10310  38 
1.11100  » 
1.11393  99 

9.11439  69 
3.11479  82 
3b  11746  60 
3.12441  61 
1.13699  91 
1.19999  79 
1.10114  04 
1.21296  74 
1.24841  89 
1.28714  92 

1.12742  21 


Ca(M)T+to  •-♦•to  af-Cta(«) 

Sl(»')  art 
CI 

odd.  W6havt 


«          SIM  CinM 

9.0  1.61996  48  1.32742  23 

9.1  1.63000  90  3.36670  90 

9.2  1.62211  92  3.40339  01 

9.3  1.60071  21  3.43902  60 

9.4  1.99212  99  3.46297  02 
9.9  1.97400  24  3.40419  47 

9.6  1.99639  79  3.49941  49 

9.7  1.94064  82     .    3.90911  89 

9.8  1.92839  93  3.91426  89 

9.9  1.92069  96  3.91619  01 

6.0  1.91003  39  3.91647  44 

6k  1  L  92060  20  3.91674  30 

6.2  1.92794  77  X  9!097  29 

6.3  1.93921  04  3.92330  06 

6.4  1.99310  17  3.93192  30 
6.9  1.96043  12  3.94900  99 

6.6  1.98344  97  3.96264  99 

6.7  1.99679  62  3.98447  72 

6.8  1.60723  30  3.60972  10 

6.9  1.61383  89  3.63727  19 

7.0  1.61600  99  3.66981  26 

7.1  1.61388  08  A  69399  09 

7.2  .    1.60796  18  3.72034  97 

7.3  1.99789  21  1.74389  98 

7.4  1.98978  13  3.76162  11 
7.9  1*97297  88  1.77914  01 

7.6  1.99994  96  1.79012  64 

7.7  1.94794  81  1.79749  22 

7.8  1.91889  04  1.80111  21 

7.9  It  91109  5J  1.8n74  91 

810  1.91111  11  1.00299  96 

1.1  1.91106  26  1.80119  81 

Oi.a  L  91060  67  1.8049^88 

8.3  1.94713  99  3.80812  16 

1.4  1.99776  92  *  3.81467  97 
1.9  1.96940  94  3.82466  68 

1.6  1.98091  06  3.83818  19 

1.7  1.99117  06  3.89496  61 

1.8  1.99922  11  3.87444  09 

8.9  '1.60433  29  3.89976  92 

9.0  1.60607  69  .  3.91792  84 

9.1  1.60419  09  3.93904  77 

9.2  1.99942  00  1.96047  61 
9.1 «  1.99180  91  1.97890  22 
9.4  1.98232  00  1.99441  90 
9.9  '  1.97191  16  4.00666  94 
9.6  1.96161  12  4.01991  22 
f.7  1.99241  46  4.02119  22 
9.0  1.94919  00  4.02422  00 
9.9  1.94099  74  4.02917  29 

10.0  1.91902  91  4.02991  78 

[(-4)7]  [(-4,7] 

v+ln '-1.72194  65G08 


vatoaiof  8i(')  tf  it>0  Is  odd,  and  inlnlnram  valuM  if  «>0  Is  even, 
vnhiesof       If  ii>Olseven,«iidmlnimunivalueBlf  «i>Ols 

a(-)-r^"[>-Jii*iw--]<— > 
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.1 


0.00 
0.J01 
0.02 
0.03 
0.04 

0.05 
0.06 
0.07 
0.08 
0.09 

0.U 
0.11 
0.12 
0.13 
0.14 

0.1S 
0.16 
0.17 
0.10 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.2S 
0.26 
0.27 
0.20 
0.29 

0.30 
0.31 
0.S2 
0.33 
0.34 

0.9S 
0.36 
0.37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
0.44 

0.45 
0.46 
0.47 
0.48 
0.49 

0.50 


EXPONENTUL  DTTIGIULS 


245 


L 00000  00 
0.99572  22 
0.99134  50 
0.98686  87 
0.98229  39 


0.97762 
0.97285 
0.96798 
0.96301 
0.95795 

0.95280 
0.94755 
0.94220 
0.93676 
0.93123 


11 
08 
34 
94 

93 

35 
26 
71 
72 
36 


0.92560  67 
0.91988  70 
0.91407  48 
0.,90817  06 
0.90211  50 

'■A 

0.89608  82 
0.88991  09 
0.88364  33 
0.87728  60 
0.87083  93 


0.86438 
0.85767 
0.85096 
0.84416 
0.83728 


37 
97 
76 
78 
08 


0.83030  71 
0.82324  69 
0.81610  07 
0.80886  90 
0.80155  21 


0.79415 
0.78666 
0.77909 
0.77144 
0.76370 


04 
44 
43 

07 
39 


0.75588  43 
0.74798  23 
0.73999  82 
0.73193  24 
0.72378  54 

0.71555  75 
0.70724  91 
0.69886  05 
0.69039  21 
0.68184  43 


0.67321  75 

[<-.«'] 

See  ExamplOT  4—6. 


0.50000  00 
0.49027  66 
0.48096  83 
0.47199  77 
0.46312  39 

0.45491  88 
0.44676  09 
0.43083  27 
0.43111  97 
0.42360  M 

0.41629  15 
0.40915  57 
0.40219  37 
0,39139  77 
0.38876  07 

0.38227  61 
0.37593  80 
0,36974  08 
0.36367  95 
0.35774  91 

0.35194  53 
0.34626  38 
0.34070  05 
0.33525  18 
0.32991  42 

0.32468  41 
0.31955  85 
0,31453  43 
0.30960  86 
O; 30477187 


T 

)04  18 


0,300( 
0.29S39  56 
0.29083  74 
0.28636  52 
0.20197  69 

0,27766  93 
0,27344  16 
0.26^9  13 
0,26521  69 
0.26121  55 

0,25728  64 
0,25342  76 
0,24963  73 
0,24991  41 
0,24225  63 

\ 23866  25 
£^3913  19 
0.2h66  12 
0.22^9  08 
0.22M^  90 

0.22160  44 


0.33333  33 
0.32838  24 
0.32392  64 
0.31876  19 
0.31408  99 

0,30949  49 
0.30498  63 
0.30099  89 
0.29620  89 
0.29193  $4 

0.28773  61 
0.28360  90 
0.27999  24 
0.27996  46 
0.27164  39 

0.26778  89 
0.26399  79 
0.26026  96 
0.29660  26 
0.29299  96 

0.24944  72 
0.24999  63 
0.24252  16 
0.23914  19 
0.23981  62 

0.23294  32 
0.22932  21 
0.22619  17 
0.22303  11 
0.21999  93 

0.21M3  92 
0.21999  81 
0.21102  70 
«.  20814  11 
0.20929  94 

0.20290  13 
0.19974  98 
0119709  22 
0.19499  97 
0.19172  76 

0.18919  92 
0.18698  16 
0.18406  64 

0.18i:>8  87 
0.17914  79 

0.17674  99 
0.17497  44 
0.17204  09 
0.16974  10 
0.16747  99 


0.16924  28 

"'-«•"] 


0.11111  11 
0.10986  82 
0.10869  99 
0.10742  46 
0.10622  36 

0.10903  63 
0.10386  24 
0.10270  18 
0^10199  44 
0.10042  00 

0.09929  84 
0.09818  96 
0.09709  34 
0.09600  99 
0.09493  80 


0.09387 
0.09283 
0.09179 
0.09077 
0.08979 


86 
12 
96 
18 
95 


0.08875  87 
0.08776  93 
0.08679  10 
0.08582  38 
0.08486  79 


0.08392 
0.08298 
JO.  08206 
0.08114 
0.08024 


20 

72. 

30 

92 

97 


0.07939 
0.07846 
0.07799 
0.07679  27 
0.07987  90 


24 
99 
60 


0.07909  90 
0.07420  06 
0.07997  99 
0.07299  97 
0.07175  91 

0.07099  57 
0.07016  71 
0.06998  75 
0.06861  67 
0.06785  45 


0.06710 
0.06699 
0.06961 
0.06489 
0.06417 


09 
98 
91 
07 
04 


0.06349  83 


Table  S.4 

0.09263  16 
0.09207  90 
Oi 09193  21 
0.09099  11 
0105049  58 

0.04992  60 
0104940  19 
0104888  33 
OL 04837  02 
Oji  04786  24 

Ol 04736  00 
OL 04686  29 
0104637  10 
04588  43 
OL 04540  27 


0104492  62 
OL 04445  47 
OL 04398  82 
OL 04352  66 
0^04306  98 

oi 04261  79 
0.04217  07 
0.04172  82 
0.04129  03 
0.04085  71 

0.04042  85 
0.04000  43 
0.03958  46 
0.09916  93 
0.03875  84 

0.03835  18 
0.03794  95 
0,03799  19 
0^03719  76 
0.09676  78 

0.09698  22 
0.09600  06 
0.099M  91 
0,09924  99 
0.09487  98 

0  09491  40 
0,09413  21 
0.09979  99 
0.09549  96 
0,09908  89 

0.09274  20 
0.09299  87 
0.09209  90 
0.09172  29 
0.09199  0? 


0.09106  12 


er|c 
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BxroNmnAL  imtbcuul  and  sbutbd  rmamm 


T«Uc  &.4 


ExroNnmAL  intigbals 


0.S0 
Q.S1 
0.S2 

0.54 

0.55 
0.56 
0.57 
0.58 
0.59 


0.70 
0.71 
0.72 
0.7i 
0.T4 

0.75 
0.70 
0.77 
0.70 
0.79 

0.S0 
0.01 
0.02 
0.05 
0.04 

0.05 
0.06 
0.87 
0.88 
0.89 

0.90 
0.91 
0.92 
0.93 
0.94 

0.95 
0.96 
0.97 
0.98 
0.99 

1.00 


0.52664^ 

0.)2nM2 
0.31568  03 
0.31038  07 
0.30510  62 

0.30009  96 
0.29511  79 
0.29023  82 
0.28545  78 
0.28077  39 


39 
55 


0.27618 
0.27168 
0.26727  61 
0.26295  35 
0.25871  54 


0.25455  97 
0.25048  44 
0.24648  74 
0.24256  67 
0.23872  06 

0.23494  71 
0.23124  46 
0.22761  14 
0.22404  57 
0.22054  61 

0.21711  09 
0.21373  88 
0.21042  82 
0.20717  77 
0.20390  60 


0.20085  17 
0.19777  36 
0.19475  04 
0.19178  10 
0.18886  41 


0.18599  86 
0.18318  33 
0.18041  73 
0.17769  94 
0.17502  87 

0.17240  41 
0.16982  47 
0.16728  95 
0.16479  77 
0.16234  82 

0.15994  04 
0.15757  32 
0.15524  59 
0.15295  78 
0.15070  79 

0.14849  55 

[,-«.] 


Ad) 
0.22160  44 
0.21836  57 
0.21518  18 
0.21205  16 
0.20897  39 

0.20594  75 
0.20297  15 
O.200O4  40 
0.19716  64 
0.19433  53 

0.19155  06 
0.10881  14 
0.18611  66 
0.18346  56 
0.18085  73 

0. 17029  10 
0.17576  58 
0.17328  10 
0.17083  58 
0.16842  94 

0.16606  12 
0.16373  03 
0.16143  60 
0. 15917  78 
0.15695  49 


0.15476  67 
0. 15261  25 
0,15049  - 
0.14840 
0.14634 


17 
37 
79 


0.14432  38. 
0.14233  07' 
0.14036  81 
0.13843  55 
0.13653  24 

0.13M5  81 
6.13281  22 
0.13099  43 
0.12920  37 
0.12744  01 


30 
19 


0.12570 
0.12399 
0.12230  63 
0.12064  59 
0.U901  02 

0.11739  88 
0.11581  13 
0.11424  72 
0.11270  63 
0.11118  80 


0.16524  28 
0.16304  30 
0.16087  53 
0.15873  92 
0.15663  41 

0.15455  96 
0.15251  SO 
0.15050  00 
0.14851  39 
0.14655  65 

0.14462  71 
0.14272  53 
0.14085  07 
0.13900  20 
0.13718  13 

0.13538  55 
0.13361  53 
0.13187  01 
0.13014  95 
0.12845  33 

0.12678  08 
0.12513  19 
0.12350  61 
0.12190  31 
0.12032  24 


38 
70 
15 
70 
33 


67 
33 
93 


0.11876 
0.11722 
0.11571 
0.11421 
0.11274 

0.11129 
0.10905 
0.10844 
0.10704 
0.10567  44 

0.10431  85 
0.10298  12 
0.10166  22 
0.10036  12 
0.09907  80 

0.09781  23 
0.09656  39 
0.09533  24 
0.09411  77 
0.09291  94 

0.09173  74 
0.09057  13 
0.01942  11 
0.08828  63 
0.08716  69 


0.10969  20 


0.08606  25 


0.06345  03 
0.06275  42 
0.06205  60 
0.06136  96 
0.06068  69 

0.06001  59 
0.  05935  OS 
0.05069  25 
0.05804  19 
0.05739  66 

0.05676  26 
0.05613  36 
0.05551  18 
0.05489  69 
0.05428  69 

0.05368  77 
0.05309  33 
0.05250  55 
0.05192  43 
0.05134  97 

0.05078  15 
0.05021  96 
0.04966  40 
0.04911  47 
0.04857  15 

0.04803  44 
0.04750  33 
0.04697  01 
0.04645  68 
0.04594  53 

0.04543  76 
<  0.04493  56 
0.04443  91 
0.04394  02 
0.04346  28 

0.04298  29 
0.04250  62 
0.04203  89 
0.04157  49 
0.04111  60 

0.04066  22 
0.04021  35 
0.03076  98 
0.,03933  11 
0.03619  73 

0.03846  63 
0.03804  41 
0.037b2  46 
0.03720  98 
0.03679  96 

0.03639  40 

m 


0.03106  12 
0.03073  56 
0.03041  34 
0.03009  46 
0.02977  91 

6.02946  70 
0.02915  81 
0.02865  25 
0.02855  01 
0.02825  08 

0.02795  40 
0^02766  10 
0.02737  19 
0.02706  50 
0.02660  12 

0.02652  04 
0.02624  25 
0.02596  75 
0.02569  54 
0.02542.62 

0.02S15t90 
0.02469  62 
0.02463  53 
0.02437  72 
0.02412  19 

0.02366  92 
0.02361  91 
0.02337  17 
0.023li  69 
0.02268  46 

0.02264  49 
0.02240  78 
0.02217  31 
0.02194  00 
0.02171  11 

a  02146  37 
0.02125  87 
0.02103  61 
0.02081  56 
0.02059  70 

0.02038  21 
0.020U  07 
0.01995  75 
0.01974  86 
0.01954  10 

0.01933  72 
0.01913  47 
0.01893  44 
0.01673  62 
0.01654  01 

0.01634  60 

m 
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247 


1.00 
1.01 
1.01 
1.01 
1.04 

1.0S 
1.00 
1.07 
LOt 
LOO 

LIO 
1.11 
L12 
LU 
1.14 

LIS 
1.10 
1.17 
1.10 
1.19 

1.20 
1.21 
1.22 
1.29 
1.24 

1.29 
1.26 
1.27 
1.20 
1.29 

L90 
U91 
1.92 
1.99 
1.94 

1.99 
1.96 
1.97 
1.90 
1.99 

L40 
1.41 
1^42 
L49 
1.44 

L49 
L46 
L47 

L49 

hH 

L04 
1.99 


0.14049  99 
0.14691  99 
0.14410  04 
0.14207  69 
0.14000  60 

9,\im  19 
0.19996  91 
0.19999  96 
0.19206  22 
0.19019  62 

0.12010  11 
ai2649  62 
0.12462  10 
0.12209  90 
0.12107  -79 

0.11994  01 
0111764  62 
0.11997  14 
0.11492  91 
0.11270  00 


0.10646 
0.10496 


0.10940  01 

0.10109  99 
0.10060  91 
0.09919  70 
0^09701  06 

0.09644  99 
0.09910  19 
0.09977  00 
0.09247  47 
0.09119  19 

0,00992  79 
0.00060  29 

0.00906  10 

0.00900  99 

t 00279  69 
00160  04 
0.00040  19 
0.07997  09 

0.07029  90 
0.07722  99 
0.07616  94 
0.07n9  19 
0.07410  09 

0.07910 
0.07210 
0.07112  90 
•0.07016  60 
0.06921  64 

0.06020  07 

0.0M67  S' 


KXPONBNIIAL  lf«H6tAU 

C 10676  94 
42 

0.1«l3  90 

0.09040  42 

0.00717  91 


0.O990O  09 
0.O9460  74 
109999  21 
109211  49 
0.09009  99 


0.00969  92 
Q.00090  09 
0.00794  02 

'0.01999  47 
0.00209  U 

tSSoJ  17 
0.07961  46 

0.07097  29 
0.07794  47 
0.07699  16 
0.07999  26 
0.  O7494  76 

0.07997  69 
107261  06 
107167  42 
107074  29 
106902  46 


106091  91 
106002  60 
106714  99 
106627  60 
106942  09 


106497  99 
106974  24 
106292  07 
1062U  04 
106191  11 

106092  27 
109974  92 
109017  02 

mu 

100909  99 


1.60      1  06: 


*(') 

 01 

76 

100179  19 

100079  90 
107974  06 
107079  »7 
107774  « 
107676  99 

107900  07 
107404  09 
107990  OS 
107290  12 
107206  61 

107116  92 
107027  22 
106999  90 
106092  99 
106766  91 


42 
04 


106999 
106S16  79 
106499  99 
106999  40 


106276  91 
106190  29 
106121  22 

t 06049  19 
09970  19 

109096  09 
10Sfl22  99 
109790  09 
109679  64 
109609  96 

109999  90 
109471  91 
109409  99 
109997  22 
109271  97 

109206  97 
109142  22 

104994  66 

61 

104774  29 


104400  67 


i?io(') 
109699  40 
109999  29 
109999  69 
109920  41 
109401  69 

109449  20 
109409  99 
109967  09 
109990  77 
109294  10 

109297  04 
109221  90 
109106  92 
109191  49 
109116  70 

109002  49 
109040  90 
109019  09 
102901  M 
102949  10 

102916  60 
102004  61 
02092  90 
02021  99 
02790  94 


102799  00 
102729  99 
102699  97 
102669  91 
102640  99 

102611  99 
102902  91 
102994  99 
102926  91 
102490  70 

102471  99 
102444  29 
102417  41 
1M990  00 
102964  69 

1M990  72 
in919  06 
102207  70 
102262  61 
102297  00 

102219  27 
102109  01 
102U9  01 
102141  20 
102117  02 

6.02094  61 
102071  67 

1^6  99 
102004  99 


01902  90 
.01960  67 

101096  90 

m 


TaUe  8.4  • 

101094  60 
101019  99 
101796  99 
101777  99 
101750  90 

101740  97 
101722  99 
0.01704  99 
101606  49 
101660  04 

101691  97 
101694  09 
101616  99 
101600  07 

101909  99 

101966  76 
101990  97 
101994  14 

101910  09 
101902  21 

101406  49  ' 
101470  94 
101499  99 
101440  92 
101429  26 

101410  99 
101999  99 
101901  00 
101966  99 
101992  26 

101990  11 
101924  12 
101910  27 
101296  97 
101209  01 

101269  99 
101296  91 
101249  17 
101290  17 
101217  91 

101204  90 
101191  90 
101179  92 
101167  19 
101154  99 

101142  91 
101190  96 
101119  14 
101107  44 
101099  06 

101004  40 
101079  07 
101061  09 
101090  79 
101099  rt 

101020  90 
101010  19 
101007  90 
100996  97 
100906  96 

100976  24 


ERIC 
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EXPONSMTIAL  ENTEORAL  AND  RELATED  FUNOnOKS 


Table  S.4 


EXPONENTIAL  INTECKALS 


LM 

!:8 

L64 

1.M 
LM 
U*7 

1.M 

1.70 
1.71 
1.72 
1.7S 
1.74 

1.7* 
1.7ft 
1.77 
1.7S 
1.79 

LW 
1.81 

1.99 
LH 

1.85 
1.86 
1.87 
1.88. 
1.89 

1.90 
1.91 
1.9a 
1.9S 
1.94 

1. 98 
1.96 
1.97 
1.98 
1.99 


0.06810  80 

t 06186  98 
06044  97 

0.09964  19 

AMnoM 

'O.OMU  16 

0.08877  06 
0.05908  94 
0.09489  88 
0.09897  06 
a09886  86 

0.098i6  87 
0.09147  88 
0.09079  06 
.^09018  81 
0.04946  70 

0,04881  99 
0.04817  87 
0.04799  92 
0.046191  46 
0.04629  87 

0.04969  19 
0. 04909  28 
0.04490  24 
0.04992  09 
0.  04994  69 

0.04278  09 
0.04222  22 
0.04167  18 
0.04112  9; 
0.0(099  98 

0.04006  60 
0.09994  99 
£09909  n 
0.09892  99, 
0.09802  67 


2.00  0.09799 


09799  49  0.0 


0.04742  U 
0.04688  09 

O.04986  12 
0104449  88 

0.04999  67 
0.04998  27 

0.04176  49 

0.04129  99 
0.04072 
Ol  04020 
0.09970  91 
0.09920  71 

tt. 01871  97 
0.0)829  08 
0.09779  22 
0.09728 
0.09681 

0^09699  40 
01 

o;o»oi  oi 

0.0»S7  97 

0.09414  90 
0.09971  80 
0.09929  06 
0.09288  46 
0.0)247  99 

t 09207  27 
0)167  46 
0.0)128  in 
0.0)089  99 
0.09091  12 

0.0)019  )4 


0.n77 
ft.W7M  06 
0L0)6M  70 
0.09649  92 

0.09999  70 
0.MM6  04 
0.09912 


0.09906  04 
0.09)49  86 
0^0»0S  99 
0.U269  44 
0.0)229  90 

0.09107  02 
0.09148  99 
0.09U0  96 
0.09079  04 
0.0)099  99 

0.02999  41 
0.02969  20 
0.02927  61 
0.02892  98 
0.02097  99 

0.02029  29 
0.  02789  90 
0.02799  79 
0.08722  70 
0.02690  02 


0.02697  79 
0.02629  87 
0;82994  40 
0.02969  91< 
0.029)2  61 


if.o(») 
0.01876  22 
0.01899  68 
0.010H  90 
1.91819  90 


0.01799  49 

0.01779  79 
0.01796  97 
0.017)7  16 
0.01710  16 
0.01699  87 


tS888 

0.01626  27 
0.01600  SO 

0.01990  92 
0.01979  94 
0.01996  94 
0.019)9  94 
0.01522  89 

0.01909  90 
.0.01489  49 
0.01479  18 
0.01497  10 
0.01441  19 

0.01489  46 
0.01409  90 
0,01994  91. 
0.01979  29  , 
0.019M  24 

0.01)49  99 
0.0D)4  6) 
0.01)20  07 
0.01)4»  67 
0.01291  4) 

0.01277  94 
0.0126)  41 
0.01249  64 
0.012)6  01 
0.01222  94 


0.00976  24 
0.00966  04 
0.00999  99 
O.0O949  96 
0.00996  07 

0.00926  29 
0.00916  61 
0.009O7  09 
0.00897  96 
0.00888  18 


0.01680  79  0.00878  90 
0.00869  72 
0.0fiM0  69 
0.00851  64 
0.00842  74 


0.02902  20      0.01209  21 


8 


0.00899  94 
0.00829  22 

0.00808  07 
0.00^  69 

0.00791  28 
0.00789  02 
0.00774  04 
0.00766  74 
0.00758  74 

0.00750  81 
0.00742  97 
0.00799  21 
0.00727  99 
0.00719  9) 

0.00712  42 
0.00704  98 
0.00697  a 
0.00690  )) 
0.0068)  12 

0.00679  99 
0. 00660  9) 
O.0O661  95 
0.00699  04 
0.00648  20 

0.00641  49 

m 


/. 


TaUa  S.S        EXTONENTIAL  INTBCBALS  iS;(«)  FOR  LARGE  ARGUMENTS 


0.90 
0.49 
0.40 
0.99 
0.90 
0.29 
0.20 
0.19 
0.10 

0.09 
0.00 
8.07 
0.06 
0.09 
0.04 
0.0) 
0.02 
0.01 
0.00 


(,+2)»«iSi(.) 

1.10997 

1.09790 

1.08999 

L07292 

1.06094  ^, 

1.04770  ' 

1.09922 

1.02929 

1.01240 

1.01049 
1.00861 
1.00688 
1.00928 
1.00984 
1.00298 
1.00192 
1.00071 
1.00019 
1.00MO 
r(-4)lj 


L  4 


1.11)29 
LlttM 

\m 

1.06808 

\m 

1.0289t. 
1.01617 

1.01)77 
1.01147 
1.00927 
1.00721 
1.00991 
1.00M1 
1.00217 
1.0010) 
1.00027 
900 


L 091)6 
1.08129 
1.87891 
1.89890 
1.04904 
1.09247 
1.01889 

1.01624 
1.01)66 
1.01116 
1.00878 
1.00694 

1.001)9 
1.000)6 


(«4tD)«'£|o(«)  {*^m^i?E^t)  <»> 


1.07219 
1.06926 
1.06986 
l>0m7 
1.09712 

1.02496 

1.02182 
1.01917 

hSIS 

1.01074 
l.( 


1.00916 
l.f 


.08271 
1.00O81 


1.0427O 
1.04179 
1.04067 
1.0)992 
1.0)762 


1 
t 

I 
I 
4 

S 
7 

10 

ii 

14 
17 

to 

» 
50 
100 


erIc 
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aZFONINTUL  DmOKAL  iOfD  BIL4raD  FONOnOHS 


eXPONENTIAL  INTEGIUL  FOR  GOMPLBX  ARGUMENTS  TaUe 


4     UOIMM  «.n)410 


5r  y 


-17 

U67079  0.1^^ 

1.0M199  o.doma 


6  L 

•  1.C4II: 

9  LOir 


10 
U 
12 
II 
14 

15 
U 
17 
II 

19 

10 


LOIMTt 
1.041402 
1.0in77 
LOITOII 
1.014942 

1«0)1070 
LOIflOO 
1.027420 
1.024044 


o.oiom 

0.027004 
0»027940 

0.890)4 

0.029)24  1.0m2l 


1.042)44 


hSsTOil 

U0)S2S9 


0.MM2 

0!Sm4) 

t 0)0794 
oni4i 


O.82S1I 
0.02944) 
0.029294 


1.029222 
1.0274S4 
1.029109 


OlO)l))0 

0)1208 
OtO)1110 
Oi,0)OOI4 


14)7901 
ll0)S4M 

1.0))142 
1*0)1019 
1.02901) 
1.027174 
1.0294)9 


0.0)11)0 
0.0)2102 
0.0)2711 
Q.0))211 
0.0))4)1 

0.0))474 
0.0)))77 
0.0))142 
0.0)2099 
0.0)2474 


-16 

WTm4  O.0U40^ 
0.01MI6 

'  OI024499  ■ 

1*09)799  iSSoo 
n090421  0.0)2940 

1.047129  0»0)410) 

U04)947  0.0)90)4 

1.040949  0.0)9947 

1.0)0140  0.0)90)4 

U)9901  0.0)9000 


1.0))049  0.0)9749 

U0)0700  0.0^902 

020409  0.0)9129 

.024794  0.0)4472 

1.024901  0*0)4190 


-16  1 

U07010)  0,000014 

1.077904  0t00619i 

1.074m  Eo 

1.047)U  0.024990 

1.04)9)0  AOIOOli 

1.099410  0.0)202) 

1.099444  C^0)4997 

1*091797  0.0)4927 

1.040001  0.0)7409 

1.044)99  0,0)0202 

L041299  0»0V0416 

1«0)0192  0.^)0477 

1.0)9)99  0.0)0920 

1.0)2794  0.0)019) 

1.0)0)49  0.0)77)9 

1*020100  0.0)7179 

l.tt4m  0.0)49)2 

1.024)40  0.0)907) 


1.024970  0,029000      1.024279  0.0)09)4      1.02)072  0.0^20)7      1.02))49  0.0))902      1.022499  0,0)9140 


y^x  -14 

0  l«004t92  0.0000)7 

1  1.0042OO  0.007)99 

2  L082274  0.014)04 
)  1.079)1)  0.020404 
4  L079940  0.024079 


5 
4 
? 
8 
9 

10 
11 
12 
1) 
14 

19 
14 
17 
18 
19 


1.071279 
1.044708 
1.042044 
1.457448 
1.09)021 

1.0488)4 
1«04I928 
L041)20 
1.0)8010 
1.0)4989 

1.0)2241 
1.029747 
1.027484 
1.0294)7 
U02)980 


0.0)0442 
0.0)4)0) 
0.0)7117 
0.0)9174 
0.040980 

0.041444 
0.041847 
0.0419)8 
0.0417)4 
0.041)21 

0,040791 
0.040044 
0.0)9)01 
0.0)8481 
0.0)7429 


-18 

1.089498  0.017141 

1.0094)9  0.024471 

1.0H09)  0.0)04)7 

1.079922  0.0)»99 

1.049940  0.0)9409 

1.044412  0.042149 

1.099094  0.044041 

1.08)997  0.049174 


-12 

U82979  0.0002)2 

U09207)  0.0299:7 
1.084484  0.0)4422 


-11 


1.049)0) 
1.044997 
1.041000 
1.0)79)7 
1.0)4)44 

1.0)1474 
1.020899 
1.024979 
1.024499 
1.022420 


0.049719 
0.049801 
0.0499)1 
0.044999 
0.044277 

0.04)422 
0.042477 
0.041479 
0.040444 
0.0)9401 


1.079989 
U7)189 
1.044978 

i.o9m2 

1.094404 

1.049)^ 
1.044474 
1.040444 
1.0)471) 
1.0)))78 

1.0)0414 
1JI27781 
1.0294)8 
1«02))92 
1.021489 


0UM1724 
0.049992 
0.048119 
0.049444 
0.090)99 

0.090492 
0.090084 
0.049)M 
0.048492 
0.047)49 

0.044180 
0.044941 
0.04)479 
0.042417 
0.041170 


U194)l  0.000977 

1.11)2)0  0.014149 

U08170  0.024241 

1.1011)7  0.0)4189 

1.09)01)  0.04)84) 

1.004924  0.0499)4 

1.074197  0.092947 

1.048)90  0.09909) 

1.041199  0.094097 

1.094487  0.094198 


-10 

1.1)1470  0.001424 

1.127794  0.018879 

1.120284  0.0))700 

1.110442  0.049218 

1.099444  C109)491 

1.088877  0.090817 

1.078701  0.041884 

1.049490  0.04)229 

1.0412)9  0.049)22 

1.094044  0.042944 


1.0489)) 
1.04)89) 
1.0)9)89 
1.0)947) 
1.0)2040 

1.029024 
1.024)77 
1.02404) 
1.021981 
1.020199 


0.099440 
0.094499 
0.09)449 
0.092094 
0.090947 

0.048991 
0.047420 
0.04988) 
0.044)74 
0.042912 


1.047007 
1.042417 
1.0)7744 
1.0))792 
1.0)0282 

1.027274 
1*024498 
1.022)79 
1.020)79 
1.018417 


0.041249 
0.099904 
Q1O97719 
0.099798 
0.09)77) 

0.091808 
C1049894 
C1048049 
0.044282 
0.044999 


20      1.021894  0.0)4799      1.020942  0.0)8)41      1.019824  0.0)9990      U0189))  0.041909      1.017044  0.04)001 


0  1.112799  0.00)489 

1  1.1442)2  0.024)74 

2  Ul)4479  0.044979 
I  1.120494  0.0*7999 
4  1.104249  0.049948 

9  U092944  0.070992 

4  1.080244  0.072920 

7  U049494  0.072980 

4  1.040274  0.071429 

^  U092490  0.04992) 


-8 

1.101848  0.0084)1 

1.149477  0.0)0841 

U191)89  0.040814 

1.1)1299  0.^01 

1.111948  8.882194 

1.094818  0.089099 

U080188  0*084987 

1.049449  0.074889 


-7 


1.222408 
1.199049 


0.02009) 
0.040219 


1*1494)9  0.0M))9 

1.1407))  0.090299 

U19404  0.102041 

1.094479  0.li241i 

1.077472  0.09918^ 

\044))9  £094418 

..09)778  0.0899)7 

1.049)82  8.084409 


1.1 


1.278884  0.04472) 

1.2)1798  0*097))1 

1.104778  0.122142 

1.144244  0.1)0009 

1.11427)  0.128440 

U089992  0.122)97 

1.071484  0.1144)8 

1.097^9  0.104940 

1.0474^  0.098840 

1.0)9444  0.091717 


1.194)91  0.179444 

1*14289)  0.170472 

1.109)74  0.1901)4 

1*079407  0.14)879 

1.0412)4  £l)0280 

1*0)1804  0*090))7 


10 
11 
12 
II 
14 

19 
14 
17 
10 
19 


1.0498)2  0.047197 

1.040241  0.044444 

UIHOO  0.04204) 

1.0)1490  0.099482 

1.020049  0.094979 


1.0428)4 
1.0)7210 
L0)29)9 


1.029111 
1.0224O4 
1.020426 
1,0189)0 
1.014874 


0.09497) 
0.092291 
0.0901)9 
0.040104 
0.044201 


l*0li4)8 
1*029)99 

1.02298) 
L02M19 
1.010192 
1.014444 
1.014929 


0.079)40 
0.04980) 
0.044)01 

mi 

0.097219 
0.094999 
0.092094 
0.049804 
0.047484 


1.8)  8499 

1.09)  2)1 
1.020008 
1.029171 
1.022192 

1.019424 
1*017494 
1.019481 
1.014g9 
1*012790 


0.079442 
0.074821 
0.070924 
0.044974 
0.042942 

mi 

0.09)074 
0.091)41 
0*049019 


1.09)209 
1.020240 
1.024)00 
U021090 
1.018498 

1*014277 
1.0144M 
1.012^2 
1.011400 
1*010474 


0.089271 
0.079400 

S069942 

0.041017 
0.098440 
0.099424 
0.092470 
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i 09041) 
0m44 
0.077941 
0.072)20 
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im 


19      UWn  0.04441$  1.01M07 

For  |«|>4,  linear  interpolation 
yidd  abmtt  six  decimals. 

8wBiMflw*-l*. 


0.04Sn4     1.011M9  0.04M79      1.009S09  0.047070      1.0072M  0.040.7S 

will  yield  about  four  decimals,  eight-point  interpolation  will 
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0,940791 
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20      0.912990  0.049096      0.901469  0.0419)0 

If  «>10  or  r>10  then  (see  [6.16]) 

0711098    0.278518  0.010889^^ yo.Q. 
*  **''^^.0.41l?rr6%.2iM28%.6^ 


E\{iyh  'CA(yhi  Miy)  (y  real) 
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EXPONENTIAL  INTEGRAL  FOR  OOMPLEX  ARGUMENTS       T«Me  &6 
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l/r(n),  9S     nl/I(2r)*n»+V*.  8I> 
r(n+J),  88     In  n-f(n),  8D 
n^l(l)l01 

Table 6.4.  Ix^rithmsof theOammaFunction (l^n^lOl)   274 

log,or(n).  8S     log,or(n+|),  88 
log,or(n+i),  8S        In  r(»)-(n- J)  In n+n,  8D 
log,or(n+|>,  88 
n=l(l)lOl 


1  National  Bureau  of  Staodarda. 
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<U1IIC4  fUllO^ION  ANP  BILATID  fUMUriUlMS 

Pat* 

Tabk  6.S.  AuxflUry  Functions  for  Ownina  «nd  Dignnuna  Fnno- 
tbnt  (66^a:S»)    276 

«l/l(2r)»a(^*«-1>  r(«)-(«-*)  In  «+«,  lay  ^») 

«->«>.01ft  (-.001)0,  8D 

TdUo      Ftetorlds  for  Utgo  AifomenU^lOO^n^  1000)   276 

til/ftt- 100(100)  1000,  20S 

Tabb  6.7.  Oamnu  Function  forCompIex  Arguments   277 

In  r(«+{y),  «»1(.1)3,  j-iO(.l)10,  13D 

T«bl«  6A  Digunms  Function  for  Complex  Arguments   288 

#(»+<y),»-l(.l)2,y-0(.l)10,  AD 
if#(l+»»),  lOD  V 

«^0+»»x-h»y,r'-.iM-oi)o,  8D 

The  Mthor  MkmratedgM  tiw  anItUaee  of  Mary  Onr.  In  tha  preparatlOB  and  eheoUng  of 
tha  tablaa;  and  tha  aMiaUiiae  of  FaMoia  Faitant  In  ahaddng  tha  formulaa.  . 
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6. 


Ftinctioii  and  Related  Fiukclions 

Mathematioal  Properties 


6.1.  GaiBBtta  (FaeUttial)  Funrtkw 
Boltv**  Iatt«ral 


.1  r(«)-J' 


6.1.2 


B«il«r*s  Fwrmnk 


nln' 


Biikv^t  Inialto  PlrodMt 

ffe-"".?,[('+s)'-'"]  <i'i<-) 

».87731  00649. . . 

T  it  known  m  Euler^s  eonttant  and  is  girra  to  26 
decunal  pUms  in  chapter  1.  r(0)  is  nng^e  valued 
and  analytic  over  the  entire  complei  planci  save 
for  the  points  gts^nin^O,  2,  .  .  .  )  where  it 
possesses  simple  poles  with  re^ue  l)^fnl  Its 
reciprocal  l/r(s)  b  an  entire  function  possessing 
simple  seroe  at  the  points  s«---n(nnO,  1, 2» . . 

HaalMre  Gontem  latefind 

*•'•*  ih'W-'^-'"'".  <i'i<-' 

The  path  of  integration  C  starts  at  +  ^  on  the 
real  axis,  circles  the  origin  in  the  counterclockwise 
direction  and  returns  to  the  starting  point. 

pMtofflal  and  O  Notetkma 

6.1.8  n(a)»0t»r(s+l) 
Istefar  Valnaa 

6;1.6    r(n-h  1) « l-2'3  . . ,  (n-  l)n«nf 

*  *  ^0,1,2,...) 

frMtloaal  ValvM 


6.1J 


r(|)-2j^'#-'«rf<=ir»=.1.77346  386W . .  .  = 


ERIC 


fx 


FiovHiO.l.  (%mma/tfntifton.  .  * 
 ,»-r(«),   ,y-i/r(«) 


6.1.9  r  (3/2) »        .88622  69264  . . . (i) ! 

6.1.10  r(fH-i)-— '^^V^-^^^^^^ra) 

r(i)»3.62660  99082... 

6.1.11  r(n+i)"^"*'^'^^  -y  ^^'^"^^  r(i) 

r(i)»2.67893  85347  . . . 

6.1.12  r(n-hi)»^;^'^-^-y<^~^^r(|) 
6.1.1S  r(n+f)«^-^'^"  y  r(i) 


6.1.14  r(n-fi) 


1.35411  79394  . . . 
3-71M5  . . .  (4n-l) 


r(t)  =  1.22641  67024  .  .  . 
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r(i) 


/ 


6.1.18  r(«+l)««r(a)-p«l-»i;a--l)!. 

«.1.M  ' 

r(n+«)-(n-l+»)(n-2+») . . .  (l+«)r(l+«) 
«»(n-l+a)l 

=(»-H-«)(n-2+a) . . .  (H-»)a! 


W.17  r(«)r(i-»)« -ar(-t)r(a) «t  om  vt 


J* t 


I  P«m«b 

6.1.18   r(2»)«  (2»)r*  2*-*  r(»)  r(a+i) 

TMpUortiMi  Porarab 

6.i.»  P(8«)«(3»)-'  a^-*  r(f) r(«+i)r(a4-|) 

G«aw*  MvltlpllaitlMi  Pamrala 


6.1.20  r{na)-(2»)*o-*v-**nr(«-f-D 


at  r(a+l) 
'«!(a-«)!*r(«+l)r(a-iP-fl) 


6.1J1 

6.1J2 

(•)o-l, 

(a),-a(a+l)(a+2) . . .  («■♦-»- D-^^^Jy^ 


Gamma  Pnnetioa  ia  the  Complai  PUnc 
6.1.29       r(i)«f?»);  In  r(?)-«IET(ir) 

6.1.24  »rgr(a+l)=argr(a)+arctanj 


6.1.2S 


I  T(x) 


|r(«+ty)|^|r(«)| 


6.1.26 
6.147 

(»+tyf<0,~l,-2,  . .  .  ) 
where  ^(a)=.r'(a)/r(a) 


6.1.28 


r(H-iy)«iyr(iy) 


nr 


6.1J9  r(ty)r(-<y)«|r(i»)|«-j^^^ 

6.1J0  r(Hnf)r(|~<y)-|r(Hv<y)l«-5sf 


6.141  r(n-ty)r(i-fy)=|r(i+iv)|«-g^ 


6.148 

In  r(H-a)— NH"«)+«(l-^7) 

f  (n)  is  the  Riemann  Zeta  Function  (see  chapter 
28). 

SeriM  EipftBilaB*  for  l/r(t) 


U44 


Ir 
1 
2 
3 
4 
0 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 


I  I  I  I  I  I 


«»  ■ 

1.00000  00000 

0.67721  56649  015329 
—0.65587  80716  ^538 
—0.04200  26350  340962 

0. 16653  86113  822915 
—0.04219  77346  555443 
—0.00962  19715  278770 

0.00721  89432  466630 
—0.00116  51676  918591 
—0.00021  52416  741149 

0.00012  80502  823882 
—0. 00002  01348  647807 
-0. 00000  12604  934821 

0.00000  11330  272320 
-0.00000  02056  338417 

0.00000  00061  160950 

0. 00000  00060  020075 
-0.00000  00011  812746 

0.00000  00001  043427 

0.00000  00000  077823 
-0.00000  00000  036968 

0. 00000  00000  006100 
-0. 00000  00000  000206 
-0. 00000  00000  000054 

0. 00000  00000  000014 

0. 00000  00000  000001 


*  Hie  eoeSdMite  e»  are  from  R.  T.  Davis,  Tsbles  of 
higher  mstiieinaUeal  funetkms,  2  vols.,  Prindpta  Press, 
BkMmlniVm,  lad.,  19S8,  1936  (wlih  permission);  wl«h 
•Offeeliotts  due  to  H.  E.  Salier. 
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OAliMA  fUHCnON  AMD  BBUTID  JUHOmm 
PolyMmtal  Apvndnatiiiu* 

r(»+ 1)       1  +a,«+aia^ +aiJ5"+««Sf*+%»»+ «(») 
l«(af)1^5Xl«-» 


0,— -.57486  46  a«»  .42405  49 
ai»  .96123  63  a,«~.  10106  78 
ai«-. 60985  88 

6.1J6  O^x^l 
r(«+l)«*!«l+fti«-{-6*««+  .  .  .  +6«ae»+«(») 
K»)l^3X10-» 

57710  1652  6|xr>-.  75670  4078 

5|»   .08820  5801  6,"   .48210  0394 

^» ~.  80705  6037  (|«~.  10352  7818 

54»   .  01820  6857  ii«   .  03586  8343 


6.1^7 


StiriiBg**  ForaaalK 

571  T 
-2488320f«'^'  *  J  ' 


MM 

»i-V2^  (*>o,  o<ki) 

A«ymptotl«  FormttlM 

6.1M 

r(a«+ 4)  -^VSJr «— (oa)***-*  (larg  a\<w,  a>0) 
6.1.40 

In  r(«)  ~        In  «~       to  (2r) 


(»-♦•  in  |arg  a|<r) 


4=i  2m(2in-l)«*-« 

Fof     866  chapter  23 

6.1.41 

In  r(*)-(«-i)  to  to  (2»)4.j4-^ 


'''1260a*  leSOF*^*" 


(a-»»  in|wrg  a|<r) 


*  Prom  C.  HaatiBgs,  Jr.,  ApproilmAtiooa  for  dlgiitl 
computer*,  Prtnorton  Votv.  Prm,  Prtae«ioD,  NJ.,  19U 
(with  permlaiioB). 


6.1.42 


If 


In  r  (a)-(a-i)  to         to  (ar) 


RIC 


then 


where 


iiC(a)»upper  boundlsVC^+s*)! 

•2s* 

For  «  real  and  poeitiTe,  1?«  is  leas  to  abedut*  raloe 
than  the  fint  term  ne^eoted  and  has  (he  sanie 
«gn. 

■* 

6.1.48 

,^to  r(<y)-^rto  r(H») 

'N.|to(2r)-|f»-itoif, 

6.1.44 

>to  r(nf)-ai«  r(»y)— aig  r(-.<y) 
— >to  r(-<y) 

6.1.48  ltoi(2r)-*|r(af+ty)|<*»'"|»|*-««l 


lfl-»« 


6.1.46 
6.1.47 


*^   fuiVS)  2a 

as  a-»c»  along  any  curve  jotoing  anO  and 
providtogaF*  -*a,  — a— 1,  . . . ',  tf^  —6,  —5—1, 


•   •   «  * 
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j|58  OAMMA  TDKCnON  AND  RBLATBD  FUNCTIONS 

OmtlnnMl  FrMtkm 

6.1.48 

In  r(i)+»~(«-*)  In  2-i  In  (2») 


.  *  JH  ^  J!t  J?l  ^         r4a  0^ 


1 


1 


68 


195 


22999  29944523  ^  109535241009 
**"22737'      19733142'  48264276462 


6.1.49 


ir  Jo  VcoB/  2'4'6  . . .  (2n} 


2*»(n!)»  2*'\ny  »»r(n+l) 
Some  Deflttlte  Integrals 


lnr(«)-J]'[(3-l)«-'-^^^^']j  (^OO) 
=(a~i)lna--»+*lft2» 
+2j^-H£^^rf«  (^,>0) 

6.2.  Beta  Function 

6.2.1 

«2  f (sin  O*-*  (COB  <)••"*  rf< 

6.2.2 

6.3.  Psi  (Digamma)  Function " 

6.3.1     ^(f)-rflin  r(«)i/rf«= r'(«)/r(«) 

« Hoin«>  Authom  employ  the  «ip«eial  double  fMtorlal  nota> 
tion  M  followii: 

(2»i)  !!  =2.4'«  .  .  .  (2n)»a"iil 

(2»i-l)  I!  «1'3'6.  .  .  (2n- !)«»-»  2"  r(il+i) 

•  (kiiiM  Mithora  write  *(f) = ^  In  r(«+ 1)  Mid  iimikrly  for 

the  polyg»inni«  (unetkms. 


FiavBB6.2.  Psifundion. 
y«,^(ir)B<flnr^ir)/(b 

Integer  Valves 
6.3.2       f(l)=-%^n)=~7+^*-»  (n^2) 


Ffaettonel  Valum 


6.3.3 


^(1)  -7-2  In  2»-~  1.96351  00260  21423  .  .  . 
6.8.4 

^(n+i)  ir-21n  2+2(1+1+  •  •  •  +5^) 

Roeumnee  Formulas 


6.8.5 
6.3.6 


^«+«)-(i^4)+^+(;r:^  •  •  • 


GAMMA  FUNCTION  AND  RILATBD  ITJNCTIONS 

6^19 
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4J.7  #(l-«)-^(«)+«oot«ff 
DapttMtkB  Ponaoki 

FU  FtaMtton  la  the  Cmtpkm  PImm 


63.13 


M.U  ir+ij(-l)T(n)«-'  (|»|<1) 

6J.1S 


63.16 


-f;if(2»+i)~ii»«*.^  (i«i<2) 

^(l+»)»-7+ij^j^;j^  (»P<-l,--2,-3,  .  .  .  ) 
63.17 

+f}  (~l)-+»(f(2n+l)-lhr 

(|y|<2) 

(-»<K*) 

Asymptotic  Form  aim* 

6.S.I8 


2»"'l2«'"''l20««""252«*'^ 


ERIC 


(«-*«oin|»i^»|<ir) 


-  r'(ai.)«^(,.)»0 


n 

0 

+  1.462 

+0.886 

1 

-0.604 

,  -3.545 

2 

-1.573 

+2.302 

3 

-2. 611 

-0.888 

4 

-3.635 

+0.245 

5 

-4.653 

-0.053 

6 

-5.667 

+0.009 

7 

-6.678 

-0.001 

^»1.46163  21449  68362 
r(«t)»  .88660  31944  10889 

6339      If,— n+(lm»)-»+ol(Innr«l 
DeflalM  latcymb 

6331 

*<')-joir-i?^]^' 


(<«+««)(*^'-i) 


(l"««l<5) 


6«3«22 


« From  W.  Stbigftkt,  Thaorjr  Md  appUastlons  ol  the 
fftmiM  funetlon,  IwmmU  Byoton,  Tbkyo»  Japftiif  lOM 
(with  fMNrmteton). 
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Q*HUA  fUNCnON  AND  BELATBO  nmCTIOlfM 


^4  PBlygaauBa  FimalieiM' 

4.4.1 

>(«)-;^.*(«)-^l»r(a) 


L5 — 


(1I-1A3, .  .  . ) 
(^•>0) 


.  ^*>(f),(}i-0,l,  .  .  .).»» tingle  valued  MMly tie 
'  fiinetion  over  the  rntin'  eomfriex  plane  lave  at 

the  pointi  «B-m(msO,l,2,  .  .  .  )  where  it  poe- 

aeMte  pirfce  of  order  (»+!)• 

tatetrv  ValttM 

4.44 

^«(l)-(-l)»*»nlf(ii+l)  (11-1,2,3,  .  .) 

4.44 

^•-»(»+l)-(-l)-m!  [-f(m+l)+l 
PtMtlwifl  ValoM 

4.4.4 

^».(|)„(-l)^»n!(2»*'-l)r(»+l) 

(»-.l,2, .  .  . ) 
4.44      *'(n+|)«i««-4  ^  (2*- 1) "« 

«o4e6 


6.4e7 


f cot « 
MttlUpltealtoii  Potmula 

«e4J 


a«o,  n>0 


Iht  IHffi*»  penia-,  Afid  hetaffumiM  funetiont  rMpt€ilv<*ly. 
flomi»  authors  write  t^(i)«rf(liir(i>^l)Wii  Afid  liiliUiiriy 
tor  tho  pdygammo  funttkmi. 
^--r  p*p  II. 
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4.4.9 

f  •>(l+»)-(-l)»*»  [nlf(iH-i) 


4.4.10 


«»I<1) 


(«»i0,--l,-2,...) 
AagrmpioUc  foffmiiln 


4.4.11 

+S*«^SS^Jr]  (»-^-in|aif«|<t) 
4.4.12 

'^i+2a«"*'5?'"30i?"*"Si'""35?"*"  *  *  * 


4.4.1S 


hi|arg8|<«) 


N      11    1  J.  1     1  J.  3      4  . 
 ii-?-Si+6?""6i>"*"l0P""4P"*"*  •  • 

(a-^MinlargfKw) 

4.4.14  N 

J.ol/.^    2.3.2    1.4  3.10 

in  |argt|<v) 

4.8.  Inonnpleto  Gamaui  FunelloB 
(iieealsoa6.4) 


(«a>0) 


44.1 
4.5.2 

-rCa, -P(a,  »)r(a)  -  J]^«-r-»rf«  (^r«>0) 
4.84 

r(a,/)  -r(a)-7(«,»)-JV'<«-»rfl 
44.4 

^•(a,  /)  -/-/»(«,  /)  "f^fi^h  f) 

y*'u%  singlo  valued  analytic  function  of  a  and 
t  poeaeiiing  no  finite  aingularitiea. 
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OAMUA  FUNCnOK  AND  fiXLATlD  7UN0TI0NB 


.  «.F(j»+l,Wp+l) 
«J4  .  S(«,a)-JV»am«A  («a<l) 


^9 


«-««<«<ii«,-«-»r(n-iwf) 


iMon^eto  CmniM  FuaeHon  m  ■  Csnlitcat 
llypwiUMtfte  Pnnstloa  (iM  di*|>t«r  IS) 

6.8.12  !+«,») 
SpMlal  VahiM  . 

MM 

F(n^)-l-(l4-x+^+...+^^,).- 

For  raUtion  to  the  PoiMon  distribution,  Me 
26.4. 

6.8.1S      r  (0,  t)^j\-'r'dt''Et  («) 

ERIC 


7  (i,  ae^-2j^e-»'  d«»V?  erf  « 
W.17      r(ia!^»2jj%-'Vl-V5r  erfc  » 


64.21 
MM 


FamitlM 

F(a+l,.)-/'(a,»)-j;^ 

7*(a-/l,«)=»y?(a,«) 
Dmrtvati^  nad  DUfareatUl  Equadoos 


6J.24 


6.S.26 


6.8.2T 


(n=0,l,2,...) 


(n-0,1,2,.. .) 


SeriM  DvrelopnienU 


6.5.29 


(|»l<«) 
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J .  (1»I<W) 

ConltniMd  FracllMi  ^ 

MM 

1  l~a  1  2~<i  2 


^MMA  niNCnON  AND  RELATED  FUNCTtOKS 

Dvflnlte  Intrgtals 

6^.36 
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- — •  •  • 


,*+  1+  «+  H-  *+ 


) 


(«>o,w<«) 


6*342 

r(.,,)~^-v.ri>-=i+<'-=«^+..'.l 

/  ih  l«rg  »l<y) 

SuppoW/X(o.?)--=«,+i(a,2)4-  ...  is  the  ro- 
maiiulrr /ftor  n  terms  in  this  scrips.  Then  if  a,z 
ore  reol,  we  hove  for  n>a— 2 

!/^(a,2)!:^|«,+,(«,2)| 

*  fO  fora>l 

6.5.34      nm''^^^«.-{  lfora=l 

«        l^l  forO:So<l 

6.5.3S 

in  I  org^Kitr) 


■3 


(^(a+e)>0,^lf6>-l) 


6.S.37 


J^'<«-»r(6,<)</<' 


r(a+6) 


(«(a+6)>0,  ^a>0) 

I 

6.6.  Incomplete  Beta  Funetlm 

6.6.1  B,(a,6)»-JV-'(l~<)»-'</< 

6.6.2  /.(a,6)'-i&,(a,6)/B(a,&) 
For  statistical  applications,  see  26.S. 

Symmetry 

6.6.3  /t(a,6)-l-/^^ 

Krlaiioti  lo  Bluipililal  ExpanslM 

6.6.4  /,(a^+l)«jg(p|^  ^ 

For  binomial  dtstributioni  see  26.L       /  * 
Rceumiioe*FomiulM  | 

6.6.5  /,(a,6)«je/,(u^l,6)+(l-x)Ua,64^ 

(a,6+l) 

6.6.7  (a+6)/,(a,6)  1,6)  +6/,(a,6V  1) 

Relation  to  Hjrp«t|Mnirtri«  Puuelioa 

6.6.8  B,M  -a-'««f (a,l-6;  a+l',x) 


6.6.6  (a+6-«»)/.(«.*) 

«a(l-«)/.(a+l,6-l)+W, 


Numerical  Methods 
6.7.  Use  and  Extension  of  the  Tables 


Example  1.  Compute  r(0.:)8)  to  8S.  Using 
the  reetirrenee  relation  6.1.16  ond /Table  6.1  wc 

have, 

r(6.:i8)  =  l{5.:{8)(4..H8)(:i.:J8)(2.:J8)(1..18)lr(1.38) 
^2:{2.43fi71. 

Example  2.  ( 'ompnte  In  r(56.:)8),  using  Table 
6.4  anil  linear  interpololtoti  in ^Ve  have 

in  r(5«.:i8)  =  (56,38- i)  In  (66.38)  ~  (66.38) 

+y,(66.38) 


The  error  of  linear  interpolation  in  the  table  «f 
the  funct'  •  /» is  smaller  than  10'^  in  thb  region. 
Hence, /,vv  ..38)  =».92(M1  67  and  In  r(56.38)« 
169.86497  42.  , 
Direct  interpolation  in  Table  6.4  of  logw  r(i^ 
eliminates  the  necc^ssity  of  employing  logarithms. 
However,  the  error  of  linear  interpolation  is  .002  so 
tliot  logio  r(n)  is  obtaine<l  with  a  relative  error 
of  lO-». 


*8««  p*t»  it. 
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GAMMA  FUNCTION  AND  RFLATED  fBNCTIONS 


Eiample  3.  Compute  ^(6.38)  to  8t\.  Using  the 
rec.urrence  rnUUuri  6.3.6  and  Table  6.1. 


-^(1.38) 


,Ke.38)-g  - gg+2;gg+^  gg- 
=  1.77276  69. 


Example  4.  Connpute  ^(66.38).  Using  Table 
6.3  we  have  ^(58.38)  =ta  66.3&-/,(66.38). 

The  error  of  linear  interpolation  in  the  table  of 
the  function  f,  is  smaller  than  8X10*'  in  this 
region.  HenceJ,(56.38;  ^  .00889  53  and  ^(56.38) = 
4.023219. 

Example  5.  Compute  In  r(l— <).  From  the 
reflection    principle    6.1.23    and    Table  6.7* 

In  r(l  - »)  -  In  r(  1 + 0  =  -  .6609+ .3016t. 

Example  6.  Compute  In  r(i+it).  Taking 
the  logarithm  of  the  recurrence  relation  6.1.1S  we 
have, 

In  r(H*i)=ln  rd+iO-ln  (i  hiO 
=  -.23419+.03467< 

—(4  In  J+i  arctan  1) 
=.11239-.75073i  ' 

The  logarithms  of  complex  numbers  are  found 
from  4.1wt. 

Example  7.  Compute  In  r(3+7i)  using  the 
duplication  formula  6.1.18.  Taking  the  logarithm 
of  6.1.18,  we  have 

^4In2ff=-  .91894 
(|i7»)ln2-    1.73287  +  4.852031 
In  r(i+Ji)= -3.31698+  2.32563i 
In  r(2+ It)  =  -2.66047  +  2.93869t 

In  rr.l  +  7i)  - -5.16252+ 10.11625* 

Example  8.  Compute  In  r(3+7t)  to  6D  using 
the  asymptotic  formula  6.1.41.   We  have 


In  (3 +7t)  =2.03022  16+1.16690  45t. 


Then, 


(2.5  f7t)  In  (3  f  70- -3.  0857779+17.12631191 
\^    -  ^3  f  7i)    -  3.  0000000  -  7.  OOOOOOOt 


k  In  (2»)  - 
(12(3  f■7t)I-'  - 
(.'^00(3+  70')-'- 


9189385 
0043103-  ,0100675t 
0000069-  .0000022* 


In  r(3  f  7t)  -  -  6.  16252    + 10.  1 1626* 


6.8.  Summation  of  Rational  Series  by  Means 
/ '  of  Polygamma  Functions 

An  infinite  series  whose  general  term  is  a  ra> 
tional  function  of  the  index  may  always  be  reduced 
to  a  finite  series  of  psi  and  polygamma  functions. 
The  method  will  be  illustrated  by  w^ting  the  ex> 
plicit  formula  when  the  denominator  contains  a 
triple  root. 

Let  the  general  term  of  an  infinite  series  have 
the  form 


<i,(n)rfa(n)(i,(n) 


where 


</,(n)  =  (n+a,)(n+aj)  .  .  .  (n+a,) 

4,(n)  =  (n+/J,)»(n+A)»  .  .  .  (n+/5r)» 

<i,(n)  =  (n+7i)»(nf7»)»  .  .  .  (»+7.)» 

where  />(»)  is  a  polynomial  of  degree  in+2r+3«~2 
at  most  and  where  the  constants  a^,  /}<,  and  y<  are 
distinct.  Expand     in  partial  fractions  as  follows 


v. 


S  (n+«,)+S 

S  Ot+S  6u+S  c«=0. 

i-T  f-T 


6u 


(n+/J»)^(n+ft)« 


Then,  we  may  express  ^  ti„'in  terms  of 


the 


constants  appearing  in  this  partial  fraction  expan- 
sion as  follows 


ijtt»=-go/^(i-f«>) 

~g  <'u^(l+l^>)+g  cw<^'(l+ir^) 

Higher  order  repetitions  in  the  denominator  are 
handled  similarly.   If  the  denominator  contains 
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only  timple  or  douUo  roots,  omit  ifao  oontepond- 
inf  UiMB. 


9.  Knd 
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Therefore 

«» 16^(1)  - 16^(11) +^'(1) «•  .013499. 
EsampU  11* 


Sine* 


'"S  (»+l)(an+l)(4n+l)* 


(«+l)(2ik+l)(4n+l)  n+l~n+i' 
we  bftTO 

4Ki«=.i       J,  Oi— 1, 0,-1. 

Thtn, 

,i— |^2)+*(1|)-|^U)-.047198. 
10. 


1 


1 


Sinoe 


y(»»+i)« 

we  hsTe, 

A~0,  A-l,  ft,,. 


16.  16  .1.1 


16.  ft„«16,  6«=1,  J»«=l. 


1 


Evaluate  .».g^^^^^^^,^^)  (see also 6Aia). 
We  Hare,  ^j^^^^^j^-J  (f^l^JF?) 

""^(n-P2?'"n^)' 

„  i      -i      U  i 

Hence,  a,««g»  a«""-g-^  *""'i2  *  **""i2' 

a,«<,  «i*=--i,  ok'^St,  «»«=»— 2i, 


and  therefore 


««^  (f(l+i)-^(l-i)l+^  (^(l+2i)~f(l-2i)l.\ 


By  6.3.9,  this  reduces  to 


»-|y^(l+i)4*^^(l+2*)- 


From  Table  6UI,  ««>. 13876. 
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QMMUk  FUNCTION  AND  BIL4T|0  FUNCTIONS 
eAMMA,  MGAMMA  AND  TMGANNA  FUNCTIONS 


Table  6.1 


1.000 
1.005 
1.010 
1.01S 
1.020 

1.02S 
1.090 
1.09S 
1.040 
1.04S 

1.0S0 
LOSS 
1.0M 
1.06S 
1.070 

1.079 
1.080 
1.0t9 
1.090 
1.099 

1.100 
1.10S 
1.110 
1.119 
1.120 

1.12S 
1.190 
1.199 
1.140 
1.149 

1.190 
1.199 
1.160 
1.169 
1.170 

1.179 
1.180 
1.189 
1.190 
1.199 

1.200 
1.209 
1.210 
1.219 
1.220 

1.229 
.  1.2)0 
1.2)5 
1.240 
1.249 

1.290 


r(/) 

1.00000  00000 
0.9971)  89)94 
0.994)2  98912 
0,99196  12888 
0.98884  420)) 

0.98617  996)) 
0.98)94  99906 
0.98897  19606 
0.9784)  82089 
0.97994  92919 

0.97)90  42696 
0.97110  2966) 
0.96874  96499 
0.96641  6982) 
0.96419  10429  ' 

0.96191  8)189 
0.99972  9)107 
0.99797  1927) 
0.99949  94882 
9.99)98  97227 

0.9)1)9  87699 
0.949)9  41778 
0.947)9  99840 
0.94947  4)149 
0.94)99  01896 

0.94174  26997 
0.9)99)  14497 
0.9)819  68)96 
0.9)641  68697 
0.99471  11962 

0.9)904  09)11 
0.9)140  98217 
0.92988  90666 
0.9882)  47128 
0.92669  96106 

0.92919  74229 
0.92)72  7814) 
0.9i229  04991 


0.92088  90)71 
0.91991  12)41 

0.91816  87424 
0.91689  72606 
0.91997  649)0 
0.91492  61900 
0.91)10  99479 


0.91191 
0.91079 
0.90962 
0.90892 
0.90744 


96071 
48964 
94274 
1098) 
74922 


0.90640  24771 


['11 


In  rW 

0.00000  00000 
-0.00286  99666 
-0.00969  09079 
.0.00847  49187 
-0.01121  8489) 

-0.01)92  89867 
.0.81698  68999 
-0.01921  18101 
-0,02179  76911 
-0.824)4  46490 

-0.02689  90729 
-0.02992  91868 
-0.09179  929)7 
-0.0)414  99918 
-0.0)690  6276) 

-8.0)881  97999 
^04110  81702 
-8.049)9  9814) 
-0.04996  29148 
-0.0477)  97114 

-0.04987  2441) 
.0.M197  )))S4 
-0.0948)  86941 
-0.09606  89968 
-0.89806  ))>29 

'0.06002  91841 
-0.06194  8)922 
.0.06)0)  89946 
-0.06969  9)867 
-0.06791  77212 

-0.069)0  62087 
.0.07106  10969 
-0.07270  84716 
-0.07447  06998 
-0.07612  9«il06 


-0,07774 
-C0799) 
-0.08089 
.O.0S42 
.0.08)91 

-0.089)7 

-0.08996 
-0.09090 


81)49 
78840 
907)) 
68749 


-0.97^21  96649 
0911) 
94979 
80  89196 
78  9)109 

-0.9)02  70828 
-0.92892  1087) 
-0.92101  09921 
-0.91)27  48789 
-0.90991  92428 

-0.49784^4991) 
-0.49020\94448 
-0.48262  W9)98 
.0.47909  98888 
-0.46761  14199 

-0.46018  11)67 
-0.49279  99)80 
-0.44946  641)9 
-0.4)818  176)9 
-0.49094  47988 

-0.42)79  49404 
-0.41661  1619) 
-0.40991  42761 
.0.40246  2)611 
-0.)9949  99)99 

.0.)8849'266)) 
.0.)8197  98268 
-0.97469  8)110 
-0.96786  96106 
-0.96107  92291 

-0.)9492  66780 
-0.94761  94768 
-0.)40l99  91928 
.0.9)4)2  7241) 
-0.)8774  12847 

-0.92119  48992 
-0.91468  74498 
-0,90821  86809 
.0.90178  81196 


90174  y'-0J9999  99299 
48?0r 


94780 
1)691 
79991 
99619 


.0.09220  78291 
-0.09)48  19108 
-0.09472  49811 
-0.09999  72122 
.0.09711  99744 


.0J8909  98966 
-0.28272  14187 
-0.27649  94097 
-0.27019  97199 
-0J699O  97000 

-0.29780  90692 
-0.29166  94)07 
-0.24996  4424) 
-0.23949  96791 
.0.29949  68941 


-0.22749  99994 


For  r  >2m  KwiinplM  1-4. 


-0.09827  18)64 

kigio  <'-0.48429  44819 


*'(/) 
1.6449)  40668 
1.6)299  41967 
1.62121  9928) 
1.60998  91824 
1.99811  81919 

1.98679  7699) 
1.97962  49194 
1.56499  7116) 
1.99971  16426 
1.94296  98968 

1.99299  79421 
1.92188  99001 
1.91194  19980 
1,90199  09299 
1.49124  6)164 


0.000 

o.oq9 
0.010 

0.019 
0.020 

0.025 
0.090 
0.099 
0.040 
0.049 

0»050 
0.095 
0.060 
0.065 
0.070 


1.48128  76622.  0.075 
1.47145  21596  8.080 
1.46179  76977  /  0.0M 
1.49214  19988/'^  0.090 
1.44266  91799  0.099 


1.49929  91908 
1.42404  79914 
1.41490  76482 
1.48987  69999 
1.99699  22219 


1.98819 
1.97941 
1.97880 
1.96229 
1.99987 


94449 

82979 
49288 

17670 
71192 

99920 
68900 
81752 
16899 
99)22 


l.)0996  94948 
L29760  0824M 
U8991  86421 
1.28292  19998 
1,27480  81622 

U6797  72094 
1J6002  79799 
1.29279  74090 
1.24996  60671 
1.29849  21)60 

1.2)141  44298 
1.22449  17702 
1.21796  90294 
1.21074  70707 
1.20400  28069 

1.197)2  91945 


0.100 
0.105 
O.IIO 
0.119 
0.120 

0.125 
0.190 
0.199 
0.140 
0.149 

0.190 
0.199 
0.160 
0.169 
0.170 

0.179 
0.180 
0.189 
0.190 
0.199 

0.200 
0.209 
0.210 
0.219 
0.220 

0.229 
0.2)0 
0.299 
0J40 
0.249 

0.290 


Inyl 
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Compiled  lltwn  H.  T.  Dovto.  TMm  of  the  higher  mathematical 
Pma,  Bkxwnington,  Ind..  1888.  IW6)  (with  permlMion).  Known  - 


funetioMi,  2  vols.  (Prindpia 
has  been  corrected. 
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Table  6.1 


aAioiA  ruNcnoN  and  bulatid  tunctxonb 
GAMMA,  DIGAMMA  AND  TKIGAMMA  FUNC^ONS 


r  r(/) 

1.250  0.90640  24771 

1.255  0.90538  57663 

1.260  0.90439  71178 

1.265  0.90343  62946 

1.270  0.90250  30645 


1.300 
1.30S 
1.310 
1.315 
1.320 

1.325 
1.330 
1,335 
1.340 
1.345 

1.350 
1.355 
1.360 

1.37) 

1.37: 

1.38t 

1.390 
1.395 

1.400 

1.405 
1.410 
1.415 
1.420 

1.425 
1.430 
1.435 
1.440 
1.445 

1.450 
1.455 
1.460 
1.465 
1.470 

1.475 
1.480 
1.485 
1.4<10 
1.4'»5 


0.90159 
0.90071 
0.89986 
0.89904 
4).89824 


0.89747 
0.89672 
0.89600 
0.89530 
0.89464 

0.89399 
0.89337 
0.89278 
0.89221 
0.89167 


71994 
84765 
66769 
15863 
29947 

06963 
44895 
41767 
95644 
04630 

66866 
80535 
43850 
55072 
12485 


0.69115  44420 
0.89065'  59235 
0.89018  45324 
0.88973  7U16 
0.88931  35074 


0.88891 
0.88853 
0.88818 
0.88785 
0.88754 

0.88726 
0.88700 
0.88676 
0.88654 
0.88635 

0.88618 
0.88603 
0.88590 
0.86580 
0.88572 

0.88566 
0.88562 
0.88560 
0.68560 
^.68563 

0.66567 
0.86574 
0.80583 
0.88594 
0.88607 


35692 
71494 
41041 
42918 
75748 

38175 
28884 
46576 
89993 
57896 

49081 
62361 
96587 
50635 
23397 

13803 
20800 
43364 
80495 

31217 

94575 
69646 

55520 
51316 
561 '4 


1.500      0.88622  69255 


In  rW 

-0.09827  1S364 
•0.09939  416S1 
'0.10048  67254 
-0.101S4  96809 
•0.10258  11932 

-0.10358  74224 
•0.10456  25269 
•0.10550  86634 
•0.10642  59872 
•0.10731  46519 


•0.10817 
•0.10900 
•0.10981 
•0V11058 
•0.11133 

-0.112^5 
-0.11274 
•0.11341 
•0.11404 
-0.11465 

•0.11524 
-0.11579 
-0.11632 
rQai682 
-0.n730 

-0.11775 
-0.11817 
-0.11857 
-0.11894 
-0.11929 

-0.11961 
-0.11990 
-0.12017 
-0.12041 
-0.12063 

-0.12082 
-0.12099 
-0.12114 
-0.12125 
-0.12135 

-0.12142 
-0.12146 
-0.12148 
-0.12148 
•0.12145 

-0.12140 
-0.12132 
-0.12122 
-0.12110 
•0.12095 


48095 
66107 
02045 
57384 
33587 

32100 
54356 
01772 
75756 
77697 

08974 
70951 
64980 
92401 
54539 

52707 
88209 
62331 
76353 
31538 

29142 
70405 
56559 
88823 
68406 

96505 
74307 
02987 
83713 
17638 

05907 
49657 
50010 
08083 
24980 

01797 
39621 
39528 
02585 
29852 


-0.12078  22376 
In  V? 


ERIC 


•0.22745  35334 
•0.22148  34266 
.0.21554  61686 
-0.20964  14193 
•0.20376  88437 


-0.19792 
-0.19211 
-0.18634 
-0.18059 
-0.17487 

-0.16919 
-0.16353 
-0.15790 
-0.15231 
-0.14674 

-0.14120 
-0.13569 
-0.13020 
-0.12475 
-0.11932 

-0.11392 
-0.10855 
-0.10321 
-0.0978* 
-0.09259 

-0.08733 
-0.08209 
-0.07687 
-0.07168 
-0.06652 

-0.06138 
-0.05627 
-0.05118 
-0.04611 
-0.04107 

-0.03605 
-0.03106 
-0.02609 
-0.02114 
-0.01621 

-0.01131 
-0.00643 
-0.00158 
■fO.00325 
0.00806 

0.01285 
0.01762 
0.02237 
0.02710 
0.03180 


81118 
88983 
08828 
37494 
71870 

08889 
45526 
78803 
05782 
23568 

29305 
20m 
93416 
46279 
76069 

80127 
55927 
00582 
11840 
87082 

23825 
19619 
72046 
78723 
37297 

45446 
00879 
01337 
44589 
28433 

50697 

092Tr 

01935 

26703 

8147^ 

64226 
72934 
05620 
39677 
64890 

71930 
62684 
39013 
02758 
55736 


0.03648  99740 


■J 

1.19732  91545 

1.19072  50579 

1.18418  94799 

1.17772  14030 

1.17131  98301 

1.16498  37821 

1.15871  22990 

1.15250  44385 

1.14635  92764 

1.14027  59053 


1.13425 
1.12829 
1.12238 
1.11654 
1.11075 


34350 
09915 
ni75 
27706 
53246 


1.10502  45678 
1.09934  97037 
1.09372  99497 
1.08816  45379 
1.08265  27136 

1.07719  37361 
1,07178  68773 
1.06643  14226 
1.06U2  66696' 
1.05587  19286 

1.05066  65216 
1.04550  97829 
1.04040  10578 
1.03533  97036 
1.03032  50881 

1.02535  65905 

1.02043  36002 

1.01555  55173 

1.01072  17518 

1.00593  17241 

l^Wm-48640  ■ 
0.99648  06113 
0.99181  84147 
0.98719  77326 
0.98261  80318 

0.97807  87886 

0.97357  94874 

0.96911  96215 

0.96469  86921 

0.96031  62091 

0.95597  16896 
0.9S166  46592 
0.94739  46509 
0.94316  12052 
0.93896-38700 

0.93480  22005 


Iniy! 


['  n  [ 


(6)91 
5  J 


0.250 
0.255 
0.260 
0.265 
0.270 

0.275 
0.280 
0.285 
0.290 
0.295 

0.300 
0.305 
0.310 
0.315 
0.320 

0.325 
0.330 
0.335 
0.340 
0.345 

0.350 
0.355 
0.360 
0.365 
0.370 

0.375 
0.380 
0.385 
0.390 
0.395 

0.400 
0.405 
0.410 
0.415 
0.420 

0.425 
0.430 
0.435 
0.440 
0.445 

0.450 
0.455 
0.460 
0.465 
0.470 

0.475 
0.480 
0.485 
0.490 
0.495 

0.500 
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1.500 
1.505 
1.510 
1.515 
1.520 

1.525 
1.530 
1,535 
1.540 
1.545 

1.550 
1.555 
1.560 
1.565 
1.570 

1.575 
1.580 
1.585 
1.590 
1.595 

1.600 
1.605 
1.610 
1.615 
1.620 

1.625 
1.630 
1.635 
1.640 
1.645 

1.650 
1.655 
1.660 
1.665 
1.670 

1.675 
1.680 
1.685 
1.690 
1.695 

1.700 
1.705 
1.7  iO 
1.715 
1.720 

L725 
1.750 
1,735 
1.740 
1.745 


0.88622 
0.88639 
0.88659 
0.88680 
0.88703 

0.88729 
0.88756 
0.88786 
0.88817 
0.88851 


r(.r) 

69255 
89744 
16850 
49797 
87833 

30231 
76278 
25287 
76586 
29527 


In  V(r) 


*'{■>■) 


0.88886 
0.88924 
0:88963 
0.89005 
0.89048 

0.89094 
0.89141 
0.89191 
0.89242 
0.89296 

0.89351 
0.89408 
0.89468 
0.89529 
0.89592 

0.89657 
0.89724 
0.89793 
0.89864 
0.89936 

0.90011 
0.90088 
0.90166 
0.90247 
0.9032^ 

1).90413 
0.90500 
0.90588 
0.90678 
0.90770 

0.90863 
0.90959 
0.91057 
0.91156 
0.91258 


83478 
37830 
91990 
45387 
97463 

47686 
95537 
40515 
82141 
19949 

53493 
82342 
06085 
24327 
36685 

42800 
42326 
34930 
20302 
98138 

68163 
30104 
83712 
28748 
64995 

92243 
10302 
18996 
18160 
07650 

87329 
57079 
16796 
66390 
05779 


0.91361  34904 

0.91466  53712 

0.91573  62171 

0.91632  60252 

0.91793  47950 


\.750      0.91906  25268 


ERIC 


>0.12078 
-0.12058 
-0.12037 
-0.12013 
-0.11986 

-0.11957 
-0.11927 
-0.11893 
-0.11858 
-0.11820 

-0.11780 
-0.11738 
-0.11693 
-0.11647 
-0.11598 

-0.11547 
.0.11494 
-0.11438 
-0.11380 
-0.11321 

-0.11259 
-0.11195 
-0.11128 
-0.11060 
-0.10990 

-0.10917 
-0.10842 
-0.10765 
-0.10687 
-0.10606 

-0.10523 
-0.10437 
-0.10350 
-0.10261 
-0.10170 

-0.10077 
-0.09981 
-0.09884 
-0.09785 
-0.09684 

-0.09580 
-0.09475 
-0^9368 
-0.09259 
-0.09147 


22376 
81200 
07353 
01860 
65735 

99983 
05601 
83580 
34900 
60534 

61446 
38595 
92928 
25388 
36908 

28415 
00828 
55058 
92009 
12579 

17657 
08127 
84864 
48737 
00610 

41338 
71769 
92746 
05105 
09676 

07282 
98739 
84860 
66447 
44301 

19212 
91969 
63351 
34135 
05088 

76974 
50552 
26573 
05785 
88929 


-0.09034  76741 
-0.08919  69951 
-0.08802  69286 
-0.08683  75466 
-0.08562  89203 

-0.08440  11210 

In  v! 


0.03648 
0.04115 
0.04579 
0.05041 
0.05502 

0.05960 
0.06416 
0.06871 
0.07323 
0.07773 


99740 
36543 
67896 
95527 
21146 

46439 
73074 
02697 
36936 
77400 


0.08222  25675 
0.08668  83334 
0.09113  51925 
0.09556  32984 
0.09997  28024 


0.10436 
0.10873 
0.11309 
0,11742 
0.12174 

0.12604 
0.13033 
0.13459 
0.13884 
0.14307 

0.14729 
0.15148 
0.15566 
0.15983 
0.16398 

0.16811 
0.17222 
0.17632 
0.18040 
0.18447 

0.18852 
0.19256 
0.19658 
0.20058 
0.20457 

0.20854 
0.21250 
0.21645 
0.22037 
0.22429 


38544 
66023 
11923 
77690 
64754 

74528 
08407 
67772 
53988 
68404 

12354 
87158 
94120 
34529 
09660 

20776 
69122 
55933 
82427 
49813 

59282 
12015 
09180 
51931 
41410 

78749 
65064 
01462 
89037 
28871 


0.22819  22037 
0.23207  69593 
0.23594  72589 
0.23980  32061 
0.24364  49038 

0.24747  24535 


Invt 
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0.93480 
0.93067 
0.92658 
0.92252 
0.91850 

0.91451 
0.91055 
0.90663 
0.90274 
0.89888 

0.89505 
0.89125 
0.88749 
0.88375 
0.88005 

0.87637 
0.87272 
.0.86911 
0.86552 
0.86196 

0.85843 
0.85492 
0.85145 
0.84800 
0.84457 

0.84118 
0.83781 
0.83446 
0.83115 
0.82785 

0.82459 
0.82134 
0.81812 
0.81493 
0.81176 

0.80861 
0.80549 
0.80239 
0.79931 
0.79626 

0.79323 
0.79022 
0.78723 
0.78427 
0.78132 


22005 
57588 
41142 
68425 
35265 

37552 
71245 
32361 
16984 
21253 

41371 
73596 
14249 
59699 
06378 

50766 
89402 
18871 
35815 
36921 

18931 
78630 
12856 
18488 
92455 

31730 
33330 
94315 
11790 
82897 

04826 
74802 
90092 
48001 
45875 

81094 
51079 
53282 
85198 
44350 

28302 
34645 
61012 
05060 
64486 


0.77840  37011 
0.77550  20396 
0.77262  12424 
0.76976  10915 
0.76692  13714 

0.76410  18679 


In//! 


0.500 
0.505 
0.510 
0.515 
0.520 

o.5r:5 

0.530 
0.535 
0.540 
0.545  - 

0.550 
0.555 
0.560 
0.565 
0.570 

0.575 
0.580 
0.585 
0.590 
0.595 

0.600 
0.605 
0.610 
0.615 
0.620 

0.625 
0.630 
0.635 
0.640 
0.645 

0.650 
0.655 
0.660 
0.665 
0.670 

0.675 
0.680 
0.685 
0.690 
0.695 

0.700 
0.705 
0.710 
0.715 
0.720 

0.725 
0.730 
0.735 
0.740 
0.745 

0.750 

ft 
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Table  <>.! 


(;AMMA,  DilGAMMA  AND  TRIGAMMA  i-UNCTIONS 


1.7S0 
1.755 
1.760 
1.765 
1.770 

1.775 
1.780 
1.785 
1.7'>0 
1.795 

1.800 
1.805 
1.810 
1.815 
1.820 

1.825 
1.830 
1.835 
1.840 
1.845 

1.850 
1.855 
1.860 
1.865 
1.870 

1.875 
1.880 
1.885 
1.890 
1.895 

1.900 
1.905 
1.910 
1.915 
1.920 

1.925 
1.930 
1.935 
1.940 
1.945 

1.950 
1.955 
1.960 
1.965 
1.970 

1.975 
1.980 
1.985 
1.990 

1.995 


r(.r) 

0.91906  25268 

0.92020  92224 

0.92137  48846 

0.92255  95178 

0.92376  31277 


0.92498 
0.92622 
0.92748 
0.92876 
0.93006 

0.93138 
0.93272 
0.93407 
0.93545 
0.93684 

0.93825 
0.93969 
0.94114 
0.94261 
0.94410 

0.94561 
0.94713 
0.94868 
0.95025 
0.95184 

0.95344 
0.95507 
0.95671 
0.95837 
0.96006 

0.96176 
0.96348 
0.96523 
0.96699 
0.96877 

0.97057 
0.97239 
0.97423 
0.97609 
0.97797 

0.97988 
0.98180 
0.98374 
0.98570 
0.98768 

0.98968 
0.99170 
0.99375 
0.99581 
0.99789 


57211 
73062 
78926 
74904 
61123 

37710 
04811 
62585 
11198 
50832 

81682 
03951 
17859 
23634 
21519 

11764 
94637 
70417 
39389 
01855 

58127 
08530 
53398 
93077 
27927 

58319 
84632 
07261 
26608 
43090 

57134 
69178 
79672 
89075 
97861 

06513 
15524 
25404 
36664 
49838 

65462 
84087 
06274 
32598 
63643 


2.000      1.00000  00000 


.V 


ERIC 


In  rCj*) 

•0.08440  11210 
-0.08315  42192 
■0.08188 .82847 
-0.08060  33871 
-0.07929  95955 

-0.07797  69782 
-0.07663  56034 
-0.07527  55386 
-0.07389  68509 
-0.07249  96070 


-0.07108 
-0.06964 
-0.06819 
-0.06672 
-0.06523 

-0.06373 
-0.06220 
-0.06066 
-0.05910 
-0.05752 

•3.05592 
.0.05430 
-0.05267 
-0.05102 
-0.04935 

-Q.04767 
-0.04596 
-0.04424 
•0.04251 
•0.04075 


38729 
97145 
71969 
63850 
73431 

01353 
48248 
14750 
01483 
09071 

38130 
89276 
63117 
60260 
81307 

26854 
97497 
93824 
16423 
65875 


0.03898  42759 
•0.03719  47650 
•0.03538  81118 
-0.03356  43732 
•0.03172  36054 


■0.02986 
-0.02799 
■0.02609 
•0.02419 
•0.02226 


58646 
12062 
96858 
13581 
62778 


-0.02032  44991 
-0.01836  60761 
-0.01639  10621 
.0.01439  95106 
•0.01239  14744 


■0.01036 
-0.00832 
■0.00626 
-0.00419 
-0.00210 


70060 
61578 
89816 
55291 
58516 


0.00000  00000 

Inv! 


0.24747  24535 

0.25128  59559 

0.25508  55103 

0.25887  12154 

0.26264  31686 


0.26640 
0.27014 
0.27387 
0.27759 
0^28129 

0.28499 
0.28866 
0.29233 
0.29598 
0.29962 

0.30325 
0.30686 
0.31046 
0.31405 
0.31763 

0.32119 
0.32475 
0.32829 
0.33182 
0.33533 

0.33884 
0.34233 
0.34581 
0.34928 
0.35273 

0.35618 
0.35961 
0.36304 
0.36645 
0.36985 

0.37324 
0.37661 
0.37996 
0.38394 
0.38668 

0.39002 
0.39334 
0.39665 
0.39996 
0.40325 

0.40653 
0.40980 
0.41306 
0.41631 
0.41955 


14664 
62043 
74769 
53776 
99992 

14333 
97707 
51012 
75138 
70966 

39367 
81205 
97335 
88602 
55846 

99895 
21572 
21691 
01056 
60467 

00713 
22577 
26835 
14255 
85596 

41612 
83049 
10646 
25136 
27244 

17688 
97179 
66424 
26119 
76959 

19627 
54805 
83163 
05371 
220B8 

33970 
41664 
45816 
47060 
46030 


[ 


0.422;a  4)351 

''  I  I 


i 


'T] 
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0.76410  18^99 

0.76130  23773 

0.75852  26870 

0.75576  25950 

0.75302  19003 


0.75030 
0.74759 
0.74491 
0.74224 
0.73960 

0.73697 
0.73436 
0.73177 
0.72919 
0.72663 

0.72409 
0.72157 
0.71907 
0.71658 
0.71411 

0.71165 
0.70921 
0.70679 
0.70438 
0.70199 

0.69961 
0.69725 
0.69491 
0.69258 
0.69027 

0.68797 
0.68568 
0.68341 
0.68116 
0.67892 

0.67669 
0.67448 
0.67228 
0.67010 
0.66793 

0.66577 
0.66363 
0.66150 
0.65938 
0.65728 

0.65519 
0.65311 
0.65105 
0.64900 
0.64696 


04040 
79107 
42268 
91617 
25271 

41375 
38093 
13620 
66166 
93972 

95297 
68426 
11662 
23333 
01788 

45396 
52546 
21650 
51138 
39461 

85089 
86512 
42236 
50790 
10717 

20582 
78965 
84465 
35696 
31293 

69903 
50194 
70846 
30559 
28044 

62034 
31270 
34514 
70538 
38134 

36104 
63266 
18450 
00505 
08286 


0.64493  40668 


0.750 
0.755 
0.760 
0.765 
0.770 

0.775 
0.780 
0.785 
0.790 
0.795 

0.800 
0.805 
0.810 
0.815 
0.820 

0.825 
0.830 
0.835 
0.840 
0.845 

0.850 
0.855 
0.860 
0.865 
0.870 

0.875 
0.880 
0.885 
0.890 
0.895 

0.900 
0.905 
0.910 
0.915 
0.920 

0.925 
0.930 
0.935 
0.940 
0.945 

0.950 
0.955 
0.960 
0.965 
0.970 

0.975 
0.980 
0.985 
0.990 
0.995 

1.000 

H 
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Table  6.2 


1.00  -2.40411  38063 

1.01  -2.34039  M771 

1.02  -2.27905  42052 

1.03  -2.21996  8596) 

1.04  -2.16303  63855 

.1.05  -2.10815  80219 

S.06  -2.05523  94833 

.07  -2.00419  19194 

.08  -1.9S493  13213 

.09  -1.90737  82154 

1.10  -1.86145  73783 

1.11  -1.81709  75731 

1.12  -1.77423  13035 

1.13  -1.73279  45852 

1.14  -1.69272  67342 

1.15  -1.65397  01677 

1.16  -1.61647  02206 

1.17  -1.58017  49731 

1.18  -1.54503  50903 

1.19  -1.51100  36723 

1.20  -1.47803  61144 

1.21  -1.44608  99765 

1.22  -1.41512  48602 

1.23  -1.38510  22950 

1.24  -1.35598  56308 

1.25  -1.32773  99375 

1.26  -1.30033  19112 

1.27  -1.27372  97857 

1.28  -1.24790  32496 

1.29  -1.22282  33691 

1.30  -1.19846  25147 

1.31  -1.17479  42923 

1.32  -1.15179  34794 

1.33  -1.12943  59642 

1.34  -1.10769  86881 

1.35  -1.08655  95925 

1.36  -1.06599  75682 

1.37  -1.04599  2*073 

1.38  -1.02652  47586 

1.39  •1.0075t  60850 

1.40  -0.98912  86236 

1.41  -0.97116  53479 

1.42  -0.95366  99322 
1.4)      -0.93662  67177 

1.44  -0.92002  06808 

1.45  -0.90383  74031 

1.46  -0.88806  30426 

1.47  -0.87268  43070 

1.48  .0.85768  84281 

1.49  -0.84306  31376 

1.50  -0.82879  66442 

Compited  from  H.  T.  Davin,  Tabka  of  the  higher  mathematical  functiona, 
Bloomington,  Ind.,  1988,  1986)  (with  permisaion). 


^4959)  9402) 

0.00 

1.50 

6*25106  18729 

0.01 

1.51 

U«  112 

1  ft9 

1*92 

ft  fttOlft  ^Aft7% 

A  At 
U*  0  J 

1  ftt 
1*53 

ft  KAMI  JJI^OO 

A  AA 

5.38832  23132 

0.05  * 

\5i 

5.19686  56970 

0.06 

1*56 

A  AT 
V* 

1*57 

A  Aft 

1  ftO 

l*5o 

A  ^79A7  'WMAAn 

A  AO 
0«  07 

1  CO 

1*5^ 

4.51287  67903 

0. 10 

1*60 

4.36020  88083 

0.11 

1*61 

A  19 
0*  12 

1  A.9 

1«62 

A   1  % 

0«  13 

1*63 

%  a^A^fl  ^A7%7 

A  1A 
0*  14 

1  L.M 

1*64 

3.81193  80220 

0*  15 

1*65 

3.68691  64540 

0*  16 

L66 

t  ftVMft  ftflAIJL 

A  If 

0*  17 

1*67 

%  Aftf  ft/I  90ftftA 

A  1ft 
0,  io 

1  A.O 

1*68 

4  \A^99  %ftlfl9 

A  10 
0*  i7 

1  ^o 

l*ft7 

3.24499  48647 

0.20 

/  uo 

3.14490  58422 

0.21 

/  1*71 

«  AAftM  AAI  to 

A  99  j 
0«  22  / 

'      1  19 

1*72 

4  acA.^  OQ9ft 
Z«¥9d70  9*729 

A   9^  / 

0*  25  / 

1*73 

4  a^'M.A  Aftftfla 
2«P0794 

A  9A 

0«  24 

1*74 

2.78214  40092 

0*  25 

1*75 

2.69999  0S478 

0«26 

1*76 

2»62v93  96227 

0,27 

1.77 

2*34484  97000 

A  4A 

0*  28 

1*78 

4  4*91  CO  £.^^A£. 

2*47 l9e  67746 

A  9A 

0*29 

1  "lA 

1*79 

2.40102  )914) 

0*30/ 

1.80 

2.)))04  08348 

0. 31 

1*81 

2«2679Z 

A  %9 

0*  32 

1  A4 

1*82 

2*20436  37678 

A 

0,  33 

1*83 

2.14345  90132 

A 

0*  34 

m  A^ 

1.84 

2«08471  18567 

0«  35 

1.85 

2a02802  97472 

0«  36 

1.86 

1«97332  4IW30 

A  «f 

0*  37 

1*87 

U92051  37473 

0*  38 

1*88 

1*86951  69616 

A  %A 

0,  39 

«  AA 

1*89 

1*82025  90339 

0.40 

1*90 

1*77266  81419 

0*41 

1*91 

1  ftQ9Aft 
i«  f 200/  97279 

A  19 

1  09 

i*72 

1.68221  73161 

0.43 

1.93 

1.63923  03178 

0.44 

1.94 

1.59765  58792 

0.45 

1.95 

1.55743  77157 

0.46 

1.96 

1.51852  21649 

0.47 

1.97 

1.48085  80478 

0.48 

1.98 

1.44439  65370 

0.49 

:.99 

1.40909  10340 

0.50 

2.0(1 

y 

-0.82879  66442 
■0.81487  76121 
.0.80129  51399 
.0.78803  87419 
.0.77509  83287 

-0.76246  41904 
-0.75012  49793 
-0.73607  76946 
-0.72630  76669 
-0.71480  65441 

-0.70357  22779 
-0.69259  11105 
-0.68185  7fi627 
-0.67136  44220 
-0.66110  47316 

-0.65107  17793 
-0.64125  90881 
-0.63166  04061 
-0.62226  96973 
-0.61308  11332 

-0.60406  90841 
-0.59528  61112 
-0.56667  29593 
-0.57623  85490 
-0.56997  99702 

-0.56189  24756 
-0.55397  14738 
-0.54621  25238 
-0.53661  13291 
-0.53116  37320 

-0.52366  57084 
-0.51671  33630 
-0.50970  29242 
-0.50283  07396 
-0.49609  32712 

-0.48946  70921 
-0.46300  66813 
-0.47665  54207 
-0.47042  35909 
-0.46431  03677 

-0.45831  26186 
-0.45242  61007 
-0.44665  34549 
-0.44096  62055 
-0.43542  37563 

-0.42996  35876 
-0.42460  32537 
-0.41934  03805 
-0.41417  26631 
-0.40909  78630 

-0.40411  36063 


1.40909  10340 

0*50 

1.37469  70527 

0.51 

1.34177  21104 

0. 52 

1  30967  56244 

0. 53 

1.27856  86154 

0*  54 

1.2484X  46160 

0*55 

1.21917  75841 

0. 56 

/1.1O082  38216 

0.57 

W*  ^  f  - 

1  16332  08979 

0. 58 

V* 

1  13663  77770 

0  59 

V*  ^7 

1*11074  47490 

0.60 

1.08561  33658 

0.61 

1.06121  63792 

0.62 

1.03752  76835 

0. 63 

1.014S2  22608 

0  64 

0*99217  61290 

0.65 

0*97046  62927 

0*66 

0.94937  06973 

V*7^7^f  W7#^ 

A  67 

0  92886  8184'* 

W.7ftW«  WAw^ 

A  68 

U*  Ww 

0  90893  84*^^ 

A  69 

V*  V7 

0.66956  20  i«i 

0*70 

0.87072  01' 

0*71 

0  65239  48922 

A  72 

M*  #• 

0  834^6  89940 

A  73 
U*  r  ^ 

A  74 
u*  #^ 

0*80034  95719 

0*75 

0*78392  47929 

0*  76 

A  76703  6800% 

A  77 

M*  #  # 

0  70t7  143  A  A 

A  7fl 

U*  fO 

A  7t79l  i;A4A4 

A  70 

U*  #7 

0.72245  45705 

0*80 

0.70807  73565 

0*81 

A  AA1A7  1971 A 

A  02 

U*  Oft 

A  ^ftA49  46226 

U*OwV^ft  ^VftftV 

A  03 
u*  o^ 

A  ^719  61527 

A  84 

II* 

0.65416  50169 

0*85 

0.64153  07680 

0*86 

A  O091  tttfi9 

U*Dft7ftA 

a  ft7 
u*  o» 

A  &179A  38270 

a  88 

II*  w 

A  MM9  04793 

A  89 

V*  V7 

0.59406  66772 

0.90 

0.58292  29236 

0.91 

0  57205  06299 

W.  ^  ff  ft  W  ^    WW  '  w 

0.92 

W*  ^ft 

0.56144  23020 

0.93 

0.55106  95304 

0.94 

0.54098  49774 

0.95 

0.53112  13666 

0.96 

0.52149  16733 

0. 97 

0.51206  91127 

0.98 

0.50290  71324 

0.99 

.  0.49393  94023 

1.00 

V 

['1"] 
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rtti»i«  6.:i    <.;\>i>i.\  AM)  i)m;\m>i.\  fin<:tio>s  foh  iSTKt;Kit  \m»  ii\i.f-imk(;kr  vau  ks 


I 

2 
3 
4 

5 

6 
7 
8 
9 

10 

U 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
^0 

31 
32 
33 
34 
35 

36 
37 
^8 
19 
40 

4! 
42 
43 
44 
45 


ill') 

1.00000  00000 
1.00000 
2.00000 
6.00000 


1)  2.40000 

2)  1.20000 

2)  7.20000 

3)  5.04000 
.03200 
.62880 


00000 
00000 
00000 
00000 


4)  4.C 

5)  3.e 


00000 
00000 
00000 
00000 
00000 


6)  3.62880  00000 

7)  3.99168  00000 

8)  4.79001  60000 

9)  6.22702  08000 
10)8.71782  91200 

[12)1.30767  43680 

13)  2.09227  89888 

14)  3.55687  42810 
[15)6.40237  37057 
(17)1.21645  10041 

(IB) 2.43290  20082 

19)5.10909  42172 

21)  1.12400  07278 

22)  2.58520  16739 
(23)6.20448  40173 

(25)  1.55112  10043 

[26)  4.03291  46113 

28)  1.08888  69450 

29)  3.04888  34461 

30)  8.84176  19937 


32)  2.65252 

33)  8.22283 
35  2.63130 
36)8.68331 
38)2.95232 


85981 
86542 
83693 
76188 
79904 


(40)  1.03331  47966 

(41)  3.71993  32679 

43)  1.37637  53091 

44)  5.23022  61747 
46)2.03978  82081 

(4.) 8.15915  28325 
(49  3.34525  26613 
(51)1.40500  61178 
(■32)6.04152  63063 
(54)2.65827  15748 


46  1 

11.19622 

22087 

47  I 

57* 

(5.50262 

21598 

48  1 

12.58623 

24151 

49 

61* 

(1.24139 

15593 

50  ( 

[62 

16.08281 

86403 

51      (64)  3.04140 

■?1202 

(- 

I: 


(- 


l.OOOOO  000 
1.00000  000 
5.00000  000 
1.66666  667 
4.16666  667 


3)8.33333  333 

3)  1.38888  889 

4)  1.98412  698 

5)  2.48015  873 

6)  2.75573  192 


-  7)2.75573  192 

-  8)2.50521  084 

-  9  2.08767  570 
-10  1.60590  438 
-11)1.14707  456 

-13)7.64716  373 
-14)4.77947  733 
-15)2.81145  725 
-16  1.56192  070 
-18)8.22063  525 

(-19)4.11031  762 
-20)1.95729  411 
-£2  8.89679  139 
-?3)  3.86817  017 

(-24)1.61173.757 

(-26)6.44695  029 
(-27)2.47959  626 
(-29)9.18368  986 
I  -30)3.27988  924 
'-31)1.13099  629 

[-33)3.76998  763 
-34)1.21612  504 
-36)3.80039  076 
-37)1.15163  356 
-39)3.38715  754 

-41)9.67759  296 
-42)2.68822  027 
-44)7.26546  018 
(-45)1.91196  320 
(-47)4.90246  976 

-48)1.22561  744 
-50  2.98931  083 
-52)7.11740  673 
-5  5)  1.65521  087 
-55)3.76184  288 


-57)8.35965 
-58  1.81731 
-60)  3.86662 
-62)8.05547 
[-63)1.64397 


084 
540 
851 
607 
471 


8.86226  93 
1.32934  04 
3.32335 
1.16317 
1)5.23427 


2)  2.87885 

3)  1.87125 

4)  1.40344 

5)  1.19292 

6)  1.13327 


[12 
15 


5.18999 
8.56349 
1.49861 

16)  2.77243 

17)  5.40624 


[19) 
20 
21 
23 
24 


1.10827 
2.38280 
5.36130 
1.25990 
3.08677 


33i 
34 
36, 
37 
39l 

40 
42 

43! 

*^ 
47 


1.47092 
4.63340 
1.50585 
5.04462 
1.74039 

6.17839 
2.25511 
8.45668 
3.25582 
1.28605 


48)5.20850 

50)  2.16152 

51)  9.18649 
53)  3.99612 

55)  1.77827 

56)  8.09115 
58)3.76238 

60)  1.78713 

61)  8.66760 
63)4.29046 


10 
28 
78 


28 
43 
07 
46 
84 


7)  1.18994  23 

8)  1.36843  37 

9)  1.71054  21 

10)  2.30923  18 

11)  3.34838  61 


85 
74 
21 
23 
30 

98 
16 

r, 

63 
05 


25)7.87126  49 

27)  2.08588  52 

28)  5.73618 

30)  1.63481 

31)  4.82269 


43 

25 
69 


26 
61 
70 
09 
42 

94 
58 
42 
34 

02 

35 
90 
81 
67 
64 

74 
82 
44 
18 
29 


-0.57721  56649 
♦0.42278  43351 
0.92278  43351 
1.25611  76684 
1.50611  76684 

1.70611  76684 
1.87278  43351 
2.01564  14780 
2.14064  14780 
2.25175  25891 


2.35175 
2.44266 
2.52599 
2.60291 
2.67434 

2.74101 
2.80351 
2.86233 
2.91789 
2.97052 

3.02052 
3.06814 
3.11359 
3.15707 
3.19874 


25891 
16800 
50133 
80902 
66617 

33283 
33283 
68577 
24133 
39922 

39922 
30399 
75853 
58462 
25129 


3.23874  25129 
3.27720  40513 
3.31424  10884 
3.34995  53741 
3.38443  81327 

3.41777  14660 
3.45002  95305 
3.48127  95305 
3.51158  25608 
3.54099  43255 

3.56956  57541 
3.59734  35319 
3.62437  05589 
3.65068  63484 
3.67632  73740 

3.7U132  73740 
3.72571  76179 
3.74952  71417 
3.77278  29557 
3.79551  02284 


3.81773 
3.83947 
3.86074 
3.86158 
3.90198 


24506 
15811 
81768 
15102 
96734 


.hill) 

1.08443  755 
1.04220 
1.02806 
1.02100 
1.01678 


712 
452 
830 
399 


1.01397 
1.01196 
1.01046 
1.00929 
1.00836 


285 
776 
565 
843 
536 


1.00760  243 
1.00696  700 
1.00642 
1.00596 
1.00557 


958 
911 
019 


1.00522 
1.00491 
1.00463 
1.00439 
1.00417 

1.00397 
1.00379 
1.00362 
1.00347 
1.00333 

1.00321 
1.00309 
1.00298 
1.00287 
1.00278 


124 
343 
988 
519 
501 

584 
480 
953 
806 
872 

Oil 
105 
050 
758 
154 


1.00269  170 
1.00260  748 
1.00252  837 
1.00245  392 
:  00238  372 


1.00231 
1.00225 
1.00219 
1.00213 
1.00208 


744 
474 
534 
899 
546 


1.00203  455 
1.00198  606 
1.00193  983 
1.00189  570 
1.00185  354 

1.00181  321 
1.00177  460 
1.00173  759 
1.00170  210 
1.00166  803 


0.57721  566 
0.27036  285 
0.17582  795 
0.13017  669 
0.10332  024 


0.08564 
0.07312 
0.06380 
0.05658 
0.05083 

0.04614 
0.04224 
0.03895 
0.03613 
0.03370 


180 
581 
006 
310 
250 

268 
497 
434 
924 
354 


0.03157  539 
0.02970  002 
0.02803.  490 
0.02654  657 
0.02520  828 

0.02399  845 
0.02289  941 
0.0218?  663 
0.02097  798 
0.02013  331 


0.01935 
0.01863 
0.01796 
0.01734 
0.01675 

0.01621 
0.01570 
0.01522 
0.01477 
0.01435 

0.01395 
0.01357 
0.01321 
0.01287 
0.01255 


403 
281 
342 
046 
925 

574 
637 
803 
796 
374 

318 
438 
560 
530 
20B 


469 

200 


0.01224 
0.01195 
0.01167  297 
0.01140  668 
0.01115  226 

0.01090  895 
0.01067  602 
0.01045  283 
0.01023  879 
0.01003  333 


(  -65)3.28794  942     (65)2.16668  38 


1.00163  530   0.00983  596 


3.92198  96734 

an  . 

(2r)»  2.50662  82746  31001 

rnmpilfd  from  M.  T.  I)avi8,  Tah!«>a  of  the  hiRher  mathematifa!  functions,  2  vols.  (Principia  Preta, 
Hi(N>mini{t(>n.  Ind..         193.'))  (with  frrmissioni. 
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and  u1(;amma  Ki  Mriioss  h»r  ivrwiKR  ami  iiali- imm;kr  vali  ks  Tuidi  fi.:! 


51 
52 
53 
54 
55 

56 
57 
58 

59 
60 

61 
62 
63 
64 
65 

66 
67 
68 
69 

70 

71 
72 
73 
74 
75 

76 
77 
78 
79 
SO 

81 
82 
83 
84 

85 

86 
37 
88 
89 
90 

91 
92 
93 
94 

95 

96 
97 
98 
99 

100 

101 


66' 

<>7 
69 
71 

75] 
74 

78 
80 

83 

S^! 
87 
89 

90! 
92 
94 
''6 
98 

loo; 

101 
103 
105 
107 


3.04140  93202 
1.55111 
8.06581 
4.27488 
2.30843 


87533 
75171 
32841 
69734 


1.26964 
7.10998 
4.05269 
2.35056 
1.38683 

8.32098 
5.07580 
3.14699 
1.98260 
1.26866 

8.24765 
5.44344 
3.64711 
2.48003 
1.71122 

1.19785 
8.50478 
6.12344 
4.47011 
3.30788 


03354 
58780 
19505 
13313 
11855 

71127  , 

21388 

73260 

83154 

93219 

05921 
93908 
10918 
55424 
45243 

71670 
58857 
58377 
54615 
54415 


109)2,48091  40811 
111)1.88549  47017 
113)1.45185  09203 

115)  1.13242  81178 

116)  8.94618  21308 


us; 

120 
122 
124 
126 

i2s: 

130 
132 
134 
136 

138; 
140 
142 
144, 
!146) 


7.15694 
5.79712 
4.75364 
3.94552 
3.31424 

2.81710 
2.42270 
2.10775 
1.85482 
1.65079 

1.48571 
1.35200 
1.24384 
1.15677 
1.08736 


148) 
149 

151 
153 
155 


1.03299 
9.91677 
9.61927 
9.42689 
9.33262 


57046 
60207 
33370 
39697 
01346 

41144 
95384 
72984 
64226 
55161 

59645 
15277 
14055 
25071 
61567 

78488 
93487 
59682 
04489 
15444 


(157)9.33262  15444 

(»  1)! 


68 

70 
72 


l/r(.0 

3.28794  942 

6.44695  964 

1.23979  993 

2.33924  515 

4.33193  547 


74)7.87624  631 
75  1.40647  255 
77  1 2.46749  571 
79 1 4.25430  295 
81)  7.21068  296 


82' 
'  84 

86 
>  88 

•  90 

•  " 

■  '5 

■  '7 

■  9? 

-101 
•102 
-104' 
-106! 
-108 

-110 

-112 

-1141 

-116 

-117: 

-119; 

-121 
-123 
-125 
-127 

-129! 
-131 
-133 
-135 
-137 


1.20178  049 
1.97013  196 
3.17763  219 
5.04386  062 
7.88103  221 


1.21246  649 
1.83707  044 
2.74189 
4.03220 


619 
028 


5.84376  852 


8.34824  074 
1.17580  856 
1.63306 
2.23707 
3.02307 


744 
B68 
930 


4.03077  240 
5.30364  789 
6.887S5  441 
8.83058  257 
1.11779  526 

1.39724  408 
1.72499  269 
2.10364  962 
2.53451  761 
3.01728  287 


456 
995 


3.54974 
4.12760 
4.74437  926 
5.39134  006 
6.05768  546 


-139) 

-141 

-143 

-145 

-147 

-149! 
.150 
-152 
-154' 
-156 


6.73076  163 
7.39644  134 
8.03961  016 
8.64474  211 
9.19653  415 

9.68056  227 
1.00839  190 
1.03957  928 
1.06079  519 
1.07151  029 


(-158)1.07151  029 

1)! 


r(»+i) 

65)2.16668  38 


67 
68 

70 
72 

75 
77 
79 

ei! 

82! 
84 
86 
88 
90 


1.11584  21 
5.85817/12 
3.13417  16 
1.70809  63 

9.47993  44 
5.35616  29 
3.07979  37 
1.80167  93 
1.07199  92 

6.48559  51 
3.98864  10 
2.49290  06 
1.58299  19 
1.02102  98 


91) 

95 
95 
97 
99 

101! 
102 
104 
106 

108: 

110) 
112' 
114; 
116 
117 

,119' 

121 
•123 
125 

!  127; 
129; 

131 
133 
135 
137 

139 
141 
143 

145; 
147 

149; 
150 
152 
154 
156 


6.68774  50 
4.44735  04 
3.00196  15 
2.05634  36 
1.42915  88 


1.00755 
7.20403 
5.22292 
3.83884  87 
2.85994  23 


70 
24 

35 


2.15925  64 
1.65183  12 
1.28016  92 
1.00493  28 
7.98921  57 

6.43131  87 
5.24152  47 
4.32425  79 
3.61075  53 
3.05108  83 

2.60868  05 
2.25d50  86 

I.  97444  50 
1.74738  38 

I I.  56390  85 

1.41533  72 
1.29503  36 
1.19790  60 
1.12004  22 
1.05843  98 

1.01081  00 
9.75431  69 
9.51045  90 
9.36780  21 
9.32096  31 


*(») 
3.92198  96734 
3.94159  75166 
3.96082  82858 
3.97969  62103 
3.99821  47288 

4.01639  65470 
4.03425  36899 
4.05179  75495 
4.06903  89288 
4.08598  80814 

4.10265  4748i 
4.11904  81907 
4.13517  72229 
4.15105  02388 
4.16667  52388 

4.18205  98542 
4.19721  13693 
4.21213  67425 
4.22684  26248 
4.24133  53785 

4.25562  10927 
4.26970  55998 
4.28359  44887 
4.29729  31188 
4.31080  66323 

4.32413  99657 
4.33729  78604 
4.35028  48734 
4.36310  53862 
4.37576  36140 

4.38826  36140 
4.40060  92931 
4.41280  44150 
4,42485  26078 
4f43675  73697 

4.44852  20756 
4.46014  99825 
4.47164  42354 
4.48300  78718 
4.49424  38268 

4.50535  49379 
4.51634  39489 
4.52721  35142 
4.53796  62023 
4.54860  45002 

4.55913  08160 
4.56954  74827 
4.57985  67610 
4.59006  08426 
4.60016  18527 


A  ill) 

1.00163  530 
1.00160  383 
1.00157  355 
1.00154  438 
1.00151  628 

1.00148  919 
1.00146  304 
1.00143  780 
1.00141  341 
1.00138  984 

1.00136  704 
1.00134  498 
1.00132  362 
1.00130  292 
l.(i0128  286 

1.00126  341 
1.00124  455 
1.00122  623 
1.00120  845 
1.00119  118 

1.00117  439 
1.00115  807 
1.00114  220 
1.00112  675 
1.00111  172 

1.00109  709 
1.00108  283 
1.00106  894 
1.00105  540 
1.00104  220 

1.00102  933 
1.00101  677 
1.00100  452 
1.00099  255 
1.00098  087 

1.00096  946 
1.00095  831 
1.00094  741 
1.00093  676 
1.00092  635 

1.00091  617 
1.00090  620 
1.00089  646 
1.00088  691 
1.00087  757 

1.00086  843 
1.00085  947" 
1.00085  070 
1.00084  210 
1.00083  368 


(158)9.36756  79    4.61016  18527    1.00082  542 
an 


(»-!)! 
"f\()i)  In  II  /)(») 


(2')'  2.60662  82746  31001 


/.i(«) 
0.00983  596 
0.00964  620 
0.00946  363 
0.00928  784 
0.00911  846 

0.00895  514 
0.00879  758 
0.00864  546 
0.00849  852  . 
G.00S35  648 

0.00821  912 
0.00808  619 
0.00795  750 
0.00783  284 
0.00771  203 

0.00759  489 
0.00748  125 
0.00737  096 
0.00726  38S 
0.00715  986 

0.00705  878 
0.00696  052 
0.00686  495 
0.00677  197 
0,00668  148 

0.00659  33r 
0.00650  756 
0.00642  395 
0.00634  247 
0.00626  302 

0.00618  554 
0.00610  995 
0.00603  619 
0.00596  419 
0.00589  389 

0.00582  522 
0.00575  814 
0.00569  258 
0.00562  850 
0.00556  584 

0.00550  457 
0.00544  463 
0.00538  598 
0.00532  858 
0.00527  239 

0.00521  738 
0.00516  350 
0.00511  072 
0.00505  901 
0.00500  833 

0.00495  866 

['  ri 


•hm  pac*  a. 
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OAMMA  FUNCTION  AND  RELATKD  FUNCTIONS 


Table  6.4 


LOGARITHMS  OF  THE  GAMMA  FUNCTION 


91 

login  r  (n) 

1 

A   AAAAA  AAA 

O.OOOOO  000 

A  A^AH  e  Aa>« 

'•0.04915  851 

2 

A    AAAAA  AAA 

0.00000  000 

•»'0.07578  023 

3 

0.90103  000 

0.44375  702 

4 

0.77815  125 

0.96663  576 

7 

]r*38021  17 

%    ^A4liie  4*A 

1.60345  79 

D 

9  A*Vai        1> 'I 

2.07918  12 

2.33045  66 

7 
» 

2.85733  25 

<■   %  ^AAA  AA 

3.13208  89 

8 

3.70243  05 

3.99739  04 

9 

4.60552  05 

4.91820  91 

1  n 

c  eeA*v^  «iA 

S.  55976  30 

0   Aaaaa  VA 

5.88824  59 

11 

6.55976  30 

6.90248  63 

12 

7.60115  57 

7.95684  40 

13 

8,68033  70 

9.04792  45 

14 

9.79428  03 

10.17286  3 

1-7 

VA  A^AAA  A 

10.94040  8 

11.32921  0 

Id 

1  A   9  9  ^  C  A  A 

12.116500 

12.514847 

17 

%  <1    <1AA#  AA 

13.320620 

13.727922 

18 

14.551069 

14.966804 

19 

15.806341 

16.230045 

20 

17.085095 

17.516352 

21 

4A  <lA#4Ar 

18.386125 

18.824561 

22 

19.708344 

20.153619 

23 

2U050767 

21.502573 

24 

22.412494 

22.870550 

25 

A4  4VAA4VA# 

23.792706 

^  24.256751 

20 

Aff    9  A  A#  A  # 

25.190646 

25.660444 

27 

A^  ^AB^VA 

26.605619 

27.060949 

28 

28.036983 

28.517642 

29 

29.484141 

29.969940 

3D 

30.946539 

31.437301 

31 

32.423660 

<BA   A4  AAA4 

32.919221 

^9 

32 

«  %   AV  e  A AA 

33.915022 

34.415228 

33 

35.420172 

35.924878 

34 

36.938686 

37.447757 

35 

38.470165 

•  A  AAA 

38.983473 

36 

ilA   A^  AA%% 

40.014233 

40.531658 

t7 

>9 

41.570535 

AA   AAV  A^  <1 

42.091963 

43.138737 

43.664060 

39 

44.718520 

45.247636 

46.309585 

46.842397 

^1 

47.911645 

AA  AAAA#4 

48.448061 

A9 
42 

AA  SAAAAA 

49.524429 

50.064362 

43 

51.147678 

51.691044 

44 

52.781147 

53.327866 

Aft 

54.424599 

54.974597 

46 

5lb.077812 

56.631014 

47 

57.740570 

58.296908 

48 

59.412668 

59.972075 

49 

61.093909 

61.656322 

50 

62.784105 

63.349462 

51 

64.483075 

65.051318 

logio  (n-l)l 

-0.05245  506 
♦0.12363  620 
0.52157  621 
1.06564  43 
1.71805  68 

2.45921  95 
3.27213  28 
4;14719  41 
5.07661  30 
6.05433  66 


7.07552 
8.13622 
9.23313 
10.36346 
11.52483 


59 

37 

38 

8 

6 


12.715167 
13.932651 
15.175689 
16.442861 
17.732896 

19.044649 
20.377088 
21.729270 
23.100338 
24.489504 

25.896045 
27.319290 
28.758623 
30.213468 
31.683290 

33.167590 
34.665900 
36.177784 
37.702829 
39.240648 

40.790876 
42.353169 
43.927200 
45.512661 
47.109258 

48.716713 
50.334761 
51.963150 
53.601639 
55.249999 

56.908011 
58.575464 
60.252157 
61.937899 
63.632504 


.0.04443  477 
■»0.1774l 

0.60338 

1.16765 

1.83666 


398 
271 
41 
09 


2.58998 
3.41389 
4.29850 
5.23635 
6.22163 

7.24966 
8.31660 
9.41927 
10.55493 
11.72126 

12.916241 
14.138090 
15.385245 
16.656311 
17.950042 

19.265313 
20.601105 
21.956492 
23.330629 
24.722740 

26.132109 
27.558078 
29.000035 
30.457412 
31.929681 

33.416347 
34.916950 
36.431055 
37.958255 
39.498167 

41.050429 
42.614701 
44.190658 
45.777995 
47.376420 

48.985659 
50.605448 
52.235536 
53.875686 
55.525670 

57.185269 
58.854276 
60.532491 
62.219723 
63.915788 


86 

73 
39 
60 
27 

15 
83 
06 
3 
5 


1.00000 
0.96027 
0.94661 
0.93972 
0.93558 

0.93281 
0.93083 
0.92934 
0.92819 
0.92726 

0.926SI 
0.92588 
0.92534 
0.92488 
0.92449 

0.92414 
0.92383 
0.92356 
0.92332 
0.92310 

0.92290 
0.92272 
0.92256 
0.92241 
0.92227 

0.92214 
0.92202 
0.92191 
0.92181 
0.92171 


000 
923 
646 
921 
323 

466 
524 
980 
400 
910 

221 
137 
753 
990 
327 

619 
993 
769 
409 
485 

649 
615 
149 
055 
169 

350 
481 
460 
198 
621 


0.92162  661 
0.92154  262 
0.92146  371 
0.92138  944 
0.92131  942 


0.92125 
0.92119 
0.92113 
0.92107 
0.92102 

0.92097 
0.92092 
0.92087 
0.92083 
0.92079 

0.92075 
0.92071 
0.92067 
0.92063 
0.92060 


329 
073 
146 
524 
182 

101 
262 

t& 

035 

010 
156 
462 
919 
518 


0.92057  250 


65.620510 

In  10-<2.80268  609299 


65.335796 

IOg,0 

lnr(n)-In  (i»-l)l-'(n-i)  In n-n+/a(fi) 
logto  r(n)  compiled  from  E.  3.  Pearson,  Table  of  the  logarithnu  of  the  complete  r-function,  arguments 
2  to  1200.  Tracts  for  Computers  No.  VIII  (Cambridge  Univ.  Press.  Cambridge,  England,  1922)  (with 
"fission). 
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N 

log|o  ^  CO 

SI 

64.483075 

iZ 

66.190645 

D/«tUDD<IO 

S4 

69.630924 

55 

71.363318 

56 

73.103681 

57 

74.851869 

59 

78.371172 

60 

80.142024 

61 

81.920175 

62 

83.705505 

07 

D5»4t/OTD 

64 

87.297237 

65 

89.103417 

66 

90.916330 

67 

92.735874 

DO 

69 

96.394458 

70 

98.233307 

71 

100.07841 

72 

101.92966 

^% 

9  9 

lQ},7B7uU 

74 

105.65032 

75 

107.51955 

76 

109.39461 

77 

111.27543 

#o 

llJ.lelfZ 

79 

115.05401 

80 

116.95164 

81 

118.85473 

82 

120.76321 

0>  . 

lcc»Df  f\3y 

84 

124.59610 

85 

126.52038 

86 

128.44980 

87 

130.38430 

DO 

1  %9  %9%tk9 
i>2»^€^Dc 

89 

134.26830 

90 

136.21769 

91 

138.17194 

92 

140.13098 

1A9  AQA77 

94 

144.06325 

.95 

146.03638 

96 

148.01410 

97 

149.99637 

98 

151.98314 

99 

153.97437 

100 

155.97000 

101 

157.97000 

loR,„(«-l)! 

oAiqAA  ruMcnoN  and  rklatko  punctionb 
LOGARITHMS  OF  THE  GAMMA  FUNCTION 


log,or("+i) 
65.051318 
66.761717 
68.480496 
70.207494 
71.942561 

73.685548 
75.436313 
77.194720 
78.960637 
80.733936 

82.514493 
84.302190 
86.096910 
87.898542 
89.706978 

91.522113 
93.343845 
95.172075 
97.006708 
98.847650 

100.69481 
102.54810 
104.40744 
106.27274 
108.14393 

110.02091 
111.90363 
113.79200 
115.68594 
117.58540 

119.49029 
121.40056 
123.31614 
125.23696 
127.16296 

129.09407 
131.03025 
132.97143 
134.91756 
136.86857 

138.82442 
140.78505 
142.75041 
144.72044 
146.69511 

148.67435 
150.65813 
152.64639 
154.63909 
156.63619 
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Table  6.4 


158.63763 

In  rf'«)-ln  (n-l)!=(»-l)  In  «-«+/2l") 


65*335796 

65.620510 

67.047603 

67.333720 

68.767762 

69.055256 

70.496116 

70.784961 

72.232512 

•VA  VAAX.fft'ii 

72.522683 

73.976805 

«.  A    A^  AA*VA 

74.268279 

75.728854 

•V^    AAV  AAA 

76.021606 

77.488522 

77.782531 

79.255677 

79.550922 

81.030194 

A«     4i  A^  ^  e  A 

81.326654 

82.811950 

A<k  AA^AA 

83.109604 

84.600.825 

84.899655 

86.396705 

86.696691 

88.199479 

88.500604 

90.009038 

AA  OIVAB^ 

90.311284 

91.825280 

A  A    •  4%  0%  t  A  A 

92.128629 

93.648101 

93.952538 

95.477405 

95.782913 

97.313096 

97.619659 

99.155080 

AA  A^A^n^ 

99.462684 

101.00327 

101.31190 

102.85758 

103.16722 

104.71791 

105.02855 

106.58420 

106.89582 

108i,'45636 

•  AA         #  AAV 

108.76895 

110.33430 

«  «  A    A  A*VA£ 

110.64785 

112.21797 

112.53246 

114*10727 

114.42269 

U6.00214 

116.31848 

117.90250 

«  «  A   A«  A*.  A 

118.21976 

119.80830 

«  AA  VAA^A 

120.12646 

121*71946 

«  AA  A4iA£A 

122.03850 

123.63591 

123.95583 

125.55760 

125.87838 

127.48445 

«  A*.  AA^VA 

127.80610 

129.41642 

129.73891 

131.35344 

%  %1    A*f  A^A. 

131.67676 

133.29545 

133.61959 

135.24239 

135.56735 

137.19421 

137.51999 

139.15086 

139.47743 

141.11228 

«  A  «    A  ^ft AAA 

141.43964 

143.07842 

143.40657 

145.04923 

145.37815 

147.02467 

147.35435 

149.00467 

149.33511 

150.98920 

151.32039 

152.97820 

153.31013 

154.97164 

155.30430 

156.96946 

157.30285 

158.97163 

159.30574 

log.o  ("-!)! 

log,o  (n-i)! 

0.92057  250 
0.92054 
0.92051 
0.92048 
0.92045 


108 
084 
173 
367 


0.92042 
0.92040 
0.92037 
0.92035 
0.92032 

0.92030 
0.92028 
0.92026 
0.92024 
0.92022 

0.92020 
0.92018 
0.92016 
0.92014 
0.92012 

0.92011 
0.92009 
0.92008 
0.92006 
0.92004 

0;92003 
0.92002 
0.92000 
0.91999 
0.91998 

0.91996 
0.91995 
0.91994 
0.91993 
0.91991 

0,91990 
0.91989 
0.91988 
0.91987 
0.91986 

0.91985 
0.91984 
0.91983 
0.91982 
0.91981 

0.91980 
0.91979 
0.91978 
0.91978 
0.^1977 


661 
051 
530 
095 
741 

464 

261 
127 
061 
057 

115 
231 
401 
625 
900 

223 
593 
008 
465 
964 

502 
078 
690 
338 
019 

733 
479 
254 
059 
892 

752 
638 
550 
486 
446 

428 
433 
459 

505 
572 

659 
764 
887 
028 
186 


In  10°2.30268  609299 


0.91976  361 
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276  OAIOIA  FDNCnON  Ain>  BBLATIO  TDNOnONS 

Tabto64    AUXILIARY  FUNCTIONS  FOR  GAMMA  AND  DIGAMMA  FUNCTIONS 


«-» 

0.015 
0.014 
0.013 

D.  U12 

0.011 

1.00125  077 
1.00116  735 
1.00108  391 

1    AA^  AA  ABA 
1. 00100  050 

1. 00091  708 

0.92018  852  .. 
•0.92010  519 
0.92002  186 
0.91999  B53i 
0.91985  520\ 

Mx) 
0. 00751  875 
0. 00701  633 
0.00651  408 

A    AA^A^  ^AA 

0.  00601  200 
0.00551  008 

<»> 

67 
71 
77 
83 
91 

0.010 
0.009 
0.008 

D.  007 
0.006 

1.00083  368 
1.00075  028 
1.00066  689 

%     AAACA  <R£A 

1. 00058  350 
1.00050  012 

0.91977  1861 
0.91968  853 
0.91960  520 
0.91952  187  \ 
0.91943  853  \ 

O;  00500  833  , 
0. 00450  675-  / 
0.00400  533 
0.00350  408 
0«^Q0300  300 

100 
lU 
125 

4  A  A 

143 

,  167 

0.005 
0.004 
0.003 
0.002 
0.001 

1.00041  675 
1.00033  339 
1.00025  003 
1. 00016  668 
1. 00008  .334 

0. 91935  52r  \ 
0. 91927  187  i 
0.91918  853  \ 
0.91910  520 
0.91902  187  \ 

.  0.00250  208 
0.00200  133 
0.00150  075^ 
0.00100  033 
0.00050  008 

200 
250 
333 
500 
1000 

0.000 

1.00000  000 

0.91893  853  \ 

0.00000  000 

xl«(2»)^+»e-Vi(«)  \ 
r(x)»(2»)*aj»-»«-«/i(«)  \ 


In  r(«)-ln  («-l)!-(x-J)  lna>pX4-/a(x) 
f(x)=lnx-/8(x)  1^ 
(2v)»»2.50662  82746  31001 
<x>->iiearC8t  integer  to  xJ 


Table  6.6 


FACTORIALS  FOR  LARGE  ARGUMENTS 


100 
200 
300 
400 
500 


nt 

157)9.3326  21544 


39441  52682 
64790  50355 
16440  63604 
66238  95262 
99111  00687 


374)7.8865  78673 
614'  3.0605  75122 
'  868  6.4034  52284 
1134)1.2201  36825 

r(n+l) 

Compiled  from  Ballistic  Researeh  Laboratory,  A 
from  11  to  10001  to  20iignifleant  dlgita,  Teehnical 
(with  permiMion). 


1408)11.2655  72316  22543  07425 
.4220  40124  75027  21799 
.7105' 30113  35386  00414 
7526  80220  96458  41584 
i.0238  72600  77093  77354 
r(n+i) 

table  of  the^^actorial  'numben  and  their  reei]>roeab 
Note  No.  881,  Aberdeen  Proving  Ground,  Md<1951) 


n 

600  1 

(1408) 

700  1 

1689 

800  1 

1976 

900  1 

2269 

1000  1 

2567 
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CAMNA  FVJ«CnON  FOR  COBIPLEX  AlkCUMENTS  ' 


Table  6.7 


«->1.0 


0.0  0.00000  00000  00 

0.1  -  0.00819  77805  69 

0.2  •  0.03247  18 

0:9  •  0.07194  62909  OO 

0.4  -  0.12928  99748  21 

0.9  -.0.19094  94991  87' 

0.6  «  0.26729  00682  14 

0.7  -  U.  99276  86908  60 

0.8  -  0.4499717899  49 

0.9  -  0.94970  91286  OS 

1.0  -  0.69092  91999  02 

1.1  -  0.76078  99988  41 

1.2  -  0.87499  04698  99 
1.9  -  0.99177  27669  99 

1.4  -  1.  U186  49664  26- 

1.5  -  1.29448  90915  47 
\A     '  i.39991  22484  69 

1.48608  96127  97 
1.61459  93960  00  • 
1.74464  42761  74 

-  i.87607  87864  91 

..J     •  2.0087b  41504  71 

2.2  -  2.14258  42092  96 

2.3  -  2.27749  81922  04  ^ 

2.4  -  2.41323  8141184 

2.5  /-  2.54990  68424  95 
/      2.6/  -  2.68737  6153?  50 

2.  >     -  2.82558  5M11  91 

2.8  -  2.96448  14617  89 

2.9  -  3.10401  54399  01 

3.0  -  3.24414  42995  90 

3.1  -  3.38482  90223  77 

3.2  -  3.52603  43067  09 

3.3  -  3.66772  81104  88 

3.4  3.80988  23 

3.99246  71261  89 
4.09546  13204  51 
4.23884  14660  71 
4.38258  69752  28 
4.52667  88647  16 

4.67109  95934  09 
4.81583  29197  96 
4.96086  37766  87. 
5.10617  81606  63 
5.29176  30342  30 


9.5 
3.6 
9.7 
3.8 
3.9 

4.0 

/•I 
♦4.2 

4.3 

4.4 

4.5 
4,6 
4.7 
4.8 
4.9 

5.0 


0. 00000  08000'  00 
f  0.05792  29404  17 

-  0.11290  22226  44 

-  0.16288  0672168 

-  0.20)715  58263  16 

-  0.24409  62989  05 

-  0.J7274  98104  91 

-  0.29282  6991187 

-  0.90422  56029  76 

-  0.90707  49796  42 

-  0.30164  03204  68 

-  0.28826  66142  99 

-  0.2673^^5809  81 

-  0.23921  67844  65 

-  JB.  20490  07241  49. 


5.39760 
5.54969 
5.69002 
5.89657 
5.98934 


62989  84 
64183  04 
29489  79 
58764  54 
58655  92 


9769180 
87995  89 
86989  29 
66914  77 
28742  95 

69169  10 
94798  39 
56984  26 
40489  50 
81524  41 

44058  52 
09190  46 
69516  79 
89190  96 
94790  99 

07710  69 
67192  86,^ 
17499  92 
02965 
22746^3 


1.64619  26242  69 
1.77955  09225  91 
1.90965  10190  19 
2.09M2  07096  99 
2.17179  14496  05 


0.16299 
0.11546 
0.06219 
0.00941 
0.0606> 

0.12964 
0.20945 
0.28184 
0.96461 
0.45158 

0.54260 
0.69751 
0.79616 
0.89843 
0.94420 


y 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 

6.5 
6.6 
6.7 
6^8 
6.9 

7.0 
7.1 
7.2 
7.3 


-  6.13092  41445  59 
-.6.27790  24699  84 

-  6.42487  90999  95 
6.57242  85888  29 

•  6.72016  21947  09 

-  6.86806  72180  48 

•  7.01619  75979  76 

-  7.16496,74421  06 

-  7.91275  12094  90, 

-  7.46128-96194  29 


-  7.60995 

-  7.75877 

-  7.90772 

-  8.05680 

-  8.;{0M0 

-  8.95599 

-  8.50478 
-8. 

-  8. 

•  9«^968 
-^5966 
40975 
9.55999 
9.70421 


96929  51 
46746  55 
40468  98 
95089  04. 
896911 


/ 
/'■• 


2.90969 
2.45007 
2.59287 
2.79802 
2.88548 

9.09519 
:».i8711 
9.94118 
9.49796 
9.69561 


80565  79 
85299  47 
97719  19 
74148  20 
5^89  27 

69999  22 
22799  89 
49449  27 
80186  19 
99647  12 


P 

/7.7 
7.8 
7.9 

8.0 
/  8.1 
8.2 
8.9 
8.4 

8.9 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 

>/  9.4 

9.5 
9.6 
?.7 
9.8 
9.9 


-  9.89498 
-10.00909 
-10.19598 
-10.90621 
-10.49692 

>10. 60771 
-10.79897 
-10.90992 
-11.06094 
-U.  21169 


06798  92 
79990  19 
49067  08 
•»4783  21 
42849  72 

24074  86 
94267  90 
90186  86 
09489  48 
10687  99 

19109  19 
96829  99 
42699  78 
92217  92 
47589  48 


9.81989  89746  15 
9.97816  98691  88 
4.14297  74050  86 
4.90890  21889  8) 
4.47650  2S996  68 


-11.96279  71628  04 
-11.51402  87756  02 
•11.66'i92  J9970  81 
-11.81669  92818  48 
•11.'96812  91969  01 

-12.11961  61192  81 
-12.27117  08998  67 
•12.42278  59912  81 
•12.57446  01059  08 
•12.72^9  20940  29 

-12.67798  06720  H4 
-19.02982  46547  89 
-19.18172  28999  51 
-19.99967  42765  47 
•19.48567  77234  95 


4.64694 
4.81799 
4.99142 
5.1609 
5.94947 

5.  M205 
'5.70228 

5.88419 
6.06762 
6.25267 

6.49928 

6.  ^742 
6.81707 
7.00820 
7;  20081 


4S978  70 
41919  08 
e}424  89 
19089  97 
91019  5) 

91299  19 
61919  9S 
11702  99 
21900  19 
97967  09 

16199  76 
1897912 

K 897  44 
949  02 
01014  9) 


7.99489  62984  96 
7.99092  62991  84 
7.78719  99928  77 
7.98949  82004  68 
8.18508  20129  09 

8.98609  90880  89 
8.98899  99709.62 
8.79196  60709  87 
8.99687  96442  29 
'  9.20909  97799  29 

9.41090  8)80)12 
9.61920  97472  42 
9.82919  09671  62 
10.04027  9897180 
10.2526191918  09 

10.46*15  20909  44 
10.68089  88047  12 
10.89672^57081  77 
11.11979  95241  57 
11,99188  72758  59 

11.55111)  62762  02 
11.77159  41189  09 
11.99900  86662  85 
12.21556  80464  79 
12.49920  06990  90 

12.66989  50701  28 
12.88964  02097  08 
19.11642  91)46  66 
19.94429  91814  77 
19.97)07  18794  95 


6.19092  41449  59 


9.81589  89746  15 


10^0    -19. 69779  21682  47       19. 80291  29742  90 


Linear  interpolation  will  yidd  about  three  flgures;  eight>point  interpolation  will  yield  about  eight  figurea. 
For  t  autaide  the  range  of  the  table,  see  Examples 

JlnrU)^lx\\rm  ./lnr(:)-arg  r(«) 
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0.0 
0.1 
0.2 
0.) 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 

1.9. 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 

3.6 

3.7 

3.8< 

3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


1. 

1.30 
1. 
1. 
1. 


18885 


42511 


2.45649 

2.59018 
2.72473 
2.86010 
2.99622 


OAMMA  rUNCnON  AND  BKLATED  IWCTIONB 

gamMa  function  for  complex  arguments 


r-l.l 


0.04987  24412  60 
0.05702  02290  38 
0.07824  35801  68 
0.11291  43470  17 
0.16008  21257  99. 

0.21858  96764  09 
0.28718  99839  43 
0.36464  38731  53 
0.44978  83131  87 
0.54157  54093  11 

0.63908  78153  48 
0.74153  80620  74 
0.84825  85646  26 
0.95868  73364  97 
1.07235  26519  67 


84815  22 
87  15575  95 
03402  04 
55233^8336  11 
677^4  40572  49 


1.80395  99248  63 
1.93203  22878  13 
2.06142  99239  46 
2.19203  82866  29 
2.32375  68617  01 


•/  In  m) 

.  0.00900'00000  00 
"  0.04206  65443  76 

-  0.08230  97383  98 

-  0.11905  06275  18 

-  0.15086  79240  09 

0.1766611398  43 

-  0.1956616788  64 

-  0.20740  35526  60 

-  0.21167  10325  55 

-  0.20843  91333  00 

-  J).  1^9781  78257  67 

-  0.18000  55175  74 

-  0.15525  33222  12 

-  0.12383  93047  38 

-  0«  08605  08957  00 

« 

-  0,04217  3490711 
*  0.00751  65191  79 

0.06275  56777  30 
0.12329  53847  15 
0.18890  25358  69 

0.25935  93780  23 
0.33446  29085  79 
0.41402  40321  50 
/  0.49786  66085  82 
0.58582  64745  04 


70097  26 
01959  43 
65306  67 
35591  81 
52529  98 


3.13305  11644  50 
3.27053  57144 
3.40863  75892 
3.54731  92273  03 
3.68654  63804  17 


50  . 
30  I 


0.67775 
0.77349 
0.87292 
,0.97592 
1.08236 

1.19213 
1.30513 
1.42127 
1.54045 
1.66258 


04868  09 
56148  91 
80949  66 

2651507  V 
17859  08 


V 

.«5.0 
5.1 
5.2 
5.3 
5.4 

•5.5 
\5.6 
I  5.7 
'  5.8 
5.9 

6.0 

6.1» 

6.2 

6.3 

6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 


51297  05  8.0 

88581  77  8.1 

51595  43  8.2 

17547  76  \8.3 

1463194  ^4.4 


3.82628  77368  25 
3.96651  45962  20 
4.10720  05882  64 
4.24832  14278  81 
4.38985  47017  40 

4.53177  96812  84 
4.6740771584  70 
4.81672  93009  83 
4.95971  95242  44 
5.10303  23779  21 

5.24665  34450128 
5.39056  92519  72 
5.53476  71881  64 
5.67923  54339  89 
5.82396  28961  29 

5.96893  91493  52 


1.7875818092  68 
1.91537  46664  26 
2.04588  59340  24 
2.17904  5244032 
2. 31478  56943 126 


2.45304  36058125 
2.59375 
2.73687 
2.88232 < 
i. 03007 


83010  13 
19016 '54 
1 91437  48 
72080  09 


/, 


3.18006  55643  19 
3.33224 
3.48657 
3.64299 
3. 80148 


58288  43 
16324  or 
84993  84\ 
37357  79 


\ 


8.5 
8.6 
8.7 

1:1 

9.6 

9.1 

9.2> 

9.3 

9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


i*lnr(«) 

5.96893  91493  52 
6.11415  43840  05 
6.25959  93585  61 
6.40526  53566  40 
6.55114  41480  20 

6.69722  79531  89 
6.84350  94110  69 
6.98998  15495  VO 
7.13663  77586  96 
7.28347  17659  19 

7.43047  76136  25 
7.57764  96383  .95 
7.72498  24519  72 
7.87247  09237  38 
8.02011  01645  61 


-  8.16789  55118 

-  8.31582  25159  69 

-  8.46388  69271  17 

-  8.61208  46838  95 

-  8.76041  19021  72 

-  8.90886  48649  60 

-  9.05744  00129  63 

-  9.20613  39357  92 
.  9.35494  33637  73 

-  9.50386  51603  25 

-  9.65289  63148  29 

-  9.80203  39359  83 

-  9.95127  52455  81 
-10.1006175726  94 
-10.25005  83482  21 

-10.39959  50997  80 
-10.54922  54469  17 
-10.69894  70966  06 
-10. 84875  78390  24 
-10.99865  55435  72 


-11.14863 
-11.29870 
-11.44885 
-11.59907 
•11.74937 

-11.89975 
-12.05021 
-12.20073, 
-12.35133 
-12.50199 


81551  38 
36905  72 
02353  71 
59405  42 
90196  53 

77460  43 
04501  83 
55171  88 
13844  58 
65394  43 


-12.65272  95175  33 
-12. 803K  89000  52 
-12.95439  33123  60 
-13. 10532  14220  44 
-13.25631  19372  14 


In  r(«) 

3.96198  63258  60 
4.12446  68364  90 
4. 28888  73284  80 
4. 45521  12743  47 
,4.62340  34819  04 


4. 79343 
4.96525 
5.13885 
5.31419 
5.49124 

5.66997 
5.85035 
6.03236 
6. 21597 
6. 40116 


00232  04 
81683  67 
6323891 
39750  77 
16322  40 

07803  94 
38321  46 
40835  50 
56726  90 
35407  92 


6.58790  33956  67 
77617  16773  32 
.-96594  55256  30 
7.m20  27497  24 
7.34992H!?93  20 

7.54408  17379  09 
7.73966  22151  13 
7.93664  34464  25 
8.13500  61862  70 
8.33473  17082  71 

8.53580  17842  76 
8.73819  86648  33 
*  8. 94190  50606  84 
9.14690  41251  84 
9.35317  94376  01 

9.56071  49872  49 
9.76949  51583  85 
9.97950  47158  43 
10.19072  87913  49 
10.40315  28704  84 

10.61676  27802  52 
10.83194  46772  22 
11.04748  50362  14 
11.26457  06394  86 
11.48278  85664  18 


11.70212 
11.92257 
12.14411 
12.36673 
12.59043 

12.81518 
13.04099 
13.26789 
13.40570 
13.72459 


61836  32 
11355  62 
13354  15 
49565  33 
04241  06 

64072  43 
18113  65 
57709  12 
76423  49 
69974  44 


3.96198  63258  60   \  10.0     -13.40736  36048  74     13.95449  36168  27 


ERIC 


0.0 
0.1 
0.2 
0.5 
0.4 

0.5' 

0.6 

0.7 

0.8 

0.9 

LO 
1.1 
1.2 
1.9 
1.4 

1.5 
1.6 
1.7 
1.0 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
-3.6 
'3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


OAMMA  FUNCTION  AND  BELATED  FUNCTIQNS 

GAMMA  rtNCnON  FOR  COMPLEX  ARGUMENTS 
.p-1.2 


r(f) 


0.08537  40900  03 
0.09169  75124  13 
0.11050  89067  86 
0.14135  09532  62 
0.18352  07443  57 

0.23614  32688  51 
0.29824  98509  35 
0.36884  83560  49 
0.44697  73864  90 
0.53174  22756  96 

0.62233  46814  87 
0.71803  95313  44 
0.81823  34133  20 
0^92237  79303  78 
1.03001  06294  86 

1.14073  5234i  u2 
1.25421  22047  >9 
1.37015  01536  37 
1.48829  83245  09 
1.60844  01578  57 


lc73038 
1.85397 
1.97906 
2.10S53 
2.23325 

2.36214 
2.49211 
2.62307 
2.75497 
2.88773 

3.02130 
3.15562 
3.29066 
3.42636 
3.56269 

3.69962 
3.83710 
3.97512 
4.11364 
4.25263 


78680  93 
79144  87 
72374  32 
01371  17 
56848  33 

55727  43 
23232  46 
77928  95 
19177  39 
16568  77 

00992  07 
57049  65 
16590  00 
53170  56 
77297  54 

32317  85 
90860  24 
51741  07 
37264  61 
90859  57 


4.39208  75003  42 
4.53196  69393  70 
'4,67225  69332  23 
4.81293  84293  30 
4.95399  36651  50 

5.09540  60548  36 
5.23716  00880  20 
5.37924  12391  93 
5.52163  58863  97 
5.66433  12381  00 


>  ln,r(«) 

0.00000  00000  00 
0.02865  84973  21 
0.05586  39903  67 
0.08025  91592  09 
0.10066  05658  03 


0.11610  77219  87 
0.12588  00935  13 
0.12948  68069  28 
0.12663  80564  16 
0.11720  77278  71 


0.10119  48M4  90 
0.07868  857^6  52 
0.04983  9276^  14 
0.01483  57562  65 
0.02611  15201  47 

0.07278  23932  61 
0.12495  51937  38 
0.18241  21090  01 
0.24494  25273  48 
0.31234  49712  35 

0.  38442  80719  73 
0.46101  09100  87 
0.54192  29484  31 
0.62700  37140  16 
0.71610  23338  39 


0.80907  69945  69 
0.90579  43715  71 
1.00612  90561  43, 
1.10996  29987 
1.21718  49784 


62) 


1.32769  01044  18 
1.44137  93510  29 
1.55815  91278  68 
1.67794  08829  56 
1.80064  07379  67 

1.92617  91533  49 
2.05448  06211  84 
2.18547  33836  08 
2.31908  91746  67 
2.45526  29835  70 

2.59393  28374  55^ 
2.73503  96019  03  ^ 
2.87852  67976  01 
3.02434  04316  86 
3.17242  88424  26 


3.3212125560  43 
3.47523  41545  72 
3.62985  81537  79 
3.78657  08902  31 
3.94533  04167  32 


5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.B 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1  , 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


5.80731  52672  85 
5.95057  66519  39 
6.09410  47211  91 
6. 23788  94064  81 
6.38192  11972  10 


6.52619 
6.A7069 
6.81541 
6.96034 
7.10548 


11003  82 
06038  24 
16425  98 
65682  97 
81209  15 


7.23082  94030  54 
7.39636  38562  29 
7.54208  52390  70 
7.68798  76072  47 
7.83406  52949  57 


7.98031 
8.12672 
8.27329 
8.42002 
8.56690 


28978  26 
5257Q  99 
74450  10 
47512  17 
26702  20 


-  8.71392  68896  74 

-  8.86109  32795  24 

-  9. 00839  78818  89 

-  9.15583  69016  37 

-  9.30340  66975  98 

-  9.45110  37743  60 

-  9.59892  47746  01 

-  9.74686  64719  23 
<;  9.89492  57641  38 
-10.04309  96669  84 

-10.19138  53082  31 
-10.33977  99221  46 
-10.48828  08443  04 
-10.63688  55067  01 
-10.78559  14331  66 

-10.93439  62350  38 
-11.08329  76070  93 
-11.23229  33237  11 
-11.38138  12352  53 
-11.53055  92646  46 

-11.67982  54041  57 
-11.82917  77123  44 
>11. 97861  43111  70 
-12.12813  33832  78 
-12.27773  31694  04 

-12.42741  19659  29 
-12.57716  81225  64 
-12.72700  00401  42 
-12.87690  61685  35 
-13.02688  50046  68 
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./  In  ru)- 


4.10609 
4.26883 
4.43349 
4.60005 
4.76847 

4.^3871 
5.11075 
5.28455 
5.46008 
5.63732 


64053  70 
00575  53 
40204  01 
23089  91 
02339  50 

43339  56 
23127  64 
29803  68 
61980  02 
28266  55 


5.81623  46788  41 
5.99679  44733  73 
6.17897  57929  16 
6.36275  30441  11 
6.54810  14200  83 


6.73499 
6.92341 
7.11333 
7.30473 
7.49759 

7.69188 
7.88759 
8.08470 
8.28319 
8.48303 


68651  55 
60416  24 
62984  34 
56416  32 
27064  69 


67310 
75313 
54778  77 
14729  22 
69297  94 


8.68422  37525  82 
8.88673  43171  55 
9.09055  14530  96 
9.29565  84265  39 
9.50203  89238  50 

9.70967  70361  08 
9.91855  72443  36 
10.12866  44054  34 
10.33998  37387  77 
10.55250  08134  40 

10.76620  15360  05 
10.98107  21389  38 
11.19709  91694  76 
11.41426  94790  19 
11.63257  02129  90 

11.85198  88011  32 
12.07251  29482  35 
12.29413  06252  48 
12.51683  00607  77 
12.74059  97329  36 

12.96542  83615  35 
13.19130  49005  92 
13.4182185311  47 
13.64615  86543  64. 
13.87511  48849  16 


5.0     -  5.80731  52672  85        4.10609  64053  70      1,0.0     -13.17693  50906  38     14.10507  70446  23 
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Table  6.7 


OAMMA  FUNCTION  AND  RELATED  FUNCTIONS 
GAMMA  Ft'NCTlON  FOR  COMPLEX  ARGUMENTS 


0.0 

o.x 

0.) 
0.4 

O.S 
0.6 
0.7 
0.8 

o.r 

1.0 

1.1 

1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.0 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


■  0.10817  48095  08 

■  0.11383  61080  85 

•  0. 13070  20636  90 

-  0. 15843  10081  49 

•  0.19649  12771  78 

•  0.24420  93680  45 

-  0.3008?  34434  02 

-  0.36553  39002  19 
0.43754  53407  27 

■  0.51609  74046  40 

♦ 

■  0.60048  45154  05 

-  0.69006  62005  12 

-  0.78427  03001  02 
'  0.88259  13601  03 

-  0.98458  61322  90 

1.08986  76158  16 
/1. 19809  86148  04 
1.30898  54162  82 

-  1.42227  19237  14 
1.53773  44011  63 


1.65517 
1.77442 
1.89533 
2.01776 
2.14159 

2.26671 
2.39304 
2.52049 
2.64897 
2.77843 


68709  10 
71431  91 
34239  28 
14331  34 
19646  87 

88222  04 
70725  18 
15659  37 
56799  18 
02497  03 


2.90879  26554  06 
3.04000  60402  26 
3.17201  86387  60 
3.30478  31979  94 
3.43825  64765  05 

3.57239  88099  07 
3.70717  37325  19 
3.84254  76469  59 
3.97848  95346  95 
4. 11497  07016  98 

4.25196  45543  18 
4.38944  64012  12 
4.52739  32778  30 
4.66578  37904  84 
4.80459  79774  65 


4.94381 
5.08342 
5.22340 
5.36373 
5.50441 


71850  33 
39564  42 
19323  94 
5761S  52 
10199  31 


./  In  r(«) 

0.00000  00000  00 

-  0.01671  99199  34 

-  0.03225  84033  35 

-  0.04949  95427  81 

-  0.05544  82296  06 

-  0.06126  78750  55 

-  0.06229  79103  48 
r- 0.05805  28252  04 

-  0.04820  73993  35 

-  0.03257  37450  94 

-  0.01107  52190  48 
*  0.01627  90894  04 

0.04941  70710  23 
0.08822  25250  96 
0.13255  01649  50 

0.18223  70479  17 
0.>23711  09920  47 
0.29699  65855  44 
0.36171  93463  93 
0.43110  85022  51 

0.50499  87656  67 
0.58323  13926  09 
0.66565  47394  67 
0.75212  44759  30 
0.84250  35670  42 


0.93666 
1.03447 
1.13583 
1.24061 
1.34872 


21049  03 
70464  53 
18965  15 
63628  56 
60013  87 


1.46006  18633  96 
1.57453  01525  07 
1.69204  18960  57 
1.81251  26335  69 
1.93586  21235  97 

2.06201  40693  37 
2.19089  58627  45 
2.32243 
2.45657 
2.59324 

2.73238  56006  34 
2.87394  08855  80 
3.01785  56433  48 
3.16407  73073  22 
3.31255  55163  23 

3.46324  19848  78 
3.61609  03828  59 
3.77105  62237  32 
3.92809  67607  19 
4.08717  08902  55 


5.0 
5.1 
5.2 
5.3 
5.4 

>5 
^^5.6 

5.7 

5.8 

5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
b.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7,4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


5.64541  41381  33 
5.78673  23355  37 
5.92835  35606  66 
6.07026  64370  51 
6.21246  02140  03 


6.35492 
6.49765 
6.64062 
6.78384 
6.92730 

7.07098 
7.21489 
7.35900 
7.50332 
7.64785 


47217  66 
03305  97 
79133  72 
88113  55 
48028  21 

80742  52 
11938  62 
70872  13 
90147  58 
05510  98 


-  7.79256  55658  27 

-  7.93746  82058  02 

-  8.08255  28787  24 

-  8.22781  42379  13 

-  8.37324  71681  76 

-  8.51884  67726  68 

-  8.66460  83606  78 

-  8. 81052  74362  48 

-  8.95659  96875  66 

•  9.10282  09770  73 

•  9. 24918  73322  19 

•  9,39569  49368  29 

-  9.54234  01230  14 

•  9.68911  9363611 

-  .9*83602  92650  88 

•  9.98306  65608  89 
•10.13022  8105196 
-10.27751  08670  60 
•10.42491  19248  88 
•10.57242  84612  54 


•10.72005 
-10.86779 
-11.01564 
-11.16359 
•11.31165 

-11.45980 
•11.60806 
-11.79641 
•11.90485 
-12.05339 


77580  15 
71917  09 
42292  16 
64236  64 
14109  65 

69041  59 
06939  74 
06415  49 
46773  52 
07978  49 


-12.20201  70627  34 
-12.35073  15923  02 
•12.49953  25649  49 
•12.64841  82148  10 
-12.79738  68295  12 


>  In  r(t)  . 

4.24823  90621  27 
4.41126  31957  99 
4.97620  66023  67 
4.74303  39118  17 
4.91171  10090  12 

9.08220  49901  77 
9.25448  39434  72 
5.42851  72533  50 
5.60427.51684  12 
5.78172  89485  09 


5.96085 
6.14161 
6.32399 
6.50795 
6.69349 


07788  45 
37268  52 
17016  49 
94158  99 
23498  81 


6.88056  67176  38 
7.06915  94350  45 
7.25924  80896  76 
7.45081  09123  38 
7.64382  67501  64 

7.83827  50411  67 
8.03413  57901  50 
8.23138  95458  91 
8.43001  73795  19 
8.6300Q  08640  04 

8;83t32  20546  97 
9.03396  34708  43 
9.23790  80780  23 
9.44313  92714  58 
9.64964  08601  22 

9.85739  70516  25 
10.06639  24378  12 
10.27661  19810  47 
10.48804  lOMl  24 
10.70066  51627  91 

10.91447  04638  39 
11.12944  32237  30 
11.34557  00727  24 
11.56283  79415  00 
11.78123  40512  20 

12.00074  59040  23 
12.22136  12739  31 
12.44306  81981  38 
12.66585  49686  64 
12.88971  01243  51 


13.11462 
13.34058 
13.56757 
13.79559 
14.02462 


24431  99 
09350  03 
48342  95 
35935  62 
68767  33 


5.0     -  5.64541  41381  33 


4. 24^23  90621  27      10. 0    --12. 94643  67480  34     14. 25466  45529  28 
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OAMMA  FUNCTION  AND  RELATED  PUNGTIONB 
GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


^In  r(f) 

0.11961  29141  72 

0.00000  00000  00 

5.0 

0*1 

0.12473  21357  76 

A  AACA^  JAA19  44 

•  0.00597  40017  43 

5.1 

0.2 

0.14000  01552  88 

-  0.01097  08056  66 

5.2 

0.) 

D.16S15  59551  89 

-  0.01405  93840  03 

5.3 

0.4 

0.19978  93616  12 

-  0.01439  47989  49 

5.4 

0.5 

0.24337  34438  09 

-  0.01124  7202518 

5.5 

O.e 

0. 16777  02 

n   AA4A1.  ffO^R  «A 

-  0, 00401  77069  3e 

9.D 

0.7 

0.5.5492  46161  10 

4  0.00775  78473  84 

5.7 

O.V. 

0.42158  20669  55 

0.02441  65124  32 

5.8 

0.9 

0.49462  85345  46 

0.04618  11610  421 

5.9 

1.0 

- 

0.57345  12921  03 

0.07317  82i99  73 

6.0 

1. 1 

U.  D3fW  JID9UD  m 

1.2 

0.74620  06322  98 

0.14300  11986  37 

6i2 

1.9 

0.83914  04638  04 

0.18575  57618  52 

6.3 

1.4 

0.93588  32199  21 

0.23362  80933  40 

6.4 

1.5 

- 

1.03605  77156  27 

0.28650  41540  26 

6.5 

l.e 

'.1   1  MM  ItAtAO  BO 

1.13933  M74Z  Bo 

u.  J^^a  d^j j  r  tc 

1.7 

1.  2454as63479 

0.40674  45404  67 

6.7 

i.a 

1.^5407  41615  64 

0.47383  07041  21 

6.8 

1.9 

1.46505  26007  14 

0.54537  20299  26 

6.9 

2.0 

- 

1.5ni6  14562  85 

,0.62122  82885  81 

7.0 

2.1  * 

41  ^ 

1.  Ow22  32702  19 

0. 70126  23803  49 

7.  1 

2.2 

1.81008  03838  54 

0.78534  13608  50 

7.2 

2.3 

«• 

1.92859  23663  09 

0.87333  70735  61 

7.3 

2.4 

2.04863  37884  08 

0.96512  64991  00 

7.4 

2.5 

- 

2.17009  23032  73 

1.06059  19035  92 

7.5 

2.6 

2. 29286  69947  17 

1. 15962  08468  95  \ 

7.6 

2.7 

2.41686  69570  58 

1.26210  60952  18  ^ 

7.7 

2.8 

2.54201  00734  84 

1.36794  54704  02 

7!  8 

2.9 

^.66822  19640  86 

1.47704  16591  47 

7.9 

3.0 

- 

2.79543  50784  95 

1.58930  19987  43 

8.0 

m  1 

3. 1 

2.92398  79116  79 

1.  70463  02510  60 

B  1 
0.1 

3.2 

3.05262  43245  92 

1.82296  63729  35 

8.2 

3.3 

3.18249  29542  71 

1.94420  62885  89 

8.3 

3.4 

3.31314  67001  61 

2.06828  16678  10 

8.4 

3.5 

- 

3.44454  22757  38 

•   2.19511  97123  13 

8.5 

3.0 

4   e*fA.A#  AAl  ^A  <11 

3. 97663  90160  21 

2.32469  09517  70 

V.  0 

3.7 

3.70940  25331  00 

2.45680  90502  77 

8.7 

3.4 

3.84279  64130  02 

2.59153  06235  98 

8.8 

3.9 

3.97678  99482  49 

2.72875  50671  88 

- 

8.9 

4.9 

- 

4.11135  39012  79 

2.86842  43947  56 

9.0 

4.1 

A   '^Md.MA.  1  AA^^  ^A 

-'4. 24640  10946  69 

a  1 
9.1 

4.2 

4.38208  62246  51 

3.15487  79501  77 

9.2 

4.3 

4.51820  56949  47 

3.30155  79836  24 

9.3 

4.4 

4.65479  74683  75 

3.45047  4256313 

9.4 

4.5 

4.79184  09)40  18 

3.60157  97913  33 

9.5 

4.6 

4.92931  67880  70 

13.75482  94580  13 

9.6 

4.7 

5.06720  69267  30 

'3.91017  98712  52 

9.7 

4.8 

5.20549  43497  23 

4.06758  92973  81 

9.8 

4.9 

5.34416  30732  30 

4.22701  75662  27 

9.9 

4 

5.0 

• 

5.48319  80511  50 

4.38842  59888  87 

10.0 

i»Inr(«) 

5.48319  80511  50 
5c62258  51037  75 
5.76231  08530  59 
5.90236  26637  68 
6.04272  85898  90 

6.18339  73257  62 
6.32435  81614  11 
6.46560  09417  01 
6.60711  60288  99 
6.74889^42683  24 


6.89092 
7.03320 
7.17572 
7.31847 
7.46144 


69567  80 
58135  18 
29534  78 
08625  98 
25750  25 


7.60463  O|b520  25 
7.74802  $624  64 
7.89163  16647  23 
8.03543  21899  02 
8.17942  50262  34 


8.32360 
8.46796 
8.61250 
8.75721 
8.90209 


47045  82 
59849  44 
38438  82 
34627  90 
02169  54 


9.04712  96653  17 
9.19232  75409  21 
9.33767  97419  53 
9.48318  23233  58 
9.62883  14889  78 


•  9.77462 

•  9.92055 
-10.06662 
-10.21282 
-10.35915 


35841  76 
50889  05 
26112  05 
28810  76 
27447  20 


-10.50560  91591  10 
•10.65218  91868  81 
-10.79888  99915  05 
-10.94570  88327  39 
-11.09264)0623  27 

-11.23969  01199  39 
-11.38684  75293  27 
-11.53411  28946  97 
-11.68148  38972  65 
-11.82895  82920  01 


-11.97653 
-12.12420 
■12.27198 
-12.41984 
-12.56780 


39045  38 
86282  47 
04214  52 
73048  02 
73587  55 
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J  In  r(t) 

4.38842  59888  87 
4.55177  72808  10 
4.7170)  54898  14 
4.88416  59286  80 
5.05313  51119  86 

5.22391  06968  84 
5.39646  14275  35 
5.57075  70829  41 
5.74676  84279  33 
^.92446  71670  92 

6.10382  59013  94 
6.28481  80874  01 
6.46741  79988  09 
6.65160  06901  96 
6.83734  19628  28 

7.02461  83)2)  7) 
7.21)40  69964  0) 
7.40)68  58155  67 
7.5954)  )2663  20 
7.768^2  84)51  12 

7.98)25  098)9  40 
8. 17928  11291  83 

8.  )7669  96196  29 
8. 57548  77156  28 
8.77562  71692  98 

8.97710  02057  2) 
9.17988  95050  80 

9.  )8)97  81856  )4 
9.569)4  97875  68 
9.79598  82575  76 

10.00)87  79)41  91 
10. 21)00  )5))7  97 
10.42))5  01)72  94 
10.6)490  )177)  72 
10.84764  8426)  58 

11.06157  19846  19 
11.27666  02694  74 
11.49290  00045  92 
11.7102182098  57 
11.928^21916  70 

12.14iS)9  95336  59 
12.36911  80877  89 
12. 59092  59658  40 
12.81381  15312  39 
13.03776  33912  29 

13.26277  0)893  5) 
1).  48882  15982  45 
15.71590  6)127  0) 
1).  94401  40430  46 
14. 17)1)  45087  16 


-12. 71585  87212  0)    ,  14. 40)25  76)21  42 
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GAMMA  FUNCTION  AND  RELATED  FUNCTlONB 


GAMMA  n-NCmOfS  mn  <:0MPI.EX  IKCillMEIMTM 


1.5 


♦ 

^  In 

./  In  r(j) 

0.0 

- 

0.12078  22376  35 

0.00000  obooo  00 

•5.0 

.0.1 

0.iZd49  0392B  11 

A   AA«.YA  <aA1  CIA 

0.00>7B  M419  ID 

5.1 

0.2 

0.19998  59175  79 

0.00839  39012  17 

5.2 

0.3 

0.16298  97050  76. 

0.01460  80536  11 

'5.3 

0.4 

0.19412  35254  45  . 

0.02315  34211  15 

5^4 

0.5 

0.29418  69474  70 

0.03466  89612  75 

5.5 

0,28208  36136  63 

A    AilA^A  il^^%a  4^ 

0.04969  4663B  36 

5.6 

0,7 

0.33728  34790  33 

0.06866  64150  66 

5.7 

0.39923  54301  20  ' 

0.09191  83319  43 

5.8 

0.9 

« 

0.46739  08704  08 

0.11969  06415  60 

5.9 

l.O 

- 

0.54121  88685  47 

0.15214  09934  52 

;  6.0 

1.1 

0.62021  70896  71 

A    1  aA%e   V<AAA«  Al 

0.18935  73091  01 

,  6.1 

1*2 

0.70391  84698  97 

0.23137  07067  73 

6.2 

1.3 

0.79189  44573  28 

0.27816  75270  32 

6.3 

1.4 

0.88375  56946  74 

0.32969  99180  52 

6.4 

US 

- 

0.97915  09391  81 

0.38589  47712  67 

6.5 

1.6 

1.07776  48796  47 

A    MMM^M.£.   H  AAA*  M€k 

0.44666  10201  49 

6.6 

1.7 

1.17991  59061  81 

0.51189  54441  75 

6.7 

1.8 

1.28955  01194  19 

0.58148  71805  09 

,6.8 

1.9 

a. 

1. 99024  41649  92 

0.65532  ,11610  93 

6.9 

2.0 

- 

1.49919  69725  85 

0.73328  06816  91' 

7.0 

2,1 

1.61022  69592  23 

A   ftl O^OCA  ^A 

7.1 

2.2 

1. 72317  49667  28 

0.90111  21116  92 

T.i 

2.9 

1.83789  60327  96 

0.99075  68430  94 

7.3' 

2.4 

1.95426  04180  71 

1.08407  43370  92 

7.4 

2.5 

- 

2.07215  12706  83 

1.18095  90329  08 

7.5 

2.6 

2. 19146  31061  38 

1    401%A  Am^A  AC 

1.ZB130  91B60  09 

2.7 

2. 31210  04795  77 

1.38502  69784  97 

248 

2*49397  68277  27 

1.49201  85397  98 

7.8 

2.9 

.2.55701  94593  17 

1.6C219  99035  70 

*7.9 

3.0 

- 

2.68113  86746  74 

1.71546  69204  67 

4 

lo 

9.1 

2.80628  69972  89 

1    O^I^C  CI All  10 

1.B3179  91411  IB 

O  1 

B.1 

9.2 

2.93239  85022  62 

1.95097  96800  61 

8.2 

9.3 

3.05941  82284  63 

2.07306  50684  28 

8.3 

9.4 

3.18729  56630  57 

2.19793  91011  06 

8.4 

9.5 

- 

3.31599  42885  64 

2.32553  26824  38 

8.5 

9.6 

A     M  MIS.  MM  44AAA 

3.44544  11840  65 

2. 45S77  96735  9Z 

8.6 

9.7 

z 

3.57562  66733  10 

2.58861  67421  82 

8.7 

9.8 

3.70650  40135  44 

'2.72398  92197  95 

8.8 

9.9 

3.83803  91197  27 

2.86182  09608  96 

8.9 

4.0 

- 

3.97020  03195  93 

3.00207  4211S08 

9.0 

4.1* 

4. 1029S  81356  26 

%   \AALA  OAft^O 

3. 144DB  t4BZB  47 

9.1 

4.2 

4.23628  50905  75 

3.28961  54314  23 

9.2 

4.3 

4.37015  55336  09 

3.43680  27461  51 

9.3 

4.4 

4.50454  54845  89 

3.58620  40415  07 

-  9.4 

4 

4.5 

4.63943  24943  00 

3.^3777  37568  62 

9.5 

4.6 

4.77479  55187  51^ 

'   3.89146  80616  79 

9.6 

4.7 

4.91061  48059  ly^ 

^.04724  47663  05 

9.7 

4.8 

5.04687  1793410  * 

4.20506  32380  55 

9.8 

4.9 

5.18954  90169^2 

4.364$0  49223  09 

9.9 

5.0 

5. 32063  00229  09 

4.52667  02683  19 

10.0 

.<^ln  Hi) 


-  5.32063  00229  09 

-  5.45809  92990  12 

-  5.59594  21987  69 

-  5.7|414  48816  77 

-  5.8^69  48652  05 


6.01157  79223  61 
6.15078  41337  93 
6.29030  17435  55 
6.43012  0X693  96  • 
6.57022  93551  99 


6.71061 
6.85128 
6.99220 
7.13338 
7.27481 


9^69  14 
22117  36 
81085  67 
91616  09 
74856  07 


-  7.41648  55529  97 

-  7.55838  6172/29 

■  7.70051  24706  26 

■  7.84285  78711  49« 

■  7.98541  60804  40 

■  8.12818  10705  51 

■  ».  27114  70647  52* 

■  8.41430  85238  40 

-  8.55766  01333  52  ' 

■  8.70119  1^7916  34 

■  8.84-91  35986  81  * 

■  8.98880  58456  98 
-,  9.13286  90053  22 
•  9.27709  87224  65 

-  9.42149  08057  13 

■  9.56604  12192  67 

■  9.71074  60759  60 

-  9.85560  16271  96 
•10.00060  42619  46 
-10.14575  04950  41 

-10.-29109  69696  22 
-10.49646  04212  40 
-10.58201  77925  09 
-10.72770  58681  09 
-10.87952  19000  77 


■11.01946 
•11.16552 
-11.91170 
■11.45800 
■11.60442 

■11.75095 
-11.89758 
-12.04499 
■12.19118 
-12.99819 


29979  44 
64215  28 
95229  99 
97967  84 
45796  98 

16459  94 
86050  76 
91977  78 
92937  59 
65886  95 


./  In  r(»)  » 

4,52667  02683  19^' 
4.69038  46594  51 
4.85599  23475  89 
5.02345  93914  30 
5.19275  29984  42 

5.36384  14702  24 
5.53669  41510  65 
5.71128  13794  95 
^.88767  44426  18 
6.06554  55390  63 


6.24516 
6.42641 
6.60926 
6.79368 
6.97965 

y.l67l'5- 
7.35616 
7.54665 
7.79860 
7.99200 


77089  65 
48526  40 
16403  89 
35022  65 
65928  01 

77597  M 
45152  22 
50081  S5 
79984  87 
28929  86 


8. 12681  94190  02  . 
8.92909  82082  45' 
8.52064  01697  40 
8.71960  67728  67 
8.91991  99676  60 


9.12156 
9. 92451 
9.52876 
9. 79429 
.  9.^4108 

10r^49l7 
10.35899 
10.56888 
10.78057 
10.99945 


21668  12 
62284  17 
54995  97 
35008  92 
45119  82 

29545  01 
9684^06 
19195r59 
91999  69 
94994  66 


11.2075Cr88298  51 
11.42272  59149  12 
11.69909*15140  59 
11.85659  27478  60 
12.07521  70166  56 

12.29495  19944  46 
12.51578  56196  58 
12.79770  60868  20 
12.96070  18985  99 
19.18476  15SS1  47 


19. 40987 
19.69602 
19.86321 
14.09142 
14.92069 


41417  61 
87918  91 
48100  75 
17910  27 
95157  82 


-12. 48519  12016  51     14. 55085  79659  84 
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Table  6.7 


y 

♦ 

dfln  r(*) 

0.^0 
0.1 
0.2 
0.3 
0.4 

-  0.11259  if 656  97 
>  0.11687  93076  07* 

-  0,12968  70»3  13 

-  0.15085  38H52  14  . 
0.18012  29875  82 

0.5 
0.6, 
0.7 
0.8 
0.9 

0.21715  76591  72 
«-  0.26155  99560  50 

-  .0.31289  07142  69 

-  0.37068  83847  40i 

-  0.43448  55339  80 

.  1.0 
1.1 
1.2 
1.3 
1.4 

-  0. 50382  21960  58  • 

-  0.  57825  9588  66 

-  0. 65736  KBO^  44 
«  .O.  740nr6  95833  61 

-  0. 82810  01661  20 

» 

1.5. 
1.6 
1.7 
1.8 
,-1.9 

'  0.91903  10002  05 

-  1.01326  27864  52 

-  A.  11052  43845  66 

-  1.21057  08228  70 

-  1.31318  11150  50 

2.0 

•  2.1 
•  .2.2 

2.3 

•  2.4 

-  1.41815  60399  85 

-  ). 52531  59861  47 

-  1.63449  89215  98 

-  1.74555  85219  99 

-  1.85836  24696  22 

»  2.5 
2.6 
2.7 
2.8 
2.9 

-  1.97279  09238  15 

-  2.08873  51557  24 

-  2.20609  63358  10 

-  2.32478  44606  95 

-  2.44471  74052  94 

'"-3.0 
3.1 
3.2 
3.3 
3.4 

-  2.56582  00865  46 
•  2.68802  37258  40 

-  2.81126  51983  53 

-  2.93548  64586  59 
3.06063  40331  69  ^ 

*  3.5 
3.6 
3.7 
3.8 
3.9 

-  3.18665  85710  48 

-  3.31351  44463  00 

-  3.44115  94046  31 

-  3. 56955  42495  22 

-  3.69866  25626  62 

4.0 

4.2 
I  4.3 
^4.4 

-  3.82845  04545  47 

-  3.95888  63415  67 

-  4.08994  07464  23 

-  4.22158  61190  90 

-  4.35379  66759  32 

4.5 
4.6 
4.7 
4.8 
4.9 

4.48654  82548  65 

-  4.61981  81847  38 

-  4.75358  51673  33 

-  4.88782il705  81 

-  5. 02253  13317  74 

5.0 

-'5.15767  38696  89 

■  * 

< 

• 

.r-1.6 


In  r(») 


0.00000  00000  00 
0.01272  17953  11^ 
0.02614  08547  67^ 
.04092  98346  69 
.05771  47266  93 


6 


0.07705  74009  90 
0.09944,39491  75 
0.12527  90746  40 
0.15488  59553  99 
0.18851  04588  87 

0.22632  83631  44 
0.26845  42738  89 
.  0.31495  11405  00 
0.36583  95580  78 
0.42110  63293  75 

0.48071  20031  31 
0.54459  72874  22 
0.61268  83586  73 
0.68490111588  51. 
0.76114  48080  60 

0.84132  42695  09 
0.92534  23984  61 
1.01310  14934  56 
1.10450  44515  88 
^  1.19945  56127  07 

1.29786  13618  36 
1.39963  05453  39 
1.50467  47448  81 
1.61290  84436  93 
1.72424  91120  48 

1.83861  72327  21 
1.95593  62824  65 
2.07613  26817  55 
2.19913  57221  55 
2.32487  74784  17 

2.45329  27106  82 
2.58431  87608  00 
2.71789  54457  96 
2.i5396  49506  80 
2.99247  17222  46 

3.13336  23649  89 
3.27658  55399-89 
3.42209  19672  73 
3:56983  38320  36 
3.71976  56948  92 


U  . 

9.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
•5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 

,8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


-  5.15767  38696  89 

-  5.29324  00046  70  ^ 

-  5.42921  38858  50 

-  5.56558  05247  67 

-  5.70232  57347  10 

-  5.83943  60752  49 

-  5.97689  88014  04 

-  6t  11470  18170  24 

-  6.25283  36319  59 

-  6.39128  33226  66 

-  6.53004  04959  33 

-  6.66909  52554  28 

-  6.80843  81708  20 

-  6.94806  02492  33 

-  7.08795  29088  41 

-  7.22810  79544  00 

-  7.36851  75545  64 

-  7.50917  42208  19 

-  7.65007  07879  17 

-  7.7912O'03956  68 

«  7.93255  64719  90 

-  8.07413  27171  08 
-^.21592  30888  20 

-  8.35792  17887  32 
"  8.50012  32493  99 


8.64252 
8.78511 
8.92789 
9. 07085 
9.21399 


21322  97 
32665  62 
17384  38 
27813  87 
18168  02 


-  9.35730  44352  92 

-  9.50078  63884  89 

-  9.64443  35813  39 

-  9.78824  .20648  48 

-  9.93220  80292  58 

-10.07632  77975  98 
-10.22059  78196  20 
-10.36501  46660  67 
-10.50957  50232  55 
-10.65427  56879  66 

-10.79911  35626  11 
-10.94408  56506  53 
-11.08916  90522  76 
-11.23442  09602  86 
-11.37977  86562  21 

-11.52525  95066  64 
-11.67086  09597  45 
-11.81658  05418  21 
-11.96241  58543  24 
-12.10636  45707  60 


>  In  r(«) 


4.66298 
4.82709 
4.99309 
5.16092 
5.33057 


63139  40 
89421  23 
00410  26 
64732  77 
61938  29 


5.50200  82001  33 
5.67519  24850  30 
5.85009  99922  08 
6.02670  25740  71 
6.20497  29518  79 


6.38488 
6.56641 
6.74953 
6.93421 
7.12044 


46780  37 
21003  90 
03284  11 
52011  79 
32570  25 


7.30819  17047  52 
7.49743  83963  44 
7.68816  18010  64 
7.88034  09808  67 
8.07395  55670  43 

8.26898  57380  27 
8.46541  21983  05 
8.66321  61583  45 
8.86237  93155  10 
9.06288  38358  78 

9.26471  23369  30 
9.46784  78710  61 
9.67227  39098  48 
9.87797  4329Q  61 
10.08493  33943  44 

10.29313  57475  61 
10.50256  63937  51 
10.71321  06886  60 
10.92505  43268  31 
11.13808  33302  08 


3.87184*34062  62 
4.02602  45248  92 
4.18226  81404  46* 
4.34053  48000  81 
4.50079  64388  72 

4.66298  63139  40      10.0    -12.25442  44338  60     14.69746  74295  03 


11.35228 
11.56764 
11.78414 
12.00178 
12.22054 

12.44040 
12.66136 
12.88341 
13.10652 
13.33070 

13.5SS93 
13.78220 
14.00950 
14.23781 
14.46714 


40372  42 
30924  55 
74364  58 
42963  80 
11767  06 

58504  89 
63509  22 
09632  56 
82170  40 
68786  75 

59442  57 
46327  06 
23791  60 
88286  23 
38298  57 
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0.0 
0.1 
0.2 
0.5 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3  , 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.6 
3.9 

4.0 
4,1 
4.2 
4.? 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


6.7  I 


QAMMA  PUNCnON  AND  RBLATBO  FUNCfHONB 
GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 
j-1.7 


.*ln  r(«) 


0.09580  76974  07 
0.09977  01624  55 
0.11161  35203  43 
0.13120  82417  20 
0.15834  67099  43 

0.19275  44989  43 
0.23410  41754  11 
0.28203  01468  30 
0.33614  32007  35 
0.39604  36829  33 

0.46133  26441  19 
0.53162  06562  78 
0.60653  43029  30 
0.68572  05552  37 
C.  76884  93610  19 

0.8556148134  32 
0.94573  52538  42 
1.0389&  26210  76 
1.13503  13039  83 
1.23375  66975  90 

1.33493  36116  09 
1.43838  46369  05 
1.54394  85411  53 
1.65147  87389  10 
1.76084  18623  15 

1.87191  64452  44 
1.98459  17246  80 
2.09876  6557199 
2.21434  84448  82 
2.33125  26629  53 


2^44940  14805  61 
2.56872  34658  89 
2.68915  28670  01 
2.81062  90603  5' 
2.93309  60594  79 


3.05650 
3.18079 
3.30594 
1.43189 
3.55860 

3.68605 
3.81419 
3.94300 
4.07245 
4.20250 


20770  24 
91341  33 
27115  93 
14379  84 
68105  24 

29448  47 
63503  82 
57284  13 
17902  59 
70933  22 


4.33)14  58930  01 
4.46434  40087  52 
4.59607  87027  47 
4.72832  85697  79 
4.86107  34372  26 

4.99429  42740  24 


>  In  !•(*) 

0.00000  OOOQO  00 
0.02095  53101  47 
0.04250  99781  99 
0.06524  48S06  20 
0.08970  54480  34 

0.11638  82473  83 
0.14573  0^476  06 
0.17810  70^08  82 
0.21382  42284  85 
0.25312  66649  29 


0.29619 
0.34317 
0.39413 
Q.  44912 
0.50817 


91243  57 
32455  42 
44205  39 
88915  80 
05624  82 


0.57124  72307  84 
0.63832  60866  03 
0.70935  84280  02 
0.78428  36123  89 
0.86303  23052  04 

0.94S52  91079  51 
1.03169  48541  37 
1.12144  72591  94 
1.21470  42030  73 
1.31138  27144  41 

1.41140  07152  26 
1.51467  73744  45 
1.62113  35114  76 
1.73069  18813  34 
1.84327  73680  71 

1.95881  71071  34 
2.07724  05531  98 
2.19847  95064  74 
2.32246  81077  41 
2.44914  28100  87 


2.57844 
2.71030 
2.84468 
2.98150 
3.12073 


23336  16 
76079  67 
17064  22 
97744  80 
89551  42 


3.26231  83125  99 
3.40619  87555  93 
3.55233  29614  33 
3.70067  53013  46 
3.85118  17677  02 


4.00380 
4.15851 
4.31526 
4.47402 
4.63474 


99034  45 
87339  90 
87017  23 
16031  94 
05290  18 


5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.*7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
.6.6 
6.7 
6.8 
6.9 

V, 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
'7t7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


irinr(f) 

-  4.99429  42740  24 
.  5.12797  31077  01 

-  5.26209  29486  79 

>  5.39663  77210  79 

•  5.53159  21994  12 

-  5.66694  19^05  53 

-  5.80267  32805  14 

•  5.93877  31855  28 

•  6.07522  93070  61 

-  6.21202  98903  76 

-  6.  34916  37463  25 

•  6.48662  02160  75 

•  6.62438  91385  04 

•  6.76246  08200  42 

•  6.90082  60067  27 

•  7.03947  58S82  98 

•  7.17840  19241  47 
.  7.31759  61209  77 

•  7.45705  07120  18 
'  7.59675  82876  82 

.  7.73671  17475  34 

-  7.87690  42834  81 

•  8.01732  93640  69 

•  8.15798  07198  22 

-  8.29885  23295  23 

•  8.43993  84073  80 

-  8.5812)  33910  02 

•  8.7227).4930l  22 

-  8.86442  88760  30 

•  9.0063192716(38 

•  9.14839  83421  51 

•  9.2906614862  91, 

>  9,43310  42660  75  \ 

•  9.57572  24089  73 

-  9.71851  17806  54 

■  9.86146  83^80  47 
•10.00458  84128  32 
'10.14786  81072  85 
•10.29130  38884  74 
•10.43489  22827  58 

•10.57862  99305  96 
-10.72251  35816  27 
-10.86654  00900  14 
-11.01070  64100  32 
-11.15500  95918  83 


-11.29944 
-11.44401 
-11.58871 
-11.73353 
-11.87848 


67777  28 
51979  25 
21674  47 
50824  91 
14172  43 


>tar(«) 

4.79738  98064  85 
4.96193  49448  28 
5.12834  25830  88 
5.29658  04404  97 
5.46661  72692  91 

5. 63842  28098  55  k 
5.81196  77481  03 
5.98722  36749  88 
6.16416S0480  45 
6.34275*91548  66 


6.52298 
6.70481 
6.88823 
7.07)20 
7.25970 


60784  05 
86640  24 
24881  89 
38287  20 
96)6!!  25 


7.44772  75087  22 
7.63723  566)0  84 
7.82821  291)7)9 
8.0206)86480)5 
8.21449  28045  )7 

8.40975  98520  62 
8.60640  87697  29 
8.80443  )02791) 
9.00)81  057016) 
^,20452  37958  7) 

9.40655  554)8  14 
9.60988  9076)9) 
9. 81450  80646  )• 
10.420)9  657)8  46 
10.22753  90498  84 

10.435^  0)060  89 
10.64552  55107  28 
10.85634  01790  59 
11.068)9  01418  2) 
11.28154  1974)00 

11.49590  09457  89 
11.71141  50295  92 
11.92807  08891  98 
12.14989  98692  46 
12.96475  75866  47 

12.58476)9218  81 
12.80586  )0109  9) 
13.02804  32377  08 
13.25129  32259  06 
13.47560  18)2)  86 


13.70093 
13.92735 
14.19477 
14.38320 
14.^1264 


81399  16 
14905  47 
12791  90 
73474  2) 
95775  51 


4.79738  98064  85      10. 0    -12.02354  87208  09     14.84308  80868  68 
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QAMMA  i:UNCTION  AND  RELATED  FUNCTIONS 
(>AMMA  FUNCTION  VOH  COMPLEX  AHGLMENTK 


285 


0.0 
0.1 
0^2 

o;3 

0.4 

S:? 

0.7 
0.8  . 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8\ 
1.9  » 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
.  3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 

4.7 

4.8, 

4.0 


0.07108 
0.07476 
0.08577 
0.10400 
/O. 12929 

0.16140 
0. 20006 
or.  24498 
0.29581 
0.35221 


38729  14 
57386  86 
55297  09 . 
76857  ?2  * 
2241^  30 

31015  52 
82029  53 
08149  51 
07721  71 
50054  25 


0.41384  67690  74 
0.A8036  32669  52 
0.5514)  15880  74 
0.62673  30272  43 
0.70S96  59713  03 

0^78884  75850  80 
0.875U  45440  57 
0.96452  30468  26 
1.05684  83111  80 
1.15188  37223  02 

1.24943  97659  29 
1.34934  28469  99 
1.45143  40669  35 
1.55556  80105  11 
1.66161  15761  22 


1.76944 
4.87I9S 
1.99003 
2.10259 
2.2|65^ 

2.33181 
2.44831 
2.56599 
2.68478 
2.804(1 

2.92545 
3. 04723 
3.16992 
3.29346 
3.41782 


28703  84 
01786  38 
10163  61 
12619  95 
43688  12 

06516  27 
66432  13 
45147  78 
15548  41 
97009  53 

51190  19 
78253  42 
13^469  31 
24159  89 
06949  39 


3.54295  85286  89 
3.66884  07212  13 
3.79543  43338  26 
3.92270  85028  21 
4.05063  42744  24 

4. 17918  44552  05 
4.30833  34763  48 
4.43805  72703  06 
4. 56833  31585  96 
4.69913  97495  61 


>  In  r(«) 


O.DOOOO  00000  po  5.0  - 

0.02858  63331  36  5.1'  - 

0.05769  29209  31  5.^2  - 

0.0878^  58538.91  5.3  - 

•0.11946  40495  57  5.4  ■> 

0.15304  83729  82  5.5  - 

0.18897  35429  70  5.6  - 

0.22758  31014  17  ,5.7  • 

0.26916  73612  58   .    5.8  - 

0. 3»96  39650  50  5.19  - 


0.36216  05120  09 
0.41389  86472  00 
0.46927  90315  88 
0.52836  66950  54 
0.59119  63857  23 

0.65777  76436  65 
0.72809  94297  11 
0.80213  42229  48 
0.87984  15616  08 
0.96117  10434  30 

1.04606  48267  65 
1.13445  96865  98 
1.22628  86841  72 
1.32148  25078  65 
1.41997  05387  49 

1.52168  16884  90 
1.62654  50508  69 
1.73449  04020  35 
1.84544  85788  28. 
1.95935  17594  45 

2.07613  36663  29 
2.19572  97074  49 
2.31807  70690  52 
2.44311  47704  17 
2.57078  36890162 

2.70102  65631  50 
2.83378  79764  90 
2.96901  43304  05 
3.10665  38058  79 
3.24665  63186  51 


3.38897 
3. 53355 
3.68036 
3.82935 
3.98047 


34693  93 
84906  21 
61916  47 
29025  75 
6418>  31 


4.13369  59419  14 
4.28897  20315  17 
4.44626  65448  66 
4.60554  25879  92 
4.76676  44644  38 


6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7. 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


4.83045  68451  13 
4.9^226  53^55  54 
5.09454  72216  70 
5.22728  53433  89 
5.36046  35143  73 

5.49406  63619  68 
5.62807  92920  13 
5.76248  84380  56 
5.89728  06145  63 
6.03244  32737  64 

6.16796  44658  02 
6.30383  28019  05 
6.44003.74202  92 
6.57656  79546  04 
6.71341  45046  23 


6.85056 
6.98801 
7.12575 
7.26377 
7.40^07 

7.54062 
7,67944 
7.81850 
7.95781 
8.09736 

8.23714 
8.37714 
8.51737 
8.65781 
8.79845 


76090  92 
82204  65 
76814  17 
77029  87 
0344198 


30  63 
33488  49 
94055  06 
94361  78 
69787  03 

58220  35 
99935  16 
37469  39 
15513  42 
80804  75 


•  8.93930  82029  08 

-  9.08035  69727  14 

-  9.22159  96207  08 

-  9.36303  15461  81 

-  9.50464  83091  20 

-  9.64644  56228  63 

-  9.78841  93471  63 
■  9.93056  $4816  43 
•10.07288  61596  06 
-10.21535  96421  85 


■10.35800 
-10.50079 
-10.64375 
-10.78685 
-10.93010 

-11.07350 
-11.21704 
-11.36071 
-11.50453 
-11.64847 


0il28  01 
86719  24 
13321  05 
50132  67 
65382  43 

28285  39 
09003  12 
78605  47 
09034  33 
73069  06 


Table  6.7 


>  In  Uf) 

4.92989  76263  84 
5. 09490  86275  80 
5.26176  50781  04' 
5. 43043  56009  62 
5.60088  97105  12 

5.77309  81726  78 
5.94703  21669  16 
6.12266  40498  86 
6. 29996  69207  68 
6.47891  46681  58 

6.65948  19384  99 
6.84164  41059  65 
7. 02537  72437  42 
7.21065  80966  53 
7.39746  40550  43 

7.58577  31298  85 
7.77556  39290  39 
7.96681  56346  11 
8.15950  79813  46 
,8.35362  12360  30 

8.54913  61778  15 
8.74603  40794  54 
8. 94429  66893  74 
9.14390  62145  64 
9. 34484  53042  25 


/} 


9.54709 
9.75064 
9.95547 
10. 16156 
10^36890 

10.57748 
10.78727 
10.99827 
1.21046 
11.42383 


70341  42 
48917  54 
;27618  74 
49130  30 
59844  02 

09733  12 
52232  56 
44124  32 
45427  62 
19293  59 


11.63836  31904  38 
11.85404  52376  37 
12. 07086  52667  34 
12.28881  07487  37 
12. 50786  94213  31 

12.72802  92806  69 
12.94927  85734  79 
13.17160  57894  90 
13.39499  96541  43 
13.61944  91215  87 

13.84494  33679  42 
14.07147  17848  17 
14.29902  39730  75 
14.52758  97368  21 
14.75715  90776  29 


5.0  ,-  4.83045  68451  13       4.92989  76263  84      10. 0^    -11.79255  44293  69  14.98772 


90776 
218^^ 
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OAjMMA  FUNCTION  AND  RELATED  FUNCTIONB 
GAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


4-1.9 


0.0 
0.1 
0.2 
0.3 
0*4 

0.S 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 

2.) 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
f.3 

3.5 
3.6 
3.7 
3.0 

i.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


0.03898  42759  23 
0.04242  16648  18 
0.05270  43596  13 
0.06974  53071  16 
0.09340  38158  25 

0.12349  16727  26 
0.15978  08372  30 
0.20201  20244  82 
0.24990  35004  09 
0.30315  9^035  34 

0.36147  78527  10 
0.42455  64621  11 
0.49209  86372  39 
0.56381  71504  20 
0.63943  71834  98 


0.71869 
0.80135 
0.88717 
0.97595 
1.06749 
i 

1.16160 
1.25811 
1.35687 
1.45774 
1.56059 


82795  42 
54698  30 
97447  03 
80247  42 
27687  53 

13318  68 
51641  83 
89195  14 
95259  72 
52554  63 


1.66529  49176  11 
1.77173  64947  51 
1.87981  73280  00 
1.98944  23595  80 
2.10052  39332  16 

2.21298  10520  42 
2.32673  87919  77 
2.44172  77675  72 
2.55788  36468  15 
2.67514  67111  48 

2.79346  14569  24 
2.91277  62346  38 
3.03304  29224  14 
3.15421  66305  10 
3.27625  54337  96 

3.39912  01294  42 
3.52277  40173  08 
3.64718  27007  49 
3.77231  39057  84 
3.89813  73167  71 


4.02462 
4.15174 
4.27948 
4.40780 
4.53669 


44269  53 
84023  59 
39577  56 
72434  44 
57418  38 


./  r(«) 


0.00000  00000  00 
0.03569  47077  36 
0.07184  49288  73 
0.10889  51730  33 
0.14726  87453  3? 

0.18735  90383  60 
0.22952  28050  02 
0.27407  56544  06 
0.32128  97690  64 
0.371^36389  55 

0.42457  34706,81 
0.48097  58618  37 
0.54071  13247  70 
0.60385  8»27  52 
0. 67046  722f8  8l 

0.74056  47971  47 
0.81415  76239  52 
0.89123  58296  55 
0.97177  61401  47 
1.05574  45936  43 


1.14309 
1.23379 
1.32776 
1.42496 
1.52533 

1.62881 
1.73533 
1.84483 
1.95726 
2.07254 


88592  34 
01934  57 
50714  39 
65323  75 
52787  28 

05662  06 
09179  80 
46926  69 
05315  67 
77068  08 


2.19063  63887  13 
2.31146  78475  36 
2.43498  46022  00 
2.56113  05263  98 
2.68985  09205  60 

2.82109  25566  19 
2.95480  37012  40 
3.09093  41220  91 
3.22943  50808  91 
3.37025  93162  16 

3.51336  10185  24 
3.65869  57993  21 
3.80622  06560  50 
3.95589  39339  63 
4.10767  52859  66 

4.26152  56312  41 
4;  41740  71132  72 
4.57528  30577  67 
4.73511  79308  60 
4.89687  72979  01 


y.  dt\nnt) 

5.0  -  4.66612  81728  77 

5.1  -  4.79608  44074  24 

5.2  -  4.92654  53878  64 

5.3  -  5.05749  30552  47 

5.4  -  5.18891  02823  51 

5.5  '  -  5.32078  08121  05 

5.6  -  5.45308  92008  98 

5.7  -  5.58582  07663  21 

5.8  -  5.71896  15389  41 

5.9  -  5.85249  82177  50 

6.0  -  5.98641  81289  78 

6.1  -  6.12070  91879  56 

6.2  -  6.25535  98637  85 

6.3  -  6.39035  91465  66 

6.4  -  6.52569  65169  71 

6.5  -  6.66136  19179  75 

6.6  -  6.79734  57285  54 

6.7  -  6.93363  87392  01 

6.8  -  7.07023  21291  12 

6.9  -  7.2073^74449  04 

7.0  -  7.34428  65807  56 

'7.1  -  7.48179  17598  49 

7.2  -  7.61944  55170  18 

7.3  -  7.75742  0682511 

7.4  -  7.89565  03667  97 

7.5  -  8.03412  79462  62 

7.6  -  8.17284  70499  43 

7.7  -  8.31180  15468  79  / 

7.8  -  8.45098  SSM3  75  / 

7.9  -  8.59039  33269  14/ 

8.0  -  8.73001  94457  32 

8.1  -  8.86985  86090  10 

8.2  -  9.00990  57226  31 

8.3  -  9.15015  58714  69 

8.4  -  9.29060  43111  75 

8.5  -  9.43124  64604  23 

8.6  -  9.57207  78935  85 

8.7  -  9.71309  43338  13 

8.8  -  9.85429  16464  97 

8.9  -  9.99566  58330  75 


9.0  -10.1372130251  72 

9.1  -10.27892  94790  52 

9.2  -10.42081  15703  58 

9.3  -10.56285  57891  26 

9.4  -10.70505  87350  54 

j9.5  -10,84741  71130  08 

9.6  -10.98992  77287  64 

9.7  -11.13258  74849  48 

9.8  -11.27539  33771  93 

9.9  -11.41834  24904  66 


./liir(f) 

5.06052  77830  38 
5.22603  70297  75 
5.39337  36626  27 
5.56250.72499  47 
5.73340  02679  93 

5.90604  00662  49 
6.08039  88340  )8 
6.25643  35684  02 
6.43412  604)2  49 
6.61)45  07797  49 

6.794)8)0179)5 
6.97689  86694  96 
7.16097  4)917  16 
7.)4658  7)625  14 
7.5)371  54565  59 

7. 722))  712241) 
7. 9124)  1)806  57 
8.10)97  78029  64 
8.29695  64920  80 
8.491)4,80626  65 

8.6871))6229  72 
8.88429  4757)  07 
9.08281)5092  45 
9. 28267  2)655  74 

A  686)4  24629  88 
^9.89012  07585  45 
10.09517  )2)48)) 
l{.)0148  4)916  76 
j[0. 5090)  90590  64 

10.71782  24)52  78 

10.  92782  00504  91 
11.1)901  77608  )9 

11.  )5l40  lt)79!2 
^1.56495  845^29 

il.  77967  4«96!ll) 
11.9955)  75096  87 
12.2125)42)5142 
12.4)065  2480706 
12.64988  OHIO  ?7 

12.87020  52464  tS 
15.09161  62520  42 
1).)1410  17)07  41 
1).5)765  05165  78 
1).  76225  16677  85 

15.98789  4440)  16 
14.21456  8)815  7) 
14.44226  )124)75 
14.67096  85811  )6 
14.90067  48)82  65 


5.0     -  4.66612  81728  77      5.06052  778)0  )8        10.0     -11.5614)19955  88      15.1)1)7  21707  60 
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OABCMA  PimcnON  AND  RELATED  rUNCTIOMB 
GAMMA  Ft'NCnON  VOR  COMPLEX  ARGUMENTS 

».2.0 


0.0  0.00000  00000  00 

0.1  -  0.00322  26151  39 

0.2  -  0.01286  59357  41 

0.3  -  0.02885  74027  79 

0.4  "  0.05107  93722  62 

0.5  -  0.07937  37235  30 

0.6  ^  0.11354  77183  40 

0,7  >  0.15338  06308  81 

0.18  -  0.19863  06626  31 

0.9  -  0.  24904  17059  66 

1.0  -  0.30434  96090  22 

1.1  -  0.36428  77010  76 

1.2  -  0.42859  14442  42 

1.3  -  0.49700  21701  52 

1.4  -  0.56926  99322  58 

1.5  -  0.64515  55533  76 

1.6  -  0.7244319760  33 

1.7  -  0.80688  S0339  42 

1.8  -  0.8923137613  78 

1.9  -  0.98053  03476  69 

2.0  -  1.07135.98302  14 

2.1  -  1.16463  96040  42 

2.2  -  1.26021  88108  76 

2.3  -  1.35795  76568  48 

2.4  -  1.45772  66961  57 

2.5  -  1.55940  61080  61 

2.6  -  1.66288  49866  52 

2.7  -  1.76806  06566  17 

2.8  .  -  1.8748380234  65 

2.9  -  1.98312  89631  02 

3.0  -  2.09285  17530  93 

3.1  "  2.20393  05460  64 

3.2  -  2.31629  48844  77 

3.3  -  2.42987  92551  37 

3.4  -  2.54462  26813  03 

3.5  -  2.66046  83499  73 

3.6  -  2.77736  32717  84 

3.7  -  2.8952S  79709  78 

3.8  -  3.01410  62029  30 

3.9  -  3.13386  46968  42 

4.0  -  3.25449  29213  81 

4.1  -  3.37595  2871145 

4.2  -  3.49820  88720  59 

4.3  -  3.62122  74039  03 

4.4  -  3.74497  69383  89 

4.5  -  3.86942  77912  99 

4.6  -  3.99455  19073  65 

4.7  -~4. 12032  31366  90 

4.8  -  4.2467163216  20 
4.^  -  4.37370  7993|0  87 

5.0  -  4.50127  58755  42 


J  In  rd) 

0.00000  00000  00 
0.04234  57120  74 
0.08509  33372  06 
0.12863  61223  10 
0.17335  05507  97 

0.21958  93100.95, 
0.26767  56897  80 
0.31789  96132  02 
0.37051  53392  47 
0.42574  07261  44 

0.48375  78429  30 
0.5447146524  35 
0.60872  74700  17 
0.67588  39160  88 
0.74624  61166  63 

0. 81985  67 
0.89672  82178  63 
0.97687  35612  07 
1.0602811909  26 
1.14693  12720  53 

1.23679  50341  04 
1.32983  65907  26 
1.42601  44920  94 
1. 52M8  30352  04 
1.62769  33595  36 


U  732 19 
'1.84113 
1.952 25 
2.06621 
2.18M4 

2.30^39 
2.42452 
2.54926 
2.67657 
2.80639 


43555  35 
34120  22 
70264  63 
12994  71 
23322  91 

65434  67 
09185  18 
32043  52 
20582  60 
71597  50 


2.93868  92920  59 
3.0734Q03990  47 
3.21048*36221  88 
3.34989  33215  16  . 
3.49158  50837  57 

3.63551  57)202  41 
3.78164  32567  78 
3.92992  69172  45 
4.08032  71023  23 
4.23280  53645  81 

4.38732  43808  43 
4.S4384  79226  20 
4.70234  08252  48 
4.86276  89562  20 
5.02509  91831  32 


'J  . 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.^ 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


JtinVit) 

4.50127  58755r42 
4.62939  88796  82 
4.75805  70222  52 
4.88723  13522  76 
5.01690  38831  33 


5.14705- 
5.27767 
5.40874 
5.54024 
5.67217 

5.80450 
5.93722 
6.07033 
6.20381 
6.33765 


75299  57 
60518  81 
39987  03 
66615  82 
00274  24 

07366  29 
60439  25 
37820  31 
23278  98 
05713  36 


6.47183  78858  22 
6.60636  4101316 
6.74121  94789  19 
6.87639  46872  45 
7.01188  07803  50 

7.14766  91771  18 
7.28375  16419  82 
7.420ir02668  81 
7.55676  74543  62 
7.69368  59017  46 

7.83086  85862  69 
,7.96830  87511  38 
8.10599  98924  36 
8.24393  57468  08 
8.38211  02798  83 

8.52051  76753  67 
8.65915  23247  82 
8.79800  88177  87 
8.9370819330  47 
9.07636  66296  28 

9.21585  86388  55 
9.35555  14566  37 
9.49544  23361  92 
9.63552  6281184 
9.77579  90392  11 


-  9.91625 
10.05689 
-10.19770 
-10.33869 
-10.47985 


64956  49 
46678  12 
96994  20 
78553  49 
55166  49 


-10.62117  91758  12 
'10.76266  54322  81 
-10.90431  09881  75 
•11.04611  26442  29 
-11.18806  72959  27 
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( 

TaUr  6.7 


J  in  r(«) 

5.18929  93415  60 
5.35533  82031  27 
5.52318  54439  62 
5.69281  16137  11 
5.86418  81052  00 

6.03728  71248  73 
6.21208  16640  30 
6.38854  54709  43 
6.56665  30238  56 
6.74637  95048  97 

6.92770  07748  95 
7.11059  33491  13 
7.29503  43738  76 
7.48100  16040  81 
7.66847  33815  76 

7.85742  86143  76 
8.04784  67567  00 
8.23970  77898  07 
•  8.43299  22035  86 
8.62768  09788  99 

8.  82375  55706  27 
9.02119  78914  05 
9.21999  02960  14 
9.42011  55664  09 
9.62155  6897$  45 

9.82429  78825  87 
10.02832  2501M3 
10.23361  51072  54 
10.44016  04128  09 
10.64794  34810  35 

10.85694  97125  60 
11. 06716  48351  59 
11.27857  48933  86 
11.4911642386  10 
11.70492  551^45 

11.91983  96725  52 
12.13589  59137  86 
12.35308  17297  01 
12.57138  48693  62 
12.79079  33364  76 

13.01129  53818  23 
13.23287  94959  63 
13.45553  44022  19 
13.67924  90499  21 
13.90401  26078  95 


14.12981 
14.35664 
14.58449 
14.81334 
15.04319 


44581  93 
41900  46 
15940  42 
66565  09 
95540  92 


5.18929  93415  60       10.0    -11.33017  19298  27     15.27404  06485  34 
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OAMMA  VHNCnOK  ANP  BEI^TED  rDNCnOMB 


Tai>le6JI      DIGAMMA  FUNCTION  FOR  COMPLEX  ARGUMENTS 


1.0 


y 

0.0 
0.1 
0.2 
0.) 
0.4 

5'' 
0.6 

OJ'^ 

o.a 

0.  9 

1.2 
1.S 
1.4 

1.9* 
1.6 
1.7 
1.8 

1.  « 

3.0 
2.1 
2.2 
2.S 
2.4 

2.9 
2.6 
2.7 
2.0 

2.0. 

S.0 
9.1 
9.2 
9.9 
9.4 

9.S 

\\ 
9.9 

4.0 
4.1 
4.2 
4.9 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

9.0 


.0.57721  94649 
.0.56529  77902 
.0.59079  04095 
.0.47675  48994 
.0.40786  79442 

/^.0.9288a  69972 
'    -0^24419  69809 
.0:i57n  61298 
.0.07'j88  94022 
VO.01949  201S4 

0.09469  09206 
0.17219  09426 
0.24588  6SS1S 
0.91576  20906 
0.98196  28194 

0.44469  79402 
0.90420*94618 
0.96072  00649 
0^1448  06994 
0.66970  99172 


0.71499  ltl»4 
0.76192  74928 

,  o.r  

0^8901 


6.09021  4266» 


»987| 
2 


C.92989  ^  , 

0.96801  70249 

1.00489  21292 

1.040)9  40179 

1.07474  9197*1 

1.10798  07107 
1.14018  89709 
1.17197  24789 
1 J0164  84M1 
149104  94107 

1.29961  96019 
148741  94999 
1.9144*  613*1 
1.940*1  94679 
L9*«49  2*499 

1.99199  *2*79 
1.41997  472S9 
1.49989  *1892 
1.4*914  700*0 
1.48999  17*29 

1.90821  94909 
1.99001  M092 
1.99199  24197 
1.97224  88980 
1.99272  07970 

1.61278  4844^ 

i 


0.00000 
0.16942 
0.92064 
0.46699 
0.99770 


0JU60 
0.89969 
0.96*99 
1.02628 

1.07667 
1.119)8 
1.19980 
1.18707 
1.2141) 

1.2)772 
L2984) 
1.27679 
149906 
1.90766 

1.92081 
1.99271 
1.94999 
1.99941 
1.9*246 

1.97080 
1.97849 
1.989*1 
1.99222 
1.998)8 

1.4041) 
1.40991 
1.4149» 
1.41928 
1.42974 

1.42794 
1.49191 
_  1.4996* 
,^  1.49922 
1.44219 


\ 


1.44980 
1.44889 
1.49179 
\  1.49492 
1.45716 

1.499*9 
1.4*210 
L4*«41 
L4***9 
1.4*076 


1.47080 


[ 


\ 


V 
5.0 
5.1 
5.2 
5.9 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.9 
6.4 

6.9 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
74 
7.9 
7.4 

7.9. 
7.fr 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.9 
8.4 

8.S 
8.6 
8.7 
0.8 
8.9 

9.0 
9.1 
9.2 
9.9 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


1.61278  48446 
1.69249  69889 
1.65175  20861 
1.67068  42228 
1.68926  67162 

1.70751  21687 
1.72)49  25179 
1.74909  90807 
1.76094  25988 
1.77795  927)) 

1.79408  08018 
l.ai05)  44109 
1.82672  28842  . 
1.84265  459)9 
1.898))  79219 

1.87)77  92858 
1.88898  71602 
L90)96  80964 
1.91872  87422 
1.9))27  94582  | 

1.94761  4))46 
1.96175  12062 
1.97969  1666) 
.  1.9*944  10799 
'  2.00)00  45999  , 

2^016)8  71989 
y'2.02999  99177 
'^2.04262  82997 

2.09949  97199  . 

2.0*820  01717 

2.08074  9*749 
2.09919  *14)4 
2.10997  99924 
2.11746  69410 
2.12941  44191  ' 


2.14122 
2.19289 
2.16442 
2.17982 
2.18710 

2.19829 
2.20928 
2.220li 
249097 
2.241*9 


11791 
14718 
14716 
)2217 
16687 

1*616 
19999 
K160 
»0229 
98740 


2.25221  61882 
246266  89099 
2.27)01 129085 
2.28929  09877 
2.29)98!  98829 


2.90)41  926)7 

r(-5)6 


1.47080 
1.47276 
1.47464 
lv47646 
1.47820 

1.47989 
1.48151 

1.48)  08 
1.48459 
1.48605 

1.48746 
1.4888) 
1.49015 
1.4914) 
1.49267 

1.49)  87 
1.49504 
1.49617 
1.49727 
1.498)9 

1.49997 
L90097 
1.90199 
1.90290 
1.90)29 

1.90419 
1.90901 
1.9098* 
1.90**9 
1.90791 

1.90898 
1.90907 
1.90982 
1.91096 
1.9112T 

1.91197 
1.9126* 
1.91992 
1.91998 
L91482 

1.91924 
1.91589 
1.91*49 
1.91709 
1.917*0 

1.91816 
1.91871 
1.91929 
1.91978 
1.92029 

1.92080 


>^#(Uiy)-4irCOth»3r-^ 
to  5D.  computed  by  M.  Goldstein,  Los  Alamos  Scientific  Laboratory. 


AUXIUARY  FUNCTION  FOR 


-I 


y 

8.11 
040 
0.09 
0.88 
0.07 


o.ooiol^ 

0.00019  417 
0.000*7  999 

0.00090  Oil 

m 


<y> 

9 

10 
11 
19 
14 

17 


0.OS 
0.04 
0.09 
0.02 
0.01 
0.00 


tm^iyyXt^y^Uiy) 
<y>-iuiutBi  int^  to  y, 
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0.00020  8)9 
0.M019  999 
0.00007  901 
0.00009  999 
0.00000  89) 
0.00000  000 

m 


<y> 

20 
29 
99 
90 
100 


GAMBIA  FUNCTION  AND  RELATED  FUNC3TI0NB 


OICAMMA  FUNCTION  FUR  COMPLEX  ARGUMENTS 


Table  6.8 


U 

0.0 
0.1 
0.2 
0.3 
0.4 

0.9 
0.6 
0.7 
0.8 
0.9 


■**(«) 
-0.4237S 
-0.41491 
-0.38793 
-0.34490 
-0.28961 

-0.22498 

-0.19426 

-0.08023. 

-0.00909 

♦0.06994 


1.0 

0.14155 

1.1 

'0.21)27 

K 

0.28131  ' 

1.3 

0.34649 

1.4 

0.40880 

li9 

0.46829 

H 

0.52507 

M 

*  1.8 

0.57930 

0.63111 

1.9 

0.68067 

,  2.0 

0.72813 

0.77363 

'  2.2 

0.81730 

0.85928 

0.89967- 

2.9 

0.93858 

2.6 

0.97610 

\  2.7 

1.01234 

li 

1.04736 

2.9 

1,08124 

3.0 

1.11405 

3.1 

1.14586 

%  7 

I.I  #0/ i 

J.3 

1  20667 

3.4 

1.23978 

3.5 

1.26409 

3.6 

1.29164 

3.7 

1.31847 

3.8 

1.34461 

3.9 

1.37010 

4.0 

1.39496 

4.1 

1.41924 

4.2 

1.44294 

4.3 

L46611 

<4.4 

1.48876 

4.S 

1.91092 

4.6 

1.93261 

4.7 

1.99384 

4.8 

1.97463 

4.9 

1.99901 

S.0 

1.61498 

0.00000 
0.14298 
0.28082 
01.41099 
0.93042 

0.63764 
0.73229 
0.01484 
0.88630 

0.  94792 

1.00102 
1.04687 
1.08660 
U2119 

1.  \9146 

1.17810 
■  1.20169 
1.22269 
1.241^ 
t.29839 

1.27368 
1.28799 
1.30021 
1.31179 
1.32243 

1.33224 
1,34131 
1.94972 
1.35793 
L36482 

1.37162 
1.37800 
4.38398 
1.38960 
1.39489 


1.39989 
1.40461 
L40907 
M1331 
i;417)2 


1.42114 
1.42478 
1.42824 
1.43194 
1.43469 

1.43771 
1.44099 
1.44339 
1.44600 
1.44894 


1-1. 1 

y 

9.0 
9.1 
9.2 
9.3 
9.4 

9.9 
9.6 
9.7 
9.8 
9.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.9 

6.6 

6.7 

6.8, 

6.9 

7.0 
7.1 
7.2- 
7.3 
7.4 

7.9 
7.6 
7.7 
7.8 
7.9 

8.6 
8.1 
8.2 
8.3 
8.4 

8.9 
8.6 
8.7 
^8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.9 
9.6 
9.7 
9.8 
9.9 


1.49097  10.0 


A*)  . 

1.61498 
1.63i|97 
1.69378 
1.67264 
1.69119 

1.70933 
1.72718 
1.74473 
1.76197 
J.77893 

1.79961 
1.81201 
1.82819 
1.84404 
1.89968 

1.87908 
1.89029 
1.90919 
1.91992 
1.93443 

1.94874 
1.96284 
1.97679 
1.99047 
2.00401 

2.01736 
2.03094 
2.04396 
2.09640 
2.06908 

2.08160 
2.09397 
2.10619 
2.11826 
243019 

2.14198 
2.19363 
2.16919 
2.17694 
2.18780 

2.19893 
2.20999 
2.22084 
2.23161 
2.24228 

2.29283 
2.26326 
2.27360 
2.28382 
2.29399 

2.30397 

m 


■^m  ■ 

1.49097 
1.49332 
1.49997 
1.49774 
1.49983 

1.46184. 
1.46378 
1.46965 
1.46746 
1.46921 

1.47090 
1.47293 
1.47411 
1.47969 
1.47713 

1.47897 
1.47996 
1.48132 
4.48263 
1.49391 

1.48915 
I.4863S 
1.48792 
1.48866 
UB977 

1.49089 
1.49190 
1.49292 
1.49392 
1.49489 

1.49984 
1.49676 
1.49767 
1.49899 
1.49940 

1.50024 
1.501Q6 
1.50186 
130265 
1.50341 . 

1.50416 
1.50489 
1.50561 
1.50631 
1.50699 

1.50766 
1.50032 
1.50896 
1.50960 
1.51021 

1.51082 


H 

0.0 

P.1 

0,2 
0:3 
P.* 

0.5 
~-0;6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 


1.5 
1.6 
1.7 
\,B 

ilv 

2.0 
2.1 
2.2 

2.3' 
2.4 

2.5  • 
2.6 

2.7  . 

2.8  , 

2.9  / 

3.0 

3a 

3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.9 
4.6 
4.7 
4.8 
«,9 


-0.28904 
-0.28169 
-0.26014 
-0.22978 
-0.18064 

-0.12710 
^e;06793, 
-0.00412 
♦0,06130 
0.1273Q 

0.19280 
0;29707 
0.31960 
0.38012 
0.43846 

0.49499 
0.94891 
0.60028 
0.64999 
0.69774 

0.74362 
0.78779 
0.83022 
0.87114 
0.91060' 

0.94868 
0.98946 
1.02103 
1.09546 
1.08881 

1.12113 
1.15250 
1.18295 
1.21294 
1.24132 

1.26932 
1.29699 
1.32319 
1.34909 
1.37432 

i.39898 
1.42306 
1.44699 
1.46999 
1.49209 

1.51410 
1.53565 
1.5S676 
1.57743 
1.59769 


0.00000 
0.12620 
0.24926 
0.36640 
0.47552 

0.57530 
0.66517 
0.74519 
0.81589 
0.87806 

0.93260 
0.98046 
1.02252 
1.05960 
1.09240 


1.12153 
1.14752 
1.17082 
1.19179 
1.21074 


5.0  1.61796 

\ 


1.22794 
1.24362 
1.25796 
1.27112 
1.28323 

1.29442' 
1.30478 
1.31441 
1.32337 
1.33173 

1.33955 
1.34688 
1.35377 
1.36024 
1.36635 

1.37211 
1.37756 
1.38272 
1.38761 
1.39226 

1.39667 
1.40088 
1.40489 
1.40871 
1.41236 

1.41586 
1.41920 
1.42240 
1.42547 
1.42842 

l.Vi25 


If 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

'6.0 
6.1 

6.2 
6.3 
6.4 

6.5 
A.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

\' 
7.* 

7.7 

7.8 

7.9 

8.0 
8^1 

8.3 . 
8.4 

8.5 

8,6 
6.7 
8,8 
6.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


1.61756 
1.63705 
1.65617 
1.67494 
1.69336 

1.71146 
1.72924 
1.74672 
1.76390 
1.78079 


•/*(«) 
1.43129 
1.43396 
1.43658 
1.43910 
1.44152 

1.443S6 
1.44612 
1.44829 
1.45039 
l.4M4f 


1.7974fr  ^.45*99 
1.81375  1.45629 
1.82983/  1.4S8I4- 
1.8456f  1.4599r 
1.66126  1.46164 


1.87661 
1.89173 
1.90663 
1.92133 
1.93579 

'  1.95006 
1.96413 
1.97800 
1.99169 
2.00519 

2.01852 
103167 
2.04465 
2.05746 
2.07012 

2.08262 
2.09496 
2.10716 
2.11921 
2.13111 

2.14288 
2.19451 
2.16601 

Linss 

2.18862 

2.19973 
2.21073 
4.22160 
2.23236 
2.24301 

2.25354 
2.26397 
2.27429 
2.28450 
2.29461 


_       _   _  .  2.30462 


1.46331 
1.46493 
1.46651 
1.46803 
1.46952 

1.47096 
1.47236 
1.47372, 
1.47505 

.r.f»634' 

1.4776^ 
1.47882 
1.48001 
1.46119 
1.46210 

1.483^1 
1.48448 
1.48553 
1.48656 
1.48756 

1.486S3 
1.46949 
1.49042 
1.49133 
1.49232 

1.49310 
1.49395 
1.49476 
1.49560 
1.49640 

1.49716 
1.49794 
1.49669 
1.49943 

1.^0015 

1.^65 

r(-|)n 


ERIC 


300 


200 

Table  6.8 


QAMMA  FUNCTION  AND  REUTBD  rCNCTIONS 
niGAMMA  FCNCtlON  FOR  COMPLEX  ARGUMENTS 


1»I3 

-0  16919 
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5.0 

0  1 

.0  16323 

0  11103 

5.1 

0.2 

-0.14567 

0.22372 

5.2 

-0.11748 

0.32997 

5.3 

D  41011 

5  4 

^  D  ^999fl 

0  60796 

0.7 

0.07003  • 

0.68491 

5.7 

0.8 

0.1?718 

0.75404 

5.8 

5  9 

1  0 

0  944)4 

0  87089 

6.0 

1  1 

0  91983 

6.1 

1.2 

-0.35994 

0.96341 

6.2 

1.3 

0.41593 

1.00227 

6.3 

1  4 

Q  47039 

1  03698 

Q  >i9')l'0 

1  06809 

6.5 

0  ^74^4 

V#3  #*tUT 

X.  U7IIU7 

6  6 

1.7 

0.62333 

1.12126 

6.7 

1.8 

0.67084 

1.14409 

6.8 

1  o 

n  7i#b^7 

6  9 

1  1fl)7) 

7  0 

9  1 

1  901 09 

7  1 

2.2 

0.B4470 

1.21688 

7.2 

2.3- 

0.88447 

1.23148 

7.3 

n  09900 

1  9449^ 

7  4 

n  o^nn7 

U«TOUMf 

1  91^741 

7 

fl  QOJ^nA 
U«f TOUH 

1  9I«Q00 

7  6 

2,7 

1.03088 

1.27976 

7.7 

2.8 

1.06464 

1.28980 

7.8 

1  no7io 

1  9001ft 

7  9 

1  1 9Q1 7 

1  ^0797 

fl  0 

1  91  ^1 
1. PI Del 

ft  1 

3.2 

1.19005 

1.32396 

8.2 

3.3 

1.21923 

1.33126 

8.3 

^  4 

l.Cl  f 

ft  4 

^•^ 

1  97(i9Q 

1  94464 

A  5 

1  10994 
1.  JUcc  J 

1  9^0110 

ft  k 

1.3285L 

1.35663 

8.7 

3.8 

1.35413 

1.36216 

8.8 

3.9 

1.37915 

1.36742 

8.9 

4.0 

1.40357 

1.37242 

9.0 

4.1 

1.42744 

1.37718 

9.1 

4.2 

1.45077 

1.38172 

9.2 

4.3 

1.47358 

1.38606 

9.3 

4.4 

1.49590 

1.39020 

9.4 

4.5 
4.6 

4.7 
4.6 
4.9 

5.0 


1.51775. 

1.53914 

1.56010 

1.58064 

1.60078 

1.62052 


1.39416 
1.39795 
1.40158 
1.40507 
1.40841 


9.^ 
9.6 
9.7 
9.8 
9.9 


1.62052 
1.63990 
1.65891 
1.67758 
1.69591 

1.71392 
1.73161 
1.74900 
1.76611 
1.78292 

1.79947 
1.81575 
1.83177 
1.84754 
1.86308 

1.87837 
1.89344 
1.90829 
1.92293 
1.93735 

1.95158 
1.96560 
1.97944 
1.99309 
2.00655 

2.01984 
2.03296 
2.04591 
2.05869 
2.07131 

2.08378 
2.09610 
2.10827 
2.12029 
2.13217 

2.14391 
2.15552 
2.16700 
2.17934 
2.18956 

2.20066 
2.21163 
2.22249 
2.23323 
2.24386 

2.25437 
2.26478 
2.27508 
2.28528 
2.29537 


1.41163 
1.41472 
1.41769 
1.42055 
1.42331 

1.42597 
1.42853 
1.43101 
1.43340 
1.43571 

1.43794 
1.44011 
1.44220 
1.44423 
1.44619 

1.44810 
1.44995 
1.45174 
1.45348 
L45517 

1.45681 
1.45841 
1.45996 
1.46147 
1.46294 

1.46438 
1.46577 
1.46713 
1.46845 
1.46974 

1.47100 
1.47223 
1.47342 
1.47459 
1.47573 

1.47685 
1.47794 
1.47900 
1.48004 
1.48106 

.1.48205 
1.48302 
1.48397 
1.48490 
1.48582 

1.48671 
1.48758 
1.48844 
1.48927 
1.49010 


.»/ 

0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.t 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


.0.06138 
-0.05446 
>0.04192 
-0.01844 

••■0.01295 

0.05100 
0.09436 
0.14171 
0.19183 
0.24367 

0.29635 
0.34918 
0.40163 
0.45331 
0.50395 

0.55336 
0.60144 
0.64811 
0.69337 
0.73722 

0.77968 
0.82078 
0.86058 
0.89913 
0.93647 

0.9^265 
i.00775 
1.04179 
1.07484 
1.10693 

1.13813 
1.16846 
1.19797 
1.22670 
1.25469 

1.28196 
1.30855 
1.3)450 
1.35983 
1.38456 

1.40873 
1.43235 
1.45546 
1.47806 
1.50019 

1.52185 
1.54307 
1.56387 
1.58425 
1.60425 


1.41163  10.0    2.30537    M9090      5.0  1.62386 
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[ 


0.00000 
0.10223 
0.20269 
0.29974 
0.39204 

0.47862 
0.55886 
0.63250 
0.69957 
0.76033 

0.81517 
0.86457 
0.90903 
0.94907 
0.98517 

1.01778 
1.04730 
1.07409 
1.09849 
1.12075 

1.14113 
1.15984 
1.17707 
1.19296 
1.20768 

1.22133 
1.23402 
,  1.24585 
1.25689 
1.26723 

1.27693 
1.28604 
1.29461 
1.30269 
1.31032 

1.31753 
1.32436 
1.33084 
1.33699 
1.34283 

1.34840 
1.35370 
1.35876 
1.36359 
1.36821 

1.37263 
1.37686 
1.38092 
1.38481 
1.38854 

1.39213 

'IT] 


*"1.4 
il 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5  . 
6.6 
6i7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


1.62386 
1.64311 
1.66200 
1.68055 
1.69878 

1.71668 
1.73428 
1.75158 
1.76860 
1.78533/ 

1.8018C 
1.8180/ 
1.833S 
1.849( 
1.86513 

r  1.88036 
1.89537 
1.91017 
1.92475 
1.93912 

1.95330 
1.96727 
1.98106 
1.99467 
2.00809 

2.02134 
2.03442 
2.04733 
2.06008 
2.07267 

2.08510 
2.09739 
2.10952 
2.12151 
2.13337 

2.14508 
2.15666 
2.16811 
2.17943 
2.19063 

2.20170 
2.21265 
2.22349 
2.23421 
2.24481 

2.25531 
2.26570 
2.27598 
2.28616 
2.29623 

2.30621 


1.39213 
1.39559 
1.39891 
1.40211 
1.40519 

1.40817 

1.41103 

1.41360. 

1.41648 

1.^907 

1.42157 
1.42399 
1.42634 
1.42861 
1.43061 

1.43294 
1.43502 
1.43702 
1.43898 
1.44087 

1.44271 
1.44450 
1.44625 
1.44794 
1.44959 

1.45119 
1.45276 
1.45428 
1.45576 
1.45721 

1.45862 
1.46000 
1.46134 
1.46266 
1.46394 

1.46519 
1.46641 
1.46760 
1.46877 
1.46991 

1.47103 
1.47212 
1.47319 
1.47423 
1.4752S 

1.47626 
1.47724 
1.47620 
1.47914 
1.48006 

1.46096 
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0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 

0.  9 

1.0 

1.  r 

1.2 
1.3 
1.4 


2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 

\y 

3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 
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0.03649 
0.04062 
0.05284 
0.07266 
0.09932 

0.]i6189 
0.16935 
0.21064 
0.25479 
0.30091 

0.34824 
0.39614 
0.44411 
0.49175 
0.53878 


0.00000 
0.09325 . 
0.18511 
0.27432 
0.35978 

0.44066- 
0.51640 
0.58668 
0.65144  , 
0.71078 


9 
5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 


'0.76494 
0.81424  6; 
0.85907X6.2 
0.8998iO  6.3 
0.93684  6.4 


0.79983 
0.83935 
0.87772 
0.91499 
0.95118 

0.98634 
1.02050 
1.05370 
1.08598 
1.11738 

1.14794 
1*17769 
1.20667 
1.23491 
1.26245 

1.28931 
1.31552 
1.34112 
1.36612 
1.39055 

1.41443 
1.43779 
1.46065 
1.48302 
.1.50493 

1.52^39 
1.54742 
1.56804 
1.58826 
1.60810 

1.62756 

['-f'] 


/0.97054 
1.00127 
1.02932 
1.05500 
1.07855 

l.ld020 
1.12015 
1.13857 
1.15563 
1.17146 

1.18618 
1.19990 
1.21271 
1.22469 
1.23592 

1.24647 
1.25639 
1.26574 
1.27457 
1.28290 

1.29080 
1.29828 
1.30537 
1.31212 
1.31853 

1.32464 
1.33047 
1.33603 
1.34134 
1.34642 

1.35128 
1.35594 
1.36041 
1.36470 
1.36882 

1.37278 


6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
B.2 
8.3 
8.4 

Bt9^ 

8.6 

8.7 

8.8 

8.9 

9.0 
9.1 
9.2 
9.3 
9.4 


1.62756 
1.64667 
1.66543 
1.68386 
1.70196 

1.71976 
1.73725 
1.75445 
1.77137 
1.78801 

1.80439  •< 

1.82051 

1.83638 

1«S5201 

1.86741 

1.88258 
1.89752 
;  i;91225 
1.92677 
1.94109 

1.95521 
1.96914 
1.98287 
1.99643 
2.00981 

2.02301 
2.03604 
2.04891 
2.06162 
2.07417 

2.08657 
2.09882 
2.11092 
2.12288 
2.13470 

2.14638 
2.15794 
2.16936 
2.18065 
2.19182. 

2.20286 
2.21379 
2.22460 
2.23530 
2.24588 


9.5  2,25635 

9.6  4  2.26672 
9.7^2.27698  / 

9.8  te.28714  / 

9.9  1.29720 , 


10.0 


.8  \.i 

.9  yi 

2.30716' 


3  J 


1.37278 
1.37658 
1.38025 
r.38378 
1.38719 

1.39047 

1.39364 

1.39670U 

1.39965 

1.40251 

1.40528 
1.40796 
1.41055 
1.41306 
1.^1549 

1.41786 
1.42015 
1.42237 
1.42453 
1.42663 

1.42866 
1.43065 
1.43257 
1.43445 
1.43628 

1.4380S$» 

1.43978 

1.44147 

1.44312 

1.44472 

1.44628 
1.44781 
.1.44930 
1.45075 
1.45217 

1.45355 
1.45491 
1.45623 
1.45753 
1.45879 

1.46003 
n.46124 
1.46242 
1.46358 
1.46471 

1.46582 
yl.46691 
71.46798 
1.46902 
1.47004 

1.47105 


y 

0.0 
0.1 

0.: 

0.3' 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 

J:5 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


0.12605 
0.12955 
0.13995 
0.15687 
0.17976 

0.20790 
0.24050 
0.27674 
0.31581 
0.35697 

0.39957 
0.44305 
0.48692 
0.53062 
0.57445 

0.6175f 
0.66001 

f 170167 
'74244 
0.78228 

0.82115 
0.85905 
0.89597 
0.93193 
0.96694 

1.00102 
1.03421 
1.06653 
1.09801 
1.12867 

1.15856 
1.18770 
1.21611 
1.24383 
1.27089 

1.29731 
1.32311 
1.34833 
1.37297 
1.39707 

1.42065 
.  1.44373 
1.46632 
1.48844 
1.51012 

1.53136 
1.55219 
1.57262 
1.59265 
1.61232 


y 

5  0 

1  63162 

0.08566 

5.1 

1.65057 

0.17023 

5.2 

1.66919 

1  ^ft7Aft 

1  7(i^Ak 

0.47942 

5.6 

1.74051 

0.54642 

5.7 

1.75760 

1  77AA1 
1.  f  r  ••••1 

S  9 

1  7Q0QS 

X.  f  7U73 

n  71QR7 
.Ut  f  XtD  f 

1  An79A 

0.76840 

6.1 

1.82>27 

0.^1319 

6.2 

1.83906 

k  A 
o.*t 

1  ftMQ9 
X.OD77& 

k  ^ 

1  flfti^ni 
X.003VX 

0.95790 

6.6 

1.89989 

0.98693 

6.7 

1.91455 

1  ni  liLi 

k  ft 

1  Q9Cinn 

k  Q 
0.7 

1«UDU7D 

7  n 

1  QC7H 
X.75/3X 

1.08197 

7.1 

1.97118 

1.10144 

7.2 

1.98487 

1.11733 

7  1 

1  OQfll7 
X.7703  / 

JL«13d33 

7  A 
'•4 

9  ni  1  iLO 
2.0XX07 

1.15204 

7 

2.02405 

1.16668 

7.6 

2.03784 

1.18039 

7.7 

2.05066 

1.19324 

7  A 

2.00332 

1.20530 

7  O 
'♦7 

2.0/7O3 

1.21004 

ft  n 
o.u 

9  AAAIQ 
C.IIOOX7 

1.22733 

8.1 

2.10040 

1.23741 

8.2 

2.11246 

1.24073 

ft  1 

0.3 

2.X2437 

1.25594 

0.4 

9  1  %til  7 
2.X^OX  / 

1.20440 

ft  >i 

9 1A7A9 

1.27257 

8.6 

2.15934 

1.28026 

8.7 

2.17073 

1.26757 

ft  ft 

o.o 

9  1A1QO 
2.XOX77 

1.29454 

ft  Q 
0#7 

9  1011 1 
^•XY3X3 

1.30117 

7.U 

9  9nAli% 
^.20415 

1.30750 

9.1 

2.21504 

1.31354 

9.2 

2.22583 

1.31932 

7.^ 

1.324o5 

Q  A 

7.H 

9  9A7nA 

1.33014 

9.5 

2.25751 

1.33522 

9.6 

2.26785 

1.34009 

9.7 

2.27809 

1.34476 

9.8 

2.28822 

1.34925 

9.9 

2.29826 

1.35357 

10.0 

2.30820 
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1.35357 
1.35773 
1.36173 
1.36!>S8 
1.36930 

1.37289 
1.37635 
1.37969 
1.38293 
1.38605 

1.38908 
1.39200 
1.39484 
1.3975 
1.40025 

1.40284 
1.40534 
1.40778 
1.41014 
1.41244 

1.41467 
1*41684 
1.41895 
1.42101 
1.42301 

1.42496 
1.42686 
1.42871 
1.43051 
1.43227 

1.43398 
1.43565 
1.43728 
1.43888 
1.44043 

1.44195 
1.44344 
1.44489 
1.44631 
1.44770 

1.44905 
1.45038 
1.45168 
1.45295 
1.45420 

1.45542 
1.45661 
1.45778 
1.45892 
1.46005 

1.46115 


41/ 
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Table  6. 


DIGAMHU  FUNCTION.  FOR  COMPLEX  ARGUMENTS 
.-1.7  >  /'-^-^ 


0.208SS 
0.211S6 
0.220S0 
0.23911 


0.bOOOO  5.0 
0.07918 
0.15747) 
0.23407- 


0^5494^0.30824  , 

0.27945    0.37937  ! 
0.30803  ^  0.44701 
0.34001    0.51086 ' 
0.37474  0.57074 
0.41161  0.62661 


5.1 
5.2 
5.3 
5.4 


0.45005 
0.48957 
0.52973 
0.57018 
0.61063 

0.65085 
0.69065 
0.72990 
0.76849 
0.80636 

0.8434$ 
0.87973 
0.91519 
0.94981 
0^62 

l]oi661 
1.04879 
1.08020 
1.11084 
1.14075 

1.16993 
1.19842 
1.22625 
1.25342 
1.27997 

1.30592 
1.33129 
1.35610 
1.38037 
1.40413 

1.42738 
1.45015 
1.47246 
1.49432 
1.51574 

I.  53675 

II.  55736 
/1.57758 

1.59742 
H^61690 


0.67852 
0.72661 
0.77107 
0.81211 
0.84996 


D.68488 

1.91710 
1.94685 
1.97436 
.99982 

.02342 
.04533 
.06570 
.08468 
.10238 

.11893 
.13441 
.14893 
.16257 
.17539 

.18747 
.19886 
.20962 
.21981 
.22945 

.23359 
.24727 
.25553 
.26338 
.27087 

.27800 
.28481 
.29132 
.29755 
.30351 

.30922 
.31470 
.31996 
.32501 
.32986 


1.63603  1.33453 


5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
647 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 

es 
e.v 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


1.63603 
1.65482 
1.67328 
1.69142 
1.70926 

1.72680 
1./74405 
1J76102 
l!77772 
1.79416 

1.81034 
1.82627 
1.84196 
1.85742 
1.8726^ 

1.88767 
1.90246 
1.91705 
1.93143 
1.94562 

1.95961 
1.97342 
1.98704 
2.00048 
2.01375 

2.02685 
2.03979 
2.05256 
2.06518 
2.07764 

2.08996 
2.10212 
2.11415 
2.12603 
2.13778 

2.14939 
2.16087 
2.17222 
2.18345 
1.19456 

2.20555 
2.21642 
2.22717 
2.23781 
2.24834 

2.25877 
2.26908 
2.27930 
2.28941 
2.29942 


2.30933  A 


1.33453 
1.33902 
1.34335 
1.3475^ 
1.351M 

1.35543 
1.35918 
1.36aB0 
1.3663)) 
1.36969 

1.37297 
1.37614 
1.37922 
1.38220 
1.38509 

1.38789 
1.39061 
1.99326 
1.39582 
1.39832 

1.40074* 
1.40310 
1.40539 
1.40762 
1,40980 

1.41191 
1.41398 
1.41599 
1.41794 
1.41986 

1.42172 
1.42354 
1.42531 
1.42704 
1.42874 

1.4)039 
1.43200 
1.43358 
1.43513 
1.43664 

1.43811 
1.43956 
1.44097 
1.44235 
1.44371 

1.44503 
1.44633 
1.44760 
1.44885 
1.45007 


1.45127 


// 

0.0 
-0.1 
0.2 
0.3 
0.4 

\ 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


0.28499 
0.28760 
0.29537 
0.30809 
0.32541 


0.00000 
0.(^7358 
0.14644 
0.21792 
0.28740 


0.34693  aO.35437 
0.372I\  0.41842 
0.4005A  0.47928 
0.43155  >  0.53675, 
0.46469  0.59076 


0.49947 
0.53546 
0.57226 
0.60955 
0.64706 

0.68455 
0.72184 
JO.75879 
0.79528 
0.83122 

0.86655 
0.90123 
0.93523 
0.96853 
1.00111 

1.0329* 
1.06416 
1.09463 
1.12442 
1.15353 

1.18200 
1.20982 
1.23703 
1.26363 
1.28965 

1.31511 
1.34003 
1.36441 
1.38829 
1.41168 

1.43459 

1.45704 

1.47904* 

1.50062 

1.52178 

1.54254 
1.56292 
1.58291 
1.60255 
1.62183 

1.64078 


0.64131 
0.68847 
0.73237 
0.77316 
0.81103 

0.84617 
0.87877 
9.90903 
0.93713 
0.96326 

0.98757 
1.01022 
1.03136 
1.05110 
1.06957 

1.08687 
1.10310 
1.11836 
1.13270 
1.14622 

1^5898 
147103 
r.18243 
1.19322 
1.2034$ 

1.21317 
1.22241 
1.23119 
1.23956 
1.24754 

4.25516 
1.26243 
1.26939 
1.27605 
1.28242 

1.28854 
1.29440 
1.30004 
1.30545 
1.31065 

1.31566 


!/ 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
.  6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6,9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5. 
9.6 
9.7 
9.8 
9.9 

10.0 


1.64078 
1.65939 
1.6K69 
f  1.69567 
1.71336 

1.73076 
1.74787 
1.76472 
4.78130 
1.79762 

'  1.81369 
1.82952 
1.84511 
1.86047 
1.87561 

1.89053 
1.90525 
1.91975 
1.93406 
1.94817 

1.96210 
1.97583 
1.98939 
2.00277 
2.01598 

2.02903 
2.04191 
2.05463 
2.06719 
2.07960 

2.09187 
2.10399 
,  2.11M7 
'»2(127»1 
*  2.119|2 

2.16253 
2.17385 
2.18504 
2.19611 

2.20707 
2.21790 
2.22862 
2.23923 
2.24974 

2.26013 
2.27042 
2.28061 
2.29069 
2.30068 


1.31S66 
1.32048 
1.32513 
1.32961 
1.33393 

1.33810 
1.34213 
1.34603 
1.34979 
1.35M4 

1.35697 
1.36038 
1,36369 
1.36690 
1.37001 

1.37309 
1.37596 
1.378BL 
1.38158 
1.38426 

1.38688 
1.38942, 
1.39189^ 
1.3?43a 
-1.35664 

1.39892 
1.401li 
1.40)32 
1.40543 
1.40749 

1.40950 
1.41146 
1.41338 
1.41525 
1.41708 

1.41686 
1.42061 
1.42231 
1.42398 
1.42561 

1.42720 
1.42876 
1.43029 
1.43176 
1.43324 

1.43468 

X.43745 
1.43880 
1.44012 


^.31057  1, 


1.44142 
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GAMMA  FUNCTION  AND  RELATSD  FUNCTIONS 


OIGAMMA  rUNCTION  FOR  COMPLEX  ARGt'MENTS 


Table  6S 


V 

o.a 

0.1 
0.2 
0.3 

9-* 

0.S 
0.6 

0.9 
1.0 

1.1 

1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 


0.35618 
t>.3S847 
0.36528 
0.3W4 
0.39fM 

0.41071 
0.43309 
0.45B42 
0.48629 
0.S1614 

"0.54770 
0.58053 
0.61431 
0.64872 
0.68351 


0.71846 
0.75338 
0.78814 
0.82261 
1.85669 


3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


0.89031 
0.92342 
0.95598 
0.98795 
1.01932 

1.05008 
1.08022 
1.10975 
867 
98 

1.19470 
1.22184 
1.24641 
1.27442 
1.29990 

1.32485 
1.34929 
1.37324 
1.39670 
1.41970 

1.44226 
1.46437 
1.48606 
1.50734 
1.52822 

1.54872 
1.56885 
1.58861 
1.60803 
1.62710 


1.64585 


X**  i  V 

y 

y 

0*00000 

9.0 

1.64989 

1.29698 

0.0 

0.06870 

9.1 

1.66428 

1.30212 

0.1 

0a9681 

$.2 

1.68240 

l.)0707 

0.2 

0.20)77 

9.) 

1.70022 

l.)1185  ' 

0.) 

0*26908 

9.4 

1.71775 

l.)1647 

0.4 

0*3)229 

9.9 

1.7)500 

l.)2092 

0.5 

0.)9)06 

5.6 

1.75197 

l.)2522 

0.6 

0.49110 

5.7 

1.76868 

l.)29)8 

0.7 

0*50624 

5.8 

1.7851) 

l.)))41 

0.8 

0.5SB)fi 

9.9 

1.801)) 

L))7)0 

0.9 

A  60749 

6ib 

1.81728 

1.)4107" 

1.0 

0.69)99 

1.8))00 

l.)447) 

1.1 

0.69677 

^  6.2 

1.84848 

l.)4827 

1.2 

0.7)714 

6.3 

1.86)74 

l.)9170 

A.^<r*  •  V 

1.3 

0.7748) 

6.4 

1.87878 

1.3550) 

1.4 

6.9 

1.89)61 

l.)5826 

1.5 

0.84278 

1.90824 

l.)6140 

1.6 

0.87))9 

6;7 

1.92266 

l.)6445 

1.7 

0.90188 

6.8 

1.9)688 

l.)6741 

1.8 

0.92891 

6.9 

1.95092 

l.)7029 

1.9 

0.99))8 

7.0/ 

l.fiil76 

1«)7)08 

2.0 

0.97664 

7.1 

1.9784) 

l.)7581 

0.99840 

7.2 

1.99192 

l.)7846 

1.01879 

7.) 

2.0052) 

l.)8104 

1.0)792 

7.4 

2.018)8 

1.38)55 

2.4 

1.09988 

7.9 

2.0)1)6 

l.)8999 

2.5 

1.07278 

7.6 

2.04418 

l.)88)8 

2.6 

1.08868 

7.7 

2.09684 

1.39070 

2.7 

1.10)67 

7.8 

2.069)5 

1.39297 

2.8 

1.11782 

7.9 

2.08171 

1.39518 

2.9 

1.1)119 

8.0 

2.09)9) 

1.39734 

).0 

1.14)84 

8.1 

2.10600 

1.39944 

3.1 

1.1998) 

8.2 

2.1179J 

1.40149 

3.2 

1.16719 

A.  VAT 

8.3 

2.1297) 

1.40350 

3.3 

1  17798 

•  8.4 

2.141)9 

1.40546 

3.4 

1.1882) 

8.9 

2.15292 

1.407)8 

).5 

1.19798 

8.6 

2.164)2 

1.40925 

).6 

1.20727 

2.17560 

1.41108 

).7 

1.2161) 

8.8 

2.18679 

1.41286 

3.8 

1.22498 

8.9 

2.19778 

1.41461 

).9 

1.2)269 

9.0 

2.20870*' 

1.416)2 

4.0 

1.24037 

9.1 

2.21950 

1.41800 

4.1 

1.24775 

9.2 

2.2)019 

1.41964 

4.2 

1.25482 

9.3 

2.24077 

1.42124 

4.) 

1.26160 

9.4 

2.25124 

1.42281 

4.4 

1.26810 

9.9 

Z.26160 

1.42435 

4.5 

1.27434 

9.6 

2.27186 

1.42586 

4.6 

1.28033 

9.7 

2.28202 

1.42733 

4.7 

1.28610 

9.8 

2.29207 

1.42878 

4.8 

1.29164 

9.9 

2.30203 

1.43020 

4.9 

1.29698 

10.0 

2,31190 

1.43159 

5.0 

[(-4.4] 

[,-5,2] 

m 

0.42278 
0.42480 
0.43081 
0.44068 
0.45420 

0.47111 
0.49110 
0.51380 
0.53887 
0,56594 

0.59465 
0.62468 
0.65572 
0.68751 
0.71980 

0.75239 
0.78510 
0.81779 
0.85033 
0.88262 

0.91459 
0.94617 

0.  97731 

1. D0798 
1.03814 

96779 
B9690 
1.12548 
1.15352 
1.18102 

U0798 
1.23442 
1.26034 
1.28575 
1.31067 

1.33510 
1.35905 
1.38254 
1.40558 
1.42818 

1.45036 
1.47212 
1.49348 
1.51446 
1.53505 

1.55527 
1.57514 
1.59466 
1.61385 
1.63270 


0.00000 
0.06441 
0.12833 
0.19130 
0.25286 

0.31269 
0.37042 
0.42583 
0.47874 
0.52904 

0.57667 
0.62165 
0.66400 
0.703 
0.7411 

0.771 
0.80B99 
0.83973 
0.66853 
0.69551 

0.92081 
0.94454 
0.96661 
0.98775 
1.00743 

1.02597 
1.04344 
1.05992 
1.07546 
1.09020 

1.10413 
1.11733 
1.12985 
1.14174 
1.15304 

1.16379 
1.17403 
1.16379 
1.19310 
1.20200 

1.21050 
1.21664 
1.22643 
1.23389 
1.24105 

1.24792 
1.25452 
1.26066 
1.26696 
1.27283 


»-2.0 
V 

5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
6.1 
6.2 
6.3 
6.4 

6.5 
8.6 
8.7 
6.8 
6.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 


1.65125    1.27649  .  10.0 


[(-4,6]  [,-4,S] 


./*(2+v)-j»  coth  »jy-„-;t'-^ 


1.65125 
1.66948 
1.68742 
1.70506 
1.72242 

1.73951 
1.75633 
1.77290 
1.76921 
1.6d526 

1.82111 
1.83671 
1.85208 
1.86723 
1.88217 

1.89690 
1.91143 
1.92576 
1.93990 
1.9536S 

1.96761 
1.98120 
1.99462 
2.00766 
2.02094 

2.0338^ 
2.04661 
2.09921 
2.07167 
2.06397 

2.09613 
2«10615 
2.12003 
2.13178 
2.14339 

2.15467 
2.16tt3 
2.17746 
2.16658 
2.19957 

2.21645 
2^22121 
2.23187 
2.24241 
2.25284 

2.2'6318 
2.27340 
2.28353 
2J9356 
2,30349 

a|l31332 


,  1.27649 
1.28394 
1.28919 
1.29426 
1.29916 

1.30369 
1.30846 
1.31286 
1.31715 
1.32129 

1.32530 
1.32916 
1.33299 
1.33660 
1.34015 

1.34396 
1.M692 
1.39017 
1.35392 
1.35639  ^ 

1.39937 
1.36227 
1.96509 
1.36764 
1.97092 

1.973X3 
1.37967 
1.37619 
1.96096 
1.96292 

1.96923 

1.39160 
1.99-^69 

'1.99593 
L99793 
1.39966 
1.40179 
1.40966 

1.40946 
1.40727 
1.40902 
1.41074 
1.41241 

1.41406 
1.41566 
1.41724 
1.41679 
1.42030 

1.42179 

r(-5)8j 


8 
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74.Miato«idIn4iiM   302 
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«rfe^,  11-1(1)10,  18D 
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KIBOB  FUKOnON  AND  F8B8NBL  INTBORALB 


Page 

320 


«t»0(.t)2)1.7(.(M)2.3,  7D  1 
Table  7.7.  Fnsnel  Integn^  (0^s^6) 


321 


\ 


Table  7A  AuxUioiy  FunbUons  (0^«^  •) 


323 


sa0(.02)l,«''*at(~.02)0,  15D 
.  Table7.9.  EiTorFimctiotfforOomplexiiguinento(0^a^3.9,O^V^3) .  326 

erfc(-^),m+^,S"0(.l)3.9,yaO(i)3,  OD 
Table  7.19.  Complei  Zeros  of  the  Snor  Function  (l^n^  10)  .  .  .  329 

0,,erf  0,aO,n»l(l>lp,  8D 
Table  7.11.  Complei  Zeros  of  Freinel  ]|ntegnJa  (0^n£6)   329 

».XC(f.)-0,5(a»-0,ii-0(l)6,  4D 
Table  7.12.  Maidma  and  Minima  of  Fretnel  Integrals  (0^n:S6)  .  329 

The  Mithor  aeknowledges  the  iMiituiee  of  Alflred  S.  Beua,  Ruth  B.  Cftpuano,  Loit  K. 
Chenrinaki,  Biiebeth  P.  Qodehoy^  DevM  8.  Uepnuu,  Maty.  Orr,  Berthe  H.  Walter,  and 
Ruth  Zueker  in  the  iweparatloa  and  eheeUng  of  the  tabUa. 
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7.  Error  Functloii  and  Fresnel  Integrais 

MftUwmatteai  Properties 


7.14  «rfo0-^\J%"\(f»l-flrf« 

7.1  J  «K«)-«-«*(l|f^jV*)-i-*trfo(-w) 

In  7.U  the  pftth  of  Intaffwlioii  blraliiiMt  to  the 
MtriotUm  tag  t-^  with  H<|  m  along  the 
pnth.  ie  penninible  If lemeins  bounded 
tothelett.) 


74.1 


/ 


0        t       4      •      .•     tjO     Ij     M     M    .14    lA    a.l  f.4 


V 


7.13  eif 
7.L6 
7.1.7  * 
7.1J 


2  ^jHOV^ 


For        ,  see  chapter  14k. 


7.L9 
7.1.10 
7.L11 
7.L12 


erf  (—»)■■— erf ;« 
•  erfenSTe 


\9        t      4      •      A     l«     la     lA     «     «     to    M  M 


FiaoMi  7.9. 


.a. 


IBSOR  ruNffnoN  Ain> 


7.1.18 


PiouBiTJ.  Ailttud$  Chart  0fv(»). 


liMqu«litlM|7.11K(7.17] 


(For  other  inequalitiw  Bee  [7.2].) 


(«^0) 


GontlniMd  PnMtloa* 


7.1.14 


ERJC 


7.1.U 

V5rJ-,  4-1 

Md  Hi"*  are  the  seroe  and  weight  factors  of 
the  Hermite  polynomials.  For  numerioal  values 
see  chapter  IS.  ^ 

Vahw  at  Inflnltjr 

7.1.16  erfa^i(«-»»  in  iaacg«|<|)  ^ 

Mufanuoi  and  InflMtkm  Poinu  fov  D«wmmii*s 

lBMtt»l  (7.81] 

7.1.17  F(.92413  88730 . . .  )«.64104  42246 . . . 

7.1.18  F(1.60107  52682  . . .  )=.42768  66160  . . . 

7.1.19  \ 
^erf  «=(-l)»^H,(a)*-'     (n=0,l, 2, . . .) 
7.1.20 

to<»+»(a)+2W*+'K«)  +2(n+l)«<"»(a)=0 

(n-0,1,2,,..) 

2i 

tp**(a)-«>(«)i  i(»'(«)«-2a«(a)+^ 

(For  the  Hennite  polynomials  H«(a)  see  chapter 
22.) 

Relation  to  CoafluMit  Hypergeometrlii  PnaMloB  (|He_ 
ohapter  18) 

'■"U^m(J.|-^>-^.-'m(i,|««) 

TIm  Nomal  DtetrtbulkMi  riuMtlon  With  Mtm  m  mnd 
Standaifd  DeirlatlMi  #  dm  ohapter  Ifi) 


7.1.28 


sAqnnplolle  E>paiMl<Mi 


(a-.«,|ai1,a|<^) 
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II        is  the  remainder  after  n  terma  then 
7.1^ 


299 


For  X  real,  is  leoa  in  absolute  yaiue  than 
the  firat  neglected  term  and  of  the  same^rign.. 


Ratloul 


7.t.2S 


/, 


erf        (a,< +o,<»+<M»)  s-'+«(ai0,  *'^T^ 

k»)|^2.6X10-/ 

j>=»/47047     ai=.34802  42    ,4= -  09687  98 

/      o,«  .74785  M 
7.1^  / 

erf  ««l-(<i,|+<M»+<M«+?(i«*+o,*»)«-*+«(»), 

k«)l$^.6X10-' 

]>».32760  11      01:^^6482  9692 

Ot^  ^.28449  6/36      0.-1.42141  3741 
a«s- 1.45^16  2027      a»a  1.06140  6429 


7.1^ 
erf  «=1- 


"(iyi,«wVo,**+a.**l*+*^*^ 
■  |#(af)|^6X10-* 

ai=>  .278393  aia.230389 
.000072     a«a  .078108 


7.1.28 


U(»)l^3X10-» 

o,«.OT062  30784     ai»>.04228  20123 
0,^  .00927  06272     a«»  .00016  20149 
.00(B7  66672      <i«»  .00004  30638 


*  Approximations 7.1  JS-T.IJS  ve  from  C.  HtstiagB,  Jr., 
Approiiaations  for  digital  eomputera.  PHnMton  Univ. 
Fr«m,  PriOMtoo,  N.  J.,  IMA  (with  permliBion). 


ERIC 


laflaltc  Swks  AppKMdmatioii  for  Cdnpla  Eitav 
FiUMtloa(7.iO] 

7.1.29 

erf  (x+iyHerf  «+2;^  1(1 -cos  2xy)+{  sin  2aey) 

+;  |j (/.(«.y)f  V.(»,y)J+«(»,|f)  ^ 
where 

y^(x,j^s2x*-2x  coshfiy(m2iry+^8inh     sin  2:qr : 
0»U>y)iF:2j^c6bhny8m2av+n8iiibnyco8^  a 

|i(»,if)l«io>|^ 

7a2e  Rqieatod  Intograb  of  Um  Evrar  FuBKOttmi 


t. 


7.2el 

i»erfc««Pi»-*erfo*itt  <n«0,l,2,..e) 

•V-  .  . 

4""*  «rfo  «""-F       i"  erfc  «aerfo  j> 
mffemttallvuitkMi 
7.2.2  S!+2f^-2ny-0 

and  £  are  oonetantB.)  * 

« 


•■i 

-.|| 


7.2.3 


2  r*  (i-g)* 


7.2.4  i»erfca-S  

^2-»«r(i-i^) 

i«  erfc       ^  i-»  erfo  a+A     erfc  2 

ft  M 


(n->l,2,3,..  ) 


7J.6 


2(n+l)(n+2)i"+»erfca 

»(2»+l+2a»)i"  erfc  «-g      erfo  « 


(nBi,2,3, . . .) 


•  The  terme  in  this  Mftes  oorreapondlag  to  k^a-f  2» 
11+4,  a+6,  .  .  .  ere  undentood  to  be  sero. 
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1M 


2«r 


(ii«-i,o,i,a,...) 


8       4       «       A  U      M      M  M 


Fiovu  7.4.  R$ptalti  InUgnU  tf  the  »mr  rrndkm. 


tA8  jgi»«rfc3=-i»-»erfo«    (n«0,l,2, . . .) 


£5  («*•  erfo  »)«(-l)"2^t««n»«rfc  a 


tJ.U  (-l)"i-flrfe9+i*erfo(-f)-g5^&.(it) 


MUM  to  tkt 


U) 


If) 

i"  erfo  «-^^  i>-(i-i(aV3) 


7.2.U 


•ft 

M 


(»^«,|aig*|<$) 


lA*  WttmA  Intcsnb 

-m^»M.m  


Th«  Mowing  fimoti<mA  an  also  in  use: 

t  AS-  ft  ■  •    Ij ' 


i. 


fj.4 


1M.  OC»)-cr,(»^^/D-ft(J*») 
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73.8  S(»)«Si(»^)«5i(g««) 

Bin  (g  a«)-jf(a)  008  (g  a*) 
74.10  5(a)-5-/(a)co8(|a«)-p(«)8in(|«») 


B980B  rUNOnOK  AND  VRSSNIL  XNTBOSALS 

73.14 


301 


SmIm 

73.11  (a»^l(i»'+i)  « 

73.12 

+""V2V«l-3...(4i»+3)* 
73.M      5f(»)-g  (^4.i)l(!;,+3) 


73.18  «7,(a)-J»„(«)+Jw,(a)+J,„(a)+  . . . 
73.16  5,(a)=Jw(«)+JTy>(«)+Jii/»(a)+... 
For  B«08d  funoUons  «7«4.i/t(a)  «ee  chapter  10. . 


:  V- 


•••.3 


73.17  C(-a)=.-0(a),  flf(-3)«--Sf(a)  . 
73.18/   Oiu)^iai£),  S«a),~»5f(a) 
73.19  flf(3)«S(^ 


Valm  at  laflai^ 


7330 


1 


DnrtfstlvM 


7331  ^-«r/(»)-l 


7*8mB2 


(7(a)+<flf(a)-^  orf  [f  (l-i)a] 

7338  j(,)=df.^l±i«,[^(l+i)ai]y 
7334  y(«)=y{^w[f  (!+»>]} 


H 


7338 

Rdirttott  to  OpiMriMi  BmmI  f^lMtfaM  (M  dMplw  14) 
73.26   0,(8)  «|J^*  J-|(0A,«t(fl)-5  X'  '^»(*>* 


unra  nmonoif  amd 


(«-*•.  |Mg«l<j) 

7A2B  , 

(«4*".Im»«I<|) 

If  JK^(«),  Rif*(a)  aretheToiiMiiMleiBftfterAtenns 
in  7.3.27«         respcetiydy,  then 

7A29 

tASl  |#«^|<1,|««|<1 

For  «  ml,  RiPi*)  and  art  1«m  in  absolute 
▼alue  then  the  ftnt  neglected  tetnt  and  of  the 
lame  aign. 

■etfe— I  AppmiliHellBiiii « (0^«^  •) 

|«(«)I^2X10- 

(For  more  aeeutate  approiimatkme  eee  17.1).)/ 
7^  DeAnile  and  IndeABlte  lategffide 

'  / 

I 

For  a  more  ettennive  lift  of  Integrals  aee 

1781,17.151.  ^/ 


/ 


« AppfwdoieMoM  TJJI»  1AM  tn  beMd  oa  fbMW  givM 
Is  0.  Haelliip»  Jr.,  ApprextmetieiH  far  celealiltaf  fnmA 
iategreli,  Appfottmetlea  Nemttttor,  AfMril  im,  Note  10. 
|8m  abe  MTAO  It,  173,  1986.)  / 


7.4S 


7^ 


-^l^P  (flra>0;n-0,l,a,...) 


7AS 


nt 


ooe  (2xl)dtm^^  «"?  (^aXO 

7A7 

7^ 
7A9 

(^ia>0.«HO.|Mg  f|<») 

7^10 

(•>0,»>0) 

7^11 

/,*  7^"Si  ^ 
7.4.M  JJi;^-|«1l-(erfVa)«l  (o>0) 
7A18 


1A,U 


■■BOB  fUNOnOR  AMD  fUffillL  IMTiaRAIS 


J.  «*-2(/--|>^&H-V+»*)*  2  *  "^^IT 

(»wil,y>0) 

TAW 

"        ;(  (»ma,y>0) 

7A1T 

J^*      erf  *«  A-j  *^  erfo  ^ 

(ira>0,|arg*|<j) 

TA18 

J^'iin  (2«l)  erfc  (l-«-w*»'l(a>0,^f*>0) 
7A19 

J^* «-  erfc  ^      *  -'va   * (ii«>o,  ir*>0) 

(^»>0,ife>0) 
7.4.22  / 


7.4.28 


7A2& 


+[g-s(^)]>ln(a6)}  (^ra>0,^f5>0) 


7A24 


-[}-<?(.^^)]iin(tf»)}  (|»i>0,«»>(9  I 


7.4.27 


r'-''«'-'-i{G-<01-^) 

7.4.28  \ 


7A.29 


\  V. 


a)»VJ?+l 


T.4J0 


(^lii>0) 


ERIC 


(ii»>o) 

7.4J2 
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erf  (a»~)J+coMt. 


(a»<0) 


7.4.M 


(ap<0) 


7^ 


Jerf         erf  •-•*+oonst. 


^^"^  «pf  [«-  erf  6x-«»  erf  j)] 

+const.  (Of^O) 


7.447 


Je-erf^(fa-i{«-erf^ 

+1  ^j[io(Va5+i  (-V5i+i  -^1)]} 


+ooiittt  (a^O) 


7.4J8  >^ 

+ain(^)^[^|(a»+6)]}+ooiuit. 

7.499 

Jsin  (as'+2i2+4;)(b 

7.4.40  Jc7(»)(te=«(7(x)-i  sin  (g  x»)+ooii8t. 

7.4.41  Ji8f(x)(i««xfif(sf)+i  008  (g  a:»)+corat. 


Numcrioal  Methodi 


7.S.  Vm  aiad  Eitcsukm  of  the  Toblee 

Eumple  1.  Compute  erf  .745  and  r**'***' 
tisinff  Taylor's  series. 

With  the  aid  of  Taylor's  theorem  a&d  7.1.19 
it  can  be  shown  that 

erf  («o+J^)<-eif  ^ 

+^  «-<J^[l-lA«4-l"|l»**«(a««-l)]+« 

[I 
l-2|)Aa^+pW(2aj-l) 

-|l»W;H,(2aS-3)]+, 

where  j#|<1.2X10-»  |i||<3.2X10-»  if  h^lO'\ 
With  ab».74,  ]>a.fi  and  using  Tabk  7.1 


ERIC 


erf  .7^.70467  80779+ (.ft)(.00e52  68247)X 
[1  -(.005)  (.74) +(.00000  83333)(.0062)I 


a.70792  8920 

^-CNftie.^  (.56258  24665)  [1  -  .0074 
2 

+(.000025) (.0952) +(.00000  00833)(.74)(1.9048)] 

«>  .57405  7010. 

Ai  a  oheok  the  o(»nputation  was  repeated  with 
ab=».75,       .5.  » 

Eumple  2.  Compute  erfo  «  to  58  for  «<a4.S. 

We  have  0434028.  With  Table  7 J  and 
Unear  interpdation  in  Table  7.8,  w«  obtain 

erfd'4.8i|||  (l.n263)(10-»^(.562609)  ^ 

=(1.1352)10-"; 


14 


kBBOB  rUNOnON  AND 

S.  Compute  •"^JJ«'**  to  «S  for 


meNun^TioBALa 


806 


With  .0236686  and  Uomt  intarpoktion 
in  Table  7i 


e-«fc»*r  ■  e*<ft-(.606143)/(6.«)-.077868. 


4.  Compute  i*  erf o  1.72  using  the 
feeurvenee  relation  and  Table  7.1. 

By  7      uaing  Table  7.1, 

i-«erfc  1.72-.06866  60. 

Unng  the  recurrenoe  relation  7.2.S  and  Table  7.1 

i  «rfol.72--(1.72)(.01409  72) +(.6) (.05866  50) 

-» .0034873  / 
i»erfc  1.72— (.86)(.0084873)4-(.25)(.01499  72) 

e. 0007602. 
Note  the  loss  of  two  signifieant  digito. 

Eiample  S.  Compute  i'  erfo  1.72  for  2, 3 
hy  baokwMd  reourrenee. 

Let  the  sequenee  «<?(»)(<»«=*»»  *»»— 1»  •••»!»  0» 
-i)  be  generated  by  backward  uee  of  the  recur- 
relation  7.2.8  starting  with  vC*t'^0,  iCt-i^l- 
Then,  for  any  fixed  k,  (see  |7.7D, 

to  ••V  erfc  »  (»>0). 

With  x«  1.72,  m»  15  we  obtain 


ir 


•yo-ia 


IN 

I  41 


ii 


FMun  TaUe  7.1  we  have -|  WWW,  A 

Thus,  / 

i  erfo  1.72«(.068565)(6.0064X10")/1.0087X10»  /  J 

«3.4878X10-»  I 

i»  erfo  1.72  « (.058666)(1.2920X  10")/1.0087X lO"  ^3 

-7.5018X10-* 


i»erfo  1.72«(.058665)(2,6031X10'^/l.0087X10»  | 

«1.5U4X10-*.  I 


Eiample  6.  Compute  (7(8.65)  uaidg  Table  ,74L 
With  s»8.65,  l/iK«. 115607  we  have  from  Table 
IJi  by  Unear  interpolation 

/(8.66)«. 036797,  p(8.65) -.000159. 

From  Table  4.6 


Dm 


Biu(|ai»)«-.96J382>  coe     ae»)«— .275218. 
U«ihg7A9 

(7(8.65)«=.6+(.036797)(-.981382) 

-(.000159)(-.275218)«».46467;' 

Eumple  7.  Compute  fiF|(l.l)  to  lOD. 
Using  7.S4I  and  7JI.10  we  obtain  by  6<pt  inter- 
polation in  Table  7.8 

5,(1.1)-S  (l.l  ^ 

;s£f(.87767  30169)o>.31865  57172. 

Egrimple  8.  Compute  8ti6.2i)  to  6D. 
Enter  TaUe  7.7  in  the  column  headed  by  «• 
Usmg  Aitken's  scheme  of  interpolation 


'  ■'••■'1^ 


•Vii 


12 

Si(5.24)-.427177 

Eiample  9.  Compute  Si(5.24)  using  Taylor^ 
series  and  Table  IS, 
Using  7.8.21  we  can  write  Taylor's  series  f  or/t  («) 

-./(^)and  ^*(i»)-a(^)in  theform 
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^  (IraO,  1,2,  ...  .). 

Consultiiig  Tabl«  7.8  we  ohoM  iio»l/.18A638 
»ft.380819,  thus  having  i»-tio«6iS4T-5.dM810 
n -.146810.  From  T«bl«  74  / 

/,(««) ».168270,  ft(tig)»>014483.^ 

Henee,  applying  the  seriea  above, 

/i(6.24)».170436,  ft(5.24)»«015030. 

Uting  the  4tb  formula  at  the  bottom  of  TaUe  7.8 

^(5.24)  ».5-(.170436)(.50347l) 

-  (.015030)  (-.864012)  -  .42718. 

Eiainpie  10.  Compute  8t(2)  using  7J.16. 
Generating  the  values  of  Jm+^(2)  as  described 
in  chapter  10  we  find 

*(2)-J,«(2>4-J,/,(2)+J„/t(2)+J„/t(2)+  .  .  . 
« .40 129 + .06862 + .00297 + .00006 » .66284. 

Eiample  11.  Compute  J*  ^  (ft  bj  numerical 

integration  using  Tables  9.1  sad  74.  [TM  is  the 
B«B^  function  of  theseeond  kind  defined  b  9*1.16.] 
We  decompose  the  integral  into  three  parts 


wkere 


-(•-li.) 


COS 


8lViH 


represents  the  first  two  terms  of  the  aqrnptoiio 
etnansion  9 A2. 


umerical  integration,  using  Table  9.1. 


*Vo(0  j«.41826  00. 


Uring  the  fact  that  the  reminder  terms  of  the 
asymptotic  expansion  are  less  in  absolute  value 
than  the  first  neglected  terms,  we  can  estimate 


3«.V.7«.9»,. 


33X10 


-T 


FinaUy, 

L'  7-^V5ll-Ci(10)-<Sf,(10)J 
6953819cosl0-8in  10 


2688000  VlO; 
23107  cos  10+rin  10 


.02298  78, 


2160400 

using  Tables  74  and  44.  Hence 

J[*  1^0(0  7-T.41826  00-.02298  78« .39627  22. 

The  answer  correct  to  8D  is  .39627  290  (Table 
114). 

Eiample.l2.  P  mpute  w(.4i+.67t)  using  bi- 
variate  linear  int. '  i , '  tion. 

By  linear  hit(4^>o(AuOn  in  Table  7.9  along  the 
^.direction  at  y  •»  .6  and  y  ">  .7 

w(.44+.60  «.6(.622246+.167880i)+.4(.498601 

>  +.202666t)».612784+.181794< 

«(.44+  .7i)  m  .6(.487666 +.147076<) +.4(.467631 

+.179123<)».470542+.160434tf. 

By  UnMr  interpolation  along  the  y-direotion  at 
'0-.44 

i0(.44+.67<)'<r.8(.612784+.181794i)+.7(.479542 
+.160434<)».480616+.166842i 

The  oonwet  answer  is  .489667+.ie6880i. 

BMUBple  18.  Compute  ^(f) for t-a.44+.6H. 

Bivariate  linear  interpolation,  as  deaoribed  in 
Rtample  12,  is  most  aoeurate  if  f  lias  near  the 
center  mr  along  a  diagonal  of  ime  of  Uia  squares 
of  th«  tabular  grid  (7.6).  It  ia  not  as  aoottrata  for 
»  near  the  midpoint  of  a  side  of  a  square,  as  in  thia 
etampk  However,  we  may  introduce  an  MttU- 
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iaiy  M|uar»  (see  diattram)  which  oontains  «  oloM 
to  ito  o«nter.  Btvariato  linear  interpolation  oan 
then  be  applied  within  this  auxiliary  sqtiare. 

The  valuee  of  te»(a)  needed  at  s^ft,  and  f-fi 
are  easily  approximated  by  the  average  of  the  four 
neighboring  tabular  values.  Furthermore  the 
parta  to  be  used  are  giveii  by 


where  Thus,  with  a,=.4+.6<, 

rt».46-r;65i,  fi«.46+.65t,  yi*.4,  p»«=.l,  we  get 
fh»m  Table  7.9 

^if»(f,) «  J(.522246 +.498MH-.487fi«6+.467521) 

A. 493979 

^(r*)"*  i(.522246 + .498691 +.561262 + .633167) 

». 628812 

^to(«)--ll-(.4+.l)l{ll-(.4-.l)1.622246 

+(.4-.l).528812)-}-(.4+.l)X 
{(l«(.4-.l)].  .493979+(.4-.l).498691}«.609789. 

The  correct  answer  is  .609766.  Straightforward 
bivariate  interpolation  givee  .609460. 

Example  14.  Compute  yw(.39+.61<)  to  6D 
using  Taylor's  series. 
Let  s<».39+.61«,  flb»'4+.6i.    From  7.1.20, 
'*  and  unng  TaUe  7.9,  we  have 

t9(St)». 622246+. 167880i 

te>'(Ji)=-.21634+.36738<,  »-«9-(-l+<)10-* 
K'(«»)-'-.ai6-.186i,  («-«i)«=-2<X10-* 

yio(s)-« .  167880-  .002 1634-.0036738 

+.0000430»  .162086. 

Bsample  18.  Compute  tf(.4- 1.3<). 
F^m  7.1.11,  7.1.12 

t>t4-1.3<)««(-.4-1.3^-2«-<«-»«l^  

™  -«K.4+1.3iy. 

'  Using  Tabiee  7.9,  4.4  and  4.6 

Q  w(.4-1.3tV4.33342+8.04201i 

ERIC 


Eiainple  16.  Compute  w(7+2{). 
Uung  the  second  formula  at  the  end  of  Table  7. 


«(7+«i)-C-3+7i)(ii^^ 

Example  17.  Compute  erf  (2+t). 
From  7.1.8, 7.1.12  we  have  ^ 

erf  a=l-«- 23V 

'<sin2sy)w(y+w)  (««at+<y). 
Ushig  Tabiee  7.9,4^4.6 

erf  (2+0«l-«-«  (ooe  4-t  sin  4)io(l+20 

«»1.003606-.01126gOj. 

■  ^  ■■ 

Example  18.  Compute  5|^Q+i^VS^ 
From  7.8.22, 7  J41, 74.18  we  have 

^■(.^—^"•"[(l+O  ^] 


Setting  9  V9      making  use  of 

7oU29andT«bl0  7o9 

+l±j..(c«i+<-n|)«^+10 

»-.9907a4-.681610<. 

Examplo  19.  Compute  J^"  «-<w««*-Wcoe  (20i« 

using  Table  7.9. 

Setting  6«y+^j,  «aO  in  7A2  and  using  7.14, 
7.1.12  we  find 

CO.       ^  ^«(^) 

(a>0,«,yreal). 

Hence  from  Table  7.9 

J"  #-«'«••-••  cos  Vi^»»(a+3<)«'231761. 

u  3X7 
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Table  7.2 

.? 
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2.b7  < 

4 

9.0450  949 

3.17 

-  5 

.  M   A4Mn  ^nA 

4.8783  532 

2.68 

4 

8.5738  992 

3.18  \ 

-  5 

4.5782  082 

2.69  1 

- 

4| 

^8.1256  247 

3.19 

!-  5! 

4.2956  707 

• 

2,70 

4 

7.6992  476 

.  3.20 

4.0297  636 

2,71  ^ 

4 

7.2937  850 

3.21 

r  5, 

3.7795  604 

2.72  ( 

4 

6.9082  932 

3.22  1 

-  5, 

3.5441  831 

2,73 

4 

6.5418  671 

3.23 

-  5 

3.3227  997 

2.74  1 

4 

6.1936  378 

3.24 

5 

3.1146  217 

2.75  1 

— 

4! 

5.8627  725 

3.25  1 

-  5 

2.9189  025 

2.76 

*• 

4 

5.3484.  722 

3.26 

•  5 

2.7349  351 

2.77  ( 

4 

i5«2499  713 

3v27  ( 

-  5 

12.5620  500 

2.78 

4 

4.9665  360 

3.28  1 

5 

2.3996  135 

2.79 

4^ 

4.6974  632 

3.29  < 

5! 

>  2.2470  263 

2*80^' 

J 

4.4420  794 

'3.30  1 

A    V  MM  «■    AV  A 

2.1037  210 

2.81 

4 

4.1997  400  ' 

A  A4 

3.31 

4    A J  A4      ^  4  A 

1.9691  pi 3 

2.82 

4 

3.9698  274 

3.32 

-  5 

V     AAAA  AA*V 

1.8428  397 

2.83 

4 

3.7517  508 

3.33 

-  5 

1.7242  768 

2.84  ( 

4 

13.5449  449 

3*34  1 

!-  5 

1.6130  192 

2.85 

— 

4 

3.3488  688 

3.35 

-  5 

1.5086  387 

2.86 

4 

3.1630  053 

3.36 

-  5 

1.4107  306 

2.87 

4 

2.9868  598 

3.37  ( 

-  5, 

1.3189  127 

2.88 

4 

2.8199  597 

3.38 

-  5 

1.2328  243 

2.89  I 

4 

2.6618  533 

3.39  { 

!-  5! 

11.1521  246 

2.90 

- 

4 

2.5121  089 

3.40 

-  5 

1.0764  921 

2.91  1 

4 

2.3703  144 

3.41 

r  5, 

1.0056  235 

2.92  I 

4, 

2.2360  761 

3.42  1 

•  6 

9.3923  243 

2.93 

4 

2.1090  184 

3.43  \ 

•  6 

8.7704  910 

2.94  1 

4 

1.98iB7  824 

3.44  I 

•  6! 

8.1881  894 

2.95  1 

4] 

11.8750  262 

3.45  ( 

[-  6] 

17.6430  199 

2.96  1 

4 

1.7674  231 

3.46  1 

-  6 

7.1327  211 

2.97  ( 

4 

1.6656  619 

3.47 

-  6 

6.6551  620 

2.98 

4 

1.5694  459 

3.48  1 

-  6 

6.2083  353 

2.99  .{ 

4; 

1.4784  919 

3.49 

!-  6; 

5.7903  503 

3.00  (- 

4)1.3925  305 

3.50  (-  6)5.3994  268 

3.50 
3.51 
3.52 
3.53 
3.54 

3.55 
3.56 
3.57 
3.58 
3.59 

3.60 
3.61 
3.62 
3.63 
3.64 

3.65 
3.66 
3.67 
3.68 
3.69 

3.70 
3.71 
3.72 
3.73 
3.74 

3.75 
3.76 
3.77 
3.78 
3.79 

3.80 
3.81 
3.82 
3.83 
3.84 

3.85 
3.86 
3.87 
3.88 
3.89 

3.90 
3.91 
3.92 
3.93 
3.94 

3.95 
3.96 
3.97 
3.98 
3.99 


5.3994  268 
5.033a<887 
4.6921  589 
4.3727  530 
4.0742  749 


.-  6)3, 


.7954  113 
3.5349  275 
3.2916  626 
3.0645  257 
2.8524  914 


-.2.6545 
6)2.4699 
2;2976 
2.1369 
1.9871 


968 
374 
636 
782 
328 


6)1, 


6 

6,. 
6)l 
6 


.8474  250 
1.7171  9*1 
1.5958  281 
.4827  416 
1.3773  933 


6 
6 

7 


1.2792 

i,im 

1.1028 
.0236 
9.4998 


?! 

7 
7 

7! 

7! 
7 
7 
7 
7 


8.8143 
8.1766 
7.5835 
7.0320 
6.5193 

6.0428 
5.6000 
5.1886 
4.8065 
4.4516 


.1221 
3.8162 
3.5324 
3.2689 
3.0245 


741 
068 
445 
686 
679 

219 
120 
232 
473 
709 

629 
632 
725 
419 
637 

624 
867 
013 
796 
971 


2.7979  245 
2.5877  218 
2.3928 
2.2121 
2.0447 


327 
788 
548 


1.8896  240 
1.7459  135 
h6128  098 
7)1.4895  557 
7)1.3754  458 


4.00  (-  7)1.2698  235 


0.88622  69256 
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DERIVATIVE  OF  THE  ERROR  FUNCTION 


4.00 
4.01 
4.02 
4.09 
4.04 

4.09 
4.06 
4.07 
4.08 
4.09 

4.10 
4.11 
4.12 
4.13 
444 

4.15 
4.16 
4.17 
4.18 
4.19 

4.20 
4.21 
4.22 
4.23 
4.24 

4.25 
4.26 
4.27 
4.28 
4.29 

4.30 
4.31 
4.32 
4.33 
4.34 

4.35 
4.36 
4.37 
4.38 
4.39 

4.40 
4.41 
4.42 
4.43 
4.44 

4.45 
4.46 
4.47 
4.48 
4.49 


2 

U698  235 
1.1720  776 
1.0816  394 
.9.9797  993 
8)9.2060  694 


8| 
8 

i 

-  8 

-  8 


-.8 


8.4906  281 
7.8292  207 
7.217^  923 
6.6529  674 
6.1310  313 

5.6489 < 121 
5.2036  639 
4.7925  517 
4.4130  364 
4.0627  618 

3.7395  414 
3.4413  471 
3.1662  977 
2.9126  490 
2.6787  841 


-  8' 


2.4632 
2.2645 
2.0814 
1.9127 
1.7574 


041 
204. 
463 
901 
484 


-  8 


-  9 


1.6143  994 
1.4826  974 
1.3614  673 
1.2498  993 
1.1472  445 

1.0528  102 
9.6595  598 
8.8608  977 
8.1266  442 
7.4517  438 


-  9 

-  '! 

-  9 

-  9 

-  9 

-  9 

-  9! 

-  9 

-  9 

-  9 

-  9 


9)6.8315  260 
6.2616  772 
5.7382  144 
5.2574  603 
4.8160  210 


4.4t07  647 

4.0388  018 

3.6974  673 

3.3843  033 

3.0970  439 


2.8336 
2.5920 
2.3706 
2.1676 
1.9816 


002 
474 
118 
596 
862 


4.50 
4.51 
4.52 
4.53 
4.54 

4.55 
4.56 
4.57 
4.58 
4.59 

4.60 
4.61 
4.62 
4.63 
4.64 

4.65 
4.66 
4.67 
4.68 
4.69 

4.70 
4.71 
4.72 
4.73 
4.74 

4.75 
4.76 
4.77 
4.78 
4.79 

4.80 
4.81 
4.82 
4.83 
4.84 

4.85 
4.86 
4.87 
4.88 
4.89 

4.90 
4.91 
4.92 
4.93 
4.94 

4.95 
4.96 
4.97 
4.96 
4.99 


4.50       9)1.8113  059  5.00 


9 
9 
9 

9! 

9 


1.8113  059 
1.6552  434 
1.5129  248 
1.3814  699 
1.2616  849 


-10 
-10 

-io| 
-lo; 

-10 
-10 
-10 

-lO! 

-lo; 

-10 
-10 
-10 

-10; 

-10) 
-10 

-lo; 

-10 

-lo! 

-10) 
-10* 
-10 
-10 

-lo; 

-10! 
-10 

-11 

-n: 

-ii; 
-11 
-11 

I -11 
I-ii 

-11) 

-11 
-11 

-11 
-11 


•Hi 
-11 

-11 

-11. 

-11 


1.1520 
1.0517 
9.5997 
8.7603 
7.9927 


559 
423 
127 
264 
363 


7.2909  450 
6.6494  435 
6.0631  724 
5.5274  864 
5.0381  209 


4.5911  621 
4.1830  187 
3.8103  962 
3.4702  727 
3.1598  772 


2.8766  694 
2.6183  207 
2.3826  973 
2.1678  441 
1.9ti9  702 


1.7934  357 
1.6307  388 
1.4825  049 
1.3474 
1.2245 


759 
007 


261 
888 


1.1125 
1.0105 
9.1780  821 
8.3337  894 
7.5656  500 


6.8669 
6.2315 
5.6537 
5.1285 
4.6511 


377 
074 
456 
259 
675 


4.2173  976 
3.8233  166 
3.4653  660 
3J402  998 
2.8451  570 

2.5772  379 
2.3340  811 
2.1134  428 
1.9132  785 
1.7317  254 


5;oo 

5.01 
5.02 
5.03 
5.04 

5.05 
5.06 
5.07 
5.08 
5.09 

5.10 
5.11 
5.12 
5.13 
5.14 

5.15 
5.16 
5.17 
5.18 
5.19 

5.20 
5.21 
5.22 
5.23 
5.24 

5.25 
5.26 
5.27 
5.28 
5.29 

5.30 
5.31 
5.32 
5.33 
5.34 

5.35 
5.36 
5.37 
5.38 
5.39 

5.40 
5.41 
5.42 
5.43 
5.44 

5.45 
5.46 
5.47 
5.48 
5.49 


I.- 
v» 

-11)1.5670 
1.4178 
1.2825 
1.1598 
1.0487 


866 
169 
089 
820 
702 


9.4811 
8.5694 
7.7438 
6.9964 
6.3198 

5.7076 
5.1536 
4.6524 
4.1992 
3.7893 

3.4188 
3.0839 
2.7812 
2.5077 
2.2607 


285 
483 
839 
533 
998 

270 
405 
937 
391 
835 

470 
257 
580 
937 
652 


2.0376  626 
1.8362  094 
1.6543 
1.4901 


420 
896 


-12)1.3420  568 


1.2084 
1.0878 
9.7912 
8.8108 
7.9271 

7.1305 
6.4127 
5.7660 
5.1835 
4.6589 


075 
501 
433 
899 
093- 

505 
516 
566 
412 
423 


4.1865  979 
3.7613  895 
3.3786  913 
3.0343  233' 
2.7245  096 


2.4458 
2.1952 
1.9699 
1.7673 
1.5853 

1.4217 
1.2747 
1.1428 
1.0242 
9.1785 


396 
336 
112 
627 
234 

499 
989 
061 
785 
895 


(-11)1.5670  866      5.50  (-14)6.2233  160 
^'-0.88622  69266 


5.50 
5.51 
5.52 
5.53 
5.54 

5.55 
5.56 
5.57 
5.58 
5.59 

5.60 
5.61 
5.62 
5.63 
5.64 

5.65 
5.66 
5.67 
5.68 
5.69 

5.70 
5.71 
5.72 
5.73 
5.74 

5.75 
5.76 
5.77 
5.78 
5.79 

5.80 
5.81 
5.82 
5.83 
5.84 

5.85 
5.86 
5.87 
5.68 
5.89 

5.90 
5.91 
5.92 
5.93 
5.94 

5.95 
5.96 
5.97 
5.98 
5.99 


Table  7/2 

-14)8.2233  160 
-14  7.3659  906 
-14  6.5967  265 
-14  5.9066  187 
•14)5.2876  480 


14 
14* 
14 

14: 


-14! 
•1* 
■1* 

-1< 

rl4) 

-14) 

-If 
-14 

-14 


4.7325 
4.2349 
3.7888 
3.3891 
3.0309 

2.7100 
2.4226 
2.1653 
1.9349 
1.7287 


-15)9 


1.5441 
1.3790 
1.2313 
1.0991 
.8105 


6.7544 
7.8104 
6.9668 
6.2130 
5.5398 

4.9384 
4.4015 
3.9222 
3.4943 
3.1126 


943 
585 
917 

675 
780  • 
317 
346 
067 

499 
206 
037 
900 
529 

193 
192 
183 
917 
013 

851 
583 
232 
893 
008 


2.7719  710 
2.4681  247 
2.1971  447 
1.9555  249 
1.7401  279 

1.5481  468 
1.3770  708 
1.2246  543 
1.0888  898 
9.6798  241 


6.6032 
7.6449 
6.7919 
6.0329 
5.3577 

4.7571 
4.2229 
3.7480 
3.3259 
2.9507 


817 
380 
883 
959 
479 

261 
913 
601 
113 
038 


6^00  (-16)2.6173  012 
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DERIVATIVE  OF  THE  ERROR,  frUNCTIpN 


6.00 
6.01 
6.02 
6.03 
6.04 

6.0S 
6.06 
6.07 
6.08 
6.09 

6.10 
6.11 
6.12 
6.13 
6.14 

6.15 
6.16 
6.17 
6.18 
6.19 

6.20 
6.21 
6.22 
6.23 
6.24 

6.25 
6.26 
6.27 
6.28 
6.29 

6.30 
6.31 
6.32 
6.33 
6.34 

.6.35 
6.36 
6.37 
6.38 
6.39 

6.40 
6.41 
6.42 
6.43 
6.44 

6.45 
6.46 
6.47 
6.48 
6.49 


-If 
•16 
-16 
-16 

-16! 

-16) 

-16 

-16 

-17 
-It 

-IT 

:}?> 

-17) 

-17, 

-17 

-17 

-17 

-17: 
-17 
-17 
-17 

-17l 

-17; 

-17 
-18* 

^ 

•18) 

-18 

-18 

-18 

-18) 

-18' 
-18 
-18 
-18 
.18j 

-18; 

-18 
-18 
-18 
-IB 

-19; 

.19 
-1' 

-19 


2.6173 
2.3211 
2.0580 
1.8243 
1.6169 

1.4328 
1.2693 
1.1243 
9.9575 
8.8165 

7.8047 
6.9076 
6.1124 
5.4077 
4.7832 

4.2301 
3.7401 
3.3062 
2.9221 
2.5821 

2.2812 
2.0150 
1.7794 
1.5711 
1.3869 

1.2241 
1.0801 
9.5297 
tf;4057 
7.4128 

6.5359 
5.7615 
5.0779 
4.4745 
3.9421 

3.4722 
3.0578 
2.6923 
2.3700 
2.0859 

1.8354 
1.6148 
1.4203 
1.2490 
1.0982 

9.6542 
8.4849 
7.4558 
6.5502 
5.7534 


012 
058 
187 
864 

533 

168 
992 
934 
277 
340 

m 

453 
570 
268 
911 

135 
616 
970 
768 
666 

620 
194 
936 
830 
801 

281 
812 
064 
325 
421 

252 
925 
819 
863 
013 

886 
557 
486 
568 
281 

945 
045 
650 
883 
455 

574 
924 
503 
224 
461 


i.50 
6.51 
6.52 
6.53 
6.54. 

6.55 
6.56 
6.57 
6.58 
6.59 

6.60 
6.61 
6.62 
6.63 
6.64 

6.65 
6.66 
6.67 
6.68 
6.69 

6.70 
6.71 
6.72 
6.73 
6.74 

6.75 
6.76 
6.77 
6.78 
6.79 

6.80 
6.81 
6.82 
6.83 
6.84 

6.85 
6.86 
6.87 
6.88 
6.89 

6.90 
6.91 
6.92 
6.93 
6*94 

6.95 
6.96 
6.97 
6.98 
6.99 


2  . 

if- r 

v» 

-19)5.0525  800 
-19  4.4362  038 
-19  3.8942  418 
-19  J.4178  066 
-19)2.9990  603 


"19 
•19 

-19! 
-19 
-19 

-19) 

•19, 

•19 

-20 

-20) 

-2o; 

-20 
-20 
-20 

-20! 

-20) 

•2o; 

-20 
-20 
-20! 

-2o; 

-20 
-20 
-20 
-20 


2.6310  921 
2.3078  100 
2.0238  447 
1.7744  651 
1.5555 


1.3632 
1.1945 
1.0465 
9.1667 
8.0275 

7.0285 
6.1526 
5.3848 
4.7118 
4.1221 

3.6055 
3.1530 
2.7568 
2.4098 
2.1061 


031 

874 
8$2 
500 
618 
879 

758 
575 
212 
664 
880 

862 
937 
372 
972 
973 


1.8404  021 
1.6078  278 
1.4043  634 
1.2264 
1.0707 


013 
765 


-21)9 


-21 
-21 

-21 

-2l! 

-2i; 

-21 
-21 
-21 

-2i; 
-2i; 

-21 
-21 
-21 
-2ll 

-21) 

-21 

-22 

-22 
-22 


1.3471 
8.1577 
7.1183 
6.2100 
5.4166 

4.7235 
4.1184 
3.5900 
3.1288 
2.7263 


286 
565 
018 
515 
048 

904 

6ll0 
615 
649 


2.3751  704 
2.0688  010 
1.8015  892 
1.5685  776 
1.3654  297 


1.1883  540 

1.0340  356 

8.99S7  684 

7.8244  565 

6.8042  967 


7.00 
7.01 
7.02 
7.03 
7.04 

7.05 
7.06 
7.07 
7.08 
7.09 

7.10 
7.11 
7n2 
7.13 
7.14 

7.15 
7.16 
7.17 
7.18 
7.19 

7.20 
7.21 
7.22 
7.23 
7.24 


i 


-22)5.9159/630 


-22 

-22; 
-22 
-22 

-22 
-22 


5/' 


5.1425  768 


4.4694/005 
3.8835  679 
3.3738  492 

2.9304  450 
2.5448  057 
-22  2.2094  736 
-22  1.9179  450 
-22)1.6645  491 

22)  1.4443  426 
li530  171 
1/0868  181 
^4247  516 
1713  928 


7.0832 
'6.1388 
5.3192 
4.6082 
3.9913 

3.4564 
2.9925 
2.5904 
2.2419 
1.9399 


963 
620 
876 
095 
893 

408 
904 

701 
351 
057 


1.6782  295 
1.4515  608 
1.2552  558 
1.0852  815 
9.3813  574 


8.1077 
7.0057 
6.0522 
5.2274 
4.5141 

3.8974 
3.3643 
2.9035 
2.5053 
2.1613 

1.8641 
1.6075 
1.3860 
1.1947 
1.0296 

8.8720 
7.6431 
6.5831 
5.6689 
4.6808 


830 
026 
159 
546 
641 

577 
153 
220 
400 
315 

859 
712 
036 
351 
557 

826 
480 
250 
820 
021 


7.50 
7.51 
7.52 
7.53 
7.54 

7.55 
7.56 
7.57 
7.58 
7.59 

7.60 
7.61 
7.62 
7.63 
7.64 

7.65 
7.66 
7.67 
7.68 
7.69 

7.70 
7.71 
7.72 
7.73 
7.74 

7.75 
7.76 
7.77 
7.78 
7.79 

7.80 
7,81 
r.82 
7.83 
7.84 

7.85 
7.86 
7.87 
7.88 
7.89 

7.90 
7.91 
7.92 
7.93 
7.94 

7.95 
7.96 
7.97 
7.98 
7.99 


-25; 
-25 
-25 
-25 
-25! 

-25; 
-25 
-25 
-25 
-25 

-26 
-26 
-26 
-26 

-26! 

-26! 
-26 
-26 
-26 

-26! 

-26! 
-26 
-26 
-26 

-26! 

-27) 

-27 
-27 
-27^ 

-27 
-27) 

-27; 

-27 

-27 
-27 


4.2013 
3.6157 
3.1112 
2.6764 
2.3020 

1.9796 
1.7020 
1.4630 
1.2573 
1.0803 

9.2812 
7.9716 
6.8455 
5.8772 
5.0449 

4.3296 
3.7150 
3.1870 
2.7335 
2.3440 

2.0097 
1.7227 
1.4763 
1.2650 
1.0837 

9.2820 
7.9464 
6.6051 
5.6251 
4.9652 

4.2655 
3.6490 
3.1210 
2.6669 
2.2616 


654 
671 
033 
989 
719 

292 
094 
299 
541 
765 

353 
752 
216 
834 
849 

844 

594 
466 
323 
839 

165 
031 
822 
285 
147 

251 
723 
505 
209 
310 

868 
970 
820 
356 
346 


-2"^ 
-27, 
-27 
-27 
-27 

-28) 
-28; 
-28 
-28 
-26! 

-28) 
-28  , 
-28  2 


1.9504  883 
6669  236 
1.4242  990 
1.2167  456 
1.0392  297 

8.6743  478 
7.5766  022 
6.4671  396 
5.5193  762 
4.7094  204 


'28 
-28 


4.0175 
3.4265 
.9219 
2.4912 
2.1234 


202 
874 
699 
006 
982 


6.50  (-19)5.0525  800 


7.00  (-22)6.9159  630      7.50  (-25)4.2013  654 
>2'-0.88e22  69266 


8.00  (-26)1.6097  068 
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DERIVATIVE  OF  THE  ERROR  FUNCTION 


Table  74 


8.00  I 

8.01 

8.02 

8.03 

8.04 

8.05 
8.06 
8.07 
8.08 
8.09 

8.10 
8.11 
8.12 
8.13 
8.14 

8.15 
8.16 
8.17 
8.18 
8.19 

8.20 
8.21 
8.22 
8.23 
8.24 

8.2S 
8.26 
8.27 
8.28 
8.29 

8.30 
8.31 
8.32 
8.33 
8.34 

8.35 
8.36 
8.37 
8;38 
8.39 

8.40 
8.41 
8.42 
8.43 
8.44 

8.45 
8.46 
8.47 
8.48 
8.49 


.28)1.8097 


-28 
-28 
-28 

-29! 

-29' 
-29 
-29 
-29 


1.5419 
1.3135 
1.1188 
9.5271 


068 

762 

913, 

091/ 

911 

334 


8.1112 
6.9043  382 
5.8758  453 
.„  4.9995  601 
.29)4.2531  077 


3.6173 
3.0760 
2.6152 
2.2229 
1.8891 


79) 
612 
245 
829 
933 


1.6052  025 
1.3636  296 
1.1581 
9«8348 


801 
778 


8.3497  786 


7.0875 
6.0148 
5.1035 
4.3294 
3.6719 


167 
717 
431 
262 
947 


3.1137  725 
2.6398  841 
2.2376  697 
1.8963 
1.6067 


577 
846 


1.3611  569 
1.1528  476 
9.7622  228 
8.2649  206 
6.9958  710 


.31)5.9204  954 
-31  5.0094  199 
.31!  4.2376  977 
-31  3.5841  456 
-31)3.0307  803 


-31 

-31 

-31 

-32. 

-32 

-32 

-32 


2.5623  380 
2.1658  657 
1.8303  736 
1.5465 
1.3064 


399 
586 


1.1034 
9.3176 
7.8664 
6.6399 
5.^035 


263 
012 
369 
552 
774 


8.50  I 

8.51  I 

8.52  1 

8.53  I 

8.54  I 

8.55 
8.56 
8.57 
8.58 
8.59 

8.60 
8.61 
8.62 
8.63 
8.64 

8.65 
8.66 
8.67 
8.68 
8.69 

8.70 
8.71 
8.72 
8.73 
8.74 

8.75 
8.76 
8.77 
8.78 
8.79 

8.80 
8.81 
8.82 
8.83 
8.84 

8.85 
8.86 
8.87 
8.88 
8.89 

8.90 
8.91 
8.92 
8.93 
8.94 

8.95 
8.96 
8.97 
8.98 
8.99 


8.50  (-32)4.7280  139  9.00 


-32) 

-32 

-32* 

-32 
-32 


4.7280 
3.9884 
3.3639 
2.8365 
2.3914 


139 
601 
141 
973 
628 


-32)2 
-32*' 
-32 

-32, 
-32 


.0157  780 
1.6987  713 
1.4313  316 
1.2057  541 
1.01S5  245 


-33)8.5513  598 
-33  7.1993  468 
-33  6.0598  819 
[-33  5.0997  438 
*  33)4.2908  734 


-33) 
■33 
•33 
-33 
.33 

-33 

-33; 
-33 

-34 

-34l 

-34) 
-34 

-3* 
-34 
-34 

-34; 
-34 

-34 
-34 

-34! 

-34; 
-35 
-35 
-35 
-35 

-35 
-35 
-35 
-35 
-35) 

-35) 
-35 
-35* 
-35 
-36 


3.6095 
3.03S8 
2.5527 
2.1461 


760 
465 
988 
817 


1.8039  709 

1.5160  228 
1.2737  818 
1.0700  339 
8.9869  668 
7.5464  360 


6.3355 
5.3178 
4.4627 
3.7444 
3.1411 

2.6344 
2.2090 
1.8520 
1.5523 
1.3009 

1.0899 
9.1308 
7.6473 
6.4036 
5.3610 

4.4873 
3.7552 
3.1420 
2.6283 
2.1982 

1.8381 
1.5367 
1.2844 
1.0734 
8.9687 


422 
836 
957 
525 
074 

525 
784 
172 
585 
248 

975 
655 
600 
010 
534 

418 
711 
030 
611 
476 

516 
357 
884 
315 
435 


9.00  I 
9.0X  I 
9.02  I 
9.03 
9.04 

9.05 
9.06 
9.07 
9.08 
9.09 

9.10 
9.11 
9.12 
9.13 
9.14 

9.15 
9.16 
9.17 
9.18 
9.19 

9.20 
9.21 
9.22 
9.23 
9.24 

9.25 
9.26 
9.27 
9.28  ; 
9.29 

9.30 
9.31 
9.32 
9.33 
9.34 

9.35 
9.36 
9.37 
9.38 
9.39 

9.40 
9.41 
9.42 
9.43 
9.44 

9.45 
9.46 
9.47 
9.48 
9.49 


-36 

-36* 

-36 

-3*t 
-36 

-36) 

-36; 

-36 

-36 

-36) 

-36! 
-36 
-37 
-37 


7.4920 
6.2572 
5.2249 
4.3620 
3.6409 


734 
800 
519 
651 
535 


3.0384  441 
2.5351  317 
2.1147  690 
1.7637  559 
1.4707  105 


1.2261 
1.0219 
8.5167 
7.0959 


088 
837 
148 
960 


-37)5.9U0  925 


-37 

.37* 

r37 

-37 

-37 

-37; 
-37 
-37 
-37 
-38! 

-361 
-38 
-38 
-38 

-38l 

-38; 

-38 
-38 
-38 
-38! 

-38! 
-38 

-39 

-39 

-39! 

-39; 
-39 
-39 
-39 
-39 


4.9230 
4.0993 
3.4127 
2.8406 
2.3639 


619 
592 
918 
437 
423 


1.9668  449 
1.6361  251 
1.3607  427 
1.1314  847 
9.4066  395 


7.8186 
6.4974 
5.3984 
4.4844 
3.7244 

3.0926 
2;  5674 
2.1310 
1.7684 
1.4672 


802 


-39! 
-39 
-39 
-39 
-40) 


1.2171 
1.0094 
8.3703 
6.9392 
5.7517 

4.7664 
3.9491 
3.2713 
2.7093 
2.2434 

1.8572 
1.5372 
1.2721 
1.0525 
8.7066 


710 
496 
373 

112 
566 
520 
718 
880 

545 
602 
932 
997 
311 

456 
520 
439 
286 
186 

574 
589 
404 
343 
400 


(-36)7.4920  734      9.50  (-40)7.2007  555 
0.88622  69265 
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9.50 
9.51 
9.52 
9.53 
9.54 

9.55 
9.56 
9.57 
9.58 
9.59 

9.60 
9.61 
9.62 
9.63 
9.64 

9.65 
9.66 
9.67 
9.68 
9.69 

9.70 
9.71 
9.72 
9.73 
^.74 

9.75 
9.76 
9.77 
9.78 
9.79 

9.80 
9.81  , 
9.82 
9.83 
9.84 

9.85 
9.86 
9.87 
9.88 
.9.89 

9.90 
9.91 
9.92 
9.93 
9.94 

9.95 
9.96 
9.97 
9.98 
9.99 


„  err 


-40; 
-40 
-40 
-40 
-40 


7.2007 
5.9541 
4.9223 
4.0685 
3.3621 


555 
351 
495 
471 
678 


-40)2 


-40 
-40 
-40 

-40! 

-40! 

-41 
-41 

-41 

-41! 

-41 
-41 

^1 

-41 
-41 

-41] 
-41 
-41 
-42 

-42! 

-42 
-42 
-42 
-42 
-42) 

-42) 

-42 

-42 

-42 

-42 

-43; 
-43 
-43 
-43 
-43! 

-43! 
-43 
-43 
-43 
-43 


.7778  74^ 
2.2946  629 
1.8951  272 
1.5648  437 
1.2918  638 

1.0662  907 
8.7992  901 
7.2599  363 
5.988fr  802 
4.9390  403 


4.0725 
3.3574 
2.7672 
2.2804 
1.8788 


570 
141 
971 
460 
710 


1.5477  017 
1.2746  493 

1.0495  m 

8.6404  628 
7.1118  <)55 

5.8524  252 
4.8150  968 
3.9608  401 
3.2574  873 
2.6784  979 


2.2019 
1.8098 
1.4872 
1.2219 
1.0037 

8.2436 
6.7689 
5.5569 
4.5609 
3.7428 

3.0708 
2.5189 
2.0658 
1.6939 
1.3886 


782 
720 
907 
600 
632 

338 
179 
047 
970 
271 

096 
477 
489 
130 
626 


-43 
-44 
.44 
-44 
-44) 


922 
204 


1.1381 
9.3271 
7.6417  477 
6.2596  629 
5.1265  162 


10.00  (^44)4.1976  562 


'     Table  <73 


IRMB  fUMOTMN  AND  fKUNIL  OiTIOnA&S 

COMPLEMENTAIIY  ERROR  FUNCTION 


0.250 
0.245 
0.240 
0.235 
0.230 

0.225 
0.220 
0.215 
0.210 
0.205 

0.200 
0.195 
p.  190 
0.185 
0.180 

0.175 
0.170 
0.165 
0.160 
0.155 

0.150 
0.145 
0.140 
0.135 
0.130 

0.125 


0.51079  14 
0^51163  07 
0. 51247  67 
0. 51332  94 
0. 51418  90 

0. 51505  55 
0. 51592  92 
0.51681  01 
0.  51769  83 
0. 51859  40 

0. 51949  74 
0.  52040  85 
0. 52132  75 
0.52225  45 
0.52318  98 

0. 52413  33 
0. 52508  55 
0.52604  63 
0. 52701  59 
0. 52799  46 

0. 52898  25 
0. 52997  98 
0. 53098  67 
0.  53200  35 
0.S3303  02 

0. 53406  72 


See  Example  2. 


•—9 
•  * 

M*  eriex 

<«> 

2 

0. 125 

0.53406  72 

2 

0. 120 

0.53511  47 

2 

0.115 

0.53617  29 

« 

2 

0.110 

0.53724  20 

2 

0.105 

0.53832,23 

3 

2 

0  100 

0.53941  41 

3 

2 

0.  095 

Va  W  ri^ 

0.54051  76 

3 

•2 

0.090 

Wa  VrW 

6.54163  32 

3 

2 

0.54276  11 

3.  - 

2 

0.080 

0.54390  16 

4 

2 

Ua  U  #7 

0  54505  51 

.2 

Ua  vfU 

0  54622  19 

2 

Ua  UQ9 

0  54740  24  < 

Va        •  ^V  fc^ 

2 

Ua  UOU 

0  548S9  69 

2 

0a055 

0.54980  58 

4 

2 

Va 

0. 55W2  95 

2 

0  045 

Ua  V*9? 

0.55226  85 

2 

0  040 

Wa  V"tv 

0. 55352  32 

3 

0  O^S 
Ua  U^7 

0.55479  41 

3 

0.030 

0.55608  17 

6 

3 

0.025 

0.55738  65 

3 

0.020 

0.55870  90 

3 

0.015 

0.56005  00 

3 

0.010 

0.56140  99 

10 

3 

0.'005 

0.56278  96 

14 

3 

0.000 

0. 56418  96 

<x>  "nearest  integer  to  x. 


n  erfo  ynv 

1  0.01218  88821  84803 

2  0.00039  27505  88282 

3  0.00001  41444  02689 

4  0.00000  05351  64662 

5  0.00000  00208  26552 


«  erfcVni 

6  0.C0000  00008  25422 

7  0.00000  00000  33136 

8  0.00000  00000  01343 

9  0.00000  00000^00055 
10  0.00000  00000  00002 


ERIC 


erfes-^  J/^-^tt-l-^erf » 

erfc  V«ir  compiled  from  O.  Emcnleben,  Numeriaehe  Werte  dee  Fehlerintegrab  fttr  4^, 
Z.  Angew.  Math.  Mech.  81, 88MM,  1961  (with  pc^minion). 
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0.0 
0.1  ' 
0.2 
0.3 
0.4  ^ 

0.5 
0.6 
0.7 
0.8 

0.  9 

1.0 
1.1 
1.2 

1.  ) 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.6 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 

4.2 
4.3 
4.4. 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


BRBOR  FUNCTION  AND  rRBSNBL  INTKQRAL8 
REPEATED  INTEGRALS  OF  THE  ERROR  FUNCTION 


n-1 

1.00000 

8.32738 

6.89245 

5.56938 

4.46884 

3.53855 
2.76388 
2.12869 
1.61601 
1.20884 


-  2)8.90739 
6.46332 
4.61706 

-  -.3.24613 

-  2)2.24570 


1.52836 
1.02305 
6.;73408 
4.35805 
2.77245 

1.73350 
1.06515 
6.43074 
3.81436 
2.22250 

1.27195 
1. 14929 
3.94619 
2.13882 
1.13820 


5.94664 
9. 05003 
1. 53562 
7.58899 
7)3.68109 


-  7' 

-  8 

-  8 

-  8 

-  9! 

-  9) 

-  9 

-lo; 

-10 
-11 

-12 
-12 
-13)7 


1. 75241 
8.18726 
3. 75373 
1.68883 
7.45575 

3.22966 
1. 37267 
5. 72405 
2.34181 
9. 39929 


3. 70102 
1.42960 
5.41708 
2. 01353 
.  34149 


(-13)2.62561 


(-1)5.64169  58355 


rQ+l)l"erfc 


H»2 

1.00000 
1)  7.^3573 
1  6.22654 
1  4.82842 
1  3.69906 


1)2.79899 
•*2.-0902l 
1.94061 
1.12021 
8.03288 


-'2! 

-  2 

-  2 

-  2 

-  2! 

-  5) 

-  3; 

-  3 

-  3 

-  sl 

-  4; 

-  4 

-  4* 

-  4 

-  5; 

-  5; 

5 

6; 

6 
7 


-4 


9.67901 
9.95711 
2.71686 
1.83748 
1.22388 

8.02626 
5.18140 
3.29192 
2.05795 
1.26566 

7.65644 
4.55498 
2.66457 
1.53245 
8.66372 

4.81417 
2.62896 
1.41072 
7.43784 
3.85260 

1.96029 
9.79725 
4.80916 
2.31835 
1.09748 


5.10148 
2.32831 
1.04329 
4.58945 
9)1.98190 


.10; 
-10 
-10 

-11 
-11 


12; 
12 
2 

-il5 


8.40124 
3.49560 
1.42757 
5.72196 
2.25085 

8.68930 
3.29184 
1. 22375 
4.46407 
1.59785 


(-14)5.61169 


-  4 


N-8 

1. 00000 
7.62409 
5. 74882 
4. 2F565 
3. 15756 

2. 29846 
1.65244 
1.17295 
8.21802 
5.68138 

3.87449 
2.60573 
1. 72776 
1.12918 
7.27211 

4.61400 
2;  88347 
1.77452 
1.07519 
6.41281 

3. 76431 
2.17431 
1. 23562 
6.90731 
3. 79773 


-  5)2. 


5 

-  6 

-  * 

-6) 


-  8! 

-  8! 


-  9 

-10)6, 


05339 
1. 09167 
5.70591 
2.93172 
1,48058 

7.34867 
3.58429 
1.71780 
8.08871 
3.74180 

1. 70036 
7. 58967 
3.32733 
1.43260 
.05736 


-12)6. 


2. 51501 
1.02533 
4.1t)427 
1.61297 
22316 


2.35705 
8.76348 
3.19826 
1.14567 
4.02809 


(-14)1.38998 


ERIC 


See  EMm^lMi  4Bnd.9. 


(-1)2.50000  00000        (-2)9.40315  97258 
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«-4 
1.00000 

7.36220 
5.36169 
3.86129 
2.74894 

1.99408 
1.34438 
9.22962 
> 29690 

-  2)4.18643 

-  2)2.76442 

-  2 

-  2 

-  3 

-  3 


1.80092 
1.197201^ 
7.33229 
4.98017 

2.81992 
1.71089 


-  3] 

.  3|  1.02261 

-  4*' 

-  4 


6^02074 
3.49094 


}1 


-  9 


1.^301 
.12014 


-  K 

-  K 

-  6 

-  7 


6.19670 
3.97364 
1,80727 

9.92500 
4.93818 
2.91807 
1.26274 
6.22694 


7)  3.01870 

7  1.43874 

8  6.74044 
8  3.10379 

8)  1.40460 


6.24636 
2.72947 
1.17184 
10)4.94271 
10)2.04800 


:5 


-11 

-11, 
-11 
-12 
-12J 

-I'l 

-13 

-1* 
-14 

-14 


8.33554 
3.33230 
1.30837 
5. 04508 
1.91041 

7.10366 
2.59364 
9.29786 
3. 27252 
1.13080 


(-15)3.83592 


(-2)3.12500 


81lf 

Talilr7.« 


$.0 


ERIC 


-  2)9 


1.00000 
7. 19475 
S.  09600 
9.51S72 
2.42671 

1.65569 
1. 11690 
7.49528 
4.89121 
.17704 


-  6)9, 


2.09707 
1.28901 
8. 04765 
4.95614 
9.01008 

1.80252 
1. 06409 
6. 19092 
9.54870 
2.00419 


1.11492 
6. 10810 
9.29497 
1.74988 
. 14767 


-  7 


6)4.70641 
6)2. 98278 
L  18695 
5.81672 
2.80991 


1. 92995 
6. 19798 
2*84151 
1.28082 
5.67576 

2.47296 
1. 05855 
4.45495 
1.84200 
7. 48509 

2.98854. 
1. 17294 
4.51802 
1.71044 
6.96069 

2. 92992 
8.99482 
2.99656 
1.01604 
9.45215 


(-15)1.15179 


(-9)9.40915  97258 


^HBOR  nmofioN  Axv  FBsaNBi*  nmmuss 

REPEATED  INTEGRALS  iHF  THE  ERROR  FlTNCTpdN 


2"r(J+,)i- 


erfe;r 


1.00000 
6.99289 
4.79548 
9.22652 
2. 1647f 

1.49S88 
9.41909 
6.09742 
9.90166 
2,46567 

1.59850 
9.47629 
5.76099 
9.45489 
2.04411 


-  9 


.,1.19278 
4  6.86907 
4)9.69909 
2.17669 
1.19990 


-  5! 

-  5 

-  6 

-  6 


6.51088 
9.48211 
1.89427 
9.51547 
4.86044 


-  t 

-81 

-  8 

-  8 

-  9 

-  9l 

-  9] 
-10 
-10 
-11 

-111 

-11 

-15 
^19 


6)2.44418 
1.20988 
5.89495 
2.82592 
1.99908 


6w  18684 
2.82454 
L 26895 
5.60145 
2.49265 

1.09880 
4.96192 
1.80009 
7.90991 
2.91245 

1.14149 
4.99668 
1.66412 
6.18894 
2.26147 


-14)8. 


-14,  _. 
-15)9. 

-IS, 
-IS 


11851 
2.86915 
>.  91898 
9.97594 
1.12815 


(-16)9.70996 


N-10 

1.00000 

-  1)6.28971 

-  1  9.91490 

-  1  2.41089 

-  1)1.46861 


-  2! 

-  2 

-  2 

-  2; 

-  2 

-  9; 

-  9 

-  9 

-  9 

-  4l 

« 

-  4; 

-  4 

-  5 

-  5 

-■5l 

-■'5; 

-  6 

-  6 

-  6 

-  7! 

-  7; 

-  7 

-  8 

-  8 

-  9l 

-  % 

-  % 
-10... 
-10)9, 
-10' 


8.84744 

5.27007 
9.10929 
1.80600 
1.09859 

5.90062 
9.91190 
1,89510 
1. 00415 
5.42419 

2.89186 
1.52145 
7.89765 
4. 04407 
2.04244 

1. 01722 
4.99509 
2.41807 
1.15978 
5.42559 

2.51997 
1.14766 
5. 16116 
2.28612 
9.97266 


4.28980 
1.81176 
7.54945 
1.09165 
1.24712 


-11: 
-11 
-12 
-12 
-12 

>i9; 

-isr 

-14 

-14 

-15 


4.95086 
1.99401 
7.49954 
2.81094 
1. 04564 

9.82601 
1.9769i 
4.87928 
1.69612 
5.8M61 


-15)1 


-16, 
-16 

-IT 
-17 


.^5916 
6.46126 
2.10125 
6.71719 
2.11065 


(-18)6.91829 


( -9) 2. 60416  66667       ( -6) 8. 19802  08999 

328  ■> 


-  r 
- 1 
- 1 

- 1! 

-2; 

-  2 

-  2 

-  2 

-  9 


fi-ii 

1.08000 
6.19727 
9.79188 
2.26201 
1. 94906 

7.99749 
4.64127 
2.67626 
1.92999 
1.59126 


9)4.78106 
2. 62899 
1.42708 
7.69146 
4.09090 


4)2.11641 

4  1.09146 
9  9.99199 

5  2.78871 
9/1.96116 


6.74666 
9.24967 
1.94990 
7.22661 
9.99919 

1.91699 
6.79664 
9.00212 
1.90999 
9.99977 


-  9 


-io; 
-10 


2.96149 
9.61990 
4.01941 
1.61799 
11)6.41479 


2.90999 
9.61926 
9.69661 
1.99269 
99149 


-19)4. 


-19)1.76294 
-14)6.91944 
-14)2.20096 
-19)7.94020 
-19)2.94109 

.16)6.42124 
2.74419 
6*79290 
2.76994 
6.97626 

(-16)2.61062 


(-6)1.69609  66916 
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DAWSON*S  INTEGRAL 


ruble  7.5 


0.00  0.00000  00000 

0.02  0.01999  4M75 

0.04  0.09995  79606 

0.06  '  0.05985  62071 

0.08  ^  0.079(5  95989 

0.10  .  0.09999  99924 

0.12   .  0.11885  46089 

0.14  0.19818  49287 

0.16  0.15729  70920 

0.18  0.17616  192S4 

0.20  0.19475  10994 

0.22  0.  21909  688)9 

0.24  0.29099  28865 

0.26  .  0.24859  94747 

0.28  0.26581  41727 

0.90  0.28269  16650 

0.92  0.29902  98575 

0.94  0.91496  99996 

0.96  0.99045  04051 

0.98  0.94544  71562 

0.40  0.95994  94819 

0.42  0.37992  41210 

0.44  0.98797  52812 

0.46  0.40028  46S99 

0.48  0.41264  14572 

0.50  0.42449  69895 

0.52  0.49566  16609 

0.S4  0.44691  10184 

0.S6  0.45697  96819 

0.58  0.46586  49551 

0.  60  0.47476  92097 

0.62  0.48907  58219 

0.64  0.49080  92040 

0.66  0.49794  77064 

0.68  0.50451  90066 

0.70  0.51050  40576 

0.72  0.51592  70982 

0.74  0.52078  99010 

0.76  0.52509  99152 

0.78  0.52886  66089 

0.80  0.53210  17071 

0.82  0.59481  60684 

0.84  o.597w_  :  : 

0, 8t--0rS)87r26921 
0.59996  19480 

0.90  0« 54072  49187 

0.92  0.54109  49928 

0.94  0.54090  94485 

0.96  0.54096  39857 

0.98  0.53941  50S80 

1. 00  0. 53807  95069 


1.00 
1.02 
1.04 
1.06 
1.08 

1.10 
1.12 
1.14 
1.16 
1.18 

1.20 
1.22 
1.24 
1.26 
1.28 

1.30 
1.32 
1.34 
1.36 
1.38 

1.40 
1.42 
1.44 
1.46 
1.48 

1.50 
1.52 
1.54 
1. 56 
1.58 

1.60 
1.62 
1.64 
1.66 
1.68 

1.70 
1.72 
1.74 
1.76 
1.78 

1.80 

1.84 
1.86 
1.88 

1.90 
1.92 
1.94 
1.96 
1.98 

2.00 


0.53807  95069 
0. 53637  44959 
.0.53491  71471 
0.53192  50787 
0.52921  57454 

« 0. 52620  66800 
0.52291  59777 
0.51995  92495 
0.515S5  55409 
0.511§2  19448 

0. 50727  94964 
0. 50282  85611 
0.49820  27897 
0.49941  20827 
0.48847  19572 

0.48999  75174 
0.47820  94278 
0.47290  98898 
0.46751  26208 
0.46204  28968 

0.45650  72975 
0.45091  79949 
0.44528  67410 
0.49962  45670 
0.49994  20195 

0.42824  90711 
0.42255  51804 
0.41686  92947 
0.4U19  95842 
0.40555  40424 

0.99999  98949 
0.99496  99058 
0.98889  29946 
0.98995  09429 
0.97792  50109 

0.97255  99490 
0.96725  89182 
0.96202  58410 
0.95686  54206 
0.95178  01580 

0,94677  27691 
ft  94184  56029 
0.99700  06597 
0.99229  96091 
0.92756  98080 


0.92297  49199 
0.91847  19299 
1.91405  7165S 
J.  90979  09141 
0.90549  14972 


\ 


/-2 

0.250 
0.245 
0.240 
0.295 
0.290 

0.225 
0.220 
0.215 
0.210 
0.205 

0.200 
0.195 
0.19C 
0.185 
0.180 

0.175 
0.170 
0.165 
0.160 
0.155 

0.150 
0.145 
0.140 
0.195 
0.190 

0.125 
0.120 
0.115 
0.110 
0,105 

0.100 
0.095 
0.090 
0.085 
0.080 

0.075 
0.070 
0.065 
0.060 
0.055 

0.050 
0.045 
0.040 
0.095 
0.090 

0.025 
0.020 
0.015 
0.010 
0.005 

0.000 


0.90194  09889 

<«>  •nearait  integn*  to  r. 


0.60268  0777 
0. 60046  6027 
0.59819  8606 
0.59588  1008 
0.59951  6018 

0.59110  6724 
0.58865  6517 
0.58616  9107 
0.58964  8516 
0.58109  9080 

0.57852  5444 
0,57599  2550 
0.57992  5618 
0,57071  0126 
0,56809  1778 

0,56547  6462 
0,56287  0205 
0. 56027  9114 
0. 55770  9905 
0.55516  6829 

0.55265  7582 
0.55018  7208 
0.54776  0994 
0.54598  9766 
0.54905  9774 

0. 54079  2591 
0. 59858  5019 
0. 59649  8989 
0.59495  5529 
0. 59299  4747 

0.59097  5810 
0. 52847  7091 
0.52669  5967 
0. 52484  9575 
0.52911  4999 

0.52142  6749 
0.51978  2972 
0. 51817  9571 
0.51661  9969 
0. 51508  1579 

0. 51958  1788 
0.51211  1971 
0.51067  0972 
0.50925  5466 
0. 50786  5909 

0. 50650  0479 
0.50515  8078 
0. 50989  7717 
0. 50253  8471 
0. 50125  9494 


0. 50000  0000 


7VV 


10 
14 


ERIC 


See  Emample  3< 

CominM  from  J.  B.  RoBser,  ThMty  and  application  of  Jo*'-''*'  and  j^' e-i^dy  .('""''i/'. 
Mapleton  House,  Brooklyn,  N.Y.,  1948;  and  B.  Lohmander  and  S.  RittBten,  Table  of  the 
function        J/>''i/<,Kungl,  Vy^.  SUM.  I  Lund  Pdrh.  28, 45-62, 1968  (with  permiiaion). 
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BBIOR  fONOnON  AMO  WBMSmL  IMTIOBAiS 


8 


0.00 
0.02 
0.04 
0.06 
0.08 

0.10 
0.12 
0.14 
0.16 
0.18 

0.20 
0.22 
0.24 
0.26 
0.28 

0.30 
0.32 
0.34 
0.36 
0.38 

0.40 
0.42 
0.44 
0.46 
0.40 

O.S0 
0.52 
0.54 
0.56 
0.'58 

0.60 
0.62 
0.64 
0.66 
0.68 

0.70 


3  r* 


0.00000  00 

0.02239  69 

0.04479  31 

0.06718  72 

0.08957  63 

0.11195  67 
0.13432  36 
0.15667  11 
0.17899  22 
0.20127  90 

0.22352  24 
0.24571  24 
0.26783  80 
0.28968  71 
0.31184  70 

0.33370  37 
0.35544  26 
0.37704  82 
0.39850  45 
0.41979  45 

0.44090  07 
0.46180  52 
0.48248  96 
0.50293  51 
0.52312  25 

0.54303  28 
0.56^64  66 
0.58194  46 
0.60090  80 
0,61951  78 

0.63775  57 
0.65560  39 
0.67304  52 
0.69006  30 
0.70664  18 

0. 72276  69 


s 

0.70 
0.72 
0.74 
0. 76 
0. 78 

0.80 
0.82 
0.84 
0.86 
0.88 

0.90 
0.92 
0.94 
0.96 

0.  98 

1. 00 
1.02 
1.04 
1. 06 
1.08 

1.10 
1.12 
1.14 
1.16 
1.18 

1. 20 
1. 22 
1.24 
1. 26 
1. 28 

1.30 
1.32 
1. 34 

1.  36 
1.38 

1.40 


■1 


0.72276  69 
0.73842  49 
0.75360  34 
0.76829  12 
0.78247  88 

D. 79615  78 
0.80932  16 
0.82196  48 
0.83408  41 
0.84567  73 

0.85674  42 
0.86728  62 
0.87730  62 
0.88680  89 
0.89580  05 

0.90428  86 
0.91228  25 
0.91979  27 
0.92683  11 
0.93341  06 

0.93954  56 
0.94525  09 
0.95054  27 
0.95543  76 
0.95995  30 

0.96410  64 
0.96791  62 
0. 97140  05 
0.97457  79 
0.9n46  66 

0.98008  48 
0.98245  07 
0.98458  18 
0.98649  52 
0.98820  77 


0.98973  54 


8 


-OJO207  95110 


1.70 


1.70 
1.74 
1.78 
1. 82 
1.86 

1.90 
1.94 
1.98 
2.02 
2.06 

2.10 
2.14 
2.18 
2.22 

2. 30 


0.98973  94 
0.99109  36 
0.99229  70 
0.99335  97 
0.99429  49 

0.99511  49 
0.99583  14 
0.  99645  52 
0.99699  62 
0.99746  38 

0.99786  63 
0.99821  16 
0.99850  65 
0.99875  75 
0.99897  03 

0.99914  99 


0.99914 
0.99942 
0.99962 
0.99975  26 
0.99984  14 


99 

75 
05 


0.99990  01 
0.99993  82 
0.99996  24 
0.99997 
0.99998 


76 
69 


0.99979  25 
0.99999  57 
0.99999  77 
0.99999  87 
0.99999  93 

0.99999  97 


CompUed  ffom  M.  Abremowiti,  Tftble  ol  th«  integml  J  V«*'A(,  J.  Math.  Phys.  80, 102-163, 1961 
(with  pemimkm) .  ^ 


IBIOB  rUNOnON  AND  FSX8NIL  IMTtOBAU 
FRBSNEL  INTEGRALS 


TiUe  7.7 


0.00 
0.02 
0.04 
0.0ft 
0.06 

0.10 
0.12 
0.14 
0.U 
0.18 

9,29 
0.22 
0.24 
0.26 
0.28 

0.30 
0.12 
0.34 
0.36 
0.38 

0.40 
0.42 
0.44 
0.46 
0.48 

0.90 
0.92 
0.94 
0.96 
0.98 

0.60 
0.62 
0.64 
0.66 
0.68 

0.70 
0.72 
0.74 
0.76 
0.78 

0.80 
0.82 
0.84 
0.86 
0.88 

0.40 
0.92 
0.94 
0.96 
0.98 


') 


OrOOOOO  00 
0.00062  83 
0.00291  33 
0.00969  49 
0.01009  31 

0.01970  80 
0.02261  99 
0.03078  76 
0.04021  24 
0.09089  38 

0.06283  19 
0.07602  69 
0.09047  79 
0.10618  98 
0.12319  04 

0.14137  17 
0.16084  99 
0.18198  41 
0.20397  92 
0.22682  30 

0.29132  74 
0.27708  89^ 
0.30410  62 
0.39?38  09 
0.36191  19 

0.^69  91 
0^42474  33 
81^  49804  42 
L 49260  17 


.92841  99 


0.96948  67 
0.60381  41 
0.64339  82 
;  0.68423  89 
0.72633  62 

0.76969  02 
0.81430  08 
0.86016  81 
0.90729  20 
0.99167  29 

1.00930 
1.09620  -jt, 
1.10839  39 
1.16176  10 
1.21642  47 

1.27234  90 
L 32992  20 
L 18799  96 
1.44764  99 
1.90899  28. 


1.80     L  97079  63 


0.00000  00 
-Oif 
0.04000  00 
0.09999  90 
0.07999  92 

0.09999  79 
0.11999  39 
0.13998  67 
0.19997  41 
0.17999  94 

0.19992  11 
0.21987  29 
0.23980  36 
0.29970  70 
0.27997  96 

0.29940  10 
0.31917  31 
0.39888  06 
0.39991  09 
0.37804  96 

0.39748  08' 
0.41678  68 
0.43994  n 
0.49494  40 
0.47379  10 

0.49234  42 
0.91069  69 
0.92078  01 
0.946H30 
0.96401  31 

0.  98109  94 
0.99777  37 
0.61400  94 
0.62976  29 
0.64499  12 

0.69969  24 
0.67370  12 
0.68709  20 
0.69977  79 
0.71171  13 

0.72284  48 
0.73312  83 
0.74291  94 
0.79099  79 
0.79840  90 

0.76482  30 
0.77019  63 
0.77436  72 
0.77741  68 
0.77926  99 

0.77989  34 


fl(T)-«a(») 
Ok  $0000  00  _ 

0.00003  39 
0.00011  31 
0.00026  81 

/0. 00092  36 
'  0.00090  47 
0.00143  67 
0.00214  44 
0.M309  31 

0.00418  76 
0.00997  30 
0.00723  40 
0.00919  94. 
0.01148  16 

0.01411  70 
0.01712  96 
0.88099  11 
0.02439  68 
0.82868  99 

0.  03339  94 
0.09898  02 
0.04430  89 
0.09096  42 
0.09736  63 

0.06473  24 
0.07267  89 
0.08122  06 
O.J09037  08 
0.10014  09 

0.11094  02 
0.12197  99 
0.13389  28 
0.14997  29 
0.19899,94 

0.17213  69 
0.18636  89 
0.20122  21 

0.84934  14 
0.26649  22 
0.28414  98 
0.9I»27  80 
0.92083  99 

0.33977  63 
0.39904  93 
0.37899  81 
a39836  12 
0.41827  21 


0.43829  91 

m 


1.00 

1.04 
1.06 
1.08 

1.10 
1.12 
1.14 
1.16 
1.18 

1.20 
.1.W 
1.24 
1.26 
1.28 

1.30 
1.32 
1.34 
1.36 
1.38 

1.40 
1.42 
1.44 
1.46 
1.48 

1.90 
1.92 
1.94 

1.96..  ..^ 
1.98  ^3192133  60 


1.97079  63 
1.63429  69 
1.69897  33 
1.76494  68 
1.83217  68 

1.90066  M 
1.97040  69 
2.04140  69 
2.U366  39 
2.18717  68 

2.26194  67 
2.33797  33 
2.4192^64 
2.49379  62 
2.97399  27 

2.69464  S8 
2.73699  99 
2.82092  19 
2.90934  49 
2.99142  49 

3.07876  08 
3.16739  37 
3.29720  33 
3.34830  99 
3.44067  23 

3.93429  17 
3.62916  78 
3.72930  06 
3.82268  99 


1.60 
1.62 
1.64 
1.66 
1.68 

1.70 
1.72 
1.74 
1.76 
1.78 

1.80 
1.82 
1.84 
1.86 
1.88 

1.90 
1.98 
1.94 
1.96 
1.98 


4.02123  86 
4.12239  79 
4.22481  38 
4.32848  64 
4.43341  96 

4^93960  14 
4.64704  39 
4.79974  30 
4.86969  87 
4.97691  11 

9.08938  01 
9.20310  98 
9.31808  80 
9.43432  70 
9.9S182  29 

9.67097  47 
9.79098  M 
9.91184  91 
6.03437  12 
6.19814  99 


0.77989  34 
0.77926  11 
0.77739  01 
0.77414  34 
0.76963  03 

0.76380  67 
0.79667  60 
0.74824  94 
0.73894  68 
0.72799  68 

0.71943  77 
0.70211  76 
0.68769  47 
0.67223  78 
0^69982  63 

0.63899  09 
0.M091  11 
0.60181  99 
(i[  98299  73 
0.96297  99 

0.94309  98 
0.92310  98 
0.90316  23 
0.48342  80 
0.  46407  09 

0.44926  12 
0.42717  32 
0.40997  99 
0.39389  29 
0.37899  96 

0.36946  17 
0.39391  20 
0.34329  29 
0.93481  32 
0.92838  61 

0.32382  69 
0.32149  02 
0.32122  83 
0.32318  87 
0.32733  29 

0.33363  29 
0.34203  39 
0.99244  96 
0.36476  39 
0.37882  93 

0.39447  69 
0.41148  84 
0.48963  33 
0.44866  69 
0146830  96 


2.00    6.28318  93     0.48889  M 


0.43829  91 
0.49824  98 
0.47819  08 
0.49708  84 
0.  91736  86 

0.93649  79 
0.99917  92 
0.97331  28 
0.99079  66 
0.60792  74 

0.62340  09 
0.63831  34 
0.69216  19 
0.66484  96 
0.67626  n 

0.68633  33 
A69499  62 
0.70209  90 
0.70799  67 
0.71139  77 

0.71392  91 
0.71389  77 
0.71248  78 
0.70928  16 
0.70^8  12 

0.69790  90 
0.68898  88 
0.67878  67 
0.66697  13 
0.69363  46 


0.60970  26 
0.il798  04 
0.96867  83 


0.94919  60 

0.490^  88 
0.49280  06 
0.41973  97 
0.99999  44 
0.38979  29 

0.37334  73 
0.36289  37 
0.39448  37 
0.34838  30 
0.34466  69 

»'W341  97 


8m  KKumfifB. 


ERIC 


331 


iBsoa  rimcnoN  and  prs8n«l  intbabalb 


T«M*7.7 


FRESNEL  INTEGRALS 


rU)rS:  cm  (IftYii  su) 


r 
2.00 
2.02 
2.04 
2.06 
2.08 

2.10 
2.12 
2.14 
2.16 
2.18 

2.20 
2.22 
2.24 
2.26 
2.28 

2. 30 
2.32 
2.34 
2.36 
2.38 

2.40 
2.42 
2.44 
2.46 
2.48 

2. 50 
2.52 
2,54 
2.56 
2.58 

2. 60 
2.62 
2.64 
2.66 
2.68 

2.70 
2.72 
2.74 
2i76 
2.78 

2.80 
2.82 
2.84 
2.86 
2.88 

2.90 
2.92 
2.94 
2.96 
2.98 

3,00 


0.4882S  34 
O.S0820  04 
0.S2782  73 
O.S46ai  06 
0.S6483  79 

0.88156  41 
Ol  59671  75 
0.61000  60 
0.62117  32 
0.62999  53 

0.61628  60 
0. 63990  31 
0.64075  25 
0.63879  28 
0.63403  83 

0.62656  17 
0. 61649  45 
0.60402  69 
0. 50940  65 
0.57293  44 

0.55496  14 
0.5)588  11 
0.51612  29 
0.49614  28 
0.47641  35 

0.45741  30 
0.43961  32 
0.42346  72 
0.40939  65 
0.39777  91 

0. 38893  75 
0.38312  73 
0. 38052  80 
0. 38123  50 
0. 38525  32 

0. 39249  40 
0.40277  39 
0.41581  68 
0.43125  85 
0.44865  46 

0.46749  17 
0.48720  04 
0. 50717  21 
0. 52677  66 
0. 54538  21 

0. 56237  64 
0. 57718  78 
0. 58930  60 
0.59830  19 
0.60384  56 


For 


0.34341  57 
0. 34467  48 
0. 34844  87 
0. 35470  04 
0.36334  98 

0.37427  34 
0.38730  37 
0.40223  09 
0.41880  45 
0.43673  63 

0.45570  46  , 
0.47535  85  / 
0.49532  41  / 
0.51521  11/ 
0.53462  93 


0.5531B  16 
0.570>»  28 
0.58602  84 
0. 59964  89 
0.^1095  96 

U1969  00 
0.62562  11 
0.62859  38 
0.62851  43 
0. 62535  98 


0.61918  18 
0. 61010  76 
0.59834  06 
0.58415  75 
0. 56790  42- 

0.54998  93 
0.53087  53 
0.51106  79 
0.49110  35 
0. 47153  52 

0.45291  75 
0.43578  98 
0.42066  03 
0. 40798  90 
0.39817  24 

0. 39152  84 
0. 38828  41 
0. 38856  43 
0. 39238  50 
0.  39964  80 

0.41014  06 
0.42353  87 
0.43941  39 
0.45724  45 
0.47643  06 


0.60572  08  i..-.T». 


0.49631  30 

(-4,41 


Sit) 


0.6 1  ^0.3188099 


3.00 
3.02 
3.04 
3.06 
3..08 

3.W 
3.12 
3.14* 
3^6 
3.18 

3.20 
3.22 
1.24 
3.26 
3.28 

3.30 
3.32 
3.34 
3.36 
3.38 

3.40 
3.42 
3.44 
3.46 
3.48 

150 
3.52 
3.54 
3.56 
3.58 

3.60 
3.62 
3.64 
3.66 
3.68 

3.70 
3.72 
3.74 
3.76 
3.78 

3.80 
3.82 
3.84 
3.86 
3.88 

3.90 
3.92 
3.94 
.  3.96 
3.98 

4.00- 


0.60572  08 
0.60383  73 
0.59823  78 
0.58910  11 
0.S7674  01 

0.56159  39 
0.94421  58 
0.S2525  53 
0.50543  56 
0.48552  76 


0.49631  30 
0.51619  42 
0.53536  29 
0.55311  95 
0.56880  28 


0.46632 
0.44858 
0.43306 
0.42040 
0.41113 

0. 40569 

0.40431/ 

0.40709 

0.41393 

0.4^55 

0/43849 
.0.45514 
0.47375 
0.49348 
0.51340 


/ 


0.88181 
0.5916S 
0.S9791 

0.9988lf  34 

0.59M4  95 
0.^16  97 
O4  57I6I  47 
159618  06 
/0. 53849  35 


0.51928  61 
9    0.49936  95 
96    0.47960  04 
66    0.46084  46 
0.44393  82 


18 

17 
37 
96 
70 
62 


0.53257  24 
0.55006  11 
0.96501  32 
0.57668  02 
0.58446  43 

0.58795  33 
0.58694  64 
0.58147  10 
0.57178  75 
0.5S838  18 

0.54194  57 
0.52334  49 
0.50357  70 
0.48371  94 
0.46487  19 

0.44809  49 
0.43434  86 
0.42443  43 
0.41894  43 
0.41822  16. 

0.42233  27 
0.43105  68 
0.44389  17 
0.46007  70 
0.47863  51 


0.42964  95 
0.41864  11 
0.41143  69 
0.40839  28 
0.40967  54 

0.41924  80 
0.42486  72 
0.43808  83 
0.45428  17 
0.47269  92 

0.49230  95 
0.51224  12 
0.93143  21 
0.94888  15 
0.96366  38 

0.57498  04 
0.58220  56 
0.58492  61 
0.98i96  92 
0.97641  91 

0, 96961  87 
0. 99119  74 
0.93384  32 
0.91466  22 
0.49472  49 

0.47920  24 
0.49726  13 
0.44198  92 
0.43032  79 
0.42301  17 


0.49842  60 

r.-4,.] 

V2  .^0.10182 


«i9To-ic  Du    0«  42051  98 

[•11  m 


4.30 
*,32 
4.34 
4.36 
4.38 

4.40 
4.42 
4.44 
4.46 
4.48 

4.50 
4.52 
4.54 
4.56 
4.58 

4.60 
4.62 
4.64 
4.66 
4.68 

4.70 
4.72 
4.74 
4.76 
4.78 

4.80 
4.82 
4.84 
4.86 
4.68 

4.90 
4.92 
4.94 
4.96 
4.98 


5.00 


0.49842 
0.51821 
0.53675 
0.59284 


60 
54 
OS 
04 


0.56543  47 

0.57M9  96 
0.97709  88 
0.97927  76 
0.96844  74 
0.99700  79 

0.94171  92 
0.92362  06 
0. 90396  08 
0.48411  63 
0.46949  61 

0.44944  12 
0.43712  90 
0.42946  40 
0.42704  39 
0.43006  79 

0.43833  29 
0.49123  99 
0.46781  09 
0.48679  41 
0.90671  99 

0.92602  99 
0.94318  11 
0.99680  46 
0. 96578  27 
0.56936  57 

0.56723  67 
0.55954  81 
0.54691  86 
0.53039  13 
0.51135  38 

0.49142  65 
0.47232  71 
0.45972  30 
0.44308  30' 
0.43994  28 

0.43379  66 
0.43802  47 
0.44786  69 
0.46244  40 
0.48042  90 

0.90016  10 
0.91979  91 
0.53747  34 
0.99150  25 
0.56051  94 

0.56363  12 

(-4)71 


58 
99 


0.42051 
0.4B301 
0.fi039  00 
0.44217  81 
0.45764  45 


0.47579  83 
0.49545  71 
0.51532  14 
0.S3405  87 
0J55039  41 

oJ  56319  89 
0157157  23 
0157491  03 
£57295  47 
0.56582  05 

1.55399  59 
0.53831  55 
0.51990  77 
p.  50011  73 
48041  08 

0.46226  80 
0.44707  06 
0.43999  33 
0.42990  86 
0.42931  16 

0.43427  30 
0.44442  34 
0.49897  36 
0.47676  89 
0.49637  96 

0.91619  23 
0.93497  97 
0.54999  67 
0.56113  28 
0.56702  44 

0.56714  95 
0.96146  19 
0.99044  92 
0.93904  16 
0.91699  82 

0.49679  02 
0.47728  00 
0.49999  75 
0.44637  74 
0.43780  82 

0.13506  74 
0.43843  48 
0.44761  56 
0.46175  67 
0.47991  78 

0.49919  14 


sin 

For  «  39         0.5*(0.8989423  ^f)  (o.l9947 


(«) 


MB 

0.164\  ail) 

in) 


(/)  «(»k.8<10-7 


«(M)|<8xlO-» 
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0.Q0 
Q.M 
Ql04 
0.M 
0.0S 

0.10 
0.12 
0.14 
0.16 
0.10 

0.20 
0^22 
0.24 
0.26 
0.28 

0.30 
0.92 
0.34 
0.M 
0.98 

0.40 
0.42 
0.44 
^46 
0.48 

0.90 
0.S2 
0.54 
0.S6 
0.S8 

0.60 
0.62 
0.64 
0.66 
0.60 

0.70 
0.72 
0.74 
0.76 
0.78 

oioo 

0.82 
0.04 
0.86 
0.88 

0.00 
0.92 
0.94 
0.96 
0.98 

1.00 


0.00000  00080 
0.00062  Blp 
0.08291  12741 
v0.00S6S  40667 
0.0100S  90964 


00000 
90718 
22872 
76462 
91487 


AUXIUAKY  FUNCTIONS 

/(•)-/«(") 
(LSOOOO  OOOM  00000 

0.49940  44894  00999 


0.01970  7%92  67949 
0.02161  94671  MI47 
0.09070  T60M  09100 

0.06209  18990  71796 
0.07602  M422  16879 
0.09047  78604  29986 
8.10618  9»16  9im 
0.12919  04920  20720 


M9  774 
ft  92099  92619 
29899  19189 


o.2or 

0.221 


0.29192  74122  •7189 
0.27700  84720  46620 
0.904S0  61681  67492 
0.99298  09027  49800 
0.96191  14796  99944 

0.  99269  90816  98724 

8.49260  17280  82880. 
0.92041  98849  99809 


0.96940 
0.40901 
0.94999 


46169 
19950 

  99190 

0.6»429  Oim  91057 
0.72699  62219  09960 


0.76969  02001  29499. 
0.01490  ni98  10474 
0.06016  fiM89  92889 
0.90729  96792 
0.999671483  »019 


1.00990 
1.09620 
1.10899 

1.16176  

1.21642  46794  69968 

1.27294  90247  09866 
1.92M2  28109  99200 
1.98795  96949  99971 


8.49919 


06624 
^  12294 
761  11961 


0.48971  M499  91728 
0.400M  21268  70719 

0.47990  19096  49140 
0.47172  22209  49221 
0,46724 


0.46297 
0.49774 


0.49277  10172 

tmm ... 

0.49721  60417  99888 
0.49187  M279  99919 

0.42648  46079  98789 
0.421M  9M27  96907 
0.41960  2446  90070 
0.41019  98491  99691 
0.40466  68919  67990 

0.19920  90989  29702 
0.99979  99299  69969 
0.98899  76127  19400 
0.90294  71004  26771 
0.97799  «tt7  98882 

0.97228  48922  99620 
0.967M  41612  87842 
0.96181  66971  29476 
0.99666  6421 
0.99197  ~ 

0.94699  19469  82494 

immm 


0.9911 
0.9271 


64871 


0.92246  91999  61204 
0.91786  4^09  60n6 
0.91994  12999  49704 
0.90989  mV  09060 
0.90492  29100  96979 

0.90022  |tt096  999M 
0.  29600  90149  76510 
0.29186  79999  91781 
0.28780  10940  91658 
0.20980  98467  20271 


0.27989  94889  76829 

m 


0.90000 
0.40091 
0.46129 
0.44201 
0.42900 

0.40779 
0.99110 
0.97910 
0.99976/ 
0.94491 


00000 
6  94169 

»299  79101 
996  00196 
99996  90096 


99966  mi) 
28197  99991 


0.99061  91227  69094 
0.91687  19200  89918 
0. 90969  97106  96191 
0.29099  81914  «f  991 
0.27076  42811  44999 

0.26709  92929  81728 
0.|99n  89796  24420 
0.249«  66166  97772 
0.29472  90709  99799 
0.22489  00978  97190 

0.21994  72009  95920 
0.20626  94704  48744 
0.19796  92^  49727 
0.10929  82774  60990 
0.10126  96999  47172 

0.17964  26996  19290 
0.16694  70480  99620 
0.19996.06629  19799 
0.15269  48414  00076 
0.14691  92989  91905 

0.14021  10419  976M 
0.19497  90961  59907 
0.12000  99909  06909 
0.12947  44n4  09069 
,  0.11898  19187  29611 

98821  06517 
29708  mi4 
1  79696  mk 
.6  97688^^848 
11  08909^91866 


09097 
29702 

  77049 

99  00446  61614 
96  98619  62962 


0.  07927  20099  94 
0.07291  67491  01 
0.06949  10499  2< 


90200 

0.  06679  iidl  49ni 

0.06420  94819  19099 


0.06174  00926  09649 


1.97079  69267  94097 

m 

8m  BuaiplM  6. 7,  and  9. 

CW-g  +/(*)  aiii            cos  (gi**)  Va(Hhl  +/»(•')  rin  u-u,(u)  eos  « 

"O-J-ZW  coa  (2'*)-0<«)  ita  (g**)  «a(«)-2-/»(«)  «<>•  «-»(«)  eta  « 
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IBBOB  rUNCTIOtf  AKD  VBlBKlSL  nmOBAia 


T«H»  7.8 

if- 1 


-I 


2 


1.00  0.63661  9773}  67911 

0.98  <  0.61140  01835 

0.96  0.98670  87822  13969 

0.94  0.96291  72908  69999 

0.92  0.99889  49799  91921 

0.90  .     0.91966  20196  17741 

0.88  0.49299  89917  21499 

0.06  0.47084  998M  49069 

0.84  0.44919  89119  82969 

0.82  0.42806  91949  99962 

0.80  0.40749  66949  19292 

0.78  0.98791  94699  08496 

0.76  0.96771  19809  19919 

0.74  0.94861  29879  48488 

0.72  0.99002  96899  99994 

0.70  0.91194  96884  60119 

«.68  0.29497  29827  42770 

0.66  0.27791  19728  49918 

0.64  0.26079  94987  61761 

9.62  0.24471  66404  98098 

0.60  0.22918  91180  92929 

0.98  0.21419  88914  24494 

0.96  0.19964  99606  14474 

0.94  0.18969  89296  22987 

0.92  0.17214  19864  48194 

0.90  0.19919  49490  91899 

0.48  0.14667  71999  S9491 

0.46  0.19470  87498  92980 

0.44  0.12924  99879  90964 

0.42  0.11229  97278  45641 

0.40  0.10185  91699  78819 

0.98  0.09192  78991  29879 

0.96  0.08250  99324  98899 

0.94  0..07999  92496  89692 

0.92  0.06918  98646  90440 

0.90  .  0.09729  97799  19082 

0.28  0.04991  09901  99618 

0.26  0.04909  94966  12048 

0.24  0.09666  92988  88979 

0.22  0.09081  29969  82991 

■  0.20  0.02946  47908  94709 

0.18  0.02062  64806  24710 

0.16  0.01629  74661  72610 

0.14  0.01247  77479  98409 

0.12  0r00916  79247  22099 

0.10  0.00696  61977  39676 

0.O8  0.00467  49669  49199 

.0.06  0.00229  18911  80529 

0.04  0.00101  85916  99788 

0.^2  0.00029  46479  08947 

0.00 


AUXIUAHY  niNcnoNs 

0.27989  94009  76839 
0.27997  99719  96442 
0.27197  11909  76891 
0.26788  96989  47696 
0.26971  60682  97287 

0.29946  14039  69674 
0.29913  09911  8M91 
0.39069  40899  35766 
0.34618  03994  44999 
0.34197  93449  91499 


0.39689 
0.39311 
0.33739 
0.33390 
0.31726 


07296  97089 
47316  34693 
14019  06110 
11999  99999 
49390  44609 


0.31314  39831  60339 
0.30699  97789  69931 
0.30164  60404  80699 
0.19637  47984  00004 
0.19Q82  97987  9996^ 

0.18939  99067  79309 
0.17969  17089  86674 
0.17401  97076  89307 
0.16837  03799  47379 
0.16349  86594  19933 

0.19698  49316  96902 
0.19069  09597  56930 
0.14466  34948  39609 
0.19863  38400  94992 
0.19399  63593  39647 

0.13640  69304  94864 
0.13029  90496  99806 
0.11409  68174  47880 
0.10780  49353  41741 
0.10154  55136  93988 

0.09926  41376  74844 
0.08896  96786  99974 
0.08364  79969  99180 
0.07691  83087  00919 
0.06997  87161  16790 

0.06969  11887  04013 
0.09n7  79644  90653 
0.05091  94597  59575 
0.04455  81874  92960 
0.09819  47805  44642 


0.09189 
0.08546 
0.01909 
0.01279 
0.00696 


00214  19118 
44798  95892 
85179  98105 
29899  99770 
61974  14061 


0.06174  08926  09645 
0.05999  91978  64174 
0.09699  89827  01295 
0. 05456  06112  91100 
0.05280  09510  92991 

0.04986  06917  996H 
0.04754  99898  94729 
0.04929  90994  09048 
0.04299  09078  69990 
0.04075  93107  68729 

0.09896  20M9  27912 
0.09640  19409  79704 
0.09428  19924  44193 
0.09220  91407  19129 
0.09617  46086  886)7 

0.02819  94749  19981 
0.02626  48498  96910 
0.02499  18186  19988 
0.02297  74099  92978 
0.02088  49674  44488 

0.01919  61340  99996 
0.01791  47689  90997 
0.01996  39831  58470 
0.01448  90688  79733 
^01907  70899  60097 

0.01174  69999  84699 
0.01049  91990  43019 
0.00991  77430  66989 
0.00888  09691  58815 
0.00780  90197  Q0319 

0.00636  96946  49133 
0.00940  31018  78948 
0.00461  78197  37008 
0.00990  79395  U883 
0.00987  08913  09894 

0.00870  99648  68536 
0.00380  41768  84885 
0.00176  87988  59708 
0.00199  97448  77909 
0.00107  90835  08749 

?. 00080  86180  88889 
0.00098  99686  10701 
0.00041  49999  ltt94 
0.00037  78699  97799 
0.00017  90379  00844 

0.00010  19097  94484 
•  0.00005  18798  17470 
0.00008  18849  44690 
0.00000  64845  90934 
0.00000  08105  69873 


0.00000  00000  00080 

m 


0.  00000  00000  00000 


0. 00000  00000  00000 

['11 

'  ( '2  +/(*)  aili  (5*»)-»(r)  006  (5*»)  2  +/«(•')  "to         co§  « 

'J-.'W  «» (2^)-f(')    (5'')    W'l-M^)  «■  ••-»(•')  «ta  « 
<«>>Mai«it  intmtr  to  *. 
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mBOB  fUNOAON  AMD  FBBttNBL  IMTBOBALB 

ERROR  nJNCnON  FOR  OONPLSX  ARGUMENTS     TaU*  7.9 

«<*)-.«-«»  «fc(-i«)   .  t-s+ly 


if 

» 

1.0 

U 

u. 
u 

u 

1.9 
t4 

ts 

1:$ 

1.0  ,  UIMOt  0.O000M    0.inMl  O,00»l9» 


•.ww^  


— 


1^ 


0.0 

.0,1 
0.9 

M 

U 
1.4 

1.1 

1:? 
i? 

M 

M 
1.6 

1:2 

1.9 

1.0 

See 


«-0.6 
•.niNi  0.421 


unm  Oiosoiio  oamoi  o.oum  o.i7Mn  o.o>i4m 
«-0.6  «-0.7  «-0J  «-0.9 


OlOSsTM  Oiintu 


o.mioio.«iMM  unwMnm   o.tnsa  oMoon  o,i«fns  o.o«iio»  9MMnimit$i 
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BBW»  fUNCnON  ASm  WBMOmt  IMTBOBALB 
^IWe  7.9         ERROR  PUNCTION  FdR  OOMHJtX  ARCIWEim 


y ' 

0,0 

14 

It 
M 

uo 
u 
u 

u 
u 
IJ 
u 

to 

M 

t.l 

1:5 

r- 

M 
0.4 


0.141010  OtWlO* 

0.llftQ44  oj; 

Q.)04744  MOttIO 
M04404CIOOQ4 
0.104711  Eniooo 

o.mi74  %lmn 
Mimi  o.i44nt 

o4»nio  M3W4! 


sm  mm  mm  ill 


0.1M! 
0.1^ 

o.nii4y  j.o« 

0.14i40l  0.01 
0.144141  0.090197 

0*109194  0.401107 
MI4044  0.491?49 
01194911  0,4tim 
0.171049  0.m44l 

9Ar- 


OJljttTO 


tO.14111 
fOJ.J5«0| 


0.1110041: 

u  


Itmi  1149147  111 

111004  iiiom  pi 

107012  lltgOl  M 

mn%  innoo  it 


1110442 
1109709^ 
1007449 


1147271  1)79411 
1141702  1991009 


119M99  1090849 

1099974  lOmOO 
101 — 
lU 


1199209  1041034 


0.09911 


\  1991991 

llOmi  1942479 
111079)  1924909 

0,19^0|m09 

1274100 
170  1290491 
1249499 

m 


Co 

M  0.14M10 

See  ExMBplcM  12-I9. 


kOMior 

Sou 
OUMOU  0.09610* 


0;t^0.160M| 


1177909  1 


 .  1149927 

J09404  114^09 
^199919  liniOO 
1194947  1122090 

1|00400  0.119104 

  1.9940li 

1171994  1090947 

1190009  lomo; 

im909  1040094 
1192009  1049179 

1027091  194407 
1091090  1191044 
1071011  li4r 
1009992  19r 
1104641  191 

1U7|99  1294240 


ximu 


•(iy).i«»  erfe  r  «((l*0-l--'^{^(*-l)tc(??)*«<?5)]} 
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i»aot  monoid  amd  taiSMiei.  wtmbaia 
BMMMi  nmcmm  poa  qonPLBX  akguments 

«<»)-«^«*«rrc(-<«)  «-«*^, 


V 

M 

u 

to 

a 

!•> 
1.* 
u 
u 
I.* 


\ 


«.OI|}U 


T«ble7.9 


 B 

Mistis  o»imio 


t.4 

HO 
V 

» 

h? 
Li 

M 

^' 
I:? 

M  «.oMn> 
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BRBOH 


CnOK  AND  FSB8NBL  INTEORALS 


Talile  7.9 


.V 
0.0 

'4 

0.2 

0.5  . 
*  0.k 
0.7 
0.0 
0.9 

l.O 
1.1 
1.2 
1.3 
1.4 

'  1.5 
1.6 
1.7 

^  1.8 

2.0 
2.1 

K 

2.5 
2.6 
2.7 
2«8 
2*9 


0.000123 
0,00794) 
0.019627 
0,025099 
0,0)0279 


8.0 

0,201U7 
0.200742 
0.199649 
0,197960 
0,1997)2 


ERBOR  FUNCTION  FOR  COMPLEX  ARGUMENTS 


0.000067 
0.007294 
0.014))8 
0.021290 
0,027929 


0.19)6)0 
0.19)292 
0.192)76 
0,190919 
0.188991 


ERIC 


0.0)7126  0,192984 
0.04)998  0.189798 
0.049669  0.1862)9 
0.099)U  0.182)68 
0,060929  0,17«t4) 

0,069)18  0,17)918^ 
0,069689  0,169449 
0,07)641  0.164866 
0.0n202  0,160211) 
0.080)8^  4»,199991 

0.08)210  0,190880 
0.089697  0.1462)6 
0.087870  0,141640 
0,089749  0,1)711) 
0,091)99  0,1)2667 

0.092711  0,128)17 
0,09)8)9  0;12407l 
0,094748  0,1199)6 
0.099467  0,119919 
0.096010  0,11202) 


0,0)4528  0.1869)2 
0,040407  0.18)709 
0.046141  0.1809)4 
0.091909  M77061 
0,096901  0.17)940 

0.061114  0.169418 
0.069)90  0.169))9 
0.069216  0.161149 
0.072722  0,196872 
0.07988)  0.19299) 

0.078712  0.141217 
0.081829  0.14)888 
0,081490  0,1)9988 
0,089994  0.1)9))9 
0,087080  0,111146 

088929  0.1270)1: 
.089749  0.11900) 
0.090767  0,119068 
0.091997  0.1192)) 
0.092298  0.11198) 


'«rfc(-u)  « 
jr  8.2 

0^00)6  0.186704 
70  0,186421 
,  J29  0,1896)0 
0.0196)9  0.184)94 
0.029M  0.182626 

0.0)184\o.l80484 
0.0)7969^177970 
0,04298)  ^79128 
0.04808)  £17200) 
0.092894  0.1W6)7 

0.097289 
<»,061)87  0.161 


0.1 


0.069191  0.19790! 
0,068989  U 
0.071711  0.149972 

0.074989  0.149949 
0.077099  0,141910 
0.079M6  0.1)7488 
0.081297  03)9499 
0,08)044  0.129948 

0.084968  0rl29660 
0.089867  0.121840 
0.086974  0.118099 
0.087900  0.114442 
0,088617  0.110879 


3.3 

0.000019  0.180)02 
0.006167  0.180061 
0.012292  0.179)69 
0.018222  0,178249 
0.0240)2  0,176719 

0.02964)  0,174808 
0.0)9022  0.172960 
0,040144  0.170006 
0.044989  0.167184 
0.049944  0,1641)2 

0.09)801  0,160886 
0,097797  0,197480 
0»06141)  0.19)948 
0,06477)  8,190)20 
0.067844  0,14662) 

,0706)6  0.142882 
7)198  0,1)9120 
7942)  0,1)9997 
0.tfb449  0.1)1609 
^  ^^^)6  0.127892 

0.080111  0.124219 
0,0ttl82  0,120600 
0,00))64  0,117049 
0.084)70  0,11)960 
0.08921)  0,11019) 


jr  8.4 

0.000010  0.174)62 
0.009728  0.174192 
0.011)94  0,17)942 
0.016966  0.172549 
0.02240)  0,171181 


0.027670 
0.0)27)8 
0.0)7982 
0.042189 
0.0469)2 

0.090619 
0,094428 
0.097971 
0,061246 
0^064298 

0,067012 
0.069918 
0,071789 
0.07)82) 
0,079646 


0.169479 
0,167499 
0.169191 
0.162996 
0.199821 

0.1968^ 
0.19)7)i. 
0.190490  \ 
0,147141  ^ 
0.14)717 , 

0.140lle 
0.1)67)1 
0,1))2Q~ 
0,12969 
0,12619 


6192. 


8^07726)  0,12272) 
0.078687  0,119296 
0,079990  0.119919 
0,081094  0,112602 
0,081921  0.109)49 


0,096)9) 
0.0966)2 
0,0967)9 
0.096729 
0.09661) 


0.108249 
0.104600 
0.101076 
0,097674 
0,094)99 


0.092794 
0.09)110 
0.099)96 
0.099442 
0.09)442 


0.107881 
0.104)70 

0^094902 


0,089899 
0,089719 
0,090090 
0.09026) 
0.090)68 


0.10740) 
0.104027 
0.100791 
0.097979 
0,094499 


0.089909 
0.086498 
0.08688) 
0.087190 
0.087)91 


0,106827 
0,10)986 
0,10049) 
0.^7)69 
0,094)96 


0,082690 
0,089)24 
0.08)8)2 
0,084229 
0.084911 


U06166 
0,10)097 
0,100026 
0,09707) 
0,094202 


),0     0,096402  0,0912)6    0,09»)49  0.891494     0.090979  0.09192)    0.08749)  0.09191)    0,084700  0,09141) 


y 

0.0 
0.1 
0.2 
0,) 
0.4 

0.9 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 

1.4 

1.9 
1.6 
1.7 
1.8 
1.9 

2.0 

H 
2.2 

2,9 

2,4 

2,9 
2,6 
2.7 
2.8 
2.9 

).0 
If* 


If 


*-8.6 

0.00000^  0,1688)0 
0,009)40  0,168649 
0,0106)9  0,168102 
0,019846  0,167212 
0,020944  0,169990 


0.029897 
0.0)0677 


0,164496 
0,16269) 


0,0)926)  0)160948 
0,0)96)7  0,|9M27 
0,04)789  0,199698 

^  0,047698  0,192988 
0.091)70  0,190124 
0,094798  0,t471)2 
0,097984  0,1440)8 
0,060928  0,140862 

0.06)6)7  0,197628 
0.066116  0.|)4)94 
0.068)74  0a)1098 
0.070419  0,127799 
0,072260  0,124460 

0.07)908  0.121189 
0.079)19  0,117940 
0,076666  0,1147)9 
0.077796  8,111978 
0,078774  0,108474 

0,079611  0,1094)1 
0,080)16  0.102491 
0.080898  0,0999)8 
0.081)66  0,096696 
0,0817)0  0.09)927 


jr-8.6  ^ 

0,000002  0.16)662 
0.004999  0.16)498 
0.009992  0.16)011 
0.014841  0.162211 
0.0196)2  0.161111 

0.041374  0.151799' 
0.049015  0.149271 

0.094962  0.141014 
OlO|78)9  0.198067 

0.068491  0,199M6 


jr-8.7 

0.000001  0.198821 
0,004689  0.19867) 
0.009999  0.198299 
8.011999  U97919 
0,018446  0.196916 


X-3.8 
0;000001  0.194279 
0,004406  0,194140 
0.008786  0.19)74) 
0.01)119  0,199088 
0.017970  0.192189 


0.055255  0.146)24 
0.09M61  0.144IM 

0.040501  0.142274 
0.0499.7  ^140059 
0.M6M5  0.157610 
9Mmt  0.)598ll 
O.Ma27«  0.192671 


.-JTllI  0.195760 
0.09115.  0.192094 
0.099109  £l9010S 
CO90.74  0.147M9 

0.043969  0.149705 
0.049962  0.14K77 
0.0m61  0.1^7 
0.092199  0.1)0074 
0.0i4MI  0.1999)6 


0.0639M  g.i)|999 
0.069176  0.12m) 
£067317  0.129011 
0.069060  0.182709 


0.097997  0.1)2950 
-»68  0.129674 
"  0.1867I2. 


0.09991 


0.094019  0.150M4 
0.097179  0.127)04 


t 099)62  0.12467) 
061)74  0.12^9 
0.069219  0.119102 


im 


0,11< 

0,111 


17 


0.064909  0.116429 


0.07)96)  0.11)90) 
0.0747)9  0.110900 
0.079770  0.107940 

0.076664  0.104M1 
0.0774)0  0.191777 
1.071 


0.001996  0.0912)0 

3.9  or  ^  .  8  H> 


Q;d7io76  f.m 

0.079)01  0.09097) 


6.}|)8M 
0^066091  0.120947 

roisam 

:;:  tm 

71902  0.1 

«i!)777  0.07114? 
i;07466)  0.! 

0,076199  0.0906M 


I)  6.11)67) 
0.1099)0 


109)9 
00210 


|.07)I4$  0. 


, ;  ./  6:4618186    0.09999216  0. 


mm*y=vmim* 


X  3.9 

0.000000  0.149992 
0.00419)  0.149071 
0.000262  0.149910 
0.012)60  0.14691) 
0.016)09  0.140066 

0.020)26  0.147044 
0.024162  0.149792 
0.027660  ^144)46 
0.0)1469  0.142721 
0.0)4916  •0.1409)1 

0.0)6212  0.1)699) 
0.041)92  0.1)6922 
0.044)20  0.1)47)9 
0.047149  0.1)2446 
0.04976)  0.1)0076 

0.092260  0.1276)) 
0.094972  0.1291)) 
0.096720  0.122991 
0.091706  0.120016 
0.060940  Mifm 

0,062822  0^14617 
0.06)790.112212 

0.066'nO  0.1070)1 
0.067996  0.104469 

M66972  0.1019)9 
0.069474  0.0994)9 
0.07M67  0.096966 
0.070999  0.09494) 
0.071999  0.092168 

01.072061  0.069686 
«(*)]  2xl0-» 
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ES08  or  THE  EMHW  FUNCTION 


n 

1 
2 
} 
4 
• 


1.480M  M* 
t.l44«S  «• 

9.S}S4«  074 
1. 76900  SS7 


TaU*  7.10 


h  4,11 
7  4. f 1691  940 
0  4.0479?  Ml 
9         9.1M70  791 

'  '19" 


toOoSSS  10         ^41219  220 

«f  at^orK-i.) -of  l.-«rf  (-7.) -6 


4.49017  144 
4.70044  764 
S.1^  804 
9.40999  264 
5.60009  744 


9» 


ftm  H.  E.  Mm,  Compln  nm  of  tlie^mr  ftmetion,  J.  FVrakUn  Iintan,ao»^l» 


1966  (wUh 


N 

0 

1 

2 
9 
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^  GDMPLEX  ZBf|IM4|P  nU»NBL  INTEGRALS 


TM»  7.11 


0.0000 
1.7497 
2.6019 
9.9200 
9.0799 

4.9611 


Vn 
0.0000 
0.9097 
0.2929 
0.2299 
0.2047 


0.1909 


0.0000 
2.0099 
2.0999 
9.4679 
4.0026 

*4.4742 


y2 

0.0000 
0.2006 
0.2449 
0.2105 
0.2000 

0.1077 


j<M-i(-«.)-iw-:5(-*.)-S(/*.)-s(-/*.)-s(-*.)-s(*.)-o 


0 

1 

2 
9 
# 


MAXIMA  AND  MINIMA  OF  FRCSNEL  INTBCBALa      Table  7.18 

jf.-c(vis+i)   ■i.-oc^K+B)   jft-«(y5r+2)  iii;-«(vcrFi) 


0.921096 
0.910909 
0.404160 


0.969419 


tSTOiO 
01499666 


V 


01974997 
0.967022 


19 


^1  ^wwnrww 

0.49ASt 
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'&  Legendre  Fimctions 


MathcsiuittealPH^artiM. 


9.1*  DiffttmitiplriBqMtioii' 

Speebi  VthiM  

8>7*  TfjgPiiwiMttio  BimiiiikMn 
8A  lofimtfil  ttiywmintolitoiii  . 


■  9,9*  Smnmition ! 
8.10.  AmfmpKitio  Ifaqiaii^toiit 
8.11*  Tnoidal  FoneUonk 
8.12.  CoiiiMl  Vbnetloi^ . 
8.18.  Rehttion  to  KUi^  lotcgrab 
8.14.  IntcfMlt . 
NaaMti«al  Methodi 

8.18.  Um  Mid  Bi^itbm  of  tii^  TaUm 

ii«r« 

Takfe  8.1.  Legendre  ^NmetiMi-Fint  Kfaut  P«(s)  (^^^1)' 

s»0(.01)l,ii«Om8,9/lO,  5-8D 
Table  8.8.  Derivatiie  of  the  Liflnidio  Funotion-Fint  Kind 
(»! 


««0(.01)1,  fi-i(l)4, 9, 10,  5-7D 

Talilo  8.8.  l4BeBdrtFiiiietioii.6eoond  Kind  ^(»)   

i-»0(.01)l,  ftW0(l)3, 8, 10,  8D 
Table  8.4.  Doivotive  of  tho  Lefindie  Funelion-Seoond  Kind  ^(s) 


(»il) 


o-OCODl,  n 
Table  8.8. 

««l(.9)10,n 
Table  8.8. 


(«2tl) 


0(1)8,8,10,  0-6D 

Fanetlon-Fint  Kind  P«(t)  (c^Sl)  

0(1)8,  8,10,  enotorOS 
Doriflativo  of  tbe  Ufendn  Funotioii-Flitt  Kind 


9-1(^)10,  ft 

Table8.7. 

«>-l(J)10, 
Table  8A 


DerinUve 


•    •    •    •  • 


(»^1) 


1(1)8,  0,10,  88 

FusetiOfrfleeoiid  Kind  Q.(>)  (>^1) 
ftf00)3f9fl0,  OS 

of  tho  Laeindfo  taotlon-Seeond  Kind  Q(M 


•«il(J)10,  ft 

Tke  anllier 
Devid  B<  UipflBai^ 


,0,10,  88 

llMianMeiiN ef  Birth  B.  OiVOHM, 
BeHlui  B.  Walter  la  the  piepamtlMi  aad 


<  NaUoeal  Boiean 


Fife 

332 
332 
332 
333 
338 
338 
338 
384 
338 
338 
338 
338 
336 
387 
337 
337 


340 
342 


344 


346 


348 
380 


861 


868 


or  the  tabiM 
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8.  Legendre  Functions 


NotatioB 


8.1.  DiflSBNiitlal  EqiMtioa 


TK0  omivmtiona  used  are  »nar+»y*  *,  V  ml* 
.,mA  in  fMrticular,  »  always  means  a  real  numbar 
in  the  intenral  -l^Jf^ +1  with  00s  •«»  whew 
f  b  likewisa  a  real  number;  n  and  ^  are  positive 
integeia  or  aeio;  »  and  m  an  unreatrieted  except 
where  otherwise  indicated. 
Otiker  notatims  are:  < 

p„(«)for(-irP:(») 
nr(»)for(-i)-P:(») 


forPf(«),  0?(«)  for  ^(a)  (^«>1) 

o?(f)for«^gr(») 

^(a)for^J^^^(a) 

nn  WW 

Various  other  definitions  of  the  functions  occur 
aa  wdl  as  mixing  of-definiUons. 


8.1.1 


(Degree  »  and- order  m  with  singulariUes  at 
8sai:i,  «D  as  odinary  branch  pmnta— Mi  »  arl^ 
trary  compiex  constants.) 


iml  HMmoniM)  of  th0  Flnt  and  flMond  Kiadt  • 

|aig(a±l)|<w,     largsKir  ^ 

(For  Ptit)t  M*"0,  Legsndxe  pdiynomialB,  see 
chapter  29.) 

8.1.2. 

(ii-«i<^ 

(For  Fifl,  6;  0; «)  see  chapter  IS.) 


8.1  J  w-«Wr-M^^±fi^s-r^^^^^^  (|t|>i) 


Al«waator< 


(Additional  fonns -may  be  obtained  means  of  the  transformation  formdas  of  the  hyper^ 
geometric  functiim,  se^  (8.1].) 


8.1.4  /'J(a)«2y*(a«-l>-*»^ 


(WO) 


8.1.S  P;(«)  » 


(l«-*l<i) 


(s*->i)>>'rV>-M)    ^V2-^-2~y  ^-^rf  '-^r*  ) 

.,  2'r(H»)g^'>  M  1  '  .-A 

8.1.6  ....<?.(,)-lM!dbir^^ 

-».|r(M)(»+i)Ka-i)-*'^(-»,i+'';i-MJ^)  (|i-«l<a) 

•TlwfttMtloM  y?<».*)""JjJIj|  ^(eoi  f)  flsU«d  turfeee  harmoniM  of  th«  Bnt  kind,  tflaeral  for  «i<»  sad  sMtetal 
for  m-a.  With  OS«S«.  O^^iS*.  thejr  an  svwywhMv  one  valued  and  wmtlnuotta  fuaetloM  on  (he  MitfaM  of  the 
unHMhm         i»- 1  whwe  «»ilB»«os»»*iUi»rin»aad  ». 
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9.1,1  «-*'^(«)-»«a»(«»-i)-»<« 


{ 


(.14 


a.1.9  iy(P.(a),^,(i))=-(ii«-i)-> 

SJL  Rdatlon*  Between  Legeadre  Funetkms 


cos  rrftw 
+«f(a)  sin  (»(i.+M)l}/Mn  I»(^-m)1 
NcgBthw  ArioiiiMit  (yc$0) 


8^ 


.2 


8^4 


8^6 


8JJ 

— t(l»)"*r(-»-M)  (a«-i)''«r*'*^(«) 


8.8.1 


8Ji.  VeluctMitlMCut 

(-l<ar<l) 


(|3»I<1) 

(Upper  and  lower  signs  according  as  y«^0.) 


8J.2 


8.8.8 


8.3.4 


«l(»)=l«-'^«-»'^«f(»+»0)+«*'^(«|(»-iO)| 

(Formulas  for  Pii»)  and  Qr(«)  are  obtained  wit^h 
the  replacement  of  «— 1  by  (1  — af)«'*''',  («•— I)  by 
(1  «+ 1  by  »+ 1  for  a«Jt±tO.) 

8.4.  EqiUeit  Eqwesaioiui 

(XBOO8  0) 

8.4.1  Po(«)-l  /*o(«)»l 
8.4.2 

8.44  Pt(2)««     Pt(«)»x»co8  9 
8.4.i 


1 


8.44 

A(«) = »(3«»- 1)      P.(«)  -  *(3««- 1) 

«i(3  cos  29+1) 

8.4.6 

«i(t)«=i|p,(»)ln(2±|)     fli(a.)=  . 


3f 
*2 


84.  Reeurrence  RdUitUMw 

(Both  P:  and  Q?  satisfy  the  saih«  rseurrsnee 
rdatioos.) 

Vaittaif  Order 

8.8.1 

f9*'i») « (*•- 1)  -» ( (»-M)»Wa)  -  (>+M)ftf-i(») } 

342. 


/ 
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(^-1)  *i^^-(r+M)(^-M+l)(»'-l  W(» 
VaiyiatllagM* 

(r-i»+i)P:+i(a)-(2r+i)«P:(»)-(i'+M)«-i(») 

.t^4  («•-!)  ^^-^««(»)-('+m)«-i(«) 


LMENDRE  FUNCTIONS 
S.6.* 


Vafjriaf  (Mwaadl 

•A4  «^,(«)=«-,(»)+(2i'+l)(a'-l)*«-'(a) 

Spedal  V«liiM 

jr=0   

BJkl 

oo«  iH^-f  M)ir(|r+lM+l)/r(ir-lM+i) 

8.6^ 

«l(0)-  ^ 

U«(r+M)ir(|r+jM+l)/r(|r-i«+i) 
»^  coe  Uff(F+M)J  rdr+iM+O/rdr-iM+l) 

•.6.S 


8.6.6 


8.6.7 


lissmal,  2,  3, . . . 
f?(«)-(a«-l)»-^^. 

v:(*)-(-ir(i-««)»"^^ 

8.6.8 

/H(,)«(|^-l)-i/4(2r)-««{I»+(i«-l)>/«J»+» 


8.6.10 

^.(»)-»(l»)"«(«*-0-''na+(a»-l)'^-'-» 
8.6.11 

t(2»)«'«^"''V+(i'-l)'^-'-»  • 

8.6.12 

PKcos  •)=(!»)-♦  (iin      OM  Kr+IW 
8.6.13 

Q|(cos  (sin      wii  Kr+D^l 

8.6.14 

P;»(cos  «)=(|ir)-»(r+|)-»(iiu  •)-♦  sin 
8.6.18 

Q;»(co««)=(2ir)  ♦(2»+l)-»(ttn»)-»  ooe  ((r+D^l* 


8.6.16 
8.6.17 


8.6.18 


r(r+i) 

(RodrigoM*  Fwrmula) 
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where 

ir-.(.)-o 
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p/*.r'(eog»)j^  ^^_2  cot  |«  In  (cos  k») 

..^  4  t»n  |9  wn*  |«+«n  9  In  (cos  i*) 

8.7.  Trigonometrks  E»|Nin«ion8  (O<0<t) 

M.4     «-9;>5>;[™. (.+.),+ -tL«. ^^^\^^^^^ . . .] 

IMI.  Integral  ReprwentatloiM 
(i  not  on  the  roal  axifl  between  and 

«5(«)«75Tlf  rir^lTli  J^«+(«*-0«  cosh  «l-'---'(8mh  0*v/<  (^if(^±M+l)>0) 

8.«.3  <^,(a)-ij' (2~0-'/*.(0rf<«(-l)'*'<?.'-») 

(For  other  integral  representations  see  (8.2].) 

8.9.  Summatton  Formulas 
8.9,1  ((-«)ij(2m+l)P,(a)P^(|)=(n+l)(P,+,(|)P,(a)-i»,(|)P,+,(«)l 

.  8.9.2  ({-»)2:(2m+l)P,(a)C«(l)»l-(»+l)(/'.+i(»)^.(l)-'*.(«)C.+i(l)l 

8.10.  Asymptotifl  Eipantlons 

For  fixed  i  and  r  and  ^m->«>  8.10.1-8.10.3  are  aqrmptotie  expansions  if  «  is  not  on  the  real 
axis  hetween       and  -1  and  +•  and  +1.  (Upper  or  lower  signs  aeeordtng  as  ya^O.) 

8.10.1  ^(o-n'ii^^+J^^ 

.  8.10.2  {im^w^'  ^7$^  (i^l)"  ^^''-'^  L'*^"''  * 

\  (J^y  F(-»,      1  +m;  *-♦•)] 
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8,10.3  <?;'(^)-^"l7^i:t7^^  [^"-  (f±ir 

•  -(f^i)"*'^(-'>'+Ui+MJHi»)] 

With  M  replaced  bjr-^,  8.1.2  is  an  asymptotic  expansion  for         for  fixed  8  and  v  and  di 
if  « is  not  on  the  reel  axis  Between       and  —1. 

For  fixed  z  and  m  and  ^r>»«,  8.10.4  and  8*10.6  are  asymptotic  expansions  if  z  is  not  on  the  real 
axis  between  -»  and  —1  and  +•  and  +1;  8.10.8  if  sis  not  on  the  real  axis  between  — •  and  +1. 

+ir*-'(»-(««-i)»l'-^»F(i+M,|-M;l+?';^=5j5^^^ 

..10.6 

The  relHted  asymptotic  expansion  for  Ptp(z)  may  be  derived  from  8.10.4  together  with  8.2.1. 

8.10.7  i^(ro«»)»I^^(V8in«)--»cos((r+i)«-J+^l+0(.-«) 

f 

8.10.8  <^(,.ostf)»'^^^t|^(2-4^j)^^^  .  (.<K»-«,«>0) 

For  other  asymptotic  expansions,  see  [8.7]  and  [8.9]. 

8.11.  Toroidal  Functions  (or  Ring  Functions) 

^Only  special  properties  are  given:  other  properties  and  represenUtions  follow  from  the  earlier 

sections.)  \^ 

8.11.1   /«?.|(ro«h  n)=!P(l-M)I"'2M--<-*')"''r''*»'»f(i-M,  i+r-M;  1-2mI 

  ^  ,    .    .      r(n4-m+i)(8inh  n)"   (sin 

0.11.8    /-.j(.U8h  ")-i,(„„^^|)2...^r(^^j)  J^Whn+cos^sinh  ,)-^"+» 

8.I1.S   VT-iO'OHh  i»)  =  lr(l  f  r)l-'Vi«''"r(|+r+M)(l-«^*')''«-"'^»''F(i+M,  l+^+Ml  l+r;  * 
•  114  /M   /    I  ^   (^I)*r(n4-J)  f         rosh  mt  dt  "  /n>«i^ 


\ 
It. 


LBOBNDRB  rVNCnONt 


•.12.  Conlcd  FunotloiM 
(P-Ww«D,^-»*u(c«t#)) 

f 

(Only  flpMial  properties  are  given  as  other 
propertiee  nnd  repreeentatione  follow  from  eariier 
iortione  with  -|+t}^  (X»  a  real  parameter)  and 
f  «cos  ».) 

1.12.1 

P.,4a(ooe^)«l+^^*ein«| 

»Jo  V2  (eoe  (— oosD 


eoah  \tdt 


•.12.S 

P-i*rt(-eoe») 

cosh 


V2(ooeh  t-oos  «) 


W.»*«(cos»+Q-»-a(cos#)) 


8.13.  RdaUon  to  Elliptk  Integrdb 
(8Moha|»torl7)(^>0) 


t.13.1  P-»t?)-- 


8.12J  P.|(coshi|)-[fcosh2jW(tMbj) 

MIS  (^-iW-Vill^CViTl) 
g.i(coshf)«2«-««/C(«-») 


•.12.4 
•.184 


•.12.6  P|(cosh  «)- J  •''•£(>'r-.«-«») 
•.12.7   

«»(.)-iVi?T^(\/iTT) 


-12(»+1)1»£(-^^ 


•.12.2 
•.12.9 
2.12.10 


l>.,(oo.»)-|«^(«ii|) 

..W.H  p.w-?[2is(/Ei)-K(VS)] 

S.U.U   <&W-/t(Vif')-«E(/|i)  • 
2.14.  Intograb 

•.14.1  J'p.(»)^,(»)rf»=((p-^)(p+^+l)]-'  i3tf>»p>0) 

•.144    1    ^.(»)^,(«M»-((p-r)(p+r+l))-n*(p+l)-*(i'+l)l  (^f(p+i')>-l,P+«'+l»*0; 

*  i»,.j»P<  — 1,  —2,  —3,  .  .  .) 

•.14.2  J"w,(»)l»rf»«'(2»+l)-y(r+l)  (^•'>-|) 
2.14.4    f'  P.(*)l»,(»)rf«-^l(^-r)(p+r+l))-M2iin»»sin»/»l*(r+l)-*(p+l)I+»ri^ 

•.14.2  /^P,(.))^.-''-'^"X!^t>^^>  • 

•.14.6  J*^ ^.(»)^,(«)rf»«((P7»)(p+^+  l)r {1<K»'+  1)1(1  +C0S  p» cos  wj-  i» sin  (rw-pirtt  • 

rW.(»))V«-(2r+l)-»(|t»-^V+l)ll  +  («>*'*)*l)  (r>--i.-2,-3,...)V 


■-4 


liBQINMa  IDMOnONB 

•.148  J_y.(«)a(t)<to-I(p-f)(H-i'+lJ)-'  «(l-oo«(p»-i^-2^  . 

8.14.9  J*P.(j»)jj|;(«)<te-.~i(2r+l)-«dnW(r+l)  .  (ac>0: 

(m,  ft,  I  poaitiT0  integcn) 

8.14.18  J_*^lP:(»)iy«-(ft+»)-«(»»+m)l/(ft-m)l 

8.14.14 

8.14.18 

(«P>-1) 


8.14.10 


8.14.11      PSi9)PTit)dM'»0  ilt^n) 
8.14.13   Pi?(«)Fi(«)(l-«*)'Vb»0  (/9<tii) 


.8.14.16 


8.14.17 


8.14.18 


For  othor  iot^gralB^  Mt       [8.4]  and  chapter 


22* 


1.0 


4 

4F 

\ 

1  \ 

\       1      >J  ^ 

L 

OCX  w»  A)- 

-IjO  - 
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Wwmk^X  nV>.  11-2(1)8. 


J  UJ  I  L_«l  I  I  L 


-1.0 


l  «S49«7e»lO. 
'  Ftoora84.  ii«0(l)8,«>l. 


Nusneileil  Metliodfl 

•.IS*  |lM«tidElt«lltlOBOftk«T«lllM 
GsoapliMUatt  of  iPtd) 

For  an  viluM  of  «  tluM  to  voy  Uttle  Ims  of 
ilgiilflfl*fii  iigttNi  (cKoepi  ftt  ftros)  In  using  the 
Mlftttoi)  «iJ<S  for  liMMitliig  valttM  of  n. 

Bmm^I.  Oom|mtoi>.(»)forv-JM15Me94 
•ad««9.0f«ri»»3(n<t. 
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» 
0 

1 

8 
3 
4 
A 
• 
7 
8 


LMBirrai  ruMonoMB 


^•(JUIB  MM4) 
1 

.81415  98854 
-.85195  58840 
-.89878  88084 
.04750  88188 
.84184  37517 
. 15789  8897ft 


X 

8.8 
9.84 
40.04 
174.958 
788.74838 
8804.850018 
18789.51005 
78408.55588 


-.80188 
-.85817  89388 
OtnpiHiiig  Ptfyt)  wing  T£Ue  88.9  eMfjring  t«D 
ilgiitilflint  8^ini,Pa(.81415  98854)—. 88817  8938 
•BdFt(a.8)«-78408.55588. 

For  s<l,  UM  of  8A8  fer  inorMsbg  vahias  of  n 
iMMb  to  very  tttUe  kw  of  lignUleMit  flgm. 
tl«wtvir,  for  M>1,  tho  faemneo  nbtlon  8.8J 
iMd  be  used  only  foir  deefoaeiiig  veluee  of  n, 
after  haviBg  flnt  obtained  Q»  uelng  the  formulae 
in  teme  of  hypergeometrie  fimetkMM. 

Enaiile8.  Compute  (^.(s)  for  3141 5  98654 
■nd  11-0(1)4. 

Witlt^the  eld  of  8.4.8  end  8.M  we  obtain 

.88515  34813 
-.88788  00818 
-.58587  88958 
.89190  80854 
.  5^974  88989 

Uaing  the  resulte  of  Emmple  1  tofethor  with 
8.8.19.  we  find  «*(»)- iP4(»)to 
where  P„  giving  «.(.31415  92684)« 


n 

0 
1 

a 
8 

4 


Enmple8.  Compute  Qi(ai)  for  «»8.8. 

Ite  tanas  in  the  aeriea  for  /  (''^i      »+§>  ^) 

of  8.1.8  are  neeeiaaiy  to  obtain  nine  signifloaat 
8gm  giving  ^(8.8)»4.8183  4468X10-*.  Uaing 
8A8  witb  increasing  valuee  of  n  oaiiying  ten 
aignifleant  figiuee  we  obtain 

0  .  40548  51081 

1  .05420  988 
8  .00888  384 

3  .  00148  95 

4  I         .00086  40 

5  .00004  81 

where    and  <^  are  obtained  using  8.4.8  and  8.4.4. 


For  an  valuee  4»r P^i*)  ^ 
eerily  computed  by  means  of  8.18. 
Eiample  4.  Compute        for  ««*8.6. 
Using  8.184  and  interpolating  in  Talile  17.1  Ibr 

K(.5),^find  ^  ' 

«..<2.6)-^ic(V4;) 

» (.74535  599a5)(1.90424  1417) 

B  1.41033  7751. 

On  the  other  hand,  at  leaet  nine  terms  in  the 
expansion  of  f(J^,  '-^i  of  8.14  are 

neoeasary  to  obtain  oomparable  aeoura«y. 


.58974  28989. 
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0.84419  242 

0.87175  994 


0.8998)  941 
0.92845  892 
0.95764  8)1 
0.9874)  931 
1.01786  572 

1.04896  )60 
1.08077  146 
1.11)))  051 
1.14668  490 
1.18088  202 

1.21597  281 


gs(s) 

^.00000  000 
-1.99959  998 
-1.99839  968 
-1.996)9  8)8 
-1.99)59  487 

-1.98998  747 
-1.98557  401 
-1.98035  179 
-1.974)1  766 
-1  96746  792 

-1.95979  8)9 
-1.951)0  4)1 
-U  94198  044 
-1.9)182  094 
-1.92081  942 

-1.90896  890 
-1^89626  181 
-1.88268  994 
-1.86824  444 
-1.85291  580 

-1.8)669  )80 
-1.81956  752 
-1.80152  526 
-1.78255  455 
-1.76264  210 

-1.74177  )72 
-1.7199)  4)7 
-1.69710  801 
-1.67)27  761 
-1.64842  510 

-1.6225)  126 
-1.59557  570 
-1.5675)  678 
-1.5)839  152 
-1.50811  55) 

-1.47668  292 
-1.44406  617 
-1.4102)  606 
-l.)7516  155 
-l.))8a0  960 

-l.)0114  509 
-1.2621)  064 
-1.22172  641 
-1.17988  995 
-1.1)657  597 

-1.0917)  61) 
-1.045)1  874 
-0.99726  854 
-0.94752  6)4 
-0.89602  868 


-0.84270  745 


0.00000  000 
-0. 07999  200 
-0.1599)  599 
-0.2)978  )92 
-0.)1948  767 

-0.)9899  900 
-0.47826  951 
-9.55725  060 
-0.6)589  )47 
-0. 71414  899 

-0.79196  777 
-0.869)0  001 
-0.94609  554 
-1.022)0  )7) 
-1.09787  )45 

-1.17275  )02 
-1.24689  019 
-l.)202)  20) 
-l.)9272  496 
-1.464)1  458 

-1.5)494  57) 
-1.60456  2)4 
-1.67)10  742 
-1.74052  294 
-1.80674  982 

-1.87172  780 
-1.9)5)9  5)7 
-1.99768  972 
-2.  05854  661 
-2.11790  027 

-2.17968  ))4 
-2.2)182  672 
-2.28625  944 
-2.))890  860 
-2.38969  914 

-2.4)855  )78 
-2.485)9  281 
-2.5)01)  )94 
-2.57269  210 
-2.61297  926 

-2.65090  420 
-2.686)7  229 
-2.71928  520 
-2.74954  067 
-2.7770)  216 

-2.80164  855 
-2. 82)27  )75 
-2.84178  630 
-2.85705  896 
-2.86895  817 

2.877)4  )5) 


0. 00000 
0.)6520  2! 
0.727))  8) 
1.08))6  24 
1.4)027  2) 

1.76512  98 
2.08508  14 
2.)87)7  90 
2.669)9  94 
2.92866  44 

). 16285  86 

).)6984  76 

). 54769  49 

). 69467  78 

). 809)0  18 


48 
92 


).  890)1 
).  9)671 
).  94778' 25 
).  92)04  76 
).  862)4  02 

3.76577  54 
).6))76  26 
).  46700  84 
).  26651  77 
).0))59  )) 

2.7698)  )1 
2.47712  56 
2.15764  )5 
1.81)8)  48 
1.44841  22 

1.  064)4  02 
0.66482  02 
4-0.25)27  )2 
-0.16667  95 
-0.5912)  78 


63 
04 


-1.01644 
-1.4)822 
-1.852)7  43 
-2.25465  05 
-2.64075  25 

-3.006)7  81 
-).  34725  61 
-). 65918  )5 
-).  9)806  51 
-4.17995  45 


-4^^8109  69 

-4.5)797  26 

-4.647)4  21 

-4.70629  25 

-4.71228  )5 


-4.66)19  54 


Qio(s) 

-4.06)49  21 
-4.04156  71 
-). 97600  70 
-).  86745  44 
-). 71697  4) 

-). 52604  61 
-). 29655  1) 
-). 0)075  84 
-2.751)0  45 
-2.40117  40 

-2.04)67  )7 
-1.66240  59 
-1.2612)  82 
-0.84427  11 
-0.41580  27 

•fO.  01970  77 
0.49767  92 

0.  89)44  90 

1.  )22)l  56 

1.7)  958  08 

2.14059  45 
2.52079  94 
2.87977  94 
). 20128  51 
).49))1  81 

3.7481)  48 
). 962)0  97 
4.13277  26 
4.25684  84 
4.))229  46 

4.)97)>  72 
4.))070  22 
4.29164  99 
4.11997  79 
3.9)608  76 

).  70099  66 
3.41617.42 

3.08)  94  42 
2.70708  74 
2.2890)  82 

n.6))8)  94 
1. 94610  61 
0.8)104  99 
40.294)7  81 
-0.29769  92 

-0. 81898  00 
-1. 98069  01 
-1.9)714  78 
-2.4800)  04 
-).  00140  86 

-). 49)22  79 


35/ 


ERIC 


LBOENDRS  FUNCTIONS 
DERIVATIVE  Of  THE  LEGENDRE  FUNCTION— SECOND  KIND  Q:(m) 


0.S0 
0.S1 
0.S2 
0.S3 
0.54 

0.55 
0.56 
0.57 
0.58 
0.5» 

0.60 
0.61 
0.62 
0.63 
0.64 

0.65 
0.66 
0.67 
0.68 
0.69 

0.70 
0.71 
0. 72 
0.73 
0.74 

0.75 
0.76 
0.77 
0.78 
Q.79 

0.80 
0.81 
0.82 
0.83 
0.84 

0.85 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91 
0.92 
0.93 
0.94 

0.95 
0.96 
0.97 
0.98 
0.99 


1.33333  333 
1.35153  399 
1.37061  403 
1.39062  717 
1.4U63  185 

1.43369  176 
1.45687  646 
1.48126  204 
1.50693  189 
1.53397  760 

1.56250  000 
1.59261  029 
1.62443  145 
1.65809  982 
1.69376  694 

1.73160  173 
1.77179  305 
1.81455  271 
1.86011  905 
1.90876  121 

1.96078  431 
2.01653  559 
2.07641  196 
2.14086  919 
2.21043  324 

2.28571  429 
2.36742  424 
2.45639  892 
2.55362  615 
2.66028  199 

2.77777  778 
2.90782  204 
3.05250  305 
3.21440  051 
3.39673  913 

3.60360  360 
3.84024  578 
4.11353  352 
4.43262  411 
4.81000  481 

5.26315  789 
5.U733  566 
6.51041  667 
7.40192  450 
8. 59106  529 

10.25641  026 
12.75510  204 
16.92047  377 
25.25252  525 
50.25125  628 


1.21597  281 
1.25201  210 
1.28905  905 
1.32717  756 
1.36643  680 

1.40691  178 
1.44868  400 
1.49184  220 
1.53648  320 
1.58271  285 

1.63064  718 
,1.68041  364 
1.73215  259 
1.78601  903 
1.84218  458 

1.90083  983 
1.96219  705 
2.02649  344 
2. 09399  499 
2.16500  099 

2.23984  955 
2.31892  413 
2.40266  159 
2.49156  187 
2.58619  998 

2.68724  079 
2.79545  7!>1 
2.91175  493 
3.03719  894 
3.17305  446 

3.32083  451 
3.48236  488 
3.65986  997 
3.85608  883 
4.07443  439 

4.31921  588 
4.59595  604 
4.91185  380 
5.27647  688 
5.70283  015 


6.20906  159 

6.82129  988 

7.57861  025 

8.54217  980 

9.81365  072 


>  0.84270  74 

-  0.78748  95 

-  0.73029  59 

-  0.67104  20 

-  0.60963  61 

-  0.54597  91 

-  0.47996  38 

-  0.41147  39 

-  0.34038  30 

-  0.26655  35 

-  0.18983  51 

-  0.11006'  36 

-  0.02705  91 
♦  0.05937  63 

0.14946  05 

0.24343  42 
0.34156  40 
0.44414  64 
0.59151  17 
0*66402  96 


0.78211 
0.90623 
1.03692 
1.17478 


54 
72 
51 
21 


1.32049  75      -  1.43637 


1.47486  32 
1.63879  46 
1.81335  60 
1.99979 
2.19957 


32 
51 


2.41444 
2.64650 


73 
26 


2.89827  40 


3.17286 
3.47409 


02 
64 


11.57537  057 

14.19080  811 

18.50515  528 

27.04503  467 

52.39539  613 


3.80679  33 
4.17707  50 
4.59287  14 
5.06465  07 
5.60654  69 

6.23815  05 
6.98747  73 
7.89613  09 
9.02883  27 
10.49236  44 

12.47698  56 
15.35932  33 
20.00905  43 
29.00735  14 
55.11181  39 


Qkx) 

'  2.87734  35 

-  2.88206  72 

-  2.88297  33 

-  2.87989  70 

-  2.87266  39 

-  2.86108  89 

-  2. 84497  53 

-  2.82411  36 

-  2.79828  02 

-  2.76723  56 

-  2. 73072  34 

-  2.68846  T5 
•  2*64017  06 

-  2. 58551  Oi 

-  2.52414  00 

-  2.45567  9i 

-  2. 37971  49 

-  2.29579  49 

-  2.20342  26 
--2. 10205  0^ 

-  1.99107  zi 
"  1.86981  5i 

-  1. 73752  72 
1.59336  |4 


/ 


-  1.26549/27 

-  1.07947  65 
•  0.87692  20 
.  0.65620  16 

-  0.41542  09 

-  0.15235  72 
I.  0.13562  04 

0.41165  68 
0.79955  16 
1.18395  08 

1/6IO6I  19 
^.08677  72 
/2. 62171  45 
/  3.22751  63 
3.92032  16 

4.72224  63 
5.66456  11 
6.79318  58 
8.17876  62 
9.93658  04 

12.26978  50 
15.57616  37 
20.76422  38 
30.50045  90 
57.80864  53 


-  4. 66319  54 

-  4. 55737  62 

-  4. 39368  94 

-  4. 17156  11 

-  3. 89102  65 

-  3. 55277  54 

-  3. 15819  61 

-  2. 70941  73 

-  2.20934  79 

-  1. 66171  26 

-  1. 07108  51 

-  0.44291  60 
•«>  0.21644  47 

0.89973  10 
1.59875  12 

2.30438  77 
3. 00660  55 
3.69447  22 
4.35619  14 
4.97914  99 

5.54998  34 
6.05466  05 
6.47859  09 
6. 80675  90 
7.02388  88 

7.11464  51 
7.06387  68 
6.85691  02 
6.47990  33 
5.92027  14 

5.16720  18 
4.21227  67 
3.05023  28 
1.67989  36 
4.  0.10532  57 

-  1.66270  85 

-  3. 60489  91 
•  5.69098  02 

-  7.87652  81 
-10.09858  18 

-12.26944  98 
-14.26758  89 
-15.92348  54 
-16.99643  22 
-17.13329  84 


-15.78782  62 
-12.04072  38 
-  4.11777  87 
♦12.32933  89 
54.86521  05 


340 

Table  S.4 

Q5o(x) 

-  3. 493228 

-  3.947399 

-  4.355894 

-  4.710854 

-  5.004695 

-  5.230233 

-  5. 3|0807. 

-  5.450406 

-  5.433812 

-  5.326732 

-  5.125950 

-  4.829465 

-  4.436649 

-  3.948368 

-  3.367169 

-  2.6973711 

-  1.949249' 

-  1.119087 

-  0.229371 

♦  0.7lim 

1.687501 
2.682165 
3.679319 
4.644816 
5.966082 

6.412431 
7. 199161 
7.7638)6 
8.206692 
8.490921 

8.463693 
8.212999 
7.666669 
6.798024 
5.583115 

4.005017 

♦  2.096070 

-  0.298629 

-  2.916994 

-  9.871760 

-  9.049801 
-12.319719 
-15. 495090 
-18.304274 
-20.319071 

-20.873659 
-18.851215 
-12.140718 

♦  4.242107 
49.428990 


1.00 
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ERIC 


8fi0 


T«M*a.ft 


1.2 
1.4 
1.6 
LI 

2.0 
2.2 
2.4 
2.6 

^8 

).0 
3.2 
9.4 
).6 

4.0 

4.4 
4.6 
4.8 

S.0 
S.2 
S.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.2 
7.4 
7.6 

8.0 
8.2 
8.4 
8.6 
8.8  4 

9.0 
9.2 
9.4 
9.6 
9.8 


Pi(X) 

1.00 
1.66 
2.44 
9.J4 
4.96 

5.90 
6.76 
8.14 
9.64 
11.26 

19.00 
14.86 
16.84 
18.94 
21.16 

29.50 
29.96 
28.54 
91.24 
94.06 

97.00 
40.06 
49.24 
46.54 
49.96 

59.50 
57.  U 
60.94 
64.  M 
68.86 

79.00 
77.26 
81.64 
86.14 
90.76 

95.90 
100.96 
105.94 
110.44 
115.66 

121.00 
126.46 
192.04 
197.74 
149.56 


LB0IN9M  fUHOnONB 
LEGENDRB  rVNCnON—nRST  KIND  f,(«) 


1.00 
2.52 
4.76 
7.M 
11.88 

17.00 
29.92 
90.96 
40.04 
50.68 

69.00 
77.12 
99.16 
111.24 
191.48 

154.00 
178.92 
206.96 
296.44 
269.28 

905.00 

949.72 

985.56 

490.64. 

479.08 

591.00 
586.52 
645.76 
708.84 
775.88 

847.00 
922.92 
1001.96 
1086.04 
1174.68 

1268.00 
1966.12 
1469.16 
1577.24 
1690.48 

1809.00 
1992.92 
2062.96 
2197.44 
2998.28 


PoW-1  Pi(*)-« 


1.00000 
4.04700 
9.89200 
94470 
41520 


5.59750 
8.47120 
1.29927 
1.74952 
2.99887 

9.21000 
4.20727 
5.41672 
6.86607 
8.58472 


9)1 


9  1 


.06098 
1.29559 
1.56757 
.87991 
2.29641 


2.M100 
9.09781 
9.61111 
14^8597 
4.82919 

5.59598 

HISS 

8.19847 
9.18199 

1.09210 
1.15699 
1.29142 
1.49797 
1.59669 


ill 


.76804 
1.95286 
2.15176 
2.96546 
2.59466 


4}2.M010 
9.10252 
9.98268 
.9.68197 
4)9.99998 


1.00000 
6.72552 
(1)2.09686 

(1)  4.97954 

(2)  1.01148 


5 
5 
5 

5! 

5 
5 

5 
5 
5 


1.85750 
9.16804 
5,10397 
7.86749 
1.16849 

1.68900 
2.96169 
9.24050 
4.96022 
5.76676 

7.51150 
9.65154 
1.22S00 
1.59765 
1.91071 

2.95250 
2.87205 
9.47916 
4.18440 
4.99917 

5.99572 
7.00717 
8.22754 
9.61180 
1.11759 

1.29967 
1.49122 
1.71215 
1.95846 
2.29227 

2.59589 
2.87149 
9.24171 
9.64912 
4.09649 

4.58649 
5.12290 
5.70699 
6.94989 
7.09621 


1.00000 
6.02754 
5.09668 
2.45979 
8.97882 


4)2.71007 

4  7.19591 

5  1.69959 
•*9. 70179 

7.56647 


6)1.46256 
'^2.  69625 
4.77208 
8.15181 
1.94978 


2.17406 
9.41692 
5.25060 
7.W944 
1.16994 

1.70196 
2.49899 
9.44472 
4.80969 
6.61859 

9.01781 
1.21596 
1.62972 
2.14858 
2^81890 

9.66876 
4.79885 
6.0n49 
7.74185 
9.79919 


10)1.29289 
"*1. 54212 
1.91848 
2.97490 
2.92987 


9.58969 
4.97249 
5.91184 
6.42640 
7.74404 


PMt) 

1.00000 

1.06544 

1.19789 

6.65496 

2.81110 

9.60605 
2.61929 
7.97020 
1.75809 
9.89219 

8.09745 
1.99814 
9.01497 
5.46978 
9.57919 

1.62997 
2.68690 
4.99189 
6.82999 
1.09524 


9)1.60047 
2.98657 
9.90962 
5.06985 
7.29884 


(lo: 

10 
10 
10 
10 


1.02082 
1.42299 
1.96229 
2.67872 
9.62a6 


4.85499 
6.49129 
8.50564 
1.11909 
11)1.44629 


10 

10 
10 
11 


1.86659 
2.99969 
9.05098 
9.86641 
4.87282 


11)6.10897 
11)7.62090 

11)  9.49994 

12)  1.16898 
12)1.49817 


10.0      149.50      2485.00      (4)4.99754      (5)7.78769      (10)9.29640  (12)1.76188 

FVom  National  Bureau  of  Standards,  Tables  of  anodated  Lecendre  fnnetiom.  Columbia  Univ.  Pnas,  N«w 
Y<irk,N.Y.,  1946  (with  permission). 
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iMNSBi  fUMonom 

DERIVATIVB  OP  THE  LEGENDRE  FUNOlON-nRST  KIND 


1.0 
1.2 
1.4 
1.6 
1.S 

2.0 
2.2 
2.4 
2.6 
2.8 

3.0 
3.2 
3.4 
3.6 

3.  a 

4.0 

4.4 

4.6 
4.0 

S.0 
S.2 
5.4 
S.6 
S.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 
8.8 

».0 
9.2 
».4 

9.8 


6.000 
9.300 

11.320 
1.770 
2.280 

2.850 
3.480 
4.170 
4.920 
5.730 

6.600 
7.530 
8.520 
9.570 
1.068 


1.185 
1.308 
1.437 

,-,1.572 
2)1*713 

1.860 
2.013 
2.172 
2.337 
2)2.508 


2.685 
2.868 
3.057 
3.252 
3.453 

3.660 
3.873 
4.092 
4.317 
4.548 

4.785 
5.028 
5.277 
5.532 
5.793 

6.060 
6.333 
6.612 
6.897 
7.188 


J»i(,)-1  PiW-aaf 


1.00000 
2.12400 
3.75200 
5,96800 
8.85600 

1.25000 
1.69840 
2.29920 
2.88080 
3.63160 

4.90000 
S. 49440 
6.62320 
7.89480 
9.91760 

1.09000 
1.26504 
1.45772 

A.  Wvvfp 

1.89936 

2.15000 
2.42164 
2.71512 
3.03128 
3.97096 

3.73500 
4.12424 
4.53952 
4.98168 
5.45156 

5.95000 
6.47784 
7.03592 
7.62508 
8.24616 

)  8. 90000 
{9.58744 
)1. 03093 
|l. 10665 
) 1.18598 


1.26900 
1.35580 
1.44647 
,  .54109 
4)1.63974 


4  1 


«(»)  . 
1.50000 
4.57290 
2)1.01688 
92723 
3.30168 


2)5.26875 
7,97208 
U 15704 
1.  62377 
2.21628 


3! 
9 
9 

il 

9 
4 
4 
4 
4 

4; 

4 


5)2. 


2.95500 

9.86184/ 

4.96021 

6.27n6 

7.89l05 

9.|iU87 

i.fmi 

1.42518 
1.70764 

i2.r 


2.99550 
2.80816 
1.27172 
9.79020/ 
4.96n5 


5.00869 
5.71746 
6.49870 
7.95714 
8,29772 


9.92550 
1.04457 
1.16697 
1.29849 
1,44^52 

5)1. 59602 
1. 76260 
1.94187 
2.19445 
2.94099 


6)  4,69721 

6  7.95819 

7  1.91805 
7  2,11692 

7)  9.90652 

7)5.04229 

7)  7.52491 

8)  1.  lOT' 
19 

81^29988- 


9.12290 
4.29574 
5,89620 
7.89868 
1.04169 

1.97071 
1.78712 
2.91006 
2.96206 
9.76947 

4.76295 
5.97809 
7.45591 
9.24962 
1.19999 

1.99725 
1.70455 
2.06997 
%  50070 
9.00866 


56215 
2.79860 
9. 05102 
9.92019 
9. 60669 


10)9 


1.60469 
4.90197 
5.11911 
6. 05576 
7.14698 


Table  8.6 


J*{o(«) 
5.50000 
1.59586 
1.19477 
5.24824 
1.85808 


5)5.50068 
6  1.42999 
6  9.96028 
6  7.29917 
7)1,48267 


2,85972 
9.24287 
9.25945 
1.57706 
2.60626 


8)4,19097. 

^  1.00955 
1,51918 
2,24508 


9! 
9 
9 
9 

lOl 

10 
10 
10 
10 

10 
10 

11 
11 
11 

11 
11 
11 
11 
11 


9,2i940 
4,67217 
6.59627 
9.19929 
1.26604 

1.72421 
2.92997 
9.10217 
4.10954 
5.98214 

7.00289 
9.04907 
1.15949 
1.47670 
1.86675 

2.95069 
2.99985 
9.65675 
4,52490 
5.57149 


11)6. 


11 
12 
12 
12 


82780 
8.92969 
1.01182 
1.22999 
1.47481 


10.0        (  2)7.485        (  4)1.74250 


(10)8.40642  (12)1.77028 


(5)9.91127 

From  National  Bureau  of  Standard^  Tables  of  aaMMSiated  Legendre  funetkms.  Columbia  Univ.  Preis. 
New  York.  N.Y..  1945  (with  perrolwlon). 
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Tabic  8.7 


LKOIKDM  FUNOnONfi 
4.EGENDRE  FUNCTION-SECOND  KIND  Q^(m) 


1.0 
1.2 
4.4 
1.6 
1. 


ill 


2.0  ( 

-i:i 

2.2 

-I 

2#4 

-1, 

-1, 

2.tt 

3.0  ( 

-1) 

3.2 

-l 

3## 

-1, 

%  tt 

•I, 

4«2 

A  A 

•l. 

-1, 

•1, 

[-1J 

9,2 

!-i 

ft  ^ 

••1, 

ft  ft 

6.0  1 

[-1] 

«.2  '1 

-1 

A  A 

-1, 

-1, 

A.  11 
0«  B  1 

7.2 

-1 

7.4 

-1 

7.6 

-i! 

7.8 

-1 

8.0 

(-1' 

8.2 

-I 

8.4 

-I 

8.6 

-I 

8.8 

-I 

9.0 

(-1 

9.2 

-i 

9.4 

-i 

9.6 

-I 

9.8 

-I 

1.19895 
.1)8.95880 
7.33169 
6.26381 


S.  49306 
4.90415 
4.43652 
4.05465 
3.73607 

3.46574 
3.23314 
3.03068 
2.85272 
2.69498 

2. j5413 
2.42754 
2.31312 
2.20916 
2.11428 

2.02733 
1.94732 
1.87347 
1.80507 
1.74153 

1.68236 
1.62711 
1.57541 
1.52691 
1.48133 

1.43841 
1.39792 
1.35967 
1.32346 
1.28915 

1.25657 
1.22561 
1.19615 
1.16807 
1.14129 

1.11572 
1. 09127 
1. 06787 
1.04S46 
1.02397 


-li 
-1 

-1 

-1 

-2 
-2 
-2 
•2 
-2 

-2' 
-2 
-2 
-2 
-2 

-2 
.2 
-2 


m 

4.38737 
2.54232 
1.73070 
1.27487 

9.86123 
7.89122 
6.47638 
9.42093 
4,61002 

3.97208 
3.46035 
3.04309 
2. 69807 
2.40934 


2  1 
2 


2.16512 
1.95664 
1.77717 
.62153 
1.48564 


1.36628 
1.26084 
1.16723 
1.08374 
1.00894 

9.41671 
8.80944 
8.25935 
7.75944 
7.30377 

6.88725 
6.50550 
6.15475 
15.83171 
5.53353 

5.25771 
5.00208 
4.76469 
4.54386 
4.33807, 

4.14598 
3.96640 
3.79827 
3.64063 
3.49262 


-1 
-2 
-2 
-2 

-2! 
-2 
-2 
-3 


Qa(«) 

1.90253 
8.59466 
4.87829 
3.10233 

2. 11638 
1.52029 
1.13240 
8.48364 
6.81708 


-5)l,-«5667 
-3  4.43984 
.3  3.66347 
-)  3.05981 
-3)2.98298 


-3 
-3 
-3 
-3 

-3! 
-4 


2.20108 
1.89145 
1.63766 
1.42759 
1.25217 

1.10450 
9.79278 
8,72377 
7.80551 
7. 0122) 

6.32330 
5.72204 
5.19491 
14. 73078 
14.32050 

3.95644 
3.63228 
3. 34266 
3.08311 
2.84980 

2. 63950 
2.44944 
2.27723 
2.12082 
1.97844 


.4)1. 84855 
1.72979 
1.62102 
1.52119 
1.42940 


-5 


-5 


8.80147 
3. 10542 
1. 47080 
6,07870 

4. 87112 
3,13576 
2.12013 
li 46960 
1. 07961 

8.02854 
6.10146 
4.72397 
3.71695 
2.96625 

2.39697 
1.95866 
1. 61661 
1.34641 
1,13061 

9.56532 
8.14823 
6,98500 
6.02278 
5,22117 

4.54896 
3.98181 
3,50058 
3. 09006 
2.73812 


•4)2, 

-5 

-5 

-8 
-5 


43500 
2.17277 
1.94497 
1.74631 
1.57242 


1.41968 
1.28507 
1.16606 
1. 06054 
9.66707 


.6 
-6 

^)6 


8.83037 
8.0K37 
7.41202 
6.80982 
.26763 


-  3; 

-  4 

-  5 

-  6 

-  6' 

-  7 

-  7 

-  6 

-  9 

-  8! 

-  9 

-  9 

-10; 
-10 

-10 
-10 
-11! 

-11 
-11 
-11 
-11 
-11 

-12! 
-12 

-12 
-12 
-13 
-13 

-1' 

-13 

-13 

-13 
-13 
-13 
-14 
-14 


• 

1.32079 
1.06810 
1.71471 
3.91902 

1.12179 
3.76522 
1.42488 
5.92566 
2.66020 

1,27252 
6.42269 
3.39441 
1.86714 
1.06372 

6.25130 
3.77701 
2,33956 
1,46213 
9,58309 

6.31274 
4.23006 
2,87937 
1,98859 
1,39197 

9,86572 
7,07418 
5,12787 
3,75499 
2.77600 

2,07071 
1,55770 
1,18115 
9,02383 
6.94338 

5,37876 
4,19350 
3,28941 
2,59524 
2,05891 

1,64205 
1.31620 
1.06011 
8.57794 
6.97159 


■  4; 
•  5 

■  6 
>  6 

.  7; 
'  0 
'  0 

-  0 

.  9! 

■  9; 

-10 
-10 
-10 
-10 

-11 

•^K 
-11 
-12! 

-12 
-12 

t12 
-12 
-12 

-131 

-13 
-13 

-W 
-13l 

-13i 
-1' 
-14 
-14 
-14 

-14; 
-14 
-14 
-14 
-14 


Oio(*) 

6.75615 
4.27633 
5.73368 
1.13241 

2.66313 
8.62195 
2,96212 
1,12879 
4,67676 

2,07945 
9,80358 
4,86183  ' 
2,51945 
1,35695 

7,56235 
4,34493 
2,56963 
1,55290 
9,61271 

6,07362 
3,91025 
2,56132 
1,70471 
1,15147 

7,88519 
5,46920 
3,83900 
12. 72499 
1.95462 

1.41592 
1.03525 
7.63977 
5. 67877 
4.25654 

3. 21427 
2.44439 
1.87141 
1.44191 
1.11775 


-15  8. 

-15*' 
-15 
-15 


-15)3 


71913 
6.83294 
5.38569 
4.26656 
. 39644 


10.0   (-1)1.00335   (-3)3.35348   (-4)1.34486   (-6)5.77839   (-14)5.69010  (-15)2.71639 

From  National  Bureau  of  Standarda.  Tables  of  ««ici&t«l  Legendre  functions.  Columbia  Univ.  Pw  New 
York.  N.Y.,  1946  fwith  permiaaion^ 
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DERIVATIVE  OP  THE  LEGBNDIIE  PDNCTION-SECONI^  KIND  <K(«) 


858 


1*0 

1.4 

1.B 

2.0 
2.2 
2.4 
2.6 
2.8 

S.0 
9.2 
3.4 
3.6 
S.8 

4.0 
'4.2 
4.4 
4.6 
4.8 

'5.0 
9.2 
9.4 
9.6 
9.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 

7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 
8.8 

9.0 
».2 
9.4 
9.6 
9.8 


2.2727) 
1.04167 
(-1)6.41026 
(-1)4.46429 


-1 
-1 
-1 
-1 

-1 

-1 
-1 
-2 
-2 
-2 

-2; 

-2 
-2 
-2 
-2 

-2: 
-2 
-2 
-2 

-2! 

-2; 
-2 
-2 
-2 


S.9))SS 
2.60417 
2.10084 
1.7S611 
1.46199 

1.29000 
1.08229 
9.46970 
8.96120 
7.44048 

6.6666? 
6.00962 
9.44662 
4.960)2 
4.9)721 

4.16667 
9.84029 
9.99114 
9.29)81 
).06)7) 

2.89714 
2.67094 
2.90290 
2.94962 


-2)2.2104) 


-2 
-2 
-2 


-2 

-2 
-2 
-2 
-2 

-2; 

-2 
-2 

-2 
-2 


2.08))) 
1.96696 
1.86012 


-2)1.76180 
1.67112 

1.98790 
1.90966 
U4)761 
1«)7061 
l.)0822 

1.29000 


1.199 
1.14469 
1.09697 
09219 


-95W 

U928)) 
f-l)£'62494 
-1)2,92472 
-1)1.77190 


-1 
-2 
-2 

-2! 


-2)9. 


1.17)61 
8,29020 
6,09901 
4.99298 
97499 


-2 

"2 
-2 

I-2I 

:-2i 

-J 
-J 

-9l 

-9 

-J 
-9 
-9 
-9 

-9 

-9 
-9 
-9 

-9: 

-): 
-) 
-) 
-) 
-)l 

-) 
-) 

-9 
-9 


2.84264 
2,90068 
1.89018 
1.97)09 
1.92)98 

1,12999 
9.64994 
8.99966 
7,29829 
6.99742 

9,60070 
4.96040 
4.41464 
9.94696 
9.94279. 

9.19249 
2.887U9 
2.61964 
2,98496 
2.17699 

1.992)0 
1.828)4 
1,68199 
1.99089 
1.49)04 

l.)2691 
1.2)104 
1.14421 
1.06998 
9.9)646 

9.28224 
iL  684)9 
8.1)682 
7.6)447 
7.17272 


-1)9, 


1.96916 
2.78972 
1.21817 
6,99686 


42: 


-2)9,74969 
96801 
1,97929 
1,09899 
7.89894 


-2 
-2 
-9 


-9 
-9 
-9 
-9 
-9 


9.8)769 
4,41472 
), 404)7 
2.66980 
2.12471 


-))1 


,71292 
U)9691 
1,19099 
9,97184 
8.02729 

6.78)96 
9,77277 
4^9442) 
4.29974 
9.69019 

9.21299 
2.81078 
2,46977 
2.17910 
1,99008 


7197) 
1.99040 
1. 96949 
1,22929 
1.10691 

9.98769 
9,09846 
8.19960 
7,49601 
6.79498 

6.20979 
9.67908 
9.20722 
4.78944 
4.40196 


-1 
-1 
-2 

-2! 

•2: 
-) 
-) 


9.77060 
1.92721 
4.88980 
2.20796 

1.14416 
6.48766 
9.9)006 
2.90997 
1.66411 


-9)1.14904 
-4)8,07987 
-4)9.84469 
-4)4.91867 
-4)9.24996 


2.48499 

i*92r 


!-9! 
-*i 

-9 

-9 

-9; 

-s 

-9 
-9 
-9 

-9! 

-9; 
-9 
-9 
-6 

-6 
-6 


-6; 

-6 
-6 

-6 


694 
1.91964 
1.20274 
9.69712 

7.82792 
6.40948 
9.27949 
4.98019 
9.66172 

9.08090 
7.60689 
2.21819 
1.89709 
1.69099 

1.40747 
1.22029 
1.06216 
9.2807) 
8.19829 

7.16078 
6.92104 
9.99691 
4.97021 
4.42997 

9.99179 
9.9)7)6 
).  17406 
2.89468 
2.97914 


10.0  (-2)1.01010  (-4)6.74799  (-9)4.09782  (-6)2.92490 
York.  N.Y.,  1946  (wtth  pmnWon). 


-  9 


2.06667 
1.11220 
1^99114 
2.64)67 

6.92419 
1.99269 
6.96197 
2.47880 
1.02097 

4.91200 
2.11821 
1.04686 
9.40991 
2.90699 


1.61660 
9.27220 
9,46709 
9.90481 
2.04949 

1; 28989 
8^29696 
9.49096 
9.61188 
2.49819 

1.66874 
1.19686 
8,1167) 
9.79909 
4.129)8 

2.99029 
2.18966 
1.61169 
1.19826 
B.979J9 

6.77919 
9.19499 
9.94999 
9,09991 
2,99969 


[-19)1,89641 
-U}1, 49999 
-19)1.19492 
-14)8.98697 
-14)7.19298 


T«lik8.| 


2)1.1992^ 

9)9.  lUC 
6)8.999911 


-  8! 

-  9; 

-  9 

-  9 
-10 

-10| 

-10; 

Ui 
-11 


6)  1.89099 

7)  4.M961 
1.49994 
9.19299 
1.97990 


8.10849  ' 


9.98978 
1.64904 
8.02794 
4.07799 

2.19091 
1.17)16 
6.9941) 
). 80849 
2.2949) 


-12 
-12 
-12 


96497 
49998 

21848 


-12: 
-19 
-1' 
-1' 
-19! 

-1' 

-1' 
-14 

-14 


1.46709 
9.8)782 
6,68)99 
4.99709 
9.19817 

2.24909 
1.99779 
1.14602 
8.29492 
6.09494 


-14)4. 


.49610 
9.90480 
2.46898 

-.,1.09749 
14)U  40670 


-14 

-14,-, 
-14}!. 


-19 

-1' 
-19 

-19 


-,07211 
8.22064 
6.99999 
4.91668 
9.89921 


(-14)9.72014  (-19)9.00974 
pitainbi»Uiiiv.PiiaM»N«ir 


/  „ 
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9.  Bessel  Functioiis  of  Integer  Qrder 

F.  W.  J.  Oltsb  * 
Gmtcnts  - 

MithtBimllrri  Vkvpnttot     868 


i/Mi<r     8u 

9.1*  IMiiiitioiis  and  XlMMntaiy  Aopertiw   888 

9J.  Aigfmptotie  Bipaiiiriom  for  Laige  Aiguments   804 

♦«8»  A^toptotic  gaqmmioiui  fof  I<urge  Ordarg   868 

9A.  Fi4]nioiniAl  ApiiiMlmati^  •  •  •  •   800' 

ffli  Zmm   870 

Modttad  BmmI  FknMtloM  f  rad  JT.  •  t  •••••••••••  •  874 

■Deflnitioiit  and  Fh»p«rtiw   874 

9.T.  Asymptotic  Bipaiiitoii   877 

9A  Polynomial  Approzinuitknu .   878 

Kabtn  i^mrtWM,  ...»   879 

9.9.  DdbltioDa  and  Ftopertiaa   879 

9.10.  AiymptoUe  Expantioiia   881 

9.11.  PdjnMHnial  Ap|Hozimatiow  .............  884 

Nttmoriofll  Melhodo   888 

9.1S.  Uaa  and  Extension  of  the  Tabko.   888 


Tablo9.1.  BciidFluiotloiM--(Mima^l,aiMla(0^ff^l7.5)  ....  800 

18D,  j,(»),4;i(»),r,(j»),r,u),  iod 

»«0(.1)17.5 

Bcnal  Fonotioiia-'Modulus  and  Fhaaa  of  Ordara  0,  1,  2 

(10  ^f^*)  ,   800 

«»A#.(»),  •.(»)-»,  8D 
n«0(l)2,*-»=.l(-.01)0 
Baasal  TiuMtlotta— AtuiUaiy  Table  for  Small  Argumtnta 
(O^fjgJJ)   807 

r.W-;  Ji(»)to»,  ?r(r.(«)-.2j,(,)in,] 
»«0(.l)a,  8D 

TaUoOA  BMdFunotion8-OrdtrB3-0(0^«:S20)  

r.(«),  n=8(l)0 
#bO(.2)20,  5D  or  88 


*  Nstloaal  Bwiatt  of  Otsa^idi,  «a  Isavs  Cram  tte  Natioasl  PIvsiaal  Labomtcty. 
O  81 
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imiti  fimoiKiini  ov  omon  onm 

« 

TdM«94*  B«NlFu]MtioB*--Oid«inlO,U,90,an491(0;lSg:$30)  .  . 
r«V»(f),  arV,»W,  «»r„(f) 
s«0(.l)10»  8Sor«S 

«»10(.1)S0,  aD 
rV»(|i),r«Jii(»),*"r»(«) 
fl>iO(.l)SO,  68  or  78 
Bend  FrnwUmi— Modvlns  wd  FIum  «f  Ord«n  10,11,20, 

■iMiai(ao^»^«).  

aW.(»),*.(»)-« 
ii-ilO,  11,  8D 
ii-i90,ai,  OD 

r>-.Oft(-.ooa)o 

Table       Bend  FiiMtioB»--VariQiit  Olden  (O^gii  2^100).  ..... 

J.(f),nW,  fi-i0(l)20(10)«),  100 
«^1,2,6,10,M,100,  108 

TaUa^J.  Zm and AiMeiated VahM of Beasd Funotkm and Thdr 

DtfiyaUvea  (O^n^S,  l^«^aO)  

mj;iU^»(iU  *D(10Dforn-0) 

n(y.4);  «D(8Dforn-o) 
«'-i(i)ao,ft--o(i)8 

Tabla9A  BflnelFii]ietionaJ,(i»^),«»  1(1)5  

«»0(.Q8)1,6D 

Table  9.7.  Beaiel  FuiwkioDa^Misedla&eotts  Zeioe  («»1^   

I         tlh  wuo  of  a  •/i(a)'~  Wo(«> 

X,  X-*-0(.Oa)  .1,  .2(.3)1,  4D 
i<4  aero  of  J|(a)- Wt(a) 

Ji-.8a)l,X-»«l(-.2).a,.l(-.02)0,  4D 
«dieroof  Jo(a)nOa)-n(a)J«(Mi) 

r>«.8(-.a)  .a,  .i(~.oa)o,  ad  (8D  for  «-i) 

aeio  of  J|(a)  FiOtf)- rtO()J,(>a) 

x->-.8(-.a)  .a,  .i(-.oa)o,  sd  (8D  for  «-i) 

Id  aeio  of  JMTtOay-rtWtOa) 
r>».8(~..a)  .2,  .l(-.Oa)0,  «D  (8D  for  e-l) 

TaUa  94.  Modified  Beeeel  FuneUone  of  Orders  0, 1,  and  a  (OiSa^aO)  . 
e-/,(»),  «•«,(»),  e-/,(«), 

«»o(.i)io  (.a)ao,  loDorios 

r»/,(f),  «(a) 
«»0(.1)8,  10D,9D 
e-/,(a), 

a»»(.l)10  (.a)aO,  9D,8D 
Modified  Beieel  FnneUone— Auxiliary  Table  for  Large 

Argttinen4a  (a0^al«) .  

a*f-/.W,r-«f»i«K.(a),  ii«0,l,a 

,/      r«-.Od(-.ooa)o,  a^D 

Modified  Bene!  Fttnetioot-*Attxiliary  Tkble  for  8mall 

Arittunenta  (0:Sa2S8) .  

miHm  Ina,  »{Kt(i»)'-m  M 
«»0(.l)a,  8D 
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"      /  T*te 

Ti^9.9.  Modified  Bwael  Fuiietioii»-Orden  3-9  (0:^»^20)  ...  423 
•-/.(«),            n-8(l)9  / 
»-0(.2)10U)20,  fiS  y 

T«lil«9.10.  Modified  Boasel  FaooUoDs— Orden^  10,  11,  20  and  21 

(0^9^20)   •**  426 

^     #-»/«,(«),  r"/«(«),  / 

«»0(.2)10,  as  or  OS  / 
«-•/,•(»),  r'/„(»),e-Ktt(«)/ 
««10(.2)20,  lOD,  10D,7D 
ar»/„(»),  r«/«(«),  ai»iU?») 
«e0(.2)20,  8S(o  7S  7 
Modified  Beiiel  Fonotioni^AuxiUary  TaUe  for  Luse 
iiguments  (20^«^«»).   437 

ln{a(ir'/»(»)),  ln{al«-/t,(»)),  to{*-Ht»e«Ji:io(»)) 
jr>-s.06(-.001)0,  8D,6D 

TaUo  941.  Modified  Bfl8aelFaiieaoM--yariow Orders  (Oi^n^lOO)  .  428 
/.(»),  ii«(^(l)20(10)50, 100 

_f->l,2,A,  10,00,  100,  OSor  lOS 

1 

TaMo  9.12.  Kelvin  FunotioBe— Orders  0  and  1  (0^«^5)   430 

ber  «,  bei «,  beri «,  bail « 
ker  «,  kei «,  keri «,  keii « 
«»0(.1)6,  10D,|9D 
Kelvin  Funeliona— AuiOiary  Table 'for  Small  Argumente 

(0^«^1).  ..  .7.  ..........    430 

Iter  «+ber  « In  £  kei  «+bei «  b  « 
«Ckeri«+bert « In  «),  «0c6ii  «+beii « In  «) 
»=0(.1)1,  9bJ 

Kelvin  Fttnetkms^-Modulus  and  Phase  (0^«^7) ....  482 
Jlf,(«), «»(«),  Mi(t),  m 

»=0(.2)7,  6D! 
Kelvin  FunctionsHModulus  and  Phase  for  Large  Aigu- 

ments  (e.e^«^»ii)   432 

jbOe)-(«/V3),  ^'"^MM,  9t(x)H9/^) 
x»e^vJ^,(«),^(»)+(»/V2),  «»«^^M(»),«i(»)+(«/V2) 
ar»=.15(-.01)0,  «D 
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Ruth  Zu«ker  of  the  N«tioiua  Burteu  of  Studwdt,  and  M.  F.  Btrd,  C.  W.  Clenshtw,  end 
Joftn  M.  Felton  at  the  N»ti«ua  Physleal  Leboiatofy  in  the  ptepeietkm  en^  eheeUng  nt  the 
tftbtei  and  |m|Ae. 
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9.  Bessel  Functions  of  Integer  Order 


NoUUon 

Hie  tables  in  this  chapter  are  for  Beasd  futfo- 
tkms  of  integer  order;  the  text  treats  general 
Olden.  The  conyentions  used  are: 

a>»«<f  {y;  a,  y  real. 

A  is  a  positive  integer  or  sero. 
'  p,  n  »n  unrestricted  except  where  otherwise 
indicated ;  p  is  supposed  real  in  the  sections  devoted 
to  Kelvin  functions  9.9*  9.10,  and  9.11. 

The  notation  used  for  the  Bessd  - functions  is 
that  of  Watson  (9.15)  and  the  British  Association 
and  Royal  Society  Mathematical  Tables.  The 
function  Y,(g)  is  often  denoted  by  physicists 
and  European  workers. 

Other  notations  are  those  of: 
Aldis,  Airey; 

for  -J»r,(«),if,(a)  for 

diiford: 

C.(«)for»-»-J.(2Vi). 
Gray,  Mathews  and  MacRobert  [0.0]: 

F.(«)  for  i»r,(«)+0«»  2-7)J.(«), 
?.(«)  for  secMl^X*), 
0,(9)  for  |«iH^»(s). 
Jfthnke,  Emde  and  Lfisch  [0.321: 

A,(«)  for  r(i.+ !)(»«)-'«/,(«). 

H»,iz)  for  //i»(ir),  for 

Kh,(z)  for  i2MKM. 

Heine: 

K.iz)  for-|irr.(«). 

Neumann: 

y-(«)  for  |»r,(a)  +  On  2-7)J.(»). 
Wbittaker  and  Watson  [0.18^: 

Kp(»)  tot  co»{pt)K,{i). 


Mathematical  Properties 

Bessel  Fnactkicis  /  and  Y 
9.1*  Definitions  and  EleflMnUry  PropertlM 
Differential  Equation 

9.1.1 
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Solutions  are  the  Beasel  functions  of  the  first  kind 
of  the  second  kind  Y^iz)  (also  oaUed 
Weber'sfunction)  and  of  tiietiiird  kind^,»U).  W(») 
(also  called  the  Hankel  functions).  Each  fai  a 
regular  (holomorphic)  function  of  «  throughout 
the  9-]dane  cut  along  the  negative  real  axis,  and 
for  fixed  s(s'^O)  each  is  an  entire  (int^pral)  func- 
tion of  p.  When  v»  d:  n, «/»(«)  has  no  branch  point 
and  is  an  entire  (integral)  function  of  s. 

Important  features  pf  the  various  solutions  are 
as  follows:  «/»(«)  (^r^O)  b  bounded  as  sM)  in 
any  bounded  range  of  arg  z.  «/,(«)  and  «/->(«) 
are  lineariy  independent  except  when  v  k  an 
integer.  •/,(«)  and  Ypiz)  are  linearly  independent 
for  all  values  of  p. 

Hi"iz)  tends  to  sero  as  |s)Ha>  in  the  sector 
0<arg  z<r,  Hf"(»)  t^nds  to  sero  as  |»|-»«»  in  the 
sector  — v<arg  «<0.  For  all  values  of  p,  Hi"(0) 
and  Hi'^iz)  are  linearly  independent.\ 


9.1.2 


Rdationa  Between  Sohitloaa 

V  /.X   «/>(g)  COS  (iir)-J-»(g) 

I  rVZ)'—'  i  / — V 

'  Bin  (rr) 


The  right  of  this  equation  is  replaced  by  its 
limiting  value  if  v  is  an  integer  or  zero. 

9.1.3 

W(«)«J»(«)+<K»(») 

C8c(r»)  {«-'"J,(») -«/-,(») ) 

9.1.4 

HJ«(a)=J.(«)-tr,(«) 

«<  csc(Mr){/-,(«)-«'"J,(«) } 

9.1.5  J-.(«)»  (-)V.(«)  F.,(«)-(~)"n(») 

9.1.6  ^»(«)««'"W(«)  H1V(«)««-'*W(«) 
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>.;;J. 


;v.;.? 


\ 

.  \ 

/ 

;  / 

1. 

FiovM  0.1.  M)»  Tt(?t),  JiOv),  ri(at). 


FiouBB  9.3.  MO)  and  f  p(lO). 


•■i 


-A 


I  •§.#  •         *      .  I*  ff* 

B.  Jftbnke,  F.  Emde,  and  F.  LM,  Tabtoi  of  bightt  functloni,  McGrftwwHiU  Book  Oo.,  Inc.,  Ni^ 
Y«rk,  N.Y.,  1900  (with  ponMoii).  | 
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M  BMSIL  VUNOnONS  OF  IMTBOIR  OBDIK 

KJmHlttt  Fanm  far  Small  AfgiMMatii 
Wlwn  V  is  find  tiul  9-*(i 


«/.(«)-(l«)Vr(r+i)     iP9i-i,  -2,  -3, . . .) 

MA  r«(a)  <flj»(«)'v<flj»(a)'^(2/»)li»  « 

9.L9 

F;i;^-i]r»(a)-iflj»(j)-- 


9.1.10  J,(.)-(|.)'g^.ji^ 
9.1.11 

whdre  ^(n)  b  given  by  6«3«2« 

9.i.ia  jo(.)»i-i|;;+<^'-.^+... 

9.1.U 
9.1.14 

iWr(r+*+i)r(M+*+i)r(r+M+*+i) « 


9.1.18 

-  J^,(»)J.,(»)+ J,(«)J_(^.,(a) 
«-2siii(«r)/(»») 

9.1.16 


'2/(»i) 


9.1.17 


mW(«).«J''(«))«i^JVt(3)«J«(a)-W»(a)«?,(«) 
«  — 4</(»«) 


9.1.18 

w  »  Jo 

9.1.19 

r,(a)  «^  Jj**  COB  (a  006  { 7+to  (2a  gin*  D } 

•^'(«)-Si^Jip|)J,        «»  •)  tin"  A» 

(l-<«)'-*co8  (aOitt  (tfr>-|) 


9.1.21 


/ 


»  Jo 
»  Jo 


j^*  oos(a  sin 

^  »  J. 

» Jo  . 

r{«'*+a-'*  006  (,pw)}e-"*^'it  (lMga|<|») 

9.1.28 

r*iin(soo6h<)<i(  (s>0) 
»  Jo 

F,(s)— -  f  *  oo6(s  oo6h  m  (s>0) 
»  Jo 

9.1.24 

r.(.)-^f^(l*l<»..>«) 

9.1.2S 

W(a)-;^J'*'V'«'-''<tt  (laigaKW 

H«(a)—iJ^ (|aiga|<J») 
9.1.26 

In  the  last  integral  the  path  of  integration  must 
^6  to  the  left  of  the  points  <«0,  1,  2, ... . 


9.UI 


unui  fUMonows  or  ornou  oion 


v-i(i)+v.*i(f)-7^r.  (•) 

V4«Bot«J,  r,  fl^S  or  aay  Uomt  eomblna- 
tion  of  thaw  funekiont,  the  ooeffldoati  in  wiiieh 
§n  iiMUqp«uloat  of  »  and  p. 

9.1M        Ji(»)   n(»)— r»(») 

M  y»(»)*a^»(X«0  wlwop, Xowindopendont 
of  than 

9.1  J» 

y^.(»)+y,*,(»)-(2r/x)ry»(«) 

9.1J0 

(*-0,l,2,...) 

9.1J1 

+(*)  y,-44W- . . . +(-)Nr,+»w} 

(»-0,l,2,...) 

9.L82 

i^-j.(a)r,(j)-j,(j)r^«) 

f.-j:(o)r,(*)-j,(»)r;(o) 
•.w:(a)r;(j)-j;wi^;(a) 


tlMD 

9.14S 
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In  9*1*8S  to  9.1.S8,  tn  te  an  integer. 
9.145  J,(«F»0«<^*i^»(») 
9.14$ 

r,(««-0='«""**F»(»)+2<  «in(m«r)  cot(nr) 
9.14T 

«in(w)H?>(MF«'0'=-Mn{(m-l)«r}H?>(«) 

-«-'"ein(mnr)ffJ"(t) 

9.148 

8in(«r)H^(a^0«tin{(«+l)w}HJ*(a) 

-|-«~«Bin(m«r)H?>(») 

9.149/ 

H»(M-»0«-«^Hi"(») 

94.40 


9.1.41  <»J,(0)  «fO) 

9.1.42  coe  (a  sin  «)-Jo(«)+d  g  •^nC^)  <»• 

9.1.48  lin  (s  sin  «)-2  g  Jn*i(»)  tin  { 
9.1^ 

ooe  (s  ooe     Jo(a)+2  g  eoe  (2^) 

9.1.48 

tb  (a  eoe *)-2  g  (-)Vtt+»(«)  cos  {(2lr+l)*} 

9.1.46  l=Jo(«)+2Ji(«)+2/4(»)+2j;(»)+  .  . 
9.1.47 

ooe  a« J,(«)-2J,(«)+2j;(«)-2J,(a)+  .  .  . 
9.1.48  sin  a«2.fi(t)-2Ji(a)+2Ji(a)-  .  .  . 
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BMsiL  yuNcnoNs  or  imtbobr  obdir 


Other  DUfoMBtUa 


9.14H  «"+X«a»-«w-0,  io««»«',,,(ix«»»/p) 
9.1^ 

aV' + (1  -2i>>«i>'+  (X¥a»«+1>'-»V)«'=0, 
9.1^ 

«5f'+(XV-'»»)tt>=.0,  w='r,(X**) 
9.1^/ 

a«(//r»)w"+«(a»-3i^te' 

.    /       +{(«'-»«)*-(a»+f^}w«=0,  ii>»«ir;(«) 
9.146 

t0<»^-(-)»X»»«-'HD,  u»«a»'^.(2Xaa») 
wfaere  a  is  any  of  the  2n  roots  of  unity. 

DUttamtUi  EqmtkMM  fag  Pnodueto 

In  the  following  d  ■  s  ^  and  ^,(2),  ^^(s)  are  any 
cylinder  functions  of  orders  p,  ia  respectively. 

9.U7 

{d*-2(»»+/i»)^+(f«~M0«}« 

+4a"(*+l)(*+2)w«0,  w=y,(s)^^(s) 

9.1.88 

*(d«-4»»)w+4a»(*+ l)ti>=»0,  «>=.«ir,(s)^,(s) 
9.I.S9 

io=a«if,(«)^,(«) 

Upper  Bound* 

9.1.61  0<J,W<3fj^      vV>0)  ' 

9.1.62  (r^-J) 

o   ^^'"^^^  370 

ERJCi»9tc»ii. 


g*eacp  fi>V(l— 8*)}  I 


9.1.69  |J.(n«)|!^ 

Dnlvathres  Wish  RMMot  to  OMkv 

9.1.64 

^J,(«)=J,(s)ln(is) 

9.1.65  I 

^n(s)=»cot(«r)  J,(«)-irr,(«)} 

-CSC  (w)  ^  J>,(a)-trJ,(s) 

(•'F<0,±1,±2,.  .  .y 

9.1.66  X 


9.1.67 


\ 


9.1.69 


In  Terms  of  HypergeomeMe  FimMione 


-.•^^ilf(.+i>4-i.2i«) 


9.1.70 


J,(a)»i;{^UmF(x,M;.+i;-^) 

as  X,  M-^*  through  real  or  comple:i  values;  z,  p 
being  fixed. 

is  the  generalised  hypeigeometrio  function. 
For  Mia,  b,  z)  and  F{a, '  z)  see  chapters  18  and 
15.) 

Coaneetion  With  Lefendn  Fuoetloiii 

If  M  and  X  are  fixed  and  p-*^  through  real 
positive  values  , 


9.1.71 


lira  {^P;"  (cos  f)} ^JM  (jf>0) 


BISSEL  FDNCnONB 

94.W 

Urn  (••Q;-  (co.  f)}  — n(ar)     («:>0)  " 

For  P;'  and  Q;",  aee  chapter  8. 

CMtiaued  FnwtloM 

9.1.73 

J,(z)        1  1  1 

ciri(i)"3w-»-  2(r+l)«-'-  2(F+2)a-'- 

(|x'-i|<i) 

If  4jf = J  and  the  upper  signs  are  taken,  the  restric- 
tion on  X  is  unnecessary. 

This  theorem  will  furnish  expansions  of  *jf >(fe") 
in  terms  of  <<f>A«(f). 


Of  INTBOBB  OBDBB 
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AddlttM 


NcumwuiV 


9.1.75   <5<'.(u±»)-  s  (IpKNI) 

The  restriction  |t>|<|«|  is  unnecessary  when 
<4f=J  and  y  is  an  integer  or  zero.  Special  cases  are 


9.1.76 
9.1.77 


l=j;(«)+2g^(a) 


0«g  (-)» +2  Jg  (»^  1) 

9.1.78 

GraT* 
9.1.79 


Bin 

9.iJro 

=.2'r(.)  g  (r+A)  (7<r(cos  «) 

(r»-o.-i  !m**-|<N) 

ERIC 


In  9.1.79  and  9.1.80, 

«=V(<»*+V*— 2lll>  006  «), 

u—v  ooe  a»i0  cos  X,  f  sin  a«w  sin  X 

the  branches  being  chosen  so  that  vh-*u  and  X->0 
as  v-*0.  C(;'(co8  a)  is  Qegenbauer's  polynomial 
(see  chapter  22). 


Chg«nbauir^M  addUiott  ilmrem. 

Vu,  pare  real  and  poaitiTe  and  0  <,a^w,  then  v,  X 
are  real  and  non-negative,  and  the  geometrical 
relationship  of  the  variables  ia  shown  in  the  dia- 
gram. 

The  restrictions '|t»***|<|u|  are  unneoesMiy  in 
9.1.79  when  and  y  is  an  integer  or  zero,  and 
in9.1J»when<if»J. 

Defananite  Fotm  («>»  «•): 
9.1.81 

•~-«rw(j»)-'  jg  (*4-*)iv,+»(»)cr  (008 «) 

(i.»iO,~l,...) 

N«iimaiiii*a  EspMwkm  of  w>  Arititrary  FmwtloB  la  • 
Series  of  BcaMl  FnnctiMU 


9.1412  /(«)«fl,/o(«)+2go,J»(8)  (|«|<«) 

where  e  is  the  distance  of  the  nearest  singularity 
of /(a)  from  s«0, 

9.1      <h'^^j^^,^nmt)dt  (0<«'<«) 

and  O»(0  is  Neumann's  polynomial  The  latter 
is  defined  by  the  generating  function 

9.1414 

Onit)  18  ft  polynomial  of  degree  n+1  k  l/t;  0»(0  « 1/t, 
9.1J5 


-4«   V< 

The  mora  general  form  of  expansion 

9.1416     /(«)«a^.(a)+2  g  <hJ,^iz) 
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•bo  called  »  Neumann  expansion,  it  inv^tigated 
in  (9.7)  and  19.15]  together  with  furtheir  generaliaa- 
tions,  ESiamples  of  Neumann  expuiiiont  are 
9.1.41  to  9.1.48  and  the  Addition  Theorems.  Other 
examples  are 

9.1J7 
9.1J8 

Y.iz)  —  g  ^pjpf 

+z{ln(j3)~^(n+l)}J.(«) 


nasmi*  rumumtn  of  inteoib  ordib 

9.2*6 


~i  h  WW) 


where  ^(n)  is  given  by  6.S.2. 
9.1.89 

FoW-?  {ln(i«)+7}J.(a)-.Jg  (-)*^ 

9J.  Asymptotic  Expunsimis  for  Large 
Arguments^ 

Prlaeipal  Aajrmptotle  Form* 

When  p  is  fixed  and  \z\ 


J,(a)=iW^i){cos(«-J^-i»)+«'^"0(|»r«)} 

(|arg  »|<w) 

9J.2 

r,(«)=V270i?^{8in(«-jMr--iir)+«'-^''()(|«|-')} 

(iMg  «l<w) 

9.2.3 

i/<»(a)-V270rt)««<'-»'-»"  (-w<arg»<2w) 
9.2.4 

HI»(»)'-v^7(«)«-"-»^-»*'  (-2w<afg«<w) 


HuiImI**  Avjrmptotlt  Ei| 
When  p  is  fixed  and 

9.2J 

7.(<)=V27(?r){P(^  »)  cnx-Qip,  t)  sin  X} 

(laig  »\<w) 


F.(«)=iV270?5){i*(^  «)sinx+«(^»)co.*x) 

(l«g  «l<») 

9.2.7 

H^"(^)=V§7R)^P(^ 

(-w<arga<2») 

9.24 

H^(z)^^m^{Pip,  z)-iQ(p, »)}«-« 

(-2w<argKtr) 
where  Xs«— and,  with  4i^  denoted  by  n, 

9A9  / 

P(.»\^T>(  N*(»>2*)^i  (»-1)(m~9) 

■  0i-1)(m-9)(m-25)0i-49) 
4l(8a)«  ^ 

9.2.10 

M-1  (m-1)(m-9)(m-25) 


8« 


3I(8«)» 


f ... 


If  y  is  real  and  non-negative  and  s  is  positive,  the 
remainder  after  k  terms  in  the  expansion  of  Pip, ») 
does  not  exceed  the  (ir+l)th  term  in  absolute 
value  and  is  of  the  same  sign,  provided  that 
l;>|y~-}.  The  same  is  txue  of  Q(p,z)  provided 
thatir>Jr-|. 

Aiymptotle  Eipemhww  of  DerivativM 

With  the  conditions  and  notation  of  the  pre- 
ceding  subsecUon 

9.2.11  \ 

j:(a)«V570?«5{  -Rip,  «)  sinx--S(r,  ^  cos  x) 

9.2.12 

r,(a)=-^70?»){i?(r,  »)  cos  X-Sip,  z)  sin  X) 

(|wg  «!<») 

9.2.18 

H{»'(^)=V27^^»«(^  O-^C",  «)}«*» 

(~w<arg  z<2*) 

9.2.14 

ff^»'(«)=V27(^5)■{-i/^(^  «)}«-'« 

(-2w<arg  «<*) 
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9.2.18 

«)-g  (-)•  4^^(4^^i)i 
(m-1)(m+15)  . 

9.2.16 

o/  ^  v*/  x>4>«+4(2<r4-l)»-l(i>,2t-H) 
S(.,«)-g  (-)» -4?'_(4i4.i).  -(2^)B^ 

Mf3  (m~1)(m-'9)(m+35)  . 
""ir"  3l(8a!)» 

Modulus  aiid  PbaM- 

For  real  p  and  positive  x 

9.2.17 

*,=:arg  f/i»'(jt)=arctan  { r,(x)/J,(*)} 

9.2.18 

y.=ai«  =arctan  { r,(*)/J:(*)} 

9.2.19  J,(x)=Af,co8*„      F,(*)=A/,  Bin 

9.2.20  j:(jf)=Ar,coB^,  r,(*)=iV,Bin^. 

In  the.fqllowinfc  relations,  primes  denote  differ- 
entiations with  respect  to  x. 

9.2.21  Af;ff:-2/(«r)  N»^;=2(*»-^)/(ira?) 

9.2.22  Af;=A/:«+W=Af:»+4/(irafilf.)* 

9.2.23  '(4*-^)A/.A/;+3c«Ar,A^+«iV;=0 
9.2.24 

tan  {<fi,-9,)^MXlM',^2l{inMM,) 
A/,MBin  (^-tf,)=2/(ir*) 

9.2.2S  yA^:'+xA/;4-(x«-i^)A/,-4/(««JW')=0 

9.2.26 

i»w'"+«(4/»-f  l-4»»)i»'  +  (4r»- 1)10=0,  «>=xA/; 

AaymptAtto  Eipanatoiia  of  Modulus  and  Pluue 

When  V  \*  fixpd,>i»  large  and  positive,  and  m=4i^ 
9.2.28 

lM-1  ,  1*3  (m-1)(m-9) 


BC8SBL  FUNCTIONS  OP  mTBGER  OHDEB 
9.2.29 

M-1 


365 


.  I-3.5  (m-1)(m-9)(m-25)^ 
■^2.4.6  ~W 
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2(4*) 


-I- 


0»-l)0t-25)  .  0i-l)0t'--114M+lO73) 


6(4x)< 


5(4a!)» 


.  (M~l)(5M'-lg35M^+54703M~375733) 


f  ... 


9.2.30 

^  2,,  lM-3  1.1  (m-1)(m-45)  , 
iV;^-ll-2  ^«""2T4      (2x)*       •  •  •  •  ^ 

The  general  term  in  the  last  expansion  is  given  by 

1 . 1 .  3 .  > .  (2fc~3) 


X 


2'^'^. ..{2k) 
(m~1)(m-9).  .  .{M-(2<r-3)«}{M-(2t+l)(2<-l)')  * 


(2x)«» 


9.2.31 


11    iV  .  M+3  ,m'+46m~63 

,  M'+18g!M'-2053M-f 1899  . 
+  ^'  5(4*)*  •  •  * 

If  r  ^0,  the  remainder  after  k  terms  in  9.2.28  does 
not  exceed  the  (Jl+l)th  term  in  absolute  value 
and  is  of  the  same  sign,  provided  that  ^>t»— i. 


93.  Asymptotle  Expansloiu  for  Large  Ordtm 
Prinelpal  Asjrmptotio  Fonti* 

In  the  following  equations  it  is  supposed  that 
p-*m  through  real  positive  valueB,  the  other  vari- 
ables being  fixed. 


9.3.1 


9.Se2 


J,{p  8och  a)' 


'^2wv  tanh  a 


n(»>secha)--^^|=^ 


(«>0) 
(«>0) 
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BB88EI.  FDNCnONS  0^  INTEOER  OBDBR 

9.8.9 


V2/(»»  tan  fi)  {cos  (^tan^-F/J- J»)+0  } 

(0<^<iir) 


94.4 


94.5 


V2/(irr  tan  fi)  (sin  (p  tan  } 

(0<^<iir) 

J,(K+«r>«)=2»»i.-»*  Ai(-2'*«)+0(r-») 
r.(r  +  «i.>*^=  -2%-^  Bi(-2»«?)  +  0(r') 
2>*  1 


3Hr(|) 

2>*  2 

"3'*r(|) 


94.6 


r,„,.-(^)",BiW) 


(|ai«0|<T) 


In  the  last  two  equations  f  i?  given  by  9«3.38  and 
9.3.39  below,  ^ 


Debye^s  Asjnhplolle  EipamipM 

(i)  If  a  is  fixed  and  positive  and  p  is  large  and 
positive 


9.3.7 


9*3.8 

K,(rsech  a)' 
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v,«^=(3«-««)/24 

«,«) = (81<*-462<*+ 38««)/l  162 

11,(0 =(30376<»~3  69603**+ 7  6576«» 

-4  25426<»)/4  14720 
tt«(0»(44  65125<*~941  2167d(*+3499  22430(* 

-4461  8574«»+1869  1072««»)/398  13120 

For  tfi(0  and       see  (9.4)  or  (9.21]. 
94.10 

«»+i«)«i<*(i--<»)i»;«)+g£(i-6<«)t«»(0A 

(ir«0,  1,...) 

Also 
94.11 

Jil(i'secha)'^ 


9.3.12 

rKirsecha) 


where  / 
94.13 

t,,(«^=(^9<+7<»)/24 

=  (- 136^+694««-466««)/1162 
»,(0=(-42IJ26<»+4  61737<»-8  8367W' 

+4  76476<^/4  14720 
94.14  j 

»»«) 1){  } 

(*=1,2,  . . .) 

(ii)  If  ^  is  fixed,  0<fi<k*  and  p  is  large  and 
positive 

94.1S 


J,(p  sec  /S^  =  V2/(»»'tan^){L(r,  «  cos  * 

-f3/(r,«sin  ♦) 

9.3.16   

sec  ^)  =  ^2HwP  tan  /J)  { Kr,  fi)  sin  ♦ 

^)  cos  ♦) 

where  ♦=r(t«n  p-/!)— Jff 
94.17 


,   81  cot*  g+462  cot*  0+385  cot* 
.1  jj^^i  + . . . 
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9.3.18 


M{p,fi)  »^ —  


3  cot  0+5  cot*  0 

Also 
93.19 

Jl(p  sec  ^)  =  V(»"i  20)/(«)  { - JV(,»,  ^J)  sin  ♦ 

-©(f,  ^l)  cos  *} 


OP  INTEOBB  OBDB^ 
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^9,3.20 


sec  0)-=^/m20)IM{N{y,  fi)  cos  ♦ 
'  -6(1-,  fi)  sin  *} 

where 

9,3,21  ^ 

^^"•^^  S  


'1  + 


135  cot»  ^+694  cot*  g+465  cot'  fi 


1162p» 


9.3.22 


Asymptotic  Esp  iiMioaili»th«  Traasitlon  RegloiM 

When  2  is  axed  |y|  is  large  and  |arg  t-Kir 
9.3.23 

J,(p+2p''*) Ai  (~2^'*z)  { 1  +  g-^- } 
9.3,24 


Y.i.+zp"*)^-%  Bi  (-2'/»2){l+g-^4} 


where 
9.3.2S 


3 


...     957  ,    173  . 
^*^'-7m   ^^f5(i^  226 


f(,)^  27   ,,o_.  23573  .5903 
•'♦^^^    20606  ^     147000  ^  ^138600  ^3466<,K) 
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9.3,26 


.  N        9    ,  .611    «  37 

1000  ^  ■''3160  *  ~*3160* 

(  \   JIL  •   "*^*Z  ii  79  , 
^•^^'^ ""28000  *  ""693000  *  "^12376 

The  corresponding  expansions  for 
and  H^^ip  ^-zp^'^)  are  obtained  by  use  of  9#1*S 
and  9#L4|  they  are  valid  for  —  iir<i^rg  i<|ir  and 
--iir<arg  >'<iir,  respectively. 

9.3.27 

Ai'  (_2'/»e){H.g^} 

9.3.2s 

where 
9.3.29 

'^^^^   3600  ^  3160^^3160 

20000  ^  147000    ^4620  116600 

9.3.30 

SOO""  Mf>00*  3150 


■~50()    "^4500  3150 
, ,  ,    369   »  91)9443      31727    ,  .W7__ 
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BBB8BL  rCNCnONB  Of  INTBOBR  ORDER 

9.8^7 


where 

o«=^i;^^~. 44730  73184,      3»a» .77475  90021 


3•'•aJ^  a. 


6-3i^=.41086  01939, 


3»6«.71161  34101 


Oo^l, 
ai»  .00069  3735 


 226^  


a,»-. 00035  38 


01428  67143  . 

1213 


10  23760 
ft=  .00043  78 


=-.00118  48596  . , 
00038  .  . 


7o=l.      'y»'"3^='  <^30  16873  .  . 


-yj^^-. 00093  7300  .  .        7»=  .00044  40 

-  .00273  30447  . 
.00060  47  ..  -.00038  .  . 


t    ^    1  947 
^  6  3  46600 


Cntform  AtjnnpUitto  Eb|miiiIoiio 

These  are  more  powerful  than  the  previous  ex- 
panaiom  of  Ihia  section^  §ave  for  9e3e31  and  9e3*82« 
but  their  coeflicienta  are  more  complicated.  They 
reduce  to  9e3*31  and  9*3e32  when  the  argument 
equals  the  order. 

9eS«3S 

9.9»36 

y{..\^J  Y'\Bi(.^"r)^fl.(f) 


 ^  


When  r-*+  these  expansions  hold  imiformly 
with  respect  to  ^  in  the  sector  |arg  g\i£w-^9,  where 
«  is  an  arbitrary  positive  number.  The  corre* 
sponding  expansion  for  W^{vz)  is  obtained  by 
changing  the  sign  of  i  in  9e3.37e 

Here 

,  equivalently, 


the  branches  being  chosen  so  that  i  is  real  when 
0  is  positive.  The  coefficients  are  given  by 

9.3.40 

a»(f)=-g  M.f-'"«««..{(l-««)-»} 

6.(f)=-r*^§' x.r'"»w«_.+,{(i-«^-»} 

where  u*  is  given  by  9.3.9  and  9.3.10,  \sait^^\ 
and 

9.3.41 

(2<4-l)(2<+3)...(6»-l)  6»+U 

ThuBOo(f)«l, 
9.3.42 

6o(f)~i^+^{2-4(i*,,)i/,-g(jZlS)l) 

 Lx— L  f       S  1^1 

48f«"^(-f)»^24(2»-l)»'»"^8(2»-l)»^ 


Tables  of  the  early  coefficients  are  given  below. 
For  more  extensive  tables  of  the  codRcients  and 
for  bounds  on  the  remainder  terms  in  9.3«8S  and 
9.3.36  see  [0.38]. 
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B188IL  roMcnoNS 
With  the  eoiuUtions  of  ' the  preeMling  subsecUon 

— rvw)  ^ — ^    S  ^ 

where 
9.8.46 


end  «k  is  given  by  94.13  end  9.3.14.  For  bounds 
on  the  remainder  terms  in  9*3.43  and  9.3.44  see 
(0.38]. 


f 

N(r) 

ai(r) 

«i(r) 

0 

a  0180 

-a  004 

a  1587 

a  007 

1 

.0378 

-.004 

.  1785 

.009 

2 

.09A1 

-.001 

.1862 

,007 

3 

.0366 

+.002 

.  1037 

.006 

4 

.0852 

.003 

.2031 

.004 

8 

,0331 

.004 

.2165 

.003 

6 

.0311 

.004 

.2284 

.003 

7 

.0294 

.004 

.2413 

.003 

8 

.0278 

.004 

.2530 

.003 

9 

.0265 

.004 

.2662 

.0U9 

10 

.0253 

.004 

.2781 

.003 

6i(r) 

a,(f) 

*(f) 

0 

a  0180 

-a  004 

a  1587 

0007 

1 

.0109 

-.009 

.1333 

.004 

2 

.0067 

002 

.  1087 

.002 

3 

.0044 

-.001 

.0003 

.001 

4 

.0091 

-.001 

.0764 

.001 

0 

.0022 

-.  000 

.0658 

.000 

e 

.0017 

-.000 

.0576 

.000 

T 

.0013 

-.  000 

.0511 

.000 

8 

.0011 

-.  000 

.0450 

.000 

9 

.0009 

-.  000 

.0415 

.000 

10 

.0007 

-.000 

.0879 

.000 
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For  f>10  use 

*»(f)--^r»-.104r',  a,(f)«.003, 

For  f<-10  use 

6o(f)-^r*,  o,(f)-.000, 

Cols;) — ^  r '-i.33(-f)-»^  di(f)«.ooo. 

Maximum,  values  of  higher  coefficients: 
|fti(f)l«.O03,      |a,(f)|=:0008,  |*(f)H.001 

Mf)l=«.O08  (f<10),   .003f«  as 

9.4.  Poiynomial  Appgorimatfams  * 

9.4.1  -3^»^3 

Jo(»)= 1-2.24999  97(»/3)»+ 1.26562  08(*/3)« 
-.31638  66(«/3)*+ .04444  79(«/3)* 

-.00394  44(»/3)>H.00021  00W+« 

|«|<6X10-* 

9.4.2  0<«^3 

ro(»)«(2/ir)  ln(J«)Jo(») +.36746  691 

+.60569  366(«/3)*- .74350  384(«/3)« 
+.26300  U7(«/3)»-.04261  214(»/3)» 
+.00427  916(»/3)»-. 00024  846(»/3)"+i 

H<1.4X10-» 

9.44  3^a<« 

JM  «=»-yo  cos  $0      Yi,(t)  =«-yo  sin  ^ 

/,= .79788  466-. 00000  077(3/*) -.00662  740(3/*)" 
-  .00009  612(3/*)«+ .00137  237(3/«)« 
-  .00072  805(3/»)»+. 00014  476(3/»)»+« 

•  |«|<1.6X10-» 

t  EklittUoiia  9.4.1  to  9.4UI  snd  9J.1  to  9J J  are  taken 
from  E.  E.  AUeo,  Analytieal  approxbnatlons,  Msth.  Tables 
Aids  Com|>.  8,  240-241  (1054),  and  Polynomial  approxl. 
mations  to  some  modlfled  Bessel  functions,  Math.  Tablss 
Aids  Comp.  10,  162-164  (1956)  (with  permMon).  They 
were  eheeked  at  the  National  Physieal  Laboratory  by 
syttematle  tabulation;  new  bounds  for  the  errors, «,  given 
here  were  obtained  as  a  result. 
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.78530  816-  04166  307(3/«) 

-.00003  9M(3/»)»+.00262  573(3/*)* 
-.00064  126(3/»)«- .00029  333(3/»)» 
+.00013  558(3/x)*+< 

|«|<7X10-« 

9.4.4  -3^»:S3 

«-» 56249  985(»/3)»-f  .21093  673(»/3)* 
-.03954  289(«/3)*+ .00443  319(«/3)* 
-.00031  761  («/3)"»+ .00001  109(»/3)'»+« 

H<1.3X10-« 

*r,(«)=(2/w)»ln(i«)J,(«)-.63661  98 

+ .22120  91  («/3)H2. 16827  09(»/3)« 
-1.31648  27(«/3)«+ .31239  51to/3)« 
-.04009  76(«/3)»-f  .00278  73(««)"+« 

UKi.i^xip-' 

9.4.6  3^«<»  , 

Jt(x)  =«-♦/!  C06  $t,     F,(«)=a!if,  sin  9, 

79788  466+. 00000  166(3/x)+. 01669  667(3/«)* 
+  .00017  106(3/«)*- .00249  511(3/s)* 

+.00113  663(3/«)»- .00020  033(3/«)«+« 

|«|<4X10-« 

4i»«-2.36619  449+.12499  612(3/s) 

+  .00005  650(3/«)*-. 00637  879(3/«)* 
+  .00074  348(3/2)*+ .00079  824(3/«)* 

-.00029  166(8/»)«+« 

|«|<9X10-« 

For  expansions  of  J^iz),  r«(«),  Jiix),  and  Fi(«) 
in  series  of  Chebjrshev  polynomisls  for  the  ranges 
0^«^8  and  0^8/«^l,  see  [9.37]. 


BI8SIL  nmcnoNs  or  imtbobr  obdbr 


9.S. 
RmI  ZetM 

When  p  is  real,  the  functions  J»(8),  «/^(0),  T,(e) 
and  Yl{t)  each  have  an  infinite  ntimtNur  <>t  real 
aeroe,  all  of  which  are  simple  with  the  possible 
exception  of  s»0.  For  AOfHMgoltM  p  the  «th 
positive  seros  of  these  fundtions  are  dcnotad  by 


jf».«i  f»,n  y*,»  and  y',,,  respectively,  except  that  z^O 
is  counted  as  the  first  zero  of  «/o(<).  Since 
Ji(«)«B— Ji(«),  it  follows  that 

9.5.1  i;.,=0,  (««»2,  8,  .  .  .) 

The  zeros  interlace  according  to  the  inequalities 

9JS.2 

y».i<CyHri.i<y».»<y»+i.»<y».»<  . . . 

»'^i:..<»,..<»:..<jv..<i;.. 

<y».»<yi,»<jV.»<ii.«<  . . . 

The  positive  zeros  of  any  two  real  diatmct  cylinder 
funcUons  of  the  same  order  are  interiaced,  as  are 
the  irasitive  zeros  of  any  real  (^linder  function 
^,(*),  defined  as  in  9.14ff,  and  the  contiguous 
function  ^h-i(«)* 
If  /V  is  a  zero  of  the  cylinder  function 

9.5.3  <r,(0)»J,(s)oos(«<)+F,(s)sin(«<) 
where  <  is  a  parameter,  then 

9.5.4  <r;(A,)^y^,(^)»-y^,(^) 

If  tf»  is  a  zero  of  ^  («)  then 
9A5     y,(*i)-^  y,-i(»0-7 

The  parameter  ( may  be  regarded  as  a  continuous 
variable  and  p»,  as  functions  p,(()i  #»(0  of  (.  If 
these  functions  are  fixed  by 


9.5.6 

then 

9Jt.7 

iJ..«»»(«~i), 


p,(o)«o,  »,(0)«i;., 


«p»(«)i    y».#«P»(»-l)    («*■!»  2, . . .) 

yi.."»»(«-*)  (««=i,2,...) 
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BB88EL  FUNCTIONS  OF  INTEQER  ORDEB 

MeMahon**  Eypanslom  for  Large  Zenw 

WBen  p  u  fixed,  «>>•'  and  m="4i>* 

9^12/' 

i    7  4(m-1)(7m-31)   32(m-1)  (83M*-982M-f-3779) 
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15(8/J)» 

64(m-1)(694V-1  53855M»-f-15  85743m-62  77237) 
106(80)^ 


where  for ^=(«+|»'-J)i'  for  y,.,.   With  ^r=(/+J^'-i)»,  the  right  of  9.5.12  is  the 

asymptotic  expansion  of,^(0  for  large  t. 

9.5.13 

'     a'  4(7M*-f-82M-9)  32(83<i»-f-2075M'-3039M-f-3637) 

h.;y>.»'^P     sis'         3(8^')*  T  IW? 

•  64(6949m*+2  96492m»-12  48002m*-}-74  14380m-58  63627) 

106(8/9')^ 

where  Ji'-J)*  for      ^'=(«4-|i--i)»  for  yi.,,  0'=(<4- *••+*)»  for  ff,(0.   For  higher  terms  in 

9.5.12  and  9.5.13  see  [9.4]  or  [9.40]. 


Asjrmptotle  Expansions  of  Zeros 
and  AssoeiatMl  Values  tor  Large  Onlers 

9.5.14 

1.85575  71r"»  +  1.03315  Oi.-"» 
-.00397i'->-.09b8r-»'»-f  .043i'-»'»4-  •  .  . 

9.S.1S 

y,.,^r4-. 93157  68r"»4- 26035  li-""* 

+  .OU98i'-*-.0060r-»'»-.001r-^"4-  .  .  . 

9.5.16 

J».i^H-.80861  65i^'»+. 07249  Or"* 

-.06097i'-«4-.0094i'-»'»4-  .  .  . 

9.5.17 

yi.i 1.82109  80r«'»4-.9400O  7i'-"» 

-.06808r-»-.0640i'-»'»4-  ... 

9.5.18 

J'Aki) ^  - 1.1  KUO  28i.-«'V(l  +  1.48460  6p-«'» 

+.43294i.-«'»~.1943i'-H.019r-«'»+  .  .  .) 

9.5.19 

Y'AVr  i)    •95554  86»-*'V(l  +  .74626  Ir"*'* 

+  .i0910i.-«'»-.Ol86r~«-.003r-»'»+ .  .  .) 

9.5.20 

^.67488  51i.-«"(l -.16172  Si'"*" 

+  .029l8r-*'»- .00681'-''+  .  .  .) 

9.5.21 

i)  ^.him  40r"»(l". 36422  Oi*-*'* 

+  .Oe<)77t.^*'»+.0237r-«+  .  .  .) 

Corr«i*ponding  expansions  for  a~2,  3  are  given 
in  (9.40).   These  expansions  become  progressively 
weaker  as  «  increases;  those  which  follow  do  not 
jkiitfer  from  this  defect/ 
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Uniform  AtymploUc  Expansions  of  Z^mi  and 
AMoeiatod  Values  for  Lsrge  Qrdm 

9.5.22  ;V.~«(f)+g^  with  f=i.-«'»a. 
9.5.23 

*  with  t'^p-*'\ 

9.5.24  i:..~r2(f)+^^  with  f^r-'^: 
9.^.25 

J,0;..)-Ai(a:)  ^  ^}  with  f-.-«"a: 

where  a«i  are  the  9th  negative  s&eros  of  Ai(s^), 
Ai^(;?)  (see  lO.4),0»e(f)  is  the  inverse  function 

defined  implicitly  by  9.3*39,  and 

I* 

9.5.26 

where  60(f))  ^o(r)  appear  in  9.3«42  and  9J.46. 
Tables  of  the  leading  coefficients  follow.  More  ex-» 
tensive  tables  are  given  in  [9.40]« 

The  expansions  of  y,.,,  I^(t/».f)>  vl.*and  YM.ii 
corresponding  to  9«5.22  to  9^8.25  are  obtam^  by 
changing  the  symbols        Ai,  Ai',  tft  ^tm  a«  to 

Fi  —  Bi,  —  Bi',  6,  and  h\  respectively* 
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-r 

•(T) 

k(t) 

/i(f) 

Fiit) 

(-r)»i(r) 

(-r)»»»(f) 

ao 
as 

A  A 

a  4 
ae 
as 

LO 

1. 000000 
'  1. 166384 

1«  M7M7 

1.648616 
1. 764187 
1.878068 

L35993 
L  33076 

1  lAMT 
JU  looOf 

L  14780 
1.  11400 
L083a0 

2  0148 
.0143 

.0185 
.0181 
2  0136 

-2  007 
-.005 
/  —  004 
'  -.008 
-.008 
-2  003 

-2  1260 
-.  1385 
—  1899 
-.  1458 
-.  1408 

-2  1538 

-2  010 
-.010 
— .  009 
— .  009 
-.008 

-2  008 

2000 
.  003 
.  004 
.005 
.006 

2006 

kits 

Fiit) 

01  (r) 

«k(r) 

(hit) 

1.0 
1.2 
1.4 

J.  O 

L8 

1.978M8 
1217007 
&  460770 

2  018356 

1.  08320 
L  05208 
1.08367 
a  99687 
.07189 

2  0136 
.0131 
.  0115 
.0110 
.0105 

-2  003 
-.003 
OOIV 
-.001 
-.  001 

-2  1588 
-. 1801 
-. 1180 
-.0998 
-.0808 

-2008 
-.004 
-.002 
-.  001 
-.  001 

2006 
.004 
.008 
.  003 
.  003 

'  20 
23 
24 

^  A 

A  V 

28 

2803880 
2  600678 
2  931803 
<  4.  247441 
4584888 

2  94775 
.93534 
.90897 
.  88887 
.86484 

2  0100 
.0095 
.0091 
.0086 
.0083 

-2  001 
-2001 

-2  0807 
— .  0734 
-.0678 
-.  0619 
-.0578 

-2  001 

2  001 
.001 
.001 
.001 

2  001 

20 
23 
24 

21  A 
a.  V 

28 

4  988193 
2  393357 
2  061780 
4  041525 
2  431309 

2  84681 
.83973 
.81848 
.  7M06 
.78888 

20078 
.0075 
.0071 
.0068 
.0065 

-2  0588 
-.0497 
-.0464 
-.0436 
-.0410 

40 
43 
,  44 

48 

2880800 
7.  380917 
7.658437 
ft.  OMISO 
2  533913 

2  76989 
.78605 
.74333 
73115 
.  71951 

2  0062 
.0060 
.0057 
.00A5 
.0053 

-2  0386 
-.0365 
-.  0845 
-.0388 
-.0811 

20 

A.3 
24 

It  A 

28 

2968548 

2  433900 
2885820 

la  836791 

2  70886 
.69768 
.68742 
.  67758 
.66811 

20050 
.0048 
.0047 
.  0045 
.0048 

-2  0206 
-.0283 
-.0270 
-.0258 
-.0246 

A  A 

23 
24 
6.0 
28 

It  AM/I7A 
IL  830888 
12  834111 
12  835637 
12  864886 

'   2  05001 
.60034 
.64180 
.63366 
.63580 

2  0042 
.0040 
.0039 
.0087 
.0086 

-2  0286 
-.0227 
-.  0218 
-.0209 
-.0201 

7.0 

12  881601 

a  61881 

20035 

-2  0194 

240 

.85 
.80 
.35 
.30 

216 

.  10 
.05 
.00 


•(f).-K-r)« 


t.  528915 
\.  341582 
1.  551741 
1.559490 
L  564907 

1.568386 
1.570048 

1.  5707C8 
1.  570796 


(-r)»A(f) 

/t(f) 

(ti(r) 

1.62036 

20040 

-2  0234 

1.65951 

.0039 

0158 

l.dS067 

.0020 

-.0104 

1.70146 

.0013 

-.0062 

L  71607 

.0006 

-.0033 

1.73533 

20008 

-2  0014 

1.78003 

.0001 

-.0004 

1.  78180 

.0000 

-.0001 

1.78208 

.0000 

-.0000 

Maalmwm  VahiM  of  HlglMr  CmtMtmU 

l;;(i')l-.ooi,  W)i-.ooM  (os;  -f<<») 
lpi(c)j«.ooi,  |i!?,(r)i«.ooo7  (i^~r<«) 

ERIC 


Complra  ZflMw  <»£  JM 

When  — 1  the  seros  of  Jp{8)  are  all  real.  If 
i<— 1  and  r  is  not  an  integer  the  number  of  com- 
plex teroA  of  J,i8)  is  twice  the  integer  part  of 
if  the  integer  part  of  C-i*)  is  odd  two  of 
these  zeros  lie  on  the  imaginary  axis. 

If  p^^O,  all  seios  of  J'»it)  are  real. 


ComiiIeK  Z«rM  «f  YX*) 

When  I*  is  real  the  pattern  of  the  complex  zeros  of 
7,{g)  and  r,(»)  depends  on  the  non-integer  part 
of  X.  Attention  is  confined  here  to  the  case  i»«=»n, 
a  positive  integer  or  aero. 
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FiovEB  0.5.  Z«rM  0/  7s(«yand  TJifi)  .  .  . 

flguM  9.5  thowB  th«  appfoxUnate  distribuUoit 
of.  the  oomplez  xeros  of  7mi»)  ia  the  region 
|trg  8\^9.  The  figure  is  tyiniiietrieal  about  the . 
real  aids.  The  two  curres  on  the  left  extend  to 
infinity,  having  the  a^ymptotea 

y«»±ib  im±Mm  . . . 

There  are  an  infinite  number  df  seroe  near  each  of 
theeeeuTTM. 

The  twc  ourvea  extending  fhnn  — n  ^o  «an 
and  bounding  an  eye-abaped  domain  inteneot 
the  imaginary  aas  at  the  pobte  ±i{,fM-^b), 
where 

a«V^«  .66274  .  .  . 

*«=.  wrap  to  2«.1914e  .  .  . 

and  (o»  1.1996^  ...  ia  the  poaitiye  root  of  ootb  t 
n<.  Thertf  are  n  seroe  near^eaoh  of  these  curves. 
Asymptotic  expansions  of  these  aerce  for  large  n 


are  given  by  the  right  of  9*5.22  with  and 

f  nafi"*'*^,  or  n'^^fin  where  0„  0,  are  the  complex 
serosof  Bi(«)  (see  10.4). 

Figure  9Jl  is  also  applicable  to  the  zeros  of 
There  are  t^^ain  an  infinite  numW  near 
the  infinite  curves,  and  n  near  each  of  the  finite 
curres.  Asymptotic  ejqwnsions  of  the  Uttter  for  - 
large  n  are  given  by  the  right  of  9*S.i*  with 
and  f  ean'*''*/!!^  or  n'"*^,',  where  ^«  and  %  are 
the  complex  aeros  of  Bi'(«).  ' 

Numerical  values  of  the  three. smallest  com- 
plex ceroe  of  Yo(»),  Yi(z)  and  F^s)  in  the;  region 
0<  arg  9<r  are  given  below. 

For  further  details  see  [9.36]  and  19.13].  The 
latter  reference  includes  tables  to  facilitate 
computation. 

GonplM  Zmm  «r  tlM  Haakel  Fanctkne  \ 

The  approximate  distributiSDn  of  the  xerpa  of 
H^^iz)  and  ite  derivative  in  'lAie  region  |arg  sl^r 
is  indicated  in  a  similar  manner  on  ngye  9*^ 


JUL 


FiaT7Ba9.e.  Zero8  0fm^iz)andai^'i8)  ... 
|aig  al^ir. 

The  asymptote  of  the  solitary  infinite  curve  b 


given  by 


>0«-|hi2»~.34657 


Zmttif  YM  and  Vakui  <d  Yiiz)  at  the  Zeros* 
Bere  Yt 


AmI  imag.  lUal 

-2.40301  6632  +.58988  2318   +.  10074  7089 

-5.61987  6702  +.54718  0011    -.02924  6418 

-8. 65867  2403  +.  54841  2057  '  +.  01490  8063 

Zmt  oJ  Ytiz)  and  Vahee  qf  Fo(t)  ai  the  Zene 
Btro  y« 


88196  7710 
+.58716  9503 
-.46945  8762 


-0.60274  3273  +.78624  3714  -.46952  7684  +1.31710  1937 
-3.83353  5193  +.66235  6538  +.04830  1909  -0.69261  2884 
-7. 01590  3683   +.  55339  3046   -.  02012  6949   +0. 61864  2833 

Zem  oj  Tt(jt)  and  Vo^um  o/  ^1(0)  oi  the  Zeros 


Real  Imaf. 

-^.76349  7088  +.68024  4865 

+.  16206  4006  -.  96202  7886 

-.  03179  4008  +.  89686  3673 


RetA  twtaf. 
+0. 67678  5129  +.  90398  4792 
-1. 94047  7342  +.  72118  5919 
  -6.38347  8617  +.56721  9637. 

*  From  N»ti9iMl  Bumtt  of  Staadanti,  Tables  »f  the  Bewel  funettoaa  r«(i)  and  Ki(t)  for  oomplex  Argumenta, 
O  ikriunMa  Univ.  Preaa,  New  York,  N.Y.,  IMO  (with  permlMUm). 

^  ■  •.88/^81 
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Than  are  n  lenm  of  eaeh  function  near  iho 
finite  «urv«  extending  from  «»— n  to  c«a;  the 
aqnnptotio  expansionB  of  these  aeros  tor  large  n 
are  giren  by  the  right  ode  of  or  9*S.24 
with  »«=n  and  or  faae-'^'^*'^. 


If  V  is  real  and  X  is  positive,  the  seros  of  the 
function 


9^ 


j,(»)r,(x»)-j,(x«)r,(«> 


are  real  and  simple.  If  X>1,  the  asymptotic 
expansion  of  the  ttix  aero  is 

where  with     denoted  by  m» 


BBsmii  roNcnomi  of  intioib  obobr 

Modified  Beseel  Fimetione  /  and  K 
9e&  Defiptttone  and  Pkoportlee 

Solutk)ii8  ere  J^wiz)  and  K^iz).  Each  is  a  regular 
function  of  z  throughout  the  »>plane  cut  along  the 
negative  real  axisi  and  for  fixed  b(w^O)  each  ie  an 
entire  function  of  p.  When  p^±nf  Ip{z)  is  an 
entire  function  of  z. 

L{z)  (^y^O)  is  bounded  as  0-^)  in  any  bounded 
range  of  arg  z.  IM)  and  I^w{z)  are  linearly  inde- 
pendent except  when  y  is  an  integer.  Kwiii  tends 
to  aero  as  in  the  sector  |arg  sK^r, 

and  for  all  values  of  p^  Liz)  and  K^iz)  are  linearly 
independent*  I^iz),  K^iz)  are  real  and  positive 
when  p>^l  and  s>0.  • 


M-1 


^^(m-1)(m-25)(X>-1) 
«  6(4X)'(X-1) 


(M-l)(M*-114M+10y8)(X*-l) 

5(4X)*(X-1)  ' 

The  ssymptoUc  expaudon  of  the  large  positive 
aeros  (not  necessarily  the  «th)  of  the  function 

9^     j:(«)r,(x«)-.j:(x«)r;(a)  (x>i) 

is  given  by  9.5.28  with  the  same  value  of  fi,  but 
instead  of  9.S.29  we  have 


94.81 


M±3 
8X  ' 


.  V-i-46M~63)(X»-l) 
3  6(4Xi>(X-l) 


(M*'fl85M'~2053M-H899)(X*~l) 
6(4X)»(X-1) 


The  asymptotic  expansion  of  the  large  positive 
zeros  of  the  function 

9.8.32  j^;(«)r,(x«)-r;(a)j,(x«) 

is  given  by  9.S.28  with 
94.88 

^  8X(X-1) 

6t*-t-46M-6a)X*-  (m~  1)  (m~28) 
 6(4X)»(X-1)   

8(4X)»(X-  l)f « (/+  185*i«~2083m+18»9)X» 

-(m~4)  (m'-U.4m-|-1073) 


FioQU  9.7.  /o(«).  and  Kii»). 
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r,(0«i»O-«»<'+»"/,(a)-(2/»)r*-X(«) 

(-»<M«a^|») 

9^      /-,(«)«/.(«),  £,(a)«iir,(«)  . 

Most  of  the  properiiM  of  modified  Beesel 
funoUons  oan  be  deduced  immedifttel;  fitbm  tboio 
of  ordiiMury  Beesel  functions  by  appUoatioD  of 
these  relations.  / 


*         4         »         •         7  • 

VtQvn  9 J.  «-'/o(«),«-'/t(s),«'X^(^)  md  e'ltiOe). 


*  FiouBi9.9.  /,(6)  md  iK,(5). 


.The  right  of  this  equation  is  repkced  by  its 
limiting  value  if  v  is  an  integer  or  itro. 


9^ 


9«64 


I4mWiH'F«m«  Cor  Smatt  Aigumctett 

When  v  is  fixed  and  s-K) 

<^  ■  ■ 

9^7 

/»(»)-(i»)'/r(i'+i)    (ri.^  -1,  -2, . . .) 

♦ 

9^  iiCo(«)^-k«  ; 

9^9    K,(«)-jrW(l»)-''  (ir»>0) 


^.  (-)•♦»  to  (!«)/.(«) 

I  ^(n)  is  given  by  6JiJi, 
9^^  /,(«)-l+i^+^V|PrV...  I 


ERIC 


9^14 

ir{ /,(0), /-,(«)}  =/,(»)/.,,+„(«)-/»+,(a)M«) 
«— 2sin 
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.     BESaSL  HTNCnONB  07  pmsOES  ORDER 
Integral  RcpraMntaUomi  , 


9^16 

.  «*•     dU-i  J^'  cosh  («  COB  $)d$ 


9.U8 


{7+In(22  8in*0)}i9 


3)'  r 


9.6.19 
9.6J0 


COS 


r«'*-»  COS 
»  Jo 

T  (|arg«|<i») 


sin  (wr) 


1 

9.6.21 


-  ft<x)« j;  CO.  (X  sinh  Oa.-/;  ^^^c^*  ^, 

^jC6.22  / 

K,(x)=:sec  (Jrr)  f "  cos  (xsinh  0  cosh  {pt)d 

.  Jo  /  ■■ 


scsc        f  sin  (;r  sinh  <)  sinh  i^^dt 

Jo  /J 


i\-0^\<l,  x>0) 


9^28 

(^Jr>- i  |»rg  a|<hr) 

9.6.24  f  cosh  (rOd*  (|arg  «|<iir) 

Jo 

R«eurreB«e  Relation* 


9.^.26 


ERIC 


:r,-,u)-^..M(2)=T^»(«) 


•  ^enotcMi  e'^^K,  or  any  linear  combination  of 
those  functions,  the  .coefficients  in  which  are 
independent  of  z  and  p\ 


Porm^Jaa  for'Dettvatives 

9.6.28 
9.6.29 

/.  (*=0,1,2,...) 

Aaalytle  Contiiiuatlon 
9«6.30  A(ae'^0=^'*'^^/p(«)  an  integer) 

9.6.31 

Kp(u'^^)^e''^^Kpiz)^irisin  (myr)  esc 

.  (m  an  integer) 

9*6.32  /,(;)'«Z5),      iir,(?)-K^  (i^real) 

"•"..» 

G«iieratlA§  PtmotlM  and  AiMdated  8eri«« 
9.6.38  S  <*/,(«)  (MJi) 

9.6.84    «•    •»/o(«)  +2  g  /,(«)  C08(*«) 
9.6.38 

«*»«"*=/,(2)+2g  8in{(2ilr+l)«} 

4-2  g  coB(2iW) 

9.6.36   l=/o(«)-2/,(2)+2/«(2)-2/,(2)4-  .  .  . 
9.6.87  «*=/,(«)+2/,(«) +27,(2) -f2/,(s)+  .  .  . 
9.6.38  %-=/o(3)~2/,(a)+2/,(«)-2/,(2)+  .  .  . 
9.6.89 

cosh  «^/o(2)+2/,(2)+2/4(2)  +2/,(a)+  .  .  . 
9.6.40  sinh  3«2/,(a)-f  2/,(c)+2/,(g)+  . .  . 


Tht  qium^y  X*  in  equaiioni  9.1.49  to  9.1.84 
and  9.1.86  can  be  replaced  by  ~X*  if  at  the  lame 
tiine  the  symbol  <if  in  the  given  solutions  is 
replaeed  by  3t> 

9.6.41  * 

Differential  equations  for  produota  may  be 
obtained  from  9.1.87  to  9.1.S9  by  replsoing  8  by' 
If. 

D>riwtl»M  With  Bwpwt  to  OrJw 
9A42  / 

5j/.(«)=/.(a)  In (l»)-(W5r(F+i+l)  ^ 
9.6.41" 

^K.(«)-|»«KsM{^/..(«)-f/.(«)} 

~»cot(w)lir.(a)     (i»F^0,±l,±2, . . .) 

;9.6.44 


BB88lt<  FDNCnONS  OF  nmOBB  OBDBR  377 

SyS.SO  lim{r'r'^^(coehj)}=piC,(a) 
For  the  definition  of  PT'  and  Qt,  see  chapter  8. 

^  Af  ultipliMitliMi  ThMraoM 

9.6.81 


9.6.48 


9.6.46 


EipwyMit  la  f       of  HypOTgeonietrto  FuiMtkuu 
9.6.471  , 

/,(a)-|;^.F.(F+I;Ja«)  •  . 

9.6.48  K^»)'^0f^U2tt) 

(fiFt  is  the  generalised  hypergeometrio  function. 
For  Af (a,  h,  b),  M^A')      W^A")  Me  chapter  13.) 

CoaasetloB  With  Lettadw  FmMttoas 

If  M  and  0  sre  fixed,  ^0>O,  and  through 
re^  poeitivto  values  \ 

9.6.49  .     limfi^/^'fcosh  J)} 

iir  ' 


If  i^r"/  and  the  upper  signs  are  taken,  the' re-  » 
str^twn  on  X  is  unnecessary. 


9.6.82 


Ncumum  SerlM  for 
9.6.83  V. 

K.(a)=(~)-'{ln(|8)'-*(n+i>U.(«)  ' 


/t»(«) 


9.6.84  liCo(«)«~{hi(|a)+7}/o(«)+2 


 ..Zoms.. .  -  ^  ■ 

Fh>perties  of  the  zeros  of  /,(«)  and  K,(»)  may 
bf  deduced  from  those  of  Mz)  and  £n»(s)  respec- 
tively, by  application  of  the  icansformations^ 
9.6.8  and  9.6.4. 

For  example,  if  v  is  real  the  zeroe  of  /.(«)  are  all 
complex  unless  -2*<K-(2*-l)  for  some  posl. 
tive  integer  k,  in^which  event  /,(«)  has  two  real 
seros.^ 

The  approximate  distribution  of  the  zeros  of 
J^z)  in  the  region  ~|r  ^arg  is  obtained  on 
nbtating  Figure  9.6  through  an  angle  —|ir  so  that 
the  cut  lies  along  the  positive  imaginary  axis. 
The  zeros  in  the  region  -Iv^arg  «^|»  are  thehr 
conjugate.  K»iz)  haa  no  zeros  in  the  reg^ 
|arg  «|^iv;  this  result  remains  true  when  n  is 
replaced  by  any  real  number  v.  V 

9.7.  Aaymptotle  Eq^netowe 
Aiymptotle  EipMuloas  tm  Lwfe  AfguaMats 

When  9  is  flxed^  \z\  is  large  and  m«4i^ 

9.7»1 

,\\     <•  Si  M-1  .  G»-1)(m--9)  ' 

^'^*^'^;^^^""'"8r+^2H8a)» 
t\  385 
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9.7^ 


\ 
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+  ...}  (largaKJr) 


0«~1)0.--9)(m~25)     •   ,  /TV^.J'i^x 

0»~l)0t~9)(M-i;35) 
9.7.4 

The  i^heral  terms  in  the  last  two  exptfuouons 
ean  be  written  down' by  inspection,  of  94UIS  and 
9.2.16. 

If  frtis  -real  and  non-negative  and  e  is  positive 
tiw  remainder  aftor  f  terms  in  the  expansion 
9.7.2  does  npt  exceed  the  (lr+l)th  term  in  absolute 
value  and  is  of  the  safaie  sign,  ivovided  that 

 ^   •  ^  . 

9.7.5 

,1.3(m~1)0«-9) 
-■^2.4  (2a)« 

9.7.6  :  . 


.} 


(IftTgaKW 


I'l  0«--1)(m~45)  . 
~2.4  (2a)« 


} 


The  general  terms  can  be  written  doi^  by 
inspection  of  9.2.2^  and  9.2.30. 

.  Uttlform  AtrnplDtte  Eapandom  lor  Large  Otden 


9.7.8 


ERJC 


V2ry 

When  r-^+»»  these  expansions  hold  unifom^y 
with  respect  to  2  in  the  sector  Jarg  e\^hr-^«, 
where  <  >  an  arbitrary  ponjlLve  number.  Here 

9.7.11  t'-'H^?,    n^^^^ia      I  . 

and  ii»(0»  t^(0  are  given  by  9.3.9*  9.3*10*  941.13 
and  9.3.14.  See  (0.38)  for  tables  of  11,  tk((), 
and  also  for  bo'inds  on  the  Remainder 
terms  in  9.7.7  to  9.7.10.  ft 


9<B*  Polym^nial  Approximattona  * 

In'equalfimis  9^1^ to  9.8.4,  ( ax/3.75. 
941.1        y/  -3.75  ^«  ^3.75 

/o(«)=>l  +3.51562  20<*+3.08994  24f*+1.20674  02<* 
+.26597  32<*+ .03607  68<'«+ .00458  13("+« 

|i|<1.6X10-' 

941.2.  3.75^«<» 

«te-«/o(«)a30894  228+.01328  602<-> 

+.00226  319r«-  .00157  665«-» 
+.00016  28K  .02057  706<** 
+.02635  537f-«-- .01647  633r» 

•  +.00302  377r»+i 

|i|<1.9X10-' 

94».3  -3.75^35^3.76 

»-'/,(»)=i+.87890  5«««'+ .51498  86W* 
+.15084  034<*  +  .02658  733<*' 
.     +.00301  632<»+ .00032  4>l<"+« 

'  |i|<8X10-» 

941.4         .       3.75  £»<« 

39894  228-. 03988  024r> 
-.00362  018r»+ .00163  801  «*» 
-.01031 .665«-*+  .02282  967r» 
-.02896  312«-«+ .01787  854«-» 

-.00420  060«-«+« 

|«|<2.2yi0-' 


*  See  footnote  2,  eeetion  M. 
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9A8 


.K;i(at)a-ln(x/2)/.(«)-.67731  666 

+.42278  420(9/2)*+ .23069  766(«/2)« 
+.03488  590(«/2)*+. 00262  608(s/2)* 
*  +.00010  7W(»/2)»+. 00000  740(»;2)."+« 

N<IX10-*  ;-. 


9JM 


/. 


^K^{x)r=»l.2mi  414~. 07832  3A8(2/«) 

+.02180  568(2/s)<->  .01062  44d(2/«)* 
^         +.00687  872l2/«)«- .00261,  540(2/»)» 

+,00063  208(2/»)«+« 

|«l<i.exii-' 

.  »K,((*)«»  to  («/2)/,(«)+l +.16443  144(«/2)«  ' 
-.67278  579(a/2)«-.  18166'  a97(«/2)« 
-.OlSlfS  402(»/2)»-.00110  4tf4(»/2)«» 

-.00004 '686(a»/2)»+« 

|«|<8X10-» 

««0'i:i(s)«»  1.26331  414+.23498  619(2/«) 

^.03666  620(2/«)*+ .01604  268(2A»)* 
'    -\00780  363(2/»)«+ .00326  614(2/«)»  - 
-.00068  246(2/«)«+< 


|«|<2.2X10-» 


tor  expansions  of  Io(9),  Ko(9),  Ii(x),  and  Ki{x) 
in  Mries  dt  Chebyahev  polynomiak^for  iha  ranges 
O^M^B  and  t^S/xt^l,  see  (9.37). 

Kelvtn  Functions 
9.9.  Deflnitlmia  and  Ptapertlea 

In  this  and  the  foUowing  section  r  is  real^  9  is 
ieal  and  non-negative,  and  n  is  again  a  positive 
integer  or  aero. 

OeflnMtee 

ber,  z+i  hex, 
9.9.2 

ker,  r+<  kei^ 
When  rt»0|  suffices  are  usually  suppressed. 


«    DUbtentisl  EqiiatloM 

9.9*3 

i8V+iMl/~(ty+»»)il>-0, 

i0<aber»  «+t  beU  s,    ber.»  «+<  beL» «, 
ker» «+»  kei»  x,  ker.»  «+t  keL*  x' 

9.9.4 

afV+2»y  (1 +2>»)(»V'-aw') 
.    >  +(»*-4»»+«»)««0, 

Relatloiu  Between  Solutknu 
9.9.5      #     •  . 

ber.,.  SBCO0(yfl')  ber,  s+8in(tnr)  beu  » 

^  >  '+(2/»)Bm(tir)ker,» 

bei_,  af^  — wn^w)  ber»  «+c08(OTr)  bei,  s 

+(2/»)8inMkeU» 

9.9.6 

ker-,  »aBC06(Mr)  ker, «— sm(iv)  kei»  r  • 
keL,  «^sin(Mr)  ker»  a+oo8(iMr)  kei,  a     »  • 

9.9.7  ber-.  »=(-)•  ber.«,  beL»«=(-)*bei,ji 

aft 

^93  ker.. »«(-)•  ker^ar,  keL. kei,« 


9.9.9 


9.9.1Q 


t 

,    ber«=i  -gi)r+-(4j)r 

,  bei,=J*.-i^V©'—  • 
9.9.11 

ker.  §  coe  { (|n+i*)»} 

+*(*«)•  g  cos  {(|n+H)«-}  , 

'  .J<»(fe+l)+<Kn+fc+l)) 
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i^-KW-  g  tin  I 

+♦(♦»)•  g -in  {(fn+i*M 

where  ^(n)  is  given  6.8.2.. 
9.9.12 

ker  xa  —In  (|«)  ber  «+iir  bei « 
kei »«"  -In  (|»)  bei «— } v  Ser  « 


BUWL  fUNCnONB  OF  IMTBOIB  OBDIB. 

9.9.16 


I 

r 

In  general  Kelvin  functione  have  a^faranoh 
point  at  s»0  and  individual  (unctions  with  argu- 
menta  are  complex.  The  branch  point  is 
absent  however  in  the  case  of  ber^  and  bei^  when  p 
^  an  integer,  and 

ft 

9.9.13 

ber«(— x) = (-)•  ber,  «,  bei,(— «)  =>  (— )•  bei,  « 


9.944 


where 
9.9.15 


ERIC 


.  /,s=«ber,«1 
9,abei, « J 
y,=tker,«1 
9,»kei, » J 


/ysabei,  X 
/,=kei, « 


^,=a— ker,« 


} 
} 


9.9.17 


V3  ber' .mberi  «+beii « 

♦ 

V3  bei^  9«3-^beri  «+beii  z 

^    ker^  ar^ker^  xH'keii  t 
.VSikei'  x^^-keti  «+keii  9 


If 
9.9.18 


then 
9.9.19 


;,sbeH  «+bei!  x 
9,aber,  a;  beii «— ber! «  bei,  x 
naber,  X  beri  «+bei, «  bd^ « 
«,«=«ber?«+bei;»ap  • 


(»+l) 


and  \ 
9.9.20 


1        1  * 


The  same  relations  hold  with  hn,  bel  replaced 
throughout  by  ku,  kei,  respectively^ 

bkMnlto  laMgndfl 

In  the  following g,  are  any  one  of  the  pafaa 
given  by  equations  9.9.18  and  0?  are  either  the 
same  pair  or  any  other  pair. 

9.9.21 
9.9.22 


9.9.28 


~p?(/»+i-p.+i)-y»(/?+i+^?+>)+p'(/?+>-«5+>)) 
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MM  \ 

=-(«/v'2)C/,/,+,+y,^,+i-y,if.+i4-/.+iif») 

9.9^ 

9.9^  •  ^ 

J«(y;-(?!)'iat=|a-c/»-/,.,y,+,~j;+y,-,y,+,) 

» 


OF  IMTBGEB  ORDBR  ^  381 
Z0fM  of  FutteUont  df  (Mer  Z«#o « 


9.9.29 

ber,  X  beU  x— ber^  2  bei, « 


9.9.30 

2  ber^         2' bei^  2 

9.9.31.' 

ber;«2+bei;»af  " 


\ 


^  ;(2f+2><r-fi.>^  '  (i^ 

^'  ^    ft<  r(^+it+i)r(>+2*+i) . 


EsiMUMfoas  |o  Seiimi  of  Bettel  Fuaetioiiui 
9.9.^  ' 

,    ber,  2+t  bei,  «=2  WlA^ 


2»»Tr 


9.9.38  • 


f 


* 

ber« 

b0i« 

ketz 

'k6l« 

l8t  sero 
'2nd  sero 
3rd  sef 0 
4th  sero 
fith  sero 

2.84802 
7.  23883 
11.  e7306 
16.  11366 
2a  66463 

6.  02622 
0.  46641 
13.  80340 
1&  33308 
22.  77644 

1.  71864 
6.  12728 
la  56204 
16.00260 
10.  44381 

3.  01467 
a  34422 
12.78266 
17.42314 
21.66464 

ber'« 

'  Jut'x 

kel'x 

fills 
Iliii 

6.03871 
la  61364 
14.  06844 
10.  41768 
23.86430 

3.  77320 
8.28000 
12.  74216 
17. 10343 
21.  64114 

Z  66684 
•7.  17212 
11.63218 
1&  08312 
2a  53068 

4.  03181 
0.40405 
13..86827 
1&  30717 
22.75370 

'9tl0t  Asymptiptic  Expantiaiis 

« 

Aiymplolio  Eipamkms  for^Lsrse  Arguinmts 

When  1^  IB  fixed  and  X  is  large 

■f 


9.10.1 


4.10.2 


^  '  — -  {sin  (2>'ir)  ker,2+cos  0i»ir)  keU«} 

IT 


b^,.^^^ {/,(«)  sin  a—Qwix)  cos  0} 


+-  {cob  (2i»i')  ken  2— sin  (2w)  ka^x) 

9.10.3  '  . 

ker,2=V57(22?«-"^{/»(-«)  coi'^--p»(-2)  sin^} 
9.10.4 

kei.  2«Vi?7(2^«-^^{-/»(^«)  Bin^~V'(--«).c<»/'} 
where  '' 
9.10.5>  * 

and,  with     denoted  by  Mi 
9.10.6 

M±x)       .  •      .  • 

•  From  British  Association  for  the  Advaneement  of 
Setenee,  Annual  RefMirt  (J.  R.  Airey)»  264  (1927)  with 
permiisioti.  This  reference  also  gives  fi-decimal  values  of 
the  itoxt  five  seros  of  each  functioo.  / 


9.10.7 

~li(.).'^-')»-V4r<'*-'>'U(^) 

Tbetenns*  in  ker,«  and  kei,»  in  equations 9.10.1 
wA  9.10.2  are  asymptotically  nef^ble  compared 
with  the  other  terms,  but  their  indusion  in  numeri- 
cs eaksulations  yields  improved  accuracy. 

The  corresponding  ;eries  for  ber;«,  h«^x,M» 
and  kei;  2  cap  be  derived  from  9.2.11  and  9.2.181 
with  s»xe^^*;  the  extra  terms  in  the  expansi* 
of  berU  and  bei^ «  are  respectiTely 


Buuit  ruNonoNS  of  vmalBst  obmb 

9.10.U 


J^.10.18 


-(l/w){8in(2Mr)kor:  «+co8C2»»)kei; »} 
'  (^fw)  {oos(2«r)kerTY-»itt<2«^)hei; «}. 


and 


Modnlmuid 
9.1001 

Jtf,=V(ber;«+bei;»),     «,=arctan  (bei,a/ber,af) 

9.10.9  her,»=M,eoft$n     bei,«»M»sin  9» 

9.10.10  A/-,=Af.,  .  •>.««.~n» 
,9.10.11 

ber;  i=|  M^i  cos  ^--i «» (•'-i-'W 

=  (l'/j!)M,COS«,+^H.|C08(»H.|—i«)  , 

9.10.12 

bei;  x^\M,^.i  sin  —Wp-i  sin  -iw) 

:  =(r/«)M,sin»,+MH.iBin  (•n-J-i') 
--(i»/«)M,sin»,— A/,_.|8in  iw) 

9.10.M  . 

her'         cob  t$t-iw) ,    bei'  a  =M,  sin 
9.10.14 

=  -  {pI»)M,-M^x  COS  (•^,-»,~  Jw) 

9.10.1S 

«  -  (A/,-,/A/,)  sin  (»,-,-^- Jw) 


••The  eoeffleientfl  of  them  terms  giveta  in  (9.17]  are  lO' 
ebrreet.  The  present  results  ur«  due  to  Mr.  0.  P.  Miller, 


AC;»Mcos(9i-«t-i«) 
«;=<j|/,/W,)  sin 

9.1(^.17  ^ 


>  arc  tan  (kei,ar/ker,a) 
9J10.19  ker,«sM  coe         kei,«siV,  sin  ^  ' 


FiovBB  9.10.  bcr  x,  bei  t,  ker  conrf  kei «. 


FioimB  9.U.  In         6b(«),  b  iV;(«)  oimI  ^(«). 

Equations  9.10.11  to  9.10.17  hold  with  the  symbols 
6,  Af»  9  replaced  throughout  by  ir,iV,^,  respectively,  . 
In  place  of  9.10.10 


ERIC 


9.10.20 
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Acynptattk  Espwutean  of 'Modvins  and  Phase 

<  *        ■■  » 

When  r  is  fixed,  x  w  laige  and  ^a4i** 

9.10^1 

'  8V2  «^  266  ae« 

(m~1)(m'+14m-399)  1  .  fl/lV 


OF  INTBOBR  OHDBB 
9.10.29 

haxUt'  «+bei «  bei'  x-?^'  ( i 

2«f  VV2  8  X 


V2 


8V2  «  384^ 

Oi-1)(m-13)  1 
128  " 


9.10.23 

V2n2     8/'^8V2       16  1^  , 
(m-1)(m-26).1  ^/1\ 
384V2  ^^^'W 

9.10.24 

jy,-,  /^,-w^f.|M~ll|'(M~l)'l 

Oi-l)0.y4-14M-3W)  1  Iff /I  Y 

9a0.2S , 

in  AT  «.-5.+4  In  r^V«i=^  1  ,  (m-1)(m'-25)  1 
^'      V2^*    V2X/+  8V2  x^     384V2  ? 

'  (M-n)(M-13)  1 4./)/l\ 

9.10.26 


•  .M-1  1 

'   8V2  x*^  16  x« 

■  Oi~1)(m~26)  1  ,^/1\ 

+  384V2  V?; 

Aijnnptotie  Eiymtomrrf  Ciw  PtwdiieU 

If  X  IB  large 
9.10.27 

33    1    1707  \ 
?"'8192  «*'•■  *  *  7 

9.10.28 


2fi6V2 

ber  X  bei'  «-ber' «  bei  x^™  f-^+i  i 

2»x  \V2  8  X 


'  .  9  1 .  39  1  76  1 
"^64V2  «*'^612  «»'''8102V2 


ERIC 


16  1.  46  1  315  1 
'~64V2  x»''612  x»'*"8l!MV2  x* 


383 


9.10J0 

ber'.x+bei'.x^^'(l-^^i+^^ 

,    76    1    2476  1  \ 

"•"See^S  *»^8i02  x*^  *  •  7 

9.1031 

ker«x+kei»x^.-v,(i-^^l+^^ 

.    33   1    1797^ ,  \ 
■'"266^?""8102x*''"  *  •  7 

9.10.32 

ker  X  kei'  x-ker*  x  kei  x  ^  «-»va  ^^-i  i 

9    1    39  1      75    1  .  \ 
'^64V2  af«""512  «»'''§IM^  x*"*"  *  *  7 


9.10.33 

ker  X  ker'  x+kei  x  kei'  x'^-^       (^+|  j 


2x* 

16   1  .  46  1  .    315    1  .  \ 
'  ?"*'612  ?'''8192V2       *  •  7 

9.10.34 

ker'.x+kei'.x^2^.-v.(i+-^i+^^ 


76  1  .2476  1  ,  \ 
'266V2?7'8192?'t.**7 


AajnaptoUs  Espuurfoa*  of  Luge  Zcmm 

Let 

9.10.35 


W'BP"'""'^    1636?  "'""^612«^ 
wkere  m'='4i^.   Then  if « is  a  large  positive  integer 
9.10.36 

Zeros  of  ber, X'^'^it-M), 
Zeros  of  bei,  x^-^(«-/(<) }, 
Zeros  of  ker^x-^VaC^+A^*)}. 
Zeros  of  kei,  X'^^(<+/(~a)}, 

♦ 
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i=(«--i>'-|)tr 
«=»(«-i«'-|)» 


3^  BB8BBL  FimcnONS 

For  y»0  these  expreesiona  fifive,  the  «th  zero  of 
^eacK  function;  for  other  values  of  v  the  zeros 
represented  may  not  he  the  «th.  ""^^ 

/  VnlfoRD  A«r>ap^tle  fiipttMioiw  for  LfUffe  Ordert 
When  9  is  large  and  positive 

*  • 

ber,(i«)  +»  bei,(t«) 


kit.  kei,  (mc) 

* 

9.10.89 

ber:(w)+ibei;C«) 
9.10.40 

k«r;(i«)+ikei:(i'x) 


where 


9.10.41  ■  |=VH^ 

Hod  t*(0  are  given  by  9.3.9  and  9.3.13.  All 
fractional  powers  take  theii*  principal  values. 

9.11.  Polynomial  Approximations 

1 

9.11.1  -8^x^8 

ber  x= 1  - W(»/8)*+ 1 13.77777  77.4(jr/8)» 

-32.36346  662(x/8)"+2.64191  397(«y8)»« 
-.08349  609(i/8)»+.00122  662(x/8)"* 

-.00000  901(«/8)"+« 

W<ixio-« 

9.11.2  .  -e^«^8 

bei  *=  I6(x/a)»- 1 13.77777  774lx/8)« 

+72.81777  742(a/8)'«- 10.66766  779(x/8)»*. 
+.62185  616(a/8)'»-.0ll03  667(x/8)" 
+.00011  346(x/8)"+« 
H<6X10-»  ' 

ERIC  '  , 


OP  INTSaiB  OBDBB 
9.1U  0<x^8 
ker  x=  -In  (ix)  ber  »+ J»  bei  x-  .67721  666  » 

J -69.06819  744(x/8)*+ 171.36272  133(x/8)» 
-60.60977  461  (x/8)»+6.66639  121  (x/8)»* 
•    -.19636  347(x/8)»+ .00309  699(»/8)** 
s  -.6^  468(x/8)»*+« 

'M<ixio-» 

«»  »■ 

9.11.4        •  0<x^8 

k6ix»-ln(lx)beix>}r  ber  »+6.7d464 .936(x/8)' 
-1^2.91827  687(»/8)'+ 124.23669  660(s/8)'' 
-21.30060  904(x/8)»*+1.1760ft  064(x/8)» 
-.02696  876(x/8)*' +.00029  632(x/8)**+« 

^  M<3X10-» 


9.11.5  -8^x^8 

ber'  x«x[-4(x/8)*+ 14.22222  222(x/8)* 

r-6.06814  810(x/8)>«+ .66047  849(x/8)>* 
-.02609  263(x/8)»«+ .00046  967(*/8)»  • 
^.OOOQO  .394(a^8)*l+i 

"     M<2.1X10-»       '  / 

* 

9.11.6  -8:^*^8  / 

bei'  x»x(i- 10.66666  606(x/8)« 

+  11.37777  772(»/8)»-2.31167  614(»/8)" 
+.14677  204(x/8)»«- .00379  386(x/8)» 

+.00004  609(x/8)»*l+i 

|#|<7X10-» 


9.11J 


0<x^8 


ker'  »«=-ln  (Jx)  bir'  x-x'*  ber  x+Ji-  bei' t 

+x[-3.69113  734(x/8)«+21. 42034  017(«/8)' 
-11.36433  272(x/8)»+1.41384  780(»/8)»* 
-.06136  368Cx/8)»«+.00116  137(»/8)» 

-.00001  076(x/8)»']+< 
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39.11.8  0<x^8 

««-b      bel'  a;-r'  bei        W  is  - 

• +«(.21130  217-13.39858  84e(a!/8)* 
•    + 10.41 182  768(«/8)«-4«e6050  823(«/8)'' 
424(ar/8)>«- .00026  707(»/8)» 

+.00011  997(«/8)«»]+« 


BB88IL  ruNcnom  or  amoBB  obdib 

where 
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W<7Xia 


9.11.9 


8£»<« 
ker»+»kei«»/(»)(l+«,) 

/(')-^/xp[-i+S+*(-«)] 

hKixio-' 


9^.10 


8^»<«» 


Ber  «+«  bei       (ker  «+t  kei  (1  +<t) 

[^*x+^(,)] 
.  |*|<3X10-' 


1 


9.11.11  . 

«(«)  »»(.00000  00-.302d0  01») 

+(.01104  86-^.01104  85t7(8/«) 
+(.00000  00- .00007  6Ai)(8/«)'  > 
'    +(-.00609  06-. 00009  0h')(8/«)* 
.  +(-.00002  62+.00000  0Oi)(8/«)« 
+(-.00000  34+.00000  6h')(8/»)* 

4(.00000  06+.0p000  190l8/s)* 

9.11.12  '  8^«<* 

ker'  »+*<  K^i'  af=-/(»)*(-»)(l+;,) 
M,<2X10-' 
9.11.18  8^«<«> 
ber' »+»  bei' jf-i  (ker*»+<kei'.r)=j(»)*(»)ll+«0 
J«.|<3X10-' 

where 
9.11.14 

>(«)»  (.70710  68+. 70710  Ofllf) 

+ (-  .06260  01  -  .00000  Olt)  (8/k) 
+ (-  .00138  13+.00138  1  (8Av)' 
+(.00000  05+.00024jS2t)(8/>)' 
+(.00003  46^.00003  380(8/2)*  ' 
+(.00001  17-.00000  240(8/2)* 

+  (.000(|9  16-.00000  320  (^)* 


ERIC 


Numerical  Methods 

9el2e  Use  and  EstandoB  of  tli0  TaUM 

Eiample  L  To  evaluate  J»(l.(i5),  noO|  1|  2, 
. .    each  tA  5  deoimali. 
The  fAourrence  relatioii  ^ 

+  J»fi(«) « (2n/«)  J»(«) 

can  be  ueed  to  oompute  Jo(^)»  •AC')!  Jt^)%  •  •  •! 
eueeeeeively  provided  that  n<x»  otherwise  aeyere 
aecumulatidii  of  rounding  errora  will  oceur. 
;,8inG^^  however^  J%{^  ia  a  deereaaing  function  of  n 
whoi  n>x^  recurrence  can  alwaya  be  carried  out 
in  the  direction  of  deereaaing  n. 

Intpection  of  Table  9^  shows  Uiat  J»(1.50) 
vanishes  to  5  decimala  when  n>7.  Taking  arbi- 
trary values  zero  for  J%  and  unityfort/i^weeomppte 
•  Vy  recurrence  the  entries  in  the  second  column  of 
the  following  t^ble^  rounding  off  to  the  neareat 
integer  at  each  step. 


» 

TrioX  vchtn 

0 

'  0 

.00000 

8 

1 

.00000 

7  ♦ 

10 

.00008 

6 

89 

,  .00088 

6 

670 

.00311 

4 

4893 

.01881 

8 

21478 

.00061, 

% 

78889 

.34468 

1 

181987  ■ 

.66443 

0 

188984 

.48876 

r: 


We  nonnaliie  the  reeulta  by  ule  of  the  equation 
9.1*46i  namdiy  • 

Jo(»)+2J,(»)+2J4(»)+  *.  .  .  «1 


Thie  yields  the  normalisation  factor* 
l/32a376«.00000  31019  7 
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and  nuiltiplying  tbe  4rial  VHluea  by  this  factor  we 
obtain  the  required  rmiltn,  ifivon  in  the  third 
column.    A»  a  cheVk  we  may  verify  thlB  value  of 
Jo{\.55)  by  interpolation  in  TaUe  9.1. 
'  Remarks.  *  (i),  In  thia  example  it  was  possible, 
to  eHtimate  inmiedi^tely  the  value  of  n^N,  say, ' 

i  at  which  to  begin  the  recurrence.  This  may  not 

i  always  be  the  case  and  an  arbitrary  value  of  ^may 
have  to  lie  taken.  Th/^^umber  of  correct  signifi* 
cant  figures  in  the  final  values  is  the  same  as  the 
number  of  digits  in  the  respective  trial  values, 
lif,  the  chosen  'iV  is  too  small  the  trial  values  will 
have  too  few  digits  and  insufficient  accuracy  is 
obtained  in  the  results.  The  calculation  must 
then  be  repeated  taking  a  hi^er  valueS  On  the 
other  hand  if  N  were  too  large  unnecessary  effort 
would  be  ejqiendcd.  This  could  be  offsf  t  to  some 
extent  by'disitarding  significant  figures  in  the  trial 
ve^lues  which  are  in  <  excess  of  the  number  of 
decimals  required  in  Jn. 

(li)  If  we  had  required,  say,  Jo(1.65),  Ji(1.55), 

'  .  .  .,  Jin{l.55),  each,  to  5  significant  figures^  we 
would  have  found  the  values  of  t/io(1.55)  and 
J„(1.56)  to  6  significant  figures  by  interpolation 
in  Table  9,3  and  then  computed  by  recurrehce 
</g,  .  /  M  t/o»  no  normalization  being  required. 
Alternatively,  we  could  begin  the  recurrence  at 
a. higher  value  of  N  and  retain  only  5  signific  mt 
figures  in  the  trial  values  for  n<10. 

(iii)  Exactly  similar  methods  can  be  usea  to 
compute  the  modified  Bessel  function  /»(x)/  by 
means  6(  the  relations  9.6.26  and  9.6.36/  *U  x  is 
large,  however,  considerable  cancellation  will 
t/ike  place  in  using  the  latter  equation,  and  it  is 
preferable  to  normalize  by  means  of  9«6.37.^ 

Example  2,  To  evaluate  F,i(1.66),  n=6,  1,,2,- 
.  .  .,  10,  each  to  5  Rignifioant  figures. 

'      The  recurrence  relation 

r,«,(ir)  +  n^,(x)-(2n/jp)r,(«) 

can  bo  used  to  compute  Yn(^)  in  the  direction  of 
inrroasing  n  both  for  n<af  and  n>a?,  liecause  in 
the  latter  event  Vni^)  is  a  numerically  increasing 
function  of  n. 

We  therefore  compute  FoCl.SS)  and  Yi{\M)  by 
interpolation  in  Table  9.1^  generate  KaU  ^S), 
Ksd.W),  .  .     K|o(t.55)  by  reourrenoe  and  check 
'T„/l.rir,)  by  interpolation  in  Table  9.3. 


n 

n 

0 

f  0.  40225 

fl 

-  1.  9917XtO» 

1 

0.37970 

7 

-1.  5100  X10» 

2 

-fl  80218 

8 

-1.  3440X10* 

3 

-i.m7 

9- 

-1.  3722  X10» 

4 

A.  6508 

to 

-1.  8801X10* 

6 

-31  886 

Remarks,  (i)  An  alternative,  way  of  computing 
Ko(x),  should  Joix),  J)ix),  Jt(x),  .  .  be  avail- 
able (see  Examine  1),  is  to  use  formula  9.1.89* 
The  other  starting  value  for  the  recurrence, 
Yiix)^  can  then  be  founcT  from  the  Wronskian 
relation  Jiix)  Ytix)  -M^iix)  ='2/(ira!) .  This  is  a 
convenient  procedure  lor  use  with  an  automatic 
computer. 

(ii)  Similar  methods  can  be  used  to 'compute  the 
modified  Bessel  function  .iiCa(x)  by^means  of  the 
recurrence  relation  9.6.26  and  the  relation  9.6.54. 
except  that  if  x  is  large  severe  cancellation  will 
occur  in  the  use  of  9.6.54  and  other  methods  for 
evaluating  Ko{x)  may  be  preferable,  for  example, 
use  of  the  asymptotic  expansion.  9.7.2  or  the  poly- 
nomial approximation  9.8.6. 

Example  9^  To  evaluate  Jo(-36)  and  Fo(.36) 
each  to  5  decimals,  using  the  multiplication 
theorem. 

Fifem  9.1.74  we  have 

«5ro(X2)=gJo,<r»(2),  wherea»=^=^^^^^=^^^' 

We  takb  2=.4.  Then  X=.9,  (X«-l) (§«)  =  - .038, 

and  extracting  the  necessary  values  of  «//i(.4)  and 

'  F*(.4)  from  Tables  9.1  and  9.2,  we  compute  the 

required  results  an  /ollows: 

k      •   o»  .  oytkU)  a»K»(.4) 

'  +.96040 
+t00745 
+  .00001 


•    o»  . 

0  +1.0 

1  +0.038 

2  +0.7220X10r» 
a  +0.914X10-* 
4  +  0.87  X 10-' 

A  +0.7X10-* 


-.60602 
-.06767 
'-.00599 
-JOWt* 
-.00011 

-.ooooa 


Jo(.36)  = +  .96786    r»(.36)=« -.68055 


Remark.  This  procedure  19  equivalent  to  inter- 
polating by  means  of  the  Taylor  series 

at  2r=.4,  and  expressing  the  derivatives  *^o*'(«)  in  ► 
terms  of  ^tiz)  by  means  of  the  recurrence  rela- 
tions and  differential  equation  for  the  Bessel 
functions. 

Example  4.  To  evaluate, J,(a5),  Jl(x),  Y,(xy 
and  Y,ix)  for  »-50,  x-76,  each  to  6  decimals. 

We  use  the  asymptotic  expansions  9.3.35»  9.3.36, 
9.3.43,  and  9.3.44.  Here  2=x/»'-3A.  From 9.3.89 
we  find 


2  (-f)"*=|V6-»roco8  |=  +  .2769663. 


Hence  , 

f= -.6667724  and 

Next. 
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i/t 


>  4- 1.156332. 


1^=3.684031,.  »«'»r=-7i^66662. 

Interpolating,  in  Table  10.11,  we  find  that        ^  , 

.  Ai(*«'»f)"='4:.2999^,      Ai'(i^»f)« +.461441, 

Bi(r«'»f)=-.160666,      Bi'(.»«'«f)= +.819642.  ; 

'  Ab  a  cheek  on  the  interpolation,  we  may  verify 
.that  AiBi'-Ai'Bi=l/». 

Interpolating  in  the  table  following  9.3.46  we 

ol>tain  y 

6j(f)=»+.0136,  «o(f)=+.1442. 

The  contributions  of  .  the  terms  inTolving  ai(f) 
and  diit)  a^  negligible,  and  substituting  in  the 
asymptotic  expanuons  we  find  that 


j«<76)=  +  1.166332(60-*'»X.29W68  | 

+60-»'»X.461441  X  .0136)  4+ .094077, 


j/m(70=  -  (4y3)(l.l66832)--»(60-*'»X.2iHfflfi3_  

X  .1442  +60-«'»X  .481441)  i»^r-  .038668, 

r»(76)=-1.166332(-60-»'»X.160666  \ 

+60-»^X.819642X.0136)=.+.d60336, 


r;o(76)  =»  + (4/3)  (1.166332)-»(--60-*'»X  .1(^)666 

X  .1442  +60-»'»X  .810642)  «+ .069643. 


As  a  check  we  may  verify  that 

jr'-,f<r.p2/(76r).' 


Remarks.  This  example  may  also  be  computed 
using  the  Debye  expansions  $.8.18*  9*8.16,  93*19* 
and  9.3.20.  Four  terms  of  each  of  these  Mries  are 
required,  compared  with  two  in  the  ocAnputations 
above.  The  ckMer  the  argument'order  ratio  is  to 
unity,  the  less  effective  the  Debye  exp^nsknur 
become.  In  the  neighborhood  of  unity  the  expan* 
dons  9.3.23, 9J.24, 9.3.27,' and  9.3.28  wilt  furnish 
results  of  moderate  accuracy;  for  high-accuraoy 
work  the  uniform  expinrions  shoukl  again  be  used. 

Efmpla  8.  To  evaluate  the  6th  positive  zero 
of  Jw(»)  and  the  corresponding  value  of  Jw{*), 
each  to  6  decimsb. 

We  use  the  aqrmptotic  expansions  9.S.22  and 
,  9.8.23  setting  v»10,  «a6.   From  Table  10.11 

ERIC. 


<rt"T7-M413^> 
Hence 


Ai'(ot)»+. 947336. 


r = lO-'^a,"  .21544347a,= - l.Tlftl  18. . 

Interpolating  in  the  table -  following  9.5.26  we 
obtain 


s(r)«+2.88S631, 
/i(f)«+.0107, 


A(f)« +.98269, 

^i(r)=-.ooi. 


The  bounds  given  at  |he  foot  of  the  table  show 
thfit  the  contrit^utions  of  higher  terms  to  the 
asymptotic  series  are  negligible.  Hence 

.  iu„»»28.88631 +.00107+  .  .  .  =28:88738, 

r  a  \'  J_  '947336  . 
^ioUi*«;=-jQW,2,888631X,9?269  • 

X(l-.00001+  .  .  .)=- J4381. 

'  Eiami^e  6.  To  evaluate  the  first  root  of 
Jo(x)Fo(}tf)-ro(x)«7,(Xx)»0  for  X»f  to  4  signifi- 

-cuit-figures»~    '  .  -  - 

^t  aji"  denote  the  root.  Direct  interpoUti<m 
in  TaUe  9*7  is  Impracticable  owing  to  the 
divergence  of  the  differences.  InspecUon  of 
9.8.28  suggests  that .  a  smoother  funoUon  it 
(X-  l)ai".  Using  Tiible  9.7  we  compute  the  fol- 

3.  iio 


.-lowing  values 


1/x 
0.4 

0.V 

0.8 
1.0 


3.i3f 
3. 140 
.3.142(#) 


+21 
+0 
+2 


-12 
-7 


Interpolating  for  1/Xb.067,  we  obtain 
(X— l)ai"a^.l34  and  thence  the  required  root 
o{fi=6.268.  '  • 

Esampio  7.  To  evaluate  ber,  1.66,  bei»  1.66, 
n<"0, 1,2  each  to  6  dedmais. 

We  use  the  recurrence  relation 

J.-,(w«"'«)+J.+,(«««'"*)*'* 

(1+»V.(««''"0, 

taking  arbitrary  values  sero  for  Mxi^*'*)  and 
1+Oi  for  J,(M*'*^*)  (see  Example  1). 
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Aral 
trial 


valUM  trial 


-  0 
+  1 
-7 
-1 

•  +600 
-4447 
+  14989 
+  11172 
-197012 
+381S39 


+  106734 


Inwg 
'  valuei 


0 
0 
-7 
+89 
-476 
—203 
+  17440 
-88678 
> 123804 
+  1W873 


+207449 


.08000 
.00000 
^.00002 
-.00003 
+.  00181 
01494 
+.04014 
+.06994 
-.09631 
+.91004 


+.30708 


.00000 

.00000 

-.ooMsr 

+.00030 
-.M148. 
-.00180 
+.06268 
-.39680 
+. 36781 
+.69401 


+. 72^19 


The  Talues  of  ber„z  and  heijt  are  computed  by 
multiplication  of  the  trial  values  by  the  normal- 
ising factor 


l/(294989~220Ui)=>  (.337119+  .02ftl6&t)X  lO'*, 
obtained  from  the  relaUon 


Adequate  checks  are  furnished  by  interpolating 
in  Tilitv9;il  for  ber  1.66  and  bei  1.66,  anii  tho 
use  of  a  simi>le  sura  .check  on  the  normalization. 

Should  ker^ar  and  kei^e  be  rbqulred  they  can  be. 
computed  by.  forward  recurrence  uung  formulM' 
9.9.14,  taking  the  required  starting  values  for  , 
fiaO  and- 1  from  TaUe  9.12  (iee  EwmplB  2).  If 
an  independent  check  on  the  recurrence  is  required 
the  asymptotic  expansion  9.10J8  can  be  used. 
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Table  9.1 


BE88BL  rUNCTIONB  OF  INTEGER  ORDER 
BESSEL  FUNtmo'NH-^ROERS  0,  I  AND  2 


0.0 
0.1 
0.2 
0.3  * 
.0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 

1.1 

1.2 
1.3 
1.4 

1.5  , 

1,6 

1.7 

1.8 

1.9 

II 

/2.4  . 

1:1 

2.7 

2.8, 

2.9 

3.1 
3.2 
3.3 
3.4 

3.5  . 

3.6 

3.7 

3.8 

3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


1.00000 
0.9975Q 
0.9900f 
0.977^ 
0.960919 

0.93846 
0.91200 
0.88120 
0.84628 
0.80752 


00000 
15620 
49722 
62465 
82^66 

98072 
48634 
08886. 
73527 
37981 


0.76519  76865 
0.71962  20185 
0.67113  27442 
0.62008  59895 
0. 56685  51203 

-  0.51182^6717 
0.45940  21676 
0.^59798  48594 
^'0. 33998  64110 

^  0.28181  85593 

0.22389  07791 
0.16660  69803 
0.11036  22669 
0. 05553  97844 
4>0. 00250  76832 


-0.04838 
-0.09680 
-0.14244 
-0.18503 
-0. 22431 

-0.26005 
-0.29206 
-0.32018 
-0.34429 
-0.36429 


37764 
49543 
93700 
60333 
15457 

19549 
43476 
81696 
62603 
55967 


00000 
66040 
39576 
38296 
59563 

40813 
97211 
07405 
50480 
22545 

57967 
27511 
64363 
61509 
74289 

JUnB 
39381 
46109 
42558 
74385 

41236 
31990 
22174 
45602 
97244 

68f98 
97038 
46012 
64387 
91968 

01933 
50698 
57123 
98885 
62000 


-0.38012  77399  87263 
-0.39176  69837  00798 
-0.39923  02033  71191 
-0.4025S  64101  78564 

-0.39714  98098  63847 
•0.38866  96798  35854 
-0.37655  70543  67568 
-0.36101  11172  36535 
-0. 34225  67900  03886 

-0.32054  25089  85121 
-0.29613  78165  74141 
-0. 26933  07894  19753 
-0.24042  63272  91183 
-0.20973  83275  85326 

-0.17759  67713  14338 


Mr) 

0.00000  00000 
0. 04993  75260 
0.09950  08326 
0.14831  88163 
0.19602  65780 

0.24226  84577 
0.28670  09881 
0.32899  57415 
0.36864  20461 
0.40594  95461 

0.44005  05857 
0.47090  23949 
0.49828  90576 
0.52202  32474 
0.54194  77139 

0. 55793  65079 
0.56969  593S3 
0.57776  52315 
0.58151  69517 
0.581M  70727 

0.57672  48078 
0.56829  21358 
0.55596  30498 
0.53987  25326 
0.52018  52682 

/  0.49709  41025 
0.47081  82665 
0.44160  13791 
0.40970  92469 
0.37542  74818 

0.33905  89585 
0.30092  11331 
0.26134  32488 
0.22066  34530 
0.17922  58517 

0.13737  75274 
0. 09546  55472 
0.05363  39877 
4>0. 01282  10029 
-0.02724  40396 

-0.06604  33280 
-0. 10327!  32577 
-0.13864,  69421 
-0.17109V  65602 
-0.20277,55219 

.  \  -0.23106  04319 

'     -0. 25655  28361 

-     -0.27908  07358 

-0.29849  98581 

-0. 31469  46710 


-0. 32757  9137< 

■<-.*"] 


0.00000  00000 
0. 00124  89587 
0.00498  33542 
0. 01116  58619 
0. 01973  46631 

0. 03060  40235 
0.04366  50967 
0. 05878  69444 
0.07581  77625 
0.09458  63043 

0.11490  34849 
0.13656  41540 
0. 15934  90183 
0.18302  66988 
0. 20735  58995 

0.23208  76721 
0.25696  77514 
0.28173  89424 
0.30614  35353 
0.32992  57277 

0.35283  40286 
0.37462  36252 
0.39505  86875 
0.41391  45917 
0.4^098  00402 

0.44605  90584 

0.45897  28517 

0.46956  15027 

0.47768  54954 

0.48322  70505 

0.48609  12606 

0.48620  70142 

0.48352  77001 

0.47803  16865 

0.46972  25683 

0.45862  91842 
0.44480  53988 
0.42832  96562 
0.40930  43065 
0. 38785  47125 

0.36412  81459 
0.33829  24809 
0. 31053  47010 
0.28105  92288 
0. 25008  -60982 

0.21784  89837 
0.18459  31052 
0.15057  30295 
0.11605  03864 
0. 08129  152:^1 

0.04656  51163 


Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  func 
tions,  Part  II.  Functions  of  positive  integer  order,  Malnematical  Tables,  vol.  X 
(Cambridge  Univ.  Press,  Cambridge,  England,  1962)  and  Harvard  Commutation 
Laboratory,  Tables  of  tfie  Bessel  functions  of  the  first  kind  of  orders  0  through 
136,  vols.  8-14  (Harvard  Univ. 'Press,  Cambridge,  Mass.,  1947-1951)  (with  per- 
mission). 
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0.0 
0.1 
0.2 

0.4 

II. 53423  86S14 
-1.08110  53224 
•0  80727  35778 
^0.60662  45684 

16.4589*5  10947 
-3^32382  49881 
-2.29310  51384 
-1.78087  20443 

-127.64478  324^ 

-  32.15714  456  . 

-  14.48009  401 
w   8.29833  565 

0.S 
0.6 
0.7 
0  fl 

0.9 

44451  «V335 
.   Ml.  30850  98701 
;o. 19066  49293 
i>0. 08680  22797 

wifwww  www 

40.00562/83066 

-1.47147  23927 
>  -1.26039  13472 
-1.10324  9A719 
yO.  97814  41767 
-0.87312  65825 

.  -   5.44137  084 

-  3.89279  462 

-  2.96147  756 

-  2.35855  816 

-  1.94590  960 

1.0 
1.1 
1.2 

1.4 

-   0.08825\ 69642 
0. 16216  32029 
«0.22$08  35032  . 
0  28653  53572 
0. 33789  51297 

^0.78121  28213 
-0.69811  95601 
-0.62113  63797 
-0.54851  97300 
-0.47914  69742 

-  1.65068  261 

-  1.43147  149 

-  1.26331  080 

-  1.13041  186 

-  1.02239  081 

l.» 
1.6 
1.7 

t  ft 

1.9 

0.38244  89238 
0.42042  68964 
0.45202  70002 
0  47743  17149 
0.49681  99713 

-0.41290  862>0,. 
-0. 34757  80083 
-0.28472  62451^ 
-0.22366  48682^ 
-0.16440  57723 

-  0.93219  376 

-  0.85489  941 

-  0.78699  905 

-  0.72594  824 

-  0.66987  868 

•  2.0 
2.1 
2.2 

2.4 

!  0. 51037  56726 
0.51829  37375 
0. 52078  42854 
0  51807  53962 
0.51041  47487 

-0.10703  24315 
-0. 05167  86121 
f 0.00148  77893 
0.05227  73158 
0.10048  8.9383 

-  0.61740  810 

-  0.56751*146 

-  0.51943  175 

-  0.47261  686 
p  -   0. 42667  397 

2.S 
2.6 

2.7 

9  A 

2.9 

0.49807  03596 
0.48133  05906 
0.46050  35491 
0  49591  59856 
0.40791  17692 

0.14591  81380 
0.18836  35444 
0.22763  24459 
0.26354  53936 
0.29594  00546 

-  0.38133  585 

-  0. 33643  556 

-  0.29188  692 

-  0.24766  928 

-  0^20381  518 

3.0 
3.1 
3.2 

9»  9 

-    0.37685  00100 
0.34310  t8894 
0.30705  32501 
0.26909  19951 
0.22961  53372 

.  0.32467  44248  . 
0.34962  94823 
0.37071  13384 
0.38785  29310 
0.40101  52921 

-  0.16040  039 

-  0.11753^48 

-  0.07535  866 

-  0.03402  961 
f   0.00627  601 

 Ji^  - 

3.6 
3.7 

,  5.9 

-  0.18902  49439  - 
0.14771  «0126 
0.10607  43153 
0  06450  32467 
>0. 02337  59082 

41018  J4179 
0.41539  17621 
0.41667  43727 
0.41411  46893 
0.40792  00193 

0.04537  144  ^ 
0. 08306  319  <^ 
0.11915  508  ; 
,0.15345  185 
0.18576  256 

4.0 
4.1  , 
4.2 
4.  3 
4.4 

-0.01694  07393 
-0. 05609  46266 
>0. 09375  12013 

-0.16333  64628 

0.39792  57106 
0.38459  40348 
0.36801  28079 
0.34839  37583 
0.32597  06708 

0.21590  359 
0.24370  147 
0.26899  540 
0.29163  951 
0. 31150  495 

4.5 
4.6 
4.7 
4.8 
4.' 

-0.19470  50086 
-0.22345*99526 
-0.24938  76472 
-0.27230  37945 
-0.29205  45942 

0.30099  73231 
0.27374  52415 
0.24450  12968 
0.21356  51673 
0.18124  66920 

0. 32848  160 
0. 34247  962 
0.35343  075 
0.36128  928 
0.36603  284 

5.0 

-0.30^1  76252 

0.14786  31434 

0. 36766  288 

• 

y»+i(«)-^n(»)- 

1 

4» 

•  '399 

t 

Table  9.1 


BKSSEL  FUNCTIONS  OF  INTBOBR  OBDBR 

BESSEL  FUNCTIONS-ORDERS  0,  1  AND  2 


5.0 

5.1 

5.2 

5.3, 

5.4 

5.5 
5.6 
5.7 
5.8 
9.9 

6.0 

6.r 

6.2 
6.3 
6.4 

6.5 

6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


-0.17759  67713  14338 
-0. 14433  47470  60501 
>0. 11029  04397  90987 
-0. 07580  31115  85584 
>0. 04121  01012  44991 

-0.00684  38694  17819 
♦O.  02697  08846  85114 
^.05992  00097  24037 
0. 09170  25675  74816 
0.12203  33S45  42823 

0.15064.52572  50997 
0.17729  14222  42744 
-0.20174  72229  48904 
0.22381  20061  32191 
0.24331  06048  23407 


0. 26009 
0.27404 
0.28506 
<|.'29309 
0.29810 

0. 30007 
0.29905 
0.29507 
0.28821 
0.27859 


46055  81606 
33606  24146 
47377  10576 
56ffll  04273 
20354  04820 

9270H9556 
1380S  01550 
06914  00958 
69476  35014 
62326  S7478 


0.26633  96578  80378 
0.25160  18338  49976 
0.23455  91395  86464 
0.21540  78077  46263 
0.19436  18448  41278 

0.17165  0«I071  37554 
0.14751  74540-44378 
0. 12221  53017  S4138 
0. 09600  61008  95010 
0. 06915  72616  56985 

0.04193  92518  42935 
40. 01462  29912  78741 
-0.01252  27324  49665 
-0. 03923  38031  76542 
-0.06525  32468  51244 

-0.09035  36111  82876 
-0.11423  92326  83199 
-0. 13674  83707  64864 
-0. 15765  51899  43403 
-0. 17677  15727  51508 

-0.19392  87476  87422 
-0. 20897  87183  68872 
-0. 22179  54820  31723 
-0. 23227  60275  79367 
-0.24034  11055  34^60 

-0.24593  57644  51348 

['in 


-0.32757  91376 
-0.33709  72020  .  ^ 
-0.34322  30059 
-0.34596  08338 
-0.34534  47908 

-0.34143  82154 
-0.33433  28363 
-0.32414476802 
-0.31102  777443 
-0.29514/24447 

-0.27668  38581 
-0.25586  47726 
-0.23291  65671 
•0.20808  69402 
-0.18163  75090 

-0. 15384  13014 
-0.12498  016S2 
-0.09534  21180 
-0.06521  86634 
-0.03490  20961 

•0.00468  28235 
♦0. 02515  32743  , 
0.05432  74202 
0.08257  04305 
0.10962  50949 

0.13524  84276 
0.15921  37684 
0.18131  27153  ' 
0.20135  66728 
0.21917  93999 

0.23463  63469 
0.24760  77670 
0.25799  85976 
0.26573  93020 
0.27078  62683 

0.27312  19637 

0.27275  48445 

0.26971  90241 

0.26407  37032 

0.25590  23714 

0.24531  17866 
0.23243  07450 
0. 21740  86550 
0.20041  39278 
0. 18163  22040 

0.16126  44308 
0.13952  48117 
0. 11663  86479 
0. 09284  00911 
0. 068H  98323 

0. 04347  27462 


0.04656  51163 
+0f«1213  97659 
-0.02171  84086 
-0. 05474  81465 
-0.08669  53768 

-0.11731  54816 
•0.14637  54691 
-0.17365  60379 
-0. 19895  35139 
-0. 22208  16409 

-0.24287 
-0.26118 
-0.27688 
•0.28987 
•0. 30007 

-0. 30743 
•0. 31191 
•0.31352 
•0. 31227 
•0.30821 


32100 
15116 
15994 
13522 
23264 

03906 
61379 
50715 
75629 
85850 


-0.30141  72201 
-0.29196  59511 
•0.27997  97413 
-0.26559  49119 
-0.,24896  78286 

•0.23027  34105 
•0.20970  34737 
-0.18746  49278 
-0.16377  78404 
-0.13887  33892 

-0.11299  17204 
-0.08637  97338 
-0. 05928  88146 
-0.03197  25341 
-0. 00468  43406 

4.0.02232  47396 
0. 04880  83679 
0.07452  71058 
0.09925  05539 
0.12275  93977 

0.14484  73415 
0.16532  29129 
0.18401  11218 
0. 20075  49594 
0.21541  67225 

0.22787  91542  : 
0.23804  63875  , 
0.24584  46878  ' 
0.25122  29849/ 
0.25415  31929/ 

0.25463  03U1 

p-r 
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Ko(*) 
•0190851  762S2 
.0.92160  24491 
-0. 59125  09548 
-0.55745  75011 
•0.54016  78785 

•0.55948  09929 
•0.55S44  41812 
•0.92819  71408 
•0.91774  64900 
•0.90496  99900 

-0.  38819  46840 
•0.26949  49904 
^    -0.24890  99505 
X-0. 22906  17496 
\.0.X9994  859S9 

•0.17924  24949 
•0.14922  62172 
^11619  11427 
/O. 08645  98689 
-0. 09625  96922 

•0.02994  97440 
♦0.00418  17992 
0. 09985  04048 
0. 06277  98864 
0.O9068  08802 

0.117^  92861 
0.14242  85247 
0.16580  16924 
0.18722  71755 
0.20652  09481 

0.22592  14894 
0.29809  15287 
0.25011  80276 
0.25951  49658 
0.26622  18674 

0.27020  51054 
0.27145  77125 
0. 26999  91705 
0.26587  49418 
0.25915  57617 

0.24995  66985 
0.25855  99921 
0.22449  56870 
«0. 20057*00676 
0. 19074  59149 

0.17121  0626*2 
0.15018  01555 
N  0.12787  47920 
0.10452  70840 
0.08057  75052 

0. 05567  11675 


0.14786  51454 
0.11575  64420 
0.07919  05450 
0. 04454  76191 
40. 01012  72667 


•0. 02575 
^0. 05680 
•0.08872 
•0.11925 
•0.14807 

•0.17501 
•0.194181 
•0.22228 
-0. 24224 
•0.25955 


82590 
96144 
99405 
41195 
71525 

094^9 
22045 
96406 
95005 
98994 


•0. 27409  12740 
-0.28574  n791 
-0.29445  99190 
•0.90018' 68758 
•0. 90291  76949 

•0.90266  72970 
-0. 29947  88746 
•0.29942  25999 
•0.r28459  49719 
-0^27911  49598 

•0.28^12  85105 
•0.;l4280  10021 
^«*0. 22491  84749 
"  •0.20988  50954 
rO. 18172  10779 

-0.15806  04617 
-0. 19914  87960 
•0.10724  07229 
-0.O8059  75095 
^0.05948  45084 

•0. 02616  86794 
♦0.00108  99918 
0.02801  09592 
0.05495  55699 
0.07986  99974 

0.10451  45752 
0.12746  58820 
0.14911  27879 
0.16906  19071 
0.18719  56847 

0.20917  98994 
0.21705  89660 
0.22866  00298 
0.29789  92421 
0.24469  24119 

0.24901  54242 

m 


0. 96766  288 
0. 96620  498 
0.96170  876 
0.95424  772 
0. 94991  872 

0.99084  129 
0.91515  646 
0.29702  614 
0. 27669  122 
0.25417  029 

0.22985  790 
0.20992  279 
0.17660  555 
0.14815  715 
0.11889  619 

0. 08890  666 
0.05869  619 
♦0.  02829  284 
•0. 00185  699 
-0. 05154  852 

•0.06052  661 
•0^08854  204 
•0.11555  668 
-0.14074  495 
•0.16449  575 

-0.18641  422 
•0,20652  ^55 
•0. 224O6  617 
•0.259SO  540 
•0.25252  628 

•0.26505  660 
-0.27096  757 
•0.27627  450 
-0.27895  605 
•0.27895  627 

•0.27656  244 
•0.27120  562 
-0.26595  98f 
•0.25552  140 
-0.24120  758 

•0.22675  968 
•0.21052  151 
•0.19207  786 
-0.17221  280 
-0.15092  782 

•0.12845  591 
-0.10495  952 
-0.08072  859 
-0.05597  744 
-0. 05094  449 


-0. 


00586  808 


Yn-lit) 


394 


\ 


T«U0  9.1 


10.0 
10.1 
10.2 
10.3 
10.4 

ICS 
10.6 
Id.  7 
10.8 
10.9 

11.0 
11.1 
11.2 
11.3 
11.4 

11.5 
11.6 
11.7 
11.8 
11.9 

12^0 
12.1 
12.2 
12.3 
12.4 

12.  S 
12.6 
12.7 
12.8 
12.9 

13.0 
13.1 
13.2 
13.3 
13.4 

13.  S 
13.6 
13.7 
13.8 
13.9 

14.0 
14.1 
14.2 
14.3 
14.4 

14.5 
14.6 
14.7 
14.8 
14.9 

15.0 


JBBBBIL  FUNCTIONS  OF  IN^dBB  OBOBB 

BESSEL  FUNCriONS-OROERSi  0,  1  AND  2 


-0.24593  57644  51348 
-0.24902  96505  80910 
-0.24961  70698  54127 
-0.24771  68134  82244, 
-0.24337  17507^14207 


•0.23664 
•0.22763 
■0.21644 
■0.20320 
■0.18806 


81944  62347 
50476  20693 
27399  23818 
19671  12039 
22459  63342 


-0.17119  03004  07196 
-0.15276  82954  35677 
-0.13299  19368  59575 
-0.11206  84561  09807 
-0.09021  45002  475^0 


-0.06765 
-0.04461 
-0.02133 
♦0. 00196 
01. 02504 

0.04768 
0,06966 
0.09077 
0.11079 
0.12956 


39t81  11665 
56740  94438 
12«b3  88500 
71733  06740 
94416  99590 

93107  46834 
67736  06807 
01231  70505 
79503  07585 
10265  17502 


0.14688  40547  00421 
0.16260.72717  45511 
0.17658  78885  61499^ 
0.18870  13547  80683 
0.19884  24371  36331 


0. 20692 
0.21288 
0.21668 
0.21829 
0.21772 

0.21498 
0.21013 
0.20322 
0.19433 
0.18357 

0.17107 
0.15695 
0.14136 
0.12448 
0.10648 

0.08754 
0.06786 
0.04764 
0.02708 
40. 00639 


61023  77068 
81975  22060 
59222  58S64 
80903  19277 
51787  31184 

91658  80401 
31613  69248 
08326  33007 
56352  15629 
98554  57870 

34761  10459 
28770  32601 
93846  57129 
76852  83919 
41184  90342 

48680  10376 
40683  23379 
18459  01522 
23145  85872 
15448  90853 


^  04347  27462 
>0. 01839  5il55 
-0. 00661  57433 
-0.03131  78295 
-0. 05547  27618 

C 
\ 

-0. 07885  00142 
-0.10122  86626 
-0.12239  9423t 
-0.14216  65683 
rO. 16034  96867 


■0. 01422  44728  26781 

■  m 


-0.17678  52990 
-0.19132  82878 
-0.20385  31459 
-0.21425  50262 
-0.22245  05864 

'  -0.22837  86207 
-0.23200  04746 
-0.23330  82408 
-0.23228  47343 
-0.22898  32497 

-0.^2344  71045 ' 
'  .-0.21574  89734 
-0.20598  20217 
-0.19425  88480 
-0.18071  02469 

-0.16548  38046 
-0.14874  23434 
-0.13066  22290 
-0.11143  15593 
,   -0.09124  82522 

-0.07031  80521 
.  -0.04885  24733 
'     -0.02706  67028 

-0.00517  74806 
.   40.01659  90199 

0.03804  92921 
0. 05896  45572 
0. 07914  27651 
0. 09839  05167 
0.11652  48904 

0.13337  51547 
0.14878  43513 
0.16261  07342 
0.17472  90520 
0.18503  16616 

0.19342  94636 
0.19985  26514 
0.20425  12683 
0.,20659  55672 
0.20687  61718 

'0/20510  <0386 

m 


0.25463  03137 
0.25267  23269 
0.24831  98653 
0.24163  56815 
0.23270  39119 

0.22162  91441 
0.20853  53000 
0.19356  43429 
0.17687  48248 
0,15864  02851 

0.13904  75188 
f      0.11829  47301 
0.09658  95894 
0. 07414  72125 
,     0.05118  80816 

0.02793  59271 
40.00461  55923 
-0. 01854  91017 
-0.04133  74673 
-  -0.06353^  40215 

/    -Q.  08493  jM949 
'    -0.10532  77609 
-0.12453  76677 
-0. 14238  47549 
-0.15870  78405 

-0. 17336  14634 
-0.18621  71675 
-0.19716  46175 
-0.20611  25359 
-0. 21298  94530 

-0.21774  42642 
.  -0. 22034  65904 
-0. 22078  69378 
-0.  21907  66588 
-0.21524  77131 

-0.20935  22337 
-0. 20146  19030 
-0.19166  71443 
-0.18007  61400 
-0.16681  36842 

-0.1)201  98826 
-0. 13584  87137 
-0.11846  64643 
-0.10005  00556 
-0. 08078  52766 

•0. 06086  49420 
-0. 04048  69928 
-0.  01985  25577 
40. 00083  60053 
0.02137  70688 

0. 04157  16780 


ERIC 
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BtaSBL  FUNCtlONS  QP  INTBOER'  OSDER 
BESSEL  FUNCTIONS— ORDERS  0,  1  AND  2 


Table  9.1 


/ 


V 


10.0 
10.1 

I.  0. 2, 
10.3 
10.4 

10.5 
10.6 
10.7 
10.8 
10.9 

II.  0 
.11.1 

11.2 
11.3 
11.4 

11.5 
U.6 
11.7 
11.8 
11.9 


12.0 
12.4 
12.2 

2.3 
12.4 

12.5 
12.6 
12.7 
12.8 
12.9 

13.0 
13,1 
13.2 
13.3 
13.4 

13.5 
13.6 
13.7 
13.8 
13.9 

14.0 
14.1 
14.2 
14.3 
14.4 

14.5 
14.6 
14.7 
14.8 
14.9 

15.0 


.  Ynix) 
0.  05567  11673 
0. 03065  73806 
40. 00558  52273 
-0. 01929  78497 
-0.04374  86190 

X 06753  03725 
.0.09041  51548 
>0. 11218  58897 
.0. 13263  83844 
-0. 15158  31932 

-0. 16884  73239^ 
-0.18427  57716 
-0. 19773  28675 
-0. 209ia  34295 
-0. 2VB29  37073 

21117 
97260 
D5930 
17790 
32139 


•0. 22523 
-0. 22986 
-0. 23218 
-0. 23216 
-0.22983 

-0. 22523 
-0. 21843 
-0.20952 
-0. 19859 
-0. 18577 


73126 
83806 
18128 
30946 
^6153 


-0. 17121  43068 
.0« 15506  41238 
.0. 13749  83780 
-0. 11870  19463 
-0.09887  a>702 

fO.  07820  78645' 
rO.  05692  52568 
/-0. 03523  78771 
/ -0.01336  34191 
/  40.00848  02072 

0.03007  70090 
0.05121  50115 
0. 07168  83040 
0. 09129  90143 
0.10985  9||95 

0. 12719  25686 
0.14313  62286 
0. 157S4  20895 
0. 17027  82640 
0. 18123  02411 

0. 19030  18912 
0. 19741  62858 
0.20251  63238 
0. 20S56  51604 
0.20654  64347 

0. 20546  42960 


0.24901  54242 
0.25084  44363 
0.25018  58292 
0.24706  99395 
0.24155  05610 

0.23370  42284 
0.22362  92892 
0.21144  47763 
0.19728  90905 
0.18131  85097 

0.16370  55374 
0.14463  71102 
0.12431  26795 
0.10294  21889 
0.08074  39654* 

0.05794  25471 
0.03476  64663 
40.01144  60113> 
.0.01178  90120 
.0.03471  14983 

-0.05709  92183 
.0.07873  69315 
.0.09941  84171 
-0.11894  84033 
-0.13714  43761^ 

-0.153«3  82565 
-0.16887  79186 
-0.18212  85528 
.0.19347  38454 
-4).2028Mt9743 

-0.21008  14084 
-0.21521  15060 
-0.21817  29066 
-0.21895  27145 
-0.21755  94728 

-0.21402  29303 
-0.20839  36044 
-0.20074  21453 
-0.19115  85095 
.0.17975  09511 

-0.16664  4841<^  ' 
-0.15198  13335 
.0.13591  58742 
-0.11861  65967 
-0.10026  2S924 

-0^,08104  20909 
-0.06115  05609 
-0.04078  87536 
-0.02016  07O59 
40.00052  82751 


-0.00586  808 
40.01901  478 
0.04347  082 
0.06727  260 
0.09020  065 

0.11204  546 
0.13260  936 
0.15170  828 
0.16917  340 
0.18485  264 

0.19861  197 
0.21033  651 
0.21993  156 
0.22732  329 
0.23245  932 

0.23530  908 
0.23586  394 
0.23413  71'8 
0.23016  364 
0.22399  935 


0.21572  078 

0.20542  401 

0.19322  371 

0.17925  189 

0.16365  655 


0.14660  019 

0.12825  810 

8.10881  672 

0.08847  166 

0.06742  588 


0.04588  765 
0.02406  854 
40. 00218  138 
-0.01956  180 
-0.04095  177 

-0.06178  411 
-0.06186  113 
-0,10099  373 
-0.11900  315 
-0.13572  264 

-0.1S099  897 
-0.16469  386 
-0.17668,  517 
-0.18686  800 
-0.19515  560 

-0.20148  Oil  J 
wO.  26579  307, 
-0.20806  581' 
-0.20828  958' 
-0.20647  553 


-0.20265  448 


y«4i(»)-^y»(«)-K.-i(«) 
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Tabk)  9.1 


ruMonoNB  or  intiobh  /ohdis 

BESSEL  nJNCnONS-OBDER3  0,  1  AND  2 


15.0 
15.1 
15.2 
15.3 
15.4 

15.5 
15.6 
15.7 
15. « 
15.9 

1«U 
16.1 
16.2 
16.3 
16.4 

16.5 
16.6 
16.7 
16.6 
16.9 

17.0 
.17.1 
17.2 
17.3 
17.4 

17.5 


.0.01422  44721  267S1 
•>0. 03456  18514  55S65 
.0.05442  07961  44039 
-0.07360  79449  5X123 
^  .0.09193  6227S  62321 

•0.10923  06909  00050 

.0.19332  57477  60686 
•^•^  16497  04994  89671 


.0.17489 
-0.18308 
-0.18927 
.0.19360 
-0.19997 

t 

-0.19698 
.0.19482 
.0.19134 
-0.18997 
-0.17878 

-0.16985 
-0^19928 
-0.14719 
.0.13370 
-0.11899 


90739  83629 
36924  69310 
49469  77945 
23729  28377 
48287  91007 

08929  36861 
78598  09966 
39299  29189 
38693  47601 
33878  91219 

42921  911M 
93919  32269 
114{67  66030 
06470  79164 
98963  36348 


-0.10311  03982  28686 


8.20910  40386 
0.20131.02204 
0.19994  94399 
^  0.18787  94498 
^  0.17840  02717 

0.16721  31804 
0.19443 '99871 
0.n4021  97469 
0.12469  13334 
0.10802  78901 

0.09039  71797 
0.07197  94186 
0.09296  14991 
0.03393  90769 
♦0.01989  46807 

-0.00976  42137 
-0.02924  71116 
-0.04436  24008 
-0.06292  32177 
-0.08074  92543 

'  -0.09766  84928 
-0.11391.88483 
-0.12814  97097 
-0.14142  33395 
-ai9321  61760 

-0.18341  99694 


m  ■ 


0.04197  16780 
0.06122  94968 
0^08019  04999 
0.09816  69902 
0. 11910  90943 

0.13080  69491 
0.14912  99111 
0.19793  20904 
0.16910  94608 
0.17899  89133 

0.18619  87209 
0.19196  92392 
0.19981  34837 
.0.19771  71096 
0.19766  93020 

0.19968  20004 
0.19178  60391 
0.18603  06671 
0.17848  30061 
0.16M2  72631 

0.19836  38412 
0.14600  82733 
0.13229  00182 
0.11739  11289 
0.10134  48016 

0.<08443  38303 

m 


^.+t(«)-?A(«)-A-i(») 


BESSEL  niNCnONS-MODULUS  AND  PHASE     ORDERS     1  AND  2 


j;(«).jr»(s)0M4i(«) 


r»(«)-jr»(«)aiB4>(«) 


0.10 
0.09 
0.08 
0.07 
0.06 

0.05 
0.04 
0.03 
0.02 
^.91 

0.00 


 t 

0.79739  379 
0.79748  904 
0.79796  868 
0. 79764  214 
0.79770  609 

.  0.79776  040 
0.79780  498 
.0.79783  979 
0.79786  463  . 
0.79787  997 

0.79780  456 

['-?'] 


-0.79783  499 
-0.79660  186 
-0.79936  948 
-0.79412  617 
-0.79288  426 

-0.79164  009 
-0.79039  402 
-0.78914  641 
-0.78789  764 
-0.78664  810 

-0.78939  816 

['-?*] 


JR»Jf|j») 

0;  79956  979 
0.79908  694 
0.79883  986 
0.79861  398 
0.79842  116 

0.79829  761 
0.79812  393 
0.79801  908 
0.79794  438 
0.79789  992 


#,(«)- 

.2.nai9 

-2.32296 
-2.32627 
-2.33000 
-2.33372 


908 
201 
732 
016 
969 


0.79788  496 


<«>-! 


-2.33746  488 
-2.34120  499 
-2.34494  891 
-2.34869  980 
-2.39244  469 

-2.39619  449 

['-?'] 


0.80998  367 
0.80269  711 
0.88196  472 
0.80098  949 

0.79979  891 
0.79908' 299 
0.79899  829 
0. 79818-387 
0.79799  937 

0.79788  496 

m 


-3.77717  999 
-3.79986  977 
-3.81496  786 

-9.89928  921 
346 

.-3.87079  094 
-3.88949  969 
-9.90824  U7 


11 
13 
14 

17 

20 
29 
99 
90 
180 
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BB8BBL  FUNCTIONS  OF  INTSOBB  ORDSR 
BESSEL  FlINCnONS-dQRDERS  0, 1  AND  2 


Table  9.1 


15.0 
15.1 
15.2 
15.3 
15.4 

15.5 
15.6 
15.7 
15.8 
15.9 

16.0 
16.1 
16.2 
16.3 
16.4 

16.5 
16.6 
16.7 
16.8 
16.9 

17.0 
17.1 
17.2 
17.3 
17.4 

17.5 


0.20546  42960 
.  0.20234  32292 
0.19722  76821 
0. 19018  15001 
0. 18128  71741 

0.17064  49112 
•  0.15837  15366 
0.14459  92412. 
0.12947  41833 
0.U315  49657 

0.09581  09971 
0.07762  07587 
0. 05876  999ia 
0. 03944  9824SI 
0.01985  48596 

40.00018  12325 
-0.01937  53254 
-0.03862  14147 
-0. 05736  78596 
-0.07543/15476 


/ 


-0.0921 
-0. 108J 


71984 
)1  90473 


:-0. 12382  24237 
-0.1375S  52134 
-0.14973  91881 


-0.16041  11925 


0. 02^07  J6280 
/0. 04127  35340 
0.06093  08736 
0.07985  51269 
0.09786,41973 

0.11478  61425 
0.13046  07959 
0.14474  12638 
0.15749  52835 
0.1686P  64314 

0.17797  51689 
0.18551  97173 
0.19117  67538 
0.19490  19240 
0.19667  01648 

0.1^647  58378 
0^19433  26715 
0.19027  35142 
0.18434  99015 
0.17663  14431 


0[,  16720  50361 
0.15617  39131 
0.14365 
0.1297S 
0.U470 


6S362 
53467 
53859 


0.09857  27967 

2n 


-0.20265  446 
-0.19667  654 
-0.16921  046 
-0. 17974  292 
-0.16657  754 

-0.15563  380 
-0. 14164  57.9 
-0.12616  086 
-0.10953  607 
-0.09194  661 

-0. 07356  410 
-0.05457  463 
-0.03516  792 
-0.01553  548 
■fO.  00412  931 

0.02363^402 
0. 04278  890 
0. 06140  866 
0.07931  428 
0. 09633  468 

0. 11230  638 
0.12708  500 
0. 14052  667 
0.15250  930 
0.16292  372 

0.17167  666 

m 


yn+i(ir)-^r»(ic)-rn-i(») 


'raMe9.1 

4 

BESj^EL  FUNCnONS-AUXIUARY  TABLE  FOR  SMALL  ARGUMENTS 


0.0 


1.0 


-0.07380  430 


0.1  -0.07202  984 

0.2  -0.06672  574 

0. 3  -0. 05794  956 

0.4  -0.04579  663 

0.  5  -0. 03039  904 

0.6  -0.01192  435 

0.7  40.00942  612 

0.8  0.03341  927 

0. 9  0. 05979  263 


0.06625  696 


/a(«) 
-0.63661  977 
-0.63857  491 
-0.64437  529 
-0.65382  664 
-0.66660  964 

-0. 68228  315 
-0.70029  342 
-0.71998  221 
-0.74059  789 
-0.76130  792 


-0.78121  262 


J'o(/)-/i(.')+^Wln/ 


.1.0  . 

0.08825  696 

1.1* 

0.11849  917 

1.2 

0.1S016  546 

1.3 

0.18296  470 

1.4 

0.21647  200 

1.5 

0.25033  233 

1.6 

0.28416  437 

1.7 

0.31758  436 

1.8  , 

0.35020  995 

1.9 

0.38166  415 

2.0 

0.41157  912 

m 

-0.78121  282 
-0.79936  142 
-0. 81476  705 
-0.62642  " 
-0.83332 


473 
875 


-0.83449  074 
-0.82895  780 
-0.61563 
-0.79427 
-0.76356 


036 
976 
508 


-0.72304  896 

m 

■  l',(,r)-l/j(l)+f.'l(l)lni 
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Tabk  9.2 


BE88BL  FUNCTIONS  OF  INTEQBR  OROBR. 
BESSEL  FliNCrU)ISS^>RDERS  3-9 


r 

Mr) 

0.0000 

u.oooo 

0.0000 

0.0000 

0.0000 

0.2  1 

[-4] 

I1.662S  1 

-6 

14.1583  1 

-8; 

8.3195 

-9 

f  1.3869 

1.9816 

0.4  ( 

-3! 

1I.3S0I 

•^5 

6.6135 

2.6489 

-8 

8.8382 

-'  9/ 

2.5270 

0.6 

4.3997 

-4 

13.3147 

-5 

1 1.9998 

_7 

9.9956 

-  8' 

4.2907 

0.8  1 

^2 

1.024t  1 

'••3! 

1.^330 

!-5 

8.3084. 

-6 

5.5601  1 

-7 

3.1864 

•1.0  { 

[-2)1.9563,  1 

-3 

12.4766  \ 

-*4 

1 2.4976 

-5 

2.0938  1 

-  6] 

1.5023 

1.2  ( 

-2)3.2874 

;-3; 

5.0227 

-4; 

6.1010^ 

1-5 

6.1541  1 

6 

5.3093 

1.4  . 

-2)5.0498 

-3, 

9.0629 

-3 

) 1.2901  1 

-4 

1.5231  1 

-  5' 

1.5366 

1.6  \ 

-2  7.2523 

-2 

1.4995 

•3 

1 2,4524 

'^4 

13.3210  1 

-  5 

1 3.S397 

1.6 

-2),9.8802 

-2 

I2J197 

!-3 

4.2936 

'.4 

1 6.S690  1 

-  5 

1 8.5712 

'2.0 

6.12894 

-2 

3.3996  1 

-3 

1 7.0396  1 

-i 

1 1.2024  1 

4 

I'l  7494 

2.2 

0.16233  1 

-2; 

4.7647 

-2| 

1.0937 

-3; 

2.0660  , 

:^  < 

3.3195 

2,4 

0.19811  . 

-2 

6.4307  1 

-2 

1 1.6242 

3.3669  1 

-  4 

5.9274 

2.6 

0.23529  * 

'  -2 

8.4013 

-2 

►  2.3207  ( 

_3 

1 5.2461 

'-  i 

1  0054 

2.8 

0.27270 

1.0667 

-2 

3.2069  1 

-1 

.  1 

b7.6634 

-  3 

1 1  6314 

3.0 

0.30906 

0.13203  1 

-2 

4.3028  ^ 

-2 

1.1394  i 

3' 

12  5473 

3.2 

0.34307 

0.15972  \ 

-2| 

5.6238 

1-2' 

1 1.6022  I 

-  3 

3.8446 

3.4, 

0.37339 

0.18920  1 

-2 

\  7.1785  ( 

-2 

12.1934  ( 

-  3, 

15.6301 

3.6 

0.39876 

0.21980 

-2 

8.9680  1 

-2 

2.9311  1 

-  3 

S.0242 

3.8 

0.41803 

0.25074 

-1 

1.0984  i 

!-2! 

1 3.8316 

-  2 

1  1159 

4.0 

0.43017 

0.28113 

0.13209  1 

-2' 

1 4.9088  ^  1 

2 

1.5176 

4.2 

0.43439 

0.31003 

0.15614  1 

-2 

16.1725 

-  2 

2.0220 

4.4 

0.43013 

0.33645 

0.18160  1 

-2 

7.6279  1 

-  2 

2.6433 

4.6 

0.41707 

0.35941 

0.20799  1 

-2 

1 9  2745 

-  2 

4.8 

0.39S21 

0.37796 

0.23473  1 

-1 

1  1105  1 

-  2 

1 4  2901 

5«0 

0.36483  ^ 

0*39123 

0.26114 

0.13105  1 

-  2 

1 5.3376 

5.2 

0.32652 

0.39847 

0.28651 

0.15252 

!-  2! 

16.5447 

5.4 

0.28113  - 

0.39906 

0.31007 

0.17515 

-  2 

17.9145 

5.6 

0.22978 

0.39257 

0.33103 

0.19BS6  { 

-  2 

1 9.4455 

5.8 

0.17382 

0.37877 

0c34862 

0.22230  1 

- 1' 

1  1131 

6.0 

0.11477 

0.35764 

0.36209 

0.24584 

0.12959 

6.2 

+0.05428 

0.32941 

0.37077 

0.26860 

0.149ld 

6.4 

■0.00591 

0.29453 

0.37408 

0.28996 

0.16960 

6.6 

-0.06406 

0.25368 

0.371SS 

0.30928 

0.19077 

6.8 

-0.11847 

0.20774 

K36288 

0.32590 

0121224 

7.0 

-0.16756 

0.15780 

0.34790 

0.33920  • 

0.23358 

7.2 

-0.20987 

0.10509 

0.32663 

0.34857 

0.25432 

7.4 

-0.24420 

♦0.05097 

0.29930 

0.35349 

0.27393 

7.6 

•0.26958 

0.00313 

0.26629 

0.35351 

0  29188 

7.8 

■0.28535 

• 

0.05572 

0.22820 

0.34828 

0  30762 

8.0 

-0.29113 

0.10536 

0.18577 

0  33758 

0  32059 

8.2 

-0.28692 

-0.15065 

0.13994 

0.32A31 

0.33027 

8.4 

■0.27302 

C19033 

0.09175 

0.29956 

0.33619 

8.6 

■0.25005 

0.22326 

>0.04237 

0.27253 

0.33790 

8.8 

•0.21896 

-0.24854 

-0.00699 

0.24060 

0.33508 

9.0 

•0.18094 

0.26547 

-0.05504 

0.20432 

0.32746 

9.2 

•0.13740 

-0.27362 

-0.100S3 

0.1643S 

0.31490 

9.4 

-0.08997 

-0.27284 

-0.14224 

0.12152 

0.29737 

9.6 

•0.04034 

0.26326 

-0.17904 

0.07676 

0.27499 

9.8 

40.00970 

0.24528 

-0.20993 

>0.03107 

0.24797 

10.0 

0.05838 

0.219jb 

-0.23406 

-0.01446 

0.21671 

Mr) 

0  0000 

0  0000 

>13 

2.4774 

(-15 

2.7530 

-11 

6.3210 

-12 

1.4053 

_  0 

il  6110 

-11 
— — 

i5  3755 

8 

1.5967 

'  A.«/ TV  f 

-10 

i7  1092 

'  f .AVTft 

*  8i 

9.4223 

r  % 

15.2493 

!-  7 

4.0021 

-  8 

2.678S 

1.3538 

!-  7" 

1.0587 

1  6 

3  8744 

-  7, 

3.4687 

-  6 

9  7534 

I-  7' 

9.8426 

5 

i2  21fl0  1 

'ft.ftAllV 

[-  *] 

1^.49^3 

-  5 

4.6434  1 

r  6 

*.7535 

-  5 

9.0756 

-  5 

11.2300 

-  4 

il  &73fl  1 

-  5)2.4647 

4' 

i2  93^7  ( 

-  5)4.6719 

-■4 

7.9815  1 

-  4 

1.4615 

-  3 

1.2482  1 

!-  * 

2.4382 

.  * 

1  AQAO 

-  4 

3.9339 

I  3 

^  79^^  i 
IE.  r  TOO 

I-  4! 

^1597 

1  ^1 

id  0307  1 

l^.UftOf  1 

[-  4] 

19.3860 

-  3 

5.6739 

"3 

1.3952 

•  3 

7.8267 

-  3 

2.0275 

,  ft 

il  0591 

r  3 

2.8852 

-  2 

1  4679 

!-  3! 

4.0270 

.  ft 

'  A.O*f  V7  1 

!-'3i 

15.5203 

-  2 

2.3689 

-  3 

7.4411 

r  2 

13.0044 

-  3 

9.8734 

-  2 
ft 

3  7577 

-.,2 

1.2907 

2 

4  ^3A1 

;-"2! 

1.6639 

,  ft 

15  ^539    t  i 

'  9.09^ft     '  i 

12.1165 

-  2 

6.8077  1 

[Ml 

2.6585 

!-  2' 

18.1035 

r  2 

3.2990 

-  2 

9.5385  I 

-  2' 

4.0468 

-  1! 

1.1107 

\- i 

14.9093 

m 

0.12797  4 

!:l 

IS.8921 

0.14594 

16.9987 

0.16476 

L-  2 

18.2300 

0.18417 

-  2 

19.5839 

0.2038S 

-  1 

11.1054 

0.22345 
0.24257 
0.26075 
0.27755 
0.29248 

0.30507 
0.31484 
0.32138 
0.32427 
0.32318 


0.12631/ 
0.14309 
0.16049 
0.17847 
0.19670 

0.21488 
0.23266 
0.24965 
0.26546 
0.97967 

0i9l86 
Ponc- 


0.31785 

Compiled  from  British  Association  for  the  Advancement  of  Science,  Bessel  functions,  ;Part  11. 
tions  of  positive  integer  order,  Mathematical  Tables,  vol.  X  (Cambridge  Univ.  IVess,  Cambridge,  ^ng« 
land,  1962)  and  Mathematical  Tables  Project,  Table  of  /ii(^)-Ml(i->;)'Vii(/).  J.  Math.  Phys.  28, 46-60 
(1944)  (with  permission). 
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REHSKI.  Fl  N<.T1<1!NS-H>RI)ERS  3-* 


0.0 
0.2 
0.4 
0.6 
0.8 

1.0 
1.2 
1.4 
1.6 
1.8 

2.0 
2.2 
2.4 
2.6 
2.8 

3.0 
).2 
3.4 
3.^ 
3.8 

4.0 
4.2 
4.4 
4.6 
4.8 

5.0 
5.2 
5.4 
5.6 
5.8 

6.0 
6.2 
6.4 
6.6 
6.8 

7.0 
7.2 
7.4 
7.6 
7.8 

8.0 
8.2 
8.4 
8.6 
S.8 

9.0 
9.2 
9.4 
9.6 
9.8 

10.0 


2)-6T3982. 
1)^8.1202 
1) -2.4692 
1) -1.0815 


-  ae 

-1.9162 

-1.2097 

-2.4302 

-7.8751 


^9  B215  ( 

1) -3,3278 

-3.5899  ( 

ij -1,6686 

-2.4420 

-9,4432 

-1,7897 

-5,8564 

-1.3896 

-3,9059 

-1  1278 

-2,7659 

-0.94591 

-2,0603 

-0.81161 

-1,6024 

-0,70596 

-1,2927 

-0,61736 

-1,0752 

-0,91668 

-0,46491 

-0,79635 

-0,39363 

-0,70092 

-0,32310 

-0.62156 

-0,25259 

-0,55227 

-0,18202 

-0,48894 

-0,11183 

-0,42875 

-0,04278 

-0.36985 

4.O4O24O6 

-0,31109 

0,08751 

-0,25190 

0,14627 

-0,19214 

0,19905 

-0,13204 

0,24463 

-0,07211 

0,28192 

-0,01310 

0,31001 

4-0,04407 

0,32825 

0,09839 

0,33622 

0,14877 

0,33383 

0,19413 

0,32128 

0,23344 

0,29909 

0,26576 

0.26808 
0,22934 
0.18420 
0,13421 
0,0810^ 

4-0.02654 
-0,02753 
-0,07935 
-0,12723 
-0,16959 

-0.20509 
-0,23262 
-0,25136 
-0,26079 
-0,2*074 

-0.25136 


0,29031 
0,30647 
0,3138S 
0,31228 
0,30186 

0,28294 
0,25613 
0.22228 
0.18244 
0,13789 

0.09003 
4-0,04037 
-0,00951 
-0.05804 
-0,10366 

-0,14495 


-  ae 

-7,6586 

-2,4114 

-3,2156 

-7,7670 

-2,6041 
-1,0765 
-5,1519 
-2,7492 
-1,5970 

-9,9360 
-6,5462 
-4,5296 
-3,2716 
-2,4548 

-1,9059 
-1.5260 
-1,2556 
-1,0581 
-0,91009 

-0,79585 
-0,70484 
-0,62967 
-0,56509 
-0,50735 

-0.45369 
-0,40218 
-0,35146 
-0.30063 
-0,24922 

-0,19706 
-0,14426 
-0,09117 
-0,03833 
4-0,01357, 

0,06370 
0,11119 
0,15509 
0,19450 
0,22854 

0,25640 
0,27741 
0,29104 
0,29694 
0,29495 

0,28512 
0,26773 
0,24326 
0,21243 
0^7612 

0I1354O 


.  >'«(/) 

-378274 
-6,0163 
-5,3351 
-9,6300 

-2,5708 
-8,8041 
-3,5855 
-1,6597 
-8,4816 


-4,6914 
-2,7695 
.-.-1,7271 
;ij -1,1290 
-7,6918 

-5.43W 
-3,9723 
-2,9920 
-2,3177 
-1,8427 

-1,5007 
-1,2494 
-1,0612 
,0,91737 
-0.80507 

-0,71525 
-0,64139 
-0,57874 
-0,52375 
-0,47377 

-0,42683 
-0,38145 
-0,33658 
-0,29151 
-0,24581 

-0,19931 
-0,152Q4 
-0,10426 
-0,05635 
-0,00886 

4-0,03756 
0,08218 
0,12420 
0,16284 
0,19728 

0',2t677 
0,25064 
0,26830 
0,27932 
0,28338 

0,28035 


Ynx) 

-2T2957 
-1,8025 
-1,0638 
-1,4367 

-3,0589 
-8,6964 
-3,0218 
-1,2173 
-5,4947 

-2,7155 
-1,4452 
-8,1825 
-4,8837 
-3,0510 


(1) -1,9840 
(1) -1.3370 
-9,3044 
-6,6677 
-4,9090 

-3,7062 
-2,8650 
-2.2645 
-1,8281 
-1,5053 

-1,2629 

-1,0780 

-0,93462 

-0,82168 

-0,73099 

-0,65659 
-0,59403 
-0,53992 
-0,49169 
-0.44735 

-0,40537 
-0/36459 
-0,32416 
-0,28348 
•  -0,24217 

'  -0,20006 
-0,15716 
-0,11361 
-0,06973 
-0,02593 

4^0.01724 
0,45920 
0,09925 
0,13672 
0,17087 

0,20102 


Hi 
8 

7 

6! 

5; 
5 
4 
4 
3) 

3 
2 
2 
2 
2 

1 
1 
1 

1.1 
1 


-  00 

-1,6066 
-6,3027 
-2,4769 
-2,5046 

-4,2567 
-1,0058 
-2,9859 
-1,0485 
-4,1889 

-1,8539 
-8,9196 
-4,6004 
-2,5168 
-1,4486 

-8,7150 
-5,4522 
-3,5320 
-2,3612 
-1,624> 


Table  9.Z 


—  as 


[13)  -1,2850 
10)  -2,5193 
8) -6,5943 
7V-4,9949 


1)-1,1471 
-8,3005 
-6,1442 
-4,6463 
-3,5855 

-2,8209 
-2,2608 
-1,8444 
-1,5304 
-1,2907 

-1,1052 

-0,95990 

-0,84450 

-0,75147 

-0,67521 

-0,61144 
-0,55689 
-0,50902 
-0,46585 
-0,42581 

-0,38767 
-0,35049 
-0,31355 
-0,27635 
-0,23853 

-0,19995 
-0,16056 
-0,12048 
-0,07994 
-0,03928 

4-0,00108 


-6,7802 
-1,3323 

-3,3823 

.1,0364 
-3,6685 

-1,4560 
^6,3425 
-2,9851 
-1,5000 
-7.9725 

-4,4496 
-2,5924 
-1,5691 
-9,8275 
-6.3483 

-4,2178 
-2,8756 
-2,0078 
1-1,4333 
1-1,0446 

-7,7639 
-5,8783,  , 
-4,5302 
-3,5510 
-2,8295 

-2,2907 
-1,8831 
-1,5713 
-1.3301 
-1.1414 

-0.99220 
-0.87293 
-0.77643 
-0.69726 
-0.63128 

-0.57528 
-0.52673 
-0.48363 
-0.44440 
-0.40777 

-0.37271 
-0.33843 
-0.30433 
-0.26995 
-OJ23499 

^.19930 
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TaW  9.2 


10.0 
10,2 
10.4 
10.6 
10.8 


BESSfiL  FUNCTtONB  OP  IMTBOBH  0BDEE\ 
BESSEL  FUNCnONS-4)RDERS  3-9 


V3(x) 

0.05836 
0.10400 
0. 14497 
0. 17992 
0. 20768 


-0. 21960 
-0.18715 
-0.14906 
-0.10669 
-0. 06150 


'11.0 

0, 22735 

0. 01504 

11.2 

0.23835 

•fO.  03110 

1L4 

0. 24041 

0. 07534 

1L6 

0.23359 

0. 11621 

11.8  . 

0. 21827 

0. 15232 

12«0 

0. 19514 

0. 18250 

12.2 

.0.16515 

0. 20576 

12.4 

0. 12951 

0.22138 

12,6 

0. 08963 

0. 22890 

12.8 

0. 04702 

0. 22815 

13.0 

40. 00332 

0. 21928 

13.2 

-0.03984 

0. 20268 

13.4  . 

^  -0. 08085 

0.17905 

13.6 

-0.11822 

0.14931 

13.8 

^0.15059 

0.11460 

14. 0 

0. 07624 

14.2 

-0. 19598 

40.03566 

14.4 

-0.20747 

0.90566 

14.6 

-0.21094 

0.04620 

14.8 

• 

-0.20637 

0.08450 

15  0* 

0. 119ia 

15.2 

-0.17445 

rO. 14901 

15.4 

-0.14850 

0. 17296 

15.6 

-0.11723 

0.19021 

15.8 

-0. 08188 

0. 20020 

16  0 

— U.  II"? 

0. 20264 

16.2 

-0.00461 

0. 19752 

16.4 

40.03432 

0. 18511 

16.6 

0. 07146 

0.16596 

16.8 

0.10542 

0.14083 

17-  0 

0  13493 

- 

0. 11074 

17.2* 

0^15891 

0.07685 

17.4 

0. 17651 

0.04048. 

17,6 

0«  18712 

O;  00300 

17  fl 
Xr«  O 

0.  19041 

•fO.  03417 

18.0 

0.18632 

0. 06964 

18.2 

0.17510* 

0.10209 

18.4 

0.15724 

0.13033 

18.6 

0. 13351 

0.15334 

18.8 

0.10487 

0.17031 

19.0* 

0.07249 

0.18065 

19.2 

0.03764 

■  0.18403 

19.4 

•fO.  00170 

0. 18039 

19.6 

-0. 03395 

0.16994 

19.8  . 

-0. 06791 

0.15313 

20.0 

-0. 09890 

D.  13067 

■,-3„J 

Mr) 
-0.23406 
-0.25078 
-0.25964 
-0.26044 
-0.2532? 

-0.23829 
-0. 21614 
^0.18754 
-0.15345 
-0.11500 

-0.07347 
-0. 03023 
.40.01331 
0.05571 
0.09557 

0.13162 
0.16267 
0. 18774 
0.20605 
0. 21702 

0.22038 
0. 21607 
0. 20433 
0.18563 
0.16069 

0.13046 
0. 09603 
0.05865 
40.01968 
-0.01949 

-0.05747 
-0. 09293 
-0.12462 
-0.15144 
-0.17248 

-0.18704 
-0.19466 
-0.19512 
-0. 18848 
-0.17505 

-0.15537 
-0.13022 
-0. 10058 
-0.06756 
-0.03240 

40. 00357 
0. 03904 
0. 07269 
0.10331 
0.12978 


0,15117 


.  Mr) 

-0.01446 
-0.05871 
-0.10059 
-0.13901 
-0.17297 

-0.20158 
-0.22408 
-0.23985 
-0.24849 
-0.24978 

-0.24^372 
-0.23053 
-0.21064 
-0.18469 
-0.15349 

-0.11803 
-0.07944 
-0.03894 
40.00220 
0.04266 

0.08117 
0.11650 
0.14756 
0.17335 
0.19308 

0.20615 
0.21219 
0.21105 
0.20283 
0.18787 

0.16672 
0.14016 
0.10911 
0.07473 
0. 03817 

40.00072 
-0.03632 
-0.07166 
-0.10410 
^0.13251 

-0*15596 
-0.17364 
-0.18499 
•^0.189«6 
/0. 18755 

/-0. 17877 
/ -0.16370 
/  -0.14292 
/  -0.11723 
-0,08759 

-0.05509 


Mr) 
0.  a671 
0.18170 
0.14358 
0. 10308 
.0.061014 

40. 01838 
-0.02395 
-0.06494 
-0.10361 
-0.13901 

-0.17025 
-0.19653 
-0.21716 
-0. 23160 
-0.23947 

-0. 24097 
-0. 23489 
-0. 22261 
-0.20411 
-0. 17993 

«0. 15080 
-0.11762 
-0. 08136 
-0. 04315 
-0.00415 

40. 03446 
0. 07149 
0.10580 
0.13634 
0.16217 

0. 18251 
0.19675 
0. 20447 
0.20546 
0. 19974 

0.18755* 
0.16932 
0. 14570 
0.11751- 
0.08571 

0. 05140 
40. 01573 
-0.02007 
-0.05481 
-0.  08731 

-0. 11648 
-0. 14135  • 
-0.16110 
-0. 17508 
-0. 18287 

-0. 18422 

(-4,8J 


0. 31785  . 
0. 30811 
0.29386 
0.27515. 
0. 25210 

6.22497 
0. 19414 
0. 16010 
0, 12344 
0. 08485 

0. 04510 
40.  00501 
-0.03453 
<rO.  07264 
-0. 10843 

-0.14105 
-0. 16969 
-0. 19364 
-0. 21231 
-0. 22520 

-0. 23197 
.-0.23246 
-0. 22666 
tO.  21472 
-0.19700 

-0.17398 
-0.14634 
-0.11487 
-0.  Or8047 
-0.  04417 

-0. 00702 
40. 02987 
0.06542 
0. 09855 
0.12829 

0. 15374 
ff.  17414 
0. 18889 
0.19757 
0.19993 

0.19593 
0.18574 
0.16972 
0.14841 
0.12253 

0. 09294 
0. 06063 
40. 02667 
-0. 00783 
-0. 04171 . 

-0. 07387 


Mr) 
0. 29186 
0.30161 
0/30852 
p. 31224 
0. 31^44 

0.30886 
0. 30130 
0. 28964 
q.  27388 
0. 25407 

0. 23038 
0.  20310 
0.17260 
0.13935 
0.10393 

0.06698 
40.  02921 
-0. 00860 
-0.  04567 
-0.08117 

-0. 11431 
-0. 14432 
-0. 17048 
-0. 19216 
-0.  20883 

-0.22005 
-0. 22553 
-0. 22514 
-0. 21888 
-0. 20690 

-0. 18953 
-0.16725 
-0. 14065 
-0. 11047 
-0. 07756 

-0. 04286 
-0. 00733 
40.  02799 
0. 06210 
0.  09400 

0. 12276 
0. 14756 
0. 16766 
0. 18247 
0. 19159 

0. 19474 
0. 19187 
0. 18309 
0. 16869 
0.14916 

0.12513 

m 


i 
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BB88EL  FUNCTIONS  OF  INTliOBB>  ORDER 
BESSEL  FUNCnON»-OBDERS  3-9 


Table  9^ 


401 


z 
10.0 

io;2 

10.4 
10.6 
10.8 

11.0 
11.2 
11.4 
11.6 
11.8 

12.0 
12.2 
12.4 
12.6 
12.8 

1J.0 
13.2 
13.4 
13.6 
13^8 

14.0 
14.2 
14.4 
lit.  6 
14.8 

1S.0 
15.2 
15.4 
.  15.6 
15.8 

16.0 
16.2 
16.4  ' 
16.6 
16.8 

17.0 
17.2 
17.4 
17.6 
17.8 

18.0 
18.2 
18.4 
18.6 
18.8 

19.0 
19.2 
19.4 
19.6 
19.8 

20.0 


-0. 25136 
-0.23314 
-0.20686 
-0.17359 
-0.13463 

-0.09148 
-0.04577 
4.0.00082 
0.04657 
0. 08981 

0.12901 
0.16277 
0.18994 
;  0.20959 
i  0.22112 

I  0.22420 
'  0. 21883  * 
0. 20534 
0.18432 
0.15666 

0.12350 
0.08615 
0.04605 
■fO.  00477 
-0. 03613 

-0. 07511 
-0.11072 
-0.14165 
-0.16678 
-0.18523 

-0.19637 
-0.19986 
>0. 19566 
-0.18402 
-0.16547 

-0.14078 
-0.110n8 
-0.07725 
-0.04094 
-0.00347 

4>0. 03372 
0.06920 
0.10163 
0.12977 
0.15261 

0.16950 
0.17927 
0.18221 
0.17805 
0.1670S 


r4(*)  • 

-0. 14495 

-0.18061 

-0.20954 

-0.23087. 

-0.24397 

-0. 24851 
-0.24445 
-0.23203 
-0.21178 
-0.18450 

-0. 15122 
-0.11317 
-0.07175 
.0..02e45 
40.01518 

0.05759 
0.09729 
0.13289 
0.16318 
0.18712 

0.20393 
0.21308 
0. 21434 
0. 20775 < 
0.19364 

0.17261 
0. 14550 
0.11339 
0. 07750 
4>0. 03920 

-0. 00007 
-0.03885 
-0.07571 
^0.10990 
-0.13841 

-0.16200 
-0.17924 
-0.18956 
-0.19265 
-0.18846 

-0.17722 
-0,15942 
'^0.13580 
-0.10J31 
-0..07S06 

-0.04031 
-0.00440 
40.03131 
0.06546 
0.09678 


r5(x) 

0.13540 
0.09148 
4>0. 04S67 
-0. 00065 
-0.04609 

-0. 08925 
-0.12884 
-0.16365 
-0.19262 
-0.21489 

-Oi  22982 
-0.23698 
*0. 23623 
-0.22766 
-0. 21163 

-0.18876 
-0.15987 
-0.12600 
-0. 08833 
-0.04819 

-0. 00697 
4>0. 03390 
0. 07303' 
0.10907 
0.14080 

0.16717 
0. 18730 
0.20055 
0. 20652 
0.20507 

0.19633 
0. 18067 
0.1587} 
0.13135 
0.09956 

0.06455 
4>0.027«1 
-0. 00990 
wO.  04663 
-0.0812} 

-0.11249 
-0.13928 
-0. 16067 
-117593 
-0^18455 

-0. 18628 
-0.18111 
-0.16930 
-0.15134 
•  -0.12794 


0. 28035 
0. 27030 
0.25346 
0.2302$ 
0.20130 

0.16737- 
0.12941 
0.08848 
0.04573 
4>0. 00238 

-0.04030 
-0.08107 
-0.11875 
-0.15223 
-0.18052 

-0.20279  ' 
-0.21840 
-0.22692 
rb. 22813 
-0.22204 

'-0. 20891 
-0.18921 
-0.16363 
-0.13305 
-0.098S0 

-0.06116 
-0.02228 
4>0. 01684 
0.05489 
0.09059 

0.12278 
0.15038 
0.17250 
0.18843 
0.19767 

0.19996 
0.19529 
^18387 
0.16616 
0.14282 

0.11472 
.  0.08289 

0. 04848 
4>0. 01272 
-0.02310 

-0.05773 
-0.08993 
-0.11857 
-0.14267 
-0.16139 


0.14967       0.1ZW2  -"•*»2'"? 

[<-.'"]    ['-?"]    ['-.*■]  [' 


0.12409 

■(->).] 


-0.10004 


-0.17411 


•  y7(x) 

0. 20102 
0. 22652 
0.24678 
0.26131. 
0.26975" 

0.27184 
0.26750 
q.  25678 
0. 23992 
0.21732 

0.18952 
0.15724 
0. 12130 
0. 08268 
0.0424^ 

4.0. 00157 
-0. 03868 
-0. 07722 
-0.11296 
14489 

-0.17209 
-0.19380 
-0. 20939 
'0. 21842 
-0. 22067 

-0.21610 
-0.20489 
-0.18743 
-0.16430 
-0.»627 

-d.  10425 
-0. 06928 
-0.03251 
4>0. 00487 
0.04164 

.  0. 07660 
0.10864 
0.X3671 
0.15991 
0.17752 

0.18897 
0.19393 
0.19229 
•0.18414 
0.16980 

0.14982 
0.12490 
0.09595 
0.06399 
4>0. 03013 

-0.00443 


0.00108  . 

0.04061 

0.07874 

0.11488 

0.14838 

0.17861  i 
0.20496 
0.22667 
0.24384 
0. 25545 

0.26140 
0.26151 
0.25571 
0.24409 
0.22689 

0.20448 
0.17738 
0.14625 
0.11185 
0.07505 

4>0. 03682 
-0.00186 
-0. 03994 
-0.07640 
-0.11024 

-0.14053 
-0.16644 
-0.18723 
-0.20234 
-0.21134 

-0.21399 
-0.21025 
-0.2(0025 
-0.18432 
-0.16297 

-0.13688 
-0.10686 
-0. 07387 
-0.03895 
-0. 00320 

4>0. 03225 
0. 06629 
0.09782 
0.12587 
0. 14955 

0.16812 
0.18100 
0. 18782 
0.18838 
0.18270 


-0.19930  . 
-0.16282 
-0.12563 
-0.  08791 
-0.04993 

-0. 01205 
4>0. 02530 
0, 06163 
0.09640 
0.12906 

0-.  15902 
.0.18573 
0. 20865 
0. 22728 
0. 24122 

0. 25010 
0. 25369 
0. 25184 
0. 24454 
0. 23190; 

0.21417 
0. 19170 
0.16501 
0. 13470 
0.10149 

0.06620 
4>0. 02969 
-0. 00710 
-0. 04322 
-0. 07775 

'  -0.10975 
-0.13838 
-0.16286 
-0.18253 
-0.19685 

-0. 20543 
-0. 20805 
-0.20464 
-0.19533 
-0.18039 

-0.16030 
-0.13566 
-0.10722 
-0.07586 
-0.04252 

-0.00824 
4.0. 02593 
0.05895 
0. 08979 
0.11750 


0.17101  0.14124 


['-.*•] 
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BI88IL  rUNCnONB  OF  IMTIOIB  O^IB 
fESSEL  niMCnONS-^ROCllS  10, 11, 20  AND  21 


0.0 
0.1 
0.2 
0.1 
0.4 

0.S 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
Ui 
1.4 

1.S 
1.6 
1.7 
1.8 

2.0 
2.1 
2.2 
2.9 
2.4 

2.9 
2.6 
2.7 
2.8 
2.9 

9.0 
9.1 
9.2 
9.5> 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

4.0 
4.1 
4.2 
4.9 
4.4 

4.S 
4.6 
4.7 
4.8 
4.9 

S.0 


10io,-ioj,o(*) 

2.69114  446 
2.69059  290 
2.68869  898 
2.68564  500 
2.68197. 477 

2.67589  3l62 
2.66920  898 
2.66192  798 
2.65226  049 
2.M201  878 

2.69061  512 
2.61806  958 
2.60497  969 
2.58958  012 
2.57968  929 

2.55670  842 
2.59867  699 
2.51960  907, 
2.49952  955 
2.47846  207 


10iu-uy„(,) 

1.22924  748 
1.22299  266 
1.22222  850 
U2209S  588 
1.21917  626 

1.21609  169 
1.21410  481 
1.21081  889 
1.20709  750 
1.20276  518 

1.19800  675 
1.19276  764 
1.18705  98S 
1.18087  185 
1.17422  867 

1.16719  182 
1.19958  991 
1.15160  961 
1.14920  168 
1.19497  488 


2.45649  192  1.12519  904 
2.49946  945  1.11950  498 
2.40959  000  1.10948  192 
2.98409  9M  ?;' 1.09908  144 
2.99922  #  :  1.08491  991 


199279  682 
2.  90597  679 
2.27759  792 
2.24889  074 
2.21948  976 

2.18942  770 
15879  896 
2.12745  998 
2.89961  917 
106929  089 

2.09099  820 
L  99709  26L. 
1.96996  996 
1.92926  467 
1.89481  992 

L86009  168 
1.82901  462 
1.78979  769 
L 79429  988 
1.71860  416 

1.68281  701 
1.64692  860 
1.61097  267 
1.97498  249 
1.99899  084 

1.90902  991 

m 


1.07919  940 
1.06179  9li 
1.04994  098 
1.09789  199 
1.02S41  767 

1.01271  242 
0.99972  906 
0.98648  108 
0.97298  219 
0.99924  999 

0.94928  699 

0.91679  419 
O.9O220  999 
0.88749  789 

0.87269  979 
0.89769  190 
0.84290  469 
0.82726  806 
0.81199  948 

0.79652  099 
0.78109  829 
0.76990  190 
0.74992  997 
0.79491  192 

0.71869  942 


-0.11828  049 
•0.11891  995 
-0.11841  200 
•0^11857  661 
-0.11880  750 


-0.11910  510 
-0.11946  998 
-0.11990  282 
-0.12040  444 
-0.12097  581 


-0.12161  801 
-0.12299  229 
-0.12912  002 
•0.]29fS  279 
-0.12492  212 

-0.12594  004 
-0.12709  8M 
-0.12821' 977 
-0.11^  616 
-OAiim  090 

-0.19228  497 
-0.19982  919 
-0.19545  821 
-0.19719  951 
-0.19909  284 

-4.14098  OH 
•0.14909  997 
-0.145a  672 
-0.14751  549 
-0.14994  141 

•0.19290  097 
-OL 19919  840 
-0.19804  206 
-0.16109  896 
-0.16419  482 

-4.16791  991 
-.»Qan02110 
-0.17470  889 
•0.17899  206 
-0.18268  976 

-0.18699  914 
-0.19199  946^ 
-0.19691  812 
-0.20196  199 
-0.20667  990 

-0.21221  879 
-0.21820  797 
-0.22449  982 
•0.2910^  498 
-0.21802  840 

•0.24940  147 

m 


■  9.91990  9.99911  -0.406017 

9.91944  9.99209  -0.40607^ 

9.91004  9.92886  -0.406291 

9.91971  9.92997  -0.406499 

9. 91244  9. 91615  .  -0.406879 


9.90825 
9.90914 
9.89710 
9.89019 
•9.88228 

9.87950 
9.06989 
9.85925 
9.84179 
9.82945 

9.-81624 
9.80216 
9.78729 
'9.77146 
.•^^?5485 

9.iri742 

9.71918 
9. 70015 
9.68092 
9.69979 

9.69897 
9.61627 
9.99944 
9.96989 
9.94964 

9.92071 
9.49910 
9.46889 
9.44199 
9.41444^ 

9.98699 


9.92897 

im 

9.29796 
9.20601 
9.17419 
9.14192 
9.10921 

9.07608 
9. 04296  i 
9.00866 
2.97440 
2.99981 


9.90669 
9.29^0 
9.28128 
9i  26546 
9.24758 

9.22762 
9.20562 
9.18157 
9.U550 
9.12749 

9.0979t 
9.06594 
9.09197 
8.99546 
8.95766 

8.91797 
8.87649 
8.89906 
8.78790 
0.74096 

8.69228 
8.64189 
8.58981 
8.59609 
8.48076 

8.42985 
8.96599 
8.90542  , 
8.24997 
8.18110 

8.116C 
=-ft  W119 
7.98424 
7.91600 
7.84699 

7.77986 
7.70409 
7.69108 
7.99707 
7.48202 

7.40998 
7.92900 
7.29112 
7.17298 
7.09282 


-0.407999 
-0.407949 
-0.408644 
-0.409492 
•0.410969 

-0.411997 
-0.412996 
-0:419788 
-0;  419199 
-0.416692 

-0.410228 
-0.419940 
-0.421771 
-0.429722 
-0.425799 

-0.427992 
-0.490919 
-0.492764 
-0.499944 
-0.498096 

-£440902 
-OL  449889 
-0.447007 
-0.490272 
-0.499602 

-0.497241 
•0.460991 
-0.464016 
-0.460840 
-0.479027 

•0.477979 
"^OitOWOf' 
•0.406600 
-0.491476 
-0.496997 

-0.901786 
•0.907229 
•0.912872 
•0.918719 
•0.924777 

-0.991091 
•0.997949 
•0.944276' 
•0.551240 
-0.598448 


2.90490 

['1"] 


7.01290  -0.969907 


CompiMfttnnBritidiAiiodatimfirthoAdvtiis^  fSmetioiii 
of  poaithw  integer  order,  Mathonatial  tMn,  vol.  X  (CMnbridge  Uohr.  PMii^  Cadnbridfle,  England, 
lW2),LFoK,AelicrttnMofar  Bewei  fanettonsortoteggflfdeii  Royal  Sodety 

Shorter  Mathematical  Tiblee  No.  8  (CMridge  Univ.  Vnm,  COmbridgi,  BnglaBd,  19iM),  and  Mathe- 
matkal  Tahka  Ptojeet,  TaMe  of  J.  Blath.  fhya.  2S,  4640  (1M4)  (with  per- 
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BE88BL  FUNCTIONS  OP  INTKOER  ORD^B 


t 


BESMEL  FlINCmONS-OROERH  10,  U,  20  AND  21 


Table  9.S 


s 

5.0 
5.1 
5.2 
5.3 


10"»*  >»/io(«) 
lvS03O2  991 
1.46713  132 
1. 43132  603 
1.39564  431 


-5;-4— 1. 36.011 

5.5  1.3247i^W4 

5.6  1.28963  229 

5.7  1.25473  264 
S.B  1.22009  642 
5. 9_1.4W74  907 


6.0 
6.1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0- 

7.1 

7.2 

7.3 

7.4 

7.5 
7.6 
7.7 
7i8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5' 

8.6 

8.7 

8.8 

8,9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


1.15171  513 
1.11801  822 
1.08468  098 
1.0517?  510 
1.  01917  129 

0.98703  926 
0.95534  769 
0.92411  427 
0.89335  563 
0. 86308  740 

0.83332  414 
0.80407  941 
0.77536  570 
0.74719  450 
0.71957  626 

0.69252  040 
0.66603  536 
0.64012  854 
0. 61480  640 
0.59007  439 

0.56593  704 
0. 54239  791 
0. 51945  967 
0.49712  408 
0.47539  201 

0.45426  352 
0. 43373  779 
0.41381  323 
0. 39448  748 
0. 37575  740 

0. 35761  917 
0. 34006  823 
0. 32309  939 
0.  30670  683 
0. 29088  411 

0.27562  422 
0. 2609)r  963 
0.24676  227 
0.23314  362 
0.22005  470 

0. 20748  611 


0.71869  942 
0.70307  931 
0.68747  104 
0.67188  722 


0. 64084  205 
0.62540.463 
0.61003  945 
0. 59475  774 
0. 57957  04JI 

0.  56448  805 
0. 54952  091 
0. 53467  890 
0.51997  158 
0.50&40  814 

0.49099  740 
0.47674  781 
0.46266  745 
0.44876  400 
0.43504  477 

0.42151  665 
0. 40818  616 
.0.39505  943 
0. 38214  216 
0.36943  970 

0.35695  696 
0. 34469  850 
0.33266  845 
0.32087  058 
0. 30930  826 

0.219798  448 
0.28690  187 
0.27606  265 
0.26546  873 
0.25512  162 

0.24502  250 
0.23517  220 
0.22557  m 
0.21621  969 
0.20711  750 

0.19826  418 
0.18965  897 
•0.18130  082 
0.17318  839 
0.16532  010 

0.15769  409 
0.15030  825 
0.14316  025 
0.13624  751 
0.12956  726 

0.12311  653 

^(-6)31 


6  J 


10  •z«oy,„(,) 

-0.24540  147 
•0.25320  186 
•0.26145  975 
•0.27020  813 


-0.28932  400 
-0.29977  431 
-0.31088  154 
-0. 32269  795 
-0. 33528  105 

-0.34869  413 
-0.36300  693 
-0.37829  631 
-0.39464  698 
-0.41215.232 

-0.43091  524 
-0.45104  907 
-0.47267  855 
-0.49594  084 
-0. 52098  648 

-0.54798  051 
-0. 57710  346 
-0.60855  234 
-0.64254  159 
-0.67930  390 

-0.71909  088 
-0.76217  356 
-0.80884  258 
-'0.85940  807 
-0.91419  914 

0.97356  279 
-1.03786  231 
-1.10747  485 
-1.18278  826 
-1.26419  685 

•1.35209  608 
-1.44687  598 
-1.54891  312 
-1.65856  097 
-1.77613  854 

-1.90191  70e 
-2.03610  452 
-2.17882  801 
-2.33011  366 
-2.48986  396 

-2.65785  251 
-2. 85359  602 
-3.01652  353 
-3.20574  283 
-3.40010  421 

-3.59814  152 

r,-.,.] 


10a»*  -»yao(i)  10»x-a"  Ja,(x>  l{)-^x^Ym(x) 
2.90490  7.01250  -0.565907 
2.86969  6.93145  -0.573626 
2.83421  6.84971  -0.581612 
2.79846  6.76734  -0.589875 
2.76248      6.68437  -0.598423 


2.72628 
2.68988 
2.65330 
2.61656 
2. 57967 

2. 54267 
2. 50556 
2.46837 
2.43111 
2. 39381 

2. 35647 
2. 31913 
2.28179 
2.24448 
2i  20721 

2.17000 
2.13286 
2.09582 
2,05888 
2. 02206 

1.98539 
1.94887 
1.91252 
1.87635 
1.84038 

1.80462 
1.76908 
1.73378 
1.69874 
1.66395 

1.62944 
1.59521 
1. 56128 
1. 52765 
1.49434 

1.46136 
1.42872 
1. 39641 
1. 36447 
1.33288 

1. 30166 
1.27082 
1.24036 
1.21029 
1.18061 

1. 15134 

[<-r] 


6.60085 
6.51682 
6.4323* 
6. 34742 
6.26213 

6.17651 
6.09059 
6.00443 
5.91806 
5.83152 

5.74485 
5.65810 
3. 57131 
5.48451 
♦  5. 39775 

5. 31106 
5.22448 
5.13805 
5.05181 
4.96579 

4.88002 
4.79455 
4.70940 
4. 62461 
4. 54021 

4.45624 
4. 37272 
4.28968 
4.20716 
4.12518 

4.04377 
3.96296 
3.88277 
3.80323 
3.72436 

9  3. 64619 
3.56873 
.  i.A920U 
3.41606 
3.34088 

3.26651 
3.19294 
3.12022 
3.04834 
2.97733 

2.90720 

m 


-0.607266 
-0.616414 
-0.625876 
-0. 635663 
^0. 645788 

-0.656261 
-0. 667094 
-0. 678301 
-0. 689895 
-0.701890 

-0.714300 
•0.727140 
-0.740427 
-0.754178 
-0.768410 

-0.783140 
-0.798389 
-0.814177 
-0.830524 
-0.847452 

-0.864985 
-0.883147 
-0. 901963 
-0.921460 
-0.941665 

^rO.  962608 
iflL984319 
-O06831 
-1.030n8 
-1. 054394 

-1. 079518 
-1.105589 
-1.132647 
-1.160736 
-1.189902 

-1.220192 
-1.251657 
-1.284351 
-1. 318328 
-1.353647 

-1. 390372 
-1.428567 
-1.468301 
-1.509646 
-1. 552680 

-1. 597484 


411 


404 


BBBBKL  rUNCnONS  OF  INTBaSB  OBOSR 


BE9SEL  FUNCnONS-OROEBS  10,  U,  20  AND  21 


10.0 
10.1 
10.2 
10.3 
10.4 

10.  S 
10.6 
10.7 
10.8 
10.9 

11.0 
11.1 
11.2 
11.3 
11.4 

11.5 
11.6 
11.7 
11.8 
11.9 

12.0 
12.1 
12.2 
12.3 
12.4 

12.  S 
12.6 
12.7 
12.8 
12.9 

n.o 

13.1 
13.2 
13.3 
13.4 

13.5 
13.6 
13.7 
13.8 
13.9 

14.0 
14.1 
14.2 
14.3 
14.4 

14.5 
14.6 
14.7 
14.8 
14.9 


iio^) 
0.20748  611 
0.21:>87  417 
0.22413  707 
0.23223  256 
0.24011  699 

0.24774  5H 
0.25507  240 
0.26205  109 
0.26863  466 
0.27477  603 

0.28042  825 
0.28554  479 
0.29007  999 
0.29398  925 
0.29722  944 

0.29975  923 
0.30153  946 
0.30253  345 
0. 30270  737 
0. 30203  061 

0.30047  604 
0.29802  036 
0.29464  445 
0.29033  357 
0.28507  771 


0.27887  175 
0.27171  575 
0.26361  509 
0.25458  064 
0.24462  889- 


0.23378  201 
0.22206  793 
0.20952  032 
0.19617  859 
0.18208  776 

0.16729  840 
0.15186  646 
0.13585  302 
0.11932  411 
0.10235  036 

0. 08500  671 
0. 06737  200 
0.04952  862 
0. 03156  199 
♦0.01356  013 

-0.00438  689 
-0. 02218  745 
-0. 03974  898 
-0. 05697  854 
-0.07378  344 


0.12311  653 
0.13041  285 
0.13787  866 
0.14549  509 
0.15324  123 

0. 16109  '^07 
0. 16902  861 
0.17701  780 
0. 18503  266 
0.19304  230 

0.20101  401 
0.20891  340 
0.21670  446 
0.  22434  974 
0.23181  048 

0. 23904  680 
0.24601  789 
0.25268  218 
0.25899  761 
0.26492  183 

0.27041  248 
0.27542  744 
0.27992  508 
0.28386  459 
0.28720  623 

0.28991  166 
0.29194  422 
0.29326  923 
0. 29385  431 
0. 29366  968 

0.29268  843 
0.29008  684 
0.28824  464 
0. 28474  526 
0.28037  612 

0.27512  884 
0.26899  942 
0.26198  851* 
0.25410  149 
0.24534  866 

0.23574  535 
0.22531  197 
0. 21407  407 
0. 20206  238 
0.18931  275 

0.17586  611 
0.16176  836 
0.14707  028 
0.13182  729 
0.11609  931 


15.0  -I 


0.09007  181  ».»T 


0.09995  048 


yio(») 

-0.35981  415 
-0.34383  078 
.0.32793  809 
-0.31207  433 
.0.29618  615 

-0.28022  819 
-0.26416  276 
-0.24795  949 
-0.23159  513 
-0.21505  324 

-0.19832  403 
-O: 18140  409 
-0.16429  620 
-0.14700  917 
-0.12955  753 

-0.ni96  142 
40.09424  62r 
-Q. 07644  263 
-0. 05858  580 
-0.04071  566 

-0.02287  631 
-OJ00511  577 
♦0.01251  441 
0. 02995  946 
0.04716  182 

0. 06406  154 
0. 08059  668 
0. 09670  381 
0.11231  845 
0.12737  554 

0.14180  99S 
0.15551 
0.t6W5  286 
0.18073  529 
0.19204  392 

0.20242  090 
0.21181  137 
0.e2016  393 
0. 22743  118 
0.  23357  014 

0. 23854  273 
0.24231  614 
0. 24486  329 
0.24616  313 
^0.24620  100 

0.^24496  888 
0. 24246  568 
0.23869  741 
0.23367  730 
0.22742  597 

0.21997  141 


1.151337  2.907199 


1. 122469 
1. 094012 
1.065970 
1. 038347 

'  1. 011148 
0.984374 
0.958030 
0. 932118 
0.906639 

0.881596 
0.856989 
0^832821 
0.809092 
0.785801 

0.762950 
0.740539 
0.718565 
0.697029 
0.675930 

0.655266 
0.635035 
0. 615236 
0. 595866 
0.576929 

0. 558403 
0. 540305 
0. 522625 
0.505359 
^0^8504 

0.472056 
0.45f''n 

o.4A.;v. , 

0.</:U- 

0.4a 

0.395776 
0.381681 
0. 367961 
0. 354612 
0.341628 

0. 329005 
0. 316736 
0.304816 
0.293240 
0.282001 

0.271095 
0.260516 
0.250257 
0. 240312 
0.230676 


0.221343 


2.837961 
2.769629 
2.702215 
2.635729 

2.570182 
2.505582 
2.441939 
2.379259 
2.317550 

2.256817 
2.197065 
2.138299 
2.080523 
2.023738 

1.967947 
1.913152 
1.859352 
1.806548 
1.754740 

1.703925 
1.654102 
1.605267 
1.557418 
1.510551 

1.464660 
1.419743 
1.375791 
1.332800 
1.290762 

1.249671 
1.209:i20 
1.170299 
1.132001 
1.094617 

1.058137 
1.022552 
0.-987853 
0.954028 
0.921067 

0.888960 
0.857694 
0.827260 
0.797644 
0.768835 

0.740021 
0.713590 
0.687129 
0.661426 
0.636467 


0.612240 


10-%«»yjo(,) 

-  1.59748 

-  1.64414 

-  1.69275 

-  1.74339 

-  1.79618 

-  1.85121 

-  1.90861 

-  1.96848 

-  2.03097 

-  2.09619 

-  2.16430 

-  2.23544 

-  2.30977 

-  2.38746 

-  2.46870 

-  2.55367 

-  2.64257 

-  2.73563 

-  2.83307 

-  2.93513 

-  3.04208 

-  3.15419^ 

-  3.2717y 

-  3.395Qf 

-  3.52453 

-  3.66044 

-  3. 80321 

-  3.95323 

-  4.11095 

-  4.27684 

-  4.45140 

-  4.63518 

-  4.82874 

-  5. 03272 

-  5.24778 

-  5.47464 

-  5. 71407 

-  5.96691 
-.6.23405 

-  6.51646 

-  6.81520 

-  7.13138 

-  7.46624 

-  7.82110 

-  8.19739 

-  8.59667 

-  9.02062 

-  9.47109 

-  9.95006 
-10.45971 

-11.00239 

m 


ERIC 


412 


/  I 


bIiBSEL  rtTKcnONB  OF  ZMTKGEB  OBDBB 


BE.S»EL  FINCTIONS-ORDERS  10,  II,  20  AND  21 


1S.0 
15.1 
IS.  2 
15.3 
15.4 

15.5 

15.6- 

15.7 

15.8 

15.9 

16.0 
16.1 
16.2 
16.3 
16.4 

16.5 
16.6 
16.7 
16.8 
16.9 

17.0 
17.1 
17.2 
17.3 
17.4 

17.5 
17.6 
17.7 
17.8 
17.9 

18.0 
18.1 
18.2 
18.3 
18.4 

18.5 
18.6 
18.7 
18.8 
18.9 

19.0 
19.1 
19.2 
19.3 
19.4 

19.5 
19.6 
19.7 
19.8 
19.9 

20.0 


-0.09007  181 
-0.10575  330 
-0.12073  964 
-0.13494  535 
-0.14828  828 

-0.16069  032 
-0.17207  791 
-0.18238  269 
-0.19154  204 
-0.19949  958 

-O; 20620  569 
-0.21161  797 
-0.21570  160 
-0.21842  977 
-0.21978  394 

-0.21975  411 
-0.21833  905 
-0. 21554  637 
-0.21139  267 
-0.  20590  350 


-0.19911  332 
.0.19106  538 
-0.18181  155 
-0.17141  203 
-0.15993  505 


-0.14745  649 
-0.13405  943 
-0.11983  363 
-0.10487  499 
-0. 08928  492 

-0. 07316  966 
-0.05663  961 
-0. 03980  852 
-0.02279  278 
-0.00571  052 

♦0.01131  917 
0.02817  711 
0.04474  490 
0.06090  579 
0.07654  556 

0.  09155  333 
0.10582  247 
0. 11925  134 
0.13174  416 
0.14321  168 

0.15357  193 
0.16275  089 
0.17068  305 
0.17731  198 
0.18259  079 

0.18648  256 


Jnix) 
0.09995  048 
0. 08344  886 
0.  06666  618 
0.04967  738 
0.03296  035 

•^0. 01539  539 
-0.00173  513 
-0. 01874  731 
-0.03555  621 
-0.05207  632 

-Ov 06822  219 
-0.08390  874 
-0.09905  224 
-0.11357  046 
-0.12738  944 

-0.14041  403 
-0. 15258  841 
-0.16383  668 
-0.17409  338 
-0.18329  797 

-0.19139  539 
-0.19833  646 
-a  20407  831 
-0.20858  485 
-0.21182  701 

-0.21378  318 
-0.21443  935 
-0.21378  944 
-0.21183  538 
-0.20858  727 

-0.20406  341 
-0.19829  032 
-0.19130  265 
-0.18314  307 
-0.17386  213 

-0.16351  793 
-0.15217  591 
-0.13990  845 
-0.12679  446 
-0.11291  693 

-0. 09837  240 
-0.  OSiUvm 
-0. 06765  '283 
-0.05168  334 
-0.03544  863 

-0.01905  771 
-0.00262  120 
♦0.01374  948 
0.02994  285 
0.  04584  818 

0.06135  630 


YMx) 

0.21997  141 
0.21134  904 
0.20160  159 
0.19077  902 
"0.17899-8H 

0.16614  338 
0.15246  453 
0.13797  838 
0.12276  733 
0.10691  918 

0.09052  660 
0.07368  666 
0.05650  016 
0.03907  110 
0.02150  600 

•••0.00391  319 
-0.01359  786 
-0.03091  729 
-0.04793  557 
-0. 06454  431 

-0.08063  696 
-0. 09610  960 
-0.11086  170 
-0.12479  689 
-0.13782  343 


544 
304 


.0.14985 
■0.16081 
■0.17062  321 
■0.17922  038 
■0.18654  691 


.0.19255  365 
■0.19720  030 
■0.20045  582 
■0.20229  875 
■0.20271  742 

-0.20171  Oil 
■0.19928  520 
-0.19546  113 
-0.19026  637 
-0.18373  930 

-0.17592  797 
-0.16688  985 
-0.15669  149 
.0. 14540  785 
-0.13312  231 

-0.11992  560 
-0.10591  538 
-0.09119  555 
-0.07587  548 
-0.06006  922 


I03«!t-»J»(») 

0.22134  33 
0.21230  71 
0.20356  16 
0.19510  08 

 0. 18691'~87  " 

0.17900  91 
0.17136  62 
0.16398  38 
0.15685  60 
0.14997  67 

0.14334  00 
0.13694  00 
0.13077  08 
0.12482  65 
0. 11918  14 

0.11358  96 
0.10828  55 
0.10318  34 
0.09827  77 
0.09356  30 

0.08903  37 
0; 08468  45 
0.06051  a2 
0.07650  53 
0. 07266  49 

0.06898  37 
0.06545  69 
0. 06207  96 
0.05884  68 
0.05575  39 

0. 05279  63 
0. 04996  93 
0. 04726  85 
0. 04468  96 
0.04222  83 

0.03986  0^ 
0.037t4  17 
0. 03550  64 
0. 03347  *4  _ 
0.03154  21 

0.02970  16 
0. 02795  15 
0.02628  80 
0.02470  79 
0. 02320  78 

0.02178  44 
0.02049  46 
0.01915  54 
0.01794  37 
0.01679  67 


10aT,-aij„(,) 

0. 61224  04 
4. 58873  25 
0. 56593  06 
0. 54362  12 
--fr.  52299  14 

0. 50162  76 
0.48151  66 
0.46204  52 
0.44919  99 
0.42496  74 

0.40799  49 
0. 99028  75 
0.97981  95 
0. 95789  99 
0,94259  16 

0. 92769  75 
0.91998  99 
0. 29957  78 
0.28626  66 
0.27949  76 

0. 26107  81 
0.24917  57 
0.29771  82 
0. 22669  92 
0. 21608  69 

0.20569  99 
0.19609  48 
0.18668  17 
0.17764  27 
,  0. 16696  66 

0.16064  24 
0. 15265  91 
0.14500  62 
0.19767  92 
0.19064  97 

0.12992  57 
0.11749  14 
0.11199  69 
0.10545  28 
0.09982  98 

0. 09445  89 
0. 08999  10 
0. 08449  76 
0.07977  01 
0.07592  09 

0.07108  01 
0.06704  16 
0.06919  71 
0.05953  92 
0. 05606  06 


10-a%rMrao(») 

-  11.0024 

-  11. 5807 

-  12.1974 

-  12.8555 
---t9.1S8i5- 

14.3098 
15.1136 
15.9742 
16.8962 
17.6649 

16.9460 
20. 0855 
a.  3104 
22.6279 
24.0462 

25.5740, 
27. 2209 
28.9975 
30.9150 
32.9859 

35.1237 
37.6429 
40.2594 
49.0904 
46.1543 

49.4711 
53. 0622 
56.9506 
61.1611 
65.7197 


70.^9 
75.99 


»49 
9946 
81.7717 
86.0162 
94;  7669 


•0.04389  465 


0.01571  16  V... 


0. 05275  42 

(-.,.] 


-102.0574 
-109.9219 
-116. 9992 
-127.5270 
-197.9492 

-147.6850 
-159.1665 
-171.2662 
-184.2155 
-197.9980 

-212.6562 
-228.2122 
-244.6676 
-262.0226 
-260.2622 

-299. 9574 

[<-.»'] 


ERIC 


413 


BB88BL  FDNCnONB  OF  INTfeOIB  OSOIR 


BCSSEL  niNCnONS—IIODUUJS  AND  PHASE  OF  ORDERS  10,  II,  20  AND  21 


y»(>).ir,(«)iia^(») 


0.0S0 
9,949 
0.046 
0.044 
0.042 

'0.040 
0.0M 
0.OM 
0.094 
0.012 

0.0M 
0.028 
0.020 
0.024  ^ 
0.022  . 

0.020 
0.011 
0.0U 
0.014 
0.012 

0.010 
0.00S 
0.000 
0.004 
0, 002 

0.000 


0.tS676  701 
0.S51M  «tt 
9,9Wi  m 
0. 04104  249 

0.S9727  291 

0.09920  419 
0.12942  012 
0.82900  472 
0.82264  409 
0.81902  940 

0.8108}  779 
0.81427  076 
0.81191  946 
0.80976  970 
0.80780  829 

0.80604  267 
0.80446  127 
0.80909  902 
0.80189  196 
0.80077  912 

0.79988  647 
0.79916  297 
0.79860  244 
0.79020  929 
0.79796  417 

0.79788  496 


•io(»)-» 
--•19.94798  864 
-14.09909  981 
-14.19926  984 
•14.26419  968 
-14.96889  999 

•14.47247  807 
-14.97600  099 
-14.67912  989 
-14.78187  W7 
•14.88428  611 

-14.986M  880 

-19. 0019.  on 

-19.1H69  477- 
-19.29090  299 
•19.99191  969 

-19.49271  927 
-19.99992  m 
-19.69979  998 
•19.79409  741 
-19.89418  989 

-19.99422  099 
-16.09416  168 
-16.19482  726 
-16.29909  692 
•16.*99960  892 

-16.49996  149 

m 


«'ifu(x) 
0.87222  790 
0.86919  271 
0.89897  914 
ft.M2W  98? 
0.84689  281 

8.84178  044 
0.89609  917 
0.89246  289 
0.82896  826 
0.82499  496 

0.82112  469 
8.81794  199 
8.81909  096 
0.81297  970 
0.80997  791 

0.80781  410 
0.80988  079 
0.80416  997 
0.00267  909 
0.80199  096 

0.80091  114 
0.79949  941 
0.79879  998 
0.79827  099 
0.79798  099 

0.79788  496 

m 


-14,  HTM  (M 
-1109771  472 
•1122701  466 
-llWSt  901 
-114i9K  615 

-1161010  144 
-1171602  771 
-110626S  67f 
-1190701  096 
-1111260  291 

-1129609  620 
•1116060  004 
-1140400  4^ 
-1160709  912 
-1172967  149* 

-110S190  406 
V -1197400  099 
-17,09077  §09 
-17,21791  490 
-17.99669  990 

-17,40902  OOO 
-17,90006  166 
-17.70170  901 
-17,02262  004 
-17,94940  916 


<*> 
20 
21 
22 
29 
24 

29 
26 
20 
29 
91 

99 
96 
90 
42 
49 

90 
96 
69 
71 
09 

100 
129 
167 
290 
900 


-1106419  776 


0.090 
0.048 
0.046 
0.044 
0.042 

0.040 
0.098 
0.096 
0.094 
0.092 

0.090 
0.020 
0.026 
0.024 
0.022 

0.020 
0.010 
0.016 
0.014 
0.012 

0.010 
0.008 
0.006 
0.004 
0.002 

0.000 


«*irM(«) 

1.4740n 
1.920998 
1.211M7 
1.191499 
1.070849 

1.829768 
0.986284 
8.999829 
8.990699 
0.909919 

0.091609 
8.876299 
8.869121 
8.891749 
8.841899 

0.899979 
0.826019 
0.819702 
0.814921 
0.889796 

0.806062 
0.809071 
0.800781 
0.799169 
0.798204 

0.7f7889 


-21.047407 
-21.606190 
-22.149924 
-22.676882 
•29.180999 

-29.689991 
•24.170900 
•24.649620 
-29.106640 
•29.960748 

•26.866988 
•26^446280 
•26.879499 
-27.987199 
-27.790098 

•28.148822 
-28.969847 
-28.979690 
—29, 904666 
-29.791909 


ConiiiM  frmn  t*  t^tt.  A 
Roytl  Society  Shorter  M«{ 
1M4)  NthpvniMioa). 


1.791199 
1.929981 
1.947499 
1.224460 
1.1)6699 

1.0n741 

1.022171^ 

0.989229^ 

0.991902 

8.926211 

0.904821 
0.886799 
0.871489 
0.898989 
8.M7149 

0.897487 
8. 8291^' 
0.82211 
8.81611 
0.811869 

8.806929 
0.809612 
0.881881 
0.799297 
0.798297 


mi 

i! 


-21.290929 
-21.927949 
-22.990082 

-29.790996 


-24.104948 


-29.988478/ 
.26.4179M^ 

-26.9169W 
•27.406946 
-27.888927 
-28.969869 
•28.899211 

-29.297299 
-29.796800 
-90.212918 
-90.664409 
-9L 119969 

•91.960289 
-92.009000 
-91.448199 
•92.090109 
-99.991907 

.91.772m 


A. 772121 

m 


20 
21 
22 
29 
24 

29 
26 

20, 

29 

91 

99 
96 
90 
42 
49 

90 
96 
69 
71 
09 

100 
129 
167 
290 
900 


1797009 

[<-?•] 

<f  >«MiNil  intifBf  to  i. 
taMe  for  Bond  ftmetkmt  of  intogor  ordm  ond  largo  ofgunmto. 
Omntkfi  TMrioi  No.  a(Cinbrtdfle  Univ.  ¥rm,  ComMdn  Eoi^, 
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BsasBL  ruNonoNB  or  nnnoBa-OBDBB 


BESSEL  FlJNCno.\S>.VARIOUS  ORDERS 


17)2 
19 
20 
22 
23 


.29759  1592 
7.1M39  6587 
2.11537  95«8 
5.18034  4574 
1.54847  8441 


2s; 

80 


3.87550  3009 
3.48286  9794 
1.10791  58S1 
2.90600  4948 


k  7  LUX  07  JLAiUL 

-  1, 

'4. 9097 

.  I 

1.14903  4849 

-  2 

1.95633  5398 

- 

-  m 

k9  Mfft7  71119  i 

'K 

.  iJ 

1  $0232  S817 

-  8 

9.42234  4173  1 

-  9! 

5.24925  0180  1 

-  10 

12.63061  9124  1 

-  w 

1.19800  6746      *  1 

•  13 

4.99971  8179 

-  14 

1.92961  6764 

-  16 

6b 88540  8200 

(-189)8.43182  8790 


^•(2) 
1)2.23890  7791 
1  5.76724  8078 
1  3.  52834  0286 
1  1.28943  2495 

-  2)3.39957  1981 

3)7.03962  9756 
3  1.20242  8972 

-  4  1.74944  0749 

-  5  2.21795  5229 

-  6)2.49234  ^35 

7)2.51538  6283 

8  2.30428  4758 

9  1.93269  5149 
10  1.49494  2010 
,11)1.07294  644f) 

13)7.18301  6356 

14  4.50600  5896 

15  2.65930  7805 

16  1.48173  7249 

18)  7.81924  3273 

19)  3.91897  2805 
33  3.65025  6266 
40  1.19607.  7458 
65)3.22409  5839 

(-158)1.06095  3112 


Tablr  9.4 

1) -1.77596  7713 
1  -3.27579  1376 
2^4. 65651  1628 
1  3.64831  2306 
1)  3.91232  3605 


i; 
■1 

2 
2 

-3! 

3) 
4; 

5 

5 

6! 

7; 
8 
8 
9 

10! 
45 


2. 61140  5461 
1.31048  7318 
5.33764  1016 
1.84052  1665 
,^.52028  3139 

1.46780  2647 
3. 50927  4498 
7.62781  3166 
1.52075  8221 
2. 80129  5810 

4.79674  3278 
7.67501  5694 
1. 15266  7666 
1.63124  4339 
2.18282  5842 

2.77033  0052 
2. 67117  7278 
8.70224  1617 
2.29424  7616 


(-119)  6.26778  9396 


-  1; 

-  2 

-  1 

-  2 

-  1 

-  1; 

-  2 

-  1 

-  1 

-  1! 

-  1) 

-  1; 

-  2 

-  2 

-■2l 

-  5) 

-  3; 

-  4 

-  4 

-  5l 

-  5) 
-12 
-21, 
-30 


-2.4593S  7645 
44.34727  4617 
42.54630  3137 
♦5.8J793  7931 
-2.19602  6861 

-2.34061  5282 
-1.44588  4208 
42.16710  9177 
3.17854  1268 
2.91855  6853 

2.07486  1066 
1.23116  5280 
6.33702  9497 
2.89720  8393 
1.19571  6324 

4.50797  3144 
1.56675  6192 
5.05646  6697 
1.52442  4853 
4.31462  7752 

1.19133  6925 
1,59109  6078 
6.09089  5312 
1.78451  3608 


"  2: 

:l 

-  2 

-  2 


urn 

45.58123  2767 
2) -9. 75118  2813 
^-5.97128  0079 
49.27348  0406 
47.084p9  7728 


-  2; 

-  2 

-  2 

-  1 

-.2; 

-  11 

-  2 

-  1 

-  2 

-  2' 

-  1; 

-  3 

-  1 

-  2 

-  2 


•8.14002  4770 
■8.71210  2682 
146.04912  0126 
141.04058  5632 
-2. 71924  6104 

-1.13847  8491 
-1.83466  7862 
41.05779  3106 
46.91188  2768 
-6.98335  2016 

-1.  08225  5990 
44.89816  0778 
41.11360  4219 
47.08269  2610 
-6.03650  3508 


-  1) -1.16704  3528 

-  2  44.84342  5725 

-  1  -1.38176  2812 

-  1)41.21409  0219 


41.99858  5030 
-7.71453  5201 
-2.1S287  5734 
47.62842  0172 
42.61058  0945 


-2) -7. 41957  3696 
-2  -3.35253  8314 
-2  47.01726  9099 
-2  44.33495  5988 
-2  -6.32367  U41 


-2; 
-2 
-2 
-2 

-2! 

-2; 
-2 
-2 
-2 

-2* 

•^i 
-2 

-2 

-2 


-5.47321  7694 
45.22903  2602 
46.62360  4866 
-3.63936  7434 
-7.56984  0399 

41.51981  2122 
48.02578  4036' 
41.04843  8769 
.7t 66931  4854 
-3.80939  2116 

46.22174  5850 
48.14601  2958 
47.27017  5482 
-3.86983  3973 


(-89)  6.59731  6064        (-21)41.11592  7360 


(-2)49.63666  7330 
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BB88BL  FUNCnONB  OF  INTCOBR  ORDER 

i 

BESSEL  FDNCnONS-VARIOUS  ORDERS 


0 
1 
2 
9 
4 

.5 
6 
7 
8 
9 

10 

II' 

12. 

19 

14 

IS 
16 
17 
18 
.  19 

20 
90 
40 
SO 

100 


0 
1 
2 
3 
4 

S 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 

19 

20 
30 
40 

50 

100 


1 


Yn(l) 

'  2)4  8.82569  6422 
-  1-7.81212  S219 
0  -1.65068  2607 
0  .5.821S1  7606 

1)  -9. 92784  2909 

2)  -2. 60405  8666 
9-2.57078  0249 

4-  9.05889  5705 

5-  4.25674  6185 
Jb) -6.11020  4999 

8} -1.21618  0149 
9) -2. 42558  0081 
10) -5. 92411  4976 
121-1.27596  1870 
19) -9. 91061  6748 


16 
17 
1' 

2l! 

22 
99 

57 
77 


-9.25697  9276 
-2.77978  1966 
-8.86684  9998 
-9.01195  2974 
-1.08941  6986 

-4.11997  0915 
-9.04812  8789 
-7.18487  4797 
-2..19114  2819 


'  (185) -9. 77528  7810 


-2 
-1 
-9 
-1 

-i: 

-1 
-1 
-1 

-9 
-1 

-i; 

-1 

-i 

o' 

o; 

2 


45.56711  6728 
42.49015  4242 
-5.86808  2442 
-2.51962  6572 
-1.44949  5119 

41.95409  0477 
42.80952  5596 
42.01020  0298 
41.07547  9794 
-1.99299  2650 

-9.59814  1522 

-5.29929  0986 

-7.84909  7927 

-1.96945  4920 

-2.76007  1499 

-6.96474  5877 
-1.69941  6619 
-4.59045  8575 
-1.99741  4254 
-4.57164  5457 

-1.59748  9848 
-7.25614  2316 
1-1.96280  9297 
1-9.64106  6502 


Yn{2) 

1)45.10975  6726 
1  -1.07092  4915 
1'  -6.17408  1042 
0  -1.12778  9777 
0) -2. 76594  9226 


-9.99598  9128 
-4.69140  0242 
-2.71548  0254 
-1. 85992  2175 
-l,_45M8  _2?98 . 

-1.29184  5422 
-1.27728  5599 
-1.99209  5698 
-1.65774  1981 
-2.14114  9619 

-2.98102  9646 
-4.45012  4094 
-7. 09096  8217 
-1.20091  5879 
-2.15455  8189 

-4. 08165  1989 
-2.91922  9848 
-6.66154  1295 
-1.97615  0576 


(155) -9. 00082  6049 


-9.80649  9547 
-5. 67956  6856 
49. 57991  6879 
46.44591  2206O 
-8.80580  740J 

-7.8548^1991 
47.294W  9190 
149.59120  2782 
-4.54990  2951 


-  1) -1.10469  7959 


1, 
-•2 

-  2 

-  2l 

-  2! 

-  1 

-  2 

-  2 

- 1! 

-  2 

-  1 

-  2 

-  1 


45.72989  7182 
41.12759  9542 
44. 98902  1867 
-9.16920  4926 
-9.15700  8429 

44. 04128  0205 
41.15817  7655 
49.  97105  6788 
-9. 28945  7996 
-1. 00594  ,6650 

4l.  64426  9995 
-1.16457  2349 
-4.59080  1120 
-2.10916  5546 


-  1 

-  1 

-  1 

-  1 

-  1 

- 1; 
- 1 

0 
0 

_  P' 
i; 

9 

9! 

4! 
5 

;i 

8 

18! 
29 
42 


Ynlb) 

-9. 08517  6252 
41.47869  1494 
49. 67662  8826 
41.46267  1627 
-1.92142  2874 


-4.59694 
-7.15247 
-1.26289 
-2. 82086 
■r7.76988_ 

-2. 51291 
-9.27525 
-9.82982 
-1. 74556 
-8.69999 


8225 
9576 
8696 
9989 
9188 

1010 
5719 
1416 
1722 
8814 


-4.69404  9564 
-2.72949  0950 
-1.69999  9928 
-1.12865  9760 
-7.95695  6998 

-5.99996  5297  "* 
-4. 02856  8418 
^9.21681  6571  « 
-2.78889  7017 


(115) -5. 08486  9915 


r»(ioof 

-7.72449  1337 
-2.09729  1200 
47.68968  6713 
42.94457  6669 
-7.54901  1992 

-2.94801  9628 
47.24821  0090 
49.81780  4892 
-6.71971  7959 
-4.89199  9608 


•2)45.89915  7424 
•2  46.05869  10<;3 
-2-4.50025  8589 
.2-7.19869  9153 
-2)42.64419  8969 

-2)47.87906  6695 
-9-2.80477  7550 
>2 I -7. 96882  1576 
■2-2.42892  1581 
-2)47.09440  9807 


45.12479  7908 
46.19889  9212 
44.07468  5217 
47.65052  6394 


(e5)-4.tf4914  8271 


( 418) -9. 29980^  0188 


(-1) -1.66921  4114 


II. 
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BMsai*  ruNcnoNB  of  nmaiB  obdib 


hmm  ANO  Mtoculm  vauw  op 


Table  9^ 

BCSSEL  FUNCTfOfW  AFfD  THHi  DSMVATIVfeS 


« 

I 
2 
9 
4 
9 


• 

9 

10 

11 
It 
19 

» 

1* 
17 
19 
19 

to 


«|.MM«  91901  ♦0.10119 


9.mn  -o.4«m 

4«.ll 

-0.M1 

1^ 


I.19SM  -0.999»7 


94919    M.ttl9«  ,  ♦0.10004 


49.44216 


69.19927 


•0.10779 

♦0.17926 
•0.16170 
♦a  19210 
•0.14417 
♦0,19790 


♦Oi;  10999 
-0.10609 
♦0.10996 
•0.10129 

♦at" 


1 
2 
9 
4 
9 

6 
7 
0 
9 

10 

11 
12 
19 

» 

If 

19 

20 


9.76102 
19.01920 
16.22947 
19.40942 

♦St!^ 

-0.21020 
♦0.19644 
•0. 10009 

7.90094 
11.06471 
I4.9T294 
17.61997 
2a  026M 

-0.26096 
♦0.29100 
•0.20696 
♦0.10766 
-0.17929 

0.77140 
12.99060 
19.70017 
10,90019 
22.21700 

•a  24949 
♦a  21749 
•a  19619 
♦a  17999 
«  .a  16712 

a.  90279 
9. 74017 
20.90099 
92.06409 
99.21067 

♦0.16710 
•0.19672 
♦0.14001 
•0.14060 
♦0.19421 

24.019011 
27.19909 

90«9n01 
99^9^ 

♦0.16160 
•0.19217 
♦0.14416 
.  -0.19729 
♦0.19192 

r 

29.49094 
20.62662 

90.19907 

♦a  19669 
-a  14799 
♦a  14099 
-ai9420 
♦a  12061 

90.97047 
41.92073 

90.H909' 

•0.12062 
♦0.12967 

•aiim 

♦0.11927 
-0.11167 

99.09769 
49.01974 
46.16709 
49.92096 
92.47199 

•0.U607 
♦0.12140 
-0.11721 

41.92690 
44.40992 
47.64940 
90.00717 
99.96909 

-a  12966 
♦a  11929 
•a  11927 

♦a  11167 
-a  10090 

94.11162 
97.29769 
60.40922 
69.94040 
61  69924 

♦0.10iM. 
-0.1099f 

$1^4 
♦0.09769 

99.62169 
90.77004 
61.91929 
69.06700 
60.21417 

«0. 10609 
•0.10996 
40.10129 
mi  09002 
♦0.09692 

97.11790 
6a  27029 
69.42209 
«a  97209 
69.72209 

♦a  10997 
•a  10260 

.  ♦a  10009 

•^a  09769 
♦a09949 

0 

I 
• 

>; 

11 

12 
19 
14. 
19 

16 
17 

« 

M 


9.99611 
11. 90919 
17.00901 
2a  92079 
21.91600 

26.02011 
9a  09973 

mi 

49,11977 
9t  27949 
91  44099 


-0.22719 
♦a  20929 
-a  10726 
♦a  17909 
-a  16199 

♦a  19212 
•0.14419 
♦0.19727 
-0.19191 
♦a  12606 

•aimo 

♦0.U721 

♦Sli^SI 

•a  10609 


a* 

.7i.ai 


Soi> 


40,  Vim 
•aofon 

♦a  09490 


1120790 
21.64194 
24.99499 

2119119 
91.42279 
94.69709 
97.09OM 
41.09077 

4121941 
47,99417 
91  96010 

99.  nn; 

91  90929 

8.99141 


•121209 
119479 
.ai79M 
♦0.16600 
-a  19697 

♦114792 
•ai4UI9 
♦119410 

•1U924 
♦111M6 

♦liSS 
•110997 


12.22909 

1109m 

1199494 
21  94917 
2126601 


•109949 
♦109996 


29.! 
92.79900 
91  02962 
99.24049 
41  44909 

9100769 

67.09949 

71.03200 
7110277 


-119944 
♦110969 

-iim4 

♦116190 
•iri96 

♦114404 
•119722 
♦11|127 
•112609 
♦112197 

•111719 
♦111942 


♦109692 
-109490 
♦109297 
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BE88BL  fUMCnONB  OF  INTSOBB  OSOBS 


mm  AND  AHMiaATBD  VAUiBS  or  BES8BL  rUNdlONS  AND  THEIR  DERIVATIVES 


• 

1 
2 

•J 

9 

6 
7 
• 

10 

8 

is 

14 

19 

16 
17 
II 
19 
20 


O.M»7  Mil 
).«S767  M2 
7.0l6eS  IM 
1«,222M404 
IS.  HIM  747 

^iiimn  244 

19.M1KI  970 
22.71202  109 
29.91209  7*9 
29.0S^>  029 

92.20920  412 
99.94649  191 

41.6M10  447 
"44.77040  661 

47.91109  699 
9L  09992  099 
94.194n  996 
97.99624  970 
60.47772  916 


♦a0794l  ooo 
•4.40294  267 
♦0.90009  761 
-0.24970  124 ' 
40.21099  090 

-0kl9646  494 
♦Oli|006  910 
•0.1MnO  490 
♦0.1967?  499 
-0114001^^00 

♦0.14060  970 
-0.194a  129 
♦0,12061  661 
-£12966  799 
♦0.11924  901 

-0.11SI7  169 
♦0.11167  049 
•0.10090  999 
♦0.10997  409 
-0.10260  097 


91.  • 
2.19714 
9.42960 
0.99601 
11.74919 
14.09744 

10.04940 
21.10007 
24.99194 
27.47929 
90.U029 

99.76102 
96.90996 
40.04994 
49.10022 
46.99040 

49.4jr291 
92. 61499 
9S. 79694 
90.09090 
62.04041 


♦0.92079 
-0.94092 
♦0.27146 
-0.29246 
♦0.20699 

•0.10779 
♦0.17927 
-0.16170 
♦0.19210 
•0.14417 

♦0.19790 
-0.19192 
♦0.12607 
-0.12140 
♦0.11721 

-0.11949 
♦0.10999 
-0.10609 
♦0.10996 
-0.10129 


9.90424 
6.79901 
10.02940 
19.20999 
16,97097 

19.99904 
22.69996 
29.'04961 
20.99900 
.92.14900 

99.20979 
90.49979 
41.90101 


>?.J071 

91.01419 
94.19709 
97.90199 
60.44464 
69.90777 


♦0.99921 
-0.29992 
♦0.24967 
-0.21099 
♦0.19646 

-0.10006 
♦0.16710 
-0.19672 
♦0.14001 
-0.14061 

♦0.19421 
-0.12062 
♦0.12967 
•0.11929 
♦0.11927 

•0.U167 

♦0.10099^ 

-0.10997 

♦0.10260 

-0.10004 


< 
1 
2 
9 
4 
9 

6 

.7 
0 
9 
10 

11 
12 
19 
14 
19 

16 
17 
10 
19 
20 


4.92702 
0.09799 
U.  99647 
14.62900 
11. 01016 

20.99m 
24.16624 
27.9*900 
90.40699 
99.64209 

96.79479 
19.94977 
49.09997 
46.24907 
49.99190 

92.99040 
99.604tO 
90.09049 
61.97906 
69.12006 


♦0.99296 
-0.27000 
♦0.29292 
-0.20690 
♦0.10771 

-0.17926 
♦0.16170 
-0.19210 
♦0.14416 
•0.19790 

♦0.19192 
-0.12607 
♦0.12140 
-0.11721 
♦0.11949 

-0.10999 
♦(L10609 
'--0:10996 
♦0.10129 
-0.09002 


9.64S19 
9.96162 
12.79014 
19.99H9 
19.12449 

22.42401 
29.61027 
20.70909 
91.99469 
99.11099 

90.27067 
41.499M 
44.19102 
47.74429 
90.09611 

9<.046n 
97.1HM 
60.94919 
69.49920 
66,64069 


♦0.20909 
-0.240(0 
♦0.21009 
•0.19699 
♦0.10001 

•0.16716 
♦0.19671 
•0.14000 
♦0.14060 
•0.194a 

♦0.12061 
•0,12967 
♦0.11929 
•0.11927 
♦0.11167 

-0.10090 
♦0.10997 
-0.10260 
♦0.10009 
-0.09769 


6,74710 
10.99719 
14.09900 
17.94709 
20.60290 

29.02694 

27.09019 
90.a094 
99.40111 
96.97497 

99.74969 
42.90029 
46,06960 
49.22»4 
92.90991 

99.94099 
90.69999 
61.04620 
64.99799 
60.14799 


♦0.29799 
-0.29062 
♦0.20602 
r-O. 10799 
yO.  17917 

^16168 
♦0.19219 
•0.14419 
♦0.19729 
•0.19192 

♦0.12606 
-0iia40 
♦0.11721 
•0.11949 
♦0.10999 

•0.10609 
♦0.10996 
-0.10129 
♦0.090021 
*•£  09692 


1 
2 
9 
4 

9 

6 

7 

a 

9 
10 

11 
12 
19 
14 
15 

16 
17 
18 
19 
20 


7.09774 
ll.ni04 
19.91162 
10.67070 
21.99029 

29.206a 
21.42904 
91.69400 

a 02064 
01947 

41.19192 
44.96427 
47.99212 
90.69796 
91.06091 

97.02014 
60.17042 
61.19409 
66.40906 
69.64164 


♦0.21429 
•0.a991 
♦0,19971 
•0.17979 
♦0.16709 

•0.19664 
♦0.14796 
•0.14090 
♦0.19419 
•0.12060 

♦0.121-6 
•0.11924 
♦0.11927 
•0.11167 
♦0.10010 

•0. 10997 
♦0.10260 
•0.10009 
♦0. 09769 
•0.09949 


Vt.i. 
0.91961 
19.00771 
16.97992 
19.97494 
29.29997 

26.96676 
29.00999 
91.09177 
96,29927 
99.49979 

42.M991 
49.00944 
40.90171 
92.19969 
99.92a9 

90.40767. 
61.69071 
64.01164 
67.97079 
71.12090 


♦0.21996 
-0.20192 
♦0.10672 
•0.17209 
♦0.16140 

-0.19206 
♦0.14409 
•0.19729 
♦0.19190 
•0,12609 

♦O.ia90 
•0.11720 
♦0,11142 
•0.10999 
♦0.10604 

-0. 1^6 
♦0.10129 
-0.09082 
^.09692 
-0.09410 


Hh,* 
9.99461 
14.14016 
17.n709 
21.26091 
24.^61290 

.27.91092 
91.17970 
94.41206 
97.69469 
40.04942 

44.04219 
47.21290 
90.41746 
91.99679 
96.77177 

99.94119 
69.11190 
66.27790 
69.44099 
72.60299 


♦0.20027 
•0.19209 
♦0.17000 
-0.16662 
♦0.19649 

-0.14709 
♦0.14091 
•0.11419 
♦0.12097 
-0.12964 

♦0.11929 
-0.11926 
♦0.U166 
-0.100M 
♦0.10997 

•0.10260 
♦0.10009 
•0.09769 
♦0.09941 
•0.09996 
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Table  9,S 

ZEWMI  AND  ASSUaATiD  VALliBH  iW  BESSBL  PUNGTHINS  AND  THEIR*  DEMIVATIVBS 


i 
2 
3 
4 
S 

s 

9 

10 


19 


16 
17 
18 
19 
20 


OtOOOOO  00000 
9.89170  99702 
7.01998  66698 
1047946  81991 
19.93969  19969 

16.47069  00909 
19.61989  89109 
22.76008  49886 
29.90967  20876 
B9.04682  89949 


U  91.18967 
12  99.99290 
19  98.47476 
14  4U61709 
44^79991 


47.40146 
91.04999 
94.18999 
97.92792 
60.46949 


mio 

T9901 
62948 
42128 
•f977 

08872 
91896 
96411 
94979 
78499 


MM 

♦1.00800  00800 
.8.40279  99997 
♦OJOOll  97929 
-OJ4970  48771 
♦041899  94072 


-049M6  99719 
♦04M86  99799 
.046718  46009 
♦049672  49869 
•444801  11100 

♦044060  97982 
.049421  12409 
♦042861  66821 
•442966  79608 
♦U1984  98120 

mi  HSR 

.8.108)8  99489 
♦040997  40994 
^0260  09671 


-1.84118 
9.99144 
8.99692 

11.70600 

♦048107 
-044613 
♦047990 
-049990 

3.0S424 
6.70613 
9^96947 

MM 
♦0.40690 
•0.31393 
♦049474 

_^-942ttO 

144099 

♦040701 

♦0,19794 

18.01999 
2U6497 
8441199 
2749709 
90.60198 

-048808 

♦047946 

-04tt84 

♦049828. 

-044424 

19,31291 
228671S0 
2St«2604 
2M7767 
3242733 

-040101 
♦046704 
-049720 
♦044036 
-0.14000 

•V  74A18 
96.88999 
40.09944 
4947669 
4641960 

♦w.**##y 
-043137 
t0a2611 
•0*12143 
♦U1724 

30.42269 
41.96093 
44.71499 
47J9964 

-0.12079 
♦0«U301 
-0.11937 
♦041937 

49.46899 
92.60904 
99.74797 
9849000 
62.09899 

«0ai34S 

♦^aiooi 

'  -040607 
♦040397 
MU0131 

91.00430 
94.14060 
97J9260 
^60.43639 
63.97909 

-0.11176 
♦0.10046 
-040944 
♦0.10266 
^40000 

0 

A- 

MM 

A* 

MM 

•  MM 

1 

2 
3 
4 

9 

4.20119 
0.01924 
11.34992 
14.90M$ 
17.70079 

♦0.43439 
-0J9116 
♦0.24074 
-0.n097 
♦0.19042 

9«31799 
9.20240 
12.60191 
19.96411 
19.19603 

♦039969 
-0.27430 
♦0.22999 
-0.20276 
♦0.10403 

6.41962 
10.91986 
13.93719 
17.31204 
20.97991 

♦0.37409 
-046109 
♦0.22039 
.0.19980 
♦047049 

^ 
7 
0 
9 

10 

20.97240 
24.14490 
27.31006 
3k0.47027 
33.62699 

♦0.16299 
-049310 
♦0.14407 
-0.13704 

22.40103 
29.90976 
2i76704 
31.93894 
39.10392 

-0.16900 
♦0.19066 
.  -0.14949 
♦0.14171 
^13909 

23.00390 
27.01031 
3040289 
33.38944 
36.96070 

^16933 
♦049402 
-044616 
♦0.13009  ' 
-043296 

11 

It 

13 
14 

19 

JV.' MVS 

39.93311 
43.00369 
46.23297 
49.30130 

♦U.A9A  99 

-0.12643 
♦048169 
-041746 
♦0.11364 

30.26932 
41.42367 
44.97962  * 
47.73367  - 
90.88616 

♦042932 
-0.12429  . 
♦0.11973  / 

39.73064  • 
^42.09627 
46.09097 
49.21817 
92.37999 

♦0.12707 
-042223 
♦0.11790 
-0.11402 
♦041049 

16 
17 
10 
19 
20 

92.92002 
99.67967 
90.02199 
61.96779 
6941319 

-041017 
♦040700 
-0.10409 
♦04^41 
-0.09093 

94.03737 
97.10792 
60.33677 
63.40926 
66.63309 

-04(M60 
♦0.10963  . 
•0.10203 
♦0il0023 
-0.09703 

99.9312(f 
90.60920 
61.03009 
64.90900 
60.14097 

^10720 
♦0.10434 
-040163 
♦0.09912 
-0.09678 

4 

* 

jt 

A. 

A. 

MM 

MM 

1 
2 
3 
4 

9 

7.90127 
11.73494 
19.26010 
10.63744 
21.93172 

♦0.39414 
-0.29017 
♦0.21261  . 
-0.10970 
♦0.17363 

0.97704 
12.93239 
16.92937 
19.94109 
23.26009 

♦0.33793 
-0.24096 
♦0.20900 
-0.10449 
♦046929 

9.64742  * 
1441992 
17.77401 
2142906 
24.98720 

♦0.32430 
-043303 
♦0.19990 
-047979 
♦046939 

6 

7 
0 
9 

10 

2940393 
20.40970  . 
31.61700 
34.01339 
37.99964 

-046127 
♦049137 
•044317 
♦043623 
-043024 

26.94903 
29.79079 
33,01910 
36.22430 
39,42227  , 

-0.19762 
♦044023 
-U4044 
♦043301 
-042000 

27.08927 
3149933 
34i39663 
37.62000 
40.03010 

-0.19431 

♦0.14937^ 

-0.13792 

♦043190 

•042600 

11 
12 
11 
14 
19 

4147009 
44.39290 
47.92196 
90.60709 
93.»&<f79 

♦042499 
-042039 
♦041620 
-0.11246 
♦040906 

42.61192 
49.79400 
40.97107 
92.14379 
99.31202 

♦042309 

•o.iim 

♦041460 
-041099 
♦040771 

44,03001 
47.22176 
90.40702 
93.90700 
96.76260 

♦042124 
-0.11699 
.  ♦041309 
i  -0.10960 
♦0.10643 

16 
17 
10 
19 
20 

97,01130 
60.16999 
63.32601 
66.40221 
69.63639 

-040996 
♦C.^«?li 
-040049 
♦0.09009 
-0.09979 

90,4/007 
M.64239 
64,00374 
67.96324 
71.12113 

-0.10471 
♦040199 
-0,09940 
♦0.09704 
-0.09404 

.99.93494 
6340340 
66.26961 
69,43396 
72.99994 

-040392 
♦040084  . 
-0.0903? 
♦0.09607 
-0.09393 
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TaUe  94 

ZBRd»  AND  AWMIQATBO  VALUES  OT 


aCSSBL  PUNCTIONS 


1 
2 
) 
4 
S 

6 
7 
8 

10 

U 
12 
1) 
14 
15 

U 
17 
IS 
19 
20 


1 
2 
) 
'4 
9 

7 

10 

11 
12 
1) 
14 
19 

16 
17 
10 
19 
20 


2.19714  M) 
9.42960  104 
0.99600  987 
11.74919  48) 
14.89744  21) 

.18.04)40  220 
21.10006  «9) 
24.))194  257 
27.47929  490 
)0.61020  649 

)3^76101  700 
)6.90)99  9)2 
40.04994  464 
4).100a  810 
46.))Q)9  929 

49.47250  960 
92.61495  077. 
95.79654  488 
98.89849  617 
62.04041  U9 


V29)6) 
9.69079'' 
12.97241 
1649049 
19.)02)9 

22.99979 
25.72021 
2849068 
)2.04898 
)540427 

)8.)5728 
41.90855 
44.69849 
47.00729 
90.99919 

94402)2 
9744087 
60.)9491 
69.94090 
6648971 


40.92070  641 
-0440)1  009 
♦047149  908 
-04)246  177 
♦040654  7U 

•048772  909 
♦U7)26  684 
-046170  16) 
♦0.15210  126 
-0,14416  680 

♦04)729  6«6 
-0.1)1)2  464 
♦042606  951 
-042139  06) 
♦0.11721  120 

-0.11942  920 
♦040999  119 
-040684  789 
♦U0)99  997 
-040129  )90 


#1.. 
).68)02 
6.94190 
10.12)40 
1)40576 
16.44006 

19.99024 
22.7)80) 
29.8M)1 
29.02990 
92,17412 

)941il) 
90.4U79 
4140907 
44.74814 
4749101 

9U))7) 
54.176)2 
5pi880 
60.46118 
61,60)49 


♦O.))660 
-046199 
♦042428 
-049987 
♦0.1022) 

-046867 

♦0.19779 

-044881' 

♦044122 

-04)470 

♦042901 
•042)99 
♦041952 
-041590 
♦0.11186 

-040899 
♦040992 
-04(»7) 
♦040019 
-0,09779 


»«.« 
7.46493 
11.00917 

20.80106 

29.99700 
27.17989 
)0.)9)96 
)).92100 
)6.68909 

)9.8448) 

4).00191 
4645606 
49.51009 
92.46191 

59.61297 

8:^ 

69.05929 
68.20679 


♦0.4167) 

-Mmi 

♦049091 
•041097 
♦0.1960) 

-0480)0 
♦0467)9 
-049604 
♦04400 
-044067 

♦0.1)427 

♦042)70 
-0.11920 
♦0419)0 

-041169 
♦040040 
•0409)9 
♦040261 
-040009 


AND  THEIR 

5,00258 
8.99072 
11.97420 
14.76091 
17.m29 


21.09289 
24.24923 
27.4021$ 
904927 
)).7019 


♦0414)2 
-0.24851 
♦041481 
-049267 
♦0.17651 ' 

-0.16)97 
♦0.15)84 
-0.1454) 
♦0.1)828 
•04)211 

♦042671 

-04219) 

♦041765/ 

-041380 

♦0,110)1 


//»«.• 
/I.64996 
ii.20087 
19.66080  < 
,10.94974 
//22.19204 

29.40907 
//  28,60004 
)i:79920 
,  ,)4;97)09 
)8.146)1 

41.)1392 
44.47779 
47.63867 
90.7971) 
99.99)60 

9740041 
60.2610) 
69.41407 
66,969)0 
69.n969 


piaUVATIVES 

ytig't,.) 

'  ^046766 
-047920 
♦04)994 
-040049 
♦048890 

-047405 
♦046225 
-045259  . 
♦044440 
•049754 

♦04)152 
-04262) 
♦04215) 
-0417)2 
♦0.11)52 

-041007 
♦040693 
-040403 
♦0401)5 
-0.09887 


♦049710 
-0497M 
♦040687 
-048M0 
♦047191 

-049900 
♦0.190)0 
-0.142)6 
♦0.1)599 
-0.1297) 

♦0.12490 

-0.12001 

♦041991 

-041221' 

♦04089 

-0.10970 
♦040299 
-M00)9 
♦0.0979) 
-0,09968 


1 
2 
) 
4 
9 

6 
7 
0 
9 
10 

11 
12 
1) 
14 
19 

16 
17 
18 
19 
20 


Ift,. 
9.01480 
19.9)281 
16,9699) 
20.29129 
2).96106 

26.79990 
9041967 
)).21697 
)6,40I92 
99.99002 

42.766)2 
49.9)779 
4940928 
52.2696) 
59.4)1)6 


50.99009 

J 1.74857 
4.90460 
68.0994) 
71.21)01 


♦040))9 
-042054 
♦0.20007 
-040111 
♦0.16708 

-0,19607 
♦0,14709 
-0.1)997 
♦0.19)1) 
•0.1275) 

♦042260 
-041022 
♦041428 
-041072 
♦040748 

-040491 
♦040177 
-049929 
♦0.09690 
-0.09471 


10.96919 
14,76969 
18.29012 
21.61279 
24.911)1 

26.17109 

91.40918 

)4.62140 

)7.82499; 

41.0178$^ 

44.20)91 
47.)8)14 
90.99791 
99.72870 
96.89619 

60.1^2 
6).22))1 
«6(i)8)V0 
69.542)7 
72.69999 


♦A47194 
,^042077 
♦0.19414 
-047694 
♦0.16)11 

-049269 
♦044417 
•04)700 
♦04)009 
-0.12949  , 

♦042076 ' 

-041694 

♦0.11275 

-0409)1 

♦0.10618 

-0.10))0 
♦040069 
-0.09820 
♦0,09992 
-0,09)79 


13.10)64 
19.98284 

i9.9in) 

22.91696 
2644)70 

39.93596- 

92.77897 

96.01036 

)9.33696 

43.4)133 

49.62678 
48.81912 
91.99761 
99.17939 
98,94899 

61.9199) 
64.68681 
67.89189 
71.01478 
74.17987 


♦046220 
•041402 
♦0.10891 
-0,17207 
♦0.1999) 

-0.14962 . 

♦0.14149 

-04346) 

♦0.12874 

-042)99 

♦0.11904 
-941497 
♦0.111)1 
-0.10798 
♦O.l049f 

•0.10216 
♦0.09998 
-0.09720 
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0. 00 
0.02 

0.06 
0.08 

1.00000 
0.99942 

0  QQ7M 

0.99480 

O.Sj9077 

1.00000 
0.99696 
0  9B78S 
0.97276 
0.95184 

0.10 
0.12 

0.16 
0.18 

0.98559 
0.97929 
0  971flfc 

U.  w  w  Awv 

0.96333 
0.95370 

0.92526 
0.89328 

0.81429 
0.76800 

0.20 
0.22 

.  0.26 
0.28 

0.94300 
0.93124 
0.91844 
0.90463 
•  0.88982 

0.71773 
0.66392 
0  60706 
0.54766 
0.48623 

■0.30 
0. 32 
0  34 
0.36 
0.38 

0.87405 
0.85734 
0  09972 
0.82122 
0.80187 

'  0.42333 
•  0.35950 
0. 29529 
0.23126 
0.16795 

0.40 
0.42 

0  44 

0.46 
0.48' 

0.78171 
0.76077 
0  794M 

0.71669 
0.69362 

0.10590 
♦0. 04562 
•0. 01240 
-0. 06769 
.0.11983 

0.50 
0. 52 

0  ^4 

0.56 
0.58 

0.66993 
0.64565 

0.59547 
0.56967 

-0. 16840 
.0.21306 

.0.28941 
.0.32062 

0.60 
0.62. 

0  M 

0.66 
0.68 

0.54345 
0.51685 
0  4S992 
0.46270 
0.43524 

.0.34692 
.0. 36821 
.0. 38441 
.0.39551 
.0.40152 

0.70 
0.72 
0  74 

0.76 
0<78 

0.40758 
0.37977 
0  3S1B6 
0. 32389 
0.29591 

-0.40255 
.0.39871 
.0  39019 
.0. 37721 
.0. 36003 

0.80 
0.82 

0  114 
II.  OH 

;0.86 
0.88 

0.26796 
0.24009 
0  91294 

0.18476  , 
0.15739 

.0.33896 
.0.31433 

.0,25591 
.0.22293 

0.90 
0.92 
0.9^ 
•  0.96. 
0.98 

0. 130Z7 
.  0.10346 
0.07698 
0.05089 
0.02521 

.0.  IBBOU 

.0. 15157 
.0. 11411 
.0.07605 
.0. 03787 

1.00 

0. 00000 

['V"] 

0.00000 

1. 00000 
0.99253 
0.97027 
0.93373 
0.88372 

0. 82136 
0. 74804 
0. 66537 
0.57518 
0.47943 

0.38020 
0.27960 
0. 17976 
♦0. 08277 
.0. 00942 

.0. 09498 
.0. 17226 
.0. 23986 
.0.29664- 
.0.34171 

.0.37453 
.0. 39482 
.0.40264 
.0. 39835 
.0.38259 

.0.  35628 
.0. 32056 
.0.27678 
.0.22648 
.0.17130 

.0.11295 
.0. 05320 
♦0. 00622 
0. 06363 
0.11745 

0. 16625 
0.20878 
0.24399 
0.27107 
0.28945 

0.29882 
0. 29915 
0. 29063 
0.27374 
0.24914 

0.21J74 
0. 18b59 
0.13891 
0. 09399 
0.04722 

0. 00000 

m 


1.  00000 
0. 98614 
0.94515 
0.87872 
.0.78961 

0. 68146 
0. 55871 
0.42632 
0. 28958 
0.15386 

♦0«02438 
.0. 09404 
.0. 19716 
.0. 28155 
.0.34466 

.0.  38498 
.0. 40207 
-0. 39653 
.0.  36998 
.0. 32493 

.0. 26467 
.0. 19304 
.0. 11431 
-0. 03289- 
♦0. 04684 

0. 12P78 
0. 18527 
0.23725 
0. 27445 
0.29541 

0. 29959 
0. 28731 
0. 25977 
0. 21892 
0.16735 

0.10814 
♦0. 04470 
.0.  01945 
.0.  08082 
-0.13618 

.0. 18270 
-0. 21808 
-0. 24067 
-0. 24957 
-0. 24461 

-0.22637 
-0. 19613 
-0. 15580 
-0^10779 
-0. 05486 

0. 00000 


TaUe  9.6 

1.00000 
0.97783 
0.91280 
5.80920 
0.67388 

0. 51568 
0. 34481 
0.17211 
♦0.00827 
.0. 13693 

.0.25533 
.0.34090 
.0. 39013 
.0.40225 
.0. 37917 

.0.32527 
.0.24698 
.0.15223 
.0.-04980 
♦0. 05137 

0.14293 
0.21767 
>  0.27011 
0.^29684 
0. 29671 

0.27086 
0.22252 
0.15667 
♦0. 07960 
.0.00168 

.0.4)8007 
.0.14891 
.0.20259 
.0.23697 
^0.24965 

.0.24019 
-D.  21003 
.0.16237 
.0.10179 
.0.03389 

♦0.03525 
0.09960 
0.15369 
0.19306 
0.21464 

0.21694 
0.20021 
0.16630 
0.11854 
^  0. 06138 

0,00000 

m 


Math. :,  220-224  (1*48)  (with  |«rmliaion). 
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BUSBL  ruNonom  bF  ditioib  obsib  ' 


T«U«9.7         BE8SEL  FtNCTIONS— MISCELUrWBOCS  ZEROS 

•*>•  Zero  of  s/i  (s)  •>  lijl^iMX 


1 

2 

o 

4 

S 

0«  0000 

3. 8317 

7, 0156 

•        10» 1735 

13.3237 

0, 02 

0, 1995 

3. 8369 

1    Al  OA 

7.  0184 

t  A    1 ISA 

10. 1754 

13.3252 

0. 04 

0.2814 

3.8421 

7.0213 

10.1774 

13. 3267 

0.06 

0.3438 

3.8473 

7.0241 

10.1794 

13.3282 

0.08 

0.3960 

3. 8525 

7. 0270 

10. 1613 

13.3297 

0.10 

0.4417 

3.85n 

7.0298 

10.1833 

.  13.3312 

0,20 

0.6170 

3.8835 

1.0440 

10. 1931 

13.3387 

0,40 

0. 6516 

3.9344 

7. 0723 

4  A     AV  A  A 

10. 2127 

13.3537 

0.60 

1.0184 

3.. 9841 

7.1004 

.10. 2322 

13.3686 

0.80 

1.1490 

4. 0325 

«•    «  AAA 

7.1282 

%  A     AW  4. 

Ip. 2516 

13.3835 

1.00 

1.2558 

4. 0795 

7.1558 

10. 2710 

13.3984 

« 

•  1 

2 

3 

4  . 

6 

<x> 

1.00 

1.2558  ' 

4. 0795 

7. 1558 

10. 2710 

13.3984 

1 

0.80 

1.3659 

4. 1361' 

7.1898 

10. 2950 

13.4169 

1 

A  AM 

0«oO  . 

1.  50t9 

4. 2249 

7.  wn 

13.4476 

2 

0.40 

1.7060 

4.9818 

7.3508 

10.4118 

13.5079 

3 

0.20 

1.9898 

4.7151 

7.6177 

10.^23 

13.6786 

^  5 

0.10 

2.1795 

.  5.0)32  . 

7.9569 

10.9363 

13.9580 

10 

0.08 

2.2218 

5.1172 

8.0624 

11.0477 

14.0666 

13 

0.06 

2.2656 

5.2085 

8.1852 

11.1864 

14.2100 

17 

0.04 

2.3108 

5.3068 

8.3262 

11.3575 

14.3996 

25 

0.02 

2.3572 

.  5.4112 

8.4840 

11.5621 

14. 6433 

SO 

0.00 

2; 4048 

5.5201 

8.6537 

11.7915 

14.9309 

<• 

1 

9 

J-    1.8  ^ 

'  4 

5 

0.5 

0.0000 

5.1356 

8.4172 

11.6198 

14.7960 

0.6 

1.1231 

5.2006 

8.4569 

11.6466 

14.8185 

K7 

1.4417 

S.2476 

6.4853 

11.6691 

14.8346 

0.8 

1.6275 

5.2826 

8.5066 

11.6845 

14.8467  • 

0.9 

1.7517 

5.3098 

8.5231 

11.6964 

14.8561 

1.0 

1.8412 

t 

5.3314 

6.5363 

11.7060 

14.8636 

6 

X-«\« 

1 

2 

8 

4 

5 

<X> 

1. 00 

1.6412 

5.3314 

11.7060 

14.8636 

1 

0.80 

1.9644 

5.3702 

6.5600 

11.7232 

14.8771 

1 

0.60 

2.1092 

5.4085 

6.5836 

11.7404 

14.89116 

2 

0.40 

2.2192 

5.4463 

8.6072 

11.7575 

14.9041 

3 

0.20 

2.3171 

5.4835 

8.6305 

11.7745 

14.9175 

5 

0.10 

2.3621 

5.5019 

6.6421 

11. 7030 

14. 9242 

10 

0.08 

2.3709 

5.5055 

6.6445 

11.7847 

14.9256 

13 

0.06 

2.3795 

5. 5092 

8.6468 

11.7864 

14.9269 

17 

0.04 

2.3680 

5.5128 

8.6491 

11.7881 

14.9282 

25 

0.02 

2.3965 

5.5165 

6.6514 

11.7898 

14.9296 

SO 

0.00 

2.4048 

5. 5201 

8.6537 

11.7915 

14. 9309 

«» 

<X> 

"BANBt  intigBr  to  X. 

Compiled  from  H.  S.  Canlaw  and  J.  C.  Jaeger,  Conductkn)  of  heat  in  solids  (Oxford 
Univ.  Press*  London,  England,  1M7)  and  British  Association  for  the  Advancement 
of  Science,  Beasel  functions,  Part  I.  Functions  of  orders  sero  and  unity.  Math* 
ematical  Tables,  vol.  VI  (Cambridge  Univ.Pkess,  Cambridge,  England,  1960)(with 
^permission). 
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BESaBL  rUNOnONS  OP  JMTBQIR  OBOBB 


BESSEL^  FUNCTIONS— MISCELLANEOUS  ZEROS        Tabk  9.7 


1 

g% 

3 

4 

5 

<^> 

o.ao 

12,  SS847  051 

2S«  12877 

37. 69646 

50. 26349 

62.83026 

1 

0.  bO 

4.  ev/De  410 

9.41690 

14.131B9 

18. 84558 

23.  SS876 

2 

0.40 

2. 07922  886 

4.17730 

6.27537 

8. 37167 

10.46723 

3 

0.20 

0.76919  127 

1.SS710 

2.34641 

3.13403 

3.92084 

5 

0.10 

0. 93139  387 

O; 68576 

1.09774 

1.38864 

1.73896 

10 

0.08 

0.2S732  649 

0.53485 

0.81055 

1. 08536 

1.35969 

13 

0.06 

0.16699  498 

•  0.39079 

0.59334 

0. 79522 

0.99673 

17 

0.04 

0.12038.637 

.  0.29340 

0.38570 

0.51759 

0.64923 

25 

0.02 

0. 0S768  450 

0.12272 

0.18751  / 

-    0. 25214 

0.31666 

50 

0.00 

0.00000  000 

0.00000 

0.00000  N 

^  '  0. 00000 

0.00000 

• 

Zero  of  /i  (s)  Yt  Oa) -  Yi  Or)/i  (la) 


1 

.  2 

3 

4. 

5 

<x> 

0.80 

12. 59004  191 

25.14465 

37.70706 

50.27145 

62.83662 

1 

0.60 

4.75805  426 

9.44837 

14.15300 

18.86146 

23.57148 

2 

0.40 

2. 15647  249 

4.22309 

6.30658 

8. 39528 

10.48619 

3 

0.20 

0.84714  961 

1. 61108 

2.38532 

3. 16421 

3.94941 

9 

0.10 

0.39409^416 

0.73306 

1.07483 

.  1.41886 

1.76433 

10 

0.08 

~  0.31223  576 

0.57816 

0.84552 

1. 11441 

1.38440 

13  < 

0.06 

0. 23239  256 

0.42843 

0.62483 

0. 82207 

,  1.02001 

17' 

0.04 

0. 1540a  729 

0. 28296 

0.411S7 

V,  54044 

0.66961 

29 

0.02 

0.07672  788 

0.14062 

0.20409 

0. 26752 

0.33097 

,  50 

0.00 

0.00000  000 

0. 00000 

0.00000 

0. 00000 

0.00000 

m 

V 


••h  Zero  of  /i  («)  yo(Juf)-  Ki  (»)/o(>») 


1 

2 

3 

4 

6 

0.80 

6.56973  310 

18.94971 

31.'47626 

44. 02544 

56.58224 

1 

0.60 

2.60328  13« 

7. 16213 

11.83783 

16. 53413 

21.23751 

2 

0.40 

1.24266  626 

3.22655 

5.28885 

7. 36856 

9.49462 

3 

0.20 

0.51472  663 

1.24657 

2.00959 

2.78326 

3.96197 

5 

0.10 

0.24481  004 

.  0.57258 

0.90956 

1.25099 

1.59489 

10 

0.08 

0.19461  772 

0.45251 

0.71635 

0. 98327 

1. 2S203 

13 

0.06 

0.14523  798 

0.33597 

,  0.53005 

0. 72594 

0.92301 

17 

0.04 

0. 09647  602 

0.22226 

0.34957 

0.47768 

0.60634 

25 

0.02 

0.04813  209 

0.11059 

0.17353 

0. 23666 

0.29991 

5P 

0.00 

0.00000  000 

0.00000 

.0.00000 

0. 00000 

0.00000 

• 

<X>  •Bearcat  integer  to  X. 
Compiled  from  Britiih  Aaiodatlon  (or  the  Advanoement  of  SdenH  Beaael  fmc 


tioDfl,  Part  I.  Funetibns  of  ordm  zero  and  unity,  Mathematicid  Tables,  vol.  VI 
(Cambridge  Univ.  Pnee,  Cambridge,  England,  1960)  (with  perroiaaion). 
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BsaasL  FOMonoNtf  of  imtbobb  obdir 


Tflbi^^JI     .NOMFIED  BESSBL  f^lHIONS-^RDEM  0,  1  AMD  2 


L 00000  00000 
0.90710  09298 
0.82693  89916 
0.79798  06292 
0.69740  21709 

0.64903  92706 
a.  99932  72031 
0.99930  99269 
0.92414  89420 
0.49316  29662 

0.46979  96077 
0.44144  03776 
0.  41978  20789 
0.40042  49127 
0.98306  29194 

0.36743  36090 
0.19331  49978 
0.34091  96880 
0.32887  19497 
0. 31024  31629 

0.30890  83229 
0.29996  30949 
0.29131  73331 
0.28369  29897 
0.27662  23231 

0.27004  644U 
0.26391  39997 
0.29818  01238 
0.29280  99337 
0.24779  97304 

0.24300  03942 
0.23891  26187 
0.23426  88316 
0.23024  79849 
0.22643  14011 

0.22280  24380 
0.21934  62249 
0.21604  94417 
0.21290  01908 
0.20988  79279 

0.20700  19211 
0.20423  49274 
0.20197  73140 
0.19902  32971 
0.19696  99909 

0.19419  82777 
0.19191  99191 
0.18971  34330 
0.18798  62042 
0.18992  W21 


0.00000.00000 
0.04929  84468 
0.08228  31239 
0.11237  79606 
0.13676  32243 

0.19642  08032 
0.17216  44199 
0.18466  99628 
0.19449  86933 
0.20211  6ia»9 

0.20791  04194 
0.21220  16132 
0.21929  68994 
0.21729  79878 
0.21890  79923 

0.21903  93874 
0.21901  94899 
0.21899  28066 
0.21772  62788 
0.21661  19112 

0.21926  92892 
0.21374  76721 
0.21208  77328 
0.21032  30091 
0.20848  10887 

0.20698  46499 
0.20469  22944 
0.20269  90640 
0.20073  74113 
0.19677  72816 

0.19682  67133 
0.19489  n309 
0.19297  86229 
0.19109  01727 
0.16922  96911 

0.16739  99766 
0.16960  22484 
0*18383  76980 
0.16210  79810 
0.16041  18943 

0.17879  (»394 
0.17712  44763 
0.17993  29260 
0.17397  46091 
0.17249  02337 

0.17099  66223 
0.16949  97311 
0.16607  22681 
0.16667  97098 
0.16930  92936 


0.18394  06126 


0.12900  00000 
0.12m  41992 
0.12941  71878 
0.12994  01407 
0.12667  90222 

0.12762  49967 
0.12879  24416 
0.13018  29696 
0.13180  14318 
0.13369  39819 

0.13974  76698 
0.19809  04992 
0.14069  14499 
0.14396  09409 
0.14670  88837 

0.19014  67192 
0.19389  34944 
0.19799  79286 
0.16239  60900 
0.16711  14772 

0.17223  71119 
.  0.17779  .96370 
0.18368  94291 
0.19006  26964 
0*19690  16460 

0.20423  49837 
0.21209  20841 
0.22090  71909 

1.22991  93938 
.2391^92213 

0.24946  60490 
0.26049  69292 
0.27229  47797 
0.26490  66666 
0.29839  61010 

Ot 31281  73100 
0.32623  72078 
0.34472  57467 
0.36239  63128 
0.36121  61928 

0.40136  68399 
0.42296  47939 
0.44609  16629 
4.47079  72701 
49719  98669 

0.92990  70272 
0.99981  63319 
0.68827  61978 
0.62304  67409 
0.66030  07270 

0.70022  49986 

m 


0.16397  22669 

Compiled  tnrn  British  AtMMsiatkm  for  the  Advmeenent  of  Sdenee,  Beanl 
fuBCtioiu,  Firt  LFuaetkuM  of  onlen  too  and  unity.  Mathematical  Tables, 
vol.  VI ,  Put  II.  fmc^  of  porftive  intsBir  ord?r,  Mathematical  XaMe^ 
vol.  X(Camfarid8e  Univ.  Pnm,  Gamhridfle,  Englaad,  IWO,  1862)and  L  Foi, 
A  short  ^  fbr  Bcssel  hmetion  of  integsrorden  and  laise  argitnmts.!^ 

Society  Shorter  Mathematical  TaUes  No.  8  (Cambridge  Univ.  Pnee,  Cam- 
bridge, Eaghmd.  iW4)  (with  pcrmiirioB). 
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BI8BEL  rUNCnONB  OF  OmOBB  ORPIB 

MODIFIED  BE88EL  FUNCTIONS-UHIDEIIS  0,  1  AND  2^  Table  9^ 

9                fKniw)  fKi(x)  «>dr9(«) 

0.0                 •  •  2.00000  0000 

0.1  2.68292  61023  10.89018  2609  1.99909  9646 

0. 2  2. 14079  79299  9. 89998  6097  1. 98049  7172 

0.9  1.8S262  79007  4.12S19  7762  1.95711  6625 

0.4  1.66268  20891  .  9.25867  9880  1.92580  8202 

6.5  1.92410  99857  2.79100  97082  1.88754  5888 
0.6  1.41679  76214  f.  97992  00976  1.84990  9881 
.0.7  1.99012  96962  *  2.11501  19128  1.79405  1681 
0.8  1.25820  91216  1.91799  02990  1.74067  2762 
0.9  1.19716  99809  1.76298  82197  1.68401  1992 

1.0  1.14446  90797  1.69615  94869  1.62489  8899 

1.1  1.09899  02828  .  1.59140  97541  1.56989  0959 

1.2  1.05748  49922  1.44289  7552i  1.50167  9576 
1.9  1.02097  91619  1.96698  72841  1.49886  2011 
1.4  0.98806  99961  1.90105  97400  1.97590  4446 

1.9  0.95821  db5>9  1.24916  58796  1.91922  5917 

1.6  0.99094  59808  1.19186  75654  1.25119  2681 

1.7  0.90591  81986  1.14609  92462  1.19011  6819 

1.8  0.88289  95270  L 10480  59726  1.19026  0897 

1.9  0.86145  06168  1.06747  09298  1.07184  2567 

2.0  0.84156  82151  NL.  09947  68471  1.0iIq9  9018 

2.1  0.82901  71525  1.00296  80527  0.95999  1226 

2.2  0.80565  99812  0.97977  01679  0.90680  7952 
2.9  0.78995  61912  0.94797  22250  0.85556  9487 

2.4  0.77401  81407  0.92291  ^6650  0.80699  1119 

2.5  0.75954  86909  0.90017  44299  0.79912  6289 

2.6  0.74586  82490  0.87896  72806  0.71996  9565 

2.7  0.79290  71515  0.85919  18867  0.67085  9227 

2.8  0.72060  41251  0.84059  00604  0.62977  9698 

2.9  0.70890  49774  0.82904  20409  0.59070  9688 

9. 0  0»  69776  15980  0. 80656  94800  0. 55959  4126 

9.1  0.68719  11010  0.79100  90157  0.51840  S885 

9.2  0.67697  91199  0.77628  02824  0.48908  7906 
9.9  0.66725  91891  0.76292  42864  0.45998  1990 
9. 4  0. 69795  22725  0. 74907  20619  0. 42982  7789 

9.9  0.64902  69977  0.79646  75480  0.99976  2241 

9.6  0.64049  99647  0.72446  06608  0.96991  9074 

9.7  0.69221  80591  0.71900  65010  0.94449  1194 

9.8  0.62429  19812  0.70206  46991  0.92109  0914 

9.9  0.61665  79147  0.69159  88206  0.29905  0589 

4.0  0.60929  76699  0.68197  99492  ^.  0.27842  2808 

4.1  0.60219  65064  0.67196  61952  0.25908  1998 

4. 2  0. 59999  fMS^-  0. 66274  24110  0. 24096  1169 
4.9  Jkmif^imi  0.65987  98999  0.22999  8474 
J^.^ — —^9M90  12704  0.64999  98689  0.20819  1411 

4.9  0.97609  67897  0.69714  97988  0.19929  9969 

4.6  0.97008  72022  0.62924  26989  0.17944  6150 

4.7  0.56426  24840  0.62161  69912  0.16691  4127 

4.8  0.99861  99194  0.61429  66009  0.19445  0249 

4.9  0.55919  10997  0.60714  68191  0.14920  9117 

5.0  0.54780  75649  0.60027  98587  0.19272^^99 
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Table  9.8    MODIHEO  BESSEL  FUNCTIONS— ORDERS  0,  1  AND  2 


X 

5  O/ 

0  18354  08126 

D  18161  S1021 

5.2 

0.17974  94883 

S.9 

0.17794  08646 

V.  ArOAO  «l^*fr9 

A  17A4fl  19ft64 

ft  A 

5.7 

0. 17122  15962 

5.8 

0. 16965  64061 

ft  Q 

JL  n 
o«  u 

n  1 1LA6ft  71^97 
U.  AD0D9  m9CI 

A  1Jkft91  ftQA91 

6.2 

0.16981  14064 

6.3 

0.16244  29718 

0.  ^ 

n  ijkiin  7^1 7ft 

^  ft 

A  IftQfln  AMQA 

U. i9o97  ^091^ 

6.7 

0.15729  24891 

6.8 

0. 15608  01720 

U.  i940T  MvtU 

V.  19777  im^l 

7«  i 

9.  I920II  99044 

7.2 

0.15149  81855 

7.3 

0.15041  46590 

7.  4 

Q. 14999  419 fi 

7.  5 

A  lAO^I  ftfllAI 

7.0 

Q. 14729  OT090 

7.7 

0.14630  28062 

7.8 

0.14S32  66611 

7.  T 

U. 14490  T0042 

A  A 
8.  0 

Q. 14949  17010 

9. 1 

A  1 A9ft1  lOAOft 

U.  14291  101199 

8.2 

0.14160  93695 

8.3 

0.14072  39098 

8. 4 

A  1  MAft  AOA^T 

Q.  19909  491127 

8.5 

A  1MAA  1 0A^A 

Q#  199IIII  10490 

8.  6 

A  1  ^01 L. 

0. 19d1o  42474 

8.7 

0. 19794  16526 

8.8 

0.13653  96147 

II  A 

8.9 

A  1  AOO 

U. 19979  97U02 

A  A 

9.  0 

A   1  <tAOC  OC9A9 

0.13499  99247 

A  1 

9.1 

A   1 A  ^^99A 

Q. 19419  20720 

9.2 

0.13343  87740 

9.3 

0.13269  74691 

9  4 

0  13196  84094 

.  9.5 

0. 19125  12609 

9.6 

0.13054  57016 

9.7 

0.12985  14223^ 

9.8 

0. 12916  61248 

9.9 

0.12849  55220 

10.0 

0.12789  99971 

ERIC 


e-'/i(*) 
0.16997  22669 
0.16266  96546 
0.16196  92650, 
0.16012  97919 
0.15890 


0.15770 
0.15652  42905 
0.15597  15922 
0.15424  29641 
0.15915  56742 

0.15205  14599 
0.15096  64754 
0.14994  62978 
0.14692  49212 
0.14792  19595 

0.14699  66457 
0.14597  96914 
0.14502  69866 
0.14409  75991 
0.14916  51745 

0.14226  92947 
0.14140  99166 
0.14054  49809 
0.19969  57915 
0.19666  19959 

0.19804  12115 
0.19729  50999 
0.19644  24270 
0.19566  90918 
0.19489  64995 

0.19414  24999 
0.19940  06669 
0.19267  07705 
0.19195  24962 
0.19124  59929 

0.19054  99551 
0.12966  40505 
0.12916  92194 
0.12852  45679 
0.12786  99242 

0.12722  49699 
0.12656  95942 
0.12596  99501 
0.12594  62199 
0.12479  79145 

0.12419  62477 
0.12954  70154 
0.12296  40258 
0.12296  90929 
0.12182  20964 

0.12126  26814 


0.11795  1906 
0.11782  5955 
0. 11767  8994 
0.11751  4526 
0.11799  ^527 

0.11719  7495 
0.11692  7581 
0.11670  5168 
0.11647  1984 
0.11622\  7207 

0. 11597 \ 9619 
0. 11571 1464 
0.11544  1699 
0.11516  4609 
0.11466  Xi705 

0.11459  2»56 
0.11429  9157 
0.11400  0645 
0.11969  8525 
0.U999  2660 

0.11906  9676 
0.11277  1974 
0.11245  7919 
0.11214  1699 
0.11162  4046 

0.11150  4640 
0. 11116  4461 
0.11066  9215 
0.11054  1266 
0.11021  6652 

7 10969  6156 
0.10957  9966 
0.1092S  0645 
0.10892  6142 
0.10860  6000 

0.10826  4946 
0.10796  9905 
0.10764  2969 
0.10792  9461 
0.10700  4694 

0.10666  7906 
0.10697  0796 
0.10605  SOT' 
0.10574  1294 
0.10542  8428 

0.10511  6699 
0. 10480  6740 
0.10449  J015 
0.10419  0759 
0.10986  5010 


0.10356  , 

1-6)2' 
.  6 
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MODinSD  BE9SEL  FDNCnONS-OSDEKS  0,  I  AND  2    Table  9.11 


s 

5.0 

0.54780 

75643 

5.1 

0.5426) 

53519 

5.2 

0.53760 

73540 

9*  9 

0.53271 

69744 

0.52795 

80329 

5.5 

0. 52332 

47316 

5.6 

0,51081 

16252 

5.7 

0. 51441 

35938 

9.  e 

0. 51012 

58183 

5.9 

0.50594 

37583 

6.0 

0. 50186 

31309 

6.1 

0.49787 

98929 

6.2 

0.49399 

iMAA4 

02237 

0.49019 

05093 

6.4 

0.48647 

73291 

6.5 

0;  48284 

74413 

6.6 

0.47929 

77729 

6.7 

0.47582 

54066 

6.8 

0. 47242 

75723 

6.9 

0.46910 

16370 

7.0 

(L465M 

50959 

7.1 

0.46265 

55657 

7.2 

0.45953 

07756 

7. 9 

0. 45646 

85618 

7.4 

0.45346 

68594 

7.5 

0. 45052 

36991 

7.6 

0.44763 

71996 

7.7 

0.44480 

55636 

7. 0 

0.44202 

70724 

7.9 

0. 43930 

00819 

WW*  T 

8.0 

3018S 

8.1 

0.43399 

43754 

0.2 

0.43141 

27084 

8.3 

0.42887 

66329 

9*4 

IL  42638 

48214 

8.5 

0. 423^3 

S9993 

8.6 

0.42152 

89433 

8.7 

0.41916 

24781 

8.8 

0.41683 

S4743 

8.« 

0. 414S4 

68462 

9.  Of 

0. 41229 

58493 

9.1 

0.41008 

05783 

9.2 

0. 40790 

09662 

T.J 

0.40575 

57809 

9.4 

0.40364 

41245 

9.5 

0.40156 

51322 

9.6 

0.39951 

79693 

9.7 

0.39750 

18313 

9.8 

0.39551 

59416 

9.9 

0.39355 

95506 

10.0 

0.39163 

19344 

0.60027  38587 
0.59362  50463 
0.58718  86062 
0.58095  36085 
0.57490  98871 

0.56904  79741 
0.56335  90393 
0.55783  48348 
0.55246  76495 
0.54725  02639 

0.54217  59104 
0.53723  82386 
0.53243  12833 
0.52774  94344 
0.52318  74101 

0.51874  02336 
0.51440  32108 
0.51017  19097 
0.50604  21421 
0.50200  99471 

0.49807  15749 
0.49422  34737 
0.49046  22755 
0.48678  47842 
0.48318  79648 

0.47966  89336 
0.47622  49486 
0.47285  33995 
0.46955  18010 
0.46631  77847 

0.46314  90928 
0.46004  35709 
0.45699  91615 
0.45401  39001 
0.45108  59089 

0.44821  33915 
0.44539  46295 
0.44262  79775 
0.43991  18594 
0.43724  47648 

0.43462  52454 
0.43205  19116 
0.42952  34301 
0.42703  85204 
0.42459  59520 

0.42219  45430 
0.41983  31565 
0.41751  06989 
0,41522  61179 
0.41297  84005^ 

0.41076  65704 


0.78791  711 
0.77542  949 
0.76344  913 
0.75194  475 
0.74088  762 

0.73025  127 
.0.72001  128 
0.71014  511 
0. 70063  190 
0.69145  232 

0.68258  843 
0.67402  358 
0.66574  225 
8.65773  001 
0.64997  339 

0.64245  982 
0.63517  753 
0.62811  553 
0.62126  350 
0.61461  177 

0.60815  126 
0.60187  345 
0.59577  030 
0. 58983  426 
0.58405  820 

0. 57843  541 
0.57295  955 
0.56762  463 
0.56242  497 
0.55735  522 

0.55241  029 
0.54758  538 
0.54287  592 
0.53827  757 
0.53378  623 

0. 52939  797 
0. 52510  909 
0.52091  604 
0.51681  544 
0.51280  410 

0.50887  894 
0. 50503  704 
0.50127  562 
0.49759  202 
0.  49398  369 

0.49044  819 
0.40698  321 
0.48358  651 
0.40025  597 
0.47698  953 

0.47378  525 
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Table  9^      MODIHEO  I^ESSEL  FUNGTIONS-OBDCHS  0,  1 


10.0 
10.2 

10.6 
10.0 

11.0 
11.2 
11.4 
11.6 
11.8 

12.0 
12.2 
12.4 
12.6 
12.8 

1S.0 
13.2 
19.4 
19.6 
19.6 

14.0 
14.2 
14.4 
14.6 
14.8 

15.0 
15.1 
15.4 
15.6 
19.8 

16.0 
16.2 
16.4 
16.6 
16.8 

17.0 
17.2 
17.4 
17.6 
17.8 

18.0 
18.2 
18.4 
18.6 
18.8 

19.0 
19.2 
19.4 
19.6 
19.8 

20.0 


0.12iB9  99971 
0.126S9  91699 
0.12528  95822 
0.12406  47082 
0.12288  078^^0 

0.12l79"0I6i 
0.12061  19210 
0.119S2  28165 
0.11846  92942 
0.11749  14929 

0.11642  62212 
0.11544  69616 
0.11449  0»94 
0.119S5  jB7206 
0. 112M^ 90074 

0.11176  08998 
0.11089  99621 
0.11004  57995 
0.20921  79994 
^6l9BM  74978 

i.10761  52517 
0.10684  01959 
0.10608  16619 
0.10599  90688 
0.10461  18671 

0.10989  9^914 
0.1092045a8 
0.10251  74819 
0.10184  68951 
0.mi8  91887 

0.10094  41279 
0.09991  12544 
0.09929  01906 
0.09868  05729 
0.09800  20599 

0.09749  49005 
0.09691  69998 
0.09694  98277 
0.09579  29085 
0.09524  47546 

0.09470  62952 
0.09417  68709 
0.09965  62299 
0.09914  41996 
0.09264  09509 

0.09214  46572 
0.09165  66400 
0.09117  66929 
0.09070  40151 
0.09029  86167 


0.08978  09119 


0.12126  26814 
0.12016  64024 
0.11909  89584 
0.11805  91279 
0.11704  57564 

0.1I60rT7582 
0.11509  41055 
0.11415  98276 
0.11929 
0.11299  97 

0.11146  4 
0.11060 
0.10971 
0.10895  48501 
0.1(^5  50080 

0.XQ797  29999 
0410660  64190 
J.  10585  64916 
/  0.10512  20685 
0.10440  26267 

0.10969  76675 
0.10900  67148 
0.10292  99142 
0.10166  50911 
0.10101  94906 

0.10097  41751 
0.09974  68245 
0.09919  10948 
0.09852  64572 
0.09799  27574 

0.09794  96147 
0.09677  67216 
0.09621  97826 
0.09566  05145 
0.09511  66444 

0.09456  19107 
0.09405  60614 
0.09959  88542 
0.09909  00560 
0.09252  94429 

0.09209  67968 
0.09155  19119 
0.09107  45848 
0.09060  46297 
0.09014  18411 

0.06966  60569 
0.08929  70966 
0.06879  47929 
0.06895  69629 
0.06792  95099 

0.08750  62222 


2 

0.10996  0601 
0/10297  7124 
Cl0297  9996 
0.10176  9401 
0.10120  5644 

0.10062  6758 
0.10005  6606 
0.09949  5629 
0.09699  9645 
0.09699  0659 

0.09761  8698 
0.09791  9770 
0.09678  5608 
0.09626  4900 
0.09574  9767 

0.09524  2009  i 
0.09474  0674 
0.09424  6929 
0.09975  6266 
0.09927  6622 

0.09260  12991 
0.09299  2208 
0.09166  9257 
0.09141  2952 
0.09096  1401| 

0.09051  690g 
0.09007  698q 
0.06964  9921 
0.06921  9298 
0.06879  2697 

0.06697  S42i 
0.06796  9511 
0.06799  6^ 
0. 06719  921 
0.06679 


0.06696  7017 
0.06996  0242 
0.06999  6299 
0.06522  0911 
0.06464  6186 

0.06447  9984 
0.06411  6221 
0.06979  6619 
0.06940  1701 
0.06969  0799 

0.06270  4020 
0.06296  1109 
0.06202  2990 
0.06166  7792 
0.06199  6646 

0.06102  9690 
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MOOinED  BESSEL  FUNCTI0NS-4)RDERS  0,  1  AND  2     Table  9.8 


10.0 
10.2 
10.4 
10.6 
10.8 

n,o 

11.2 
11.4 
11.6 
11.8 

12.0 
12.2 
12.4 
12.6 
12.8 

13.0 
13.2 
13.4 
13.6 
13.8 

14.0 
14.2 
14.4 
14.6 
14.8 

15.0 
15.2 
15.4 
15.6 
15.8 

16.0 
16.2 
16.4 
16.6 
16.8 

17.0 
17.2 
17.4 
17.6 
17.8 

18.0 
18.2 
18.4 
18.6 
18.8 

19.0 
19.2 
19.4 
19.6 
19.8 

20.0 


0.39163  19344 
0.38786  02539 
0.38419  55846 
0.38063  29549 
0.37716  77125 

"b737379~549n 
0.37051  22156 
0.36731  40243 
0.36419  73076 
0.36115  66616 

0.35819  48784 
0.35530  29318 
0.35247  99643 
0.34972  32746 
0.34703  03081 

0.34439  86455 
0.341tt  59943 
0.33931  01806 
0.33684  91405 
0.33444  69142 

0.33208  36363 
0.32977  55402 
0.32751  49332 
0.32530  02091 
0.32312  98364 

0.32100  23534 
0.31691  63655 
0131687  05405 
0.31466  36051 
0.31289  43424 


0.41076  65704 
0.40644  68479 
0.40225  96277 
0.39819  88625 
0.39425  76391 


0.31( 
0.30^ 
0.307li 
0.305] 
0.303! 

0.3016b 
0.30007 
0.29836 
0.29668 
0.29504 


15660 
42269 
,11919 
14592 
iq467 

801^ 

24676 

65276 

93657 

01617 


0.29341  62062 
0.29162  26967 
0.29025  29472 
0.26670  62654 
6.26716  79933 

0.26569  14944 
0.26421  61554 
0.26276  73646 
0.26133  66117 
0.27993  12662 

0.27654  48766 

[<-.«'] 


0.39043  09362 
0.38671' 27920 
0.38309  89725 
0.37956  29616 
0*37616  21391 

0.37263  17534 
0.36956  79032 
0.36642  69191 
0.36394  53436 
0.96099  99192 

0.95740  75702 
0.95454  ^9922 
0.95175  06997 
0.94902  07149 
0.94695  91556 

0.94974  56922 
0.94119  59914r 
0.99670  1959f 
0.99626  17099 
0.99987  92856 

0.99159  48949  s 
0.92924  46192 
0. 92700  14049 
0.92460  91060 
0.92264  64961 

0.92059  59662 
0.91646  49471 
0.91649  22766 
0. 91449  65164 
0. 91248  18607 

0.91056  12940 
0. 90867  54666 
0. 90662  96027 
0.30500  45765 
0.90921  74518 

0. 90146  19069 
0.29979  52642 
0.29609  64697 
0.29697  01096 
0.29472  94009 

0.29911  55677 
0.29152  79458 
0.26996  57766 
0.26642  64066 
0.26691  51686 

0.26542  54970 


««iCa(«) 
0.47976  525 
0.46755  571 
0.46155  924 
0.45576  482 
0.45017  642 

6.44478  294 
0.49956  807 
0.49452  427  • 
0.42964  265 
0.42491  496 

0.42099  950 
0.41589  111 
0.41156  106 
0.40799  714 
0.40999  942 

0.99996  449 
0.99554  499 
,0.99161  026 
0.96617  572 
0.96469  702 

0.98119  016 
0.97789  191 
0.97455  667 
0.97196  946 
0.96624  785 

0.96520  701 
0.96229  805 
0.95999  626 
0.95650  509 
0.95979  592 

0.95102  856 
0.94698  081 
0.94579  049 
,  0.94925  562 
0.94077  427 

0.99894  464 
0.99596  497 
0.99969  961 
0.99194  896 
0.92910  956 

0.92691  991 
0.92476  064 
0.92264  649 
0.92057  602 
0. 91654  218 

0.91654  577 
0.91456  565 
0.91266  076 
0.91077  006 
0.90891  262 

0.90708  749 
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Table  9.8         MODII'IED  BETHEL  FUNCTiONH^AUXILIARY  TABLE  FOR  LAAGE  ARGUMENTS 


7- 


o«oso 

0«048 
0«046 
0«044 
0«042 

0.040 
0.038 
0. 036 
0. 034 
0.032 

0.030 
0.028 
0.026 
0.024 
0.022 

0.020 
0.018 
0. 016 
0.014 
0. 012 

0.010 
0. 008 
0.006 
0.004 
0.002 

0.000 


0. 40130  9761 
0.40140  4058 
0. 40129  8619 
0.40119  3443 
0.40108  8526 

0. 40098  3868 
0.40087  9466 
0.40077  5319 
0.40067  1424 
0.  40056  7781 

0. 40046  4387 
b. 40036  1241 
0.40025  8340 
0.40015  5684 
0.40005  3270 

0.39995  1098 

0.  39984  9164 

0.  39974  7469 

0. 39964  6009 

0. 39954  4785 

p. 39944  3793 
0.  39934  3033 
0. 39924  2503 
0. 39914  2202 
0. 39904  2128 

0.  39894  2280 


0.  39133  9722 
0.39164  8743 
0.39195  7336. 
0. 39226  5502 
0.39257  3245 

0.39288  0567 
0.  39318  7470 
0.39349  3958 
0.39380  00)2 
0.39410  5695 

0.39441  0950 
0.39471  5798 
0.39502  0243 
0.39532  4286 
0.39562  7929 

0. 39593  1176 
0.39623  4028 
0. 39653  6487 
0.39683  8556 
0. 39714  0236 

0.39744  1530 
0. 39774  2440 
0.39804  2968 
0.39834  3116 
0.^39864  2886 

0. 39894  2280 


t^t  >h(x) 

0.36237  S79 
0.36380  578 
0. 36523  854 
0.  36667  408 
0.36811  237 

0.36955.  342 
0.37099  722 
0.  37244  375 
0.3T389  302 
0.37534  502 

0.37679  973 
0.  37825  716 
0.37971  729 
0.38118  012 
0.38264  564 

0.38411  385 
0. 38558  474 
0. 38705  830 
.0.38853  453 
0.39001  342 

0. 39149  496 

0. 39297  915 

0.39446  599 

0.39595  546 

0. 39744  756 

0.  39894  228 

['-a'"] 


t  •**«'Ko(«) 

0.39651  5620 
0.396&1  0241 
0.39670  5057 
0.39680  0069 
0. 39689  5278 

0.  39699  0666 
0. 39708  6293 
0. 39718  2101 
0. 39727  8110 
0.  39737  4322 

0.39747  0738 
0. 39756  7359 
0. 39766  4166 
0. 39776  1221 
0.39785  8465 

0.39795  5918 
0.39805  3583 
0.39815  1460 
0. 39824  9551 
0.39834  7857 


0. 39844  6379 
0.39854  5119 
Q.  39864  4077 
0. 39874  3256 
0. 39884  2657 


0. 39894  2280 


0.40631  0355 
0.40601  9771 
0.40572  8854 
0.  40543  7604 
0.40514  6017 

0.40485  4094 
0. 40456  1832 
0.40426  9230 
0.40397  6286 
0.40368  2998 

0. 40338  9365 
0.40309  5386 
0.40280  1058 
0.40250  6380 
0.40221  1349 

0.40191  5965 
0.40162  0226 
0.40132  4130 
0.40102  7674 
0.40073  0858 

0. 40043  3679 
0.40013  6136 
0.  39983  8226 
0,39953  9949 
0.}9924  1300 

0.  39894  2280 


0.43714  666 
0.43558  814 
0.43403  211 
0.43247  858 
0. 43092  754 

0.42937  901 
0.42783  299 
0.42628  949 
0.42474  850 
0.42321  003 

0.42167  410 
0.42014  070 
0.41860  984 
0.41708  153 
0.41555  576 

0.41403  256 
0.41251  191 
0.41099  383 
0.40947  833 
0.40796  540 

0)40645  505 
0.40494  730 
0.40344  214 
0.40193  958 
0.40043  962 

0. 39894  228 


<«> 

20 
21 
22 
23 
24 

25 
26 
28 

i 

38 
42 
4S 

50 
56 
63 
71 
83 

100 
125 
167 
250 
500 


For  interpolatioR  near  »  '  -0  note  that  if /»(«-')  -»««-»/,(*)  then/,i(-«-')  -»  >^K,(9). 

<x>  >  near^t  integer  to  x. 

Compiled  L.  Fox,  A  short  table  for  Besael  functions  of  integer  orders  and  large  arguments.  Royal 
Society  Shorter  Mathematical  Tables  No.  3  (Cambridge  Univ.  Press,  Cambridge,  England,  1964)  (with 
permiarion). 

MODIFIED  DESSEL  FLNCTIONS— AUXILIARY  TABLE  FOR  SMALL  ARGUMENTS 


X 

Ko{x)+lo<x)  \nx 

i\Kii»)-!\i3i)  In  Jf) 

t 

Xo(«)+/o(<)  \nx 

*(i:i(»)-/i(«)ln»l 

0.0 

0.11593  152 

1.00000  000 

1.0 

0.42102  444 

0.60190  723 

0.1 

0.11872  387 

0.99691  18U 

ui 

0. 49199  89$ 

0.49390  093 

0.2 

0. 12713  1^8 

0.98754  448 

1.2 

0. 57^61  444 

0. 36514  944 

0.3 

0. 14124  511 

0.97156  819 

1.3 

0.66373  364 

0.21236  381 

0.4 

0.16121  662 

0.94852  090 

1.4 

0.76632  938 

40.03176  677 

0.5 

0. 18726'  857 

0.91759  992 

le5 

0.88149  436 

-0.18096  553 

0.6 

0.21967  7J4 

0.87784  980 

1.6 

1.01045  200 

-0.43076  964 

0.7 

0.25879  579 

0.82804  659 

1.7 

1.15456  879 

-0.  72326  976 

0.8 

0.30504  682 

0.  76669  810 

1.8 

1.  31536  786 

-1.06486  242 

0.9 

0.J5892  957 

0.69201  997 

1.9 

1.49454  429 

-1.46281  214 

1.0 

0.42102  444 

0.60190  723 

2.0 

1. 69398  200 

-1.92535  914 

[(-3,3] 
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0.M00 

•1)  1.0141 
i  4)4,4411 


4,77D 


11.0 
11.1 
14.0 

14.  ) 

IM 

15.  ; 

14.0 
14.1 
17.0 
17.S 

IM 
IM 
lj.j 

ISlo 


0.0900 
*4)1.41lt 
-1)4.(047 
•4)  1.8891 
^>4.M) 

•9)U0049 
•»1.74n 
U9)l.718f 
(0)9.9110 


0.0000 
8)41 
IW 
1181 
9177 


(*8)MM1 

•slum 

-Ml.  ■ 


•1)9.9844 
.4 
•4 
4 


1.0719 
1.7499 
UI88 
•4)9.2978 


9.8899 


*2{4.9019 
(-l}4.4499 

(-2)4.9411 

•2)7.9009 
I  •2)  7.1917 

(•2)7.4714 
•2)7.9448 
•2}?.4121 
•2)7.4702 

'•2)7.7214 


7.7470 
7.8048 
7.8414 
7.8717 
7.8979 


1*2)7.9194 
-2)7.9978 
<r?)  7.9928 
•2)7.9449 
•2)7.9741 


^9892 
^9879 
^9878 
^9842 


1*2; 

4 
•i 
•2 
-f 

•2! 
-2 
-2 
•2 

-2] 


>«.t494 
18.9781 
1.0)84 
1.2289 
1.42)4 

2,4049 

2.9948 
2.7741 
2.9929 
9.1221 
9.2894 


»9)2.)tt« 


-9 1 9.0299 
*9)  9.7911 


4.M09 
9.9919 
4^2947 
7.2491 
8.2288 


t.9)9.2449 
•2)1.0289 
•2)1.1997 
•2)1.2402 

(•2)1*9471 


•2*- 


1.4419 
9.9916 
9,7944 
9.8708 
4,8009 


•214,1298 
•2  4.2408 
•2  4,9918 
•2  4.4970 
•1)4.9947 


(•2)1.9792 
•2)2.0747 
•2)2.1729 
(•2)2.2477 
I -2)2.9408 


4.4909 
4.7401 
4,8244 
4,9040 


2)4.9791 


9,1800 
9J999 
9.1994 


9.9482 
.,9.9978 
2)9.4449 
2  9.4889 
2)9.9294 


2.4914 
2.9401 
2.4241 
2.7096 
2.7907 

2.8494 
2.9494 
9.0199 
9.0909 
9.1401 

9.2269 
U919 
9.9999 
9.4141 
9.4729 


0.0000 
(•9114)88 
(•8)9.9929 
(•7)9.4284 
(•4)2.6192 

•6)  8.2791 
•9  2.0944 
•9H4.9209 
•9  8.0904 
•1)1.9486 


2.1494 
9.2949 
4.4097 
6.9144 
8.9747 

i 1.0796 
1.9904 
1.4798 
2.0249 
2.4106 


(•9)2.8291 
•9M4789 
(•9)9.7966 
(•9)4.2409 
(•9)4,7890 

(•9)9.9984 
•9)9.9869 
-9)6.4909 


8.)181 
f8.9449 
9.974) 
1,0212 
1.0849 

2)1.1486 
^'1.2122 
1.2796 
,1.))87 
jl.4012 

1.44)) 
1.9247 
1.9894 
1.649) 
1.7049 


0.0000 
-11  1.4249 
•  9  1.7109 

I:  ii:^ 

*  ^^7} 9.88)2 
I  •  oil.  " 


4 

4 
4 

4] 
4 
) 

) 
) 


2.2249 
2.97)9 
9.8729 
4.9)94 
6.1640 

7.9698 
9.1949 
1.0919 
1.2864 

1.4^^ 


).7487 

4.7)29 
1.1))9 
1.8099 
2.7409 

4.0912 
9.7481 
7.9200 
1.04)8 
1.9969 


>9747 
9)2.2974 
9)23197 
9)2.8087 


1.7948 
24709 
2.8224 
.,9.4978 
4)4,1806 

4)4.9999 
9.9009 
4.9020 
7.9996 
9.1997 


,  9)9.1194 
(•  9)9.4999 
!  9]U474 
(•  9)4.1109 
9)4,4697 


1.0484 
1.1870 
1.9991 
.  1.4924 
9^1.4987 


1.7627 
1.M01 
1.8769 
1.9919 
1.9864 


-  i 

-  9 

-  9 

-  i 

-  9l 

-  91 

•  9 

•  9 

•  9 

-  9l 

•  9; 

-  I 

r  9 

•  9 
2' 


4J241 
9.1949 
9.9790 
9.9996 
6.9499 

6.7449 
7.1440 
7.94^4 
7.9919 
8.9982 

IA7669 
9.1790 
9.9099 
9.9924 
1.0400 


9.CR97 
9.2746 
9.9099 
9.7479 

(•  9)9.9907; 

9)4.2986 
,  9)4.4908 
(•  9)4.7470 

9)9.0046 


•2)7.9890  *  (-2)9.9689      (-2)9.9284      (-2)2.0990      (-  2)1.0806      (•  9)9.2694 


7.9487 
7.9469 
7.9182 
7.8848 
7.8474 

7.8047 
7.7499 
7.7189 
7.4714 
7.6296 

7.9749 
7.9296 
7.4799 . 
7.4248 
7.9761 

7.9269 
7.2768 
n2279 


1.6949 
.7284 
9.7909 
9.8429 
9.8897 


i 

•2 

i 


2)9.9211 

2i9.r 


_  '497 
9.9729 

6.8184 
6.0199 
6.0170 


•2)6.0099 


•2)4,4724 
-1)4.9179 
I!)4.9989 

•2)4.U78 


2.1490 
2J916 
2.4078 
2.9176 
2.6212 

2.7188 
2.8106 
2.8969 
2.9779 
9.0918 

9.1291 
9.1918 
9.2949 
9.9121 
I9.M79 


1.1814 

1.2809 
1.9779 
1.4722 
1.9642 


2)1.4999 
,  2)1.7194 
(•  2)1.8229 
2)1.9029 
2)1^9794 

2)2.0992 
2)2.1240 
2)2.1918 
2)24947 
2)2.9187 

(•  2)2.9780 
2)2.4146 
2)2.4 


(•  9)9.9980 
(•  9  6.6192 
(•  9)7.9082 
(•  9)8.0010 
(•  9)8.6999 

1: 

(.  2)1.0744 
(•  2)1.|410 
(•  2)1.2064 


1.2709 
1.9999 
1.9946 
.,1.4949 
2)1.9129 


•  2)1.9691 


0.0000 

1-19)2.2969 
-19)9.4997 
-11)9.00)7 
-10;  9.298) 


2.0901 
8.4707 

8)2.8797 
,7.9994 

7  1.9191 


7)4.1199 
7)8.1206 
6)1.488) 
.  4)2.9669 
(%  6)4,2048 

6)6.9909 
6)9.9429 
1.4907 
9)2.0996 
9)2.8980 


I-  6) 

lit 


9)9.8284 
9)9.0987 
9)6.9607 
9)8.9667 
4)1.0908 

4)1.9019 
4 1 1.9914 
4  1.9240 
4  2.9010 
4)2.7249 


4)9.1978 
9.7214 
44971 
4.9261 
9.6094 


•  4 

-  4 

..  4 

-  4 


-  4)6.9479 

•  4)7.1409 

-  4)7.9897 

-  4)8.8997 

•  4)9.8927 


-  9)1.0 

•  9  1.1999 

•  9 1 1.9099 

•  9  1.4224 

•  9)1.9446 


-  9; 

-  9 

•  9 

-  9 

•  9 


1.6716 
1.8099 
1.9999 
2.0808 
2.2260 


9)2.9799 


2.7699 
94769 
9.6079 
4.0997 
9)4,9194 


•  9 

•  9* 

-  9' 

•  9 

•  9 

-  > 

-  \ 

-  9 

•  9 

•  2* 

•  2 

•  2 


4.9897 
9.4622 
9.9469 
6.4994 
6.9260 

7.4m 
7.9071 
8.9947 
8.8788 
9.1984 

9.8924 
1.0908 
1.0761 

\h 


CompiM  Hm  Btitiih  AMoeiation  for  the  Advancement  of  Science^  Benel  func 
tione.  M  II.  tHmetiona  of  podtive  integer  order.  Mathematical  Tables,  vol 
X  (Cambridge  Univ.  PrcM.  Cambridge,  England,  1962)  (with  permifiaion). 
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Table  9.9 


ERIC 


At 

M 

m 

m 

I 

1.2153  1 

f  3.6520 

1 1.8282  I 

11 

2.7602 

0.6  1 

1 

16.4575  '1 

6.5506 

fl.8  -V 

1 

A] 

1 3*2183  1 

2.4743 

1.0  1 

1 

1.9303 

[  2)1.2024 

1 J  ( 

A.*     ■  i 

1 

1 1*2984  1 

1)6.8982 

1.4  1 

0, 

19.4345  1 

1)4.3280 

1.6  1 

0 

» 7.2438  1 

1)2.9585 

0 

15.7946  1 

1)2.1426 

2^  ( 

[  0] 

14.7836  ( 

1 

1.6226 

14.0481 

1 

1.2731 

2.4 

1 3.4948  1 

1 

1.0288 

2.6  1 

A 

1 3.0667  1 

0 

18,4989 

2.0  j 

12.7276  1 

0 

7.1699 

1.0  ( 

[  0] 

12.4539*  ( 

o; 

6.1432 

a' 
0, 

1 2.2290 

5.3419 

5.4 

a' 

.      AAl  B 

2.0415 

4.7013 

3,6  1 

A 

i%  AAA% 

11.8833  1 

44817 

5.8 

A' 

0 

1.7482  1 

0 

3.7941 

4.0  1 

0 

11.6317  1 

i  o| 

13.3976 

0] 

1.5303  \ 

3.0971 

4.4 

0 

1.4414    '  1 

\  0 

2.8412 

4.6  1 

0, 

1.3629  I 

0 

2.6213 

4.8  1 

0 

1.2931  1 

0 

2.4309 

9.0  1 

0 

l.;i306  < 

[  o; 

12.2646 

0 

1.1745  1 

2.1186 

5.4 

0, 

1.1237  1 

1.9899 

5.6 

0 

1.0777 

0 

1.8746 

5.0 

0 

1.0357  1 

0 

1.7720 

6*0  { 

.1 

19.9723  ( 

[  0. 

11.6798 

-I, 

lA  A.1AA 

19.6194  1 

o; 

1.9967 

M 

•I 

9.2942  1 

0 

1.S213 

6.6 

•1 

1 0.9936  1 

1.4928 

6.8  1 

-1 

18.7149  1 

0 

1.3902 

7.0  1 

•1 

8.4559  1 

[  0)1.3329 

7  9 

•1 

18.2145  1 

0)1.2803 

1 7.9890  1 

0)1.2)18 

7.6 

'7.7778  1 

0)1.1870 

7.8 

•1 

7.5797  1 

0)  1.1455 

tf.O  1 

17.3935  1 

[  0 

11.1069 

•1 

7.2182 

0 

1.0710 

8.4 

-^1 

7.0527 

1.0376 

8.6 

6.8963  1 

1.0062 

8.8 

6.7483  1 

-1 

19.7693 

9.0  1 

16.6079  I 

19.4941 

t.2 

M746 

9.2394 

».4 

-) 

6.3480 

8.9918 

9.6 

•1 

6.2274  1 

8.7620 

9.8  1 

-1 

6.1125  1 

-i! 

8.9449 

10.0     (-1)6.0028  (-1)8.3399 

10.9  1 

^  ' 

5.7493  ( 

17.8717 

11.0 

-1 

5.5217  * 

-1 

17.4997 

11.9 

-1 

5.3161 

-1 

7.0942 

12.0 

-1 

5.1294  1 

6.7680 

12.9  1 

-1 

i4«9591 

-1 

6.47S1 

1).0  1 

14.8030  { 

16.2106 

1J.9 

-1 

4.6593 

-1 

9.9706 

14.0 

•) 

4.5266 

-1 

9.7919 

14.9 

>1 

14.4036 

-1 

9.9917 

19.0  ( 

-1 

i4«2892 

-1 

9.3678 

19.9  1 

14.1826  i 

19.1982 

16.0 

-1 

4.0829  - 

•1 

9.0414 

16.9 

-1 

3.9895 

•1 

4.8999 

17.0 

-l 

3.9017 

4.7609 

W.9  1 

-l 

3.8191 

'-il 

4.6349 

18.0  ( 

13.7411  1 

14.9162 

18.9 

-I 

1.6674 

-1 

4.4099 

19.0 

-I 

J.  5976 

>i 

19.9 

-I 

3.531)  1 

*i 

20.0  1 

-l 

3.4684 

-1 

4.1114 

\ 
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«»JC«(x)      t^Kjix)      ifK^x)  tfK^x) 


3.2370 
3.0221 
2.8311 
2.6603 
2.S071 

2.3689 
2.2440 
1.1306 
2.0273 
1.9928 

1.8463 
1.7667 
1.6934 
1.6297 
1.9629 

1.9047 
1.4509 
1.4001 
1.3529 
1.3088 


1.1747 
1.0947 
1.0251 
9.6419 
9.1031 

8.6249 
8.1974 
7.8133 
7.4666 
7.1920 

6.8696 
6.6036 
6.3633 
6.1420 
9.9376 

9.7483 
5.9725 
9.4087 
9J999 
9.1130 


AS 

• 

6 

1.4620 

f  tl 

4 

5.5388 

> 

3 

8.7987 

f 

2*5064 

\ 

:  4:1 

I9J119  ( 

[ 

2 

14.6886 

2 

2.5675  1 

2 

1.5517  1 

2^ 

1.0102 

2! 

1 

16.9687  ( 

[  2:1 

1 

5.0344  1 

'  9 1 

1 

3»7762  1 

2' 

1 

2.9217  1 

\  2> 

1 

2.3202  I 

!  i!» 

1] 

11.8836  ( 

1 

1.5583  1 

} 

1 

1.3103  1 

} 

1 

1.1176 

0 

1 9*6515  1 

:  1 

0 

f8.4268  ( 

;  i;i 

0 

7.4295  1 

.  If' 

0 

6.6072  1 

1' 

5.9217  1 

^' 

8 

5.3445  1 

!  t\ 

1468540  ( 

[ 

0 

4*4398 

0 

4.0711  1 

0 

3*7557  1 

0 

3.4798  1 

0 

7.3138 
1.3875 
1.4730 
34578 

9.9322 
3.9756 
1.8772 
9.9939 
5.8269 

3.6466 
2.4157 
1.67^ 

9.0029 

6.8929 
5.4037 
4.3240 
3.9226 
2.9193 

2.4469 
2.0786 
1.7858 
1.5495 
1.3565 

1.1973 
1.0645 
9J289 
8.5813 
7.7717 

7.0748 
6,4711 
5.9448 
5.4835 
5.0771 

4.7171 
4.3*^70 
44110 
3.8544 
3.6239 


0)3.4148 
0)3.2256 
0)3.0535 
0)2.8966 
0)2.7530 


2.6213 
2.5002 
2.3886 
2jeS5 
2.1900 


4.3897 
4.1679 
2.9548 
4.7618 

1.2017 
4.0225 
1.6347 
7.6506 
3.9893 

2.2976 
1.3680 
8.7986 
9.8709 
4.0904 

2.9499 
24822 
1.6972 
1.2860 
U171 

0.1821 
6.6819 
9.5310 
4.6342 
3.9258 

3.3589 
2.9000 
2.5245 
2.2144 
1.9559 

1.7387 
1.5547 
1.3978 
1.2630 
14467 

1.0455 
9.5723 
8.7970 
8,1132 
7.9074 

6.9664 
6.4871 
6.0556 
5.6674 
5.3170 

4.9998 
4.7117 
4.4493 
4.2098 
3.9904 


111)3.0739 
9)1.4602 
7)6.9092 
6)8.3647 

6)1.6923 
9)4.7326 
9)1.6935 
4)6.7942 
4)3.1980 


1.6168 
8.9469 
9.2768 
34821 
2.1392 

1.4439 
1.0088 
7.2960 
9.3932 
4.0388 

34084 
2.4392 
1.9384 
1,9694 
1.2807 

1.0602 
8.8721 
7.4980 
6.3942 
9.4983 

4.7644- 
44977 
3.6521 
34279 
2.8689 

2.9628 
2.3010 
2.0794 
1.8800 
1.7098 

1.9610 
1.4301 
1.3146 
14123 
14212 

1.0399 
9.6702 
9.0153 
6.4247 
7.8906 


I1.9QM 
1.74n 


0) 
0) 

0)1.6008 
0)1.4803 
0)1.3758 


f\  .4845 


1.2043 
14333 
1.0701 
1.0136 

9.6276 
9.1686 
6.1524 
8.3734 
8.0272 

7.7097 
7.4176 
7.1462 
6.6990 
6.6679 
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3.3929 
2.9941 
2.6996 
2.4444 
24310 

2.0482 
1.6902 
1.7527 
1.6323 
1.5261 

1.4319 
1.3480 
1.2729 
14053 
1.1442 

1.0688 
1.0384 
9.9234 
9.9019 
94137 


6.3764 
9.9516 
44624 
4.3321 
3.6745 


0)3.4902 
0)34645 
0)2.6860 
0)2.6461 
)2;4379 


24961 
2.0964 
1.9552 
1.8299 
1.7181 

1.6178 
14276 
1.4460 
1.3721 
1.3046 


2.4593 
9.6448 

1.6454. 
1.677f 

2.7197 
6.3904 
1.9061 
64707 
2.8469 

1.3160 
6.6436 
3.6059 
2.0789 
14610 

7.9932 

94620 

i.iM% 

24k 

1402. 

1.3292 
9.9490 
7.6019 
9.9082 
4.6619 

3.7289 
3.0199 
2.4741 
2.0483 
14124 

1.4444 
1.2284 
1.0S26 
9.0873 
7.6960 

6.9034 
6.0709 
9.3671 
4.7692 
44961 

3.6188 
3.4392 
3.1096 
2.8221 
24702 

2.3486 
24529 
1.9794 
1.6251 
1.6873 


(  0)1.2674      (  0)24014      (  0)3.7891      (  0)7.4062      (  1)1.5639 


1.3069 
14070 
9.4685 
18.2205 
74904 

6.^39 
5.6407 
5.0510 
4.5921 
4.1265 

3.7606 
3.4444 
3.1669 
2.9279 
2.7190 

2.9269 
24999 
24100 
2.0759 
1.9992 


MODIflED  BES9EL  PUNCnONlU^ROm  10,  11,  ao  AND  21       Table  9.10 


0.0 

M 


OJ 

1.0 
U 
1.4 
l.t 
IJ 

» 

9.4 
5.6 
M 

4.0 
4.2 
4.4 
4.6 
4.S 

M 

9.4 
S.6 
M 

6.0 
6.2 
6.4 


7.0 
7.2 
7.4 
7.6 
7J 

0.0 

M 


9.0 

9.4 

9.6. 

9.0 

10.0 


046911  m 

0J69M  910 
0J1009.46t 
«4mit  4S7 
9af}9i  S04 

047S29  410 
047109  917 
040199  012 
040919  640 
040961  996 

049462  990 
0.90029  602 
0.90699  704 
041990  170 
0.92110  969 

0.92969  121 
Q.9900O  499 
044199  601 
0.96002  499 
047209  099 

0.90900  916 
0.99929  009 
041464  129 
0^49192  297 
0.44940  962 

046099  699 
0.49022  907 
0.91922  061 
0.99019  996 
0.96919  169 

0.99490  969 
042610  799 
046090  400 
0.69701  972 
0.79092  OM 

0.70229  on 
0.09007  M4 
040201  669 
0^0  764 
0.99990  779 

1.06699  996 
U9909  641 
U1949  007 
140629  994 
U0109  029 

1.90460  429 
1.61704  719 
1.74179  999 
147744  969 
2.02612  620 

240917  062 

m 


10ii«-ii|„(«) 
Ut924  741 

149249  966 
U99t9  020 

U4097  091 

U6049  740 
'147414  910 
U9011  790 
140049  992 

142920  096 
1.99290  061 
L97045  262 
1.4071B  209 
1.49009  260 

1.47999  907 
1.91199  697 
149299  702 
1.99009  991 
144700  900 

1.70012  064 
L79766  096 
141999  970 
140799  499 
1.96016  700 

2.09006  02 
242900  09 
241972  00 
241490  71 
2.42204  09 

2.99777  96 
246202  00 
2.79796  40 
2.94406  99 
940200  00 

mi 

4.11090  ;o 

•  446629  90 
444999  00 
4.94492  99 
947192  42 
942600  64 

6.01979  40 
6.49496  91 
649906  97 
7.99417  96 
749999  91 

0.99900  02 

m 


149194  960 
149900  291 
144970  067 
149947  021 
142924  926 


l(Ki«/-»/ao(r)  10M«-9i/ti(«)  10-»^lf«(») 
049t99Cl  0.999911  6.977^ 
0.992|n  0499796  V  6.974i« 
0.992790  .  0.999000  1646429 
0499674  0.997196  6.94797 
0494900       0.940129  6.92424 


140719  290 
1.70927  169 
1.79901  701 

hiss 


297 
992 


146901 
142600 
140969  022 
144914  929 
149061  649 

149290  126 
140471  \020 
14N07  192 
140619  079 
149974  492 

140496  190 
149402  092 
140914  796 
149299  442 
1.00249  944 

0.99290  469 
040499  626 
049670  409 
041016  129 
0.76404  409 

0.72009  992 
047027  767 
049710  161 
049762  2M 
049964  197 

042926  729 
040091  672 
049999  929 
0429H  094 
049401  299 

046971690 
049090  199 
0419n  202 
049004  709 
046776  410 

044607  291 
042792  194 
040909  690 
049202  902 
047616  960 


0.996604 
0.990766 
0401299 
0404112 
0.407992 

0.411007 
0.419209 
0.419760 
0424770 
0.490299 

0.496209 
0.442662 
0.449692 
0497199 
0.469209 

0.479099 
0.409111 
0499006 
0.909969 
0.914092 

0.926090 
0.999601 
0.999106 
0467690 
0.902979 

0.999204 
0416999 
0.694904 
0494901 
0.679219 

0.697210 
0.720994 
0.749999 
0.771699 
0.799970 

0429291 
0460799 

0.967971 

1.007764 
1490910 
1.099900 
1.144909 
U99919 

m 


0.949974 
0.940709 
0.994921 
0.960049 
0.960209 

0.976669 
0406016 
0.996991 
1.007709 
1.020101 

1.099901 
-1.040170 
1.069999 
1.000099 
1.099102 

U10619 
1.199401 
1.161760 
1409990 
1.210061 

1497019 
1466479 
.1.296999 
1429201 
1469622 

1.400061 
1490719 
1.479709 
1429176 
1.969299 

1.610119 
1^669904 
1.724000 
1.709016 
1444794 

1.91011 

2491991 
2414264 

2.902201 
2.999741 
2.499011 
2.600400 
2.712999 

2.091706 
2* 


649497 
649007 
641949 
U6669 
6.ai04 

6.OS1W 
9.90400 
9.91914 
9.09620 
9.79420 

9.66764 
947699 
9.40120 
9.90210 
9.27992 

947921 
9.06400 
449224 
4.09797 
4.72199 

4.60999 
4.40967 
4.96272 
444004 
U1090 

9.99997 
947294 
9.74949 
942699 
940907 

9.90409 
946411 
9.14949 
02021 
,91264 


V 


1:8% 

247799 
2,46909 
2.96466 

2461M 
246172 
2.06411 
1.96016 
147692 


1*70744 

m 
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Table  9.10 


BE88EL  FUNCTIONS  OF  INTEGEH  OBDEH 
MODIFIED  BESSEL  rlJNCTION»~OilDERS  10,  11,  20  AND  21 


X 

10.0 
10.2 
10.4 
10.6 
10.8 

11.0 
11.2 
11.4 
11.6 
U.8 

12.Q 

IfS 

12.6 
12.8 

13.0 
13.2 
13.4 
13.6 
13.8 

14.0 
14.2 
14.4 
14.6 
14.8 

15.0 
15.2 
15.4 
15.6 
15.8 

16.0 
16.2 
16.4 
16.6 
16.8 

17.0 
17.2 
17.4 
17.6 
17.8 

18.0 
18.2 
18.4 
18.6 
18.8 

19.0 
19.2 
19.4 
19.6 
19.8 

20.0 


•  «-'/io(«) 
0.00099  38819 
0.00107  29935 
0.001i5  52835 
0.00124  06973 
0.00132  91744. 

0.00142  06490 
0.00151  50508 
0.00161  23051 
0;0017i  23339 
0.0018r40559 

0.00192  03870 
0.00202  82412 
0.00213  85303 
0.00225  11650 
0.00236  60548 

0.00248  31086 
0.00260  22347 
0.00272  33415 
0.00284  6337S 
0.00297  11314 

0.00309  76327 
0.00322  57518 
0.0033S  53999 
0.00348  64894 
0.00361^89341 

0.00375  26491 
0.00388  75510 
0.00402  35583 
0.00416  05908 
0.00429  85705 

0.00443  74209 
0.00457  70675 
0.00471  74378 
0.00485  84612 
0.00500  00690 

0.00514  21947 
0.00528  4773S 
0.00542  77427 
0.00557  10418 
0.00571  46119 

0.00585  83964 
0.00600  23403 
0.00614  63909 
0.00629  04971 
0.00643  46098 

0.00657  86817 
0.00672  26672 
0.00686  65226 
0.00701  02059 
0.00715  36768 


0.00729  68965 


0.00038  75284 
0.00042  45861 
0.00046  37417 
0.00050  50080 
0.00054  83934 


0.00059 
0.00064 
0.00069 
0.00074 
0.00079 

0.00085 
0.00091 
0.00097 
0.00103 
0.00109 

0.00116 
0.00123 
0.00130 
0.00137 
0.00144 

0.00152 
0.00159 
0.00167 
0.00175 
0.00183 

0.00192 
0.00200 
0.00209 
0.00218 
0.00227 


39013 
15309 
12768 
31298 
70766 

31003 
11805 
12937 
34132 
75097 

35512 
15035 
13301 
29926 
64509 

16634 
85870 
71776 
73898 
91776 

24942 
72921 
35235 
11403 
00942 


0.00236  03366 
0.00245  18192 
0^00254  44936 
0.00263  83118 
0.00273  32259 


0.00282 
0.00292 
0.q0302 
0.00312 
0^00322 

0.00332 
0.00342 
0.00352 
0.00362 
^.00373 

0.00383 
0.00394 
0.00404 
0.00415 
0.00425 


91884 
61523 
40709 
28982 
25687 

30977 
43808 
63948 
90969 
24450 

63982 
09161 
59590 
14885 
74667 


0.00436  38567 


(») 

35.55633  91 
32.60759  68 
29.98423 
27.642 
25. 

23.66558 
21.97172 
20.44277 
19.05917 
17.80405 

16.66281 
15.62277 
14.67293 
13.80364 
13.00649 


12.27407 
11.59989 
10.97821 
10.40394 
9.87258 

9.38015 
8.92308 
8.49819 
8.10265 
7.73392 

7.38971 
7.06797 
6.76684 
^484^7 
6.21995 

5.97130 
5.73750 
5.51741 
5.31001 
5.11438 

4.^92965 
4.75506 
4.58989 
4.43349 
4.28527 

4.14467 
4.01119 
3.88437 
3.76378 
3.64903 


71 
74 
07 
07 
79 

52 
36 
79 
95 
53 

31 
04 
87 
94 
46 

87 
35 
43 
78 
19 

63 
40 
42 
60 

20. 

40 
75 
85 
89 
41 


3.53974  93 

3.43559  74 

3.33626  62 

3.24146  65 

3.15093  OO 

3.06440  75 


•loa<*-ao/ao(,) 

1.25080 
1.30927 
.  1.37160 
1.43806 
1.508915 

1.58462 
1.66540 
1.75169 
1.84390 
1.94249 

.04795 
16080 
2.^8162 
2.41105 
2.54975 

2.69S46 
2.85799 
3.029213 
3.21306 
3.41058 

3.62289 
3.85121 
4.09686 
4.36131 
4.64613 

4.95305 
5.28394 
5.64087 
6.02608 
6.44202 

6.89137 
7.37705 
7.90228 
8.47055 
9.08571 

9.75197 
10.47392 
11.25663 
12.10562 
13.02697 

14.02734 
15.11406 
16.29515 
17.57946 
18.97668 

20.49749 
22.15363 
23.95803 
25.9^489 
28.06989 


30.41029 


108»t-M/8,(af)  io-a^Kao(») 
2.83179  1.787443 


2.95856 
3.09345 
3.23703 
3.38992 

3.55278 
3.72634 
3.91139 
4.10876 
4.31937 

4.54421 
4.78434 
5.04093 
5.31521 
5.60856 

5.92244 
6.25845 
6.61832 
7.G0393 
7.41731 

7.86068 
8.33644 
8.84722 
9.39585 
9.98543 

10.61932 
11.30119 
12.03503 
12.82520 
13.67643 

14.59389 
15.58322 
16.65059 
17.80271 
19.04691 

20.39124 
21.84444 
23.41611 
25.11674 
26.95781 

28.95188 
31.11272 
33.45541 
35.99648 
38.75407 

41.74804 
45.00024 
48.53460 
52.37745 
56.55768 


61.10706 


1.700753 
1.616873 
1.535814 
1.457578 

1.382160 
1.309546 
1.239714 
1.172637 
1.108^79 

1.046601 
0.987556 
0.931095 
0.877164 
0.825703 

0.776652 
0.729947 
0.685520 
0.643305 
0.603230 

0.565225 
0.529218 
0.495137 
0.462910 
0.432464 

0.403728 
0.376630 
0.351101 
0.327070 
0.304470 

0,263235 
0.263299 
0.244598 
0.227071 
0.210658 

0.195301 
0.180944 
0.167532 
0.155012 
0.143336 

0.132454 
0.122321 
0.112891 
0.104124 
0.095976 

0.068414 
0.061397 
0.074892 
0.068865 
0.063285 


0.0519124 
(-4,4J 


ERIC 


434 


BK88BL  jFUNCnONS  OF  INTISaEB  ORDER 
NOmnEO  BCSSEL  FliNCnON^^AUXIUARY  TABLE  FUR  LARGE  ARGUMENTS 


4 


Table  9.10 


0.090 
0.049 
0.048 
0.D47 
0.046 

0.04J 
0.044 
0.043 
0.042 
0.041 

0.040 
0.039 
0.036 
0.037 
0.03* 

0.03S 
0.034 
0.033 
0.032 
0.031 

0.030 
0.029 
0.028 
0.027 
0.026 

0.025 
0.024 
0.023 
0.022 
0.021 

0.020 
0.019 
0.018 
0.017 
0.016 

0.019 
0.014 
0.013 
0.012 
0.011 

0.010 
0.009 
0.008 
0.007 
0.006; 


-3.42244  002 
-3.37318  689 
-3.32386  306 
-3.27447  099 
-3.22901  139. 

-347948  766 
-342990  147 
-3.07629  496 
-3.02699  033 
-2.97678  979 

-2.92697  999 
-2.87711  002 
-2.82719  939 
-2.77723  409 
-2.72722  837 

-2.67718  076 
-2.62709  369 
-2.976i6  948 
-2.92681  074 
-2.47|661  992 

-2.4^639  999 
.2.37619  216 
-2.32988  032 
-2.27998  699 
-2.22927  396 

-2.17494  384 
-2il2460  082 
-2.07424  479 
-2.02388  063 
-L97391  031 

-1.92313  643 
-1.87276  162 
-1.82238  893 
-1.77201  979 
-1.72169  806 

-1.67130  999 
-1.62096  610 
-1.97064  113 
-1.92033  369 
-1.47004  626 

-1.41978  194 
.1.36994  207 
-1.31933  040 
-U6914.  908 
.1.21900  063 

.1.16888  794 
.U1881  229 
.1.06877  739 
.1.01878  914 
-0.96883  808 


0.000     -0.91893  89/ 


[<r] 


-3.93693  292 
-3.87762 
-3.81861  524 
-3.79949  494 
-3.70026  938 

.3.64894  242 
-3.98191  639 
-3.92199  408 
-3.46237  839 
-3.40267  211 

-3.34287  833 
-3J8300  006 
-3.22304  039 
-346300  246 
-3.10288  949 

-3.04270  472 
-2.98249  146 
-2.92213  308 
-2^79  298 
-2.80131  461 

-2.74088  147 
-2.68027  709 
-2.61968  904 
.2.99904  894 
-2.49837  243 

-2.43769  918  • 
-2.37691  291 
-2.31613  733 
-2.29933  620 
-249491  329 

-2.13367  239 
-2.07281  731 
-2.81199  186 
-1.99107  986 
-1.89020  914 

-1.82933^  193 
-1.76846  286 
-1.70760  299 
-1.64679  964 
-1.98992  472 

-1.92911  400 
-1.46432  729 
-1.40396  824 
-1.34284  072 
.L28214  841 

-1.22149  499 
-1.16088  414 
-1.10031  949 
-1.03988  463 
-0.97934  314 


.0.91893 

—6 
4 


1  1. 

^  1.: 


,47299  048 
.42771  939 
1.38232  789 
33681  644 
1.29118  979 


1.24943  642 
U9996  910 
1.19398  449 
1.10748  332 
1.06126  639 

1.01493  437 
0.96848  822 
0.92192  874 
0.87929  686 
0.82847  349 

0.78157  961 
0.73497  624 
0.68746  441 
0.64U4  920 
0.992n  979 

0.94S48  920 
0.49799  479 
0.49031  764 
0.40297  919 
0.39474  099 

0.30686' 331 
0.29876  871 
0.21063  822 
0.16241  332 
041409  991 

0.06968  636 
♦0.01718  749 
-0.03139  999 
-0.08007  306 
-0.12883  128 


-0.17767 
-0.22699 
-0.27999 
-0.32467 
-0.37383 


247 
489 
699 
981 
061 


-0.42309  904 
-0.47239  911 
-0.9a72  881 
-0.97116  608 
-0.62066  881 

-0.67023  489 
-0.71986  a9 
-0.76994  839 
-0.81929  138 
-0.86908  886 


-10.434749 
-10.263911 
-10.091302 

-  9.918126 

-  9.743983 

-  9.968876 

-  9.392809 

-  9.215789 

-  9.037810 

-  8.898889 

-8.67902% 

-  8.498236 

-  8.316919 

-  8.133888 
^  7.990392 

-  7.769923 

-  7.980613 

-  7.394434 

-  7.207403 

-  7.019933 

-  6,830842 

-  6.641348 

-  6.451070 

-  6.260027 

-  6.068243 

-  9.879738' 

-  9.682939 

-  9.488669 

-  9.294199 

-  9.099029 

-  4.903309 

-  4.707039 

-  4.910239 

-  4.312943 

-  4.119190 

-  3.917011 

-  3.718443 

-  3.919920 

-  3.320281 

-  3.120763 

.  2.921004 

-  2.721043 

-  2.520921 

-  2.320676 

-  2.120350 

-  1.919982 

-  1.719613 

-  1.519284 

-  1.319036 

-  1.118907 


-  -0.91893  853     -  0.918939 

ni  m  n'*] 

\     <«>-fiMrait  integer  to  «. 


-11.346341 
-11.160467 
-10.973471 
-10.789391 
-10.996108 

-10.409744 
-10.214299 
-10.021698 

-  9.827944 

-  9.633121 

-  9.437199 

-  9.240173 

-  9.042063 

-  8.842873 

-  8.642612 

-  8.441293 

-  8.238927 

-  8.039929 

-  7.831113 

-  7.629699 

-  7.419294 

-  7.211929 

-  7.003620 

-  6.794389 

-  6.984261 

-  6.373261 

-  6.161416 

-  9.948794 

-  9.739309 

-  9.921102 

-  9.306177 

-  9.090969 

-  4.874302 

-  4.697427 

-  4.439978 

-  4.22199S 

-  4.003921 

-  3.78499') 

-  3.96927 ; 

-  9.349586 

-  3.129987 

-  2.909322 
.  2.684838 
.  2.464184 

-  2.243408 

-  2.022998 

-  1.801689 

-  1.980838 
.  1.360069 
.  1.139416 

.  0.918939 


20 

0«O88946 

20 

0  21 

7J63S91 

21 

7«5999M 

22 

7*494240 

22 

7«2M110 

29 

7*100994 

29 

6*932899 

24 

6*769806 

24 

6*S99799 

25 

6*422679 

26 

6*250690 

26 

6*077609 

27 

5*909997 

28 

5*728614 

29 

5*552659 

29 

5*975792 

90 

5*197849 

91 

9*018998 

* 

92 

4*899209 

99 

8*658466 

94 

4*476796 

96 

4*294202 

97 

4*110696 

98 

9*926299 

40 

9*740995 

42 

9*554826 

'*  49 

9*967799 

45 

9*179929 

48 

• 

2*991299 

50 

2*801790 

59 

2*611440 

56 

2*420989 

59 

2*226582 

69 

2*096059 

67 

1*842840 

71 

1*648949 

77 

1*494415 

81 

U59264 

91 

l*U0J9ftD 

111 

0.670412 

125 

0.473099  . 

143 

0.275328 

167 

••■0.077133 
.0421451 

200 
290 

.0.320388 

333 

-0.519640 

900 

-0.719170 

1000 

-0.916939 

.• 

m 

Compiled  from  L,  Foi.  A  short  table  for  Bessel  ftinetioiia  of  integer  orders  and  large  arguments. 

Society  Shorter  Mathematteal  Tables  No.  8  (Cambridge  Univ.  Press,  Cambridge,  England,  1954)  (with 
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428 


0 
1 
2 
9 
4 

5 
6 
7 
8 
9 

10 
U 
12 
U 
14 

IS 
It 
17 
18 
19 

20 
SO 
40 
SO 

100 


Bumi  FUNonom  of  intioib  obdbb 

MODmBD  BESm  FUNCtlONS-VAUOUS  ORDERS 


hit) 
1.26M6  4878 
S.6S1S9  1040 
1.SS747  6698 
2.21684  2492 
2.7S712  0221 


4)2.71469  1S60 
9  2.24886  6148 
6  1.99921  8291 

8  9.96862  4099 

9  9.91898  9869 


-  10! 

-  11 

-  19 

-  14 

-  16! 

-  171 
-19 

-  20 

-  22 

-  29] 

-  29) 

-  42  * 

-  60 


2^79294  8040 
1.24897  8908 
9.19976  1199 
1.99969  1678 
7.11879  00S4 

2.97046  90S1 
7.40090  0286 
2.17499  9747 
6.09714  4696 
1.98H7  8969 

S«  9986 
J.99990  0988 
1.12190  9741 
2.99469  9909 


0)2.27998  9902 

0  L 99069  6899 

1  6.88948  4477 
1  2.12/99  9992 
2)9.07289  6998 


-  9] 

-  9 

-  4 

-  9 

-  6 


9.82967  9929 
1.68017  9964 
2.24699  1420 
2.76999  6991 
9.04418  9909 


(-  7)9.( 
)-  8)2.: 


,01696  9879 
,  .72220  2996 
12.29419  0978 
(-  10)1.72491  6264 
-  11)1.22998  9491 


19)8.19949  2991 
14  9.06897  1401 
19  2.97182  8970 
U  1.64621  9204 
18  8.64160  9989 


69 


4.91096  0976 
9.89991  9664 
1.29986  9192 
9.99904  2890 


1)2.72998  7182 
1  2.49996  4214 
1  1.79096  1497 
1  1.09911  9017 
0Kl0829  4764 

~  0)2.19797  4947 

^  1  7.92289  6690 

-  1  2.96488  9417 

-  2  7.41166  9216 

-  2)1.99197  18K 

-  9)4.98004  4419 

-  4)9.99941  1401 

-  4)1.99669  4027 

-  9)9.71968  0720 

-  6)  6.44800  9272 

-  6)1.04797  7679 

-  7  L60199  2190 

-  8  2.90866  7971 

-  9  9.14989  7806 

-  10)4.87841  9tt7 

-  11)102429  9998 


-  21 
-.92 

-  49 


9.99784  4971 
1.18042  6980 
2.99146  9647 


(-189)^47967  4008 


(-198)1.08217  1479 


(-119)7.09999  1489 


n 
0 
1 
2 
9 
4 

S 
6 
7 
8 
9 

i! 

12 
19 
14 

IS 
16 
17 
18 
19 

20 
90 
40 

SO 

100 


9)2.81971  6628 
9  2.67098  8904 
9  2.28191  8968 
9;  1.79898  0717 
9 1 1.22649  0998 


7.77188  2864 
4.49902  2914 
2.98029  9848 
1.16066  4927 
9.29192  9290 


1)2.18917  0616 
0  8.S9988  0176 
0  9,11276  9776 
0  1.06929  2719 
1)9.49164  7229 


-  1; 

-  2 

-  9 

-  9 

-  4; 


1.04971  4907 
9.00902  9016 
8.21069  0206 
2.19990  9497 
9.28697  7989 


1.29079  9796 
-12)7.78796  9789 
-20  2.04212  9274 
90)4.79689  4961 

(-88)1.08294  4202 


20)2.99299  978 
20  2.90907  899 
20  2.81649  864 
20  2.67776  414 
20)2.49909  894 

20)2. 278M  891 
20  2.09998  928 
20  1.78909  488 
20  1.99844  272 
20)1.29679  921 


20! 


1.07199  716 
8.68194  947 
6.89609  247 
9.97141  909 
4.10299  494 


19)9.07976  499 
19)2.29869  981 
19)1.62819  929 
19)1.19192  099 
18)7.99104  999 

18)  9.44200  840 
16)4.27499  969 

19)  6.00717  897 
♦10)1.76908  024 

(-16)2.72788  799 


um 

42)1.07979  171 
42  1.06896  999 
42  1.09298  492 
42  1.02627  402 
41  9.90807  878 


9.47009  987 
8.96106  940 
8.99476  999 
7.78980  222 
7.14909  719 


41)6.49897  992 
41  9.84924  209 
41  9.21214  227 
41  4.99892  794 
41)4.81697  700 

(41)9.47968  698 
'4112.97447  109 
41)2.92189  969 
41)2.11704  017 
41)1.79972  117 

41)1.44894  619 
40  1.20619  487 
98  9.84170  990 
96)4.82199  809 

(21)4.64199  494 


ERIC 
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Bi:88BL  FUNCTIONS  OF  DTTEOBB  OBDBR 


MOmFISD  BSSSEk  FUNCTIONS-VABIOU8  ORDERS 


1)4.21024  4382 
1>.  01907  tm 
0  l.«2489  0899 
0  7.10126  282S 

1)  4*42324  1S8S 

2)  3.60960  9896 

3  3.69383  8312 

4  4.42070  2033 

5  6.22592  1230 
7)L  00050  4099 


10 

If 

13! 

18 

21 

22! 
58 


1.80713  2899 
3.62427  0839 
7.99146  7175 
1.92157  6393 
5.00409  0088 

1.40306  6801 
4.21420  4494 
1.34994  ^05 
4. 99403  9121 
1.69920  4032 


6.29436  9360 
4.70614  9527 
1.11422  0651 
1.40689  6854 


77)3 


(189)9.90033  3104 


1. 13893  8728 
1.39865  8816 
2.53759  7546 
6.47385  3909 
2.19991  9927 

0)  9.43104  9101 

1  4.99911  6143 

2  3.09938  0177 

3  2.18811  7289 
4)1.78104  7630 


1.  62482  4040 
1.64263  4916 
1.82314  6208 
2.20420  1799 
2.88369  3795 


19)3. 


4.09921  3332 
6.11765  6935 
9.82884  3230 
1.67702  1006 
02846  6654 


5.7f085  6853 
4.27112  5755 
9.94083  9886 
.97998  1740 


62)2 


(155)4.61941  9978 


•  Tabk9.ll 

3.69109  8334 
4.04461  3445 
5.30894  3712 
8.29176  8415 
1.52990  6981 


-2. 
•2)8. 


3.27062  7371 
06716  1323 
2: 26318  1499 
7.14362  4206 
2.91227  7891 


9.79856  2829 
^.15465  2921 
.92563  2913 
9.65850  3277 
5.21498  4999 

3.01697  6630 
1^86233  5828 
1.22206  4696 
8.49627  3517 
6.23952  3402 

4.82700  0521 
4.11213  2063 
1.05075  6722 
3.39432  2243 


(115)7.03986  0193 


ir,(IO) 
-5)1.77800  6232 
-5'  1.86487  7345 
-5  2.19098  1701 
-9'  2.72927  0026 
-9)3.78614  3716 


-9! 
-9 


5.75418  4999 
.,9.54032  8715 
-4)1.72025  7946 
3.36239  3995 
7.10008  8338 


-4 


1.61425 
3. 93851 
1. 02789 
2.86081 
8.46600 


5300 
9435 
9806 
1477 
96U 

3849 


2510 


2.69656 
8.81629 
3.08686  9988 
1.13769  8721 
4.40440  2395 


1.78744  2782 
2.03024  7813 
5.93822  4681 
2. 06137  3775 


(85)4.99667  4084 


Knm 

-23)3.41016  774 
-23)3.44410  222 
-23)3.54793  183 
.23)3.72793  677 
-23)3.99928  424 


-29; 

-23 
-23 

-23^ 
-23! 

-23: 

-22 
-22 
-22 
-22 


4.36718 
4.86872 
9.93967 
6f 41870 
7.96966 


224 
069 
921 
975 
233 


9.19098  819 
1.12900  976 
1.41010  139 
1.80185  441 
2.34706  965 


-22)3. 


-22 
-22 
-22 
-2l! 

[-21 
-19 
-16^ 
-13 


1.11621  117 
4.21679  235 
5.81495  828 
8.17096  398 
1.16980  923 

1.70614  838 
2.00981  681 
1.29986  971 
4.00601  347 


-49! 
-*9 
-49 
-49 
-49! 

-49; 
-49 
-49 
-49 
-49! 

-49! 
-49 
-49 


-44! 
-44 
-44 


-43 
-41 
-40 


K,(100) 
4.65662  823 
4.67985  373 
4.75022  530 
4.86986  27.4 
5.04241  707 

5.27325  611 
5.56974  268 
5.94162  523 
6.40157 
6.96587 


021 
646 


7.65542  797 
8.49696  206 
9.92479  963 
1.07829 
1.23283 


044 
148 


1.42348  329 
1.69987  649 
1.99464  371 
2.32449  531 
2.79144  763 

3.38920  941 
3.97060  205 
1.20842  080 
9.27452  269 


(a 3)  1.63940  352 


(.25) 7^61712  963 
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BBBSBL  rUNCnONB  OF  INTEQBR  OBDBS 


Table  9.13 


KELVIN  FlINCTIONS-4>Ep^  0  AND  I 


is 

0.2 
0.) 
0.4 

•.9 
0.6 

0.S 
0.9 

1.0 
1.1 

u 

1.9 
1.6 
1.1 
1.8 
1.9 

2.0 
2.1 
2.2 
2.9 
2.4 

2.9 
2.6 
2.7 
2.S 
2.9 

9.0 
9.1 
9.2 
9.9 
9.4 


.9 
,  .6 
/4.T 
4.0 
4,9 

9.0 


0.0 
0.1 
0.2 
0.9 
0.4 

0.9 


1.00000  00000 
0.99999  049n 
0.99997  90V0 
0.99907  94979 
0.999M  0aM4 

0.99902 
0.99797  9119*» 
0.99024  10284 
0.99960  11977 
0.90979/19967 


0.904; 
0.9 


17012 
79792 
91990 
2  0746ft 

7 ,90967 


21099 
11906 
7  12970 
17942 
92  41670 

; 79179  41027 
,Vtm  90014 
/«.  69769  04971 
0.96004  09261 
0.40904  77721 

0.99996  04171 
0.90009  20909 
0.10070  69040 
40.06911  21004 
-0: 07196  70290 

-0.22190  02496 
-0.90999  14990 
•0.96497  64909 
•0.79040  70121 
-0.96009  09999 

-1.19999  01796 
-1.49990  99217 
-1.69929  99049 
>-L  96742  92727 
•2.29799  94661 

-2.96941  69979 
-2.00490  97920 
-9.21947  90929 
-9.96791  00620 
-9.92090  66219 

-4.29900  49916 
-4.67099  69972 
-9.06900  S9067 
-9.49907  61749 
-9.0*294  24419 


Mr 
0.00000  ooooo 
0.00249  09996 
0. 00999. 99722 
0.02249  96096 
0.  09999  02222 

0.06249  92104 
0.00997  97904 
0.12244  09990 
0.19900  62299 
0.20226  99699 

0.14996  60400 
0.^79  12692 
0.99070  44199 
0.42040  99696 
0.40679  99996 

0.99796  00629 
0.69272  96770 
0.71209  72924 
0.79926  19940 
0.00212  29406 

0.97229  16279 
1.06990  01600 
1.16096  99490 
1.29092  89791 
1.99748  94769 

1.49710  20442 
1.99607  77797 
1.69974  24079 
1.79209  09690 
L«4717  61197 

1.99790  67099. 
2.02209  90420, 
2.10197  99001 
2.17291  01919 
2.29944  97909 

2.20924  99669 
2.91906  96940 
2.94129  77149 
2.94949  90614 
2.99002  10029 

2.29269  09227 
2.29094  27009 
2.14216  79067 
2.02964  70694 
1.87296  97990 

1.68601  72096 
1.46109  60999 
1.19460  07968 
0.00969  68997 
0.92914  68109 


"0.00000  OOOOO 
-0.09999  99140 
-0.07106  96418 
-0.10729  47760 
•0.14429  00649 

-0.18224  91298 
•0.22199  97177 
-0.26299  99470 
•0.90409  07911 
-0.94991  01000 

-0.99906  02610 
-0.44469  19260 
-0.49991  49919 
-0.94964  196M 
-0.60994  96099 

-0.66406  94100 
-0.72699  90706 
-0.79090  91046 
-0.09709  09470 
-0.92601  99997 

-0.99707  76919 
-1.07002  9M62 
-1.14492  92997 
-1.22020  19909 
-1.29697  91717 

-1.97909  60976 
-1.44914  09919 
-1.92990  97094 
-1.99600  94419 
-1.66670  ^99 


-L  79264 
-1.79990 
■1. 81009 
-1.09492 
-1.99269 

-1.^64 
-1.97410 
-1.97449 
-1.99042 
-1.92410 


42211 
71979 
29129 
99482 
96906 

41919 
19924 
00262 
92669 
07174 


■1.06924  84990 
-1.79196  42790 
-1.60069  99618 
-1.99194  99649 
-1.99689  99997 

-L  20202  U919 
.0.97297  72697 
-0.70490  90649 
-0.99406  10961 
-0.04099  46681 


0.00M0  OOOOO 
0.09991  11269 
0.07099  69960 
0.10486  09002 
0.19097  41999 

0.17119  91797 
0.20244  99^4 
0.29202  24629 
0.29962  00070 
0.20491  16090 

0.90799  66914 
0.92719  69909 
0.94949.49909 
0.99999  94649 
0.96421  64960 

0.96706  49090 
0.96641  99906 
0.99999  08984 
0.94690  10076 
0.92660  72722 

0.29977  94970 
0.26929  09092 
0.22246  1712P 
0.17002  89922 
0.10976  19027 

♦0.09066  04440 
-0.04904  07916 
-0.19994  96209 
-0.24062  74079 
-0.99762  26719 

m.  48749  41770 
-0.69060  29992 

•0.70790  oo: 

.0.99091  920 
-1.149H  11910 

-1.94404  29791 
-1.99008  06199 
-1.7047  96677 
•2.  mm  91297 
^-2.29190  70690 

-2.96902  16006 
-2.84969  199» 
-9.14790  74999 
-9.49799  07960 
-9.77797  99102 

-4.10960  94004 
-4.44064  60019 
-4.70006  99721 
-9.12141  92170 
-9.46179  98790 


^^wusp    "-^Woia"  *^^r^ 

m     rn  m 

KELVIN  PVNCnUNS— AUXIUABY  TABLE  FOB  SMALL  ARGUMENTS 

i-(keri  i'+beri  rha*)        '+beli  *  to  r) 


-9.79790  79010 


0.11999  1916 
0.11789  2409 
0.12974  9076 
0.19999  0210 
0.14669  9602 


•0.70999  016? 
•0.70260  7100 
-0.77421  9267 
•0.76019  0919 
•0.74049  0212 


-0.70710  6701 
-0.70691  7191 
-0.70406  2164 
-0.70240  9197 
-0.69994  6690 


-0.70710  6701 

-0.70219  4909 

-0168799  0999 

-0.6f272  8009 

-0.62091  1790 


0.16949  9974        -0.71409  0699    '     -0.69804  1049         -0.90492  2^0 

m    m    PI"]  m 

Compiled  from  NfttioMl  Burmi^f  StaMWdi.T8UMof  tlwBaMlteaetioM  J^^^  ktemfin 
afiumtnte.  2d  ed.  (Cohtmbb  Univ.  Ptm,  New  Yotfc,  N.Y.,  1M7)  and  Nfttiond  Bumni  of  StMtdorda. 
Tabia  of  Uw  BmmI  Ametions  }'<i(:)  uid  for  eompln  MBUiiMnti  (Cohmbift  Univ.  fnm  Now  Yorit. 
N.Y.,  IMO)  (with  peniMoa). 
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KELVIN  n'MrrioNsi^^apEiiH  o  and  i 


0*0 
0«1 
0.2 

0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.1 

1.4 

1.9 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.1 
2*4, 

2.$ 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.9 
3.6 
3.7 
3.0 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


2.42047  3980 
1.73314  2752 
1^33721  8637 
1.06262  3902 

0.85590  5872 
0.69312  0695 
0.56137  8274 
0.45288  2093 
0.36251  4812 

0.28670  6208 
0.22284  4513 
0.16894  5592 
0.12345  5395 
0.  08512  6048 

0.05293  4915 
0.02602  9861 
♦0.00369  1104 
-0.01469  6087 
-0.02966  1407 

-0.04166  4514 
-0.05110  6500 
-0.05833  8834 
-0.06367  0454 
-0.06737  3493 

-0.06968  7972 
-0.07082  5700 
-0,07097  3560 
•0.07029  6321 
-0.06893  9052 

-0.06702  9233 
-0.06467  8610 
-0.06198  4833 
-0.05903  2916 
«0. 05509  6550 

-0.05263  9277 
-0.04931  5556 
-0.04597  1723 
-0.04264  6864 
-0.03937  3608 

-0.03617  8848 
*0. 03308  4395 
-0.03010  7574 
-0«  02726  1764 
-0.02455  6892 

-0.02199  9875 
-0.019$9  5024 
-0.01734  4409 
-0.01524  8188 
.0.01330  4899 

-0.01151  1727 


koi  r 
-0.78539  8163 
-0.77605  0646 
-0.75812  4933 
-0.73310  1912 
-0.70900  0212 

-0.67158  1695 
-0.63744  9494 
-0.60217  5451 
-0.56636  7650 
-0.53051  1122 

-0,49499  4636 
-0.46012  9528 
-0.42616  3604 
•0.39929  1826 
-0.96166  4781 

-0.33139  5562 
-0,30256  5474 
-0.27522  8834 
-0,24941  7069 
-0.22514  2235 


-^20240  0068 
-0.18117  2644 
-0.16143  0701 
-0.14313  5677 
-0.12624  1488 

-0.11069  6099 
-0.09644  2891 
-0.08342  1858 
-0.07157  0648 
-0.06082  5473 

-0.05112  1884 
-0.04239  5446 
-0.09458  2313 
-0.02761  9697 
-0.02144  6287 

-0.01600  2568 
-£01123  1096 
-0.00707  6704 
-0.00948  6665 
-0.00041  0809 

4^0.00219  8399 
Qw  00438  5818 
0,00619  9619 
0.00766  1269 
0.00002  5624 

0.00972  0918 
0.01097  8865 
0.01082  8725 
0.01109  7999 
0.01120  9526 

0.01118  7587 


-7.14668  1711 
-9.69868  9942 
-2.47074  2957 
-1,88202  4050 

-1.52240  9406 
-1.27611  7712 
-1.09407  2949 
-0.95209  2751 
•0.8H72  7829 

-0. 74092  2276 
-0.65791  0729 
-0.58627  4986 
-0.52921  5989 
-0.46718  9076 

-0.41704  4285 
-0.97195  1298 
-0.99125  0485 
-0.29442  5809 
-0.26105  9495 

-0.29080  5929 
-0.20997  9195 
-0.17850  9812 
-0.15599  6054 
-0.19569  6698 

-0,11725  6196 
-0.10069  5914 
-0.08580  8451 
-0. 07246  1999 
-0,06052  9755 

-0.04989  8908 
-0.04045  9599 
-0.09211  9189 
-0.02476  5662 
-0.01892  9556 

-0,01272  9249 
-0,00787  0585 
-0,00970  0576 
-0,00014  7198 
♦0.00285  1155 

0.00595  1296 
0.00740  60' 
0.00906  4226 
0. 01097  0752 
0.01196  6998 

0,01209  0904 
0.01257  7182 
0.01285  7498 
0,01296  0651 
0.01291  2759 

0,01279  7990 


^6. 94024  2159 
-9.92941  7218 
-2.08289  4751 
-1,44490  5150 

-1.05118  2085 
-0,78979  8860 
-0,59017  5251 
-0,44426  9985 
-0.99122  6820 

-0.24199  5966 
-0.17068  4462 
-0,11925  6800 
-0.06689  2622 
-0.02928  9749 

♦0.00100  8681 
0,02590  6776 
0.04461  5190 
0,05974  7779 
0.07197  9592 

0.08004  9998 

0.08624  9202 

0,09095  1619 

0.09271  2940 

0.09961  7161 

0.09991  9788 
0,09201  8097 
0.08991  5810 
0.08716  7762 
0.08991  2666 

0.08027  0229 
0.07694  9451 
0,07222  0724 
0,06797  7529 
0.06967  7999 

0,05997  6256 
0,05511  7592 
0.05099  9514 
0.04687  2681 
0.04294  1728 

0.09916  6011 
0.09556  0272 
0.09219  5295 
0.02889  8142 
0,02585  9229 

0.02900  2160 
0.02094  4409 
0.01787  7607 
0.01559  7847 
0.01949  9960 

0.01157  7754 


KrXVIN  niNCTMlNM^AUXlUARY  TABLE  FflR  BMALL-AROUMENTS 


0.5 
0,6 
0.7 
0^8 
0.9 

1.0 


kit /«^ber  ^  In 

0.16949  5574 
0.10992  9495 
0.20604  1279 
0.29U6  6407 
0.25029  4099 

0.28670  6200 

r<r] 


keii'lbeii'ln  r 

-0.71489  8699 
-0.60941  9456 
-0,64584  9920 
-0,60204  5291 
-0,55102  2927 

-0,49499  4696 


r(kori  i^f beri  r  In   /(kdi  ^ibeli  r  In  ^) 

-0,69804  1049       -0.58492  2770 


-0.69777  1567 
-0,70095  3648 
-0.70720  4989 
-0.71999  1909 

-0.74092  2276 


-0,59229  1460 
-0,47105  2294 
-0,40176  2012 
-0,92512  0736 

•0,24199  5966 

r<-|»] 
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TaM«  9.13       KKLVIN  rUNCnONS^-MtHH/UIS  AND  PHASE 
ber  r- J/o(«)  en  *o{f)  bvi  r  ^Mt(r)  cot  f|(r) 

Ml  x-Jfi(«)ain(i(') 


r 

0.0 
0.2 
0.4 
0.6 
0.0 

t. 000000 
1. 000029 
1.000400 
1.002029 
U 006909 

Mr) 
0.000000 
0.010000 
0.099999 
0.089919 
0.199948 

1.0 

1.4 
1.6 
1.8 

1.019929 
1.091976 
L 090600 
1.091491 
1.194999 

0.248294 
0.994999 
0.477799 
0.tt9860 
0.799999 

2.0 
2.2 
2.4 
2.6 
2.1 

1.229006 
1.924976 
1.442891 
1.989996 
1.794099 

0.912699 
1.068U1 
1.229011 
1.980979 
1.999667 

9.D 
1.2 
).4 
9.6 
9.1 

1.990199 
2.176096 
2.494210 
2.727979 
9.061941 

1.684999 
1.899196 
1.979784 
2.124894 
2.268m 

4.0 
4.2 
4.4 
4.6 
4.1 

9.499118 
9.867092 
4.991791 
4.901189 
9.924209 

2.411887 
2.994489 
2.696771 
2.898899 
2.980S^^ 

9.0 
5.2 
9.4 
9.6 
9.0 

6.291169 
7.099841 
7.949700 
8.902089 
10.160479 

9.122970 
9.269002 
^  9.407044 
9.949094 
9,691142 

6.0 
6.2 
6.4 
6.6 
6.1 

11.900794 
19.029797 
14.761297 
16.796896 
18.986208 

9.899179 
9.979197 
4.117190 
4.299192 
4.401089 

7.0 

21.947869 

4.94^ 

i/l(r) 
0.000000 
0.100000 
0.200019 
0.900101 
0.400427 

0.90U01 
0.609299 
0.706982 
0.819989 
0.924407 

1.041167 
1.169949 
1.901211 
1.449780 
1.614898 

1.799908 
2.008844 
2.249840 
2.919499 
2.822699 

9.172896 
9.972227 
4.027999 
4.949990 
9.196a9 

9.809060 
6.974474 
7.449618 
8.497089 
9.969968 

10.890182 
12.912791 
19.978402 
19.879614 
18.097122 

20.900902 


2.996194 
2.961194 
2.976194 
2.401189 
2.496166 

2.481006 
2.999872 
2.600986 
2.674406 
2.797609 

2.849996 
2.949617 
9.097199 
9.171289 
9.291160 

9.419899 
9.944419 
9.676044 
9.809981 
9.949601 

4.082407 
4.220029 
4.998179 
4.496691 
4.699441 

4.774962 
4.919417 
9.092989 
9.191872 
9.991267 

9.470772 
9.610990 
9.790117 
9.889990 
6.029884 


6.169919 

(-?)!] 


[ 


6 


KELVIN  n/NCnONS-MOOiLtJ  AND  PHASE  FOR  LAKGB  ARGUMBNTO 


0.19 
0.14 
0.19 
0. 12 
0.11 

0. 10 
0.09 
0.08 
0.07 
0.06 

0.09 
0.04 
0.09 
0.02 
0.01 

0.00 


0.40418 
0.40989 
0.40949 
0.40919 
0.40281 

0.40246 
0.40211 
0.40176 
0.40141 
0.40106 

0.40071 
0.40099 
0.40000 
0.99969 
0.99990 

0.99894 


-0.40798 
-0.40644 
-0.40994 
•0.40427 
-0.40929 

-0.40221 
-0.40119 
-0.40019 
-0.99921 
-0.99824 

»0. 99728 
-0.99694 
-0.99941 
-0.99449 
-0.99999 

-0.99270 


0.98999 
0.98497 
0.98996 
0.98699 
0.98799 

0.98896 
0.98997 
0.99060 
0.99162 
0.19266 

0.99969 
0.99474 
0.99978 
0.99689 
0.99789 


0.99894 

r(-6)81 

<r/>«*neara8t  integer  to  /. 


m  m  ['-?'] 


1.22294 
1.21922 
1.21998 
1.21280 
1.20968 

1.20660 
1.20996 
1.20097 
1.19762 
1.19471 

1.19104 
1.18901 
1.18622 
1.18948 
1.18077 

1.17810 

(-6)11 


7 
7 
8 
8 
9 

10 
11 
19 
14 
17 

20 
29 
99 
90 
100 


ERIC 


4iO 
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KELVIN  FUNCnc^S^ODIiLUS  AND  PHASE  T«M«9.ia 
IMT         Ml  M")  kwi  '  -^t  W  eot  ♦!  (») 


X 

0.0 
0.2 
0.4 
0.6 
0.S 

1.0 
1.2 
1.4 
1.6 
1.0 

2.0 
2.2 
2.4 
2.6 
2.8 

5.0 
).2 
S.4 
3.6 
S.t 

4.0 
4.2 
4.4 
4.6 
4.8 

5.0 
5.2 
•5.4 

V, 

6.0 
6.2 
6.4 
6.6 
6.8 


1.891702 
1.274560 
0.941678 

•^^725172 

0.572052 
0.458450 
0.571848 
0.509685 
0.249850 

0.206644 
0.171*49 
0.145095 
0.119656 
0.100519 

0.084299 
0.070979 
0.059870 
8.050578 
0.042789 

0.056246 
0.050758 
8.026895 
0.022174 
0.018859 

8.016052 
0.015674 
0.011656 
0.009942 
0.008485 

8.007346 
0.006191 
0.805292 
0.004526 
0^5873 


7.0  ^"^1:005515 


0.000000 
•0.412550 
•0.584989 
•0.745582 
•0.8962M 

-1.045885 
•1.195568 
-1.559651 
.1.4849n 
-1.629650 

-L  775815 
-1.917579 
-2.061029 
-2.204225 
-2.947212 

•2.490025 
-2.652692 
-2.775256 
-2.917672 
•5.060017 

-5.202285 
-5.544478 
•5.486612 
-5.628692 
-5.770724 

•9.912712 
•4.854662 
-4.196576 
•4.958460 
•4.480914 

-4.622142 
-4.769947 
-4.905750 
•5.047495 
•9.189298 

•S.  990966 


4.927999 
2.972947 
1.497572 
1.050591 

0.778870 
0.597114 
0.468100 
0.972811 
0.900427 

0.244299 
0.200079 
0.164807 
0.196407 
0.119955 

0.094515 
0.079059 
0.066264 
0.055677 
0.046879 

0.099550 
0.099989 
0.028242 
0.029918 
8.020280 

0.017219 
0.014624 
0.012495 
0.010985 
0.009015 

0.007682 
0.006551 
0.009990 
0.004775 
0.004077 

0.009485 


•2.556194 
•2.401447 
•2.487095 
•2.590827 
•2.704976 

•2.829662 
•2.950765 
-9.078999 
•9.209526 
•9.941804 

-9.479457 
•5.610145 
•5.745715 
•9.881994 


•4.156217 
•4.299998 
-4.492118 
•4.576551 
•4.709250 

•4.048179 
•4.987912 
•5.126629 
-5.266099 
•5.405705 

•5.545445 
•5.685295 
•5.825250 
-5.965298 
•6.105490 

•6.245698 
-6.985917 
•6.52^60 

-6.807119 

•6.947625 


KELVIN  PUNCnON»-MODljUl8  AND  PHASE  FOE  LAKCE  ABGUMENTS 

*o(«)+(«/^ 

•0.98870  1.90977 

-0.98142  l.«0899 

•0.98217  1.29781 

^98291  L  29969 

•10^98967  1. 29(04 

.  1.28687 
1.28949 
1.28012 
1.27675 
1.27999 


»-« 

.♦•«w«yo(*) 

0.15 

1.29695 

0.14 

1.29802 

0.15 

1.29909 

0.12 

1.24017 

0.11 

1.24125 

0.10 

1.24255 

0.09 

1.24942 

0.08 

.  1.24491 

0.07 

1.24560 

0.06 

1.24670 

0.05 

1.24779 

0.04 

1.24889 

0.05 

1,29880 

0.02 

1.15110 

0.01 

L 15221 

0.00 

1.25991 

•0.98849 

-0.98926^/ 
•8.99010 
•0.99096 
•0.99182 

•0.99270' 

<«>-! 


1.27002 
1.366*7 
1.26992 
1.25998 
U28**4 

1.25551 


8 


<»> 

•1.99949 

7 

•1.99725 

7 

•1.99505 

8 

-1.99281 

8 

•1.99055 

9 

•1.98825 

10 

•1.98592 

11 

•1.9M57 

19 

•I.9H18 

•1.97876 

•1.97690 

20 

•1.97981 

25 

•1.97128 

59 

•L  96872 

SO 

•1.96*19 

100 

•1.96990 

« 

m 

\ 

\ 
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10,  Bessel  Functions  of  Fractional  Order 

H.  A.  Antosibwios' 
Contents 
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Mathematioal  Prtqpertie*   437 

Sphevk»l  BmmI  Funetkms   437 
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lOJ.  Rieesti-Boisel  Funetioiu   446 

10.4.  Airy  Fonotioiit   446 

NaaMrteal  Method*   462 

loi.  Um  and  Extcnnon  of  the  Tebles   462 

RefercBOM  .  *   466 


T«U«  10.1.  Sphoioal  BmA  Fimotions— Qrdera  0, 1,  and  2  (0^«^  10) .  467 

il»0,  l,2i«»0(.l)6,  6~8S,«a6(.l)10,  6S 
Table  10.2.  Spherkwl  Beaeel  FunoUoiuH-Orden  3-10  (O^s^  10)  .  .  .  469 

y»(«) 

na^3(l)8:«»0(.l)10,  68 

naO,  10;x»0(.l)10,  7-88  , 

Table  10.3.  Spherieal  Bflsael  FunetionB— Orders  20  and  21  (0^9^26)  .  463 
ar-exp(i«y(4n+2))i.(») 
s^t  ejq,  (-ii»/(4i»+2))y.(») 
n«20,21;«»0(.6)26,  0-88 

Table  10.4.  Spherieal  Bossd  Funotione— Modulus  and  Phase— Ordeors 

0,  10,  20  snd  21   464 

.  Vl«iAf,rt(»),    «(»)-«  where 
>*,(«)  «VJir^»rt(»)  cos  *^(«) 

y.(»)«VlifJ5ii'»^(»)  •to  W») 

n-9, 10;  »-»«.n-.006)0,  8D 
n«20,  21;  c-'«.04(^ .002)0,  8D 

Table  104.  Spherics]  B«e0el  Functions—Various  Orders  (O^n^^lOO)  .  466 

f|aO(l)20, 30, 40,  60,  100 
««1,  2,  6, 10,60,  100,  108* 

TaUe  10.6.  Zsros  of  Bessel  Funeiions  of  Half-Integer  Order  (0     ^  10) .  467 
Zeros of  J,(x),  Y»(»)  and  Values  of  J',(j,.,),  T,(y,.,) 
ran+l,  naO(l)10,  6-7D 

Table  10.7.  Zeros'of  the  Derivative  of  Bessel  Functions  of  Half-Integer 
Order  (O^ni  19)   468 

Z«osi;«v;.of^;(»),  Wand  values  of  J.O;..),  W^J 
y»n-|-f,  ne>0(l)19,  6D 


<  Nstloiuil  BuiMHi  of  Stendsfds.  (Prewntly,  Unlvenltjr  of  Boutheni  CtUfonds.) 
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FDsranom  of  wtJuanaiutL  obbu 


Ml*  lOJ.  ModUM  BshmktX  BmmI  FuaetioM-Ordm  0,  1  tod  3 
(0^«^6>.   4M 

VI^**l(>).V|i^.^(«) 
11-0, 1,3;  «-iOU)ft,  4-»D 

Table  lA.f.iModlfltd  SphAied  BmmI  Funotiom-Ordert  9  and  10 

(0^«^*)   470 

ar'S/i;^^(»),  »^VRSjr^(a») 
fi«9, 10;»-0(.l)ft,  7-88 

».•,  10;«-5(.1)10,  68 

>^  np  (-«+ii(ii4l)/(3v)]W«) 
MP  f»-ii(ii+l)/(3>)Uir»H(s) 
fi-9, 10;  ar»-.l(-.00d)0,  7-88 
TiM*  19.10.  ModUlad  SplMrieal  Bcnal  Funottona— Yariout  Ovdera 
(O^n^lOO)   478 

11-10(1)90,80,40,00,100  f 
«-il,  3,  A,  10,80,100,  108  ' 

TaUa  10.1L  Afay  Ftoetlooa  (O^a^  • )   476 

Ai(a),  Ai'(a),  Bi(a),  Bl'(a)  . 
s-iO(.01)l,  80^ 

Ai(-a),  Ai'(-«),  Bi(-a),  Bl'(-a) 
a-iO(.01)lCl)10,  8D 

Auxiliary  Fonetlona  for  Larga  Poaitiva  Argumanta 
Ai(»)«ia-«'Vy(-©;  Bi(«)-ar«'«<y(|) 
Ai'(a)— tiWVV(-0;  Bi'(a)-a««aWt) 

XiD,  a(±D;  «-|a^.  r-l.«(--.l).5(-.08)0,  6D 

Auxiliary  Funotiona  for  Larga  Nflgativa  Argumanta 
Al(-»)-rW|y,(|)  ooa  t+/.(D  ain  D 
Bi(-»)-arvv,(|)  ooa  t-/,<|)  ab  H 
Ai'(-»)-»w«to(|)  ain  |~pb(D  ooa  H 
Bl'(-»)-»w«ip^(D  rin         ooa  a 

/i(D.m0i(D.0b(«;l-i9M 
r*-.0«(-.01)0,  0-70 

TaUa  10.13.  Intaprala  of  Airy  Funetiona  (O^a^lO)   478 

jj'Ai(l)d(,«-iO(.l)7.6;      Ai(-I)d(,  a«0(.l)10,  7D 

J]'bI(I)A,»-0(.1)9;  J^Bl(-».i«,»-iO(.l)10,  7D 

Toy*  10.18.  Z«oa  and  Aaiodatad  Vahiaa  of  Airy  Funotlona  and  Thafar 

DcrivatifMU^a^lO)  .  .  :   478 

ZtroB  a*,  <  ht,  V,  of  AiOs),  Ai'(«),  Bi(«),  Bi'(«)  and  valuaa  of  Ai'(a,), 
•  Ai«),  Bim  Bi(*;)  a-KDlO,  8D 

Conplai  Z«oa  and  Aiaodatad  Valuaa  of  Bi(f)  and  Bi'(a) 

ModiilttiandFhaaaofr*<^^„<-^tf;,mmBi(tf;)  a-KDS,  3D 


Th»wlhora0kao«Mfw«te«irfrtaaM«f  BvIIm  B.  Wattw  aad  Batii  SndMr  ia  tlM 
pnpanilen  tad  flhtokim  «f  tka  tatalai  and  piplM. 
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'  77    1.3.8..  .(a>i-l)/,  ia* 

fe«0,l,2, . ..) 
limlltagValnMW*'^ 

10.1*8 

••*W«)-»-i-3.a . . .  (»>-»o,  1,  a, . . .) 

7 


10.  Bessel  Functions  of  Fractional  Order 

Bfatibenuitieail  PkoportiM 
10.1.  SvlMtiMlBcMdFinMtloM 

1011 

^:+2«<+l,.-n(n+l)ho.O  («-0, 1, 2. . . .) 

J  (n-0,±l,^±2, ...) 

PtrtieuUr  tohitkms  vet  the  ^pAmMrf  JSmm^ 

i,(,)-VF^i.^(«), 
(iM  SpktrioiA  BmA  fwutioM  qf  ^  mvnd  kind 

y,(«)-V|571r^(«), 
and  the  Sphtrkal  BmA  fwdum  iif  th  OM 

Ai»(a)«i.(«)+iy.W-'VRiir«|(»>» 

A.«(t)-j.(«)-<y.(«)-VF!75H«i(«). 

The  pain  i.(«),  y.(«)  and  *?'(•),  W»(t)  we 
tinearly  mdefwDdent  aolutioiui  for  eveiy  n.  For 
general  propertiea  aee  the  remaiks  after  9.1.1. 

AaMDdtaf  SmIm  (0M  94J.  MrOt) 
10.1.2  \ 


10.13  \ 

i,(«)««-MP(n+», «)  iin 

10.1.9 

y.(«)«(-l)«H.la-HP(»+|,g)  008  («+*»ir) 

-«(»+♦,«)  "to  (»+W)J„ 

-§(-l)'(n+»,2fc)(?e)-» 
.)-^'(2-)--3^  (2.)- 

(ii«0,l,2,...) 


2 

8 

4 

8 

1 

3 

2 

6 

12 

9 

12 

60 

120 

1680 

4 

20 

IW 

840 

80S40 

» 

80 

430 

8860 

18120 
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LIO 


BI88IL  Fmonoira  or  fbagtional  obdbb 


/.(»)-•-',  /•(»)-•-• 
/..i(t)+/.+i(«)-(a«H-i)t-'/.(«) 

(ii-0,±l,  ±2,.,.) 


•/V  «»•• 

^(«>— P  J- 


oott 


/V    •  /  \     W9 1  tin  • 
lh(t)-Ti..U)-(-J+5)oot  .-J  ain  t 


FiooM  10.1. /•(*).  ii«i0(l)8. 


ERJC: 


44E 


Fraimi  10.2.  y.(f).  ii»oa)8. 


Piovw  lOJ.       libM.  •'-10. 


V 

10.U4 

(neO,  1, 2, . . .) 


MMtEL  fUMcnom  or  rsAonoNAL  oroib 

FiNMliMM  ti  Um  9umni  wmi  TbM 
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lft.l.lS 

(f»»0»  ±  I,  ±2, . , ,) 

10.1.16 

X  .  M.1.1T  s 
1II.1.1S 

A?i-,(f)— (11-0,1,2,...). 


(#-0,  ±1,  ±3,...) 
10.1.21  2±l/.(,)+^/.(,)«./,^,(«) 


(See  10.1.29.) 
10.1J2  I 

m 

(See  10.1  J4.) 


10.1J2       j/.(«)-5/.(»)-'/.+i(*)  , 


/.(•):i.(t),^<f),Ai'»(f),A?(f) 

(»«0,  ±1,  ±2, . . .) 

10.1.29  (i^)*lf*'/.(*)l«f-"+7...(») 

10.144  (J  ^)"l«-/.(»)l-('-l)-«-— /.♦«(•) 

(M«l,2,9,...) 

10.1J9 
10.1.26 


ib(f)-VU^.+*(»)  <i>e 

y,(e)»V{«?iMi4.|(«)  sin  W«) 
(See9Jklt.) 

10.1.27 
(See  9.2.29.) 

10.1.20  (*»y«)wi„(«)«iS(«)+»j(«)-«-« 

10.1  JO 

(K/«)Wl/t(»)=if(a)+»f  («)««-•+»-* 
10.U0 

'  (W«)J#/„(«)«^(«)+yl(«)««-«+3a-«+9«-« 


10.U1  ii,(«)y.-,(f)-i,-i(«)y.(«)««-« 

10.1J2 

jw+i(f)lfe-i(«)-jw.i(»)»,*i(»)-(2»»+l)»-* 
10.1JS 

i»(«)ib(<)+]/b(e)y.(f) 

(fmO,  1, 2, . . .) 
Aaiiytke  Conttonatkm 

10.144  ip(M"'0««*^ib(«) 

10.145  y.(M-^«(-l)»«"*^.(«) 

10.140  Ai«'(«<'*^«"0«(-l)-*?»(») 

10.14T  A?»(M*^'»«0-(-lW(») 

10.140  W»(««**0-W*(») 

(/ai,2',m,n«0,l,2,...) 


10.140 

i  •lnV?+2n-^  ^  y.-i(«)  (2|l|<|«|) 


10;i40  ^«oeV?=2ii-i^2^.i(t) 
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BI8BIL  nmcnoKB  of  fractional  oroir 


DwivatKw  with 


to  Order 


M.M1 

-(W»)  { Ci(2»)  Bin  »-Si(2»)  OM  i) 

10.1.43 

[5  W  00.  jf+Si(2»)  tin  ar) 

10.1.48 

[^y^x)]^_ ( Ci(2»)  oot  «+(8i(2jf)l»]  sin  «} 
10.1.44 

(iir/z)  {Ci(2«)  sin  «-(Si(3«)-v]  cos  «} 
AiWtloo  Hmonhm  Mkl  Dagiif  to  Fonn* 
r,  ^,  X  srbitrsiy  complex;  i?>»V(''+p'~2rp  COS  0) 

10.1.45  ^a|?«]p(2»+i)j,(xr)i,<Xp)P,(oosJ) 

•l0.1.46-5^-^  (2n+l)i,(Xr)y,(X|i)P.(cos«) 

l''«**'l<|p| 

10.1.47  (2»+l)«»«»«i«(a)'*«(o<»  •) 

10.1.40 

J,(»sin  (4n+l)  2^ 

DupBeatlim  Fatmnla 

10.1.40 

i«(2»)« 


Iavolvteg^(«) 
10.1.S0  ^  (2ft+l)ii(8)-l 

10.1.81     ^  (~i).(2»+l)j5(,)-i?i»^ 


10.1.82 
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ERIC 


10.138 


PiMadl  Intogfab 


(7(i«f)-yv.,(0di 

-V2(«oei«:|l(-l)"J»,+^(|«) 

•     .  \ 
+«in|«:5J(-l^y,.W*»)J 

io.ii^ 

-V2[fini»5:(-l)VH+i(W 

■  ■  \ 

(See  slso  11.1.1, 11.1.2.) 

Zeros  and  Tlieir  Asymptotic  Eqpansioiis  | 

The  MTM  of       uid  y«(ar)  are  the  same  as  we 
of  Jn-^i^)  and  and  the  formulas  for 

jw^  and  y,.«  pven  in  9eS  are  applicable  with 
r»n+f  There  aroi  however^  no  simple  relations 
connecting  the  seros  of  the  derivatives.  Ac- 
cordin^yi  we  now  give  formulas  for  ^n,$$  K,$$  the 
a^th  posiUve  aero  of  yn(z)p  respectively; 
0»O  is  counted  as  the  first  aero  of  joC')* 

(Tables  of  a;,,,      i,(a;  J,  y,(6;  J  are  given  hi 

(10.3110 

Banentary  IMatloM 

(<  a  real  parameter^  0^<^1) 
If  r«  is  a  aero  of then 

lOeLSS  /•(O«tr^(n+l)l/^,(f0 

(See  10ele21e) 

lOeleW  «(rjn)/^,(f«) 
(See  lOel.220 


lOeleS? 


.{iw-«(»+i)l^}'' 


BI18BL  ruNonozm  or  nuomwAL  obdbr 

ra  ffipiMfciwi  far  •  find  aad  •  L«r|0 
4 


441 


3 


(7|i»+IMm+M)(8«- 


-^(M«^+3«8«<i^+3«61m+6133)<8/J)-* 

(e94OMH4749O8«^+33O038|i> 
+9046780(1-5075147)  (8^-'-  . . . 
foro;,,  tf-»(«+in)  ior  6;,; 

jia(2||+l)* 

A^mplatk  EipnMea*  of  Znw  and  AModaKd  ValiMi 
10.1J» 

<.'^(»+*)+.8086165(n+|)'^-.236680(n+J)-"» 
-.2O786(n+|)-»+.0233(»+J)-»'»+ , . . 

10.1^ 

*:.t-'(»+*)+1.8210080(n+l)*'' 

+.802728(»hf*)-»'»-.11740(n+|)-» 

+.0249(n+|)-««+ . . . 

io.m 

-^.8468430(11+1) { l-.56e032(n+|)-«'» 
+.38081(»+i)-«^-.2203(n+J)-«+ . . .} 

10.1^ 

».(*:.i)'^.7183021(»+|)-«"{l-1.274760(n+J)-«'» 

+1.23038(ii+|)-<«--1.0070(n+*)-«+ . . .) 

See  [10.31]  for  comeponding  expemionB  for 
t»2, 3. 


10.1.68 

«:..-(n+J){aI(»+*)-«'*flJr 


+gM(»+*)-«^a»+i)-») 

10.1.64 

ft:..-(»+j){«i(»+i)-«^«] 

+gW(n+i)-«'»6;K»+i)-») 

10.1.68 

i,«.)WpAi(aO(n+|)-«'« 

M(»+«-«^aa  («Un+*)-«»a-"« 

{l+|}H»l(n+J)-«''«:Kn+i)-») 

10.1.66 

VniK..)  VRBiCftOtn+i)-*" 

M(n+|)-«"6n  UKn+D-na)-"^ 

^1+g  ffJ(»+*)-«"W(M-*)-») 

«(D  are  defined  as  in  9.8.26, 9i.8^ 
ai,  K  «-th  (negative)  real  mid  d  M'(z),  fii'(9) 
(see  10.4.98, 10.4.99.) 

Compln  Zen»  «f  ATM 

/tf>(a)  and  W.>(«^),  »  any  integer,  have  tbe 
same  aeroa. 

hii\z)  haanaeroa/qnnmetricaUy  distributed  with 
respect  to  the  imaginary  axis  and  lying  appraxlp 
matdy  on  the  finite  arc  joining  0a— n  and 
shown  in  Figure  9.6.  If  n  is  odd,  one  aero  lies  on 

Uie  imaginary  axis. 

kH^'ia)  has  n+ 1  seros  lying  approximately  on  the 
same  curve.  If  n  is  even,  one  lero  lies  on  the 
imaginary  axis. 
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412 


BI68SL  fONOnONB  OF  ^^BAOHODUL  OBDIB 


(-f)A,(r) 

(-r)*«<r) 

(-f)*i(r) 

(~f)«iii(r) 

(-r)«ft(r) 

(-f)«H|(f) 

H  0 

— .  4400724 

— .  123800 

—.06806 

.  000000 

.00000 

.0000 

•  www 

aa 

-.4672444 

-.  114201 

-.00986 

.027518 

.00575 

.0038 

-.4708250 

-.  107248 

-.05379 

.049009 

.  01118 

.0048 

Ol  a 

— .  4802184 

— .  101818 

-.04674 

.065677 

.01592 

•  0061 

a$ 

-.4875705 

-.000159 

-.04160 

.078855 

.01983 

•  0076 

1  A 
I*  u 

—.08736 

087887 

.02290 

oou 

-r 

*i(r) 

iW(r) 

Mr) 

ir>(r) 

«(r) 

i  A- 

I*  V" 

_  M7 
♦  V9f 

.0229 

I*  s 

_  Attn 

WAV 

.  0121 

I*  9 

AAA 

llfiAft24 

1  .0070 

1.6 

8108548 

01080 

-.008 

.089890 

1  .0042 

t8 

— .  3767704 

-.01810 

-.001 

.082085 

1  .0027 

_  ft47ftAft1 

—  dA014 

.0018 

##«<wvo 

_  MMg 

•  VWMO 

A91AS2 

.0012 

J*  4 

^*  .jiP0iP0ift 

.0008 

16 

00888 

.015820 

.0006 

-.00380 

.018061 

.0004 

^      %  A 

*  V 

X  AA910 

011317 

.0008 

ft  9 
ft  A 

IftfWVft 

AA17ft 

/  — ♦  WA  f  9 

.  AAATAl 

.0002 

.  IftTAIMUl 

/  —  AAIM 

•  WPW8 

.  0002 

ii 

^.  1886801 

/  -.00112 

.007891 

.0001 

1300480 

■  /    — .  00091 

,.008806 

.0001 

A  A 

—  iiftiftiSI 

^«  IIOftjpOTP 

/          ^m,'  AAA9JI 

A  ft 

~«  lUWIMfft 

/  AAAAft 

AAAlll 

%  ft 

/          —  AOOftd 

.004880 

46 

0888884/ 

-.00044 

.004088 

48 

-.0808180^ 

—.00087 

« 008873 

A  A 

.  AflSfllA 

—  miSSm 

.002088 

A»  ft 

— . 00028 

&6 

-.0744888 

—.00030 

.002478 

&8 

-.0711850 

-.00018 

.002262 

&0 

-,0681158 

-.00015 

.  002070 

6.3 

.  -.M52570 

-.00018 

.001899 

6.4 

-.00012 

.001746 

1 

&6 

-.00010 

.001009 

6.8 

-iosmu 

—.00009 

.001480 

7.0 

—.0855778 

-.00008 

.  001875 

A.(r) 

a4o 

.80 

'\  .82 

\.24 

1  1  1  1 1 

*  *  *  •  • 

-.00018 
—.00005 
—.00003 
-.00001 

.001859 
,001056 
.000551 
.000259 
.000106 

!  i». 

.12 
.08 
.04 

-.0091416 
-.0047276 
-.0090068 
-.0005965 
0000747 

.000037 
.000010 
.000002 

.00 

* 

0000000 

BiaaiL  foNonom  or  iBAonotrAL  ohdib 

lOJL  MoaiM  fpherkal  BcsmI  jPnnetloat 

IMInjliiMiff 


443 


«V'+2«w'-lji«+i»(»i+l)l«-0 

« 

V   («»0/±l,  ±2, . .  .) 

Ftftieulw  solutions  im  the  Moinfiid  Spherieal 
Bend  fuiiieHiOMiff  the  finikMt 

vi;^/.*»(«)-«-^'«i.(«'*'«)     (-»<aig  W 

(-»<arg»^|r) 

10^4 

VIi75«:.+i(a)-M-i)'*»Vli^/.+i(«)-/-.-»(«)l 

Thepsias 

Vl575/.+i(a),Vi;^-.-»(«) 

•nd 

Vii75/.+»(a),Vl57i«.+i(») 

are  Uneariy  independent  solutbns  lor  every  n. 

Most  properties  of  the  Modified  Spherical 
Bessel  functions  can  be  derived  fnm  Utose  of  the 
Spherical  Bessel  functions  by  use  of  the  above 
relations. 


10.2^ 


\.  *  ''■lt(a»+3)^2i^+3)(2H-|-5)^ 


•••} 


10^.6 


\*^lf(l-2»)^2Kl-2ft)(3-2a)^  *  *  f 


ERIC 


0|mO,  1,2,.. .) 


ir{Vi;^/.+l(a),Vli7iK^(«)}— 
10.2.9  / 

V|5^W»)-(2«)-HiJ(«+i-«)«' 

10.2.ID 

V|5?S/-.-»(a)-(2»)-H«(»+l,-«)«* 

+(-l)'«(n+4,«)s-1* 
lOJLll  ( 

«(ii+|,a)-l+^|i^(2«)-» 

.  i  ,  .  , 

2ir(ii-i) 

-:|;(»+i*)(2«)- 

(See  10.1.9.) 
10.2.12 

VSJ/S/m^iW-P-W  "inl*  cosh  s 

^^,(«)-a.+,(«)=(2»+i)»-*a.(«) 

(tt«0,il,±2,...) 

Tlw  PnacitoM  V|ir?a/  *i«-H>(«)»  *>'^0, 1,2- 
10.2*18 

/r-Tr  /  \     rinh  »  .  cosh  g 
ViS/ir«/.(«)»(^+5)  « 


(»«0,1,2,...) 


10.2.14 


VR«^-i/i(«)'- 


cosh  s 


/r-Tv  /  V  sinh  $  coflh  a 
V|ir/W-«iW"»— 5  Jf— 


Vlii/5/-i/i(«)«-p  «nh  » 


4St) 


P>i»n> 


BBian*  fONonoiii  or  fuwrnttiL  obmb 


10J.IS 

(~#<arg0^|ir) 

-(»»/«)«- 4:  (»+♦.*)(?«)-' 

10.2.16 

i|r.^(»)-K..-»(«)     (iM-0, 1,2,...) 

The  PinatiaBaVti^iCM4(i),ii>0, 1,  S 

WAIT  Vii^i/i(t)-(Wt)«- 

VR?iiri«(«)-(*»/f)«-(i+f-») 

Vii7iK,/,(i)-a»/i)«-(l+3«-'+3»-«) 


(n«0,±l,  ±2,...) 
!«A18  /..,(«)-/.+,(«)«(2»i+l)«-'/,(«) 

10A19  i^-i(»)+(n+l)/.+, W-(2n+l)^/.(«) 

10.2.20  5±l/,(,)+£/.(,)=/,.,(,) 
(8eelOA22.) 

10A21 
(See  10.2.23.) 

DMhiiBtlrttoa  FonattlM 

M')'  (-i)-+'VF^.+»(«) 

(n-O,  ±1,  ±2,...) 
10.2.22  (5^)*l«"+y.(«)l-»— +•/.-(«) 

10A23  0^)''if-'y.(«)H«— •y.+.w 


FRIC 


  9 

Fiotms  10.4.       /.^(tt),  11-0(1)3. 


FieoM  10.5.  '^/•fiW,  -^^HlCi).  •-lO. 
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"y  .'-V'" 


BB88BL  FUNCnO|jrft  OF  FBAOTIONAL  OBOSB 


r«nniilM  of  B^blili**  Tjv  I 

sinb  z 


10^24  yi5/5/.+»(«)-«'(50- 
VR5/-.-»(«)=«'(i0 


csosh  2 


/ 
/ 

/ 


(nrO,  1,2, ...) 


7" 


/ 


PoimiilM  tat  IlHi9)''P-n-ii») 

I  (n-0,l,2,y..) 

/ 

/ 

Go^ttaf  Fnaetlons  y/ 


/ 


m<\z\) 


MM 

\  coeh  V?+2Si-:|;  ^  iVi5?75/.-»(a)l 

Dwrtvstivw  with  BMpMt  to  0>d«r 

10.2.32 

l|/.(«)U»— lEi(2jt)e-^£,(-2»)«l 
10.2.33 

10J.34  TVir^(-2»)«' 
For  £,(2)  and  EiU),  see  5.1.1, 8.li. 


Addition  TbeoMOM  and  Degenerato  Fa 

f,  X  arbitrary  complex;  H^^^y^—Trf  cob  • 
10.2.35 


2 


n(Xr)r 


/ 


^-'^     iViroii:.+»(x/»)iP.(coB  fh 

10;£S6 

/    e'--'«^  (2n+l)  lVi575/.+»(a)lP.(co8 ^ 
10.2.37 

(-l)«(2n+l)(Vii7i/.+»(«)lP.(eosfl) 

I 

10 JL38  . 
iiC.+»(22)- 

lOUI.  Blceatl-BcMd  FunotlmM 
DUbfOBtlal  E^itMtloB 

lOAl  i 

«^'+[i#-»(»ifl)lw«0 
(11=0,  ±1,  ±2,  .  .  .) 
Pairs  of  Unearfy  independent  solutions  are 
^•,(«),  ay,(a) 

All  properties  of  these  functions  follow  directly 
from  those  of  |he  Spherical  Beasel  functions. 

The  FUoetloas        f0«(«),  »«"0, 1,  a 

lOJJ 

9o(<)»un  0>  Bin  '—cos  z 

t^'iU)  «(8«-«~  1)  sin  «-8r'  cos  «  • 

10.84 

a»i(a)«-cos«,  «yi(f)«-sina-«-*oos» 

«y,(a)«-3«-»  sin  «-(8»-«^l)  eos  i  a 


10.3.4  Tr{.i?7.(a).  »y«(»))"l 

10J.5  TF(Mi'>(«),«e(a)}='-2t" 


(n»0, 1,  2,  .  .  .) 


ERIC 
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^-•^  
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10.4.  Alrj 
OcAaitioai*  and 


ruNcnoNf)  or  mcnoNAL  obdbb 

10.4.U  ir{Ai(»),Ai(M-«^}4|»-««««« 
10.4.U  IF{Ai  (m'^'O,  Ai  (««-«^4}»|*jr-» 


Vtm  of  Iifi«u>ly  indtpendent  solutions  we 

Ai  («),  Bi  (»), 

Ai  (•),  Ai  (8t^), 
'  Ai  («),  Ai 


10.4.2  Ai  (8)»(!t/(«)-ei0(<) 

10.4.3  Bi(2)»V3[ei/(«)+et9(a)] 


2\ 


3»(a+|)^«(3«+l)(3«+4)  . . .  (3«+3*-2) 

(a  arbitmiy;  lr«l,  2, 3, . . .) 

(See  6.1.22.) 
10.4.4 

«,«Ai  (0)=Bi  {0)/V3«3-«'*/r(2/3) 

•.36602  80638  87817 

10.4.3 

Ai'  (0)«Bi'  (0)/V5'=3-»'»/r(l/3) 

«.26881  94037  92807 

Rolftflotti  Bctwwtt  flolntiono 
10e4e6  Bi  ($)^$^^  Ai  («^^  +«-^'*  Ai  (««-«^^ 

10.4.7 

Ai  Ai  (tf^^'^+r"'*^  Ai  (9$-^^^0 
lOAA 

Bi  Bi  («^«^+«-*»«*  Bi  («-*^'^«0 

'  10.4.9  Ai  (^^••'^-♦e^'^'nAi  (i)T<  Bi 


10.4.10  tr{Ai(i),Bi(4)}««^' 

10.4.11  ir{Ai(«),Ai(a«*^'0}«4ir"^«^*''* 

ERIC 


Fioims  10.6.  AI  (±sh  Ai' 


U 
iO 
4 

A 
♦I 
0 

•4 

»I4 
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A      A  A 

err-   /\   /  '1 

PiooM  10.7.  m  (±a),  3V 


BBfltBL  nmcnom  o? 

I  111  T«fnM    BeMd  FtaaetiaM 

-10.4.14 

Ai  (»)«iV»l/-I/^(f)-/|/«(f)l-r 'VTOfi/iCf) 
10.4.15 

Ai  (-»)-lV5W/i(f)+ J-i/.(f)l 

-JVi^«'«'«iy{)j(f)+«-*'W.Wf)l 

10.4.14 

•-Ai'(»)=Wr-w(f)-/w(f)l-»-'(a/i^)«»«(f) 
10.4.17 

-»WV3)l«-^'»«)l(f)+«»*'*i35»(f)l 

10.4.18    Bi  («)«V^l/-,/«(f)+/i/.(f)l 
10.4.19 

Bi  (-«)- Viv3lJ.,/,(f)-J,/,(f)l  \ 

10.4.20  Bi'(»;-(^/V3)l/.,«(f)+/,/,(f)l 
10.4J1 

•  Bi'(-»)-(»/V5)lJ-,/,(f)+J,/,(f)l 

-W»/V3)lr*«^HM)-«**''ffi»(f)l 

of  BmmI  PmwtloM  In  Tamw  of  Airy 


-ao- 


10.4.2a  J*,/,(f)«iV^(i^  Ai  (-a)TBi  (~a)l 

•10.4.28  «L«|/i(f)-«+'*''V37ilAi  (-«)-»  Bi  (-«)) 

10.4.24  H2l„(f) ««*««'«V37«(Ai  (-«)  +»  Bi  (-«)) 

10.4.28  /*,„(f)=»|i^T  V5  Ai  (t)+Bi  (t)) 

10.4.26  #r*,«(f)-»VSy5Ai(t) 

10.4.27  J*,/.(f)-(V3/2t)l±V5Ai'(-»)+Bi'(-a)J 
10.4.28 

«»(f)-«-'"m.(f) 

-«'"»(V3/»)lAi'  (-»)-<  Bi'  (-»)) 

10.449 

 =«-'«*(V3/»)lAi'  (-#)+<  Bi'  (-»)) 


rsAonoNAL  OBOIB  447 

10.4J0  /*,/,(f)«(V3/2«)(i:V3Ai'(a)+Bi'(a)l 

10.441  ir^,/,(f )  -  -»(V3/»)  Ai'  (a) 
Integral  B<pw— iiteUo— 

10.442 

(3a)->«»  Ai  l±(3a)-»*«l«J^*  oo*  (a<»±«0<ft 
10.448 


(3a)->«»Bil±(3a)->«*) 


) 


Tbe  iBMgrakiJI' Ai  (±I)A,  J^'BI(±f)« 

i  f -la*'* 

10.4.34  JjAi(«)<ft'<-|J^/-i/i(0-/i/.(01A 
10.448  £  Ai  (-oift«-|     {J^init)+Mm  ^ 
10.4.86  J^*Bi  (0<<<«^  JV-i/i(0+/i/«(01<«/ 

10.447  J^Bi  (-0<*«":^  J^'  [J^in(t)-Jin(jtm 

AMMdlnt  S«riM  fiMT  J^'Ai(±l)A,  J^'Bi(±t)dl 

10.448  £^mt'^eiF{8)-e/JI(8) 
(See  10.44.) 

10.449  £^('rt)dt^''CtF('-»He^(-») 
10.4.40    J^* Bi  (Orf*- V5(c,F(a)  +c*6f(a)l 


(See  10.44.) 
10.4.41/ 


f  *  Bi  (~<)rf««  -i^«,F(-a)  +«iO(-»)l 
The  oonaiante  «i,  ^  are  given  in  10.4.4»  10.4.8. 
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.  1 


448 


msML  TUNcnoirs  or  wucnoHAL  oboir 


Tbe  Funetkitu  Oi(«),  Rl(«) 


\ 

10.4.42 

Qi  (#)-»-'£*8in(^<»-|-«l)(/< 

-|Bi       JVi  (»)  Bi  (l)-Ai  (0  Bi 
10.4.4S 

Oi'  (a)-^Bi'  (a)+  Bi  (0-Ai  (0  Bi'(«)lrf< 

10.4.44 

Hi(«)«  w-'J^* 

-|Bi(*)+JJ[Ai  (0  Bi  (*)-Ai(«)Bi(l)l(<l 
10.4.4S 

W(«)-?Bi'  (»)+ (I)  Bi'(»)-Ai'(«)  Bi  (0)i« 

10.4.46        Oi  (a)  +Hi  («)  »Bi  («) 

R«pr«Miitatlons  of     Ai(  ±      J^'  Bi(  ±  I) A 
brOi  Hi(^«) 

10.4.47 

j\i  mJ^+w[AV  («)Gi(«)-Ai  («)Gi'(«)] 
10.4.48 

— |-MAi'  (g)  Hi  («)-Ai  (a)  Hi'  (»)) 

10.4.49 

J^'ai  (-.«)</«.— |-ir(Ai'  (-«)  Gi  (-a) 

-Ai  (-«)  Gi'  (-«)] 

10.4.80 

-?+irlAi'  (-«)  Hi  (-«) 

-Ai  (-«)Hi'(-.0)] 

10.4.81 

J^*Bi  (0*«ir(Bi'  («)  Gi  (»)-Bi  («)  Oi'  (»)] 

10.4.82     a-ir(Bi'  {»)  Hi  («)-Bi  («)  Hi'(9)] 
10.4.88 

r  Bi  (-  Orf<-=-irlBi'  (-«)  Gi  (-«) 
'  -Bi  (-«)  Gi'  (-«)] 

10.4.84         «.»lBi'  (-«)  Hi  (-«) 

-Bi  (-*)  Hi'  (-»)) 
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DUKnmiltol  EqualloM  fbr  Qi  (i),  HI  («) 
10*4«5S  —If* 

H7(0)«^  Bi  (0)«^  Ai  (0)^.20497  55424  78 
«'(0)to|Bi'  (0)«-^  Ai'  <0)=.l4942  94624  40 


io(«)»Gi(«) 


10.4.86 


-I 


w(0)n|  Bi  (0)"^  Ai  (0) a. 40006  10849  66 

to'(0)<»|Bi'  (0)— ^Xi'  (0)».20886  89048  98 
10(0)  aHi  («) 

DUr«Niitlal  EqiMtlott  for  Pvoduets  of  Alrjr  Fuaetlou 


10.4.87 


ti>"'— 4«ti>'— 210— 0 


Linearly  independent  solutions  are  Ai'  (0), 
Ai(0)Bi(0;,Bi*(«). 

WhnuUmi  fur  PvodueU  of  Alfjr  FunetloiM 
10.4.S8  W{Ai>  (0),  Ai  (0)  Bi  (0),  Bi»  (0)}«2r-» 
Aajrmptotto  EBpaasioii*  for  |«|  Lwfe 

,    1  .      rOilr+t)  _(2fe+l)(2t+8)...(6lf-l) 

<i.-l,*— (i?»l,2,3,...) 


\ 


10.4.89 

Ai  (0)'vl  ,-«/»0->/««-r  ^  (-.l)»e,r*  (|ar/ 0|<ir) 
10.4.60 

Ai  (-0)-f-v«0-«/«  [sin  (-1)  W» 

~oo.(r+J)^(-i)*w"-*] 

(|arg0|<}ir) 

10.4.61 

Ai'(0)  iir-'/V'*«-'^  (-l)*rf»r* 

(Iarg0|<ir) 


+«n(r+J)5;(-i)«*,4,r^-'] 
(l«ig«l<l») 

Bi  [eoi  (f + J)  5;  (-l)W-» 

+tm(r+J)|:(-i)«ir,*,r*-] 

(l»rg«r<CI») 

Bi 

-cot  (f +5:f  j  to  2)  ij:  (-i)Vte*,r*-] 

»l<l») 

10.4.<6 

•  Bi'  (»)-»-»,i,f  ^       (laig  a|<j  ,) 
10.4.47 

Bi'  (~«)         [tto  (f +5)  ^  (-  l)N«»r • 

' -««i(f+!)^(~i)Vtt*,r"»-] 


BI88IL  rpifonom  or  iBAonoNAL  obdir 

10.4.70 


449 


10AM 
Bi'  (#«**"^ 


-^^«"«'«a»  [co»  (f+j=Fj  In  2)  ^  (-DV^r* 

(f +5?^  to  2)  ^  (-l)\<«^,f--] 

(l«rf»l<l») 

ModuhM  Mndl  PIuum 

10.4.09 

Ai  (-»)«^(«)  Bi  (-»)-W(af)  tto 

M«)-VlAi«(-»)+Bi»(-«)l, 
^  0(t) «»rcUii  (Bi  (-»)/Ai  (-»)] 

ERJC  'ttaMtHT 


iV(»)-VlAi'«(-»)Hk3^li'«  (-«)), 

♦(«)^arotaii  (Bi'  (-«)/Ai'  (-»)J 

INfbNatiid  Bqiuj^om  Cw  Modolns  aad  Ite* 

IVimct  danot^^erentiaUon  with  rapeet  to  a 

10.4.71  ilV---*-', 

10.4.72  iV>»Af'>+JliV*»ilf''-fir-'M-'  • 
10.4.7*  m'«>-xMM' 

10.4.74  / 

tan  (♦-•)«iMr/Jf'«-(»J|/J|f')-', 

10.i78  Af"+aaf-i|A4£il-r(r^^ 

10.i76^__J:(a#«J'^5'jS(W5^ 

10.4.77  •'•+J(»"'/0-|(*'7*')«-'» ' 

Aijrmptotto  EipuMloM  of  MeduliM  and  PhaM  tm 
Larg*  « 

10.4.78  U  5;  ^  2"  (j)^<^)-«' 
10.4.79 


82826  1282031828 


10.4J6 


10.4J1 


[1 +J  (2«)-»-^  (2ar)-« 


^  498271  2088  30429 


840 


98 
3048- 


10.442  J^'Ai«)<ft^|-i»-'/^-«««ip(-|i«'«) 


10.4.88 


456 


/ 


460 
10.4J4 


Anmplotte  ForbiBofOi  ( fx),  Qi'  (±x).  I^(±«),Hi' 


BB8SBL  rUNCnONS  07  FRACTIONAL  ORDER 

10.4.104 


10.4J6 


Oi  (jf)^ir-»»-» 


10.4.87  Gi  -ir- cos 
10.4JS  ^ 


10.4.W  Gi'  (-») -ir-*"*"*  sin 


Bi'  0.)-(-i)*V5r*"yi  [~  (4«-i)+j  In  2] 
10.4.105 

Bi  (fi:)M-ly-'^/i€'*'%       (4«-3)+|  In  2] 
\z\  sufficiently  large 


1080  56875 
'  69  87296  * 

.16  23766  96876  . 
+   9 


10.4.90  Hi  («)^ir->'»»->'«exp  (!«»'•) 

10.4.91  Hi 

10.4.92  Hi'  (t)'^r-^i*x"*  exp  (fa*") 

10.4.93  Hi'(-x)  \r"x'* 

ZenM  and  Tlmlr  Aaympletle  EspMUioM 

Ai  (2),  Ai'  («)  have  zeros  on  the  negative  real 
axis  only.  Bi  (2),  Bi'  (z)  have  seros  on  the  nega- 
tive real  axis  and  in  the  sector  |ir<f«lfe  «|<|«". 

«i;  ft.'  »-th  (real)  negative  zero  of  Ai^  (a), 
Ai'  («);  Bi  (2).  Bi'  (2),  respectively.  A,  A';  A,  ]5i 
*-th  complex  zero  of  Bi  (2),  Bi'  (2)  in  the  sectors 
i«><arg  2<iir,  -|ir<arg  2<-iir,  respectively. 

10.4.94  o,=  -yi3ir(4«-l)/8l 

10.4.95  0;=  -#ir(4«-3)/8l 

10.4.96  Ai'  ((»,) = ( - 1  )-«/,(3ir(4«- 1  )/8l 

10.4.97  Ai  (0,')    (-  l)-'i;i(3ir(4«-3)/8l 

10.4.98  ft,=  -yi3ir(4«-3)/8l 

10.4.99  ft;  -=  -  p[3ir(4«  - 1  )/8l  , 

10.4.100  Bi'(ft.)    (- l)-'/,(:M4«-3)/8r 

10.4.101  Di(ft;)  (-l)'j/.|3ir(4«-l)/8l 

10.4. 102  A  -  (4«- 1 )      In  2] 

10.4.103  a:  [''^^  (4.'.-:i)-»-^*  In  2j 
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3344  30208 
/X  7       .  35   _«  181223 


r 


186  83371 
^  12  44160  * 


911468  84361 
'  191102976 


rWH- . . .) 

y.(2)..-2-(l+A,-.-.l^,-. 

.  23  97876  \ 
+  6  63662  * 

„(2)^-w»2-w.(l~7.^-'+^i^2- 

843  94709    , .  \ 
""266  42080         *  *  7 

FomMl  mnA  Aaymptotle  Solution*  of  Onlltuurjr  IMffier- 
«ntlal  Equatiotu  of  Sccoiul  Onhnr  With  TunUne 
Ptolnto 

An  equation 

10.4.106  H^"  +  tt(2,X)JV'+ft(2,X)Vr=0 

in  which  X  is  a  real  or  complex  parameter  and, 
for  fixed  X,  0(2,  X)  is  analytic  in  9  and  ft(2,  X)  b 
continuous  in  2  in  some  rogion  of  the  2-plane,  may 
be  reduced  by  the  transfongnation 

10.4.107  W(z)^w{i)  exp  (-|J*««. 

to  the  equation 
10.4.108 

tl>"+^(2,  X)«)«0 


^(2,  X)«ft(2,  X)-J  0»(2,  X)~^     a(2,  X). 


BBBCteL  FUNCTIONS 

It      >)  can  be  written  in  the  fonn 
10.4.109  X)«X«i»(«)-f  X) 

where  q{g,  X)  is  bounded  in  a  region  B  of  the  «• 
plane,  then  the  zeros  of  p{z)  in  R  an  said  to  be 
turning  points  of  the  equation  10.4.1W. 

TiM  Special  Ch»  «'H(X*<+«('.  X))iff»0 

Let  XslXltf'"  vary  over  a  sectorial  domain  8: 
|Xi^Xq(>0),  and  suppose  tliat      X)  is 

continuous  in  g  for  |«|<r  and  X  in  fi^,  and  {(2,  X) 

««(«)X"*  as  X-»»  in  8. 

Fomal  9«fflM  Soluttoa 

10.4.110 

^  ,».U)X-+X-V(«)  ^i^.(2)X- 
tt"+X»»tt=0 

**(«)~«o,  .  c,,  Ci  constants 

(n=0, 1,2, . . .) 

Unlfbrm  Aajrmptotle  EspiuukMM  of  SoluticMU 

For  4  real,  i.e.  for  the  equation 

10.4.111       »"+IX««+«(«,  X)h/=0 

where  x  varies  in  a  bounded  interval  a^x^b  that 
includes  the  origin  and  where,  for  each  fixed  X  in  5, 
q(t,  X)  is  continuous  in  x  toTa^x<,b,  the  following 
asymptotic  representations  hold. 

(i)  If  X  is  real  and  positive,  there  are  solutions 
Voix),        such  that,  unifqirmly  in  x  on  a^x^O, 

10.4.112 

yo(«)=Ai(-X«'»*)U+0(X-»)l  (X-*-) 
y,(x)=Bi(-X«'»x)ll+0(X-')l 
and,  uniformly  inxon0^x^6  ^ 

io.4.ns 

yo(/)-Ai(~M'»x)(I  +  0(X-')l+Bi(-X««*)0(X-«), 
y,(/)=:=Bi  (-A'^x)!!  +0(X-«)H  Ai  (-X»'»j;)0(X-') 

(ii)  If  0(!X>O,  JX^O,  there  are  solutions 
y^ix),  ydx)  such  that,  uniformly  in  x  on  a ^x ^6, 

ERJC  '^p^« 
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10.4.114  1 

»«(x)=Ai  (-ix'^^xXl+OCX-O)  1 

y,(x)-Bi  (-X«'^)U+0(X->)1  (|XK»1 

For  further  representations  and  details,  we  r^ttt 
to  110.41.  ; 

When  z  is  complex  (bounded  or  unboundml), 
conditions  under  which  the  formal  series  10.4.110 
yields  a  uniform  asymptotic  expansion  of  a  scttu- 
tion  are  given  in  (10.121  if  9(2,  X)  is  independ^t 
of  X  and  |X|-»»  with  fixed  0,  and  in  110.14]  i^  X 
lies  in  any  region  of  the  complex  plane,  Furib^ 
references  are  [10.2;  10.0;  10.10]. 

The  Gcnend  Cms  w''+[X*p(«)+«(«»  X)]«-0 

Let  X=|X|e<- where  |X|^Xp(>d)  and  -»^«S*; 
suppose  that  p(2)  is  analytic  in  a  region  £  and  has 
a  zero  x»ab  in  R,  and  that,  for  fixed  X,  q{x,  X)  is 
analytic  in  x  tm  z  la  R.  The  transformation 
v^lpizyiVSoiz),  where  |  is  defined  as 
the  (unique)  solution  ^  ^e  equation 

10.4.115  { (^y"^^*^' 

yields  the  special  case 

10e4ell6      ^+  mi-M  X)]t;«0,  ♦ 

/«,.)=®-V,«-(g)-'|[(S)l 

Exampk: 
Consider  the  equation 

10.4.117    i/"+IX«-(X»~J)  x-'Jy-O 

for  which  the  points  x=0,  •  are  singular  points 

and  X- 1  b  a  turning  point.  !t  has  the  functions 

x»Jx(Xx),  x»Fx(Xx)  as  particular  solutions  (see 

9.1.40). 

The  equation  10.4.11S  becomes 
whence 

'  (OO^l) 
I  (»'»«Vx»~r-arcco8  x"'     (1  •). 

Thus 

^  )  f^'^ 
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BI88IL  PDNCnONS  Of  HUOnONAL  OBDBB 


9n0 


wliwh  a  of  the  torn  10.4.111  with  x  refdaoed  by  | 
•nd  9(i  X)  iBdepradent  of  X. 

Suppow  0lX^Ot  JX9*0:  By  the  first  equaUon 
of  10.4.114  there  is  ft  ioliition  of  10.4.119, 
i.e.,  »  eolutkm  ^^(x)  of  10.4.117  for  whkb  the 
reimsentAtion 

10.4.110 

iba)-(^)''*».(«)«Ai(-X««|)Il+0(X-»)l 

holds  nnifonnly  in  x  on  0<x<«  as  |X|-»*. 

To  identify  in  terms. of  iMkOa),  ^Y%(Kx), 
lestriet  «  to  0<«^6<1  so  that  by  10.4.118  |  is 
jriegatiTe,  and  replace  the  Airy  fimotion  by  its 
asymptotic  representation  10.4J9.   This  yields 

10.4.131 

"(^)  exp  (I  X(-|>«) 

V  (1+0(X-»)1 


Ther« 


l^t  now  X  be  fixed  and  «-»0  in  10a4»121o 
reeults 


On  the  other  hand,  y^(t)  is  a  solution  of  10a4all7 
and  therefore  it  can  be  written  in  the  form 

io.4om  yo(»)««*^eiJ;(x»)+?ir,(x«)] 

where,  from  9ele7  for  X  fixed  and  x-^ 


•  ^H"'  CSC  Xir 

r(i-x)  ^ 


Thus,  letting  x-*0  in  10.4.128  and  comparing  the 
resulting  relation  with  10.4.123  one  finds  that 
«i«>0  and 


ERIC 


It  follows  from  10.4.120  that  uniformly  in  «  on 
0<«<» 

10.4,135 

(-xn)ii+a(x-«)i 

) 

Numerical  Method* 
10.5.  Useaiidl&tcasloaortiMTablM 


To  compute  y.(»),  nsO,  1, 2,  for  values  of 
X  outside  the  range  of  Table  10.1,  use  fonnulas 
10.1.11, 10.1.12  and  obtain  values  for  the  circular 
functions  frran  TaUes  4.6-4.8. 

Eaample  If.  Gompute  ji(x)  for     1 1 .426. 

From  10.1.11, Hence, using 
TaUes4.6and4J, 


it(11.425)« 


10.4:124  |»-w«x-*-''««»r(x+i)»''V»(xi). 


.90920  500  .41084  873 
*  (11.426)«  11.426 

B-.00096  64635- .08644 1002 

.04340  7350. 

To  compute  ll^n^20,  for  a  value  of  t 
within  the  range  of  Tablo  10.8,  obtain  from  Table 
10.3,  duectly  or  poesiUy  by  linear  bterpolatkm, 
itt(s)»  3»i»)  and  use  these  as  starting  values  in  the 
recurrence  relation  10.1.19  for  deoieadng  n. 

An  alternative  procedure  wliioh  often  yields 
better  accuracy  and  whidi  also  applies  to  compu- 
tations of  jn(t)  when  boUi  n  and  x  are  outdde  the 
range  of  Table  10.1  is  the  following  device  essen^ 
tiaUy  due  to  J.  C.  P.  MiUer  [9.20]. 

At  some  value  AT  larger  than  the  deelred  value 
lit  assume  tentatively  jV^teaO,  and  use 

recurrence  relation  10.1.19  for  deoreaaing  N  to 
obtain  the  sequence  Fh-u  .  ^  F^.  If  iST  wu 
chosen  large  enough,  each  term  of  this  sequence 
up  to  Fa  is  proportional,  to  a  certain  numbtf  of 
significant  figures,  to  the  corresponding  term  In 
the  sequence  jH-ii*),  .  .  of  true  values. 

The  factor  of  proportionality,  p,  may  be  obtahied 
by  comparing,  say,  F9  with  tlie  true  value  io(«) 
computed  separately.  The  terms  in  the  sequence 
jvFo,  .  .  .  pF»  are  then  accurate  to  the  number 
of  significant  figures  present  in  the  tentative 
values.  If  the  accuracy  obtained  is  lx»tstt£Bdent, 
the  process  may  be  repeated  by  atartiiig  firam  a 
laiger  value  N. 
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(.00800  70] 
[-.02485  90] 
(-.04628  16] 
(-.04000  88] 
(-.00871  67] 


Ei«inpte2.   Compute for  x-24.6. 
Interpolation  in  Table  10.3  yields  for  «=24.6 

-  (-28)3.934616 
i-^e^/^^Cat)-  (-27)9.48683 

whence 

j„(24.6)=.0fi604  29,i«>(24.6)«.03896  98. 

From  the  recurrence  relation  10.1.19  there 
results 

ji,(24.6)=»  .00890  67660 
iw(24.6)  =  -. 02484  93173 
;„(24.6)= -.04628  17664 
/„(24.6)  = -.04099  87086 
^•,,(24.6)= -.00871  66122 

For  comparison,  the  correct  values,  are  shown  in 
brackets. 

To  compute  ju(x)  for  »=24.6  by  Miller's  de- 
vice, take,  for  example,  iV==39  and  assume 
/«=0,  Fw«  1.  Using  10.1.19  with  decreasing  N, 
i.e.,  F^.,=((2iV+l)/«]^/»-^i»+i.A^='39,38,  .  . 
1,  0,  generate  the  sequence  Fu,  fm  •  •  •»'  ^o, 
compute  from  Table  4.6,  jo(24.6)=:(sin  24.6)/24.6 
-  —  .02064  620296,  and  obUin  the  factor  of  pro- 
portionality 

}>»io(24.6)/F,=  .00000  03839  17642. 

The  value  pFu  equab  iM(24.6)  to  8  decimab. 
The  final  part  of  the  computations  is  shown  in 
the  foUowing  table,  fn  which  the  correct  values 
are  given  for  comparison. 


N 


16 
14 
13 
12 
11 
10 
9 
8 
7 
0 
5 
4 

1 
0 


-22704.  71107 
+78178.88236 

+  114866.80811 
+  47894.  443A3 
-66193.  A9317 

- 109782.  76234 
-27523. 39903 
+88A24. 85262 
+  88699. 11017 
-34440. 02929 

-106890.  12565 
-13360,39272 

+  102011. 17704 
+  42387.96341 
-93395.  73728 
^53777.68747 


-.00871 
+.03001 
+.04409 
+.01838 
-.02541 
-.04214 

01056 
+.03398 
+.03405 

01322 
-.  04104 
-.  00512 
+.  03916 
+.  01627 
-.  03585 
-.02064 


67391 
42622 
93941 
75218 
28882 
75392 
67185 
62526 
81532 
21348 
04602 
92905 
88905 
34870 
62712 
62030 


i*(24.6) 


-.  00871  674 
+.03001  425 
+.04409  939 
+.  01838  752 
-.02541  289 

04214  754 
-.  01056  672 
+.08898  625 
+.  03405  815 

01832  318 
-.04104  046 

00513  929 
+.08916  389 
+.01637  349 
-.  08585  337 
-.02064  630 


It  may  be  observed  that  the  normdization  of  the 
sequence  Fm-u  •  •  .,  can  also  be  obtamed 
from  formula  10.1.S0  by  computing  the  sum 

<r=.^  (2*+l)/1  ijiad  finding  p=l/V»^  This 

yielcbi  in  the  case  of  the  example,  p^l/V^™ 
.00000  03830  177. 


Modified  Sidierlcal  BeMel  PonettoM 

To  compute  Vi»55/iM4(«)»  -^hfliKnM*  n«0, 
1,  2,  ...  for  values  of  x  outside  the  range  of 
Table  10.8,  use  formulas  10.2.18, 10.2.14  together 
with  10.2.4  and  obUdn  values  for  the  hyperbdie 
and  exponential  functions  from  Tahiea''i«4  and 
4.15.  In  those  cases  when  -^^wlxl^ix)  and 
Vi«'/«-^-»-i(«)  wp»  nearly  equal,  i.e.,  When  x  is 
sufficiently  large,  compute  -^f^rJxK»+i(x)  from 
formula  10.2.1S,  for  which  the  coefficients  (n+i,  ib) 
are  given  in  10.1.9. 

Example  3.  Compute  Viir]i/«/a(«)«  ViWaKK^/<(«) 
for  ara  16.2. 

From  10.2.13,  VfirAe/»/a(«)='(3+af^  sinh  «/a?- 
3  cosh  x/^;  from  Table  4.4,  cosh  16.2=  (6)6.4267 
69960  and  this  equals  the  value  of  sinh  16.2  to  the 
same  number  of  significant  figures.  Hence 


ViWl6.2/,/,(16.2)^  (.06243  402371 

-.01143  118427)((6)6.4267  60060] 

»338814.4694-62034.29298 

=276780.1064. 


To  compute  ViWl6.2Jfir,/t(16.2)  use~10J.17  and 
obtain 


ViWl6:2li:w.(16.2)=«-«««[^ 
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=(-7)2.8946  38069(.036932  60400] 
=  (-8)1.0690  28283. 

To  compute  Vi»Ae/ii+»(«)»  3^n^8,  for  a 
value  of  X  within  the  range  of  Table  10.9,  obtain 

from  Table  10.9,  'JW^Inni*),  Vltff^/ii»(»)  for 
the  desired  value  of  x  and  use  these  as  starting 
values  in  the  recurrence  relation  10J.18  for 
decreasing  n. 

To  compute  ^f^Kn^^ix)  for  some  integer  n 
outside  the  range  of  Table  10.9,  obtain  from 
10.2.18  or  from  T«bl«  10.8,  Vi«^(«)i 
^PSir/xKtni*)  tor  the  desired  value  of  x  and  use 
these  as  starting  values  in  the  recurrence  relation 
10.2.18  for  increasing  n.  If  «  lies  within  ths 
range  of  Table  10.9  and  n>l0,  the  recurrence 

may  be  started  with  VF?«^u/«(«)»  Vfif^iCw/i(«) 
obtained  from  Table  10.9. 

Examiile  4.   Compute  VF^Kt  i»(x)  for  ««3.6. 

Obtain  from  Table  10.8  for  «»3.6 

Vi^K,/i(2)«.01192  222 
Vi^K</i(«) '='  •01623  3062 

I 

4«0 
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Tb»  recurrence  relation  10.2.18  yields  guccessively 
-Viir73l6K,/,(3.6)=.  -.01 192  222 


(.01623  3952) 

=-.02461  718 


>'}ir^iiCT/s(3.6) =.01523  3952 


+^  (.02461  718) 


.04942  4480 
-V}ir73y6ii:,/,(3.6)= -.02461  718 


—  (.04942  4480) 
==-.12072  034 


Viir/3^/ir„/i(3.6) » .04942  4480 
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+3^  (.12072  034) 
«, 36122  633. 

As  a  check,  the  recurrence  can  be  carried  out  until 
n<s9  and  the  value  of  V}«'/3.6Kit/i(3.6)  so  obtained 
can  be  compared  with  the  corresponding  value 
from  Table  10.9. 

To  compute  Vi»/«/«+*(at)  when  both  n  and  x 
are  outside  the  range  of  Table  10.9*  use  the  device 
described  in  (9.20). 

Alrjr  FunctkMu 

To  compute  Ai(2),  Bi(x)  for  values  of  x  beyond 
1,  use^auxUiary  functions  from  Table  10.11. 
Esample  8.  Compute  Ai(»)  for  x»4.5. 
First,  for  «=»4.6, 

|=|jc»'i= 6.36396  1029,  r*=. 16713  48403. 

Hence,  from  Table  10.11* /(-|)=.55848  24  and 
thus 

Ai(4.6) 

=  i(4.6)-  ''«(.66848  24)  exp  (-6.36396  1029) 

=  ^(.68668  905)(.66848  24)(.00172  25302) 

00033  02603. 

To  compute  the  zeros  e,  t'  of  a  solution  y(2)  of 
the  equation  y"  -iy=0  and  of  its  derivative 


y'(x),  respectively,  the  following  formulas  may  ba 
used,  in  which  d,  i'  denote  approximations  to 
and  tt=y(rf)/y'(rf),  »»y'(rf0/rf'V(O. 


+88rf|J^(88+720rf^|; 


71 


+5856(P|J-(16640rf+40320rf*)^+ . 
j'»d'^l-*-^-.(3+2rf'p^-(16+10rf'»)?J 


-(106+76rf'»+24<i'») 


-(946+766rf'»+272(i'«)^J- . . . 

y'(c)»/(d){i-.i;+^-3^j;+i4rfH.; 


-(14+45<i^^+471d»^ 
-(1432(/+1576d«) 


y(cO«y(rf'){  i-<<"  ^-(3<i"+3d'*)^J 
-(16rf'»+14rf'«)^ 
-(I05d'»+101(i'»+46rf'«)g[-  . .  .J. 

Cxam|de  6.   Compute  the  zero  of  i^(«)aAi(«) 
-Bi(»)nearrf=-.4.  • 
From  Table  10.11, 

y(-.4)=.02420  467,y'(-.4)«-.71276  627 

whence  tt=y(— .4)/y'(- .4)  =  - .03395  8776.  From 
the  above  fOTmulas 

c:»-.4+.03395  8776-.00000  5221 

+.00000  Olll+.OOOOO  0001 
» -.36604  6333. 
y'(c)=»(-. 71276  627) {1+. 00023  0640 

-.00000  6527-. 00000 ,6027+. 00000  0002} 
« (-.71276  627)(1.00022  4088) 
-.71292  599. 
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SPHEUCAL  BESSEL  FUNCnONS-OllDERS  0, 1  AND  2 


/ 


'  ,/o(') 
0.0  LbOOOO  000 
0.1  /0.998S3  417 
0.2  /  0.99)94  MS 
0.)  /  0.90506  736 
0^      0.97354  586 


0.5 
0.6 
0.7 
0;8 

0.  9 

1.0 
1.1 
IJ 
1.3 
1.4 

1.5 
1.6 
1.7 

1.  a 

1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 


4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


0.95885  108 
0.94107  879 
0.9^0)1  098 
0.19669  511 
0.87036  323 

0.84147  098 
0.81018  851 
0.77669  924 
0.74119  860 
0.70389  266 

0.66499  666 
0.62473  350 
0.58333  224 
0.54102  646 
0.49805  268 

0.45464  871 
0.41105  208 
0.36749  837 
0.32421  966 
0.28144  299 

0.23938  886 

J .19826  976 
.15828  884 
0.11963  863 
0.08249  9769 

0.04704  0003 
♦0.01341  3117 
-0.01824  1920 
.0.04780  1726 
-0.07515  9148 


3.5  -0.10022  378 

3.6  -0.12292  235^ 

3.7  -0.14319  896 

3.8  -0.16101  523 

3.9  -0.17635  030 


-0.18920  062 
-0.19957  978 
-0.20751  804 
-0.21306  185 
-0.21627  320 

-0.21722  892 
-0.21601  978 
-0.21274  963 
-0.20753  429 
-0.20050  093 


5.0  - 


0.19178  485 


0.00008  0000 
0.03330  0012 
0.06MO  0381 
0.09910  2888 
0.13121  215 

0.ttf 53  703 
0.1^89  196 
0.22209  828 
0J4998  551 
0.27639  252 

0.30116  868 
0.32417  490 
0.34528  457 
0.36438  444 
038137  537 

0.39617  297 
0.40870  814 
0.41892  749 
0.42679  364  > 
0,43i28  539 

0.43539  778 
g.4M14  199 
0.43454  522 
0.43065  030 
0.42451  529 

0.41621  299 
0.40583  020 
0.39346  703 
0.37923  606 
0.36326  136 

0.34567  750 
0.32662  847 
0.30626  652 
0.28471  092 
0.26224  678 

0.23892  369 
0.21495  446 
0.19051  380 
0.16577  697 
0.14091  846 

0.11611  075 
0.09152  2967 
0.06731  9710 
0.04365  9843 
♦0.02069  5380 

-0.00142  95812 
-0.02257  9838 
-0.04262  9993 
-0.06146  5266 
-0;07898  2225 

0.09508  9408 

(-4)8j 


o.9mo  000000 

0.00066  619061  -9.95004  17 

0.00265  90561  -4.90033  29 

0.00596  15249  -3.18445  50 

0.01054  5302  -2.30265  25 


0.01637  1107 
0.02338  8995 
0.03153  8780 
0.04075  0531 
0.05094  5195 

0.06203  5052 
0.07392  4849 
0.08651  2186 
0.09968  8571 
0.11334  028 

0.12734  928 
0.14159  426 
0.15595  157 
0.17029  626 
0.18450  320 

0.19844  795 
0.21200  791 
0.22506  330 
0.23749  812 
0.24920 


0.27889  675 
0.28668  572 
0.29328  784 

0.29863  750 
0.30267  895 
0.30536  678 
0.30666  620 
0.30655  336 

0.30501  59i 
0.30205  107 
0.29766  961 
0.29189  179 
0.28474  912 

0.27628  369 
0.26654  781 
0.25560  355 
0.24352  220 
0.23038  368 

0.21627  586 
0.20129  380 
0.18553  900 
0.16911  850 
0.15214  407 

0.13473  121 


-1.75516  51 
-1.37555  94 
-1.09263  17 
-0.87088  339 
-0.69067  774 

-0.54030  231 
-0.41236  Oil 
-0.30196  480 
-0.20576  833 
-0.12140  510 


-« 

-100.49875 
-25.495011 
-11.599917 
-6.73017  71 

•4.46918  13 
-3.23366  97 
-2.48121  34 
-1.98529  93 
•1.63778  29 


Talile  10.1 


-0.04715 
♦-0.01824 
0.07579 
0.12622 
0.17015 


8134 

9701 

0879 

339 

240 


0.20807  342 

^  291 

0.26750  051 

0.28968  523 

0.30724  738 


745 
260 
153 
798 
316 


0.32045 
0.32957 
0.33484 
0.33650 
0.33481 

0.32999 
0.32230 
0.31196 
0.29923 
0.28435 


750 
166 
712 
629 
241 


0.26755  90S 

0.24909  956 

0.22921  622 

0.20814  940 

0.18613  649 

0.16341  091 
0.14020  096 
0.11672  877 
0.09320  9110 
0.06984  8380 

0.04684  3511 
0.02438  0984 
4-0.00263  5886 
-0.01822  8955 
-0.03806  3749 


-« 
-  3005.0125 
-  377.52483 
-112.81472 
-48.173676 

-25.059923 
-14.792789 
-9.54114  00 
-6.57398  92 
-4.76859  87 


33 
13 


•1.38177 
-1.18506 
-1.02833  66 
-0.89948  193 
-0.79061 


•0.69643 
-0.61332 
-0.53874 
-0.47090 
•0.40849 

1^0.35061 
-0.29657 
-0.24590 
-0.19026 
-0.15342 


059 

541 
744 

937 
236 
878 

200 
450 
723 
956 
325 


588 
1067 


-0.11120 
-0.07151 
-0.03427  3462 
♦  0.00054  2796 
0.03295  3045 


0.06295  9164 
0.09055  5161 
0.11573  164 
0.13847  939 
9.15879  221 

0.17666  922 
0.19211  667 
0.20514  929 
0.21579  139 
0.22407  760 

0.23005  335 
0.23377  514 
0.23531  060 
0.23473  838 
0.23214  783 

0.22763  858 
0.22132  000 
0.21331  046 
0.20373  659 
0.19273  242 


-0.05673  2437      0.18043  837 


-3.60501 
2.61962 
-2.26887 
-1.86995  92 
-1.57276  05 


76 
94 
66 


-1.34971 
-1.16823 
-1.02652 
-0.91106 
-0.81515 


27 

87 

51 

065 

048 


7  0.73399  142 
-0.66408  077 
-0.60282  854 
-0.54829  769 
•0.49902  614 

-0.45390  450 
-0.41208  537 
-0.37292  316 
-0.33592  641 
-0.30072  380 

-0.26703  834 
-0.23466  763 
-0.20346  870 
-0.17334  594 
-0.14424  164 

•0.11612  829 
-0.08900  2337 
-0.06287  8964 
-0.03778  7773 
•0.01376  9102 

♦  0.00912  9107 
0.03085  4018 
0.05135  0236 
0.07056  1859 
0.08843  4232 

0.10491  554 
0.11995  814 
0.13351  972 
0.14556  433 
0.15606  319 

0.16499  946 


I,  II.  Columbia 


Compiled  from  Nfttional  Burasu  of  Standards,  Tables  of  spherical  Beaael  functions,  vols. 
Univ.  Pim  New  Yoik,  N.Y.,  1M7  (with  penniasion). 
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naSIL  FUNCTIONS  OF  FRACnONAL  OROIB 


T«Ue  10.1 


SPHEUCAL  BE9SEL  FVNCTIONiUOROCKS  0, 1  AND  2 


%(*) 

5.0 

1-1.9178  . 

t-2U9.S089 

'-1 

)  1.5475 

S.1 

1-1.8155 

-1 

1-1.0971 

-1 

1  1.1700 

K  9 

i 

-1 

-1.2277 

-2 

.  9. 906S 

-1.5705 

-1 

1-1.5423 

-2 

8.1054 

i.4 

-1 

1-1.4510 

-1 

-1.4404 

-2 

6.5084 

[-1 

1-1.2828 

(-1 

1-1.5217 

(-2 

1  4.5277 

S.6 

-1 

-1.1275 

-1 

1-1.5862  1 

-2 

2.7749 

1.0  AMI 

-1 

1-1.6539 

1  ^1   AO  Y 

6.8 

-2 

1-8.0104 

-1 

-1.6649 

-5 

-6.0100 

5.9  1 

-2 

-6.5569 

■-1 

1-1.6794  ( 

-2 

-2.2024 

6.0 

1-4.6569 

(-1 

1-1.6779 

>2, 

1-5.7526 

^1  1 

-2 

i-?.9863 

-1 

-1.6609  1 

-2 

-5.1819 

*• 

-1 

1-1.6289 

'  9 

6.5  1 

-3 

♦2.6689 

-1 

-1.5828  1 

-2 

-7.8042 

6.4  { 

-2 

1.8211  1 

-l' 

-1.5254 

-2 

-8.9620 

6.5  i 

[-2] 

1  5.5095  1 

[-1 

1-1.4515  1 

-1 

1-1.  0009 

6.6 

4.7205  .1 

-1 

1-1.5682 

-1| 

1-1.0940 

-1 

1-1.2746    .  ( 

-1, 

'-1. 1750 

6.8  1 

-2! 

7.2664 

1-1 

1-1.1717 

-1 

1-1.2455 

6.9 

-2 

8.3852 

I-l 

1-1.0607  1 

;-i. 

1-1.2995 

7.0  ( 

L-2] 

1  9.5855 

[-2i 

U9.4292  1 

[-11 

1-1.5427 

7.1  1 

-1 

-2: 

1-8.1954  1 

-1 

1-1.5750 

-1 

-2 

1-6.9185 

-1, 

1-1. 3906 

7.3  ( 

-1 

1  111650  1 

!-2! 

-5.6107  1 

-1 

-1.5956 

7.4  ( 

-I 

1  1.2145 

-2! 

1-4.2851  1 

!-i! 

-1. 5882 

7.5    .  ( 

[-1] 

1  1.2507  1 

[-2: 

1-2.9542  ( 

[-1] 

1-1.5688 

7.6 

1  1.2756 

-2 

1-1.6505 

-1 

-1.5579 

».  7  1 

"1, 

1. 2oj) 

-5 

1-3.2520  1 

-1 

-1.2960 

7.6  1 

-I 

1.2802 

-5, 

♦9.4955 

-1 

-L2457 

7.9  1 

-l! 

1.2645  1 

!-2; 

2.1829 

!-i! 

-1.1816 

8.0  1 

rl] 

1  1.2567  1 

[-2] 

13.5646  1 

1-1.1105 

8.1  1 

1.1974 

-2! 

1  4.4850  1 

-1 

-1. 0515 

8.2  1 

-1, 

1. 1472 

1-2 

I  5.5551  1 

-2 

1-9.4475 

8.3 

-1 

1  1.0870 

-2 

6.5069  1 

-2) -8. 5177 

8.4 

-i! 

1  1.0174  1 

-2! 

7.5952  1 

[-2] 

1-7.5554 

8.5  1 

[-2] 

1  9.5940  1 

-2: 

1  8.1877  1 

!-2: 

-6.5042 

8.6  < 

-2 

1  8.5595 

-2 

1  8.8851 

-2 

-5.4401 

6*  7  1 

-2 

7.6205 

-2 

1  9.4810 

-2 

-4.5510 

8.8  1 

"2 

6.6468 

-2 

1  9.9725  1 

>-2 

1-5.2471 

8.9 

-2! 

5.6294 

-1 

1  1.0557 

-2 

1-2.1585 

9.0  ( 

-2] 

1  4.5791  1 

1. 0652  1 

-2] 

-1. 0349 

9.1  1 

-2 

5. 5066 

-1 

1.0800  1 

-4U5.5818 

-2 

2.4227 

-1 

1.0859  1 

-2 

1.U84 

9.3  I 

-2 

1.5382 

-1 

1  1.0815  1 

-2 

2.1498 

9.4 

[-3)  42.6557  1 

-1 

1  L0665  1 

-2; 

5.1595 

9.5  { 

-3) 

-7.9106  1 

i-l) 

1.0415  ( 

-2: 

4. 0795 

9.6 

-2 

-1.8159 

-1 

1  1.0060  1 

-2 

4.9622 

9.7  1 

-2 

-2.8017  1 

-2 

9.6525  1 

-2 

5.7808 

9.8 

-2 

-3.7596 

-2 

9. 1126  1 

-2 

6. 5291 

9.9  1 

-2! 

-4.6216 

-2! 

8.5149     .  1 

-2! 

7.2018 

10.0  (-2) 

-5.4402  <-2) 

7.8467    '  (-2)  7.7942 

-5,6752 
-7.4115 
-9.0099 
-1.0460 
-L1754 

-1.2885 
-1.1849 
-1.4644 
-1.5268 
-1.5720 

-1.6005 
-1.6119 
-1.6075 
-1.5871 
-L5519 

-1.5024 
-1.4597 
-1.5648 
-1.2785 
-1.1822 

-1.0770y 

-9.641S 

-8.44M 

-7.2M>5 

-5.M65 

-4/6218 
5061 
.9919 
6.9174 
H8251 

1.8188 
5. 0067 
4.1560 
5.1975 
6.1820 

7. 0825 
7.8921 
8.6051 
9.2170 
9.7240 

1. 0124 
1.0415 
L0S96 
1.0669 
1.0655 

1.0497 
1. 0257 
9.9215 
9.4941 
8.9817 


-1 
-1 
-1 

-i; 

-1! 

l-li 
-2 
-2 
-f 

!-2-! 

1-2] 

-2 
-2 

!-2l 

-2; 

i-2 
-2 
-2 

-1! 

i-li 
-1 
-1 
-1 
-1' 

-1! 

-1 
-1 
-1 

-ll 

-1; 
-1 
-1 
-1 

-2! 

-2: 
-2 
-2 
-2 
-2; 

-2; 
•2 
-2 
-5 

-5; 

-2! 
-2 
-2 
-2 
-2 


1.8044 
1.6700 
1.5257 
1.5750 
1.2154 

1.0485 
8.7995 
7.0920 
5. 5780 
5.6725 

1.9898 
♦5.4579 
-1.2525 
-2.7861 
-4.2458 

-5.6210 
-6.9018 
-8.0795 
-9.1466 
-1.0097 

-L0924 
-1*1625 
-1.2197 
-1.2657 
-L?946 

-1. 5125 
-1.5171 
-1.5092 
-1.2891 
-1.2571 

-1.2140 
-1,1605 
-li0968 
-1.0245 
-9.4578 

-8.5607 
-7.6218 
-6.6512 
-5.5994 
-4.5569 

-5.4542 
-2.5621 
-1.2710 
-1.9101 
♦8.6782 

1.8960 
2.8844 
5.8245 
4.7084 
5. 5288 


;-ii 
-1 
-1 
-1 

>i: 
-1 
-1 
-1 

!-i! 

!-i! 
-I 
-1 
-1 

-1! 

-I! 
-I 
-1 

-2 

;-2! 

-2] 
-2 
-2 

-1) 

-5; 
-2 
-2 
-2 

-2] 

-2: 

-2 
-2 

-2 

-2; 

-1; 
-I 
-1 
-I 

-1! 

-i: 
-I 
-1 
-I 

-1! 

-2; 
-2 

-2 
-2 
-2 


1.6500 
1.7255 
1.7812 
1.8251 
1.8495 

1.8604 
1.8565 
1.8577 
1.8049 
1.7587 

1.6998 
1.6288 
1.5467 
1.4544 
1.5528 

1.2450 
1. 1260 
1.0050 
8.7500 
7.452) 

6.088) 
4.7295 
5.5674 
2.0152 
♦6. 7812 

-6.2756 
-1.8929 
-5.1089 
-4.2662 
-S.5561 

-6.5711 
-7.5040 
-8. 1487 
-8.8997 
-9.5527 

-1.  0104 
-1. 0551 
-1.0892 
-1.1126 
-1.1285 

-1.1275 
-1.119) 
-1.1011 
-1.  0751 
-1. 0558 

-9.8978 
-9. 5558 
-8. 7585 
-8. 0528 
-7. 5065 


(-2)  8.5907       (-2)  6.2795  J-2)-6.5069 
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SPHERICAL  RESSEL  FUNCTIONS-ORDERS  3-10 


Tnblc  10.2 


0.0 
0.1 
0.2 
0.9 
0.4 

0.5 
0.6 
0.7 
0.8 

0.  9 

1.0 
1.1 
1.2 

1.  ) 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9. 


0.0000 
9.5185 
7.6021 
2.5586 
6.041) 

1.1740 
2.0163 
3.1787 
4.7053 
6.6361 


■3)9.0066 
.2)1.1847 

[-2)1.5183 
-2)1.9033 

[-2)2.3411 

-2) 2.832 j 
-2)3.3774 
.2)3.W54 
-2)4^252 
-2)K3249 


6.0722 
6.8639 
7.6962 
8.5650 
9.4654 

1.0392 
1.1339 
1.2301 
1.3270 
1.4241 

1.5205 
1.6156 
1.7087 
1.7919 
1.8857 

1.9681 
2.0456 
2.1174 
2.1829 
2.2414 

2.2924 
2.3354 
2.3697 
2.3951 
2.4110 

2.4174 
2.4138 
2.4001 
2.376? 
2.3423 


-* 
-6 

1-5' 

-5] 
-4 
.4 
-4 
-4' 


0.0000 
1.0577 
1.6900 
8.5364 
2.6894 

6.5390 
1.3491 
2.4847 
4.2098 
6.6912 


1.0110 
1.4661 
2.0546 
2.7976 
3.7164 


-3)4.8324 
-3)6.1667 
-3)7,7397 
-3)9.5709 
-2)1.1679 


(^21 
-2 


1.4079 
1.6788 
1.9817 
2.3176 


-2)2.6872 


-2] 
-2 
-2 

-2 

-2; 
-2: 

-2 
-2 
-2 

-2; 

-2! 
-2 
-1 
-1' 
-1 

-11 
-1 

-i 

-I 

-1! 

'< 
-I 
!-i 
-I 
-1 


3.0911 
3.5292 
4.0014 
4.5071 
5.0454 

5.6150 
6.2142 
6.8409 
7.4929 
8.1673 

8.8610 
9.5706 
1.0292 
1.1022 
1.1756 

1.2489 
1.3217 
1.3935 
1.4637 
1.5319 

1.5976 
1.6602 
1.7193 
1.774) 
1.8247 


0.0000 
9.6163 
3.0737 
2.*296 
9.7904 


9 


0.0000 
7.3975 
4.7297 
5.3784 
3.0149 


-12 
.10 
-10 


0.0000 

4.9319 
6.3072 
1.0761 
8.0448 


-  0, 

—  T 

-  6 
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-  5 
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-  6! 
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0, 

7  1 

.  7' 
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^^  f  TWA 
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1.6942 

-  i 
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6 
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1.6212  J 
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[-  5] 
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!-  ♦ 
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1-  4 

1.0661 

-  3^ 
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3 

6.1171  1 

s  3 
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7.3576 
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1.4630 

4)2.S009 

-  5 
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12.2404 
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'  2 
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r  4  4^^ 

(-  2 
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2 
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^3 

11.0187 

2 

2.1532 

-  3 

5.6074 

-  3 

1.2481 

1 . 2 

2.4457 

6.5935 

-  3 

1.5177 

2 

2.7626 

1 3 

7.7045 

-  3 

1.83^6 

2 

)  3.1042 

-  3 

)  8.9491 

) 2.1980 

^  2 
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!-  2 
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-  3 
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Compiled  from  National  Bui«su  of  Standards,  Tables  of  spherical  Bessel  func 
Univ.  Press,  New  York,  N.Y.,  1947  (with  permission). 
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09 

-1.1345 

-7.03717 

50 

-9.35034 

96 

**1 

-7.48710 

95 

-10.01475 

2 

-9.7298 

-  7.95166 

19 

-10.72873 

2 

-8.9243 

-8.42777 

38 

-11.49443 

4 

-8.1193 

-8.91157 

56 

-12.31371 

5 

-7.3150 

-9.39828 

63 

-13.18805 

0 

-6.5114 

-9.88210 

58 

-14.11841 

9 

-5.7090 

- 10.35610 

3 

-15.10518 

2 

-4.9088 

-10.81210 

4 

-16.14793 

9 

-4.1117 

-11.24057 

9 

-17.24536 

7 

1 

m 

1 
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f    SPHKRICAL  BESSIiL  nJNCnONS-4)RDERS  20  AND  21    Table  10.3 


s 

0.0 
0.5 
1.0 
1.5 
2.0 

2.5 
3.0 
3.5 
4.0 
4.5 

5.0 
5.5 
6.0 
6.5 
7.0 

7.5 
8.0 
8.5 
9.0 
9.5 


7.62597  90 
7.62705 
7.63028 
7.63560 
7.64293 


91 
29 
15 
25 


7.65215 
7.66313 
7.67566 
7.68952 
7.70444 

7.72013 
7.73621 
7.75231 
7.76795 
7.78264 

7.7958? 
7.80686 
7,81509 
7.81976 
7.82005 


99 
22 
19 
28 
90 

23 
95 
00 
28 
38 

23 
80 
84 

53 
32 


10.0 

7.815076 

10.5 

7.803876 

11.0 

7. 783428 

11.9 

12.0 

7.722309 

12.5 

7.675238 

13.0 

7.616116 

13.5 

7.543601 

14.0 

7.456316 

14.5 

7.352841 

15.0 

7.231764 

15.5 

7.091689 

16.0  < 

,  6.931265 

16.5 

\  6.749220 

17.0 

\>.>«>«44411 

17.5 

6.315851 

18.0 

6.062784 

18.5 

5.784739 

19.0 

5.481584 

19.5 

,  5.153621 

20.0 

4.801647 

20.5 

4.427041 

21.0 

4.031843 

21.5 

3.618830 

22.0 

3.191590 

22.5 

2.754567 

23.0 

2.313103 

23.5 

1.873442 

24.0 

1.442686 

24.5 

1.028721 

25.0  ,. 

0.640055 

m 

io"A.(x) 

1.77348  35  , 
1.77371  23  1 
1.77439  56 
1.77552  32 
1.77707  85 

lO-%2o(») 

-0.31983  10 
-0.31988  11 
-0.32003  25 
-0.32028  86 
-0.32065  49 

10-%(x) 

-1.31130  70 
-1.31149  33 
-1.31205  61 
-1.31300  70 
-1.31436  61 

1.77903  78  ; 
1.78137  03 
1.78403  80 
1.78699  49 
1.79018  73 

-0.32113  96 
-0.32175  30 
-0.32250  82 
-0.32342  08 
-0.32450  98 

-1.31616  11 
-1.31842  87 
-1.32121  43 
-1.32457  29 
-1.32856  95 

1.79355  29 
1.79702  05 
1.80050  95 
1.80392  94 
1.80717  91 

-0.32579  69 
-0.32730  79 
-0.32907  24 
-0.33112  44 
-0.33350  34 

-1.33328  02 
-1.33879  33 
-1.34521  03 
-1.35264  77 
-1.36123  89 

1.81014  64 
1.81270  77 
1.81472  70 
1.81605  56 
1.81653  14 

-0.33625  47 
-0.33943  07 
-0.34309  23 
-0.34731  02 
-0.35216  70 

-1.37113  69 
-1.38251  67 
-1.39557  96 
-1441055  73 
"1.42771  82 

1.815979 
1.814208 
1.811016 
1.806185 
1.799482 

-0.35776  04 
-0.36420  59 
-0.37164  20 
-0.38023  59 
-0.39019  23 

-1.447374 
-1.469891 
-1.495697 
-1.525305 
-1.559325 

1.790664 
1.779472 
1.765639 
1.748885 
1.728929 

-0.40176  53 
-0.41527  46 
-0.43113  22  , 
-0.44987  76  ' 
-0.47223  40 

-1.598497 
-1.643728 
-1.696143 
-1.757166 
-1.828625 

1.705481 
1.678251 
1.646956 
1.611324 
1.571096 

-0.49918  70 
-0.53209  llS^ 
-0.57279  98 
-0.62378  79 
-0.68821  72 

-1.912922 
-2.013273 
-2.134049 
-2.281228 
-2.462936 

1.526041 
1.475960 
1.42Q«9B 
1.360155 
1/294299 

-0.76981  49 
-0.87240  01 
-0.99883  14 
-1.149171 
-1.317987 

-2.689957 
-2.975953 
-3.336925 
-3.789188 
-4.344958 

1.223178 
1.146936 
1.065826 

0.89065  46 

-1.490982 
-1.641599 
-1.728777 

-1.483467 

-5.004711 
-5.745922 
-6.508927 

—  f  .XOC7 

-7.592679 

0.79*77  92 
0.70243  25 
0.60561  45 
0.50849  80 
0.41242  27 

-1.024223 
-0.274630 
♦  0.773430 
2.072631 
3.508629 

-7.504782 

-6.640003 

-4.717888 

-1.52185 

♦3.01816 

0.31888  30 

4.90159} 

♦8.74251 

ERIC 


Compiled  from  NaUoiml  Bumu  of  Standarda,  Tables  of  spherical  Bessel  func- 
tions, vols.  I,  Il.ColumbiaUniv.  Press,  New  Yorit,  N.Y.,  m7(with  permission). 
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BSaSEL  PtTNCTIONS  OP  FRACTIOKAL  ORDER 


T«bl«  l».4 

HPHEHK  AL  BEHi^EI.  II  Nf  .TIONS— MODULUS  AND  PHASE-ORDERS  9»  10,  20  AND  21 

1.84157  799 
1.65174  534 
1. 50947  539 
1.40190  550 
1. 31955  792 

1.25559  223 
1.20514  049 
1.16476  186 
1.13202  416 
1. 10519  883 

1. 083C4  588 
1. 06466  562 
1. 04939  746 
1.03675  104 
1.02635  931 

1.  Oim  637 
1,  Oim  529 
I. 00628  277 
1, 00276  864 
1.00068  866 

1.  00000  000 


"71"*' 

0. 100^ 

\.  50513 

630 

1.72311 

121 

0.  095 

1«  41043 

073 

1. 44562 

029 

0.090 

1«  33509 

121 

1.17232 

718 

0.085 

1«  27462 

197 

0. 90378 

45? 

0. 080 

L  22S60 

809 

0.64017 

615 

0.075 

1     1  DC  ilil 

Oil 

0. 38142 

613 

0.070 

1«  l!>^31 

423 

•fO.  12729 

416 

♦0.065 

134 

-0. 12255 

277 

\  0. 060 

1. 10147 

221 

-0,  36849 

087 

jp.055 

1.  08190 

340 

-0. 61090 

826 

0.  050 

1. 06534 

781 

-0. 85018 

673 

0.  045 

1.05133 

389 

-1. 08669 

229 

0.  040 

1.03949 

892 

-1.32077 

114 

0.  035 

1. 02956 

235 

-1.  55274 

891 

0.030 

1.02130 

658 

-1. 78293 

175 

0.025 

1.01456 

304 

'  -2.01160 

832 

0.020 

1.  00920 

210 

-2.23905 

224 

0.015 

1.00512 

574 

-2.46552 

469 

0.010 

1.00226 

240 

-2. 69127 

701 

0.005 

/  1.00056 

327 

-2. 91655 

326 

0. 000 

/  i.ooaoo 

000 

-3.14159 

265 

jr  ' 
0. 040 
0.038 
0.  036 
0.  034 
0.032 

0.030 
0.028 
0. 026 
0.024 
0. 022 

0. 020 
0.018 
0.  016 
0.014 

0.  012  . 

0.  010 
0.  008 
0.006 
0.  004 
0.002 

■1.  000 


1.31126  605 
1.25741  042 
1.21433  612 
1.17917  949 
1.15001-033 

1.12549  256 
1.10467  736 
1.08687  488 
1.07157  283 
1. 05838  371 

i. 04700  987 
1.03721  972 
1.02883  137 
1.  02170  104 
1.01571  485 

1.01078  282 
1.00683  452 
1.00381  592 
1.00168  705 
1.00042  044 

1.00000  000 

?  n 


1.12909  207 
0.61321  135 
♦0.11048  098 
-0.58066  745 
-0.86163  915 

-1. 33366  819 
-1.79783  172 
-2.25507  118 
-2.70621  373 
-3.15199  149 

-3.59305  805 
-4.03000  220 
-4.46335  928 
-4.89362  072 
-5.32124  187 

-5. 74664  872 
-6.17024  356 
-6.59240  995 
-7.01351  707 
-7.43392  365 

-7.85398  164 


1.37979  868 
1.30763  025 
1.25205  767 
1.20806  627 
1.17245  178 

1.14310  153 
1.11857  851 
1. 0^787  629 
1.08027  122 
1.06523  083.. 

1. 05235  561 
1. 04134  092 
1.03195  154 
1.  02400  423 
1. 01735  560 

1.01189  351 

1.00753  093 

1.00420  153 

1.00185  654 

1. 00046  253 

1.  00000  000 


1.35401  461 

10 

1.00196  372 

11 

0.6S310  249 

11 

4-0.  30984  705 

12 

-0. 02643  915 

13 

-0.35524  574 

13 

<*0. 67664 '889 

14 

-0.99107  278 

15 

-1.29911  571 

17 

-I. 60143  947 

18 

-1.89870  678 

20 

-2.19155  009 

22 

-2.48055  907 

25 

-2. 76627  814 

29 

-3.04920  936 

33 

-3  32981  737 

* 

40 

-3.60853  532 

50 

-3.88577  070 

67 

-4.16191  106 

100 

-4.43732  935 

200' 

-4o 712^8  898 

«o 

r(-4)9i 

L   10  1 

<*> 

+0. 54348  547 

25 

-0. 04056  472 

26 

-0.60729  830 

28 

-1.15885  172 

29 

-1.60717  688 

31 

-2.  22398  514 

33 

-2. 74075  480 

36 

-3. 24876  024 

38 

-3. 74910  503 

42 

-4.24275  239 

45 

-4.73055  105  50 

-5.21325  651  56 

-5,69154  843  63 

-6.16604  479  71 

-6.63731  350  83 

-7.10588  196  100 

-7.57224  522  125 

-8.  03687  285  167 

-8.50021  498  250 

-8.96270  770  500 

-9.42477  796  • 


<  /  ••="  nearest  integer  to  t. 
CompiH  from  N«tionol  Bureau  of  Standards,  Tablm  of  upherical  BmbbI  funrtionH.  vols.  I.  H. 
Columbia  irniv.  Preaa ,  Npw  York,  N.Y.,  1947  (with  permiaaion). 
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BXBBBlt  rUNCnONB  OF  IHACTIONAL  OBOBB 
SPHERICAL  BE9SEL  rUNCTIONS-VARlOUS  ORDERS 


Table  10.S 


-  I 
.  1 

-  2 

-  3 

-  J 


x-1 
8.41470  9848 
3.01168  6789 
6.203S0  5201 
9.006S8  1117 
1.01101  5808 


»)9.2S611  S861 

6  7.15693  6310 

7  4.79013  4199 
8 1 2. 02649  8802 
9)1.49137  6503 


If 
15 
15 

16] 

18! 
19 
21 

24! 

26) 

61 
81 


7.11655  2640 
3.09955  1855 
1. 24166  2597 
4.60463  7678 
1. 58957  5988 

5.13268  6115 
1.  55670  8271 
4.45117  7504 
1.20385  5742 
3.08874  2364 

7.53779  5722 
5.56683  1267 
1.53821  0374 
3. 61527  4717 


(-190)7.44472  7742 


1  1  1  1  1 

4.54648  7134 
4.35397  7750 
1.98447  9491 
6.t>7220  9766 
1.40793  9276 

'-  4 
.  5 

'r  6 

1  -  ,7! 

a. 63516  9770 
4.14040  9734 
5.60965  5703 
16.68320  4324 
7.10679  7192 

(.  8] 

1  -  9 

I:  111 

16.82530  0865 
5.97687  1612 
4.81014  8901 
3.S8X45  1402 
2.48104  9119 

(-  13 
-  15 

16 

!-  17 
.  18 

1 1.60698  2166 
9.77323  7728 
6.60205  9151 
3.03657  8644 
1.56113  3992 

(.  20 

-  5* 

-  49 
.  66 

) 7. 63264  1101 
5.83661  7888 
1.66097  8779 
4.01157  5290 

(-160)9.36783  2591 

(-  1) 

-1.91784  8549 

-  2 

-9. 50894  0808 

'  1 
A 

^731  41U1 

-  1 

9  9009 A  M  09 
,  2«  2902 U  01 02 

'  1 
1*  ^ 

l«l|7017  0999 

1.06811  1615 

!-  2 

4.79668  9986 

•  2 

1    MA9*f  701 0 
!• 7^02  r  rOlO 

-  1 

9»7m47  W79 

-  3 

!• oloOy  9719 

(-  4] 

1  4. 07344  2442 

-  5 

9.27461  1037 

!•  92670  OJ^  r 

1  -  6/ 

1   3*  09920  0990 

7 

1  0*  99^9«»  9191 

(-  7 

1  1. 08426  0182 

-  8 

1. 67993  9916 

1-  9 

>  2.44802  0198 

1-  10 

3.36741  6303 

11 

1  4. 38670  6630 

(-  12 

)  5.42772  6761 

v22 

1  4.28273  0217 

-  33 

\  1.21034  7583 

-  46 

1  2.85747  9350 

465 


(-120)  5.53565  0303 


«  x-10 

0  (-  2) -5. 44021  1109 

1  -  2  47.84669  4180 

2  -  2' 1+7. 79421  9363 

3  -  2  -3.94958  4498 

4  (-  l)n.  05589  2851 

5  (.  2) -5. 55345  1162 

6  -  2  44.45013.2233 

7  .  .    -  1   1.13386  2307 

8  -  1'  1.25578  0236 

9  1-1)  1.00096  4095 

10  (-  2)  6.46051  5449 

11  -  2  i  3.55744  1489 

12  -  2   1.72159  9974 

13  -  3   7.46558  4477 

14  I-  3)  2.94107  8342 

15  (-3)  1.06354  2715 

16  -  4   3.J8904  0735 

17  -  4   1.10940  7280 

18  -  5   3.23884  7439 

19  (-  6)  6.89662  7269 

20  (-  6)  2.30837  1961 
)0  '\i  2.S1205  7385 
40  "ii  8.43567  1634 
SO  1-31)  2.23069  602> 

100  (-90)  5.83204  0182 


<a00 

-5.24749  7074 
-1.94042  7051 
44.08324  0843 
41.98125  9460 
-1. 30947  7600 

-2.00483  0056 
-3.10114  8524 
41.92420  0195 
48.87374  9108 
-1.62249  2725 


-  2) -1.50392  2146 

-  3  49.90845  4236 

-  2 141.95971  1041 

-  4  -1.09899  0300 

-  2) -1.96564  5589 


-1. 12908  4539 
41.26561  3175 
41.96438  9234 
41.09459  2888 
-1.86338  9360 

-1.57050  2990 
-1.49469  3454 
-2.60630  6952 
41.88291  0737 


(-22)41.01901  2263 


x«100 
-3) -5. 06365  6411 
.3-8.67382  5287 
-3  44.80344  1652 
-3  48.91399  7370 
-3) -4. 17946  1837 


-3! 
-3 
-3 
-3 

-3! 

-3 

-5 
-3 


-9. 29014  8935 
43.15754  5454 
49.70062  9844 
*1. 70245  0977 
-9.99004  6510 

-1.95657  8597 
49.94895  8359 
42.48391  8282 
-9.32797  8789 
-5.00247  2555 


-3)47.87726  1748 
-3  47.44442  3697 
-3  -5.42060  1928 
-3) -9. 34163  4372 
-3)41.96419  7210 


-2; 

-2 
-4 


41.01076  7128 
48.70062  8514 
41.04341  0851 
45.79714  0882 


(-2)  ♦1.08804  7701 


ERIC 
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BEB8KL  FUNCTIONS  OF  FRACTIONAL  ORDER 


Table  10.S 


SPHRRICAL  BESSEL  FltNCTIONS— VARIOUS  ORDERS 


R 

0 

1 

2 

4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 

100 


-1 

o; 

0 

1 

2! 

4 

5 
6 

7; 

8 

10 
11 
12 

14! 

15; 
17 
18 
20 

21! 

58 

78' 


.5.  40302  3059 
-1.38177  3291 
-3.60501  7566 
-1.66433  1454 
-1.12898  1842 

-9.99440  3434 
-1. 08809  4559 
-1.40452  8524 
-2.09591  1840 
-3.  54900  4843 

-6.72215  0083 
-1.40810  2512 
-•3.23191  3629 
.8.06570  3047 
-2.17450  7909 

-6.29800  7233 
-1.95020  7734 
.6.42938  7516 
-2.24833  5423 
-8.31241  1677 

-3.23959  2219 
-2.94642  8547 
-8.02845  0851 
-2.73919  2285 


x»2 

■1)4-2.08073  4183 
•1  .3.50612  0043 
•1  -7.33991  4247 
0  -1.48436  6557 
0) -4. 46129  1526 


12 
14 

isl 

31 
46 

63 


-1.85914  4531 
-9.77916  5769 
.6.17054  3296 
-4.53011  5815 
-3.78689  3009 

.3. 5541A^  7201 
•3.69396  3631 
-4.21251  9003 
-5.22870  9098 
-7.01663  2092 

-1. 01218  2944 
.1.56186  6932 
-2.56695  8608 
'4.47655  8894 
-8.25596  4368 

•1.60543  6493 
-1.40739  3871 
'3.72092  9322 
-1.23502  1944 


-2 

-1' 
-1 
-2 

-1! 

-1; 

-1 
0 
0 

0! 

1 
2 
2 

3' 
4 

4; 
5 
6 
7 

8| 

8! 

18 
30 
42 


x-5 
-5.67324  3709 
-»1. 80438  3675 
♦1.64995  4576 
1-1.54429  0991 
VI.  86615  5315 

-3.20465  0467 

-5.18407  5714 

-1.1)2739  4639 

-2.56377  6345 

-7.68944  4934 

-2.66561  1441 
-1.04266  2356 
-4.52968  5692 
^.16057  6611 
-1.12141  4513 

-6.28814  6513 
-3.78650  9387 
-2.43621  4730 
-1.66748  5217 
-1.20957  6913 

-9.26795  1403 
-7.76071  7570 
-2.0557  5  8716 
-6.96410  9188 


(186) -6. 68307  9463 


(156)-2. 65595  5830       ,  (116)-1. 79971  3983 


n 

0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
30 
40 
50 

100 


-2 

-2; 

-2 
-2 

-3| 

-2' 

-1 
-2 
-2 

-l| 

-1 
-1 
-1 
-1 

0! 

0; 
1 
1 
1 

2; 


i«-8.  39071  5291 

^6.27928  2638 

-6.50693  0499 

-9.53274  7888 

<- 1.65993  022Q 

4-9.38335  4168 

>1. 04876  8261 

f 4. 25063  3221 

-4. 11173  2775 

-1.12405  7894 

-1.72453  6721 
-2.49746  9220 
-4.01964  2485 
-7.55163  6993 
-1.63697  7739 

-3.^*207  1745 
-1.07384  4467 
-3.14447  9567 
-9.93183  4017 
-3.36033  0630 

-1.21121  0605 
-6.90831  6646 
-1.51030  4919 
-4.52822  7272 


.2; 
-3 
-2 
-3! 
-2; 

-4; 
.2' 
-3; 
-2 
-2; 

-2; 

-2 
.3 
.2 
.3 


*»60 
-1.92993  2057 
f 4. 66151  0663 
♦1.95910  1121 
-2.90240  9542 
-1.99973  4855 

-6.97113  1965 
fl. 98439 ,6364 
4-5.65654i8943 
-1.60870  1896 
-1.20061  3539 

♦1.35246  6751 
f 1.76665  0414 
-5.36689  5605 
^2.03609  5195 
-5.61661  8446 


'2)  f 1.71231  9725 
-2  4-1.62332  0074 
'3  -6.40926  4759 
.2-2.07197  0007 
3) -8. 92329  «94 


♦1.37595  M30 
-2.24122  6812 
♦4.97679  7221 
-4.19000  0150 


-3 
-3 

-3; 
-3 
-3; 

-3; 
-3 
-3 

is 

-2 

-3 
-3 
-3 
-3 

-3) 
-3 
-3 
-3 

-3) 

% 

-4 

-2 


x»100 
-8.62318  8723 
♦4.97742  4524 
+6.77251  1459 
-4.53679  6951 
-9.  09022  7385 


43.72067  8466 
♦9.49950  2019 
-2.46574  3224 
-9.67236  3502 
+6.07441  4285 

+1.00257  7737 
+1.29797  1820 
-9.72724  3855 
-3.72978  2784 
+6.72020  2503 

+6.25964  1510 
-6.76002  3635 
t8.  49604  9309 
+3.80640  6377 
+9.90441  9669 

♦5.63172  9379 
-5.41292  9349 
-7.04642  0407 
+1.07478  2297 


(85) -8. 57322  6309 


(■••18)-1. 12569  2891 


(-2) -2. 29836  5049 


ERIC 
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BE88BL  rUNOnONB  OF  KRAOHONAL  OBDIB 

nam  w  bbssbl  pttNcnom  op  half^nteger  omm 


467 


1/2    1  3.141593  -0.45015  81 

2  ^263185  ♦0.31830  99 

3  9.424778  •0.25989  89 

4  12.566370  40.22507  91 

5  15.707963  -^O.  20131  68 

6  18.849556  ♦0*18377  63 

7  21.991149  *0. 17014  38 
8 


3/2    1  4.493409  -0.36741  35 

2  7.725252  ♦0.28469  20 

i  10.904122  ^.24061  69 

4  14.066194  ♦O.  21220  57 

5  17.220755  -0.19194  77 

6  20.371303  ♦O.  17656  64 

7  23.519452  -0.16437  44 


1«  570796  -0*63661  98 
4.712)89  ♦0.36755  26 
7.853982  *0. 28470  50 
10.995574  ♦0.24061  97 
14.137167  -0.21220  66 
17.278760  ♦0.19194  81 
20.420352  -0.17656*66 
23.561945  ♦O.  16437  45 


2.798)86  ♦0.44914  84 
6.121250  -0.31827  37 
9.317866  ♦O.  25989  33 
12.486454  -0.22507  76 
15.644128  ♦0.20131  63 
18.796404  -0.18377  61 
21.945613  ♦O.  17014  37 


lS/2 


17/2 


19/2 


11.657032  -0.20550  46 
15.431289  ♦O.  19008  87 
18.922999  -0.17582  99 
22.295)48  ♦0.16402  )8 


1  12.790782  -0.19)82  82 

2  16^641003  ♦O.  18155  15 

3  20.182471  -0.16922  10 

4  23.591275  ♦O.  15870  04 


1  13.915823  -0.18376  12 

2  17.8)8643  ♦0.17398  80 

3  21.428487  -0.16326  17 

4  24.873214  ♦O.  15)83  84 


9.457882 

1)  . 600629 
17.197777 
20.619612 

2)  .  955267 


Table  10.6 


♦0.20754  8) 
-0.19801  01 
♦0.18264  01 
-0.16964  44 
♦0.15890  14 


10.529989  -0.19)61  )8 
14.777175  ♦O.  18810  92 
18.434529  -0.17517  27 
21.898570  ♦O.  16373  75 


11.5970)8  ♦0.18186  42 
15.942945  -0.17944  10 
19.608369  ♦O.  16849  33 
23.1637)4  -0.15837  45 


5/2 


5.76)459  -0.31710  58 
9.095011  ♦O.  25973  30 
12.322941  -0.22503  59 
15.514603  ♦0.201)0  14 
18.6890)6  -0.18)76  96 
21.85)874  ♦O.  17014  05 


).  959528  -0.)6184  68 
7.451610  40.284)0  75 
10.715647  -0.2405)  9) 

1)  . 921686  ♦O. 21218  15 
17.10))59  -0.1919)  81 
20.272)69  ♦0.17656  19 

2)  .4))926  -0.164)7/  21 


21/2    1  15.0)3469  -0.17496  82 

2  19.025854  ♦O.  16722  59 

)  22.662721  -0.15785  09 
4 


12.659840  -0.17179  22 
17.099480  ♦O.  17176  97 
20.87097)  -0.16247  1) 
24.416749  ♦O.  15)47  Si 


2)/2  1  16.144743  -0.16720  )9  1).  71901)  ♦0.16).  r 
2  20.20)94)  ^0.1611)  25  18.247994  -0.164S  jb 
)   2).  8865)1  -0.15290  87    22.07)692  ^0.15700  50 


7/2    1  6.9879)2  -0.2822)/ 71  .  5.088498  ♦O.  )0082  )6 

i  10.417119  ♦O.  24019  2)  8.7))710  -0.25896  77 

3  1).  69802)  -0.21208  02  12.067544  ♦O.  22485  68 

4  16.92)621  ♦0.19189  90  15.)15)90  -0.20124  01 
$  20.121806  -0.17654  40  18.525210  ♦O.  18)74  )6 
6  2).)04247  ♦0.164)6  28  21.714547  -0.17012  77 

•     7  24.89150)  ♦O.  15914  62 


9/2    1  8. 182561  -0. 25620  49  6. 1978)1  -0. 272)6  25 

2  11.704907  ♦0.224)2  5)  9.982466  ♦0.2)908  76 

)  15.0)9665  -0.20107  12  1).)85287  -0.21179  27 

4  18.)01256  ♦O.  18)6  7  44  16.676625  ♦0.19179  )5 

5  21.525418  -0.17009  46  19.916796  -0.17649  69 

6  24.727566  ♦O.  15912  86  2).  128642  ^0.164))  89 


25/2    1   17.250455  -0.16028  44    14.775045  -0.155)4  97 

2  21.)7)972  ^0.15560  47     19.  )89462  ♦O.  15875  20 

3  2).  2676)0  -0.1S201  )4 


27/2  1  18.)51261  -0.15406  88  15.828)25  ♦0.14852  56 
2  22.5)6817  ♦O.  15056  00  20.324680  -0.15)16  )6 
)  24.45)705  f 0.1474)  15 


29/2    1    19.44770)  -0.14844  69    16.879170  -0.14242  04 
2   2).  69)208  ♦O.  1459)  21     21.654)09  ^0.14806  91 


U/2    1  9.)SS812  -0.2)580  60 

Z  12.9665)0  ♦O.  21109  29 

3  16.)54710  -0.19155  58 

4  19.65)152  ♦0.176)9  49 

5  22.904551  -0.16428  8) 


7.29)692 
11.206497 
14.676)87 
18.011609 
21.28)249 
24.518929 


♦0. 245)8  14 
-0.2229)  49 
♦0. 20067  86 
-0.18)52  21 
♦0.17002  )8 
-0.15909  15 


)l/2    1   20.5402)0  -0.14)))  12    17.927842  ♦O.  1)691  88 
2  •24.84)76)  ♦O.  14166  70    22.778902  -0.14)40  05 


))/2    1   21.629221  -0.1)865  11     18.974562  -0.1)192  99 
^      2  2). 8989)1  ♦O.  1)910  20 


)5/2    1    22.715002  -0.1)4)4  9)    20.019515  ^0.127)8  05 


n/2    I  10.5128)5  *0. 21926  48 

2  14.207392  ^0.1998)  04 

3  17.647975  -0.18)21  82 

4  20.98346)  ♦O.  16988  82 

5  24.262768  -0.15902  21 


8.)79626  -0.22441  70 
12.411)01  ♦O.  20946  65 
15.94598)  -0.19106  59 
19.)24820  ♦O.  17619  60 
22.628417  -0.16419  26 


)7/2  1  2).  797849  -0.130)7  81  21.062860  -0.12)21  1) 
)9/2    1    24.878005  -0.12669  81     22.1047)5  ♦O.  119)7  )4 


Valuw  to greatwacwmicywid overall  .  t  .t  /.  i    ...  it  • 

From  National  Bureau  of  Standarda,  Tables  of  spherical  Beaael  functions,  vob.  1 11.  Columbia  Umv. 
Frm«  Nijw  York.  N.Y.,  1947  (with  pcrmlsston). 
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B£B8EL  rUNCnONS  OF  FRACTIONAL  ORDBR 


Tabfe  10.7 


1/2 


3/2 


A.* 
1.165561 
4.  604217 
1. 789884 
10. 949944 
14.101725 
17. 249782 
20.  395842 
23.  540708 


2. 460536 
6. 029292 
9. 261402 
12. 445260 
15.  611585 
18.  769469 
21. 922619 


ZEROS  OP  THE  DERIVATIVE  OF  BESSEL  FUNCTIONS 
OF  HALF*INTEGER  ORDER 


♦0. 679192 
-0.  369672 
♦0.  285267 
'0.240870 
^0. 212340 
-0. 192029 
♦0.176620 
-^.164412 


♦0. 525338 
•0. 328062 
♦0. 263295 
•0. 226711 
tO. 202245 
*0. 184363 
♦0.170542 


2.975066  -0.456166  15/2 

6.202750  ♦O.  319331 

9.371475  -0.260267 

12.526476  ♦O.  225256 

15.676078  -0.201419 

18.822999  ♦O.  183641 

21.968393  -0.170168 

17/2 


4. 354435 
7.  655545 
10.  856531 
14.  029845 
17.191265 
20.  346496 
23. 498023 


♦0. 386691 
-0.290136 
♦0.242910 
•0.213417 
♦0. 192676 
-0.177046 
♦0. 164709 


19/2 


9.113402 
13.525575 
17.153587 
20. 587450 
23.929631 


10. 160054 
14.702493 
18. 390930 
21.666965 


lU  241675 
15.866463 
19. 615227 
23.132584 


♦0. 330674 
*0. 236654 
♦0. 202641 
-0. 162077 
♦0.167294 


♦0.  316378 
-0. 229449 
♦0. 197291 
-0.177623 


♦0.  307606 
-0.222927 
♦0.192335 
-0.173605 


11.535731  ♦0.266663 


15.  376056 
16. 865666 
22.266661 


12. 669130 
16.566323 
20.145940 
23.563314 


13.  793646 
17. 764362 
21.392422 
24.645669 


-0.217263 
♦0.191447 
-0.174147 


-0.»7633 
♦0.210950 
-0.166505 
♦0.170096 


•i^O.  249935 
-0.205332 
♦0.162067 
-0.166427 


5/2 


3.  632797 
7. 167009 
10.  6^3561 
n. 883370 
17.072849 
20. 246945 
23. 412100 


♦0. 457398 
^0. 301449 
♦0. 24/904 
-0.215670 
tOv  194015. 
-0.177917 
tO.  165314 


5.  634297 
9. 030902 
12.276663 
15.  480655 
18.  661309 
21.630390 
24.992411 


-0. 350669 
♦0. 270006 
-0. 229783 
♦0. 203956 
-0. 185432 
♦0.171262 
-0.159953 


21/2  1 
2 
3 
4 


23/2  1 
2 


12.299124 
17. 025072 
20.826166 
24.  365974 


♦0.296179 
*0. 217116 
♦0.187670 
-0.169950 


13.353045  ♦0*  289825 
16.173567 

22.031181  ♦0.183813 


14.910648  -0.242951 
16.971657  ♦O.  200296 
22.627032  •0.176046 


16.021196  ♦0.236710 
20.150142  -0.195742 
23.851147  ♦0.174363 


1/1 


n/2 


I 

4.  762196 

♦0.  415533 

6.663232 

♦0.  324651 

2 

8. 653U4 

-0. 282237 

10. 356373 

-0.  254849 

3 

12. 018262 

♦0.234875 

13. 656304 

♦0. 219318 

4 

IS.  279081 

-0.  206665 

16.691400 

*0. 196124 

18. 496200 

♦0.187103 

20. 095393 

♦0.179270 

6 

21. 690284 

-0.172377 

23.281796 

-0.166245 

/ 

24.  870602 

♦0. 160741 

5.  866420 
9.904306 

1).  ^^fm 

16.641787 
19. 888934 

23. 105297 


6.9S9746 
11.129856 
14. 63^406 
17.  97/886 
21.?S6291 
?4.  496)2/ 


♦0.  386006 
-0. 267365 
♦0. 224766 
•0. 199151 
f  0.181169 
-0. 167534 


♦0.  363557 
^0. 255365 
♦0. 216349 
-0. 192692 
40.175967 
-0.  163244 


8. 060030 
11.646354 
14. 999624 
18.270330 
21.500029 
24. 705942 


9. 234274 
12. 909476 
16.  315912 
19.  623229 
22.679980 


-0.  305246 
>Q.  242810 
-0. 210673 
♦0. 189472 
-0.173929 
♦0.161826 


♦0.289946 
-0.232695 
♦0. 203344 
-0.183714 
♦0.169229 


25/2  I 


27/2  1 
2 


29/2  1 
2 


31/2  1 
2 


33/2  1 
2 


35/2  1 


14. 403937 
19.  314945 
23.225333 


15.452196 
20.450018 
24.411571 


16.496138 
21. 579459 


17. 542024 
22. 703632 


18. 584071 
23.623614 


19. 624460 
24.939214 


♦0. 262346 
-0. 207156 
♦0.180103 


♦0. 275596 
-0.202630 
♦0.176690 


♦0. 269455 
-0. 196656 


♦0.  263633 
-0. 195167 


♦0.2*^6658 
-0.191763 


♦0.253871 
-0. 166612 


17.126125  -0.231081 
21.320300  ♦0.191594 


18.226109  ♦O.  225965 
22.463219  -0.187792 


19.32170?  -0.221286 
23.6396A'  ♦0.164267 


20.413362  ♦O.  216961 
24.790191  -0.181040 


21.501477  -0.213000 


22.586374  ♦0.209303 


13/2 


8.  040535 
12.  335631 
15. 90102) 
19. 291967 
?2. 602185 


tO.  345649 
-0.245364 
♦0.  209127 
-0.187058 
♦0.171399 


10. 391621 
14.151399 
17. 610124 
20. 954335 
24. 236663 


-0. 277420 
♦0.224513 
-0.197009 
♦0.178651 
-0. 165043 


37/2    1     20.663347    ♦0.249423      23.666335  -0.205655 


3V2     1     21.700865        245275      24.747606   ♦O.  202629 


ValuM  to  greatiT  afcuracy  and  over  a  wider  range  are  given  in  [10.31]. 

Vnm  National  Bureau  of  Standards*  Tables  of  8pherical  Besaei  hinctions,  vols.  I,  II.  Columbia  Univ. 
I"^.  New  York.  N.Y,,  1947  (with  permission). 
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MODIFIED  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  0,  I  AND  2  Table  10.8 


X  ■  ««(*) 

0.0  1.00000  000 

0.1  1.00166  750 

0.2  1.00668  001 

0.3  1.01506  764 

0.4  1.02688  081 

0.5  1.04219  061 

0.6  1.06108  930 

0.7  1.08369  100 

0.8  1.11013  248 

0.9  1.14057  414 

1.0  1.17520  119 

1.1  1.21422  497 

1.2  1.25788  446 

1.3  1.30644  803 

1.4  1.36021  536 


1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2v» 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 

4.9 

5.0 


1.41951  964 
1.48472  997 
1.55625  408 
1.63454  127 

I.  72008  574^ 

1.81343  020 
1.91516  988 
2.02595  690 
2.14650  513 
2.27759  551 

2.42008  179 
2.57489  701 
2.74306  041 
2.92568  513 
3.12398  658 

3.33929  164 
3.57304  872 
3.82683  875 
4.10238  723 
4.40157  747 

4.72646  494 
5.07929  316 
5.46251  092 
5.87879  128 
6.33105  220 

6.82247-930 
7.35655  060 
7.93706  374 
8.56816  571 
9.25438  538 

10.00066  914 
10.81241  998 

II.  69554  012 
12.65647  789 
13.70227  889 


14.B4064  212 


0.00000  000 
0.03336 
0.06693 
0,10090 
0.13547 


668 
370 
290 
889 


0.17087 
0.20729 
0.24496 
0.28412 
0.32501 

0.36787 
0.41299 
0.46064 
0.51112 
0.56477 

0.62192 
0.68295 
0.74827 
0.81829 
0.89349 

0.97438 
1.06149 
1.15543 
1.25683 
1.36639 


071 
319 
858 
808 
361 

944 
416 
259 
785 
365 

665 
906 
140 
550 
778 

274 
681 
247 
283 
653 


1.48488  308 
1.61311  877 
1.75200  304 
1.90251  546 
2.0657?.  335 

2.24279  012 
2.43498  437 
2.64368  983 
2.87041  631 
3.11681  153 

3.38467  421 
3.67596  83)1 
3.99283  865 
4.33762  799 
4.71289  572 


5.12143 
5.56631 
6.05085 
6.57872 
7.15390 


838 
208 
704 
451 
628 


7.78076  689 
8.46407  908 
9.20906  250 
10.02142  620 
10.90741  515 

11.87386  128 


7  J 


tj(«) 
0.00000  0000 
0.00066 
0.00267 
0.00603 
0.01078 


7143 
4294 
8668, 
9114/ 


0.01696 
0.02462 
0.03382 
0.04465 
0.05719 


6360 
3348 
5678 
2156 
5452 


0.07156  2871 
0.08787  7251 
0.10627  7995 
0.12692  2227 
0.14998  6112 

0.17566  6332 
0.20418  1728 
0.23577  5138 
0.27071  5433 
0.30929  9n0 


0.35185 
0.39874 
0.45036 
0.50715 
0.56959 

0.63822 
0.71360 
0.79639 
0.88727 
0.98703 


6089 
5868 
7165 
7959 
9849 

2102 
6125 
0365 
5704 
1387 


1.09650  152 

1.21661  224 

1.34837  954 

1.49291  787 

1.65144  965 


1.82531 
2.01598 
2.22507 
2.45434 
2.70574 

2.98140 
3.28363 
3.61502 
3.97835 
4.37672 

4.81349 
5.29236 
5.81741 
6.39308 
7.02426 


562 
623 
418 
813 
780 

051 
932 
300 
791 
200 

122 
8t0 
513 
652 
961 


7.71632  535 

[<-»)»] 


koix) 

14.21315  293 
6.43029  630 
3.87891  513 
2.63234  067 


1.90547 
1.43678 
1.11433 
0.88225 
0.70959 

0.57786 
0.47533 
0.39426 
0.32930 
0.27668 

0.23366 
0.19821 
0.16879 
0.14425 
0.12365 


226 
550 
482 
536 
792 

367 
880 
230 
149 
lis 

136 
144 
918 
049 
360 


0.10629  208 
0.09159  719 
0.07911  327 
0.06847  227 
0.05937  476 


0.05157 
0.04487 
0.03909 
0.03411 
0.02980 

0.02606 
0.02282' 
0.02000 
0.01755 
0.01541 

0.01355 
0.01192 
0.01049 
0.00924 
0.00815 

0.00719 
0.00634 
0.00560 
0.00495 
0.00438 


553 
256 
858 
437 
354 

845 
681 
910 
635 
841 

255 
222 
611 
735 
280 

253 
934 
833 
661 
300 


0.00387  777 

0.00343  248 

0.00303  975 

0.00269  318 

0.00238  716 


to 

156.344682 
38.58177  78 
16.80863  22 
9.21319  233 


5.71641 
3.83142 
2.70624 
1.98507 
1.49804 


679 
801 
170 
456 
005 


1.15572  735 

0.90746  4974 

0.72281  4219 

0.58261  0332 

0.47431  0537 


0.38943  5596 
0.32209  3595 
0.26809  2818 
0.22438  9655 
0.18873  4440 

0.15943  8124 
0.13521  4906 
0.11507  3847 
0.09824  2824 
0.08411  4246 


4704.5536 
585.15696 
171.96524 
71.731283 

36.203973 
20.593926 
12.712514 
8.32628  49 
5.70306  48 

4.04504  57 
2.95024  33 
2.20129  78 
1.67378  69 
1.29306  09 

1.01253  25 
0.80213  693 
0.64190  415 
0.51823  325 
0.42165  535 


0.07220 
0.06213 
0.05357 
0.04629 
0.04008 


5736 
1241 
9539 
8067 
0625 


0.03475  7931 
0.03019  0302 
0.02626  1944 
0.02287  6452 
0.01995  3243 


0.01742  4712 
0.01523  3952 
0.01333  2903 
0.01168  0862 
0.01024  3262 


0.00899 
0.00789 
0.00694 
0.00610 
0.00537 

0.00473 
0.00417 
0.00368 
0.00325 
0.00287 


0668 
7961 
3650 
9316 
9136 

9498* 

8666 

6506 

4257 

4331 


0.34544  927 
0.28476  135 
0.23603 
0.19661 
0.16451 


215 
508 
757 


0.13822  241 
0.11656  246 
0.09663  140 
0.08371  944 
0.07126  626 


0.06082 
0.05204 
0.04462 
0.03835 


638 
323 
967 
312 


0.03302  422 


0.02848  802 
0.02461  718 
0.02130 
0.01846 
0.01603 


658 
908 
223 


0.01393  554 

0.01212  834 

0.01056  808 

0.00921  893 

0.00805  059 


0.00703 
0.00615 
0.00539 
0.00472 
0.00414 


744 
769 
284 
709 
695 


ix) 


0.00211  679      0.00254  0146       0.00364  088 
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BB88BL  FUNCTIONS  OF  FBACTIONAL  ORDER 


Table  10.9      MOOinED  SPHERICAL  BESSEL  FUNCTIONS— ORDERS  9  AND  10 


0.0 
0.1 
0.2 
0.9 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.S 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
,4.7 
4.8 
4.9 

5.0 


10»i--%(/)  .10»0t- 


1.52734  93 
1.52771  30 
1.52880  46 
1.53062  54 
1.53317  79 

1.53646  54 
1.54049  23 
1.54526  36 
1.55078  57 
1.55706  60 

1.56411  27 

1.57193  49 

1.58054  32 

1.58994  87 

1.60016  42 


1. 61120 
1. 62308 
1. 63581 
1.64941 


30 
02 
13 
38 


1.66390  60 

1.67930  73 
1.69563  90 
1.71292  33 
1.73118  39 
1.75044  59 

1.77073  63 

1.79208  32 

1.81451  64 

1.83806  76 

1.86277  03 

1.88865  96 

1.91577  24 

1.94414  79 

1.97382  74 

2.00485  39 

2.03727  33 

2.07113  33 

2.10648  43 

2.14337  94 

2.18187  40 

2.22202  68 
2.26389  90 
2.30755  54 
2.35306  35 
2.40049  43 

2.44992  27 
2.50142  71 
2.55508  99 
2.61099  74 
2.66924  03 

2.72991  40 


»io(*) 
0.72730  92 
0.72746  73 
0.72794  19 
0.72873  35 
0.72984  30 

0.73127  18 
0.73302  17 
0.73509  47 
0.73749  33 
0.74022  04 

0.74327  93 
0.74667  38 
0.75040  79 
0.75448  62 
0.75891  37 

0.76369  58 
0.76883  83 
0.77434  76 
0.78023  05 
0.78649  43 

0.79314  68 
0.80019  63 
0.80765  17 
0.81552 
0.82381 


21 
79 


0.83254  94 
0.84172  78 
0.85136  49 
0.86147  30 
0.87206  54 


57 
86 


0.88315 
0. 89475 
0.90688  95 
0.91956  42 
0.93279  97. 


0.94661  40 
0.96102  55 
0.97605  38 
.0.99171  97 
1.00804  44 

1.02505  08 

1. 04276  26 

1.06120  45 

1.08040  28 

1.10038  47 

1.12117  91 
1.14281  58 
1.16532  63 
1.18874  39 
1.21310  29 

1.23843  97 


10-^'%(.r) 

5.41287  38 
5.41128  21 
5. 40650  99 
5. 39856  70 
5.38746  92 

5. 37323  85 
5.  35590  33 
5. 33549  79 
5. 31206  23 
5.28564  31 

5.25629  1  3 
5.22406  45 
5.18902  48 
5.15123  93 
5. 11078  01 

5.06772  38 
5.02215  07 
4.97414  57 
4.92379  68 
4.87119  57 

4.81643  66 
4.75961  72 
4. 70083  65 
4. 64019  67 
4. 57780  09 

4. 51375  41 
4.44816  23 
4.38113  22 
4.  31277  10 
4.24318  63 

4.17248  53 
4. 10077  50 
4.02816  19 
3.95475  12 
3. 88064  76 

3,80595  33 
3. 73076  99 
3. 65519  70 
3.  57933  16 
3. 50326  88 

3. 42710  13 
3.35091  95 
3.27481  07 
3. 19885  96 
3. 12314  76 

3.04775  39 
2.97275  34 
2.89821  88 
2.82421  90 
2.75081  98 

2. 67808  38 


[(-4,1]  |.,-4,4] 


1.02844  60 
1.02817  54 
1. 02736  41 
1.02601  35 
1.02412  59 

1. 021 70  47 
1. 01875  42 
1. 01527  95 
1.0U28  67 
1. 00678  27 

1.00177  53 
0.99627  31 
0.99028  56 
0.98382  30 
0.97689  61 

0.96951  68 
0.96li9  72 
0.95»5  03 
0.94478  97 
0.93572  94 

0.92628  41 
0.91646  88 
0.90629  89 
0.89579  04 
0.88495  95 

0.8738^  25 
0.86239  63 
0.85069  78 
0.83874  39 
0.82655  20 


0.81413  92 
0.80152  28 
0.78872  01 
0.77574  83 
0.76262  45 


0.74936  56 
0.73598  84 
0.72250  95 
0.70894  53 
0.69531  19 

0.68162  50 
0. 66790  fi2 
0.65415  25 
0.64039  66 
0.62664  70 

0.61291  75 
0.59922  16 
0. 58557  24 
0.57198  25 
0.55946  39 

0.54502  82 


Compiled  from  C.  W.  Jones,  A  short  tobte  for  the  BeBsel  functions /^^  J*),  (2/»)A'^^^(j'). 


Cambridge  Univ.  Preas,  Cambridge,  England,  1962  <with  permission;. 
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MODinED  SPHERICAL  BES9EL  FUNCnONS-OilDERS  9  AND  10  Table  10.9 


5.0 
5.1 
5.2 
5.3 
5.4 

5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6.2 
6.3 
6.4 

6.5. 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


-5; 

-5 
-5 
-5 
(-5 

-4, 

-4 
-4 

-4' 


-4' 
.-4 


-4 
-4 


-4; 
-4 
-4 
-4 

-4l 

-4; 
-4 
-4 
-4 
-4 


-4 
-4 
-4 
-4 

-4; 
-4 
-4 
-4 
-3) 

-3; 
-3 
-3 
-3 
-3 

-51 
-3 
-3 

-3 
-3 


-/»(») 

6.40961 
7.16216 
7.97716 
8.85734 
9.80541 

1. 08240 
1.19157 
1.30831 
1.43285 
1.56545 

1.70632 
1.85569 
2.01376 
2.18075 
2.35684 

2.54221 
2.73703 
2.94147 
3. 15568 
3. 37978 

3. 61391 
3.85819 
4.11271 
4.37758 
4.65288 

4.93867 
5.23503 
5.54199 
5.85960 
6.18789 

6.52688 
6.87657 
7.23697 
7.60807 
7.98985 

8. 38228 
8. 78533 
9.19895 
9.62308 
1.00576 

1. 05026 
1.09579 
1.1423S 
1.18991 
1.23849 

1. 28806 
1. 33661 
1. 39014 
1. 44263 
1.49607 


«-*/«(«) 

-5)1.45387 
-5)1.65403 
-5)1. 87488 
-5)2.11778 
-5)2.38413 


2.67535 
2.99285 
3.33809 
3. 71252 
4.11760 


'I 


4.55480 
5.02559 
5.53143 
6.07377 
6.65407 


:-5)7 


-4 


(-3)1.55045 


.27375 
7.93423 
8.63691 
9.38317 
1.01743 

1.10117 
1.18967 
1.28304 
1. 38142 
1.48492 

1.59365 
1.70773 
1.82727 
1.95236 
2.08311 

2.21961 
2. 36195 
2.51020 
2.66447 
2.82481 

2.99130 
3.16400 
3.34298 
3.52828 
3. 71997 


-4)3.91809 
-4)4.12268 
4. 33377 
4.55140 
4. 77560 


5. 00639 
5. 24378 
5*48779 
5. 73844 
5.99571 


(-4)6.25963 


2)4.62276 
4.11899 
3.681«7 
3. 30123 
2. 96863 


2. 67706 
2.42066 
2.19449 
1.99441 
1.81692 

1.65905 
1.51825 
1. 39236 
1.27955 
1.17821 


1.08697 
1. 00464 
9. 30213 
1)8. 62775 
1)8.01557 


7. 45880 
6.95148 
6.48840 
6. 06498 
5.67717 

5.32140 
4.99452 
4. 69371 
4.41649 
4.16065 

3.92420 
3. 70539 
3.50262 
3.31448 
3.13970 

2.97713 
2.82574 
2. 68460 
2.55287 
2.42979 

2. 31467 
2.20689 
2.10586 
2. 01109 
1.92209 

1. 83843 
1.75973 
1.68563 
1. 61578 
1. 54991 


(1)1.48772 


*  T 
1. 88159 
1. 64774 
1.44818 
1.27719 
1.13013 


1.00320 
8.93250 
7.97686 
7.14360 
6.41477 

5. 77537 
5. 21281 
4. 71647 
4.27737 
3.88791 


3.54160 
3.23292 
2.95714 
2. 71019 
2)2.48857 


2.28926 
2.10966 
1.94748 
1. 80076 
1. 66777 

1. 54701 
1.43717 
1. 33708 
1. 24573 
1.16223 

1. 08577 
1.01566 
9. 51284 
8. 92076 
8. 37549 

7. 87266 
7. 40835 
6.97906 
6. 58165 
6.21331 

5.87149 
5. 55393 
5.25858 
4.98356 
4.72722 

4.48802 
4. 26461 
4. 05572 
3. 86022 
3.67709 


(1)3.50537 
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Table  10.9 


BBB8EL  FUNCnOKS  OF  FBACTIONAL  OBDBft 


MODIFIED  SPHERICAL  BESSEL  FUNCnONS-4)RDERS  9  AND  10 


«-» 
0. 100 
0. 095 
0.090 
0.085 
0. 080 

0. 075 
0. 070 
0. 065 
0. 060 
0.055 

0.050 
0. 045 
0. 040 
0.035 
0.030 

0. 025 
0.020 
0. 015 
0.010 
0.005 

0.000 


Mx) 

1.10630  573 
1.08238  951 
1.06167  683 
1.04394  741 
1.02899  406 

1.01661  895 
1.00662  998 
0.99883  728 
0.99304  985 
0.98907  251 

0.98670  320 
0.98573  080 
0.98593  357 
0.98707  842 
0.98892  100 

0.99120  680 
0.99367  323 
0.99605  259 
0.99807  595 
0.99947  760 

1.00000  000 
p-4,4J 


Mx) 
1.21411  149 
1.17260  877 
1.13650  462 
1.10534  464 
1.  07872  041 

1.05626  085 
1. 03762  412 
1. 02248  982 
1. 01055  159 
1.00151  009 

0. 99506.643 
0.99091  634 
0.98874  519 
0.98822  421 
0.98900  824 

0.99073  519 
0.99302  746 
0.99549  538 
0.99774  259 

0.  99937  316 

1.  00000  000 


99ix) 
0.65502  364 
0.68557  030 
0.71563  676 
iO.  74502  124 
P. 77352  114 

L 80093  667 
).  82707  483 
85175  354 
0187480  587 
0189608  425 

O.W546  455 
0.^284  978 
0.94817  344 
0.96140  216 
0.97253  769 

0.96161  804 
0.98871  764 
0.9W94  654 
0.99744  863 
0.99939  894 


i.ooopo 

'(■ 


ffio(ar)  <x> 

0.56777  303  10 

0.60351  931  11 

0.63926  956  11 

0.67473  612  12 
0. 70961  813      .  13 

0.74360  745  13 

0.77^39  538  14 

0.80768  018  15 

0.83717  510  17 

0.86461  675  18 

0.88977  340  20 

0.91245  301  22 

0.9325^  041  25 

0.94985  358  29 

0.96444  830  33 

0.97632  121  40 

0.98556  077  50 

,0.9923}  623  67 
0.99679  434     '  100 

0.99925  415  200 

1.00000  000  » 

•(-4)8] 


V2i?i/i9(x)-/»(x)«»-*r-' 
-^^xhiix)  =/io(x)«»-^ 


'J^K2iix)^gioix)e-'\^-  * 
2  1 


<x>  «  nearest  integer  to  a. 
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I  Table  10.10 
MODinED  SFHEKICAI.  BESSEL  FUWjbnONS— VABIOUS  ORt>l»S 

) 1.81343  0204         (  1)1.48406  4212 

9.74382  7436  1  1.18738  6128 

3.51856  0886       ^  0  7.71632  5346 

9; 47425  2220       J  0  4.15753  5935 

, 02572  6087       1  ,  0) 1. 89577 -5037 


1.17520  1194 
3.67879  4412 
7.15628  7013 
1.00650  9052 
1.10723  6461 


% 

-  6 

-  7 

-  8 

-  9' 

-  ii; 

.  12 

-  13 

-  15 

-u; 

-  18! 

-  19 

-  21 

-  22 

-  24* 

•*  26| 

-  43 

-  61 

-  81 


9.99623  7520 
7.69033  3778 
108036  0873 
2.9T924  6909 
1.5jMll  2692 

7.43279  3949 
3.22604  7141 
1.28851  2381 
4.76M8:n5l 
1.64168  8672 


5.29060  2t25 
1.60182  7153 
4.57312  0086 
1.23512  2995 
3.16800  3796 


7.71514  7565 
5.65589  8686 
1.55685  5122 
3.65054  5412 


(-190)7.48149  1755 


/ 


3)1.10132  3287  / 
2  9.91190  9633/ 
2  8.03965  998^^ 
2  5.89207  96^ 
2)3.91520  4237 


2' 
2 
1 
1 
1 


2.36839  5827 
1. 30996  8827 
6.65436  3519 
3.11814  2991 
1.35352  0435 

5. 46454  1653 
2.05966  6874 
7.27307  8439 
2.41397/2641 
7.5535>^309J 


[-  2)2.23450  9437 
.  3)6.26543  8379 

-  3)1.66914  7720 

-  4)4.23421  3574 
.  4)1.02488  6979 


37154  3577 
22928  4325 
81471  9830 
88991 '•6154 


3,58484  8301 
5.40995  2086 
7.09794  4523 
8.24936  9394 
8.59885.3854 

8.12182^211 
7k 01394  8275 
_  ..5.57826  9483 
llU.  11114  2138 
12)2.  «275  9636 


10 


7. 49140  8690 
2. 56465  1251 
7.83315  4364 
2.14704  9422 
5/33186  3294 

1.20941  3702 
2.52325  7454 
4.87152  7330 
8.74937  8858 
1.46862  7470 


-■'131 

-  14 

-  16 
-^17 

-  18! 

-  20! 
49 


1.81406  6530/ 
1.09565  14^ 
6.24163  9390 
3.36455/9792 
1.72m^7468 

672  8478 
921  4440 
: 74298  6176 
4.17042  9214 


(^60)  9. 55425  1030 


19! 
19 
19 

1' 

I'l 

I'i 
1' 
19 
1' 

1'! 

1'; 

19 

1' 
18 

18! 

18! 
18 
18 
18 
18 


17) 

12 
♦  9 


«»60 
5.18470  5529 
5.08101  1413 
4.87984  4844 
4,59302  6934 
4:23682  1073 

3.83039  9141 
3.39413  3262 
2.94792  4492 
2.50975  5914 
2.09460  7482 

1.71380  5071 
1.37480  9352 
1.08139  2769 
8.34112  9672 
6.30971  7670 

4.68149  3423 
3.40719  1747 
2.43274  6870 
1.70426  8938 
1.17158  7856 

7.90430  41^4 
167659  3929 
7.34905  8082 
2.00489  8633 


2.31339 
1.43223 
.81186 
6.39343 
8.07224 


5316 
7424 
1587 
1309 
1852 


9.7Q826  6441 
6.36889  3001 
1. 63577  1994 
3. 64245  9664 


(-120)6.26113  6933 


x-lOO 
1.34405  8^71 
1.33061  7985 
1.30414  0031 
1.26541  0984 
1.21556  1262 

1.15601  0470 
1.08840  0111 
1.01451  8456 
9.36222  3425 
1.55360  6574 

7.73703  8176 
6.92882  8557 
6. 14340  7607 
5.39297  6655 
4.68730  3911 

4.03365  8521 
3.43686  9769 
2.89949  1497 
2.42204  ms 
2.00333  3832 


(40)1.64074  7551 
39)1.30147  2327 
37)3.95371  97l6 
35)4.74095  0959 


(-90)9^54463  8661 


(-17)2.34189  3740 


(20)3,73598  8741 


480 


474 
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Table  10.10 


n 
0 
1 
2 

4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

IS 
16 
.  17 
18 
19 

20 

^  30 
40 
SO 

100 


MOOmEO  SPHERICAL  BESSEL  FUNCnONSL-VARIOUS  ORDERS 


S. 77863  6749 
1.1SS72  73S0 
4.04504  S724 
2.13809  S997 
1.S3711  737S 


^) 1.40478  6S94 

4  1.S6063  6427 

5  2.04287  S221 

6  3.07991  919S 
7)5.25629  1384 


1.00177  5282 
2.10898  4384 
4.86068  1836 
1.21727  9443 
3.29151  5179 

9.55796  6814 
2.96613  7227 
9.79781  0417 
3.43219  9783 
1.27089  3701 


23)4.95941  7633 
40  4.55045  5450 
$9  1.24524  3351 
78)4.25947  0196 

C  87)1.04451  3645 


1)1.06292  0829 
1  1.59438  1243 
1  3.45449  2694 
0  1.02306  1298 
0)3.92^6  3812 

1.86907  9845 
1.06725  5553 
7.12406  9079 
5.44977  7364 
4.70355  1451 

4.52287  1652 
4.79605  0749 
5.56068  7078 
6.99881  9354 
9.50401  2999 

1.38508  0704 
2.15637  9105 
3.57187  633J 


6.27234 
.16395  6139 


16)1 


2.27598  6819 
06581  6824 
55624  8963 
86314  7755 

(•156)  4.08894  4237 


.  3)2.11678  8479 
-3  2.54014  6175 

-  3  3.64087  6184 
.  3  6.18102  2359 

-  2)1.  22943  0749 


-  2 
-2 
-1 

^o; 

1 
1 

2! 
»3 
3 

4! 
5 
6 

7 

7' 


2.83107  7584 
7.45780  1433 
2.22213  ^131 
7.41218  8536 
2.74235  771S 


1.11621 
4.96235 
39430 


4.16844 
2.65415 
1.79342 
1. 28194 
9.66570 


7817 
0604 
3059 
50H 
5499 

6493.. 

6981 

8072 

1220 

7838 


18 
30 
42 


.66744  6235 
7.97979  3303 
2.35318  1718 
8.49795  8757 


(ai6)2.49323  8041 


ERIC 


11  z-lO 

0  (-6)7.13140  4291 

1  -6  7.84454  4720 

2  .  6  9.48476  7707 

3  .5  1.25869  2857 

4  (.5)1.82956  1771 

5  (-^9)2.  90529  8451 ' 

6  ;.;5  5.02939  0067 

7  I  .9  9.43830  9938 

8  .4  1.91828  4837 

9  (.4)4^20491  4777 

10  (.4)9.90762  2914 

11  .3  2.90109  2290 

12  .3  6.74327  4998 

13  .2  1.93992  7868 

14  (.2)9.90133  2701 

19  (-1)1.90497  9270 

16  .1  6.49956  9007 

17  '  jO  2.33403  9699 

18  '  0  8.81868  1848 

19  (  1)3.49631  9894 

20  <  2)1.49179  0001 
30  .  9  1.99049361)8 
40  17  6.68871  7408 
SO  (27)2.99020  6972 

100  (  89)8.14790  7624 


.«-60 
6.09934  6393 
6.18093  3280 
6.43017  8390 
6.82399  1119 
7.38947  9906 

11929i  6706 
9.17912!  1981 
1.093991  0832 
1.23409'  7408 
1.47394i  3990 

1.79404  4109 
2.22704  2476 
,81848  3648 
,63628  4300 
.78207  7170 

1.40988  f  OSa 
79620  1386. 
1\ 21889  6699 
1^884  9900 
2.49824  7989 

3^67748  3017 
4.72460  0097 
3.32179  1997 
) 1.10246  0162 


(♦12)5.97931  1344 


^.46 
-46 


x-100 
9.84348  1679 
9.90191  6499 
6. 02093  9173 
6.20294  3494 
6.49474  9219 

6.78387  0923 
7.20097  0973 
7.71999  6790 
.46)8.39897  0489 
.4r,)9. 14102  1732 


-49! 
-49 
-49 
-49 
-49 

-49; 
-49 
-49 
-49 
-49 


1.00997  6461 
1.12611  3230 
1.26898  2504 
1.44329  8896 
1. 69826  2396 

1.92419  4991 
2.29479  0430 
2.66822  2993 
3.18862  8338 
3.84801  9078 


.49)4.68935  4218 
.44  9.77221  9084 
-42  1.84121  2999 
-40)1.47876  1633 

(-25)1.48279  6929 


481  . 


0^ 
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AIRY  FUNCTIONS 


X 

0.00 
0.01 
0«01 
0.0) 


0.0S 
0.06 
0.07 

o.oa 

0.09 

040 
0*11 
0.12 
0*1) 
0.14 


Al(«) 
o.))so2  m 

0.)9a4)  992 
0,)498S  214 
0.)4T26  90S 
0.54467  901 

0.}4t09  4)S 
0.)I9S1  1)9 
0.)3693  047 
0.)I4)9  191 
,0.))177  M) 

0.))920  )1) 

d.)2406  7S1 
0*)2190 
0.)1894  74) 


0*)16)9  W 

0.16  o*)i)i4  sai 

0.17  0.)11)0  150 
0.1B  O.)0S76  )07 
0.19  0*)062)  020 


0.20 

OJl 

0.22. 

0.2) 

0.14 

0.2S 
0J6 
0J7 
9.20 
0.2^ 

0.)0 
Ml 
0.)2 
0.)) 
0.)4 

0.)$ 
0.)6 
0.)7 
0.)8 
0.)9 

U*40 
0*41 
0.42 
0,4) 
0.44 


0.)0)70  )li 
0.)01*^^  Ml 
0.29066  '•^y 
0.2961S  94$ 
0*29)6S  818 

0J9116  I9S 
0.28867  701 
0.28619  7S7 
048)72  S86 
0.28126  209 

0.27880  648 

047)92  OSS 
0.27149  064 
0.26906  968 

0.2666S  787 
0.2642S  540 
0.26186  24) 
0.2S947  916 
04S710  S74 

0.2S474  2)S 
04S2)8  916 
0.2S004  6)0 
0.24771  )9S 
044S)9  226 


0.4S  044)08  1)S 

0.46  044078  1)9 

0.47  04)849  2S0 

0.48  04)621  482 

0.49  0.2))94  848 

0.S0  04)169  )61 

rcj).] 


K\'{M) 

«d,2S881  940 
•04S880  174 
^9874  909 
•04S866  197 
^291184  090 

•0.2St)8  640 
•04Sil9  898 
•04S797  916 
'445772  745 
-045744  01 

*^.O.I5n)  042 
-0.2S678  615 
-0.28641  200 
-0.25600  884 
-0.25887  629 

-045811  565 
-0.25462  724 
-045411  151 
•0.25)56  898 
-0.25800  01) 

-045240  547 
-04S178 .548 
^5114  067 
-0.25047  151 
-C24977  850 

-044906  211 
-0448)2  284 
-044756  115 
-0.24677  75) 
-044897  244 

-044514  656 

-0.24545  51^ 
-044254  682 
^24164  140 

-044071  t50 
^25977  495 
-045881  401 
-0,25785  751 
-045684  291 

.U5585  205 
-0.25480  512 
-0.25576  259 
-045270  407 
-0.25165  259 

-0.25054  556 
-0.28944  479 
-042055  080 
-0.22720  510 
-042606  297 


0.61492  m 
0.61940  962 
0.62509  522 
0.63857  800 
0.65206  402 

8.65755  409 
;64104  m 
0.64654  206 
0.68fi4  570 
0.68554  975 

0.68906  169 
036450  025 
0.66090  609 
0.67545  997 
0^7790  260 

0.6^55  475 
0.60709  709 
0.69167  046 
0.69625^  55ft 
0.70085  525 

0.70546  420 
0.71008  928 
0.71472  927 
0.71958  499 
0.72405  726 

1.72874  690 
J5H5  477 
0.75818  170 
0.74292  857 
0.74769  624 

0.75248  559 
J0J5W9  752 
0.76215  292 
0.76699  272 
0.77187  782 

.0.77678  917 
0.78172  770 
0.78669  459 
0.79169  010 
0«79671  605 

0.00177  500 
0.00686  202 
,0^1190  412 
0.01714  055 
0J2255  167 

042755  920 
0.05282.597 
0J5812  705. 
0.04546  952 
0.04005  240 


mix) 

0.44828  856 
O.44S1  926 
0.44041  254 
0.^4856  911 
0.44878  987 

0.44907  870 
0.44942  752 
0.44984  62) 
0.45055  270 
0.45088  787 

0*45151  265 
0.4S228  789 
0.49297  457 
0.45581  557 
0.48472  582 

j».45571  225 
0JI5677  575 
0.45791  125 
0.45912  572 
0.46041  808 

0.46178  928 
0.46524  026 
0.46477  197 
0.46688  8)9 
0.46808  147 


X 

0.50 
0.51 
0.52 
0.55 
0.54 

0.55 
0.56 
0.57 
0.58 
0.59 

0.60 
0.61 
0.62 
0.65 
0.64 


it 


M(X) 

045169  HI 
0.22945  051 
0.M721  072 
0.21499  094 
0.22279  109 

9.22059  827 
041041  150 
041(34  012 
0.21400  099 
0.21195  427 

040980  006 
040767  044 
040556  940 
0.20547  527 
040150  907 


-0.22491  055  0.05427  704 


m  m  m 


0.46906  119 
0.47172  554 
0.47567  549 
0.47571  205 
0.47705  625 

0.48004  905 
M8255  148 
0.48474  462 
0.48722  948 
0.40980  71) 

0.49247  861 
0.49524  501 
0.49810  741 
0.50106  692 
0.50412  465 

0.S0728  168 
0.51055  920 
0.51509  m 
0.51756  029 
0*92092  614 

0.92499  717 
0.92857  497 
0.95229  958 
0.9)629  ))8 
0.940)9  729 

0.94497  296 

(-6)11 


0.69  0.199)1  9)7 

0.66  0.19726  102 

0.67  0.19921  729 

0.68  0.19)10  904 

0.69  0.19116  752 

0.70  0.10n6  240 

0.71  0.10717  052 

0.72  0.10519  192 

0.7)  0.18)22  666 

0.74  0.18127  478 

0.75  0.1795)  6)1 

0.76  0.17741  m 

0.77  0.17549  975 

0.70  0.17560  m 

0,79  0.17171  724 


Ai'(*) 
-042491  05) 
-0.22574  617 
•042257  027 
-0.22158  522 
-0.22018  541 

-041897  720 
-0.21775  090 
-0.21655  112 
-0.n829  597 
-0.11  

-0.21279  526 
-0.21155  041 
-0.21025  970 
-040098  146 
-0.20769  605 

-0.20640  570 
-0.20510  500 
-0.20580  004 
-0.20248  920 
-0.2011  201 

-0.19985  119 
•0.19812  464 
-0.19719  547 
-0.19585  790 
-0.19451  046 

-^49517  921 
-0.19102  051 
-0.19047  065 
-0.10912  591 
-0.10777  055 


TaUf  l<kll 

Bi{x)  W{xy 

0.05427  704  0.94457  256 

045974  451  0.54090  049 

0.06525  545  0.58554  259 

0.0^  154  0.55789  959 


0.8 


581  0.56287  545 


0.88206  541 
0.80776  152 

o.omo  954 

  049950  010 

404  790  0.90815  902 

0.91106  554 
0.91702  255 
0.92505  726 
0.92910  941 
0.95^4 


Oil 


0.80 
041 
0.82 
045 
0.84 

045 
0.86 
0.87 
0.88 
049 

0.90 
0.91 
0.92 

0.95 
0.96 
0.97 
0.98 
0.99 


0.16984  652  <*0.18641  2^6 

0.16790  ow  4ii8|p5  no 

0.16614'92(^10P  185 
0.16451  516  -0.18m  040 
0.16249  070  -0,18096  598 


0.16069  988 
0.15890  675 
0.15715  124 
0.15556  942 
0.1^562  128 

0.151^680 
0.15016  600 
0.14OI8  886 
0.14676  558 
044500  595 

0.14541  955 
0.14176  678 
0.14012  782 
0.15850  245 
0.15609  066 


-0.17959  051 
-0.17025  225 
-0.17686  559 
-0.17549  m 
-0.17415  097 

-0.17276  504 
-0.17159  708 
-0  .17005  090 
-0.16066  5*' 
-0.16750  115 

-0.16595  797 
-0.16457  625 
-0.16521  611 
-0.16105  701 
-0.16050  155 


UO  0.1M29  242 


-0.15914  744 

rn  [<-.'»]  m 


0.94145  066 
0.94760  241 
0.99599  670 
0.96057  491 
0.96601  045 

0.97552  066 
0.97990  705 
0.98655  496 

0.  99527  594 
1.00006  542 

1.00695  091 
1.01507  192 
1.02000  999 
1.02790  667 
1.05516  H5 

1.04242  217 
1.04976  421 
1;09719  120 
1.06470  504 
1.07250  717 

1.07999  959 
1.08778  540 
1.09566  096 
1.10565  585 
1.11170  586 

1.11987  281 

1.  U814  255 
1.15651  496 
1.14499  195 
1.15557  959 

1.16226  728 
1.17106  959 
1.17998  455 
1.18901  552 
1.19818  929 

1.20742  559 

[(-5)11 


0.567)6  552 
0.87227  662 
0.57750  075 
0.50246  511 
0.50774  120 

049514  440 
0.99067.447 
0.60455  267 
0.a012  064 
0.61605  997 

0.62209  226 
0.62827  912 
0.05460  222 
0.64106  52! 
9,64766  509 

0.65440  592 
0.66129  109 
0.66052  121 
0.67549  010 
0.60202  565 

0.69029  970 
0.69792  024 
0.70571  121 
0.71)65  062 
0.72174  049 

0.7)090  690 
0.7)042  795  I 
tk74701~500 
0.75576  665 
0.76460  065 

0.77570  215 
0.70504  942 
0.79249  282 
0.00211  475 
0.01191  759 

0.02190  509 
045207  615 
0.04245  m 
OjSSin  091 
046575  470 

0.07467  704 

0,92046  010 
0.95245  595 


/ 


AIRY  FUNCnONS-AUXIUARY  FUNCTIONS  FOR  LARGE  POSmVB  ARGUMENTS 


i.s 
1.4 

U5 
14 
1.1 

14 
0.9 
0.8 
0.7 
0.6 

0.5 


X 

1.000000 
1.047069 
1.100099 
1.160597 
1429700 

1.510571 
1.409721 
1.920550 
L662119 
1.842016 


7(- 


0.527027 
0.528705 
0.5)0601 
0.5)2400 
0.5)4440 

0.5)6409 
0.5)0610 
0.540044 
0.54)100 
0.545656 


0.619912 
0.620555 
0.620527 
0.619799 
0418649 

0.616764 
0.614022 
0410509 
0.605545 
0.999725 


0.619954 
0417156 
0.614275 
0.611501 
0.600259 

0405060 
0.601702 
0.590572 
0.594025 
0.991120 


0470720 
0479925 
0.401658 
0.404018 
0407107  . 

0491057 
0495^1 
0.501M9 
0.500909 
0.517052 


0.50 
0.45 
040 
045 
0.50 

045 
040 
0.15 
0.10 
0.05 


X 

2.000004 
2451445 
2.415725 
2450450 
2.924010 

5.501927 
5451947 
4.641509 
6.002102 
9.694094 


/(-O 

0.940250 
0.549584 
0.550980 
0452m 
0.585912 

0.555456 
0.557058 
0.950724 
0.560462 
0.562280 


0.H5015 
0.589481 
0.588855 
0.5^550 
0.578985 

oISt^' 

0.570656 
0.560545 
0.566204 


2.080004    0.540250   0.595015^  A**2?fSL 

m  ['-n  rn  rf^  ['i") ' 


0.564190   0.564190    0.564190  0.864190 


#(0 

0.526011 
0.550670 
0.555545 
0459902 
0.8442)1 

0.840258 
0.581950 
0,589296 

  0.990420 

0.866875  0.861582 

0.964190  0.864190 

>|)41 


0.987249 
0.989259 
0.905174 
0.M1096 
0.970070 

0.876659 
0.974520 
1.971927 


Prom  J.  C.  R  Miller,  The  Airy  ititegml,  Britiah  Amioc.  Adv.  Sci.  Mathematicfil 
TablcA,  Pnrt-voh  B.  Cambridge  Univ.  PresB,  Cambridge,  England,  1946  (with 
permiittion). 
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TiMe  lOai 

Ai(-*) 

0.3SS02  605 
0«3S761  619 
0,36020  397 
0.36279  102 
0.36S37  699 


AIRY  FUNCTIONS 


X 

0*00 
4  0.01 
0«02 
0.03 
0.04 

0.09 
0.06 
0.07 
0.08 

o;o9 

oao 
oai 

042 
0.13 
0.14 


0.36796  149 
0.37054  416 
0.37312  460 
0.3757a  243 
0.37827  725 

0.38084'  86? 
0.38341  628 
0.)8S97  967 
0.38853  B43 
0.39109  213 


0.15  0.39364  037 

0.16  0.39618  269 

0.17  0.39871  668 

0^16  0.40124  769 

0.19  0.40376  967 

0.20  0.40628  il9 

0.21  0.40879  038 

0«22  0.41128  798 

0.23  0.41377  653 

0«24  0.41625  557 


0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0,32 
0.33 
0^34 

0.35 
0.36 
0.37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
0.44 


0.41872  461 
0.42118  319 
0.42363  062 
0,42606  701 
0.42649  126 

0.43090  310 
0.43330  200 
0.43568  747 
0.43605  900 
0.44041  607 

0.44275  817 
0.44508  477 
0.44739  535 
0.44968.937 
0.45196'  631 

0.45422  561 
0.45646  675 
0.45868  918 
0.46089  233 
0.46307  567 


0.45  0.46523  864 

0.46  0.46738  066 

0.47  0.46950  119 

0.46  0.47159  965 

0.49  0.47367  548 


-0.25081  940 
-0.25860  157 
-0.25674  771 
-0.25665  731 
-0.25)152  966 

-0.25836  464 

-0.25816  173 

•0.25792  001 

-0.25763  918 

-0.2573]L  872 

•0.25695  611 

-0,25655  665 

.0.25611  443 

-0.25563  033 

-0.25510  406 

-0.25453  511 
-0.25392  297 
-0.25326  716 
-0.25256  716 
^0.25162  250 

-0.25103  267 
-0.25019  720 
•0.24931  559 
-0.24838  737 
-0.24741  206 

*0.24638  919 
0.24531  626 
-0.24419  666 
-0.24303  053 
-0.24161  276 

•0.24054  513 
-0.23922  719 
-0.23785  851 
-0.23643  665 
-0,23496  716 

-0.23344  366 
-0.23166  773 
•0.23023  693 
•0.22855  667 
•0,22662  116 

-0,22503 
-0.22318 
-0.22126 
-0.21933 
-0.21732 

-0.H525/694 
*0.213U  721 
*0.21095  893 
-0.2087S  379 
-0.20643  147 


Bi(  ^) 
0.61492  663 
0.61044  364 
0,60596  005 
0.60147  524 
0.59698  863 

0,59249  963 
0.56600  767 
0.56351  218 
0.57901  261 
0.574^0  641 

0,56999  904 
0.56546  397 
0.56096<268 
0.55643M66 
0,55169  940 

0.54735  642 
0.54280  523. 
0.53624  536 
0.53367  634 
0,52909  771 

0,52450  903 
0.51990  986 
0,51529  977 
0.51067  835 
0,50604  516 

0.50139  987 
0.49674  203 
0.49207  12r 
0.48736  122 
0.48268^53 

0.47791  784 
0.47325  m  ^ 

0,46851  in 

0,4075  543 
0,4S898  443 


0U5419  764 
0^4939  534 
.44457  667 
.43974  156 
0,43466  973 


0.43002  094 

0.42513  495 

0.42023  153 

0,41531  047 

0.41037  154 

0.40541  457 
0,40043  934 
0.39544  570 
0.39043  348 
0.38540  251 


0,44628  836 
0.44631  696 
0,44641  015 
0.44856  104 
0,44677  074 

0.44903  833 
0.44936  293 
0.44974  364 
0,450)7  955 
0.45066  976 

0.45121  336 
0,45160  945 
0,45245  712 
0,45315  546 
.0.45390  355 

0.45470  047 
0.4^554  530 
0.45643  713 
0.45737  503 
0.45835  806 

0,45938  529 
0^46045  578 
0,46156  660 
0.46272  279 
0.46391  740 

0.46515  146 
0.46642  406 
),46773  423 
/0,46906  095 
f  0.47046  327 

0,47188  022 
0,47333  061 
0,47481  405 
0,47632  695 
M7767  450 

0.47944  970 
0,46105  354 
0,46266  500 
0,46434  307 
0,46602  670 

0.46773  466 
a46946  652 
0,49122  062 
0.49299  611 
0,49479  193 

0,49660  702 
0.49644  031 
0.50029  070 
0.50215  713 
0,50403  850 


(f,50 
0.51 
0,52 
0,53 
0,54 


0,47572  609 
0.47775  692 
0«47976  136 
0«46174  089 
0,46369  487 


0.55  0,46562  274 
0,56  0,48752  369 
0.57  J.46939  774 
0.58  ^49124  H9 
0,59  0,49306^115 

0,60  0,49464  953 
0,61  0,49660  621 
0,62  0,49833  659 
0.63  0.50003  406 
0,64  .  0,50170  007 


0.50 


Yr]  Tf'i'  'Jr\  11^    m  m 


-0.20406  167 

r(-6)7i 


0.38035  266 

r{-«)2 


0,50593  371 


0.65 
0.66 
0.67 
0,6il 
0,69 

0,70 
0,71 
0,72 
0,73 
0,74 

•t).t5 
0,76 
0J7 
0,78 
0.79 

0,80 
0.81 
0.02 
0J83 
0^84 

0,65 
0,66 
0,67 
0.88 
0.69 

0,90 
0,91 
0.92 
0,93 
0.94 

0.95 
0.96 
0,97 
0,98 
0.99 

1,00 


0,50333  395 
.9,50493  511 
0,50650  295 
0.50803  665 
0,50953  620 

0,51100  040 
0.51242  682 
0,51362  067 
0,51517  591 
0,51649  336 

0,51777  258 
0,51901  296 
0,52021  390 
9,52137  479 
0.52249  501 

0,52357  395 
0,52461  101 
0,52560  557 
0,52655  703 
0.52746  479 

0,52632  624 
0,52914  678 
0.52991  982 
0,53064  676 
0,53132  700 

0,53195  995 
0,53254  502 
0,93306  163 
0,53356  920 
0,93400  715 

0,53439  490 
0,53473  189 
0,53501  754 
0,53525  129 
0,53543  259 


AiX-*) 

-0,20406  167 
-0.20167  409 
•0.19920  646 
-0.19666  449 
•0,19410  192 

•0,19146  050 
•0,18875  999 
•0,16600  016 
•0.16318  078 
««0,16030  166 

•0,17736  260 
•0.17436  341 
-0,17130  392 
•0.16616  399 
•0,16500  345 

-0,16176  218 
^0,15846  007 
•0.15509  701 
•045167  290 
•0,14618  768 

•0.14464  129 
•0,14103  366 
•0.13736  479 
•0.13363  464 
•0,12984  322 

-0,12599  055 
-0,12207  665 
•0,11810  157 
•0,11406  538 
-0.10996  81S 

-0,10580  999 
-0,10159  101 
•0,09731  134 
•0,09297  113 
•0,06857  055 

«»0,06410  979 
•0,07958  904 
«4,07500  894 
•0,07036  652 
•0.06566  92S 

•0,06091  100 
•0,05609  407 
•0,05121  679 
•0.04628  549 
•0,04129  452 

•0,03624  626 
•0,03114  116 
-0,02597  957 
•0.02076  197 
•0,01546  660 


Bi(-;r) 

0,36035  266 
0.37528  379 
0.37019  579 
0,36506  853 
0,35996  193 

0,35461  569 
0,34965  033 
0,34446  520 
0,33926  043 
0,33403  599 

0,32679  1^4 
0,32352  796 
0*31824  435 
0,31294  101 
0,30761  795 

0,30227  521 
0J9691  282 
0,29153  084 
0,26612  932 
0,26070  835 

0,27526  601 

0,26980  640 

0,26432  964 

0,25663  165 

0.25331  516 

0.24777  973 
0,24222  571 
0.23665  329 
0,23106  265 
0.22545  396 

0,21962  751 
0.21416  345 
0,20652  204 
0.20264  354 
049714  620 

0,19143  630 
0,18570  613 
0,17996  399 
0,17420  419 
0,16642  906 

0,16263  095 
0,15663  420 
0,15101  510 
0.14516  226 
043933  565 

043)47  634 
042760  415 
0,12171  971 
041562  346 
0,10991  567 


0.50593  371 
0,50704  166. 
0.50976  123 
0.51169  132 
0,51363  000 

0,515»7  093 
0,51753  339 
0,51949  424 
0,52145  991 
0.52>42  927 

0.52540  115 
0,52737  430 
0,52934  700 
0,53132  022 
0,53329  046 

0.51525  733 
0,53721  964 
0,53917  M0 
0,54112  575 
0,54306  714 

0,54499  912 
0«54692  040 
a;54003  000 
0,55072  642 
41,55260  052 

0.55447  506 
0.55632  400 
0.55015  647 
0,55996  864 
046176  063 

0,5(353  059 
0,56527  745 
0,56699  994 
046669  679 
0,57036  671 

0,57200  649 
0,57362  071 
0,57520  220 
0.57675  169 
047026  777 

047974  926 
0,50119  404 
040260  321 
0,50397  309 
0.509)0  )17 

0,90699  217 
040703  679 
048904  174 
0.99019  973 
0,99131  145 


»0,53556  088 

-(-er 


-0,01016  057   0  4  0399  739   0.59237  563  I 


ERIC 


\ 
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B£8BEL  FUNCTIONS  OF  FRACTIONAL  0RD8R 


.Ai(  X)       Ai'(  x) 


1.0 

1.1 

1.2 

1.4 

U5 
1.6 
L7 
L8 

2«0 
2*1 
2.2 
2.3 
2.4 

2.5 
2*6 
2.7 
2.8 
2.9 

3*0 
3.1 
3«2 
3.3 
3.4 

3«5 
3«6 
3.7 
3«8 
3.9 

4.0 
4.1 
4«2 
4.1 
4.4 

4«5 
4.6 
4*7 
4.8 
4.9 

S.0 

5.4 

5,5 


0.S35S6  088 
0.53381  051 
0«52619  437 
0.51227  201 
0.49170  018 


-0.01016  057 
♦0.04602  915 
0«10703  157 
0.17199  161 
0.23981  912 


0.46425  658  -0.309 
0.42986  298  0.37854 
0.38860  704     0.44(12  455 
0.34076  156     0.50*9  763 
0.28680  006     0.56809  172 


0.22740  743 
0.16348  451 
0.09614  538 
♦0.02670  633 
-0.04333  414 

-0.11232  507 

-0.17850  243 

-0.24003  811 

-0.29509  759 

-0.34190  510 

-0.37881  429 
.0.40438  222^ 
-0.41744  342 
-0.41718  094 
-0.40319  048 

-0.37553  382 
-0.33477  748 
-0.28201  306 
-0.21885  598 
-0.14741  991 

-0.07026  553 
♦0.00967  698 
0.08921  076 
0.16499  781 
0.23370  326 

0.29215  2n 
0.33749  598 
0.367)6  748 
0.38003  668 
0.37453  M 

0.35076  101 
0.30952  600 
0.25258  034 
0.18256  793 
0.10293  460 

0.01778  154 

3)2 

8 


0.61825  902 
0.65634  069 
0.60624  482 
0.70003  366 
0.69801  760 

0.67685  273 
0.64163  799 
0.58600  720 
0.51221  098 
0.42118  281 

0.31458  377 
0.19482  045 
♦0.06503  115 
-0.07096  362 
-0.10874  905 

-0,34344  343 
-0.46986  397 
-0.58272  78Q 
-0.67686  257 
-0.74755  809 

-0.79062  858 
-0.60287  254 
-0.78221  561 
-0.72794  081 
-0.64085  018 

-0.52336  253 
-0.37953  391 
-0.21499  018 
-0.03676  510 
♦0.14695  743 

0.32719  282 
0.49456  600 
0.63990  517 
0.75457  542 
0.83122  307 


Bi(  X) 

♦0.10399  739 
♦0.04432  659 
-0.01582  137 
-0.07576  964 
«0.13472  406 

-0.19176  486 
-0.24596  320 
;9.29620  266 
110  583 
0,38046  588 

-0.41230  259 
-0.43590  235 
-0.45036  096 
-0.45492  823 
-0.44905  226 

*0.43242  247 

-0.40500  028 

-0.36709  211 

-0.31929  389 

-0.26258  500 

-0.19628  963 

-D.12807  165 

-6.05390  576 

♦0.02196  800 

0.09710  619 

0.16893  984 
0.»486  631 
0,29235  261 
0.33904  647 
0.37269  058 

0.39223  471 
0,39593  974 
0.38346  736 
0.35494  906 
0.31122  860 

0.25387  266 

0.18514  576 

0.10794  695 

♦0.02570  779 

-0.05774  655 

-0.13636  913 

-0.21208  913 

-0.27502  704 

-Q.32371  608 

-0.35531  708 


AIRY 

0.59237  563 
0.60011  970 
0v60171  016 
0.59592  975 
0.58165  624 

0.55790  610 
0.52389  354 
0.47906  134 
0.42315  137 
0.35624  251 

0,27879  517 
0.19168  563 
♦0.09622  919 
-0.00581  106 
-0.11223  237 

-0.22042  015 
-0.32739  717 
-0.42989  534 
-0.52445  040 
-0,60751  829 

-0.67561  122 
-0.72544  957 
-0.75412  455 
-0.75926  518 
-0.73920  163 


FUNCTIONS 

X  Ai(-Jt) 


477 

Table  lOlll 


-0.69311  628 
-0.62117  283 
-0.52461  361 
•0.40581  592 
-0,2M29  836 


-0.11667  057 
♦0.04347  872 
0.20575  691 
0.36320  46| 
0,S0858  932 

0.63474  477 
0.73494  444 
0.80328  926 
0.63508  976 
0,82721  903 

0.77841  177 
0.68946  513 
0.56345  698 
0.40555  694 
0.22307  496 


5.5 
5.6 
5.7 
5.8 
5.9 

6.0 
6.1 
6,2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.3 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8,0 
8,1 
8,2 
8,3 
8.4 

8.5 
8.6 
8,7 
8.8 
8,9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9,8 
9.9 


.♦0.01778  154 
-0.06833  070 
-0.15062  016 
-0.22435  192 
-0.28512  278 

-0.32914  517 
-0.35351  168 
-0.35642  107 
-0.33734  765 
•0.29713  762 

-0.23802  030 
-0.16352  646 
-0.07831  24/ 
♦0.01210  452 
0.10168  800 

0.18428  084 
0.25403  633 
0.30585  152 
0.33577  037 
0.34132  375 

0.32177  572 
0.27825  023 
0.21372  037 
0.13285  154 
♦0.04170  168 

-0.05270  505 
-0.14290  815 
-0.22159  945 
-0,28223  176 
-0.31959  219 


0.01778  154     0.86419  722    -0.36781  345  u.u 


0.36781  345 

(-3)21 


0.02511  156  10.0 

r(-3)?] 


-0.33029  02« 
-0.31311  245 
^0,26920  454 
-0.20205  445 
-0,11 72t  631 

-0.02213  372 
♦0,07495  969 
0.16526  800 
0.24047  380 
0.29347  756 

0.31910  325 
0.31465  158 
0.28023  750 
0,21666  743 
0,13623  503 

0.04024  124 

r(-3)4 


Ai\^x) 

0.86419  722 
0.85003  256 
0.78781  722 
0.67943  152 
0.52962  857 

0.34593  549 

♦0.13836  394 

•0.08106  656 

-0.29699  161 

-0.50147  965 

-0.67495  249 
-0.80711  925 
-0,68790  797 
-0.91030  401 
-0,67103  106 

-0.77100  817 
-0.61552  879 
-0.41412  428 
-0.18009  580 
♦0.07027  632 

0.31660  951 
0.54671  882 
0.73605  242 
0.87115  540 
0.94004  300 

0.93556  094 
0,85621  859 
0.70659  870 
0.49727  679 
♦0J!4422  089 

-0.03231  335 
-0,30933  027 
-0.56297  665 
-0.77061  301 
-0.91289  276 

i.0.97566  398 
-0.95149  682 
-0.64067^107 
-0.ai49  241 
-0.39966  237 

-0.10809  532 
♦0.19695  044 
0.46628  629 
0.73154  486 
0,90761  333 


Bi(-jr) 

-0.36781  345 
-0.36017  223 
-0.33245  825 
-0.28569  021 
-0.22262  969 

-0,14669  838 
-0.06182  255 
♦0.02679  081 
"0.11373  701 
0.19354  136 

0,26101  266 
0.31159  995 
0,34172  774 
0.34906  418 
0.33283  784 

0.29376  207 
0.23425  088 
0.15821  739 
♦0,07087  411 
-0.02159' 652 

-0.11246  349 
-0.19493  376 
-0,26267  007 
-0.31030  057 
rO.33387  ^$6 

-0.33125  158 

-0,30230  331 

-0.24904  019 

-0.17550  556 

-0,06751  798 

♦0.00775  444* 
0.10235  647 
0.16820  363 
0.25778  240 
0,30483  241 

0.32494  7)2 
0.31603  471 
0,27856  425 
0.21570  835 
0.13293  876 

♦0.03778  543 
-0,06091  293 
-0.15379  421 
-0.23186  331 
-0,28738  356 


 .  ...     0,99626  504   -0.31467'983   ^ 

m  m  m  m 


♦0.02511  158 
JOAim  760 
-0.37440  903 
-0.55300  203 
-0.70247  952 

-0.81289  879 
-0.87622  530 
-0.68697  896 
-0.64276  110 
-0.74461  387 

-0.59717  067 
-0.40856  734 
^.19009  878 
♦0.04437  678 
0.2792Cr  391  ^ 

0.49624  459 
0.68542  058 
0.82650  6)4 
0.90996  427 
QMilT  809 

0.87780  228 
0.76095  509  . 
0.58474  045/ 
0.36122  910^ 
♦0,10670  215 

-0,15945  050 
«0.41615  664 
-0,64232  293 
-0.81860  044 
•9.92910  9$6 

-0.96296  917 
-0.91547  916 
-0.78862  623. 
-0.59221  371^ 
•0,34136  475 

-0.05740  051 
♦0.23484  379 
0.50894  402 
0.73928  028 
0.90348  537 

0,98471  407 
0.97349  916 
0.86898  386 
0.67936  774 
0.42147  209 

0.11941  411 


AIRY  FUNCTIONS— AUXIUARY  fUNCTiONS  FOR 

ARGUMENTS 


LARGE  NEGATIVE 


0.05 
0.04 
0.0) 
0.02 
0.01 

0»00 


9.654894 
11.203512 
13.572066 
17.784467 
26.231081 


0.39752  21 
0.39761  14 
0.39809  83 
0.39838  24 
0.39666  36 

0.39894  23 

r(-7)4] 


0.40026  87 
0.40002  56 
0.39975  97 
0.39949  03 
0.39921  79 


J.39894  23        0,39894  23        0.39894  23        0.39894  23 

m  t<-n  ['-?*]  m 


0.40092  31 
0.40052  06 
0.40012  11 
0.39972  48 
0.39933  19 

0.39894  23 


*2(0 
0.39704  87 
0.39741  99 
0.3^1779  49 
0.39817  37 
0.39855  62 

0.39894  23 


<r> 

20 
25 
33 
50 
100 


ERIC 


Ai(  t)  x'*[/,(f)co8ff/2(08inf]  Bi(-«M  *[/a(r)co8r-/j(r)8inr] 

Ai(  x)  :r'[g,(08inr-^2(r)cosf]  Bi'(-«H*[^r,(0co8r+^2(r)8inr] 

•  .1 

<  { '■• "  nearest  integer  to  r. 
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BBB8BL  fUNCnOMS  OF  fBAPnWML  (MDIB 


Table  iai» 


INTEGBAL9  OF  AIRY  FUNCTIONS 


M 
0.1 
OJ 
0.1 
M 

M 
0.6 
OJ 
OJ 
0.9 

1.0 

1 


{'  Al(l)dl  J;  aA  0*  f;  W<0*  r,  W( 


6.00000  00 

0.0MI1  01 
0.00909  19 
0*00497^ 
0«iai04  06 

044909  19 
0.14001  19 
0.10199  91 
0.a09i9  49 
0*atl96  97 

0*1)611  n 

0.1490?  9) 
0.26097  12 
'0.270M^ 
0.27910  66 

0.20670  67 


OMOOO  00 
0.09619  94 
0.07619  70 

ma 

0.20000  99 
0.297M  07 
0.90760  09 
039944  19 
0.41219  96 


0.|Mf?'49 

0.96999  09 
0*49996  90 
0.94779  96 
0.64049  tt 
0.79649  64 


0.67447  91     1.44979  42 


_  0.29949  24 
1.1     0.29992  79 


1.0 
1.9 

2.0 
2.1 
2.2 
2.9 
2.4 

2.9 
2.6 
2.7 
2.0 
2.9 

9.0 
9.1 

9.4 

9.^ 

9i7 
9.8 
9.9 

4«0 
4.1 
4.2 
4.9 
4.4 

4«9 
4.6 
4.7 
4.1 
4.9 

9.0 


0.90490 
0.90076  29 

0.91299  20 
0.91977  11 
0.91094  49 
0.92091  19 
0.92292  74 

0.92469  00 
0.92600  97 
0.92790  74 
0.92099  99 
0.92919  09 

0.92992  04 
0.99092  91 
0.99102  49 
0.99144  19 
0.99170  69 

0.99207  19 
0.99290  ^9 
0.99249  99 
0.99269  76 
0.9mO  70 

0.99209  27 

0.99297  06 

0.99904  04 

0.99910  90 

'9.99919  07 

0.99910  76 
0.99921  79 
0.99924  11 
0.99926  02 
0.99927  94 


0.72292  00 
0.76709  26 
OJ0007  24 
0J4499  41 

0i|7602  06 

0.90177  20 
0.92199  09 
0.994M  96 
0.94090  97 
'0.99H7  67 

0.99107  70 

0.91790  94 

0.09699  20 

0.06991  97 

0*09790  77 

0.0014*  29 
0.76220  92 
0.72100  97 
0.67919  91 
0.69002  96 

0.99097  71 
O.M999  OL 
039242  29 
0.90790  09 
0.40092  77 

0.47000  79 
0.47496  79 
0.47992  99 
0.49260  91 
0*91269  20 

0.99900  99 
O.9706O  99 
0*60606  69 
0*64990  91 
0*60146  70 


1*62470  n 
1J2292  99 

2.96904  00 
2.07940  09 


0^1 


0.00000  00 
0.09924  07 
04199010 

039006  20 
03m9  62 
0.91979  96 
0.94092  90 
039966  27 

0.96679  94 

0.99090  01 
^  .92047  24 
.90192  67 
036999  97, 
039129  04  If 

^039994  74 
039106  46 
03060710 
0.06191  29 

40;01609  49 

«0.020I2  94 
•437009  01 
-0.10070  06 
•0.1491700 
-0.17294  20 

«0.19944  29 
-031100  21 
-03tm  49 
-03»92  6l 
-031699  97 

•.U9692  99 
-0.12M9  49 
^00914  20 

^0.09076  01 
-0.01121  70 
♦0.02700  79 
036494  00 
[  039017  02 

032679  04 
034076  90 
0.16947  66 
037010  99 
036097i74 


9.0 
9.1 
93 
9.9 
9.4 

9.9 
93 
9.7 
93 
1*9 


J;AI(l)Aj;AI(-t)Aj|BI(-t) 


0.99920  76 
0.99929  79 
0.99990  90 

0.99991  97 
0.999M  27 
0.9999  90 
0.99992  69 
0.99992  09 


0.99992  99 
0.99999  09 


6.0 

U   

63  0.99999  10 

03  0.9m9  16 

6.4  0.91999  20 


TaUo 


0.9)920  76 

(.4)3 

iai3 


.6.9 
0.6 

6.0 
6.9 

7.0 
7.1 
73 
7.9 
7.4 

7.9 
73 
7.7 
73 
7.9 

0.0 
0.1 
03 
0.9 
0.4* 

0.9 
.4-0»0"' 
0.7 
03 
0.0 


'oil 

li 

9.4 

9.9 
93 
9.7 
93 
9.9 

10.0 


0.999: 
0.199 
.0399 


9999  29 
9999  29 
.  .9999  27 
0.99999  29 
0.99999  90 

0.99999  91 
0.99999  91 
039999  8 
0.99999  92 
0.99199  99 


0.71700  n 

0.70109  62 
0.77926  27 
030111  90 
031949  49 

032191  02 

030797  96 
«^70n4  06 
0.76994  19 

0.79267  99 
030096  99 
036260  96 
032701  99 
039992  62 

036902  99 
0.94009  99 
0.99667  69 
039994  74 
0.99906  90 

030999  96 


039079  09 
0.14119  n 
0.11667  90 


0.99999  99     ,  0.70996  19 

0.77979  19 
0.70499  60 

0.70990  26 

0.77419  97 
0.79970  99 
0.79041  99 
0.70011  70 

036799  21 

 '•^090H  00 

030966  92 
030192  70 
0.96904  22 

0.99001  97 
0.96140  12 
037990  91 
039409  00 
032099  76 

039101  01 
030979  29 
0.71979  09 
0.79009  04 
0.79600  07 


SImSoo  09 

♦0.01017  06 
-0.02090  99 

.031101  29 

«039090  11 
.0.14006  00 
•0.14262  09 
•039999  79 
•032011  |9 

-0.09726  00 
-036047  29 
*0.09962  a 
'•030000  00 
♦0.09940  40 

0.06491  67 
0.09147  96 
0.1im  47 
032279  90 
0.12921  00 

031047  91 
0.10900  97 
037997  09 
0.09114  99 
♦0.01012  22 

•0.01479  64 
•0.04664  04 
•037440  49 
•0.09977  07 
•0.10902  22 

.031909  06 

•Oiioroo^^- 

.0.09209  90 
•0.07099  64 
.0.04209  69 

•0.01099  04 
♦0.02196  26 
0.09192  24 
0.07602  99 
0.09499  07 

o.inoo  27 

U0109  70 
039101  44 
0.07197  99 
034999  97 


0.717a  22  * 

H-m  [<-?']  [<r  1-. 


m  m  m 


-  I*))010  Ml 

-  4.00794  944 

-  9.92099  989 

-  6.70670  M 

-  7.94419  )99 

-  932169  089 
-10.04017  4)4 
-11.00092  4)0 
-11,9)601  5)6 
-12.02077  679 


ATM 

♦0*70m  002 
*0.00911  197 
♦0.86920  409 
•0.91009  074 
^017)^971 

-0.97792  201 
♦1.00497  012 
-1.02779  069 
♦1.0a72  069 
-1.06779  986 


.  1.01079  297 
.  9.24019  790 

-  4.02009  921 

-  6.16990  796 
.  7.97217  726 

-  0.40040  679 

-  9.99944  909 
•10.92766  040 
•11.47909  669 
-12.90470  097 


♦0.99969  666 
•0.41901  940 

♦0.9f  90  124 

•0.99047  6^9 
♦0.92102  229 
•0.91910  999 
♦0.90691  729 
•0.90079  0O9 


•  L17971  922 

-  9.27109  990 

•  4.09079  704 

-  6.16909  219 

•  7.97676  200 

-  0.49194  009 

-  9.99019  490 
•10.929n  991 
-11.47699  999 
•U.90641  714 


♦0.60199  709  -2 
-0.76091  014 
♦039699  101 


•0.00947 
♦0.^990 


964 


•0.96929  449 
♦0.99190.097 
-1.01690  966 
♦1.09049  429 
•1.09047  104 


.29449 

•  4.07919 
-  9.91299 

•  9.01990 
-10.09769 
•11.00646 
-11.99426 
•12.02729 


M94  49< 


960  •0.49494  490 

909  ♦0.99602  204 

979  -0.96796  916 

449  ♦0.94949  912 

069  -0.99602  6M 


996 
699 
207 
169 
091 


♦0.92990  974 
-0.91699  469 
♦0.90972  994 
•0.90992  766 
♦0.29010  491 


AUXIMAHY  TABLE--CX>MPLEX  ZEBOS  AND  ASSOOATBD  VAUIE9  OF 

Bl(o)  AND  BF(o) 


0-*/^. 


6.789 

7.- 


,946  0.019 


Br(o.) 

Modttlno  PkMO 

0.999  ♦2.641 

U96  •0.919 

1324  ♦2*6H 

1.200  •0.919 

1.940  ♦2*622 


t.166 


0.099 

0*017 


W(^8) 

Modttloo  Vkm 

0.790  ^0366 
•^2.692 

♦0319 


0.992 
C990 
0.906 
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Tdrfe.  PvuvoL  tL  CmnhtUgt        Pnm,  tkmhMgt,  Vw^mi,  19M  Mid 
P.  V.  J.  OI«.r. Tlw  MyMpMl.  wtyiiiti.  titma^tkmiikm  of  livie 
VhOnt,  Ttmrn.  Roy.  8iw.  Umioa  |A|  t4f .  SaS^  19S4(«llk  pamltdm). 


485 


11.  Integrals  of  Bessel  Funcdons 

TuDnx  L.  Luu  * 
Contents 

ii  ■         .  Pafl» 

MatlMinatlealPMperliM     480 

ILl.  Slmi»l0lQtflgnbofB«aMl  Funotioiit   480 

IIJL  Repeated  lotegnli  of       end  K<>i»)   482 

113.  Reduetbn  Fomralee  for  Indefinite  Integrals  .   483 

-ilATDefinite  Integrde  .   486 

NunMrieal  Methods     488 

113.  Uee  end  Extension  of  the  Teblee   488 

  490 


Tehle  11.1  Integrals  of  Bflsad  Functions  .  .  ,   402 

Table  113  Integrals  of  Bessel  Functions  .............  494 


The  Mithor  aflkwwtodflefl  the  Mdttaaoe  of  Qtraldtne  Coomb0»  Bettjr  Kalm,  BftrUya 
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11.  Integrak  of  Besse!  Functions 

Mathematical  PkropertieB 


11.1.  Simple  Integrak  of  BcmcI  Funotkm* 
U.U  . 

(a'Oi+»'+i)>o) 


11.U 


JV.(f)<tt«2  g  J.+»+,(a)(d?r>-l) 

11.U    f  V|,(Orf<=  f  Vo(0<«-2  S  •/iM.i(«) 
Jo  Jo  IfO 

11.1.4  JV,.+,«)rf«=l-Jo(a)--2  J«(a) 


11.U 

fV.+,(0<ft«  f V..,(Orf«-«./.(«)  (n>0) 
Jo  Jo 

11.1.6  JV,(0<«=l-«/o(a) 
11.L7 

J  Vo(o<«-*yo(»)+g»*{  iio(«)«;(»)-H,(»)«i(») } 

«;(»)-»A/.(»)+j8r.(»),r«o,i 

il  And  B  are  ooostants. 


11.141 

^(a5)=ii/r(») +B««'«,(»),i»«0,l 
il  and  B  are  constants. 


11,(9)  and  L,(«)  are  Stnive  functions  (see 
chapter  12).  ^ 

11.1.9 

Y  (Euler's  con8ta&t)a.ft7721  56049  ... 

In  this  and  aU  other  integrals  of  11.1* «  is  real 
and  ppeitive  althouj^  all  the  results  reniain  Talid 
for  extended  portions  of  the  eomplez  plane  unless- 
stated  to  the  contrary. 

11.1.10 

-j;*'i^(o*-ij;v,(o*+<ij;'r,(OA 


AiyntploUtt 


11.1.11 


J/  lJo«)+<Fo«)l*'>'(;|) 

x[g  (-)  w-'-+<  §  (-)W-^] 


11.1.12 


11.1.1s 

2(*+l)<^+.-3(*+i)(H|)< 


IMTMBiUUB  or 

luai  «»«-JVo«)<«'^)-»g«»»*V 

frhfliv  the  a*  «ro  defined  m  in 

.  # 

u.1.18      «i(o<rt-'(|)  s(--)v-*  ' 

when  the  o»  ere  AffiapA  w  in  U.1.12. 


11.1.16 


'  +i^(-)**»(«/8)-"+#(«>] 


Wjf)|^2Xl(r» 


■  »  ' 

e» 

0 

1 
a 
a 

■4  ^ 
3 

e 

7 

.00988  47804 
.00404  €8888 
.00100  88892 

:Si88IS 

.00087  8M07 
.00018  70088 
.00008  8848B 

.70788  48600 
.01888  43408 
.00178  70944 
.00087  40148 
.00041  00878 
.00888  48M8 
.00011  07888 
.00008  80888 

11.1.17 

K»)l^2xio-« 

0  . 39804  23 

1  .03117  34 

2  .00881  01 

3  .00089  66 

4  -.01148  68 
6  .01774  40 
•  -.00739  06 


•  Appfoihiuttkm  11.1.18  to  fMm  A.  J.  M.  Hlteiieodi. 
Potynonilitl  •ppMnimetlMt  to  Bmni,  fuiiettoBs^ar  ordf 
MM  and  Mi«  and  to  teleted  fttaetionik  Math.  ToblM  Aids 
Cmp,  Ih  8HS  (1987)  (wMb  ptonBtaU). 


nmonoNa 

11.1.18 


481 


7^«^«? 


|#(ai)|£2X10-'  • 

h 

«• 

0 

1. 25331  414 

1 

0. 11100  289 

2 

. 02676  646 

3 

.00033  094r 

4 

.  00417  464 

6 

.00163.271 

6 

.00033  934 

1U.19 


=2«-«  g  (2*+3)l^(*+2)-*(l)l  Ju«(») 


=l-2«-»j,(jf) 
+2*-»  g  (2lr+6)(^(*+3)-*(l)-lUi.+»<af) 


For  ^(2>,  see  6.3. 
1L1J» 


r^=-i('»iH(>»IK(^->') 


11.1.22 


11.1.23, 

J-«      «    "^2^,      «      2/*  < 
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WTEOIUU  or  BBSSBL  FUNCTIONS 
AaynplAlle  Eipaoilotpi  . 


where 


t         ■■  at*      '      »  . 


P,W-g(-)'(|)""w(*+l)l 


11.1^ 


11.U6  ^^j;-K.!fl*^(|)»§(-)V- 
where 

13 


11.1^ 


8 


'^2(Hi)«.+.-[i»(*+0*+5]«.-(*+gy«»-i 

where    is  defined  as  in  11.1.27* 

PoljnMMBial  An^faodmatloiM 
6^»^  • 


where 


flbt*)«g(-)V»/6)-*+-(«), 
l«(«)l^2X10  ' 


1 


ERIC 


  /" 

6» 

0 

1.0 

1.0 

1 

0.  1M99  381fi 

0. 31998  6629 

2 

.  lOtei  9386 

.  30486  8166 

3 

.  13081  1A8A 

.  62324  6341 

4 

.20740  4022 

1.097O2  0112 

6 

..28330  0808 

1.69980  3060 

e 

.  27902  9488 

1. 98320  6413 

.  17891  6710 

1.  43132  6684 

'  8 

.06622  8328 

a  80606  4986 

9 

.  01070  2234 

.  10700  2336 

11.1.30  i^x^  • 

l«(»)l<i^io-« 


k 

4 

0 

1. 25331  41 

1 

0. 50913  39 

» 

.32191  84 

8 

.20214  40 

4 

.20001  20 

5 

.11103  00 

6 

.02724  00 

11.1.31  » 

-  l«(»)l^i.ixio-» 

0  0.39893  14 

1  .  li3320  55 
.2         -.04938  43 

9  1.47800/44 

4  ~8.O560O  13 

5  ^  28. 12214  7A 
0      -48.05241  15 

7  40. 39473  40 

8  -11.90943  95 

9  -3. 61950  09 
10         2.19454  04 

11.2*  Repeated  IntegMk  of  Jnis)  mad  Knis) 
Reputed  Integralt  of  ./•(•) 


11*2*1 

A.(^f)»^.(«). 


11.2^ 

I 

Then 
11.2*3 

1U.4  AA(3)«||5g^^^.+rW«) 
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11^ 


Riiiiui^aci 


D^rrsoitALS  or  besskl  functionb 
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r(r-l]l/r+i..(a)«2(»'~l)#r..(«) 

-l(l-r)»-n|+an/r-t.(«)  \ 

4-(^^)^r-a.«(a)-ayr-i.«(«) 
11^6  ( 

i:/r*I.o(«)  =  ^r.o(a)-(r-Wr-l.»(«)+^r-*.(«) 
IIM  /N.I.M.l(«)=/r+l,Vl(«)-iyr.«(«) 


tUpMUd  Integra^  of  K^) 

\ 


Let 

11^.9        Ki-r(«)=(-)'  ^  Ko(z) 

Then 
11^.10 


ll^Il 


^r«>o,r=o) 


(iPa^O,^r>0) 

I  r(r+*)      .  r  J. 

11.2.14 

rKi,^,(2)=-2KW2)  +  (r-l)Ki,.,(ai)+«KU(a) 

11.9.  Reduetlmt  Fomralas  tvr  lad^nlte 
Integrals 

Let  > 


wKiBre  ^(3)  representB  any  of  the  Beasel  functions 
of  the  firat  three"  kinds  or  Ute  modified  Beasel 
functions.  The  parameters  a  and  6  appearing  in 
the  reduction  formuke  are  associated  with  the 
particular  tjrpe'  of  Bessd  function  as  delineated 
in  the  following  table. 


114.2  Z,{z)  a  6 

j,U),r;(«),ir,»>(a),  «•>(«)     ,C  i 

K,{z)  .1-1 
U.3.3 

+  (M  +  f)^^-!.  »(«)-<Vl..H-l(«) 

11.3.4 

Ji^ii.  i(«) 
11^ 

(lAfa6)ff,.,(«)«ae-»'a<'Z^,(«) 

+p(2M-l)tf,.-i.,(a)+li^-(M-t)1y,.-s\.r(a) 

11.3.6 

a(i'-M)ff#.H.i(«)'=~2i«-»*a»Z,(a)^2iiVii.,(a) 

'  +ft(M+l*)^|i.»-l(«) 

11A7  <r».,(«)-^^f^{z»(«)-|2»+.(2)} 

11.3.8  p-..,(«)-.-^^3p{z,(«)+Jz,-.(a)j. 
11.3.9 

11.3.10 


(5f.'>-^l) 


+2'-'(2r--i)rw 


iiji.li 


11.3.12 
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DiraOBALB  OF  BI8BBL  ITJH( 


J%-7.(f)il-«-1/.(»)+/,(»)J 

+u(«-/,(«)-ij+a«-S  (»-*)/.(«) 


11  *  ' 


\ 


2r+l 


[ir.(«)±K^,(«)j 


King'tintcsral  (see  [11.60 

\  11JS.16  j*VK;,«)d<«MiJ2;,(«>+irl( 

11.S.18  »0^.,.,(s)»«'2,(s) 
11A19  «p.».H.i(«)«-«-%(») 

u.s^  r'rj».i(()<ft»«'j,(0)  (ii^>o) 

11A21  J/-'«^'+»(0«tt-2T(J+r)-"«"'«''<«> 

11^ 

.  a,j;^^^'-iL?|j(2*-i)j.,i(,) 

-f^g^(2*-l)Jtt.,(«)  (r»>0) 

491 


11^ 


11A27  \^ 

114^  r'jr^,(0tf<=3-«,(a) 


«f  BmmI 


Lei  and  ^edffte  any  two  ^yUnder 
fnnctionB  of  oiden  |i  and  v  reepeetively. 


V. 


-0.i.r)y,(il^)^.(/a) 

11^  , 


114^1 


lU^ 
1UJ8 

UA84  J^JJ«)<ft-|pK«)-f-J!(«)l 
114^ 


INTBOBAU  OF  BI88BL  fONCVIONB 
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11^      J^.  '  * 

^  -0.+r+2n)J'r'«+.(OaW(0<« 

=9&(3)a(«)+^^.(i)si+.(«)+2Si«+.(«)^*»(«) 


CiMivvlutloB  TrP*  latcfrab 

iaii>-l,ap>-l) 

Jo  / 

.  (JJ»>0.^^>-1) 
11^.41  ^ 

11.4.  Ddblta  integrab 


OrthogomJity  Propwtl—  of 

Let  be  a  cylinder  function  of  order  v. 
In  particular,  let 

11.4.1  «;(«)«.i4J,(a)+2>r.(a) 
where  A  and  A  are  real  constanta.  Then 
11.4.2 

«'{(i-j^)«7(x.0+^M}I 

(m=.n)(0<«<*) 

provided  the  following  two  oonditions  hold: 
1.  X«  is  a  real  sero  of 


1^4.8 


A,X«^,(X6)-WX*)-0 


o  2.  There  must  exist  numbers  ki'  and  Ira  (both 
not  zero)  so  that  for  all  n 

11.4.4       A,X.«:^,(X^)-4r,«(X^)=0'       •  *  < 

In  connection  with  these  formulae,  see  11.3.29. 
If  a«0,  the^above  is,  valid  provided  JBaO.  Thi^ 
case  is  covered  by  the  following  result. 

ii.4i 

ri  ' ^  .  '  ■  • 

(m=n,6<=0,F>--l) 

^  (i»«n,*p*0,  if^-l) 

tti,  oi,  .  .  .  are  the  positive  zeros  of 
<iJr(ar)+i3J^(x)«0,  where  a  lOid  6  are  real  con- 
stants.'  .  / 

11.4.6  I  '  ■•■ 

2(2n+y+l) 
(m=»n)  (r+n+i»>--l) 
Dcdoltie  latafrab  0*«r  •  Flnlt*  Ran«» 

11.4.7  J^'j„(2a  sin  Od<-g  •/".(«) 

11.4JI    r  '  «^o(2a  sin  t)  cos  2ii<(f<  »irJ:(a) 
•Jo 

♦ 

11.4.9  £  r,(22  sin  <)  cos  2»<d<=|  J,(«)r,(«)' 


11.4.10 


J,(a  sin  0  i^H  cos»^»  (d( 


11.4.11 

4 


J^*      sin*        coe»  <)  esc  2<i« 
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Infinite  Integrab 

HAM  ' 

I  "^(^rM<|»«(M+r)>0) 
11.4.19 

(^*i<:r*o»+i')>o) 


OmOSAU  W  BI88BX.  FDNCTIOira 
11.4.23 


11A14 


11.4.U 


11.4.16  X 

(iKM+r)>-i,ifM<:|) 


11.4^17 
11.4.1t 


11.4.19 


X  sin  g  0.-r)  (^KM±i')>-l.^fM<::|) 
1I.4.2D  J^V^WA^-tanJ  W<1) 


11.4J1 
11.4J2 


11:4:24  J\-«-'j.(o«ft»?i=^^^  i^i) 

«0(«»>1) 

where         is  the  Chebyshev  polynomial  of  the 
fint  kind  (see  chapter  22).  *- 

11.4.25 

-|(-0"(i-«^»l/-i(«)(«»<i) 

Inhere  {/.(w)  is  the  Ohebyshev  polynomial  of  the 
second  kind  (see  chapter  22).  ■ 

11.4.26 

J*  r*«-'-*J.+l(0d««(--»}-(2r)»P.(«)(«»<l)       I  ; 


^ere  P«<m)  is  the  Legendre  polynomial  (see 
chapter  22). 


11.4.27 

> 

J]*  e-«<5"'jj?(a0»l<tt-3i^    (^fa>0,  ^ra>0) 

where  yifl,  s)  is  the  incomplete  gamma  function 
(see  chapter  6). 

htcgrab  «r  the  Font  ^ r'»»lFZJOdi^ 
11.4.28  < 


(dP(M+r)>0,  flfa«>0) 

where  the  notation  M(a,  b,  e)  stands  for  the  con- 
fluent hypeiseometric  function  (see  chapter  IS). 

11.4i9 


ERIC 
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11^ 


nTBOSALfl  or  Bissni  FONonoNa 
11^ 
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11^1 

llAM  / 

W«lMy  fch^iila  Type  lBM«rab 
11.4.SS  / 

J.    ^  >  2Hi^.*.r(,+i,r(«i::i±^±l) 
(«(m+»-x+i)>o,^x>-i,  o<K«) 

11.4J4 

J.  ■  2^-Mf.ro,+i)r(!r:ii+^) 

(^rO»+»-X+l)>0,^rx>-l,  0<a<6) 
ForiFifiMehftptorlS. 
Spwtol  C-M  of  the  DtoBoeUaiiottg  W«b— SdMftdtifai 

.  («/>-!) 


a) 


(0£K«) 


(ft>a>0)  («|.>-1) 


(O^Ka) 


(6>a>0)  (ilM>-2) 
HAM    J%"'«^o(««)<ft-^5pzj^  <o$K«) 


UA40 


(0<a<*) 


-1  ,  at 


11.4.41 


Xto{*^l^*}  (()<•<*) 


I 


J|;"f^'+'J,(a<)J,(6<)<tt«0  (0<K«) 

^  (6>o>0) 

HAM  JV,(«<)J,-»(*o<ft-^  (o<K«) 

»0  (6>o>0) 
(«M>0) 

11.4.48  J^"«(a^  {1-J,(60}<tt«0  (0<6ia) 
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Tf^swnuas  o?  bbssel^functionb 


11.4.44 


(a>0,  ^i^M-l<«K2drM+|) 


11.4^ 


.  ,     '  (o>o,£f«>o,^r^>-|) 

1L4.46 


Jo  .« 


11.4.47 


11.4.48 

•  1 

11.4.49, 

^)r(.+i) 

(o>0,^fa>0,^?^>-|) 


J,  <'«• 


Numerical  Methods 
11.S.  Um  and  Estmakm  of  the  TablM 


Vj.m.  ('Tom,  ('mdt,  rm)dt 

.  .For  ipoderate  values  of  x,  uae  11.1.2  and  11.1.7- 
11.140  as  appropriate.  For  x  suffldently  large, 
use  the  asymptotto  expansioiis  or  the  polynpnual 
approjdm&lions  11.1.11-11.1.18. 

Enmiile  1.    'Gompute  £^  Mt)dt  to  6D. 

Usiiig  11.1.2  and  interpolating  in  Talilee  9.1  and 
'  9.2t  we  have 

Jo(<)<<<»2(.33019  09+.31783  69+.04dll  62 

"  -f .  00283  ie+.00009  72+.00000  21] 

» 1.37416 


Euunpl«  2.  Compute  I      «/o(0<f<  to  6D  1^ 

interpolation  of  TaU«  11.1  using  Taylor's  formula. 
Wehaye 

5 

+f§  Jo(«)l+gi  l3J,(«)-J,(x)l+  . .  . 

Th«n  with  j^a.o  and  A*b.06, 

JiiOcft^  1.387667+ (.06)(-.260062) 
"  -(.00126)(.33e069) 

4- (.000010)  (.748143)  a  1.37416 
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■This  value  is  readily  checked  using  ««^3.1  and 
Aa-.06.  Now  |Jo(2)|ll  for  all  X  and  |J,(x)| 
<2'**,'n^l  tot  all  X.  In  Table  11.1,  we  can^ 
always  choose  |&|  ^^.06.  Thus  if  all  terms  o 
and  higher  are  neji^eoted,  then  a  bounder  the 
absolute  eiror  js-24&V48<.2.10-*  for  aU  x  if 
^  .06r  l^inilarly,  the  absolute  error  for  quadratio 
interpdation  does  not  exceed 

A»(2»+2)/24<.2.10-*. 

Eiample  3»  Interpolation  of  J^Jo(Od<  using 
Snipeon's  rule.  We  have 

Mt)dtt^\  Jo(»)d<+  Mt)dt 
Jo  Jo      '  J» 

J]'*Vo(0<ft-g[^o(«)+4j,(x+|)+J,(x+*)]+« 


Now 

^i*'(«)«§  W«)-4J,(x)+3Jo(x)l 

and  with  |A|  :^  .06,  it  follows  that 
|fi|<.9.10-»» 
Thus  if  x<»3.0  and  A<a.06 

7 

JJ  ''«/o(0<i<=l.B8766  72620+^1-. 28006  19649 

+4(>  .26841  13883)-. 27663  496991 
» 1.37414  86481 


nnriGRAUi  or  bescnbl  ruNOVioNs 
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iilOdk  is  oomoi  U»  lOD.  The  »bove  proewlure 
gi?et  high  Moiira<7  though  it  nifty  be  neoMMry  to 

iiitertfoUte  iwioe  in  Ma)  to  oompute  «^o(«'l-j) 
mmIJ«(*+4).  a  similar  teehnique  based  on  the 
trapeioidal  rule  is  leas  accurate,  but  at  most  only 
<ntt;hiteipolatiob  of  «7o(»)  is  required. 

:  Eiample  4.  Compute J^Jo(0<f<  andj^ro(0<« 

to  0D  using  the  rq»fesenti^tio9^  terms  Stnive 
functions  and  the  tables  in  ^apters  9  and  12. 
For  9»3;  from  Tables  9.1  and  12.1 

Vo"'--26QQ62      Ji«  .339009 
Tom   .376860      r,«.  .324674 
.674306  1.020110 

Using  11.1.7,  we  have  ^ 

J^*  J,«)«tt«3(-  .260062)  +f  l(.674306)(.339069) 

-(l.Q20110)(-.260062)l 

«1J8767 


Similarly, 


JiVr,«)«i<=. 


19766 


Using  11.U  and  Tables  941  and  12.1,  one  can 
eomputeJJ  hH)dt  andjj  Koit)dt. 

f  j,m  r  T,(m  r  [/.«)-iirf<  r  lum 
J.  "^J,    <  'J.     <    J.  t 

For  moderate  values  of  n,  use  11.1.19-11.1.28. 
For  9  sufficiently  large,  use  the  aqrmptotio  ex- 
paniions  or  ^e  polynomial  '  approximaUoQS 
11.1.24-11.1.91. 

Bepntad  Intet'^«f 

For  moderate  values  of  «  and  r,  use  11.2.4. 
If  r»l,  see  Eumple  1.  For  moderate  values  of 
St  use  the  reourrenoe  formula  11.24(.^  If  t  is  large 
and  j»f ,  see  the  discussion  below. 

Esamplo  8.  Compute  to  6D  for 

«ib2  and  r Ba0(l)6  using  11.2.6.  We  have 

>:fr*l(»)«a!/A»)'-(»— l)/r.l(«)+»/r-l(») 

y-,(«)-Wi(»)jo(»)«^o(»),yi(«)-J]V,«)<« 

md  the  terms  on  this  Isst  line  are  tabulated.  Thus 
forfB2,  . 

y.,»-.67672  48,/,«.223a9  08, /.« 1.42677  03 


The  reoimence  fonnuk  gives 

/,<io2(/,+/.i)Bl.60800  10 
Similaiiy,  ' 

/•»1.20009  66,/««.62461  73,/«a.2&448  17 

When  it  is  convenient  to  use  the  auxil- 
iary f unotion 

p,(»)«(f-l)b-'+»/,(«) 

This  satisfies  the  recurrence  relation 

+(f-l)(f-2)p,-,(»),f^? 

Eumple  6.  Compute  gt{»)  to  6D  for  x^lO 
and  f  n0(l)6.  We  have  for  sslO, 

Jo»-. 24603  68,  •;i^.04347  27,  0"1.O67O1  18 
Thus 

1.02363  86, 0k».98827  49 
and  tixe  forward  recurrence  formula  gives 

p««.96867  36,a»-.94114  12,  pe«. 90474  04 
For  tables  of  2-yr(«)»  aee  [11.16]. 

RcpMtMl  Inftagrab  of  Ktd)  . 

For  moderate  values  of  «,  use^e  reounenee 
formula  11.2*14  for  all  r .  "  ) 

Example  7.  Compute  Ki,(s>  to  for  a<*2 
and  f  nO(l)6.  We  have 

f Ki,+,(») = -»Ki,(») + (r-  l)Ki^-i(») +aKi,-i(») 

Ki.,(»)«i:,(»),  Ki.(J»)=Ji£,(»).^(ai)-J^*JC>(<)<» 

*and  the  functions  on  this  lastj  line  are  tabulated 
Thus  for  ^a2,  / 

iii;».11389  39,  liC,».13986|69,  Kita.09712  06 

and  .  / 

Ki»a~2Ki.+^i>».08640  06 

Similarly,  ^ 

Ki««.O7606  36,  ISU^-^I^      S^»  06626  22 

If  »lf  is  not  ktfge  the  f^ula  can  stUl  be  used 
proved  that  the  startiiiig  values  are  sulficienay 
accurate  to  offset  the  growth  of  rounding  error. 
For  tables  of  Kir(«),  ^  (11.11). 


Now 


/p(»)-£ir,(o<tt,yi(»)«ii*-«K,(x)v» 

the  latter  following  from  11.8^  with  In 
IIJJI,  put  a=l,  6=-l,  j»«0  and  r«0.  Let 
Then 

f^!  ■  '        '^»(«^l)i^,(»)l/a»  (TO>1) 

tabular  values  o^/o  and/i,  one  can  oompute 
aiicceeaionyi,/!,  .  .  .  provided  that  m/s  is  not 

ipie  i.  Com|>t|jie/«i(«)  to  5D  for     6  an^ 
We  have,  retabfaog  two  additional 

.00369  11      ITiB.  00404  46 

/,» 1.66738  74  19506  64 

Thus 

/•» .05701  27./««»  .01468  O?,/*^  00686  36  i 

Similarly  starting  with/i,  we  can  compute/a  al^/». 

if  m>s,  employ  the  recurrence  formula  in 
backward  f 6rm  and  write 

/•^(«)«l«y.(«)+a?iiCi(«)+»(m-l)«i(»)l/(m~l^ 

In  the  latter  ejqMreasion,  replace  /»  by       Fix  s. 
Take  r>m  and  aeaume  jrr»0.  Compute 
etc.  Then 

lim         =/•(»),  m«»r-2* 


IN^BAiS  OF  BB8SBL  FDNOn(»IB 

Apart  fkt>m  round'off  error,  the  value  of  r  needed 
to  aehieve^a  stated  accuracy  for  given  %  and  m 
can  be  determined  a  iniori.  Let 


Then 


•'-«»"(r-i)i(|^3)« , . .  (r-2*+l)» 
.r^lai»Jir,(»)+»(f-l)«;i(»)y(r-l)« 

e 

shice  fof  s  fl3Eed,yr(s)  is  positive  and  deoreasea  as  r 
increases. 


Eumple  9.  Compute/nCx)  to  6D  for 
m«0(2)10.  We  have  ^ 


3  and 


K^^ .03473  06    .  JSC|» .04016  64 


If  r«16, 


i„<.86.10-«  i,o<1.4.10-« 


Taking  iftt^O,  we  compute  the  following  values 
of  9i4,  9it>  ' ' 't  1h  by  recurrence.  Also  recorded 
are  the  required  ivalues  of /» to  6D. 


14 

12 
10- 
8 
6 
4 
2 
0 


9m 


.00865  42 
.01001  00 
.01825  06 
.01751  89 
.08848  09 
.04447  81 
.11986  90 
1.58994  71 


.01825 
.  01751 
.08548 
.04447 
^ .  11987 
1.58995 


Tot* 


(11.11  H.  Batonum  and  R.  C.  Anhlbald,  A  gukte  to  tables 

of  BciwI  funetiops,  Math.  Tables  Aids  Comp. 
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(1U|  A.  EnlMyi  et  al..  Higher  transeendental  fttnetlons, 
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lOD. 

(11.341  M.  Bothmaa,  TaUe  of  *Vi(s)dB  tot  0(.l)30a)9S, 
Quart.  J.  Meeh.  Applt'Math.  8, 319-917  (1048). 

OO  HP* 

(11.38)  P.  W.  Schmidt,  Tabiei  of  JVi(Odt  for  hkige 

J.  BUth.  Phye.  U,  180-173  (1886).  C"19(.3)4a 
'  8D. 

(11.36)  O.  N.  Wateon,  V  tieatlw  on  the  ^ory  af  Beeeel 
funetloae,  3d  ^.  (Cambridge  Univ.  Prern,  Cam- 
bridge, Eagh^,  1888).  Table  VIII,  p.  783: 

JjV<(Odi,|f  K^Odt,  •-'0(.03)1,  7D.  with 

the  fliet  16  lilailjtaa  and  minim*  of  the  Integrala 

to  7D.  / 
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Table  114 


INTEGRALS  OF  BESSEL  FUNCTIONS 


0.0 

0.1, 

0.2 

0.9 

0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 

1.9 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 


\ 


0.00000  00000 
0.09991  66979 
0.19933  43325 
0.29775  75802 
0.39^69  85653 

0.48968  05066 
0.58224  12719 
\0. 67193  68094 
K 75834  44308 
84106  59149 

0.\91973  04101 

0.  W9399  71082 

1.  P6355  76711 
1.12813  83885 
1.18750  20495 

I./24144  95144 
14  28982  09734 
1.33249  68829 
1.36939,85727 
1.40048 '85208 


1.42577 
1.44528 
1.45912 
1.46740 
L 47029 


a.  46798 
1.46069 
1.44871 
1.43231 
1.41181 


02932 
81525 
63387 
80303 
39949 

119446 
96081 
25408 
16899 
57386 


Jo  ^0(1)* 

0. 00000  00000 
-0.2174)  05666 
-0. 3457Q  88380 
-0.43928  31758 
-0.50952  48283 

-0.56179  54559 
-0.59927  15570 
-0.62409  96341 
-0.63786  88991 
-0. 64184  01770 

-0. 63706  93766 
-0.62447  91607 
-0.60490  26964 
-0.57911  12548 
-0.54783  19295 

-0.51175  90340 
-0.47156  13039 
>0. 42786  62338 
-0.38136  24134 
-0.33260  04453 

-0.28219  28501 
-0.23071  32490 
-0.17871  50399 
-0.12672  97284 
-0.07526  50420 

-0.t»480  29261 
♦0.02420  24953 
0.07132  69268 
0.11617  78353 
0.15839  62206' 


0.00000  00 
0.09055  92 
0.16429  28 
0.22391  79 
0.^717?  46 

0. 30964  29 
0.33929  99 
0.36206  71 
0.37910  OS 
0.39137  42 

0.39970  68 
0.40479  52 
0^.40721  52 
0.40745  78 
0.40593  39 

0.46298  85 
0.39891  09 
0. 39394  29 
0. 38028  68 
0.38211  11 

0.37555  57' 
0.36873  6| 
0.36174  91 
0.35467  38 
0.34757  29 

0.34049  93 
0.33349  48 
0.32659  30 
0.3X981  99 
0.31319  59 


1.57079  63 
4.35784  82 
1.25032  54 
1.17260  09 
1.11171  28 


1.06127  17 
1.01836  46 
0.98109 
0.94621 


70 
80 


0.91865  56^ 

0.89237  52' 
0.86829  97 
0.84626  10 
0.82596  89 
0.8^719  04 

0.78973  57 
0.77344  80 
0.75819^-62 
0.74366  - 
0.73037 


•9* 


0.71762  i5 
0.70556  SO 
0.69412  02 
0.68324  16 
0.67268  26 


0^66300! 
0.65356 
0.64452;  96 
0.63567^  68 
41.62757  60 


ERIC 


9.0 
3.1 

3.2 
3.3 
3.4 

3.5 
3.6 
9.7 
9.8 
9.9 

4.0 
4.1 
4.2 
4.9 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


1.36756  72520 
1.^5992  96506 
1/92928  40986 
U 29602  59125 
U  26056  i7895s 

i 

1.22990  57982 
1.16467  59706 
1.14509  19196 
1.10496  76009 
1.06471  52877 

1.02479 
0.98541 
0.94712  199? 
0.91021  52) 
0.67502 


0.64186 
0.8110( 
0.7627Y  50002 
0.75721  10902 
0.79468  94106 


0.19765  82565 
0.2996T  66966 
-%  26620  20748 
.29502  36222 
.91996  99576 

0.94090  94657 
0. 95775  09969 
0,97044  06631 
0. 97896  74266 
0. 98395  61969 

0. 98966  96479 
0.98000  67672 
0.97250  06S52 
0.96191  694Y5 
0.9466$  16998 

0.92872  87SlV 
0.90779  77692 
0.28419  109511 
0.25802  06766* 
0.22977  58227 

0.19971  99676 


0.90679  62 
0.30045  18 
0.29435  04 
0.26643  67 
0.26271  91 

o.2;n6  02 

0.27183  70 
0.26668  11 
0.26170  94 
0.25691  78 

0.25230  18 
0.24785  61 
0.24357  56 
0.23945  46 
0.23548  74 

0.23166  63 
0.22799  15 
0.22445  13 
0.22104  21 
0.21775  83 

0.21459  46 

m 


0.61960  34 
0.  61193  74 
0.6045^  84 
0.59744  84 
0.59059  11 

0.58397  14 
0.57757  57 
OL  57119  13 
0.56540  66 
0,55961  09 

0.55399  42 
0. 54654  72 
0.5432615 
0.53812  91 
0.5331127 

0.52629  52 
0.52358  03 
0.51899  19 
0.51452^49 
0.51017  24 

0.50599  10 


\ 


\ 


il 


ERLC 

•  \ 


OraSOBALB  or  AB88IL  rOMOTIONB 
INTEGRALS  OF  BE9SEL  FUNCTIONS 


403 


T«bl«  11.1 


,  po(l)d« 

S.O.  0.7153119178 

5.1  0.69920  74098 

5.2  0.68647  10457 

5.3  0.67716  40870 

5.4  0.67131  39407 

5.5  0.66891  44989 

5. 6  0. 66992  67724 

5.7  0.67427  98066 

5.8  0.68187  18713 

5.9  0.69257  19078 

6.0  0.70622  12236 

6.1  0.72263  54100 

6.2  0.74160  6469^ 

6. 3  0. 76290  51256 

6.4  0.78628  33012 

6.5  0.81147  67291 

6.6  0.83820  76894 

6.7  0.86618  77897 

6.8  0.89512  09137 

6.9  0.92470  60635 

7.0  0.95464  03155 

7.1  0.98462  17153 

7.2  1.01435  21344 

7.3  1.04354  00558 

7.4  1.01190^32638 

7.5  1.09917  14142 

7.6  1.12508  84628 

7.7  1.14941  49299 

7.8  1.17192  99830 
1.19243  33198 


8.0 
8.1 
8.2 
8.3 
8.4 

8.5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9.5 
9.6 
9.7 
9.8 
9.9 

10.0 


0.19971  93876 
0.16818  49405 
0.13551  34784 
0.102n5  01932 
0.06814  12463 

0.03413  05806 
^0. 00035  67983 
.0.03284  98697 
.0.06517  04775 
-0.09630  01348 

.O.t2595  06129 
-0. 15385  27646 
-0.17975  8t372 
rO. 20344  39625 
-0.22470  89068 

-0.24338  05692 
-0.25931  37161 
-0.27239  18447 
-0.28252  78684 
-0.28966  45218 

-0.29377  44843 
-0. 29486  02239 
-0.29295  35658 
-0.28811  49927 
-0.18043  26862 

-0.27002  13202 
-0.25702  06208 
-0.24159  37080 
-0.22392  52368 
-0.20421  93575 


1.21074  68348 
1.22671  60587 
1.24021  13565 
1.25112  88778 
1.25939  12520 

1.26494  80240 
1.26777  58297 
1.26787  83120 
1.26528  57796 
1.26005  46162 

1.25226  64460 
1.24202  70675 
1.22946  51666 
1.21473  08237 
1.19799  38314 

1.17944  18392 
1.15927  63464 
1.13772  05614 
1.11499  71504 
1.09134  S8985 


-0.18269  75150 
-0.15959  61109 
-0.13516  40494 
-0.10966  01934 
-0. 08335  07540 

-0.05650  66385 
-0.02940  07834 
-0.00230  54965 
>0. 02451  01664 
0.05078  29664 

0.07625  79635 
0.10069  08937 
0.12385  04194 
0.14552  02334 
0.16550  09969 

0.18361  20962 
0.19969  32017 
0.21360  56169 
0.22523  34059 
0.23448  42919 


1.06701  13040 

•(-4)4J 


0.24129  03183 

m  [ 

'500 


0. 21459  46 
0.21154  56 
0.20860  68 
0.20577  28 
0.20303  89 


0.20040  08 
0.19785  40 
0.19539  44 
0.19301 
0.19072 


81 
13 


0.18850  02 
0.18635  16 
0.18427  20 
0.18225  84 
0.18030  78 


0.17841  74 
0.17658  44 
0.17480  64 
0.17308  09 
0.17140  55 

0.16977  82 
0.16819  68 
0.16665  93 
0.16516  39 

_Q.16370LJi 

0.16229  24 
0.16091  30 
0.15956  91 
0. 15825  93 
"0.t56^  21 

0.15573  64 
0.15452  08 
0.15333  42 
0.15217  55 
0.15104  36 

0. 14993  74 
0.14885  61 
0.14779  88 
0.14676  44 
0.14575  23 

0.14476  16 
0.14379  16 
0. 14284  16 
0.14191  08 
0.14099  87 

0.14010  46 
0.13922  78 
:  0. 13836  79 
0.13752  43 
0.13669  69 


0.13588 

,.6,i 


0.50593 
0.50179 
0.49776 
0.49362 
0.48998 

0.48622 
0.48256 
0.47897 
0.47547 
0.47204 


10 
55 
16 
50 
19 

86 
16 
75 
34 
60 


29 
11 


0.46669 
0.46541 
0.46219  83 
0.45905  20 
0.45596  99 


0.45294 
0.44996 
0.44708  76 
0.44424  15 
0.44144  97 

0.43871  05 
0.43602  22 
0.43336  34 
0.43079  23 
0.4261416 


81. 
20 


0.42574 
0.42329 
0.42087  86 
0.41850  63 
0.41617  40 


0.41388  07 
0.41162  52 
0.40940  65 
0.40722  37 
0.4P507  56 


0.40296  15 
0.40086  04 
0.39883  15 
0.39681  40 
0.39482  69 

0.39286  97 
0.39094  15 
0.36904  17 
0.38716  95 
0.38532  41 

0.36350  53 
0.36171  20 
0.37994  39 
0.37820  03 
0.37646  06 

0.37476  43 

m 
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TaUe  II J 


0.0 
0.1 
0.2 

0.4 


INTEGRALS  OF  BESSEL  FUNCTIONS 


M-Jo(l) 


0.i> 
0.6 
0.7 
0.8 
0,9 


4.0 
4.1 
4.2 
4.3 
4.4 

4.8 
4.6 
4.7 
4.8 
4.9 

$.0 


0  < 
0x00000  000 
0.0O124  961 
0.00499  975 
0.01121  641 
a  01990  030 

0.03100  699 
0.04449  711 
a  06032  057 
0.07841  882 
0.09872  519 

0.12116  525 
0.14565  721 
0.17211  240 
0.20043  570 
0.23052  610 


ERIC 


509  164 
716  194 
942  081 
1.77174  836 
0.81402  795 

0.85614  669 

0.89799  596 

0.93947  186 

0.90047  571 

1.02091  426 

1.06070  032 

1.09975  277 

1.13799  707 

1.17536  536 

1.21179  667 

1.24723  707 
1.28163  975 
1. 31496  504 
1.34718  044 
L 37826  060 

1.40818  716 
1.43694  870 
1.46454.052 
1.49096^446 
1.51622  864 

1.54034  722 

m 


-1.341^8  382 
^.43^3  067 
-0. 05107  8132 
♦0.19231  0>7 

0.^6968  654 
0y53839  213 
£37689  807 
0.39543  866 
/0. 40022  301 

0.^9527  290 
0.36332  909 
0.36633  694 
6.34572  398 
0.32256  701 

0.29769  696 
0.27176  713 
0.24529  496 
0.21871  360 
0.19235  409 

0.16650  135 
0.14138  594 
0.11719  681 
0.09406  798 

.Jt0721&361 

0.05158  229 
0.03235  987 
4^0.01457  248 
.0.00174  144 
-0.01655  931 

-0.02967  272 
-0.04166  613 
-0.05201  554 
-0.06068  740 
-0.06833  756 

-0.07441  025 
.0.07915  722 
-0.08263  683 
-0.08491  323 
-0.06605  553 

-0.08613  706 
-0.08523  459 
-0.08342  762 
-0.08079  769 
-0,07742  769 

.0.07340  123 
-0.06680  199 
-0.06371  317 
-0.05821  690 
-0.05239  371 

-0.04632  205 


4t 


50i 


0.00000  000 
0.00113  140 
0.00409  877 
0.00835  768 
0.01347  363 

0,01910  285 
0.02497  622 
0.03068  584 
0.03667  383 
0.04222  295 

0.04744  889 
0.05229  376 
0.05672  080 
0.06070  995 
0; 06425  420 

0.06735  663 
0.07002  797 
0.07228  456 
0.07414  668 
0.07563  606 

0.07678  298 
0.07760  744 
0.07813  746 
0.07639  684 
0.07841  674 

0.07821  544 
0.07781  609 
0.07724  664 
0.07652  168 
0.07566  245 

0.07468  681 
0; 07361  124 
0.07245  090 
0.07121  963 
0.06993  006 

0.  06859  360 
0.06722  060 
0.06562  033 
0.06440  109 
0.06297  029 

0.06153  450 
0.06009  952 
0.05867  042 
0.05725  166 
0.05584  706 

0.05446  000 
0.  05309  325 
0.05174  921 
0.05042  989 
0.04913  691 

0.04767  161 

m 


0.000000 
0.368126 
0.460m 
0.506394 
0.532910 

0.546619 
0.556366 
0.563828 
0.566545 
0.567355 

0.566611 
0.565291 
0.563056 
0.560302 
0.557163 

0.553745 
0.550126 
0.546364 
0.542906 
0.536587 

0.534635 
0.530670 
0.526711 
0.522766 
0.516854 

0.514976 
0.511139 
0.507350 
0.503610 
0.499924 

0.496292 
0.492717 
0.469196 
0.485736 
0.462332 

0.476984 
0.475694 
0.472459 
0.469280 
0.466155 

0.463085 
0.460067 
0.457100 
0.454185 
0.4S132O 

0.448503 
0.445734 
0.443012 
-0.440335 
0.437703 

0.435114 


12.  Stniye  FunetioiiB  and  Related  Funetions 

Mutton  ABBAMowirf* 
Gmtento 

iMathenwtlMl  PtapwtiM .  .   ^ 

12.1.  Struve  Function  II,(a)   *JJ 

12A  Modified  Strove  Function     

12.S.  An^  and  WeMr  Functions  

Nnmerkal  MotlMde    

12.4.  Use  and  Extension  of  Uie  TsUes  .  .  .  .  -  •  •  • 

RofeMBoee    WO 

Taldol2.1.  Strove  Functions  (O^s^*)  .  •  •  •  •  ,  Wl 

(2/r)J^"«-«Ho(<)<li;»«0(.l)6,6Dto7D                         H>  * 
Tnfcle  12J.  Strove  Functions  for  Large  Arguments   502 
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I 

J^*  lllo(0-ro«)l<***,  «-»«.2(-.01)0,  OD 

The  Miihor  MknowMget  tlM  iMlatonM  of  Bertha  H.  WaUsr  in  the  pnpMatioa  and 
ehMklngofthetatilM. 
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I 
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I 
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12.  Stnive  Functions  and  Relate  Functions 

MatlMiiiatlcal  PropeitlM 


12.1.   Stfnve  Pan«tkm  H,(b) 
DUfcMBttol  Eqmllaa  and  GmmmI  SolutiM 
12.1.J 

The  general  aoluUon  is 
12.1.2  w=aJ,(a)+ir,(a)4-H,(a)  (a,6,  conitwito) 

where  arUttz)  b  to  entire  function  of  z, 
12.1.3 

12.1.4  . .]  . 

^  12.1.8 

lf«r>-i, 
Vvr(r+i)«/o 

« 

f>in(«cps«)«itt«'tf<» 
V«rr(i»+i)Jo 

•r,(a) 


12.1.6 


12.1.7 
12.141 


j.  (i««»i<i) 


.  12.1.10 

ERIC 


12.1.11 
12,1.12 

12.1.13 


HS«(2/r)-H. 
1 


FiotTBB  12.1.  ^^truoeftmetioM. 
n.(ft),  ii>-0(i)3 


FiouM  12.2.  iSKruM/iifidiMM. 
■.(>).  -11-1(1)8 
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wnmB  fimonoNS  km  bil4Tbd 


ffonom 


FiovBi  13  J.  AruM/wMfioiw. 


12:144  H,(x)^0  <x>Ouidy^i) 
U.1.1S 

■-c.4l>(«)«(-l)^«^-+l(«)  (»Minteger^O) 

18.1.16  "»(«)-(^y  »> 

12.1.11 

-K'>-a)'04>-a)*(-^) 

1S.1.1S  a(w~0=«^''*""iK«)  (m  w  integer) 
IntatMlt  (8w  elut^  II) 

ia.1.28  J^-'Il,(lVft-| 

18.US  ,   *-/- 


If  r.H.(;)*-lH.(,)+2J~'i-.«rfi)* 


•] 


(iifMi<i,ir.'>«i»-i) 

12.1J8 

A+,»(2H-l)/»(«)-«'+'lM») 

0 


12.1.29 


1*1 


r(*+l) 


r(r+|-*)(| 


(|Mg0|<w)  . 

wlMM  A.«0(|f(^').  If  »  fa  iMl,  •  porftiw  • 
and  m+i— 1*2:0,  the  remainder  after  m  terme  is  * 
of  the  same  mgn  and  numeriesUy  less  thsn  the 
first  torm  nei^ted.  '    *  , 

12.1J0 

Ho(»)-r,(«)'^-L—  31^+ . .  J 

(laig  «|<w) 

12.1.S1 

ii,(«)-ri(«)'^- 1^1+51— jpr+^-ji — . .  .J 

(laigsKw) 

12.1.S2 

JjB,(l)-r.(l)lil-|  lUi  (2«)+tl 

^«rhere7».A7721  66649  .  .  .  to  Eider's  oonstantr 
12.1.8S 

 ■  (|Mgt|<») 
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§09.  Lw^v  OrdcM 


12.1^ 

(laig  a|<^,H<|a|) 

12.1^ 

12^.  ModUled  Stnaf«  FtuMtkni  M*) 
l^owMT  Swim  EspMuloo 

UAl  I.*ia)»-M"*?II,(ia) 

9 

Virr(i'+J)  Jo 

12^ 


V»r(i'+J)  Jo  ,  . 

(^*^<i«>0) 


Rdatlaas 


2r 


12^4  L»4 


Atymptotte  Espamlsn  for  Larg*  |  •  | 
12.2.6  U(zy-I-,iz) 

'«=»r(r+j-«(|) 


iBtcgrals 


12.2.7 


+ 


2^l».3».4^l».3».6».6 


Fiotmi  12.4.  Modi/UdSlnutfvineticnt, 
L.(i).  ±11-0(1)6 


12.2.8  f '  m)-U(m-l  lln  (2a)+>J 
Jo  » 

12.2.9  C'Li(0<2<»M«)'--« 
«!•  » 

Relation  to  ModUkd  Spharleftl  BmmI  Fimetkm 

12.2.10  L.(»f|) (nan integer ^0) 

*) 

12.3.  Anger  and  l^ii^Mr  Fuaeliomi 


12.3.1 
123.2 


J»(a)--  f'ooe(i*-a8m«)<» 
'Jo  , 


(n  an  integer) 


RabtkMM  BetwMtt  AafM^i  and  W«ber*a  Funellon 
12«3«4  tin(iir)lt(d)«coe(vr)iE^(9)-l.t(«) 
12*8 J  sin(iir)S»(a)«J^t(0)*-c68(Mr)lt(0) 

■flfatloM  Batwaga  Wdbet^i  ViittetioB  mmI'  Slrui«*» 
l^inalkNi 

If  n  ia  a  pontive  integer  or  seio^ 
124.7 


uc 
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12.3.9 


«,(«)-?-H,(3) 


12.S.10 


B.(«)«|;-II.(«) 


Numerical  Methods 


12.4.  Vm  Mid  EskeiMioii  of  tlw  TablM 


 J»  1.  Compute  I«(2)  to  6D.  Prom 

T«Uel2.1  /o(2)-U(2)=. 342152;  from  TaUo  9.U 
we  have  /o(2)"2.279685  ^that  i«(2H  1.937433, 

^  Gnuiiple2.  Comtuite  Bo(lO)  to  6D.  Fron^. 
Ti^  12.2  for  «-•=.!.  H,(10)-n(10)«.06307a5:. 
from  TaUe  9.1  we  have  7,(1^)^  055671.  Thuai- 
r.(10)».118743,, 

EunpleS.  Comptitoj^'iM')^^  for  ««6  ,to 
5D.  Using  TaUe*  12.2,  11.1  and  4A  we  have 
J^*ll,(l)d<- JVo(l)rf<+Jto  6+/,(6) 

«-.125951+(.636620)(1.791759) 
{-.810764 

-•1.83148 

E»ample  4.  Computo  !!.(«)  foi*  «=4, 
0(1)8  to  68.  From  TaUe  12.1  we  have  Ho(4)» 
.1350146,  H,(4)«1.0697267.  Using  12.1.9  we  find 


■-•(4)« 
H.,(4). 
H-,(4). 


-.4^3107 
.240694 
.162Q24 
-.439789 


H-,(4). 
H^(4)« 
H-,(4). 
e-,(4). 


>  .689652 
•  - 1.21906 

>  2.82066 
—8.24933 


Esample  5.  Computo  for  «»4, 

0(1)10  to  79.  Storting  with  the  values  of  Be(4) 
and  11,(4)  and  using  12.1.9  with  forward  leour- 
renee^weget  j 


So(4)a  .13601  46 
11,(4) » 1.06972  67 
11,(4) « 1.24867  51 
11.(4) »  .86800  95 
ll4(4)<=t  .42637  41 
ll,(4)»-. 16719  87 


11,(4)  «>.05433  54 
llt(4)  a.01510  37 
11,(4)  a.00367  «8 
1I,(4)  ».d0080  Ot 
ll,o(4)«.0001«  U 


We  ttoto  that  for  n>6  there  is  a  rapid  loss  of 
mgnifieant  figures.  On  the  other  hand  using  12.1.3 
for  tr^\  we  find  li.(4):».0Q07936729,  Hn(4)» 
.00015417630  and'baokward  t^oiureheb  with  12.1.^ 
gives 


11,(4)  ». 00367  1495 
Bf  (4) =.01510  315 
B,(4)b'.05433  519 
ll,(4)».16719  87 
li4(4)».42637  43 


|1,(4)»  .85800  94 
11,(4)<:»1.24867  6 
H,(4)»1.06972  7 
11,(4)  SI  .13501  4 


Enmple  h,  Computo  ^(;5)  for  n:^0(l)5  to 
88.  Vtom  12.2.1  we  find  U(.5)»9.6307462Xf0'^, 
L.(.5)«2.1212342X10-».  Th^n^with  12A{i,w»; 

get    ...  .■ 

I,(.5) «3.824jB5  03X10-*    '  li,(.5) «.05894  218| 
M.5)«5.368*7.84XW-'      M.5) =.32724  068 

Euuttple  7.  Computo  L.(.5)  for  >-n=0(l)5< 
to  68.  From  Tables  12.1  and  9  J  we  find  |«(.5)  n 
.327240,  l,(.5) «.iB63942.  Then'em|^loying  12JJ*4  . 
with  backward  fecufrenoe  we  get 

I^(.5)«-75.I4I8 
|<.4(.5)» 1056.92 


L.,t5)= 

L.i(.6)=-1.16177 
L-,(.5)«  7.43824 


Esample  8.  Computo  L«(«)  for  ^aO  ^thd 
-no«0(l)6  to  88.  From  TaUes  12.2  and  9J 
we  find  MO) =67.124454,  Li(6) =60.726011. 
Using  12.2.4  we  get 


L.,(6)e»61. 301631 
L.,(6)  =46.776680 
L^(6) =30.159404 


L-4(6)f» 16.026028 
Lu,(0)»  7.984089 
Lu«(6)=  3.32780 


We  noto  that  there  is  no  essential  loss  of  aeouracgr 
until  n=~6.  However,  if  further  valuta  wero 
neoesshry  the  reourrenee  procedure  becomes  un- 
stable. To  avoid  the  instobility  use  the  methods 
described  in  Esaiwples  S  and  6* 
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0.1 
0.2 
0.9 
0.4 

.0.5 
0.6 
0.7 
0.8 
0.9 

1.0' 

1.1. 

1.2 

1.S 

1.4 

hi 

1.6 
1.7 
1.8  . 
L» 

2.0 
2.1 
2.2 
2.9 
2.4 

2.S 
2.6 
2.7 
2.8 
2.» 

9.9 
3.4 

9.5 
9.6 
9.7 
9.8 
9.9 

4.0 
4.1 
4.2 
4.9 
4.4 

4.5 
4.6 
4.7 
4.8 

4.9 


BTBUVB  rUKCnOMB  AND  BELAUD  FDNOnOMS 

smuvE  ruNcnoNs 


m 


0.00000  00 
0.06959  19 
0.12675  90 
0.18908  29 
0.25014  97 

0.90955  99 
0.M691  14 
0.42184  24 
0.47999  44 
0.52309  50 

0.56869  66 
0.6105f  87 
0.64895  00 
0.68295  09 
0.71179  25 

0.79672  95 
0.75702  55 
0.77261  68 
0.78945  29 
0.78952  96 

0.79085  88 
0.78752  22 
0.77961  95 
0.76726  65 
0.75064  85 

0.72995  77 
0.70542  29 
0.67729  77 
0.64586  46 
0.61142  64 

0.57490  61 
0.59484  44 
0.49999  57 
0.45092  57 
0.40600  80 

0.96082  08 
0.91514  40 
0.26995  59 
0.22982  98 
0.17899  12 

0.19501  46 
0.09242  08 
0.05147  40 
♦0.01247  99 
-0.02427  98 

•0.05854  99 
-0.09007  71 
-0.11867  42 
-0.14415  67 
-0.166)7  66 


0.00000  08 
0.00212  07 
0.00846  57 
0.01898  49 
0.09959  25 

0.05217  97 
0.07457  97 
0. 10069  17 
0.19012  29 
0.16281  75 

0.19845  79 
0,29675  97  , 
0.27742  18  ' 
0. 92012  91 
0.96452  80 

0.41028  89 
0.45704  72 
0.50444  07 
0.55210  21 
0.59966  45 

0.64676  97 
0.69904  18 
0.79814  96 
0.78174  98 
0.82991  98 

0.86915  42 
0.90096  74 
0.99489  57 
0.96649  98 
0.99496  69 


0.000000 
0.009181 
0.012704 
0.028509 
0.090479 

0.078480 
0.112922 
0.191781 
0.196997 
0.246476 

0.901090 
0.960084 
0.429074 
0.489699 
0.999999 


1.02010 
1.04177 
1.09989 
1.07418 
1.08477 

1.09197 
1.09497 
1.09980 
L 08994 
1.08127 


96 
90 
09 
69 
74 

29 
16 
77 
44 
62 


1.06972  67 
1.09484  79 
1.09681  86 
1.01984  22 
0.49214  91 

0.96997  44 
0.99799  96 
0.90729  01 
0.87999  28 
0.84208  90 


9.691869 
y 0.706990 
0.789111 
0.860994 
0.999649 

1.018701 
L 097699 
1.176099 
1.299494 
1. 929964 

1.409427 
1.479227 
1.944992 
1.610977 
1.679469 

1.792779 
1.788248 
1.899679 
1.886879 
1.929699 

1.968046 
2.001847 
2.091071 
2.099726 
2.079898 

2.091949 
2.102909 
2.110084 
2.119269 
2.112659 

2.108492 
2.101097 
2.090974 
2.077406 
2.061892 


9.0     -0.18921  68     0.80781  19 


2.044244 

(-4)8- 


1. oooooo 

0.998769 
0.882194 
0.829724 
0.781198 

0.796249 
0.694579 
0.699927 
0.620069 
0,986769 

0.999829 
0.927098 
0. 900900 
.0.479991 
'0.492188 

0.490961 
0.410988 
0.991998 
0. 979970 
0.957590 

0.942192 
0.927796 
0.914270 
0. 901627 
0.289769 

0.278627 
0.268162 
0.298919 
0.249096 
0.240992 

0.292107 
0.224948 
0.217022 
0.210099 
0.209999 

0.197997 
0.191488 
0.189924 
0.180646 
0.179694 

0.170872 
0.166949 
0.162092 
0.197926 
0. 194012 

0.190279 
0.146714 
0.149909 
0.140099 
0.196998 

0.199999 


.1 


0.000000 
0.047999 
0.091990 
0.192480 
0.169710 

0.209992 
0.299497 
0.264494 
0.291191 
0.919740 

0. 998999 
0.  999276 
0. 978990 
0.996290 
0.412679 

0.427810 
0.441789 
0.494694 
0.466629 
0.477666 

0.487877 
0.497929 
0.906089 
0. 914194 
0.921712 

0. 928689 
0.999196 
0. 941164 
0.546746 
0.991999. 

0.996797 
0.961246 
0.969426 
*  569919 
'72948 

''.S76999 
0.579492 
0.982442 
0.989199 
0.987776 

0.990187 
0.992449 
0.994560 
0.996942 
0.998402 

0.600147 
0.601787 
0.609926 
0.604n7 
.  0.606142 


.  J  t'T] 


0.00000 
0;0969D 
0.18791 
0.27947 
0.99998 

0.42982 
0.90194 
0.96884 
0.69262 
0.69294 

0.79009 
0.80418 
0.89999 
0.90490 
0.99066 

0.99479 
1.09682 
1. 07691 
1.11518 
1.19174 

1.18672 
1.22020 
1.29290 
1.28309 
1.91269 

1.94106 
1.96840 
1.99472 
1.42008 
1.44499 

1.46816 
1.49098 
1.91909 
1.99440 
1.99908 

1.97912 
1.99496 
1.61349 
1.69176 
1.64997 

1.66689 
1.68979 
1.70017 
1.71616 
1.79176 

1.74697 
1.76182 
1.77692 
1.79049 
1.80494 


T«bl«  12.1 


H«(«)     H,(t)    /;ho(o*  /ow-uw  ho-iM  /o(»)  fj;^* 


0.607426  1.81780 


1.000000 
0.999487 
0.919069 
0.878819 
0.898849 

0.799229 
0.760044 
0.721989 
0.689941 
0.649976 

0.609371 
0.979996 
0.998719 
0.904809 
"0.471907 

0.440086 
0.409988 
0.979897 
0. 95(1999 
0.924490 

0.298694 
0.274109 
0.290891 
0,228992 
0.208417 

0.189168 
0.171298 
0.194618 
0.199299 
0.129242 

6.112439 
0.100897 
0.090460 
0.081212 
0.073071 

0.069992 
0.099928 
0.054829 
0.090642 
0.047311 

0.044781 
0.042994 
0.041891 
0.041414 
0.041902 

0.042096 
0.043139 
r.  044971 
0.046339 
0.048376 

0.050640 

[<-n 


tMf),  HiW.  lo(*).  liW.  eomplW  tim  Mathematical  Tabks  Projwt.  Tabte  of  tlw  Strove  hmetkms 
t,(t)  and  U,{t),  J.  Bfath.  Phys.  2S,  im  (with  pennisakm). 

^Ikm,  J,'[/o(0-l«(0)tt.  eomplW  from  M.  Abnunowits.  Tabto  of  integrate  of  Strove 

Aittetlon,J.  Blath.Phya.29>4»r61, 1880  (with  pemiMion). 
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Table  UJ 


0.20 
0.19 
0.18 
0.17 
0.16 

0.1S 
0.14 
0.» 
0.12 
0.11 

0.10 
0.09 
0.08 
0.07 
0.06 

0.0S 
0.04 
0.03 
0.02 
0.01 

0.00 


0. 123301 
0.117449 
0. 111556 
0. 105625 
0.099655 

0.093647 
0.087602 
0.081521 
0.075404 
0.Q692S4 

0.063072 
0.056860 
0.050620 
0.044354 
0.038064 

0.031753 
0.025425 
0. 019082 
0.012727 
0.006361^ 

0. 000000 


aVRUVB  FUNCnONB  AND  RELATED  rONCTIONB 


smuvs  FiJNcnoNS  fob  iakgb  arguments 


H,(»)-r,(») 

0.659949 
0.657819 
0.655774 
0.653818 
0.651952 

0.650180 
0.648506 
0.646927 
0.645452 
0.644081 

0.642817 
0.641663 
0.640622 
0.639696 
0.638888 

0.638200 
0.637634 
0.637191 
0. 636874 
0.636683 

0.636620 


\ 


/.(») 
0.819924 
0.818935 
0.817981 
0.817062 
0.816182 

0.815341 
0.814541 
0.813785 
0.813074 
.0.812411 

0.811796 
0.811232 
0.810722 
0.810266 
0.809866 

0.809525 
0.809244 
0.809023 
0.808865 
0.808770 


0.808738 

(-6,8] 


0.133955 
0.126683 
0.U9468 
0.112319 
0.105242 

0.098241 
0.091318 
0.084474 
0.077706 
0.0|I010 

0. 064379 
0.057805 
0.051279 
0.044793 
0.038340 

0.031912 
0.025506 
0.019116 
0.012738 
0.006367 


/,(»)-!,(»)/ 

0.-6^7426 
0.610467 
0.613348 
0.616060 
0.618598 

0.620955 
0.623129 
0.625119 
0.626927 
0.628558 

0.630018 
0.631315 
0.632457 
0.633450 
0.634302 

0.635016 
0.635596 
0.636045 
0.636365 
0.636i»6 


0.000000^ 

['-?']  [' 


0.636620 


J*|H,(l)-y,(01A-Jto»+/iW 


0.793280 
0. 794902 
0.796448 
797910 
. 799279 

0.800551 
0.801721 
0. 802787 
0.803750 
0.804611 


/.(*) 

0. 125868 
0. 119694 
0.113505 
0.107299 
0. 101079 

0.094843 
0;  088593 
0.082328 
0. 076051 
0. 069761 


<«> 

5 
5 
6 
6 
6 

7 
7 
8 
8 
9 


0.805374    J).463460  10 

0.806O4|»^''^rO57UJ.  11 

0.80663f     0.050824  13 

0.807140  .   0.044492  14. 

0.807572  .    0.038152  17 


0. 807933 
0.808225 
0.808450 
0.808611 
0.808706 

0. 808738 

[<-?'] 


0. 031805 
0.025451 
0. 019093 
0. 012731 
0. 006366 \ 


0. 000000 


(-6)2 


20 
25 
33 

.50 
100 


Starting  with  H.(s)  Mid  H,(c).rMiinaiee  formuk  U.1.9  may  be  lued  to  gen«»te  H,(»)  for  n<0.  A»  ^'^fP^ 
(•pprox.),  H,(»)  m*y  be  |eDer»t«i  b»  fortraid  retamnee.  When  ii>»/a,  tormtd  lecumnoe  is  unrtabte.  To  •void  the 
InltabUity,  ehb^e  n>  xVeompute  A^)  and  Hh.(»)  with  11.1  A      then  uee  »>«kwaid  w«ur««»j^ 

M  ii>0,  L.(»)  murt  b^  mMei  by  b«dtward  weurrenoe.  M  h<0,  U(t)  may  be  go»»tod  by  backward  iMtinenoe 
aa long aa !..(<)  iaenaiea.  lf«r<OaiJUW  iadeoieaiini,l(»rwaid 

See  Esanpiee  4-8. 
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13.  ConBoeni  HyjpiergeometriG  Fimctioiis 

Loot  Jqaii  Siatn  * 

Contciits  _ 

— rngfi 
  504 


mill  __   

18.1,  DdlititioM  of  KttmnMr  iod  Wl^    ^ 

18J.  Itttagnl  RtpiVMiiuaoM                            ^    •  •  JJJ 

18A  OoBBMfcloiiiWithBMMlFimetkiM                         •  »oj 

18^  RMomiMlldiitiimMidDiAMtM             .....  506 

13 J,  A^mptftlliift  TBf»r*^**^****       TAmiftiiiy  ypima   508 

18.*.  9p«dal  tJM*  •  •  •  2i 

lS.t.  ZawttwlTlifiiliigValiw  .     W<» 

Nttmerkd  Matkddt    

ISJ.  Urt  MidB«l«Brion©fiheTftbl«  • 

18.9.  CdwIrtkmofZMW  MidTuniiiigPtointo.   518 

|lS.10.Grftphfaigll(a(5,«)  >  

■  .  .  ;   514 


TbM*  18.1.  Oonitttent  Hypergeometrio  Function  M(a,  i,  s)  

»«.l(.l)l(l)10,a— l(.i)l,5«.l(.l)l,  88 

T«bbl8A  ZiWtof  Af(o,6,»)  •  •  'f-  .  M-f  •  •  •  •  M5 

«=-l(.l)-.l,6».l(.l)l,  7D.  / 

•  /  • 


The  tabiMM  ealmlaled  ^  tin  Mthor  on  tte  dostranle  ealeulator  BD8A0I  In  the 
MMlMiMtlfld  UlMmtoty  of  OMttbridf»  Unlvwrity,  by  Mod  poratoriwof  Ito  dlwotor,  Dr. 
ST WuU  ThJuIS  ol  M(o,  ft, •)  wit  iMompoM  by  Alfwd  B.  B«im  for  untformlty 

«0  Oii^i  tifBiAMHlt  flfUNI. 


i  |7nlv«rrfty  Mothwutledtiiberstory,  CmMOm-  (PropMOdundwooirtrMtwIUithe 
Natieoal  BoNM  Of  Staadaidi.) 


.,  510 
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13.  Confluent  Hypergeometric  Functions 


18.1. 


Bfa thema tical  Propertiet 
idWhIitafctv 


M.U  •S[+(6-f)^-«iP-0 

ItbM  ANgubriiiigiMly  »i  f-0  and  an  impiltf 
tiafuUritj  ftt 
Iiidip«Dd«iit  idiitioiit  an 


18.1.2 
whtra 

.(•),««(a+l)(  +3)...(«-l-n-l),(o),-l, 
l^U 

(m,  n  p6»Mm  inkgm)  b,  e) 

n  *M-m         »  ooiiTtffMit  MriM  for 
dlTaltutofa,6tndf 
»  p<4yiiomiil  of  dcfree  m 
ii»f 


8h— »  o«"— « 


8«--ii  o»<-m 
fii>ii 


ft  ftimplo  polo  ftt  8-i  —41 
undefined 


8«"— n  a<*— m, 
Via,  b,  f)  b  dfl6ned  0T0D  whan  8-»:b» 


18.M 

and 
18.1.8 

ii(a,»,f)-p^("-«)-li+0(W-»)l  (ir«<o) 


Via,  8,  fl)  ia  a  many-valuad  funoUon.  Ita  pdnd- 
INdbnuBobiagiya&by  •--«<ai|(  0:^v. 


17(0,11+1,1)-;^=^^  [Af(o,ii+l,a)  In  » 
+Si;^5^  {^(•+»%*(l+r)-*a+»»+r))] 

for  n»0, 1, 2,  .  .  wh|Bre  the  laat  function  ia  the 
Bum  to  n  tanna.  It  b  to  be  interpreted  aa  aero 
when  ii»0,  and  ^(a)ana)/r(a). 

18.1.T  C7(a,  1-n,  «)»a*{7(a+n,  1+n,  a) 

Aa^*-««» 

18.1J       Via,  b,  a)»a-(l+0(|a|-»)) 

Analjrtie  CoatlBnalloa 

18.1.9 


<*'«<'-*>a»-»afa'-o,2~8.fl), 


I  I 

where  either  upper  or  lower  aigna  are  to  be  taken 
tltfoughout. 

18.1.10 

U(a,b,  a««'«-)«Il-«-«'««l  ma,  b,  a) 

Altanwtlve  NoUtloiu 

t/i(a;  8; «)  or  ♦(a;  bi  a)  for  Mia,  bl ») 
•-•iFo(o,  1 +0-8; 1/a)  <»      *i «)  for      *» «) 
Complet*  SoluUon 

18.1.11  y^AMia,  b,  »HBUia,  b,  ») 

wham  44  and  A  are  arbitrary  eonatanta,  b  i4  —  a. 

Bitfht  SolntlMn 

18.1.12  yimMia,b,9) 
18.1.18  t%«a>-»Jfa+a-8, 2-8,  e) 
18.1.14  |te»<'M(6-a,  8, -a) 


U.US 

Solntbnsi 
18.1  J6        Z-^r^wJ/Ca,  ft, 
U^UT  .Z-^-'«l/(«,ft,M^) 

ISA  iBtegndB^pfeMatatloiM 

^»a>0,4l«>0 

lM«8a  AI..U»)-r«'i^4#(|+ii-t,l+2M,«)  I 
1S.1J)   


mM  y,«l/(a,ft,t)   

ll.l4t  f,-i«'iy(ft-a,ft,-f) 

— If  Wtm,ii^w/*'-T^*f^-^ 
i^i»iiC/f)-ltf>f>0, 
/  — lify«£0 

1S.1JI 
1S.UI 

ii.ijs  r(ft)rv/r(«) 

18.1^  in  1, 7)-t(ftyvy/r(ft-a) 

18.1^  ir{2,8}— r(2-ft)rv/ra+<»-*) 
18.1JS  ir{2,7)— r(2-ft)«-v/r(i-«) 

18.U6  ir{5, 7}-«^*»-*«-V 


18.L21    W(o,  ft,  «)««'M(ft-a,  ft. 
18.1 

f»-»3f(H-«-ft,  2-ft,  a)-«»-Vjir(l-a,  2-ft,  -i 
U(a,  ft,  «)-«'-»tr(l+a~ft,  2-ft,  •) 

llUO 

«'i^(ft-«,  ft, 


18.1^1  g+l-|+f+^l«-0 


I 


1SJ.7 


SimiUr  iatcgnb  for  Jl'«.9<c)  and  W„^(a)  eftn 
b«  deduced  with  the  h«Ip  or.18.WMid  WM, 


UA9 


for  |aig  (— f)i<|ff,  a,  ftp^fll,  -1,  -2, ....  The 
cmUnfr  must  aepvete  the  poles  of  r(— •)  txcm 
thdie  of  r(af«);die  finite. 

r(a)r(i+a-6W(<i,6,f) 

for  |eig«|<^,op<0,  -1,  -a,  .  .  .;  ft-opil,  2, 

3  The  eontour  must  leperete  the  pdee  of 

r(~«)  from  those  of  r(a+«)  and  r(l  +a-6+«>: 

ISJ.  Gonaeetloiis  With  Beseel  ff^imetiens 
(see'chspters  9  end  10) ' 


If  (-end  s  are  fixed, 
18.S.1  lim(if(a,M/o)/r(6)}as«-<»/».i(2Vi) 

ISAS  Um(Af(a,6,-0/a)/r(6)}»8«'*»J».i(2V3) 
•-»• 

18.SJ 

Mm  (r(l+o-6)  1^(0, 6,  «/o)}«2«»H»jr^,(a^ 
118;4 

Um(r(l+a-»){;(a,», 

1SJ.8  «fia-»«»-«»j!r|S»,(2V5)  (ye<0) 

ilaStriM 


(-!)•  (6fiO,-l,-2, . . .) 


•  §  A.(l«)«"(*-2a)-»»j;.V+,(V0i5=iS5 

where 

Oi+l)iWi-(»+*-l)^-i+(2o-6)il,.„ 

   ..  :..(a.reid) 

19J4 

where. 

Ci«-6A,  Q«-|(2A-l)o+|6(6+l)A» 
(i»+l)<7.+i-l(l-24)n-ft*K7. 
+l(l-2*)a-A(4-l)(6+n-l)10'^, 

-A(A-1)«C^     (A  reel) 

.18A9      JI/(o,  6,  «)=£(?.(o,  *)/.(«) 
wlttre 

<4=l,<7i(a,*)«2a/», 

CUi(a,  *)«aaOi»(a  rl,  *+!)/»- C;i.i(a,  ft) 

ISoi.  RMOtraiiM  Rd^tloM  and  Differential 
Ftrapartlaa 

18.4.1 

(6-o)Jtf(o-l,  6,  B)+X2a-6+a)JI/(o,A  9) 

-<iaf(a+l,  6,  s)->0 

18.4J 

bib-DMifl,  6-1,  s)+6(l-6-s)Jkr(a,  6,  0) 

+f(»~a)if(a,  6-1-1,  s)«iO 


(l+a-6)A/(a,  6,  0)~dl/(a+l,  6,  0) 

-|-(6-l)W(o,  6-1, 0)«O 

18.44 

6iif(a,  6,  0)-63f(o-l,  6,  0)-«Bf(a,  6+1, 0)»O 
18.4J 

6(a+0)Af(a,  6,  0)+0(a-6)ilf(a,  6+1, 0) 

-a6Af(o+l,  6, 0)«O 


IMAM 

(a~l+t)W(«,  6,  i)+(*-o)Jf(«-l,  h,  i) 

-a«W(a+,l,V-^» 
J/'(o,*,«)-|Af(a+l,»+l,») 

114.9  ^{Ar(a,6,«)}-^ilf(a+n,»+n,0) 


OODfUJBNT  BTraROBOMSTBIO  fOllOnOlliS 

13.U9 
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(o+«)£7(a, »,  »)-»U(a,  0) 

 ^a(h-o~l)U<fl^hM'^ 

(0+8-1)17(0, »,  a)-£r(«-.l, »,  0) 

+(l+a-r»)l7(«,»-l,«)-0 

i;'(a,»,»)«-o£;(o+l,»+l,«) 
^  {Via,  h,  0))-(-l)»(a)^(a+n,  »+tt,  0) 


18.4.10  aaf(a+l,4.»)««i'(«.*.«)+«2''(«.*»»)     a(l+a-*)I^(«+l,  *.  *.  «) 


U4.ll 

(»-a)J/(o-l,  *,  0)=(6-o-0)M(a,  0) 

+aM'(a,»,«) 

UA12 

(*-a)Af(a,  6+1,  «)«*Ar((i,  h,  0)-ftilf  (a; »,  a) 


is.4.ia 

(*-l)M(a,  6-1,  0)=(*-l)M(a»  *,  ») 


+»t7'(a,  6, 0)  ] 
18.424 

(l+a-»)I^(a,       0)«(l-6)t;(a,  *,  0) 

-0tr'(<i, 0r 

13.4^  1^(0,       0)«t7(a,  *,  «)-l^(a,  *,  0) 

13.4^ 

ir(tt-l,  *,  0)«(a-*+0)J7(a,  6,  »)'-zV\a,  h,  0) 
114.27 


+0^(0,  t7(«-i,6-,i,,)»(i-*+0)ir(a,*,0) 


114.14 

(6- 1)3/ (a- 1,  *- 1,  «)«(*- 1  -0)il/(a, »»  «) 

+aW'(a,  *,  0) 

13.405 

t;(a-l,  *,  «)+(*-a«-a)t^(a,  *,  «) 

-f  a(l+a-*)r/(a+l, »,  a)«0 

I  ■ 

U.4.16 

(6-a-l)t^(a,  »-l,  a)+(l-6-0)l7(a,  *,  0) 

+0lf(a,  »+l,0)-O 

UAH 

t;(«,  *.  «)~at;(a-f-l,  ft,  0)~J^(a,  *-l»  «)=0 
114.18 


-«ir'(o,  6,  a) 
13.4^  2MM,_4.^.|(a)-a»Af^^(a)«M/.+fcii-l(«) 
U|.4.29 

(l+2»»+2«)M,+,.*(a)-(l+2M-2«)Af,-,.,.(a) 

=2(2«-»)af**(a) 

18.4.30 

ir.H»(«)"-«W«.i^(«)+(«+M)W^.-i.i'(«)"=® 
114J1 

(2«-a)llVii(«)'fW^.+i.ii(«) 

=(M-«+*)(»»-H«-»)H^.-t*(«) 

13^ 

aMU(a)"(l«-«)W-.*(»)+(HM+«)A^.*i.ii(?) 
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(•-a)£/(a,6,a)+t;(«-l,»,a) 

-at/(a,»+l,a)«0  |  114^  8ir;.*(a)«<|a-«)IIV*(a)-iy.+i.»(a) 

514 


I- 


+a(it|-«))(-fK«tKI») 

ofli|-)-<*M'j||«-*'f  (-,)-» 

iHa±Jt=feti£=ia+<>(i.i-.)i 

and 


ivlun  Um  irth  and  5*111  tcnnt  an  the  mt]k|t  iii 
ISAS    As  )tM,  1/(0, »,  0)-U, 

MAi  £;(«,$,,)-!:g^,«-»+(X|,|A.i) 

(i<ii»<a) 


HAY 


erJc 


+0(|ftof|K<l-l) 


/ 


»  4  "  ■ 

<o<ilft<i) 


ItAlS 


(l+0(||6-a|-0I 


M-||»-a|  •iid^iiitoa-<»,l-|p).OiK:i 
ltJ.14 

M  a-'*— •  for  ft  bouiidad, «  naL , 

r(|»-a+D^^«1«oa  («r)J».i(V(8ftt-4at)) 
-ab  (•ir)r».,(V(»i-4of))l  U+OOlli-^I^J 

wiian  ir  ii  daflnad  in  UAU. 

ISAM 

I^(a,  ft,  »)-r(|ft-a+i)«^W-»» 

aoa  (V(9ft»-4aa)-|ftff+«r+|v) 
ll+0(llft-a|-»)l 

aa  a-»— •  far  ft  bouadad,  a  laaL 
FotkngtiMlailka 

If  ofliil^  |-a^(9ft~4a)  aa  that  a>3ft-«>l, 
ISAUT 

J#(a,ft,«Hr(ft)ai&(<Mr) 

aip  Uft--aa)(|  alnh  3»-H«ed^  I)) 
[(ft-2a)  ooah  ll*-1«<ift-a)  afaih 

Cr(a,  ft,  »)«iaip  [(ft-la)(|  dnh  Sf-Hadatf  D] 
Kft^Sa)  aoali  lH-1(|ft-«)  abh  9»)-* 
U+0(||ft-a|-OI 


515 


If  ,«(2i~4a)ll +</(*-2o)il,  80  that 

4a 

1S.S.19 

ft,  »)««»'(ft~2a)«-»r(ft)lAi«)  oos  (fiw) 

+Bi(«)  nn  (a»)+0(|ift-a|-«)l 
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M(a,ft,»)"r(ft)/iap  { (ft-.2a)ooiP»} 

■  ;Uft-2a)ooifl»-V(l»-a)tii»2fl-» 
[pin  ^)+sm  { (ift-a)(29-iin  2#)+M 
/  +0(|ift-a|-»)l 

U(a,  ft,  x)««^  [(ft~3a)  ooa^4[(ft~2a)  oot^*'* 

((|ft-o)  nn^l-tftiii  ((ift-a) 


Uia,  ft.  »)««»^»r(|)»-»rf-* 

{l-<m)(fta!-2a»)-^»f-«+0(lift-a|-»)) 

If  corf  »-*/(2ft-4a)  so  that  2ft-4a>»>0, 

M  9fd»l  Cmm 


// 


,7 


M(o.6,t) 

*  • 

k 

• 

IMJ 

lS«iJ 

St 

IS«A4 

•+1 

a<0 

ISAS 

— » 

-9% 

S<0 

ISjM 

Si 

UAf 

— • 

•+I 

• 

VMM 

'a 

•+I 

— « 

• 

19A1S 

a 

• 

V 

1S.«.1S 

1 

t 

ISAM 

1 

3 

u 

1 

ISAM 

1 

IS^T 

— w 

« 

ft 

lS4.lt 

— • 

1 

IS4.1f 

1 

1S4JS 

IP  II. 

4 

TttosUoo 


r(i+i»y(|i)-i».(t)  // 


r(i- 


»)«l«(|t)10M(M//j,l 

»)i*(|t)-/.w// 


r(i+»)#»(|i)-l.(i) 
r(|+ii)««»(|t)--i^W 
r(|--«y(WHjr^<i) 

r(l+")r«~(l^)-Kb«w  •+<  bit  i) 
«r^(«.«)// 


a[^eip(|j^flS"(t) 


SphnlMlBMMl 
Kelvlo 

OpoloBftb  Wad* 


Hi 


(-l)-lf<».« 
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^(.♦)-iiir.N*,(.) 


516 


1. 


W«btr 

pfbotto  Qyttadir 


limlBtifral 


510  ooNfiiimT  BfffUMiQifBnno  ^wokonoM 


• 

t 

^ »  ■ 

MotfMBiiMl 

uuiji 

l»i,<»(i'+«)-«I(a,)-.j|J«>(.f 

11,4 jll 

»+• 

BiaM 

Qwtiarfaal    * 

liAll 

1 

1 

••r*  «i»  (|«»<)»'WV*  At  (0) 

Ail7 

IMJI 

•+«■ 

KrivlB 

ItAT 

—11 

• 

ISAM 

• 

1 

— », 

>r«EI(>) 

1 

• 

lt4Jl 

1 

1 

I«fMil^i0  loitinl 

IMJt 

1-ffll 

# 

r(i4>ii~|«)«*-«MK^«k  •(•) 

OmudBfliMi 

UAIS 

Si 

r(l+|»)«'Mi)tar«>0 

1MJ4 

1 

, 

i» 

«ii{.|H+iaOi)-01  MI 

ISAM 

1 

1 

r«1|H-iai  diO'Oi  (•)] 

8iM  Md  C!t?tltto  loltpil 

ItdMi 

-*» 

ai-iv»'«i>,(t)/t  • 

PteUoUe  QilladBr 

a^ifc(«)/«  • 

• 

Error  Integral 

13.7*'  ZsfM  and  Timing  Vakiw 

If  i*-t.r  is  the  r'th  pomUva  aero  of  «/»_t(>),  then 
ft  flni  •pproximfttbn     to  the  f'ih  potitiTe  sero 

18.7.1  Jr,=iJ_,.,{r/(a*-4a)+0(l/(|6-a)«)} 
A  cloMr  appfoxiiMiioii  b  giv^  bgr 

ERIC 


For  the  derivative, 
13.7^ 

Jf'(a,6.jri)>» 

If  JC  ii  the  fint  epproxiinitloii  to  %  turning  veloe 
of  M{(t,  6, »),  that  is,  to  e  aero  of  Jtf '(a,  ft, »)  then 
e  bettor  •pprojdmfttbn  b 
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OOMfliOtMT  BTmOBQMVTBIO  fUMOnONS 
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The  selfHuljoint  aqiwtkm  19.1.1  cm  ftbo  be 
written 


18.7.6 


The  mtxiinft  uid  ninimft  of  M  f«™  ^ 
cr«Ming  or  deoreaHOg  sequence  acoording  m 


Numerical  Methods 
UeeaaaEitenekmflf  tlieTabke 

CdealMiaoatM(«,tk«) 


is  an  increaaing  or  deereasing  function  of  x,  that  ia, 
they  fonn  an  increaung  sequence  for  Mia,  «) 
if  a>0,  «<6-|  or  if  a<0,  ar>6~|,  and  »  decreaa- 
ing  sequence  if  a>0  and  .«>6-|  or  if  a<0  and 

The  turning  values  of  |i0|  lie  near  the  curves 


EuAple  1.'  Compute  if (.3,  .2,  -.1)  te  78. 
Using  18.1  J7.  and  TahlM4.4  and  18.1  we  have 
aa^,(qsJsothai 

M(Ji,  :2,  -.l)«e-''l#(-.l,  .2,  .1) 
» Jft784  00. 

Thus  18.1.27  can  be  used  to  extend  Tdble  18.1  to 
negative  valuea  of  x.  Kununer's  tnnsfofmation 
should  also  be  used  when  a  and  6  are  large  and 
nearly  equal,  for  x  large  or  small. 

Euaiple8.  Compute  Ar(17, 16, 1)  te  78. 
Herea-*17,6«16,  and 

A#(17, 16,  l)«a»W(-i,  16, -1) 

>b2.71828  18X1.06200  00 

«2.88817  44. 


Eaample  8.  Compute  Af(— 1.3, 1.2,  .1)  to  78. 
Using  18.4.1  and  TaU«lS.l  we  have  as -.3, 
6s=.2sothat 

1.3,  .2,  .1)«21.7  Mi-  A,  .2,  .l)-.3  M(.7,  .2,  .1)1 

«. 36821  23. 

By  18.4.8  whenaea~1.3And6».2, 

if(^1.3,1.2,.l)«l.2e  J#(-.3,  .2,  .1) 

-.24  Ar(-1.3,  .2,  .1)1/.16 

»36241  08. 
Similarly  when  a  <=>  -  .3.  and  6<-  .2 

ilf(-.3,  1.2,  .l)e.07460  62. 
Cheek,  by  18.4.6, 

Mi-U,  1.2,  .1)=(.2  A#(-.3,  .2,  .1) 

-fUM-J,  1.2,  .1)1/1.6 

•.88241  08. 


In  this  way  18.4.1-18  A7  can  be  used  together 
with  18.1  J7  to  extend  TaUe  18.1  to  the  range 


ERIC 


-lO^o^lO,  -10^6:S10,  -Ip^x^lO) 

This  extension  of  ten  unito  in  any  direction  is 
possible  with  the  loss  of  about  IS.  ill  the  ror 
cunenee  relatione  are  stable  except  i)  if  a<0, 6<0 
and  |o|>|6|,  «>0,  or  ti)  6<o,  6<0,  |6-o|>|6|, 
«<0,  when  the  oscillations  may  become  large, 
especially  if    abo  is  kige. 

Neither  bterpdatbn  nor  the  use  of  recurreoee 
relations  should  be  attempted  m  Uie ,  strips 
6»~n±.l  where  the  functbn  is  very  large  nu- 
merically.  In  particular  Mia,h,x)  cannot  be 
evaluated  hi  the  neighbwhood  of  the  points 
o«>~m,  6«-n,  mi»,  as  near  these  points^ 
small  changes  in  a,  6  or  a;  can  produce  very  large 
dianges  in  the  numerical  value  of  JIf  (is,  6, «). 

Etample4.  Atthepoint(-l.  ~l.»).ilf(a,&»«) 
is  undefined. 

Whenrt«-1,M(-1,  b,  »)«l-^|for  all «. 

Hence  limM(-l,6,«)«14-».  Butilf(6,6,a5)«^ 

for  all  s,  when  oa6.  Hence  lim  Af(6,  6,  2)»^. 

*-»-> 

In  the  first  case  b-^—l  along  the  Une  as— 1,  and 
in  the  second  case  6-»'— 1  along  the  Une  aa6. 

.  Eumpke  8.  To  evaluate  Af'(— .7,  —.6,  .6)  to 
78.  Byl8A8,wheno«-.7and6=-.6,wehBve 

M'(-.7,  -.6,  .6)«-5^M(.3,  .4,  .6) 
al.724128. 

For  x^  10,  a  and  6  small,  Mia,  b,  x)  should  be 
evaluated  by  18.8.1  using  converging  facton 
1841.8  and  18.8.4  to  improve  the  accuracy  if 
neesssaiy. 
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E>t>in|ile6.  Calculate  M(.9,  .1,  10)  to  7S, 
unng  I3«S*1« 

Mi  ft  1  low-j^  e'^*lO-  *  T\  <-^U^-^h 
M(.9,  .1,  »0)-r(_.8)  «  ^  iil(-10)» 

«--.108(.860)+1^37263(.99190  286) 

+0(1) 

»1227236.23-.17+0(1) 

» 1227236+0(1) 

Cheek,  from  Tdble  1S.1,  M(.9,  .1,  10)»1227236. 
To  eyaluato M{a,  b,  t)  with  alazge, x small  and  6 
•nwll  or  lafge  likS.l&-14  should  he  used. 

EsMuple  7.  Computo  ilf(-62.6,  .1, 1)  to  3S, 
itslng  lSi8.14. 

J#(-62.6,  .1, 1)=r(.l)r»(.06  +62^)  «^  '» 
Mi2  cos  [(.2-4(-62.6))  »-.06»+.26«l 

U+O((.06-|-62.6)-»)]=— 16.84+0(.2) 

By  direct  sppUcaUoa  of  a  recurrence  relation, 
J#<-62.6,  .1, 1)  has  been  calculated  m  ~ie.447. 
To  erahiato  Mia,  b,  x)  with  x,  a  and/or  6  large, 
184.17, 19  or  21  should  be  tried. ' 
EttunploS.  Computo  3f(-62.8,  .1,  1)  using 

isjji  to  as,  cos  ««Vi^io;2. 

Ar(-62.6,  .1, 1) 

=r(.l)«'«"^*  [106.1  cos  fl'-».5641 

62.66-*  sin  2^t||ib  (-62.6v) 
+8in  {62.66(2«-sm2tf)+i#} 
+0((62.66)-«)H-l«.47+0(.02) 

A  full  range  of  sisymptotio  formulas  fo  oover  all 
possible  cases  is  not  yet  known. 

I 

For  -10^x^10,  -lO^o^lO,  -10:^*^10 
this  is  possible  by  13.1.3,  using  T«2je  13.1  and  the 
recurrence  relations  1S.4.1S-20. 

Eiaoiple  9.  Computo  17(1.1,  .2,  1)  to  6S. 
Using  Tables  lS.li  4.12  and  6.1  aAd  18.1.3,  we 
have 


OONTLUENT  HTPKBOEOMKTRIO  fUNCTlONS 

Hence 


ViX  .2,  D- 


ii/(.l,.2,l)    Ji/(.9. 1.8,1), 

r(.9)r(.2)    r(.i)rii.8) ' 


ain  (.2#) 

But  Jlf(.9,  y.a,  1)==>.8(M(.9,  .8,  l)-ilf(-.l,  .8,  1)1 
» 1.72329,  using  18*4.4. 
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UiX  -2,  1)»6.344799(.371766'-.194486) 
«. 94762. 

Simihtrly 

Ui-.9,  .2, 1)» .91272. 
Hence  by  13.4*15 

£^(1.1,  J8,  l)=[l/(.l,  .2,  l)-tr(~.9,  .2,  l)l/.09 
«.88664. 

Enmple  10.  To  computo  U^—A,  —J6, 1)  to 
6S.  By  18.4.21 

l7'(-.9,  -.8,  l)«.9tr(.l,  .2, 1) 
»(.9)(.94762) 
aJ6276. 


Euunple  IL  To  computo  £^(1,  .1, 100)  to  6S. 
By  18*8.2 

\ 

«.01{1-.019+.000661-.000021 

+0(lO-»)}, 

B.0008168. 

Ktannila  12o  To  eviftluate  Ui.lp  .01)«  For 
a»  onaQ,  U*8o642  ahouU  be  iiied/ 

m.l,  .2,  .0l)-.^i^+O((.01)»-') 

-?{|+0((.01).«) 
»1.09  to  3S,  by  18.5.10. 

To  evaluato  V{a,  b,  x)  with  d  large,  x  small  and 
6  small  or  hrge  18.8.18  or  16  should  be  used. 
«  To  evaluato  I/(a,  b,  x)  with  x,  a  and/or  6  Urge 
18.8.18,  20  or  22  should  be  tried.  In  all  these 
cases  the  size  of  the  remainder  term  is  Uiegmde  to 
the  number  of  significant  figures  obtainaUe. 

Cakttlalloa  of  tlw  WhIttalMr  Puoetlaas 

Esample  18. '  Computo  Jlif,o.  ..«(1)  and  W.n,  ..4(1) 
to  6S.  By  formulas  18*1*82  and  18*1.88  and 
Tables  18.1, 4.4 

Jl/.ft-.«(l)««"  'MCI.  ^,  1)«1.10822, 
H^.*...«(l)««*  *t^(.li  4i  1)«.674«9; 
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Thw  the  Talttei  of  M»M  v\A  WU»)  «a 
ithftyi  be  found  if  (be  Tftluee  of  Mi«,  b,  at)  and 

1S.9.  Otodnttoh  of  Zem  and  TumlAs  Folnto 

"Bimvlo  14.  Cbmimte  (be  nnalleot  ]MMi(iyo 
nio  of  ilf(-4,  .6, »).  TUs  fa  ondide  (be  renge  of 
Table  ,18J.  UeinK  18.7.8  we  baTe»  ee  ft  iint 
sppi^dmaUon 

Urinal  18.TA  we  bftve 

jr,- JW/Af'(-4.  -Xi). 
Btt(,  by  13.4.8, 

Hence 

jr,«Xo+.15^(-4,  .e,  JQ/W(-3, 1.6,  JM, 

».174+ (.15)  (.030004) 

«. 17860  ee  o  aeoond  ^foiini«(ion. 

If  we  repeft(  (bfa  eft]eu]ft(bn,  we  find  (bft( 

Xi«Xi+.0O0O2  99«=.17862  90  (o  78. 


COinrLUBMT  BTPivUIIIQMITBIO  ruNonoNB 


618 


 ^  jUk  Goni]ra(e(beiralueof  aefttwmcb 

Af(-1.8,'~.2,s)baaft(uningTelue.  UsinglS.4.8 
end  Table  18.2,  we  find  ibft(  Ar'(-1.8,  -.l^) 
«>0Jlf(~.8,  .8.  s)«0  wben  sa.94201  69. 
Abo  Jlf"(-1.8,  -.2,  «)«9A#'(-.8,  .8,  «)« 
-9ilf(.2,  1.8,  t)  and  Af(.2,  1.8,  .94291  69)>0. 
Henee^(-1.8,  -.2,c)beeamanmuminswb^ 
aan  .94291  69. 

EiaBaqplol6.  GomptKe  (he  amalle8(  poei(ive 
▼abe  of  »  for  wbidi  M(~3,  .6,  c)  baa  a  (uning 
▼alue,Xi.  Thtt  fa  otttaide  (he  range  of  Table  18.2. 
Vaing  18^  we  have 

A#'(-8,  .6,  »)«-3Af(-2, 1.6,  «)/.6. 

By  18.7.2  for  ilf(-'2, 1.6, »), 

A;»(1.06r)V(11.2)».9716. 

Thfa  fa  ft  fliM  i^iproilmftUon  (o  JP«  for  JIf  (~3,  .6, «). 
Uiing  18.73  and  18.4Jwe  find  a  aeoond  approxi- 
o  mft(bn 

ERIC  1  \ 


=ijriii-J(df(-2,i.6,jr;)/.6W(-3,-.6,jQI 

a.9716X1.0163»:9873  to  4S. 

Thfa  proeeaa  can  be  repeated  to  givd  as  many 
ngnifiean(  figuree  aa  are  required. 


Fioraa  18.1. 

Figure  18.1  shows  the  oiirroe  on  whiob  Af  (a,  6, ») ' 
»0  in  (he  o,  6  plane  when  1.  The  function  fa 
positive  in  the  unshaded  areasi  tod  nagfttive  b  (he 
shaded  areas.  The  number  in  eaoh  square  gtvee. 
(he  number  of  real  po^tive  xeroe  of  JI/(o,  6, «)  aa  ft 
funeUon  of  c  in  (hat  .square.  The  vartieal 
boundariee  (ov(he  let(  are  (o  be  induded  in  each 
square. 

18.10.  Gnip^timiMifhhtMy 

Eiample  17.  Sketch  A/(-4.6, 1,  «).  Firstly, 
from  flgnte  18.1  we  see  that  liie  function  haa 
five  real  ptnitive  seres.  From  183*1,  we  find 
that  ikf'-»— "t,  M*'^-'«*  as  c-»+flo  and  thai 
Af-»+«,  Af'->+«  aa  By  18.73  wO 

have  first  appronroations  to  (be  seros,  .3, 1.6,3.7, 
6.9, 10.6,  and  by  18.73  ai|id  18*43  we  find  as  first 
approximations  (o  (he  (uming  values  .9,  2.8,  6.8, 
9.9.  From  18*7*7,  we  see  (ha(  (hese  mus(  lie  near 
(he  curves 

|f«  :i:«««(8SJ)-»(I -»/ll):»»-», 

From  (hese  faets  we  can  form  a  rough  graph  of 
the  bdigrVy^f  the  function,  Flgme  183. 


HiimoioiiiiTaio  fUMcnoNB 


10 

'*§ 
? 
t 
• 

4 
9 

v.."  V.  i 
• 

0 


(13.1]  H.  Boehhds,  Die  koaflmiite  IqrpMfBoaMtfMM 
PonktiMk  (^vliifUwVeilaf.  BnttB,  Chmnsajr, 
19S8).  Oil  WUttehw  ftinetioM,  irtlli  •  bf|B 

(18J)  A.  Bf4it|l  «t  il.  Blgber  tiMiMMkteatil  fiMtl^ 
v«L  1,  «h. « (MeOMwBiD  Booh  Co.,  Ins.,  Now 
Yoik,  N.Y.,  1068).  OnKuittttarfaMlleM. 

(1341  H.  JdRnyo  ud  B.  B.  Mhofg,  Molhedi  of  ntlto- 
BMtlfltl  phraiMt  oh.  38  (OuBlnldiB  Viifv.  Fm«, 
Ounbridfei  EaiM  lUO).    On  iLmnM 


ERIC 


(1&4]  J.O.P.IIlllar,NotoOBttio|MWMlootiitloMOltlie 
oonflttwtlgrpoiiMmwtflo  oqttttieB,  Mollk  Tttto 
AUto0eii9.f,V7-M(lMY). 
(1&31  L.    Stotor,  On  tfo  ovohtttion  ol  tte  oealinoftt 
hyporgooBotrio  ftinetton,  Proo.  OinMdgo. 
Phtkio.  Boo.  49, 813-639  (1388). 

521 


cowfLUBwr  HTTiBOioiamao  wunanom 


615 


[IMIi  L.  J.  Stotor,  Tte  mtufttioB  of  tiM  bMio  emifliMK 
ltyp«rfeometrt«  faBcttoD,  Proe.  C»aibrldge 
Phttn.  8oe.  m,  40«-4l8  (19M). 

(18.71  L.  J.  8l»««r,  The  mi  miw  of  tte  oonfliiMit  hypor* 
fwoMtilo  fimetioD,  Piroe.  GMofatldio  Phttoi. 

Boo.  n,  ta^-w  am. 

(18.81  0.  A.  Bwmok  wd  A.  EidHyi,  AiTnptotio  f«nu 

of  eoatooat  kypwrooMliio  AwotlOM,  Momoir 

aa,  Aaaor.  Math.  Boo.  (1M7). 
(18.0]  F.  0.  Trleomi,  FnarioDl  IperiMiBetriohe  oonSttOBtl . 

(BdlileBl  CfonooM,  Bmm,  Itoljr,  1054).  On 

XunuBor  huMtfauu. 
(18.101  E.  T.  Whtttokor  tad  0.  N.  WaImd,  A  oouin  of 

medom  UAljrii,  oh.  16,  4th  od.  (CambiklSB 

Univ.  Pnm,  Combrldfo,  Soilaod,  1953).  On 

Wblttakor  fuaotioBO. 

TobiM 

il8.lll  J.  R.  Airay,  Tho  eonflitoBt  byporfeoiMtrio  fimction, 
Brittah  AaootoUob  Boporto,  Oifoi4  376-394 
(1986),  ftnd  Leed^  330-344  (1037).  M(a,b,9), 
o--4(.5)4,  5-i  1,  I,  3,  8,  4,  s-i.l(.l)3(.3)8 
(.5)6,  5D.  ^ 


(18.131  J.  R.  Alrey  H.  A.  Webb,  The  prtetieal  Inipor- 
tenee  of  the  oonfluent  hypergeometrie  AmeiloB, 
PhO.  MH'  8d.  189-141  (1918).  M(a,  6,  a), 
a-~8(,5)4,  6-1(1)7^9-1(1)6(3)10,  48. 

[18.181  S.  Jahake  Bad  F.  Emde,  Tablet  of  f  uaettoBo,  oh.  10, 
4tb  ed.  (Dover  PubU.^.ttoao,  Ibo.,  Now  York, 
N.Y.,  1946).  Gnpht  of  M{a,  b, »)  bBaed  ob  tho 
tBblM  of  (18.111. 

(18.141  P.  NBth,  Cooflttent  hyperieometrlo  fttaetkmt, 
BBohhyB  J.  ladlBB  BUtlit.  BOfr.-;iU  158^166 
(1951).  Ar(«,  h,  »)\  a-l(l)40, 5-8,  •-.03(X») 
.l(.l)l(l)10(10)50,hOO,  300,  6D. 

(18.151  8.  Ruthton  Mid  E.  D.  loag,  Tables  of  the  confluent 
bsnpaqBometrio  fttnetlon,BBBkhyBj,lBdiaB8t«ttat. 
800.18,869-411  (19^).  il#(a,  ^«),a-.5(.5)40. 


5-.5(.5)8.5,  •-.Q8(J 
300^  78. 
(18.161  L.  J.  Slater,  Confluent 


l).l(.l)l(l)10(10)80,  100, 


hypergeonetrle  fnaetlons 
(Cambrldga  Univ.  Pren,  CiUBbridse,  EBi^aad, 
1960).  M(a,  6,  s),  o- -1(1)1,  5-.l(.l)l, 
s-.l(.l)10,  88;  A#(a,  5,  1),  o— 11(.3)3, 
6»-4(.2)l,  88;  and  smallest  poaitivevaluee  of 
«  for  whieh  Af(a,  h,  »)«"0,  o—-4(.l)-.l, 
5-*.l(.l)3.5,  88. 


i 

522 


M6 


CONFLUENT  HTMBOBOMTOMC  fUNOTlONB 
CONFLUENT  HYPERGBOMETIIIC  FUNCTION  MUh  b, ») 


0.1 

08 

as 

0.4 

-1.0 

\moo  00  1 

[-1] 

1  5.00000  00  1 

[-1] 

>  6.66666 

67  ( 

[-1] 

1  7^0000  00  1 

-0.9  ( 

[-2] 

1  9.S8964  94 

-1 

I  5.48099  29 

6.98827 

46 

-1 

7.74189  96 

-1 

-0.8 

A 

1.92S86  25 

5.96605  00 

7.91245 

77 

-1 

7.98547  29 

-1 

-0.7 

■i 

2.90259  86 

I:!' 

6.45597  25 

7.69922 

74 

-1 

8.29090  56 

'il 

-0.6 

3.88849  71 

6.94891  92 

I  7.96859 

49 

8.47814  79 

-i! 

-0.S  1 

1  4.88960  25  1 

1  7,44670/94  ( 

1  8.90057 

19  11 

1  8.72720  49  ( 

-0.4 

-1 

5.88807  94 

7.94876  28 

-I 

8.63516 

97  i 

8.97808  60 

-0.3 

6.90191  26 

rX 

8.45509  89 

-i 

8.97299 

98  1 

1  9.29079  84 

-0.2 

-}| 

7.92514  70 

-1 

1  8,96579  79 

!-i 

9.91227 

98  \ 

9.48594  97 

-0.1 

1  8.95782  77  | 

•1 

9.48069  78  1 

-1 

9.65480 

94 

9.74174  76 

0.0    (  0)  LOOOOO  00    (  0)  1.00000  00    (  0)  1.00000 

00 .  i  0)  1.00000  00    (  0) 

X».l  1 

[  0] 

1  1.10517  09  I 

[  0] 

1  1.05296  64  1 

[  0] 

1  1.09478 

75 

[  0] 

1  1.02601  15  1 

!  0) 

0.2 

1.21190  01 

1.10517  09 

1.06984 

41  i 

1.05220  99 

0.) 

0 

1.91899  21 

1.15841  56 

!  0 

ia0517 

09 

1.07859  61 

0.4 

0 

1.42645  14 

1.21210  24 

144076 

91 

1.10517  09  1 

0.5  J 

!  o! 

1.59548  28  1 

0 

U6629  94  I 

!  o! 

147669 

99  ( 

:  o! 

1.19199  51 

!  0! 

0.6  1 

[  0 

1  1.64549  07  1 

[  0] 

1  1.92081  65  1 

1  1J1278 

44-  1 

[  0] 

1  1.15888  99  1 

[  0) 

0.7 

0 

1.75647  99 

1.97589  59 

1  1.24920 

98  1 

1.18609  45 

1  0 

0.8 

0 

1.86845  49 

1.49191  14 

!l 

1  1.28589 

94  1 

1.21997  14 

0.9 

:l 

1.98142  05 

>  1.48729  92  1 

1  1.92287 

29  1 

1.24090  08 

1.0  1 

2.09598  12  1 

o: 

1.54962  12  1 

1  1.96012 

98 

0 

1.26862  96  I 

0 

as 

8.00000  00 
8.19991  07 
8.98915  99 
8.58575  99 
8.78369  61 

.8.98299  40 
948965  22 
9.98567  64 
9,58907  21 
9.79984  48 

1.00000  00 


1.02075 
1.04164 
1.06268 
1.08985 
140517 

1.12662 
144822 
1.16996 
149185 
1.21988 


49 
80 
16 
58 
09 

77 
66 
89 
94 
22 


/ 


-1.0  1 

[-1) 

-0.9 

-1) 

-0.8 

-0.7 

-l| 

-0.6 

-1) 

-0.5  1 

-0.4 

-1 

-0.9 

-1 

-0.2 

-1 

-0.1  1 

-I 

0.0    (  0) 

0.1  1 

0.2  1 

0 

0.9 

0.4  1 

0.5 

0 

0.6  1 

[  0} 

0.7 

0! 

0.8  1 

0 

0.9  ( 

0 

1.0 

0 

o.e 


8.82221 
8.98727  18 

.9.15999 
9.92057 
9.48881 
9.65819 
9.82852 

1.00000  00 

1.0./25 
1.09461 
1.05209 
1.06967 
1.08736 

140517 
1.12308 
1.14110 
14S924 
147749 


0.1 


93  1 

[-1] 

1  8.57142  86  ( 

54 

-1 

8.71045  21 

31 

-1 

8.85031  91 

A) 

06 

-1 

8.99103  26 

A) 

18 

!-i! 

9.13259  59 

-1) 

10  .  1 

[-1] 

I  9.27501  22  1 

[-1) 

22 

-1 

9.41818  47 

-1 

96 

A 

9.56241  64 

72 

-1 

9.70741  08 

rt 

93 

!-i 

>  9.85327  09  1 

-1 

00    (  Oi  1.00000  00    (  0) 

S3  1 

[  0] 

1  1.01476  01  ( 

[  0) 

94 

1.02960  78 

:  0 

25 

0 

1.04454  34 

52 

1.05956  71 

i 

79  1 

;  oj 

1.07467  94  ( 

09  1 

[  0] 

1  1.08988  06  1 

[  0) 

48 

140517  09 

98 

1.12055  08 

65 

1:1 

1.13602  05  1 

'  0 

53  1 

1  145158  03    (  0) 

as 

8.75000  00 
8.87183  35 
8.99436  39 
9.11759  98 
9J4152  56 


9.96616 
9.49150 
9.61755 
9.74492 
9.87180 


18 
52 
81 
32 
29 


0.0 

8.88888  89 
8.99793  47 
9.10696  73 
9.21598  87 
9.32620  11 


9.49700 
9.54840 
9.66040 
9.77300 
9.88619 


64 
68 
42 
09 
88 


-1! 
-1 
-1 
-1 

-i! 

-i; 
-1 
-1 
-I 
-1 


1.0 

9.00000 
9.09772 
9.19594 
9,29467 
9.99990 

9,49964 
9.59389 
9,69464 
9,79591 
9,89779 


1.01289 
1,02585 
1,03889 
1.05200 
1,06518 

1,07843 
1,09176 
1,10517 
141864 
143219 


17 
56 
21 
13 
35 

90 
81 
09 
79 
91 


o; 

0 
0 


1,01144 
1.02294 
1.03450 
1.04612 
1.05781 

1,06955 
1.08196 
1.09323 
140517 
141716 


07 
21 
45 
80 
90 

95 
79 
83 
09 
60 


0! 
0 


00 
21 
59 
91 
52 

42 
16 
91 
86 
16 


1,00000  00    (  0)  1.00000  00    (  0)  1,00000  00 


1,01028 
1,02061 
1,03100 
1,04143 
1,05192 

1.06247 
1.07306 
1,08971 
1,09441 

140517 


15 
SO 
04 
81 
82 

09 
64 
47 
62 
09 


For  0<;x  « I ,  liiMHir  intefpobtion  in  a,  ft  or  x  providn  a-48.  Lwrnnge  foartpoint  iaterpd«tioa  glw  78  in  a,  ft  or  s  ov«r 
tnimt  of  the  table,  but  the  LMnuiie  sis-point  formula  is  needed  over  the  range  l^«£ia  Any  intortiolttkMil  fpreiula 
can  be  reapplied  to  give  two  dimenaionai  interpolates  ill  a  and  ft,  o  and  «  or  ft  and     This  eatoulatioo  mb  bo  ohMked 


1^  being  repeated  in  a  different  order. 
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«\6 

■l.O 
-0.9 
■0.8 
.0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.) 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


c:QNPLl}ENtr  MYPBRGEOMETRIC  P|^CnON  M(a,  b/s) 

fO.2 


0.1 


0) -1.00000  00 
-1-8.16955  02 
[-1  -6.30239  72 
-1  -4.39817  97 


-2.45653 


(-4.77093  96 
1^1.54050  87 
3.59664  50 
5.69168  81 
7.82601  37 


0.0    (  0)  1.00000  00 


0! 
0* 

0 
0 


0) 

0, 
0 


1.22140  28; 
1.44684  80^ 
1.67637  41 
1.91002  £ 
2.14782/49 


2.38982 
2.63606 
2.86658 
3.14142 
3.40061 


0.6 


-2i 
-1 

111 

-1^ 


0.00000  00 
9.22415  48 
1.86164  63 
t.81785  03 
3.79118  64 


3.33333  33 
3.9S232  64 
4.58166  34 
5.22143  72y 
5.87174  1] 


6.53266^92 
7.20431  59 
7.8M77  63 
8.50D14  62 


-1.0  ( 

[-1] 

67  < 

[-11 

-0.9 

-1 

6.98070 

53 

-0.8  1 

-1 

7.29894 

21 

-0.7 

-1 

7.62141 

04  1 

-0.6 

!-i 

7.94814 

35  1 

-0.5  ( 

[-1] 

1  8.27917 

51  ,1 

-0.4 

-1 

Ii.el453 

89 

-1 

-0.3 

-1 

8.95426 

91 

-1 

-0.2 

-1 

)  9.29839 

97 

-1 

-0.1  ( 

-i! 

>  9.64696 

51 

-i! 

0.a    (  0)  1.00000 

00    (  0) 

0.1  1 

[  0] 

1  1.03575 

39  ( 

[  0) 

0.2 

0 

1.07196 

17  1 

0.3 

0 

1.10862 

70 

0.4  ( 

0 

1.14575 

32 

0.5  1 

!  0 

1  1.18334 

39  ( 

0 

0.6  1 

[  o| 

1  1.22140 

28  1 

[  0) 

0.7  ( 

0 

1.25993 

33  1 

0.B 

1.29893 

91  1 

0.9  i 

s 

1  1.33842 

39  1 

1.0 

0 

1.37839 

12 

0) 

.10977  94 
a.22140  28 
1,33486  69 
1.4S024  67 

LS6750  5 


1.68667'37 
1.80777  12 
1.93081  51 
2.0$!S82  28 
2^8281  20 


0.7 

7.14285  71 
7.41302  26 
7.68657  38 
7.96353  68 
8.24393  73 


-1)  9^8452  18 

(  0)/1.00000  00 

1.07266  78 
ia4646  55 
1.22140  28 
1.29748  97 
1.37473  61 


5.00000  00 
5.46684  38 
5.94088  89 
6.42219  72 
6.91083  10 

7.40665  28 
7.91032  56 
6.42131  26 
6.93987  82 
9.46608  57 


(  0)  l.dOOOO  00 


8.52780 
8.81515 
9.10602 
9.40043 
9.69642 


14 
54 
57 
66 
13 


1.45315  23 
1.53274  61 
1.61353  39 
1.69551  97 
1.77871  60 


0.8 

7.50000  00 
7.73716  33 
:L97712  40 
6.2X990  2S 
8.46551  94 

8.71399  57 
8.96535  20 
9.21960  95 
9.47678  92 
9.73691  22 


0 

oj 

0 

ti 


1.05416 
1.10912 
146466 
1J2140 
U7674 


86 
09 
34 
28 
56 


-1 
-1 
-1 

-i; 
-1 

-1; 
-1 
-1 
-1 


1.33669  87 
1.39586  86 
1.45566  22 
1.51628  63 
1.57774  76 


0.9 

7.77777  76 
7.98920  01 
6.20297  76 
6.41912  66 
6.63766  45 

6.85860  76 
9.08197  30 
9.30777  78 
9.53603  91 
9.76677  40 
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-1] 
-1 
-1 
-1 
-1 

-1 
-1 


Tabk  13^1 


0.5 

6.00000  00 
6.37527  43 
6.75592  36 
7.14199  30 
7.53352  62. 

7.93056  84 
6.33316  46 
8.74136  01 
9.15520  06 
9.57473  16 


(  p)  1.00000  00 


-1) 
-l' 
-1 
-1 

-i; 

-1 
-1 
-1 
-1 
-1 


1.04310  51 
1.08679  33 
1 J3106  91 
1.17593  74 
1.22140  28 

1.26747  01 
1.31414  41 
1.36142  97 
1.40933  17 
1.45769  91 


1.0 

6.00000  00 
6.19077  41 
8.^396  13 
8.97837  94 
8.77923  0) 

8.97413  99 
9.17911  81 
9.37817  91 
9.96333  69 
9.79060  98 


1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00 


1.03052 
1.06140 
1.09265 
1.12426 
1.15627 


02 
54 
64 
18 
65 


1.18865  12 

1.22140  28 

1.25453  59 

1.28805  34 

1.32195  61 


0) 

0; 

0 
0 


0) 

o; 

0 
0 

0* 


1.02660  74 
1.09351  56 
1.06072  66 
1.10824  29 
1.13606  64 


1.16419 
1.19264 
1.22140 
1.25047 
1.27987 


94 

41 
28 
76 
06 


0) 
0 

0) 
0 


1.02397  34 
1.04739  99 
1.07147  98 
1.09961  63 
1.12041  07 

1.14926  47 
1.17036  02 
1.19575  89 
1.22140  28 
1.24731  39 


0 
0 

o! 
o; 

0 
0 
0 

0) 


1.02119 
1.04292 
1.06410 
1.08991 
1.10793 


34 
22 
78 
18 
96 


1.13018  06 
1.19264  83 
1.17534  02 
1.19625^ 
1.22140l6^ 


ERIC 


524 


518 


Table  lS.t 


OOmrLUBNT  BTTKBOBOiiaBnUO  PDNOnONS 
CONFLUENT  HYPBHGEOMETRIC  FUNCTION        b,  «) 


-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.S 
-0.4 
-0.) 
-0.2 
-0.1 

0.0 

0.1 
0.2 
0.) 
0.4 
0.S 

0.6 
0.7 
0.8 
0.9 
1.0 


-1.0 

0 1 

-0.9 

Oi 

-0.8 

0 

-0.7 

0 

-0.6 

-i; 

[-1! 

-0.4 

-1 

-0.3 

-0.2 

-0.1 

!-i 

0.0    (  0) 

0.1  1 

[  0) 

0.2 

\  0 

0.9  1 

0! 

0.4 

0.5 

!  o! 

0.6 

(  0) 

0.7 

0.0 

0.9 

1.0 

0 

0.1  '■ 

-2.00000 
-1.79884 
-1.46940  96 
-1.19159  81 
-9.05127  09 


-6.10049  44 
-9.06158  84 
♦6.65629  62 
9.28592  89 
6.59602-92 


1.94985  88 
1.70991  54 
2.07050  71 
2.45757  28 
2.84665  29 


9.24588 
9.65541 
4.07599 
4.50595 
4.94725 


0.6 


71 
99 
50 
77 
50 


5.00000  00 
5.45594^9 
5.92197  29 
6.99699  42 
6.88112  54 

7.97568  28 
7.88018  96 
8.99474  59 
8.91948  91 
9.45459  94 


0.2 

-5.00000 
-9.67762 
-2.91724 
-9.18992 
•^5.19671 


00 
19 
76 
95 
16 


-I)  1.99791  99 

•1)  9.51517  11 

-II  5.07979  19 

-1)  6.67975  21 

-1)  8.91562  77 

(  0)  1.00000  00 

0)  1.17274  56 
1.94985  88 
1.59199  94 
1.71742  78 
1.90800  4? 


2.10919  22 
2.90905  18 
2.50764  69 
2.71709  89 
2.99129  96 


0.7 

5.71428  57 
6.10797  55 
6.50811  09 
,  6.91657  86 
7.99287  Oa 

75707  44 
8928  28 
958  68 

,9.07807  88 
\9.594B5  19 


[-1 
-ll 

-i; 
-1 
-1 
-1 

-i' 


0.3 

0.00000  00 
8.90999  59 
1.80524  85 
2.74924  64 
9.70525  58 

4.69160  29 
5.70261  46 
6.79862  42 
7.79996  60 
8.88697  76^ 


0.4 


'1] 

1  2.50000  00  1 

[-1) 

-1 

9.17420  95 

-1 

'K 

9.86467  99 

-1 

-1 

4.57162  99 

-1 

-1 

5.29526  85  1 

!•?! 

-1 

1  6.09582  44  | 

[-V 

-1 

1  U9951  05 

-1 

7.56854  74  I 

•1 

-1 

8.96115  78 

!-i 

-1* 

9.17156  65  1 

-1 

0.5 

4.00000  00 
4.54951  25 
5.09916  51 
5.66711  09 
6.24750  17 

6.84049  44 
7.44624  48 
8.06491  07 
8.69665  19 
9.94162  71 


(  0)  1.00000  00    (  0)  l;00000  00    (  0)  1.00000  00 
0 


1.11999  77 
1.29054  56 
1.94985  88 
1.47191  26 
1.59674  26 

1.72498  49 
1.8548T  58 
1.98825  19 
2.12455  09 
2  J6980  82 


0.8 

6.25000  00 
6.59572  25 
6.94776  02 
7J0618  99 
7.67106  45 

0.04247  98 
0.42048  41 
8.80516  81 
9.19659  99 
9.59485  17 


1.08466  87 
1.17118  59 
1.25957  47 
1.94985  88 
1.44206  18 


1.59620 
1.69292 
1.79042 
1.89054 
1.99270 


75 
02 
41 
98 
41 


-1 
•1 
-1 
-1 

-i; 
-i; 

-I 
-1 
-1 
-1 


91 
20 


0.0 

6.66666  67 
6.97597  97 
7.28940 
7.60881 
7.99964  69 

8.26997  01 
8.59984  20 
8.94192  11 
9.28846  71 
9.64199  99 


1.06719 
149575 
1.20571 
1.27707 
1,$4985 

1.42408 
1.49976 
1.57691 
1.65556 
1.73572 


1.0 


99 
92 
42 
51 
88 

24 
90 
80 
49 
19 


-1] 
-1 

-1 
-1 

-ll 

-i; 
-1 
-1 
^1 
^1 


7.00000  00 
7.27897  71 
7.56249  82 
7;85061  06 
8.14996  18 


8.44079 
8.74297 
9.04999 
9.96172 
9.67899 


99 
99 
07 
12 
44 


1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.000Q0  00 


1.05560 
1.11226 
1.17001 
1.22885 
1.28879 

1.94985 
1.41204 
1.47598 
1.59987 
1.605S9 


1.04796  18 
1.09558  01 
1.14466  45 
1.19462  48 
1.24547  07 

1.29721  20 
1.94985  88 
1.40942  10 
1.45790  88 
1.51999  29 


0 
0 


1.04121  19 
1.08912  85 
1.12575  75 
146910  65 
1.21918  92 

1J5799  56 
1.90955  15 
1.94989  88 
1.99692  56 
1.44475  99 


1.09645  08 
1.07949  27 
1.11119  16 
1.14997  40 
1.18822  61 

1.22769  42 
1.26778  47 
1.90850  41 
1.94985  88 
1.99185  54 


1.0)265 
1.06582 
1.09949 
1.19967 
1.16897 


88 

10 
16 
58 


1.20960  97 
1.29996  18 
U7965  25 
1.91248  90 
1.94985  88 
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-1.0 
-0.9 
-0.8 
-0.7 
•0.6 

-0.5 
-0.4 

-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


OONrLUIMT  BirtBOipMITBIO  fDNOIIONB 
CONFLVENT  HYFEIMaBOMmilC  PUNCTiON  M(m,  6. «) 

»-0.4 


619 


0.1 


.5.00000  00 
..-2.67095  54 
0  -2*52590  02 


0 

o; 
-1 

-2 
-I) 


-1,96655  24 
-1.59154  61 

-1.20065  19 
-7.95875  51 
-5.70758  28 
♦6.90415  20 
5.25850  66 


0.8 

0) -1.00000  00 
-8.52159  45 
-6.57495  96 
.4.75957  91 
-2J7351  90 

-9.15428  01 
♦1.11566  21 
5.22155  74 
5.40500  15 
7.66207  59 


-1, 
-1 
-I 

-i: 

-1 

-1 


-1! 
-1 

-i! 

-if 
-1 
-1 
-1 


0.3 

-5.55555  55 

.^.l1^7l8  27 

-1.01952  12 
♦2.01024  24 
1.46465  65 

2.77250  84 
4.12484  25 
S.52505  08 
6.96775  65 
8.45979  18 


0.4 

0.00000  00 
-2)  8.65057  55 
-1  1.75514  40 
-1  2.67677  48 
-1)  5.62847  08 

-1)  4.61075  95 


5.62417  45 
6.66925  61 
7.74655  09 
8.85661  25 


T«bl»lS.I 


0.5 

2.00000  00 
2.69801  05 
5.41768  50 
4.15958  56 
1.92549  10 

.71057  59 
LS2042  19 
7.^5401  47 
8.21154  46 
9^9540  66. 


0.0    (  0)  1.00000  00    (  0)  ' 1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00 


0) 
0 
0 
0 

o| 
o; 

0 
0 


1.49182  47 
2.00166  45 
2.52986  27 
5.07676  82 
5.64275  58 


4.22811 
4.85527 
5.45858 
6.10441 

6.77115 


68 
91 
75 
27 
12 


0! 
0 
0 
0 
0 


1.24182  52 
1.49182  47 
1.75015  41 
2.01696  26 
2.29240  55 

2.57665  20 
2  J6980  51 
5.17208  18 
5.48562  50 
5.80459  19 


1.15892  54 
1.52285  59 
1.49182  47 
1.66597  84 
0)  1.84558  67 


1.11772  81 
1J5890  28 
1.56558  21 
1.49182  47 
1.62569  00 


ol 


1.09517  29 
1.18|90  02 
1.28722  55 
1.5m8  41 
1.4n82  47 


0) 
0 

0 
2 


2.050X4  00 
2.22055  05 
2.41605  02 
2.61759  59 
2.82445  65 


SI 


1.75925 
1.89852 
2.04162 
2.18859 
2.55948 


1.59818  80 
1.70751\  75 
1.81925\64 
1.95404 \94 
0)  2.05174 


a\6 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.5 
-0.2 
-0.1 


0.1 
0.2 
0.5 
0.4 
0.5 

0.6 

0.7 

0. 

0.» 

1.0 


-1) 

-1 
-1 
-1 

-1! 
-1 
-1 
-1 
-1 


0.6 

5.55555 
5.92050 
4.52459 
5.14587 
5.78462 


55 
85 
74 
62 
40 


6.44112  52 
7.11565  94 
7.80852  14 
8.52000  15 
9.25059  46 


-1 
-1 

-i! 

-i; 
-1 
-1 
-1 
-1) 


0.7 

4.2857). 
4.79515 
5.51425 
5.84916 
6.59816 


45 

51 
56 
56 
17 


6.96144  64 
7.55925  92 
8.15176  55 
8.15924  56 
9.56191  40 


-1 
-1 

-I 

-1! 


OA 

5.00000  00 
5.44722  84 
5.90572  12 
6.575M  87 
6.85718  29 

7.55049  77 
7.85576  88 
8.57517  41 
d.90289  50 
9.44510  72 


-1 
-1 
-1 

-1 

-i; 
-1 


-  0.9 

5.55555  56 
5.95564  45 
6.56521  50 
6.78440  52 
7.21555  46 

7.65220  44 
8.10109  70 
8.56017  66 
9.02958  86 
9.50948  02 


1.0 

-1)  6.00000 
6.56214 
6.75258 
7.11085 
7.49764 

1)  7.8928^21 
8.29670  27 
8.70^J2  f 
9.15(M9^ 
9.56A72  51 


0.0    (  OH.O00OO  00    (  0)  1.00000  Op    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00 


1.07691 
1.15580 
1J5671 
1.51966 
1.40469 


20 
59 
28 
57 
04 


1.49182  47 
1.58109  90 
1.67254  59 
1.76619  84 
1.86208  99 


0) 
0 

0 

0, 
0) 

!| 

0 

s 


1.06557 
1.15255 
1.20091 
1.27112 
1.54299 

1.41655 
1.49182 
1.56885 
1.64759 
1.72815 


57 
62 
15 
51 
62 

50 
47 
05 
75 
18 


'•I 

0 
0 


1.05677  57 
1.11485  65 
147426  15 
1.25500  97 
1.29712  04 

1.56061  55 
1.42550  81 
1.49182  47 
1.55958  55 
1.62880  44 


0) 


0) 


1.05012  98 
1.10155  26 
1.15568  58 
1.20715  88 
1.26175  55 

1.51748  51 
1.57440  41 
1.45251  25/ 
1.49182  41 
1.55255  /0 


47 

L.090a  91 
1.15755  58 
1.10500  76 
1.25564  74 

1.28526  80 
1.55588  28 
1.58550  48 
1.45814  76 
1.49182  47 
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;''CONFLlIENT  HYPERGEOMETSIC  FUNCTION  M(a,  b, «) 


-1.0 
-0.9 
-0.6 
-0.7 
•0.6 

-0.5 
-0.4 
-0.3 
^0.2 
-0.1 


0.1 
0.2 
0.1 
0.4 
0.S 


0.6 
0.7 
0.8 
0.9 
1.0 


0 

} 

oi 


0.1 

-4.00000  00 
-3.61201  86 
-3.20079  89 
^76S73  85 
-2.39622  47 


0) -1.82163  45 
- -1.31133  45 
-7.74681  00 
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-3.06762  06 
-2.16953  29 
-1,19431  35 
-1.38863  05 


0)-1.78363  55 


0) -1.40483  36 
-9.93710  17 


-5.48990  22 
-6.93656  36 
0.46505  60 


0.3 

-1.66666  67 
-1.48461  68 
-1.28563  99 

-UQ6906_32_ 
-8.34197  05 

80333  58 
06747  02 
-l.i6930  95 
♦3.0»91  28 
6.3W  30 


0.0    (  0)41.00000  00    (  0)  1.00000  00    (  0)  1.0001 


of 

0 

0! 
1 
1 
1 
1 


2.22554  09 
3.54111  04 
4.95014  63 
6.4S6ir  SO 
8.06281  37 

9.77377  18 
1.15928  53 
1.3S239  56 
1.55710  78 
1.77383  16 


1.59252  93 
2.22554  09 
2.90051  91 
3.61898  52 
4.38249  84 

5.19265  68 
6.05109  78 
6.95949  89 
7.91957  87 
8.93309  73 


1.38374 
1.79197. 
2.22554 
2.68533  25^ 
3.17225  }9 

3.68723  21 
4.23121  63 
4.80517  86 
5.41011  38 
6.04704  06 


^  0.4 

-1.00000  00 
-8.58588  03 
-7.05401  18 

-.5J' 

-3.61905  04 

-1.70668  54 
^3.41976  74 
2.53186  47 
4.86802  83 
7.35564  06 


1.28065  33 
1.57807  97 
1.89284  81 
2.22554  09 
2.57675  45 


2.94709 
3.33719 
3.74769 
4.17923 
4.63249 


89 
88 
30 

55 
51 
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as 

-6.00000  00 
-4.83512  37 
y3.58242  29 

l.!^8n_07 


-2) -8.00722  55 


K7.34885  63 
2.37153  85 
4.11274  30 

S.9ttOB 
Tmi2S  45 


(  0)  1.00000  00    (  0) 


1.00^00  00 

1.219k  77 
1.45157  28 
1.69626  83 
1.95411  70 
2.22554  09 


2.51097 
2.81085 
3.12563 
3.45577 
3.90174 


18 
12 
06 
20 
73 


a\6 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1' 


0.1 
0.2 
0.3 
0.4 

.0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


11 


rl 
-1 


0.6 

-3.33333  33 
-2.33826  62 
-1.27465  48 
-1.40115  M 
♦Lq6779  15 

2.3^56  45 
3.71|75<95 
5.1SM9  27 
6.6^4  10 
8.297$4  28 


-i; 

-2 
-2 
-1 

-i! 

-i; 
-1 

:} 

-i; 


0.7 

-1.42957  14 
-5.57356  94 
♦3.69102  15 
1.35264  99 
2.39517  31 

3.49860  15 
4.66490  92 
5.89611  50 
7.19428  36 
8.S61S2  59 


-2! 
-1 

-1 

-i; 

-1! 

.1 
-1 

:}1 


0.8 

0.00000  00 
7.76467  88 
1.59854  95 
2.46770  86 
3.38544  19 

4.35327  95 
5.37278  55 
6.445S5  87 
7.57323  29 
8.75747  79 


-11 

-X 
*1 
-I 

-ll 

-1! 
-1 
-1 
-1 
-1 


0.0 

1.11111  11 

1.81250  42 
2.55227  74 
3.33161  66 
4.15173  34 


5.01386 
5.91927 
6.86926 
7.86514 
8.90826 


60 
92 
51 
37 
31 


-I 
-1 
-1 
-1 
-1) 

-i; 
-1 
-1 
-1 
-1 


1.0 

2.00000  00 
2.64028  04 
3.31335  07 
4.02018  75 
4.76178  82 


5.53917 
6.35337 
7.20546 
8.09652 
9.02766 


14 

71 
73 
62 
05 


0.0    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00 


1.179417  78 

1.56724  87 
1.77614  79 
1.99547  19 

2.22554  09 
2.46668  24 
2.71923  11 
2.98352  90 
3J5992  56 


0 

0 

0 


1.15119  12 
i.30995  10 
1.47651  22 
1.65110  80 
1.83397  98 

2.02537  37 
2.22594  09 
2.43473  81 
2.65322  74 
2.88127  68 


0)  1.13025  42 

of  1 J6668  86 

0)  1.40948  49 

0)  1.59882  92 

0)  1.^491  10 


o; 

0 


1.87792  43 
2.04806  69 
2  J2994  09 
2.41099  26 
2.60331  27 


0! 
0 
0 
0 
0 

01 
0 

0 
0 
0 


1.11417  60 
U3349  80 
1.39811  24 
1.48816  89 
1.62382  02 


1.76922  23 
1.91293  43 
2.06991  86 
2.22954  09 
2.39157  03 


1.10146  98 
l;20729  30 
1.31798  99 
1.43248  29 
1.99209  71 


1.67696 
1.80600 
1.94099 
2.08039 
2J?994 


00 
17 
91 
99 
09 


53a 


m 
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amPLUENT  HYPERGEOMETRIC  FUNCTION  M(a,  b,  s) 


*«0.9 


a\6 

-1.0 
.0.9 
-0.8 

4U- 


•0.6 

-0.S 
-0.4 
.0.3 
-0.2 
-0.1 

0.0 

0.1 
0.2 
0.9 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.1 

-8.00000  00 
-7.492S9  77 
-6.90878  2S 
6.24470  96 


-5.49641  35 


o.a 

-3.50000 
-3.22852 
-2.92208 
-237899 
-2.19753 


00 
60 
06 

21^ 
81 


0.3 

-2.00000  00 
-1.80907  26 
-1.59665  35 
^1,3M76  43 


-ia0339  79 


0.4 

0) -1.25000 
-1.10046 
-9.35972 


-1 


0] 

1-4.65980  55  1 

[  0] 

1-1.77594 

43 

[-1) 

0 

-3.73067  11 

-1.31238 

34 

-1 

0 

-2.70466  65 

!-i 

-8.04973 

88 

-1 

0 

-1.57731  62 

-1 

-2.51778 

79 

-1 

-1 

-3.44010  11 

-1 

♦  3.49195 

37 

-i! 

0)«1.00000  00    (  0)  1.00000 

00    (  0) 

1  2.45960  31  1 

[  0] 

1  1.70274 

56  \ 

[  0) 

4.03983  23 

2.45960 

31 

s 

i 

5.74586  78 

0 

3.27280 

52 

7.58304  06 

;  0 

1  4.14464 

74 

0 

9.55683  50  1 

0 

5.07749 

00  1 

!  o! 

f  1.16728  93  1 

[  0] 

\  6.07375 

88  1 

[  0) 

}l 

1.39370  17 

7.13594 

69  1 

1 

1.63551  72  ^  \ 

;  0 

8.26661 

58  1 

!  0 

1 

1.89334  94  1 

0 

9.46839 

74  ( 

1 

U6782  87  1 

1 

1.07439 

95  1 

o! 

-8.20518 
-5.12058 
-1.76920 
♦1.8M21 
5.77931 


02 
10 
97 
91 
14 


-1 

-i; 

-1 
-1 


-5.59533 


-3.46228 
-1.15264 
♦1.34083 
4.02562 
6.90939 


53 
70 
75 
81 
03 


0.5 

-8.00000  00 
-6.76001  98 
-5.40855  15 
94096  ^9 
-2.35250  18 


2) -6.38272  88 
.20674  49 
3.18771 '09 
5.30992  39 
7.57882  50 


-if 
-1 
-1 


(  0)  1*00000  00   X  0)  1.00000  00    (  0)  1.00000  00 


1.45345  52 
1.93955  77 
2.45960  31 
3.01492  28 
3.60688  44 


4.29689 
4.90639 
5.61685 
6.96981 
7.16689 


27 
09 
85 
80 
00 


1.99055  47 
1.68949  42 
2.05949  16 
2.45960  91 
2.88466  81 

J.99560.96 
9.81997  52 
4.91899  69 
4.85929  20 
5.41746  98 


o; 
o' 

0) 

0] 
0* 
0 


1.25791  89 
1.59222  60 
1.82952  69 
2.19244  07 
2.45960  31 

2.80566  62 
9.17129  88 
9.55718  66 
9.96409  28 
4.99255  89 


a\6 


-1.0  ( 

[-1) 

-0.9 

-1 

-1 

-0.7 

-1 

-0.6 

-2! 

-0.5  ( 

[-1) 

-0.4 

-1 

.-0.9  ( 

-1 

-0.2  1 

-1 

-0.1  ( 

-1 

0.0    (  0) 

0.1  1 

oa 

o; 

0.9 

0.4 

0.5 

:  0 

0.6 

(  0) 

0.7 

0.8  1 

0! 

0.9 

1.0 

0 

0.0* 

-5.00000  00 
-9.99506  44 
-2.78912  29 
-1.54071  44 
-2.04284  74 


♦1.22981 
2J6S99 
4.40611 
US609 
8.01934 


1.21029 
1.49907 
1.66896 
1.91896 
2.18175 

2.45960 
2.75241 
9.06070 
9.98497 
9.72577 


59 
21 
09 
81 
90 


1.00000  00 


91 
07 
10 
97 
01 

91 
80 
20 
59 
04 


0.7 

1-2.85714 

29  ( 

-1.92058 

49 

-2 

-9.19906 

92 

-2 

♦1.65565 

98 

rX 

!-i 

1  1.32057 

89 

-I 

1-2.55995 

12  ( 

[-1) 

9.86857 

91 

-1 

-1 

5.26740 

99 

*1 

-1 

6.75950 

07 

-1 

-1 

8.92996 

59 

-1 

(  0)  1.00000 

00    (  0) 

(  0] 

1  1.17668 

82  1 

1.96999 

.71 

1.56047 

09 

1.76826 

25 

0 

1.98719 

34.  1 

0 

(  0] 

1  2.21745 

38  1 

[ 

I  2.45960 

91 

2.71996 

99  ( 

2.98095 

21 

0 

9.26095 

72  1 

0 

0.8 

-1.25000  00 
-4.12148  81 
♦4.89592  97 

1.49994  85 

2.45729 


9.59966 
4.68874 
5.90688 
7.19649 
8.56001 


1.15190 
1.91197 
1.48048 
1.65771 
1.84994 

2.09946 
2.24458 
2.45960 
2.68482 
2.92058 


51 

52 
74 
76 
04 
96 


18 
24 
91 
19 
94 

90 
71 
91 
96 
65 


-2! 
-1 

-1 

-ll 

-1 


0.0 

0.00000  09 
7.59274  95 
1.56725  54 
2.42566  24 
9.99625  68 

4.90084  99 
5.92127  99 
6.99943  '94 
7.5972e  29 
8.79679  14 


-1 
-1 
-1 

-i! 

-i; 

-1 
-1 

-1 

-1 


1.00000  00 
1.69504  02 
2.49169  00 
,9.21196  46 
4.09551  92 

4.90562  01 
5.82920  50 
6.78982  99 
7.80706  45 
8.87657  20 


(  0)  1.00000  00    (  0)  1.00000  00 


1.19289  99 
1.27259i09 
1.41929^5 
1.57922  64 
1.79462  98 

1.90971  79 
2.08074  81 
2.26595  96 
2.45960  91 
2.66199  52 


o; 

0 


141790  61 
1.24155  02 
1.97111  10 
1.50677  14 
1.64871  85 

1.79714  96 
1.95224  22 
2.n421  45 
2.28926  51 
2.45960  91 
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Table  13.1 


a\6 


-1 


04 

I 

-9.00000  00 
^49472  54 
-7.09401  34 
-7.194S7  27 
-6.SB931  44 

-9.47235  71 . 
^.43802  02 
-3.28011  8b 
-1.9922S  77 
-5.b7828  07 


-4.00000  00 
-3.72474  b3 
-3.40618  S7 
.3.04197  32 
-2.62968  42 

-2.16681  22 
-1.69076  69 
-1.07887  24 
-4.48364  63 
♦2.43610  69 


-!' 

-1 
-2 
-1 


-2.33333  33 
-2.13718  91 
-1.91443  23 
-1.66369  18 
.1.383SS  11 

•1.07294  74 
-7.29170  37 
-3.51861  30 
♦6.09884  13 
5.11038  28 


(  0)^1.00000  00    (  0)  1.000S9  00    (  0)  1.00000  00 


2.71828  18 
4.59430  40 
6.63559  00 
8.84990  62 
1.12452  68 


1.38299  44 
1.66124  65 
1.96016  30 
2.28065  08 
2.62364  52 


0) 

o; 

0 
0 


0 

1 


1.82$84  44 
2.71828  18 
3.68694  94 
4.73198  60 
9.89803  42 

7.06824  32 
8.36627  13 
9.79988  81 
1.12409  78 
1.28259  41 


1.92963 
2.10177 
2.71828 
3.38109 
4.09220 


87 
40 
18 
51 
54 


4.85366  43 
5.66758  48 
6.53614  27 
7.46157  79 
8.44619  60 


a4 

0) -1.50000  00 
"^-1.34483  48 
-1.17116  05 
-9.78067  35 
-7.64616  83 


-5.29840  46 
-2.72739  30 
♦7.71680  36 
3.12589  94 
I  6.42974  92 


0) 

-i; 

-1 

-ll 

-i; 

-3 

-1 
-1 
-1 


OA 

-1.00000 
•8.70327 
-7.26851 
-5.68924 
-3.95877 

-2.07021 
-1.64753 
♦2.20976 
4.61604 
7.21012 


00 
28 
39 
14 
20 

66 

21 
75 
79 
79 


1.0000Q  00    (  0)  1.00000  00 


1.38482 
1.79865 
2.24271 
2.71828  18 
3.22665  79 


77 
95 
69 


3.76919  11 
4.3472b  65 
4.96230  95 
5.61578  62 
6.30920  sa 


0) 

o; 

0 
0 


1.29938 
1.62002 
1.96278 
2.32856 
2.71828 

3.13288 
3.57336 
4.04070 
4.53595 
5.06015 


93 
78 
70 
41 
18 

93 
26 
56 
02 
69 


-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 

-0.4. 

-0.3 

•0.2 

-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
LO 


-1! 

-I 
-1 
-I 
-1 


0.6 

-6.66666  67 
-5.54997  39 
-4.31796  71 
-2.97660  48 
-1.91809  81 


-3U6.30910 
-1>  1.77229 
-1)  3.61463 
-if  9.59644 
-1)  7.72289 


70 
3b 
b7 
73 
99 


-1 
-1 

-2! 

-if 
-1 
-1 
-1 


.  0.7 

-4.28971  43 
-3.29902  90 
-2.2175)  49 
-1.04950  02 
♦2,12929  7b 

li57371  99 
3.03094  92 
4.bOb81  41 
bJ87b3  08 
8.08383  81 


-1! 
-1 


-2.90000  00 
-l.b0990  29 
2)-b.4814b  54 
"^3.88236  69 
1.90229  88 


-1! 
-1 

-1 
-1 

-1 


2.69717  87 
3.97610  35 
9.34239  08 
b.79945  04 
8.39078  b7 


-i! 

i-ii 

-1 


'  0.9 

-1.11111  11 
-3.01549  81 
♦5.08299  01 
1.50083  b8 
2.49853  18 


3.5b392  05 
4.b99b0  88 
5.90827  38 
7.192bb  55 
8.555b0  7b 


-2! 
-1 
-1 
-1 

-1 
-1 

-i! 


1.0 

0.00000 
7.4338b 
1.53827 
2.38bb3 
3.29050 


00 
23 
23 
42 
15 


4.25195  83 
5.27314  45 
6.35625  70 
7.50355  07 
8.71794  01 


0.0    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00    (  0)  1.00000  00 


0! 
0 

0 

o! 

0) 

o; 

0 
0 
0 


1.24339  88 
1.50311  03 
1.77978  05 
2.07407  40 
2.30667  38 


2.71828 
3.06961 
3.44142 
3.83447 
4.24952 


18 
97 
89 
12 
89 


0 
0 


1.20408  08 
1.42110  86 
1.65197  89 
1.89600  10 
2.19489  81 

2.42880  78 
2.71828  18 
3.02388  72 
3.34620  99 
3.68983  99 


0 


1.17907  89 

1.36069  99 

1.99723  97 

1.76911  29 

1.98472  92 

2.21690  01 
2.46087  06 
2.71828  18 
2.98919  01 
3.27406  39 


1.19288  20 
1.31491  22 
1.48920  44 
1.66928  09 
1.89907  07 

2.09491  39 
^.26919  76 
2.48619  84 
2.71828  18 
2.96190  29 


o; 

0 
0 
0 

.Pi 

SI 

0 
0 


1.13939 
1.27617 
1.42898 
1.58690 
1.75338 

1.92631 
2.11197 
2.30465 
2.50665 
2.71828 


67 
41 
86 
33 
77 

84 
69 
98 
90 
18 


I 
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oomiinBMT  BTPBBOBOMSTBic  funrcijtom 

CONFLUeNT  HYPBIUSEOMETIIIC  FUNCTION        fc, «) 


0.1 

•1.0  1 

1) -1.90000  00 

-0.9 

1) 

-1.94803  05 

-o.a 

,  1) -1.95774  57 

-0.7 

1) -1.92)63  39 

-0.6 

1) 

•1.03976  09 

-0.5  1 

[  1) 

-1.69974  68 

-0.4 

-1.49674  24 

-0.S 

:  1 

1-1.22340  44 

-0.2 

0 

1-8.71869  85 

-0.1  1 

0 

1 -4.33729  58 

.  0.0    (  0)41.00000  00 

0.1  1 

[  0] 

1  .7.38905  61 

f  0.2 

'  1' 

1.49320  73 

0.3  1 

!  X 

2.37378  96 

0.4 

1 

3.39223  44 

0.5  1 

i! 

4.56085  43 

0.6 

(  K 

1  5.89272  84 

0.7 

1 

7.40173  79 

0.S 

'  1 

9.10260  50 

0.9 

2 

1.10109  32 

1.0 

'  ^( 

1.31432  41 

0.6 

0.2 

-9.00000  00 
-9.11450  17 
-9.05)46  68 
-8.79)1)  67 
-8.)0798  80 


0) -7.5706)  96 
0  -6.55175  56 
0  -5.21994  5) 
0  -).54165  86 

O1-U8IO7  68  . 


0; 
0 

'0 
0 

01 
0; 

0 
0 
0 

•1 


0.3 

-5.66666 
-5.67)51 
-5.572)9 
.5.)49S2 
a.99011 


67 
46 

85 
69 

57 


•4.478))  69 
.).79726  52 
-2.92882  )4 
•1.85)72  46 
•5.51412  64 


0.4 

-4.00000  00 
-).961)0  19 
-3.84746  1) 
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t 
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1. 

1) 
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)) 
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•1 

-1! 

'K 

•2 
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-1 
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of 

0 

Si 

1 
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1 
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1.0 


•1.00000  00 
•9.19616  90 
.0.10200  )0 
.,.6.94107  02 
l).S.45057  11 


1)^).69000  42 
•* -1.6)679  56 
47.32914  71 
).444)1  99 
6.52400  90 


0) 

0: 


t619  96 
06 

L)690  76 
07 

.0)790  12 

/6.15)10  0) 
'7.90905  61 
8.75406  09 
1.02572  10 
1,19079  79 


0 
0 


1.52511  00 
2.11745  72 
2.70211  92 
9.52440  69 
4.95029  19 

5.26592  01 
6.27606  41 
7.90905  61 
8.61126  21 
9.94999  59 


0 

0*^ 


0 
0 


1.44900  29 
1.95912  22 
2.51617  15 
9.142S0  04 
9.09660  94 

4.60920  94 
5.44729  15 
6.97407  66 
7.98905  61 
0.49799  64 


0 
0 


1.99010  99 
1.02606  09 
2^1092  49 
2^04020  19 
9*44152  99 
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4.01179  45 
5.59602  02 
6.45499  20 
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ERIC 


/ 


533 
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1)-1.78256  05 
-1.65079  47 
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i; 
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1 
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2! 
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2 
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2 
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5.13805 


().6 
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39 
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80 
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46 
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6.07912  ^ 
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11 
99 
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0  -4.37205  21 
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0.7 

0] 
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0 
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D 

1-3.49795  59 

o; 
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o! 
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!  0 

0 

1-3.06922  34 
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0 
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0 
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0 
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-1 

-1 
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-2 
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30 
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6.63560  90 
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2.62296  97 
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74 
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o; 

0 
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-1 
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2.48129  50 
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2.00855  37 
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0> 
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1 

1 

1 

1 
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OONfLUBNT  HTPEBaBOMBTRIC  fUNOnOKS 
CONFLUENT  HYPERGEOMETRIC  FUNCTION  ilf(a,  b, «) 


s-4.0 


•1.0 
-0.9 
.0^8 
-0.7 
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1) 
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96 
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97 
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2! 
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68 
11 
89 
49 

50 


7.97295  87 
9.66449  28 
1.29879  22 
1.56000  85 
1.99640  05 
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1 
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o; 
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o; 
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0] 
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o! 
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OMffLUIMT  BTPBROBQMCTBIC  rUKOnONB 
OmrLUENT  HYPERGBOMETIIIC  PUNCTION  M(««  b,  s) 
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-7.89797  80 

-8.98991  99 
-8.81919  79 
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5.45552  50 
9.55029  72 
1.48419  16 
2.15510  54 

2.99920  90 
4.02706  82 
5.28902  72 
6.81559  64 
8.64757  96 


1.67904 
9.81159 
6.62995 
1.02565 
1.48419 


26 
90 
70 
96 
16 


2.05515  14 
2.75772  49 
9.61929  22 
4.64598  46 
5.88289  14 


-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.9 
-0.2 
•0.1 


0.0 


0.1 
0.2 
0.9 
0.4 
0.9 

0.6 
0.7 
0.8 
0.9 
1.0 


-7.99939  99 
.,•1.00125  62 
1)  .1.25927  68 
-1.47994  02 
-1.64188  17 


.,-1.79594  19 
1) -1.72569  11 
-1.57959  99 
-1.25808  94 
-745818  24 


0,7 

0] 

1-6.14285  71  1 

[  0) 

0 

-8.19469  15  1 

0 

0 

-9.98761  99 

!  0 

1 

-US809  94 

0 

1; 

-1.2768P  Sr,  | 

!  1! 

1] 

1-1.99749  40  1 

[  1: 

1 

-1.91918  99 

1 

1 

-1.19740  11 

0 

0 

-9.49419  79 

0 

0 

-5.29827  09  1 

0! 

0.8 

-5.25000 
-6.76712 
-8.16187 
-9.94109 
-1.01924 

-1.05817 
-1.09502 
-9.91162 
-7.24897 
-9.90821 


00 
82 
54 
21 
14 

04 
42 
41 
96 
47 


0.0 

-4.55555 
-5.79274 
-6.80192 
-7.68780 
-8.90996 


56 
91 
29 
55 
66 


28 

58 


-8.54492 
-8.28701 
-7.98548  98 
-5.67194  55 
-2.95155  22 


1.0 

.4.00000  00 

-4.92670  46 
.5.75641  51 
.6.43011  29 
.6.87726  99 


.7.01497  97 
.6.74999  16 
.5.94969  79 
•4.50048  61 
.2.24261  78 


0.0    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00 


1) 
if 
1 
1 


1.25021  49 
2.80479  44 
4.84955  66 
7.45788  26 
1.07919  41 


1.48419  16 
1.98609  96 
2.59579  49 
9.99018  07 
4.20801  74 


9.72559  99 
2.14485  95 
9.67515  99 
5.62979  09 
8.08978  40 


1.11229 
1.48419 
1.99485 
2.47651 
9.12265 


46 
16 
65 
46 
96 


X81074  40 
1.69066  81 
2.87299  67 
4.97980  99 
6.25698  79 


8.57928 
1.14140 
1.48419 
1.89509 
2.98492 


78 
27 
16 
28 
45 


0; 
1 
1 
1 
1 

1; 
1 
2' 
2) 


6.49982 
1.96614 
2.29989 
9.48908 
4.95851 


88 
90 
94 
09 
46 


6.77444  40 
8.98511  69 
1.16519  78 
1.48119  16 
1.86909  66 


0; 
1 
1 
1 

1! 

1; 
1 
1 

t) 


5.42870 
1.12729 
1.87990 
2.02840 
4.00784 

5.45508 
7.21214 
9.92612 
1.18496 
1.48419 


50 
02 
66 
19 
46 

08 
61 
06 
18 
16 


\ 
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TaMe  13.1 


CONTLUKNT  HYPBROEOMETBIC  FUNCTIONB 
CONFLUfiNT  HYPERGEOMETRIC  FUNCTION  Ar(a,  b«  s) 


a\ft 

-1.0 
"9.9 
-0.8 
-0.7 
•0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.) 
0.4 
0.S 

0.6 
0.7 
0.8 
0.9 
1.0 


0.1 


•9.90000  00    (  1) 
.l,4419Hi   (  V 
.2.9J128  li^-f  2 
-5.20791  91    (  2 
■4.00174  16 


-4.62249  69 
-4.95S05'80 
.4.89979  61 
-4.1471S  07 
-2.61290  17 


(  2! 


0.2 

-2.90000  00 
.6.49961  14 
-1.01116  99 
.1.97008  09 
-1.69209  98 


0.3 


-1.94024 
-2.06779 
-2.01621 
-1.71994 
«1.07962 


69 
19 
49 
96 
91 


1) 

i; 
1 
1 

i! 

2' 
2 
2 
1 
1 


-1.90000  00 
-9.88990  81 
-5.^7  62 
.7.90696  11 
-9.66992  96 

-1.10002  U 
-1.16S29  19 
-1.19027  91 
-9.96011  20 
-9.94991  89 


0.4 

-1.40000  00 
^.66287  99 
-9.99288  49 
-9.19999  87 
.6.28100  99 

-7.09668  98 
-7.47062  14 
-7.20700  99 
-6.06296  12 
-9.74471  97 


0.3 

-1.10000  00 
-1.96499  97 
-2.84081  89 
-9.67618  94 
-4.40252  67 

-4.99918  77 
-9.19999  79 
-4.94994  27 
-4.19969  47 
-2.59449  16 


0.0    (  0)41.00000  00    (  O)4l.00O(iO  00    (  0)41.00000  00    (  0)41.00000  bo    (  0)41.00000  00 


2; 

2 
9 
9 

9l 

J 

4 


4.03428  79 
9.89405  67 
1.78919  49 
2.86060  97 
4.27068  45 

6.08625  44 
8.38997  96 
1.12757  14 
1.48541  80 
1.92506  91 


1.66280  07 
4.03428  79 
7.38095  48 
1.16700  13 
1.73835  48 

2.47231  35 
3.40149  55 
4.56394  65 
6.00176  64 
7.76580  14 


9.26969  34 
2.23669  33 
4.03428  79 
6.43121  54 
9.55746  91 

1.35639  99 
1.86253  97 
2.49428  70 
3.27475  26 
4.23039  92 


5.89051  37 
1.41226  82 
2.53795  01 
4.09428  79 
9.98067  12 

8.46913  69 
1.16099  73 
1.99194  92 
2.09919  84 
2.62218  79 


4.04184 
9.61906 
1.72169 
2.72897 
4.09428 


10 
66 
84 
67 
79 


9.69989  97 
7.79479  21 
1.09990  56 
1.96049  49 
1.79159  77 


-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 


0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 


0.6 

-9.00000 
-1.52103 
-2.14939 
-2.79994 
^9.24219 


00 
70 
69 
89 
87 


.9.60439  87 
.3.74541  77 
-3.57134  39 
_  -2.96819  67 
l) -1.79891  61 


0.7 

-7.5714a^to 
-1.21887  04 
-1.67928  88 
-2.11028  68 
.2.^7582  00 

1) -4.73(156  65 
1  .2.8184149 
1  .2.67076  84 
1  .2.20463  65 
1)  .1.32051  32 


52 
90 


0.8 

.6.50000  00 
-1.00236  52 
-1.35080 
-1.67379 
-1.94390  70 

-2.12682  93 
.2.18026  29 
.2.05268  12 
.1.68195  09 
.9.93780  50 


0.0 

.5.66666 
•^41150 
.1.11025 
-1.35713 
.1.56045 


67 
68 
64 
62 
26 


.1.69964  40 
.1.72410  19 
-1.61224  68 
.1.31050  12 
.7.62137  49 


1.0 

.5.00000 
.7.17389 
-9.28639 
.1.12032 
.1.27553 


00 
32 
79 
42 
63 


.1.37333  18 
-1.38810  25 
.^1.28887  64 
.1;03859  60 
0) -5.92948  86 


0.0    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00 


2.92224  67 
6.89588  66 
1.22879  89 
1.94097  77 
2.86223  21 

4.03428  79 
S.50517  98 
7.33002  58 
9.57187  15 
1.23026  21 


2.19683  V 
5.13440 

9.10486  e; 

1.43316  97 
2.10737  78 


2.96297  41 
4.03428  79 
5.36065  25 
...  6.98699  63 
2)  8.96449  42 


1.70335  65 
3.93817  92 
6.94664  31 
1.08938  21 
1.59705  69 

2.23967  22 
3.U245  98 
\4.03428  79 
5.24808  61 
6.72131  30 


1.35491  58 
3.09503  99 
5.42797  37 
8.47842  06 
1.23903  18 

1.73291  89 
2.34847  33 
3.10736  70 
4.03428  79 
5.15728  26 


i; 

1 
1 
1 

i! 

2) 

2; 

2 
2 


1.10148  13 
2.48291  09 
4.32726  56 
6.73053  68 
9.80333  40 

1.36726  52 
1.84838  13 
2.44026  08 
3.16176  35 
4.03428  7« 
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Table  18.1 


s-7.0 


a\6 

>L0 
-W 
^.8 
-0.7 
-0.6 

-8.5 
-8.4 
-8.3 
-8.2 
-8.1 


8.1 
8.2 
8.3 
8.4 

a.s 

8.6 
8.7 
8.8 
8.9 
1.8 


ai 

.«.98888  88 
-2.68288  88 
-4.62634  99 
-7.86938  99 
-9.19968  13 


3) -1.89929  91 
-  -1.21278  91 
-1.21896  61 
-1.86946  71 
-6.86139  64 


0.3 

-3.48808  88 
-1.19882  17 
-2.83319  60 
-2.93971  62 
-3.79693  33 

-4.91426  47 
-4.99796  49 
-4.96479  64 
1-4.32468  32 
1-2.77902  19 


0L6 


-2.23339  33 
-6,72111  26 
-1.19609  32 
-1.69379  76 
-2.12829  1? 

-2.58491  89 
-2.73636  73 
-1.73134  11 
-2.37863  77 
1.1.91499  26 


0.4 

1) -1.69888  88 
-4.47674  11 
-731697  57 
-1.89973  99 
-1.94794  31 


2) -1.56243  83 
-'-1.72196  27 
-1.71889  66 
-1.47698  91 
-9.40994  46 


0.5 

-1.38888  88 
-3.21693  67 
-9.26498  27 
-7.32917  62 
-9.23963  79 

-1.87768  64 
-1.16671  18 
-1.15969  85 
-9.93556  67 
-6.26667  83 


8.8    (  0)41.00000  00    <  0)41.00000  00    (  0)41.00000  88    (  8)>1.80888  88    (  8)4l.8e8e8  88 


3! 
J 
3 
3 
4 

4' 
4 
4 

J 


1.89663  32 
2.72338  73 
9.82983  63 
8.19139  81 
1.24228  69 

1.79722  26 
2.51361  38 
3.42679  34 
^.57669  66 
6:81161  32 


4.42988  71 
1.89663  32 
2.02856  34 
3.26466  63 
4.97211  68 

7.16146  47 
1.88269  82 
1.36586  23 
1.62056  62 
e.36799  62 


2:41753  11 
5.96688  M 
1.89663  32 
1.77901  54 
2.66791  51 

3.67554  96 
5.40336  15 
7.34333  76 
9.77946  66 
1.26094  69 


i 


2) 

2, 

2 
3 


3 
3 


1.50292  67 
3.69901  44 
6.77457  63 
1.09663  32 
1.65366  65 

2.36009  49 
3.31262  98 
4.49515  29 
5.97746  66 
7.61638  27 

/ 


1.88796  98 
2.46763  45 
4.51182  31 
7.26692  93 
1.89663  32 

1.57543  66 
2.16987  73 
2.96556  48 
3.93749  79 
5.14269  85 


-1.8 
-8.9 
-8.8 

-8.7 
-8.6 

-8.5 
-0.4 
-8.3 

r8^ 
-8.1 

8.8 

8.1 
8.2 
8.3 
8.4 
8.5 

8.6 
8.7 
8.8 
8.9 
1.8 


0.8 


-1.86666  67 
-  -2.43283  65 
l) -3.66835  55 
-5.32798  43 
-6.65941  15 


1 


-7.72147  26 
-6.31496  75 
-6.16647  63 
-7.81616  36 
-4.41663  61 


0.7 

-9.88888  88 
-1.98778  95 
-2.96917  41 
^4.82257  66 
-4.96346  93 

-5.74611  56 
-6.14616  51 
-6.82463  68 
-5.14074  94 


1) -3.21419  U 


0.8 

-7.75000  00^ 
-1.53927  06 
-2.33863  76 
-3^12617  68 
-3.63626  81 


1) -4.39128  14 
1  -4.6n36  67 
1  -4.56867  46 
1  -3.67234  28 
1  -2.48396  13 


0.9 

-6.77777 
-1.27012 
-1.66526 
-2.46676  76 
-3.82562  11 


-3.43778  69 
-3.61895  75 
-3.53286  76 
-2.96267 
-1.63595  16=^ 


1.0 

-6.00000  00 
-1.06732  11 
-1.54912  65 
-2.01662  21 
-2.43133  06 


1) -2.74320  50 
-'-2.66647  09 
-2.76716  69 
-2.34834  55 
-1.42698  55 


(  8)  ♦1.88688  88    (  8)4L88088  88    (  8)41.88888  68    (  8)  ♦1.88888  00    (  0)  ♦1.00080  00 


7.11674  96 
1,73362  38 
3.16873  31 
5.89262  36 
7.64888  47 

1.89663  32 
1.52189  75 
2.89^5  46 
2.72726  12 
3.95676  22 


5.31962  63 
1 J6466  67 
2.29612  96 
3.69345  22 
5.53466  46 

7.92847  86 
1.89669  32 
1.46867  73 
1.95979  60 
2.55285  62 


2! 


3.94472  86 
9.49691  56 
1.72612  72 
2.75715  27 
4.12222  44 


5.66728 
6.13601 
1.09663 
1.44913  63 
1.66419  29 


67 
69 
32 


3.05582  65 
7.30700  42 
1.31624  90 
2.10704  16 
3.14277  19 

4.47695  79 
6.17682  12 
6.31246  67 
1.89663  32 
1.42364  54 


2.41781  88 
5.73511  61 
1.83847  67 
1.64217  15 
2.44332  54 

3.47456  13 
4.76316  64 
6.42489  65 
8.46876  16  y 
1.09663  32 


538 


632 


-1.0  1 

[ 

-0.9 

;  2^ 

.0.0  1 

-0.7 

-0.6 

r 

-0.5  / 

-0.4  / 

*o.s/ 

-0.2/  1 

3| 

-o.y.  ( 

3 

/  OONILUBIIT  BiriROIOIIKTBIC  FONOI'IONS 

CONFLUENT  HYPERGBOMmiC  FUNCHON        b. «) 


s-8.0 


0.1 
0.2 
0.) 
0.4 
0.S 

0.6 
0.7 
0.8 
0.9 
1.0 


t.90000  00 
-$.SS947  58 
-1.05913  37 
-1.62135  82 
-2.18825  86 

-2.67429  61 
-3.01799  53 
-3.09632  67 
-2.75810  97 
-1.80829  89 


0^ 

-3.90000  00 
^.23970  82 
-4.34517  66 
-6.59589  37 
r8.82153  60 

-1.07763  74 
-1.21208  08 
-1.2399^  24 
-1.10164  91 
-7.20419  31 


QZ 


-2.56666  67 
-1.26764  73 
-a.41159  61 
-3.62791 
-4.82414 


31 
97 


^5.86783  06 
-,-6.57678  93 
2) -6.70780  56 
-5.94329  13 
-3.87580  16 


1? 

2 
2 


0.4 

-1.90000 
-8.18608 
-1.52562 
-2.27325 
-3.00441 


00 
14 
18 
01 
34 


-3.63786  60 
-4.06244  15 
-4.13029  89 
-3.64902  75 
-2.37245  74 


11*0 

1-1.50000  00 

-5.71092  02 

2 

-1.04182  83 

-1.53682  58 

!  2! 

-2.01811  79 

(2] 

1-2.43202  00 

2 

-2.70544  00 

2 

-2.74155  31 

2 

-2.41475  59 

2 

-1.56480  05 

t\0)«1.00000  00    (  O)«LO00OO  00    (  0)^1.00000  00    (  0)41.00000  00    (  0)4>1.00000  00 


0.0    (  0)  41.00000  00 
1.77542**34 


4.42157  41 
8.20490  47 
1.34359  84 
2.04885  12 

2.98095  80 
4.19313  16 
5.74840  89 
7.72114  36 
1.01986  91 


A.1  1 

31 

1  2.98095  80 

3' 

/0.2  1 

3 

1  7.51808  32 

I  'I 

/0.3  1 

1  1.40881  29 

0.4 

4 

1  2.32720  88 

(  0.5 

!  4: 

1  3.57745  28 

!  4! 

0.6  < 

1  5.24445  76  | 

0.7 

7.42998  57 

1*1 

0.8 

1.02553  76 

0.9 

i  * 

>  1.38646  40 

1.0 

5! 

1.84279  80 

a\h 

0.6 

-1.0  ( 

( I] 

1-1.23333  33  1 

[  1) 

-0.9  ( 

-4.19816  11  1 

-0.8  1 

1 

-7.49216  65  1 

-0.7 

'  2; 

-1.09361  95 

-0.6 

:  2* 

-1.42648  08  1 

:  2! 

-0.5 

[  2; 

1-1.71051  24 

(  2) 

-0.4  ( 

2 

-1.89519  44 

2 

-0.3  ( 

2 

1-1.91386  58 

2 

-0.2  1 

2 

-1.68033  35  1 

2 

-0.1 

;  2 

-1.06493  76 

1 

1.18444  63 
2.98095  80 
5.57611  41 
9.19616  72 
1.41150  69 

2.06625  00 
2.92330  17 
4.02964  70 
5.44098  22 
7.22305  38 


0.7 

-1.04285  71 
-3.20746  94 
.5.59749  62 
-8.08183  59 
-1.04680  37 

-1.24874  83 
-1.37780  10 
-1.38635  99 
-1.21307  63 
-7.80116  43 


6.35818 
1.59656 
2.98095 
4.90796 
7.52139 

1.09940 
1.55324 
2.13822 
2.88342 
3.82312 


0.8 


11 
00 
80 

42 
53 
46 
27 
68 


3.88567 
9.73282 
1.81369 
2.98095 
4.56094 


25 
54 
75 
80 
12 


-9.00000  00 
-2.52522  99 
-4.30847  38 
-6.15107  90 
-7.90952  94 


69 


1) -9.38477 
-1.03097  46 
-1.03347  63 
-9.01063  22 
-S.76904  74 


6.65669  18 
9.39119  38 
1.29105  19 
1.73873  91 
2.30252  22 


0.9 

-7.88888  89 
-2.03685  45 
-3.39751  08 
-4.79493  78 
-6.11965  64 


2.56061 
6.39631 
1.18950 
1.95153 
2.98095 

4.34399 
6.11953 
8.40117 
1.12994 
1.49443 


41 
86 
58 

01 
80 

08 
13 
14 
43 
61 


1-7.22077  10 
-7.89678  13 
1-7.88488  72 
1-6.84858  28 
1-4.36332  11 


1.0 

-7.00000  00 
-1.67621  46 
-2.73380  70 
-3.81325  44 
-4.82945  42 

-5.66582  71 
-6.16743  n 
-6.13297  12 
-5.30551  30 
-3.36181  13 


(  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00 


2; 
2 
2 
2 

3! 

3; 

3 


1.27804  07 
3.17224  03 
5.87308  59 
9.59878  19 
1.46114  7^ 

2.12243  36 
2.98095  80 
4.08075  63 
5.47370  48 
7.22067  87 


9.47420  10 
2.34287  19 
4.32702 
7.05759 


55 
09 


3)  1.07237  41 


I] 

3 
3 
3 


1.55511 
2.18O75 
2.M095 
3.99294 
5.26034 


32 
96 
80 
06 
65 


7.19400 
1.77165 
3.26355 
5.31172 
8.05582 


22 
46 
40 
06 
19 


1.16622  16 
1.63280  79 
2.22860  68 
2.98095  80 
3.92186  75 


5.57451 
1,36651 
2.51027 
4.07661 
6.17064 


38 
86 
48 

58 
09 


8.91734  62 
1.24646  81 
1.69869  84 
2.26888  68 
2.98095  60 
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0^ 


1) -4*40000  00 
2  -4.700H  01 
2  -9.74116  44 
9  -L5)I40  M 
9)-l.l0910  70 

9).t.02S21  11 
-9.00979  26 
-949996  92 
-2.02979  90 
-Lf7974  72 


-2.90000  00 
-2.98900  67 
-M9929  09 
-1126992  61 
-1.19092  66 


9)-U0649  82 
-1.60814  10 
-1.67029  41 
-1.90919  07 
-4.97779  91 


0.4 

-2.19000  00 
-1.62979  29 
.9Jt7992  02 
-9.08997  71 
-6.917SS  27 

-8.97846  49 
-9.78110  66 
-1.01940  64 
_ -9.11210  60 
2)-6.02690  67 
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as 

-1.70000  00 
-1.10269  21 
-2.18799  09 
-9.97079 
-4.96979 


66 

11 


2)-9.64186  81 

-6,'  " 


.41404  87 
-6.62814  84 
-9.94619  42 


2)-9.92962  98 


<  '0)4l«0^000  00    (  0)^1.00000  00    (  0)«1.00000  00    (  0)41.00000  00 


9^.17969  47 
8.10900  99 
1.99966  77 
2.964n  76 
9.98489  11 

9.90279  86 
8,44810  69 
1.17771  47 
1.60777  16 
2.19749  14 


0.7 

-1.18971  49 
-9.86101  99 
-1.12401  99 
-1.70916  69 
-2.20691  99 


-9.90966  91 
-4.42499  19 
-4.96001  70 
-4.08061  99 
-2.60984  99 


-2.80969  84 
-9.16741  98 
-9.29946  29 
-2.90974  94 
-1.90799  99 


1.681X4  27 
4J8218  60 
8.10908  99 
1.99197  90 
2.09689  16 

940207  78 
4.49426  09 
6.17499  99 
8.41941  92 
U2894  69 


OA 

-1.02900  00 
-4.49994  10 
-8.46900  77 
-1.27296  76 
-1.69747  64 

-2.07904  42 
-2.99416  78 
^99208  69 
-2.12998  18 
-1.99969  74 


1.01296  29 
2.97940  14 
4.86984  89 
840908  99 
U9997  91 

1.89900  62 
2.64844  90 
9.60992  96 
9.01687  01 
6.71721  10 


6.97992  17 

9.14999  49 
949689  11 
840908  99 


0.0 

O)-9.00O00  00 
-9.99969  88 
-649007  44 
-9.79476  07 
-149066  47 


4)  1.19962 
U0478 
2.96809 
942169 
4.90870  79 


-8.00000  00 
^.09797  81 
9.14994  17 
-7.99692  04 
-1.00119  60 


-1.96947  14 
-1.76099  80 
-1.79922  96^ 
-1.99711  94 
-1.04199  09 


-141196  97 
-1.99492  40 
-1.97997  11 
-142191  79 
-7.94021  79 


(  0) 41.00000  00    (  0)vLOOOOO  00    (  0)4L00000  00    (  0)41.00000  00    I  0)41.00000  00 


4.49981  19 
1.19844  89 
2.1497Q  76 
9.99908  19 
9.49919  09 


6.10908  99 
1.19989  92 
1.60089 
2.17992 
2.90602 


94 
91 
06 


2) 

9 
9 


9.10820  49 
8.09906  28 
1.91408  89 
2.90977  29 
9.87219  94 

9.69778  22 
8.10908  99 
1.12277  41 
1.92989  92 
2.09997  24 


2.92790,60 
9.86608' 76 
140099  12 
1.02196  70 
2.80962  29 

4.12286  14 
6.89947  09 
8.10908  99 
1.09842  88 
1.46999  00 


2 
2 
2 

^ 

9! 
9' 
9) 
9 


U9981  99  / 
4.97921  78 
8.18906  99, 
1.99291  94 
2.08094  09 

9.09990  98 
4.99(^2  97 
9.98902  62 
840908  99 
1.07870  28 


1.92662  16 
9.92490  16 
6.21992  82 
1.02470  26 
1.97960  49 

240949  09 
9.26994  78 
4.90694  99 
6.09429  86 
8.10908  99 
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CONTLUKNT  HTFEROXOIiSTBIC  FUNCTIONS 
CONFLUENT  HmRfiBOMETIIlC  rUNCHON  M(a,  b,  m) 


•  •10.0 


-1.0 
-0.9 

-ft.a 

-0.7 
-0.6 

-0.9 
-0.4 
-0.3 
-0.2 
-0.1 


-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.S 
-0.2 
-0.1 


0.1 
0.2 
0.) 
0.4 
0.S 

0.6 
0.7 
0.6 
0.9 
1.0 


i; 
■s 

3 
S 

4l 

4] 
4^ 


0.1  . 

-9.90000  00 
-2.69572  95 
-5.74321  45 
-9.29414  29 
-1.3047)  07 

-1.66086  19 
-1.93829  90 
-2.05153  93 
-1.88191  87 
-1.26894  82 


31 
3 


02 

-4.90000  00 
-1.04774  98 
-2.26606  91 
-3.65315  21 
-S.11412  18 

-6.49508  42 
-7.56478  22 
-7.99213  74 
-7.31898  36 
-4.92715  82 


OS 


1) -3.23333 
-5.63504 
-1.20865 
-1.94041 
-2.70839 


-3.43144 
-3.98819 
-4.20553 
-3.84460 
-2.58388 


33 
48 
20 
89 
91 

26 
28 
66 
18 

05 


0.1  1 

[  4) 

0.2 

4' 

0.3 

0.4 

I 

0.5 

:  5' 

0.6  1 

[  5) 

0.7 

!  5 

0.8  1 

5 

0.9 

6 

1.9  1 

6 

2.20264  66 
5.69963  19 
1.09330  93 
1.84869  24 
2.90713  00 

4.35713  28 
6.30765  47 
8.89199  75 
1.22723  53 
1.66450  66 


0.6 

-1.96666  67 

-1.99656  19 

-3.32180  59 

-5.25566  60 

-7.26224  96 

-9.12749  57 

-1.09399  27 

-1.10424  16 

-1.00381  19 

-6.70999  43 


3] 
9 

|1 

9 
9 
9 


8.92983  30 
2.20264  66 
4.22272  41 
7.13160  87 
1.12016  64 

1.67700  20 
2.42911  79 
3.41517  02 
4.70872  70 
6.98024  93 


4.46140 
1.19043 
2.20264 
3.71937 
9.82887 

8.71692 
1.29912 
1.77129 
2.43971 
3.30290 


89 
71 
66 
68 
98 

20 
31 
13 
24 
83 


0.7 

1) -1.32897  14 
-* -1.19824  17 
-2.38103  41 
-3.74603  08 
-9.19669  48 


2) 
2; 
2 
2 


-6.46204 
-7.44069 
-7.78122 
-7.09929 
-4.70898 


90 
06 
74 
89 
38 


0.8 

-1.19000 
-8.66482 
-1.79833 
-2.74969 
-3.77001 

-4.70972 
-9.40890 
-9.M398 
-9.10920 
-3.40090 


00 
26 
09 
90 
68 

63 
80 
20 
02 
10 


0.0    (  0)«1.00000  00    (  0}fl^OOOOO  00    (0)41.00000  00  ( 


0.4 

0.5  V 

1] 

-2.40000  00  ( 

1] 

-1.90000  00 

2 

1-3.49939  97 

2 

•^2.28812  39 

2 

-7.34339  26  1 

-4.81371  33 

3 

-1.17369  02  1 

-7.69619  62 

3! 

1-1.63300  24 

-1.06170  13 

3; 

1-2.06370  40  ( 

[  5] 

1-1.33814  39 

3 

1-2.39329  23 

-1.94831  36 

3 

1-2.91877  49 

!  5 

-1.62617  94 

3 

1-2.29844  83 

-1.48119  97 

3 

1-1.94209  99 

2 

1-9.91916  94 

0)4LOOOOO  00    (  0)41.00000  00 

3] 

1  2.65969  71  1 

[  5] 

1  1.70399  66 

3 

6.83804  74 

3 

4.38084  00 

4 

1  1.30747  73  1 

8.36496  74 

4 

2.20264  66 

1  1.40739  94 

4' 

3.49147  99  i 

!  4; 

2.20264  66 

4 

i  9.19940  77 

(  4 

)  3.28620  69 

4' 

7.43887  06 

4 

4.73642  79 

9 

1.04939  82 

4 

6.64873  73 

9 

1.43839  42 

4 

9.13874  32 

9 

1  1.94908  11 

9 

1.23498  19 

0.0 

-1.01111  11 
-6.64811  79 
-1.33092  77 
-2.06733  99 
-2.82246  37 


1.0 

-9.00000 
-9.21121 
-1.02772 
-1.98996 
-2.19960 


00 
29 
90 
79 
49 


-3.91494 
-4.02938 
-4.19006 
-3.78901 
-2.91379 


04 
09 
43 
43 
92 


2) -2.67903  99 
*  -3.09922  11 
-3.17236  79 
-2.89919  68 
-1.89427  82 


0.0    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00    (  0)41.00000  00 


1.14989  01 
2.99193  69 
9.62789  97 
9.49639  94 
1.47812  99 

2.20264  66 
3.17106  89 
4.44649  42 
6.10928  43 
8.23940  39 


4) 
4; 
4 
4 


8.09237  11 
2.06339  28 
3.92867  40 
6.99238  93 
1.02914  99 


1.93174 
2.20264 
3.08913 
4.23192 
9.70477 


98 
66 
99 
76 
12 


2; 
3 
3 
3 

3; 

4; 

if 

4' 


9.80387 

1.48496, 

2.82236 

4.72949 

7*97367 

1.09611 
1.97436 
2.20264 
9.01784 
4.06428 


90 
77 
24 
91 
69 

92 
46 
66 
47 

07 


4.28249  19 
1.09992  07 
2.07992  99 
9.47272  61 
9.40719  90 


8.02789 
1.19166 
1.60942 
2.20264 
2.96927 


98 
89 
26 
66 
98 


9.22292  49 

8.21099  88 

1.99600  88 

2.99999  99 

4.04279  94 . 

9.99449  62 
8.98922  62 
1.19892  69 
1.69901  69  y 
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Zn09OPM(«,ft>«) 


Table  ISJ 


-1.0 

-•.2 

-•.7 

-0.5 
-0.4 
-0.S 
•0.2 
-0.1 


at 

0.10000  00 
0.U094  47 
0.1I9S7  09 
0.14010  11 
0.1U7>  41 

O.m20  00 
0.29411  79 
0.90112  91 
0.42997  91 
0.72709  1ft 


0^ 

0.20000  00 
0.22012  04 
0.244n  S2 
0.27U7  24 
0.91999  72 

0.94000  09 
0.44470  70 

o.Mnooo 

0.79999  00 
1.20942  40 


04 

0.90000  00 
0.920M  19 
0.90411  44 
0.40779  72 
0.4*994  99 

0.99720  09 
0.09941  90 
0.79200  44 
L04ft92  92 
1.9001ft  09 


0.4 

0.40000  00 
0.49719  19 
0.48194  99 
0.99721  21 
0.40707  04 

0.49099  9ft 
0.029H  00 
1.00991  49 
1.90209  97 
1.90920  91 


aft 

0.90000  00 
0.94400  Ift 
0.99090  90 
0.40449  91 
0.74709  02 

0.09409  2ft 
0.99040  99 
1.20495  04 
1.99910  9ft 
2.19290  90 


-1.0 
-0.9 
-0.0 
-0.7 
-0.4 

-0.9 
-0.4 
-0.9 
-0.2 
-0.1 


TaMtlOJlhrw 

•  orilie«qa»llnll(a,ftbi 
fomukia 


OjO  ' 

OkOOOOO  00 
0.49209  19 
0.71419  91 
0.7090ft  07 
0.00419  45 

1.0m99 
1.14791  97 
1.99020  59 
1.74075  91 
2.45001  00 


a7  ^ 

0.70000  00 
0.75000  50 
^  0.02092  09 
0.91974  55 
k 01807  44 

1.15290  99 
1.99112  09 
1.90200  00 
1.97114  49 
2.70000  9ft 


04 

0.00000  00 
0.04941  09 
0.94291  99 
.09497  42 
.15150  a 


I: 


1.29771  21 
1.49044  27 
1.75940  54 
2.17271  04 
2.94494  51 


0.9 

0.90000  00 

0.  97144  09 
1.09429  10 
1.19704  89 
1.20294  70 

1.49991  49 

1.  ft4«IO  10 
1.99219  19 
2.90714  09 
9.17020  02 


14 

1.00000  00 
1.07749  19 
1.14901  22 
1.27090  99 
1.41209  79 

1.97999  40 
1.79007  19 
2.10045  49 
2.55544  24 
X90779  97 
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14.  Coulomb  Wave  Functions 

M aUMUMtleal  Plropertlo 
14.1.  VUh^ti^  Equatkm  Salm  Eip«Hk»»         ^  ^^^^  p)-<7*(,)/«(,, 


14.U 

(p>Oi  —  •  <f  <  • ,  I  »  ooB-MgkUve  intflgar) 

Tiia  Coulomb  wave  eqiMtion  has  »  nguUr 
tInguUrity  ftt  paO  with  indieas  uul 
it  hw  Mk  iiTigular  ainguluity  at  pa 


14.1.2 

«»«C,Ft(f,  p)+Cift(f,  p)     (C,  Ot  eonttenti) 

wh«ra  Ft,(^,td  is  the  nguter  Coidonlb  wave 
funeOmi  end  6^(f » p)  b  the  imguler  Oogerithmio) 
Coulomb  weve  funetion. 


Rcgnlar  Coulomb  Wav*  FtaoolloB  ^) 

14.1.S 

#k(f ,  p)«<7t(,)/^»r"af  (I+l~<f ,  2<p) 
14.1.4 

14.1.5       itdi,  -A«f 
14.1.6 


^ee  chapter  4.) 

14.1.8  CJ(f)=2vi»(«*»-l)-' 
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14.1.14 
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14.1.16 
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4 
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(Sm  Table  6A) 
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14.2.4 
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14.4.T 
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14.4.9 
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I-0,2f»/> 
F.-r'»(»/»)«/,I2(2w)»] 
r,-«-'(2inr)«/J2(2v)»l 

<7.-2«-(jyX,I2(2<^p)»l 

flf;  2  (^)ViiW2(2w)»l 

I«0,2,»p 

a=2V51w-»9 
#«(p/2f)» 


¥8 


14.4.10 


X«0,3f»p 


ft^^-; rw«a 

a»2«([l(l~f)]»+traBto 

^-{</(l-0)» 
14.4.11  £«0,/>»2f 
F«Ba  sill  ft  ^»-i^6#«— a{7i) 

r  «  ■  . 


a«|-»(l-l)»,  6=I8,a-f)l-» 
14.4.12  t|»0,2«^> 


14.4.18  f»0,2f'^p 
««(2t,-p)(2t,)-»«  . 
l(?.+<|^i-»»'«(?i,)'iBi(«)+ai(jr)l 

I<7i4*ini^~*«^(af)-*1Bi'(»)+ai'(»)i 
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•*(f)-lj+fOnf-l)l 

<7,(f)^<!ftrf)»'^-% 
(EqiMliiy  to8Sforf>3.) 
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Nmaerioal  M«tliiod« 


14.7.  Uw  and  EitouiMi  «lthe  tablM 

lo  gcncnl  tlw  taUct  M  pmanted  an  not  aimplj 
Intcrpolabto.  HmT«r,  valiut  for  X>0  maj  be 
obtilMd  with  Uie  halp  of  tlM  iooomiiti»  rdati^ 
Tho  TftluM  of  QiXn,p)  nay  be  obtained  by 
applying  the  reeumnee  relations  in  incnaeing 
Ofder  of  L.  ForwaM  reourrenoe  may  be  tned  for 
Fi(f ,  p)  aa  long  ae  the  instability  dose  not  produce 
erron  in  eieess  of  the  aeeuraoy  needed.  In  this 
ease  the  baekwards  reeucrenoe  scheme  (see  Ei- 
apBple  1)  should  be  uiMd. 

Example  1.  Compute  Fi.{%  p)  and  fii^  p)  for 
^«2,  p»6,  £-0(1)5.  Starting  with  1%»1, 
ht^Ot  where  Ft^eFi,,  we  compute  from  UJtS  in 
decreasing  order  of  L: 


(1) 

m 

L 

,  n 

n 

n 

n 

11 

0. 

V 

10 

1. 

0 

4.40384 

8 

17.0335 

7 

01.3603 

6 

191. 338 

6 

533.473 

.000791 

.091 

.1043 

4 

1338.53 

.31481 

.315 

.3030 

3 

3486.73 

.43130 

.4313 

.3305 

3 

4158.46 

.73124 

.73135 

.3952 

1 

5737.07 

.09346 

.99347 

.3709 

0 

6501. 81 

1.1433 

1. 1433 

.39380 
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Fo/^- 1.7344  X10-«-«-*. 

The  values  in  the  second  column  are  obtsined 
from  those  in  the  first  by  multiplying  by  the 
normalisation  consUnt,  F^FS  where  #*#  is  the 
known  value  obtaintsd  from  Table  14*1. 

Repetition  starting  with  F^mi  and  F&sO 
yields  the  same  results. 

In  column  3,  the  results  have  been  given  when 
14.2.S  is  used  in  increasing  order  of  L, 
fl  (column  4)  fcdlows  from  14JLL 


1 2.  Compute  Gi.in,  p)  and  OHit,  p)  for 
,-3,  ^-5, 1«  1(1)5. 

Using  14.2.2  and  0^%  5)».79445,  Oi" -.67049 
fnm  Table  14.1  we  find-(7,(2,  5)«1.0815.  Then 
by  forward  recurrence  using  14.2.3  we  find: 


L 

1 

1.081S 

.66286 

2 

1.4969 

.86619 

8 

2.0487 

.79897 

4 

&0941 

1.7818 

S 

5.6298 

48498 

The  valuee  of     are  obtained  with  14J.1. 

Kiample  8.  Compute  Oti%  p)  for  f a2,  pn2.5. 

From  Table  14.1,  2)a3.5124,  fft^  3) 
«>— 2.5554.  Successive  <jUfferentiation  of  14.1.1 
for  L^O  givee 


Taylor's  expansion  is  i0(p+^)ni0(p)+(^)w' 
. .  With  w^Otintp)  md  Ap'^A 


we  get: 

k 

0 

3.5134 

3.5134 

1 

-376654 

-1.3777 

2 

3.5134 

.43905 

3 

-6.0678 

13641 

4 

13. 136 

.03160 

5 

-39.540 

00769 

jS 

83. 353 

.00181 

7 

-268.36 

-.00043 

<*(2,2.5) 

Bi3. 5736 

Aa  a  check  the  result  is  obtained  with  n^ait  ^»3, 
V<»— .5.  The  derivative  Oi(^,  p)  may  be  ob- 
tained using  Taylor's  formula  with  w<»0o(9>  ^)* 

*Bm  psft  II. 
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1 

i 


4.1 


II— 
t  ■ 


-ii«94f 

ill 

-i.l9fl 

>«9.ii» 

IW9.99M 


-  I 


ill 


91  nil 

i  1.1 


l»1 


4)  f.79ii 

9  inM 


•I.  1941 

-4.1119 


•I.I4U 

•4  mi 


1419 
.9919 
«^*41I4 
LiMt 


.9.9141 


^1 


11*«,«M» 
-ll4iflH 


i 


Si?' 


i 


•4.49W 


l)«4.14tt 
»9f  9901 


1 488 

0) -4. 9114 

L4)49 
9.tl|9 


-LI 


i9|l. 


9.im 

I*  9041 


Pi 

i  -L4lt0 
1-1.0410 

m 

9) -9. 1199 

9 
9 
9 
4 
4 


IS 


4 


9I0199 
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688 


oouMMB  WAV!  roNonoNa 


Tabl«  14.1 


1.0 

Ui 

hi 

4.0 

ft.) 
7.0 
T.i 

a.) 

9.0 


11*9 
11.0 

iy% 

14.0 
14.9 
1ft.  0 

lh% 
16.0 
14.  S 
17.0 
17.9 

ia.0 

It.  9 
19.0 
19.9 
10.0. 


0.9 
1.0 
1.9 
1.0 
1.9 
9.0 
9.9 
4.0 
4.9 
9.0 

9.9 
4.0 
4.9 
7.0 
7.9 
4.0 
4.9 
9.0 
9.9 
10.0 

10.9 
11.0 
11.9 
12.0 
11.9 
U.0 
19.9 
14.0 
14.9 
19.0 

19*9 
14.0 
14.9 

1/.9 
14.0 
14.9 
19.0 
19.9 
10.0 


16 


cxHtunii  WAVE  nmcnoNs  op  okoer  zero 


-9.9114 


9 
4 

4 


of  r.l744 

1.UH 

«.nM 
1)  i.nf* 


1.9444 


41  L1749 

9  1.9747 

9  1.4444 

I  4.4999 

4  L9499 

7  4.1414 

!  9.4921 

t  1.4944 

4)  4.4444 


♦1.4974 
♦9.2994 

•I.49U. 

•7.4441 

-7.0977 
4.9994 
1.1279 

♦1.1471 
2.4799 
9.4M4 

l!l74 
1.9790 
1.0490. 


4.4941 
4.1447 
2.4970 
^  1.9747 
9)  7.9414 
^'  9.9444 
2.4994 
1.4994 
9.1924 
4)  2.4492 


1.1749 
9.4992 
2.9291 
1.1401 

9.4414 
4.1409 
.  1.7929 
4)  7.9979 


a/4(M) 


«»2 
»  1 


-  1 

-  1 
.  1 
.  2 

-  1 

:} 

-  1 
1 


-73449 

*9.4t9« 
♦1.4020 
2.4974 
2.9794 
2.709t 
2.1794 


-  1)  L9991 


[■A 

9 

l\ 

41 
4 


kS&3 

4.9420 

1.4m 
4.1944 
4.4199 
2.9199 
1.1441 
4.9449 


2.9194 
1.4071 
_  4.4497 
-  9  9.1049 
9)  1.4240 
4.4974 
2.1744 
1.2494 
9.4999 


-  4 

-  4 
•  4 

7 


•  7)  2.9444 


-7.7724 


4497 
4441 
2.9470 
2.4499 

2.1719 


•9.9714 
♦4.9419 

p 

^1499 
>l.tt44 


4.9192 
1.9474 


1U9.9940 


-4,2749 
-9.4994 
-4.2944 


2.1494 
1.4in 

4.7299 
2.4790 
1.4494 

9.2970 
9)  2.4447 

9.4242 
4.4199 


20 


-  1 


4.0194 

♦Xoiof 

-9.4419 

0}tt^ 

0)-L09H 
0{-L2194 


0)  L494I 


CttftO 
4.7974 
2.4944 
L4944 
7.7491 

4.0499 
2.0721 
1.4414 
4.1491 


4)  4.4929 


♦1.4919 

11 

-4.9U1 
.-4.4444 


*oiii 


2  ut 

9)  9.1 


9.1974 
1.4717 
4.7142 
4.4944 

»  uim 

6)  S.MT8 
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OOOLQMB  WAVB  FDNOnONS 


OHIUNIB  WAVE  VUMHIONS  OF  ORDER  ZERO     Table  14.1 


Ki 

1.0 

I,  % 

T.O 

•»o 

as 

l>.0 

II.  9 
14,0 
14.  S 

lis 

1^0 
l^S 
17.0 
17.9 
10.0 
10.9 
10.0 
10.9 
20.0 


5:5 
il 
f,l 
II 
tl 

tl 
tl 
II 
V. 

0.9 
10.0 

10.9 
lUO 
11.9 
12.0 
12.9 
11.0 
11.9 
14.0 
14.9 
19.0 

19.9 
1^0 
1^9 
It.O 

VI 

10.0 


1*1,1 


4.1111 
0.9774 
2.0400 
4.9070 
UOlOO 
2.2W7 
9.2097 
U2399 

iS  0.0900 


1I-4.0702 
1  -O^ 1040 

1-2.94)0 
1  •4.0M 

1  -O.0S2 

2  -2.M42 
2  «4.1919 
2  -0.7970 
9I-L0709 


I) -4. 0001 
9  •O.  0700 
4)*l«0)00 

/ 


17 


if 


•7,7111 
♦t.«l94 


.V.UN 


01  2.2MI 


-^1 
^  I 
0 
-  2 


18 

•0.7091 
«>9.9140 
♦U0497 

♦Oiisoo 

1.2474^ 


loioi 


1.7749 

9.0727 
7.7)00 
1.4M2 
10000 
7.0717 
17099 
4.0910 
0.)109 
2.1040 


7.0207 
19209 
11140 
14702 
1)067 
10)2) 
1)091 
14000 
11942 
7.1494 


-14000 
-17690 
♦7.7)74 
♦19707 

1-1  )M 

♦14070 


.7444 


-  1; 

-  1 


-  I  ♦I 

-  1  ♦O. 


.  1 

-  1 
-1 

-  1 

•  1' 


♦2.9609 
0.7102 
♦16067 

".H70 

-12667 
♦11700 


-  1  -1 

It 


•  i 
-  1 
1 


10090 
'  6199 

-,iq7 

12127 
-17409 
1)197 

-12119 


o)-ioai2 

0  •16797 

0  -16261 
1-1210) 

1  -12021 
1-4.40)1 
1^6)07 

2  -17299 
2  -19297 
2 1-7.9)94 


1 


1).19919 
1)-10191 
-11947 
-17121 
-12M9 
-7,)0D 


-19907 

«i)n7 

•f.260O 

-12020 
-10079 
,j-l)947 
6f-10)47 
6) -14624 


-11677 
-10022 
-14609 
-1166) 
-11209 
-1000) 
-1944) 
-7.6)90 
-19077 
-10)46 

-12106 
,,-12962 
)i-2.7496 
•19047 
-1200) 


) 
4 

4)-10499 
4-1)090 


14404 

-1)247 
-7.7176 


0  ♦I  1729 
-  ^♦7.0429 


-  1; 

-  1 

-  1' 

-  1 

-  1 

-  2 
•  1 

-  1 

:{ 

-  1 

-  1 

-  1 

:■ 

-  1 


1) 


10904 

^.^ 

11707 

ti 

9.049) 
11)94 

14717 
17162 
1)264 
16709 
14726 
11404 
14141 
11060 
11297 
149)9 


♦1)109 

-16460 

-7.)679 

♦19119 

♦164^  • 

-19960 

*11)19 

-7.1ft0 

-14029 

(♦1  )669 

♦1^02 
♦12146 

♦12)17; 

-160)9 
•19)70 

.t«S 

-11007 
16767 
11000 


0 
0 

0^ 

\ 

1 
1 


^7.1400 
-11204 
-10942 
-12719 
-17662 

1}-19007 
'-19994 
-100)) 
-1)26) 


-1^ 

-10474 
•11297 
-1990) 


: 


20 

^♦10)07 
•«.1724) 
-1)12) 
♦101)) 
♦109)4 
-7.90M 
-104)6 

i^, 

♦11667 


♦11962 
-11172 
-10666 
-1)4)0 

-lun 


-11  - 

♦19910 
7.9649 
90)7 


2.  mo 

0)  17909 

0  11970 
«  7.42)4 

1  11)12 

1)  10061 
10021 
11164 
11699 


16708 
11219 
196)0 
11629 
19119 
16772 
16229 
10110 
12690 
1172) 


•  i 


♦19224 
♦11)70 
-9.M70 
•17296 
♦11920 
♦1^ 


♦19000 

♦17796 
♦16106 

m 

1)-16491 


-  i 

:} 

-  1 

•  X 


0  •lOlOO 


•11)49 
-7.002) 
10929 


-110 
-14192 
-16209 
4.7469 
-129)0 
-11066 

-11761 
1)079 


-9.9627 
.  -19)22 
)}-4*040) 
-16W9 
-1.0997 
-4.iM97 
-19)96 
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6M 
Table  144 


0.00 
0.05 
0.10 
0.15 
0.20 

0.25 
0.30 
0.35 
0.40 
0.45 

0.50 
0.55 
0.60 
0.65 
0.70 

D.75 
0.80 
0.85 
0.90 
0.95 


Co(f) 

1. 000000 
0.922568 
0.847659 
0,775700 
0.707063 

0.642052 
0.580895 
0.523742 
0.470665 
0.421667 

0. 376686 
0.335605 
0.298267 
0.264478 
0.234025 

0.206680 
0.182206 
0.160370 
0.140940 
0.123694 


tomJOMB  WAVI  FDHGfTUUm 


1.00 
1. 05 
1.10 
1.15 
1.20 

1.25 
1.30 
1.35 
1.40 
1.45 

1.50 
1.55 
1.60 
1.65 
1.70 

1.75 
1.80 
1.85 
1.90 
1.95 


1.00  0.108423 
For  In  r(l  +«y),  nee  Table  6.7. 


Co(f) 

1)  1.08423 
9.49261 
8.30211 
7.25378 

2)  6.33205 


-2)5.52279 


-2 


4.81320 


-2'  4.19173 


3.64804 
3i.  17287 


-2)2.75796 


-2 
-2 
-2 
-2 


2.39599 
2.08045 
1.80558 
1.56632 


-2)1.35817 


-2 
-3 


1.17720 
1.01996 
8.83391 


-3)7.64847 


2.00  (-3)6.61992 


2.00 

2.05. 

2.10 

2.15 

2.20 

2.25 
2.30 
2.35 
2.40 
2.45 

2.50 
2.55 
2.60 
2.65 
2.70 

2.75 
2.80 
2.85 
2.90 
2.95 


-3)6.61992 
-3 
-3 
-3 
-3 


5.72791 
4.95461 
4.28450 
3.70402 


-3)3. 20136 


-3 

-3 
-3 


2.76623 
2. 38968 
2. 06392 
1. 78218 


-3)1.53858 


-3 
-3 
-4 


-4 


1.32801 
1.14604 
9.88816 
8.53013 

7.35735 
6. 34476 
5. 47066 
4.71626 
4. 06528 


3.00  (-4)3.50366 


/ 
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15.  Hypei^eoiiieliic  Funetipiis  \ 

Gontoits  - 

Fife 

  .  *  .  '".   «w 

QMi^  Mm,  Specid  iteniiiitty  Ci«».  SpecW  Vtlvm  of 

ttMAtgamflnt  

184.  DiffcmtiAtion  FormulM  and  Q*nm*  B«UtioQs  for  ConUgoous 

Fas«tleiw  

lS.S.'lBlesnlIto|ra«iUtioMaadT^Mii(onn^^  •  •  •  ^ 

UA  Special  Cmm  of  #Ka,  b;  c;  »),  Fdynomiab  and  Legendre 

18A  TI»B^Sf|Mniitib»   

ISA.  Rionaiw'i  DiffoNntial  Bquatbii   ^ 

18.Y.  AiymptotieSipMiiioiii  

  .....  565 


•  NailaailBaNmofSlMdtfdi.  (FMMMtf,OniaB8totoUBlvenltj,Cor«allii,ON|aB.) 
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IS.  Hypergeometiic  Fimctiond 

Mathematkal  Propertle* 


\- 


15.1.  GauM  Series,  Special  Elementary  Caeca, 
Special  Valuaa.af  tka  Argument 

GauMSerlM 

The  cirale  of  convergence  of  the  Qatm  hyper- 
geometvio  series 

IS.1.1  " 

F(a,  h:e;  z)  ^tPi(a,  b;  e;  a) 

^   m    ^  r(a+n)r(6+n) 

r(a)r(6)  ^    r(«+n)  iS 

is  the  unit  eircle  The  behavior  of  this 

series  on  its  eirde  of^oonvergenee  b: 

(a)  Diveig^noe  v^en  ^(e— 0—6)2—1. 

(b)  Ab8<rfuteeonvergeneewhen^(e— o— 6)>0. 
.  (c)  Conditional  convergence  when —l<^(e—o 
—6)  SO;  the  point  a»l  is  exduded.  IThe  Qauss 
series  reduces  to  a  p<rfynomial  of  d^^  n  in  s 
when  o  or  6  is  equal  to  — n»  (ti«0.  1^2,...). 
(For  these  cases  see  %lso  lSo4e)  The  Aeries  lSal«l 
is  not  defined  when  e  is  equsl  to  — (m^Of  1^ 
2,  .  .  .)f  provided  o  or  6  is  not  a  negative  inti^ 
n  with  n<m.   For  es»  —m 

^^^+nr  ^^'^  *+m+l;  m+2;  a) 

(For  cases  involving  higher  funciions  see  lSo4.) 
15.1e3  l;2;0)«--2->ln  0 

18.1.4  ^•i;f;«0-»»->in(}~) 

18.1.5  l;|;~0*)«0-'arctan0 
18.1.6 

nk,  I;  »*)=a-«^»^(i,  1;  I:  «•)=»-•  •win  a 

*8M|Ma*n. 

581 


\ 


is.1.7 

»f-»ln[a+(l+»«)lj 

18.1.8  *;*;»)- 0 -a)- 

18.1.9  m  i+o;  I;  aO=II(l +«)"••+ (l-a)-«-l 
18.1.10 

l(l+a)»-*-(l--2)»-«'l 

18.1.11 

18.1. 

'l-e;  i; 

i(l+«^-*{ia+««)»+»P'-»+l(l+a«)*-«p-») 

a.i3  ' 

F(a,  l-fa;  1  +2tt;  «)i=2ni +(^-»)*]-*' 

=i(l-a)»F(l+o,|+o;l+2a;») 

18.1.14 

18.1.18  F(«,l-«;f;«n.a)-«AL^|:^ 

18.1.16  F(a,2-a;|;sin'a)«^i^M  : 

18.1.17  F(-a,  a;  i;  sin*  0)«co8  (2m) 

18.1.18  F(a,l-a;i;sin«*)»22ti^=:l^ 

18.1.19  Ha;  ii  -tan'  0)«cos>'  a  000  v^m) 

Spedal  VaiuM  of  the  Affiuaeat 

18.1.20 

(tfpiO,  -1,  -2, . . iK«-fl-4)>(^ 


\ 


afnsaioiiisjpio  nmonom 
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ERIC 


18.1JI 

(l+a^^Mp,  -1,  -2,  .  .  .) 
Ita,  ft;  a-ft+2;-l)«2-V^(ft-l)-'r,(a-ft+2) 

[r{*a)r(i+la-*rra+Wr(i+ia-.4)] 

(a-ft+2»«i0, -i, -2,  .  .  .) 
f (1, a;  o+l;  -D-ial^d+W-^KWl 

(♦a+iftH»'0,-l,-2,...) 
Fif^M  |a+*ft+l;  |)-2«*(a-.ft)-»r(H-|a+|ft) 

{ir(4a)r(H-|ft)l-'-tr(H-|a)rrtft)l-') 

(|(a+ft)+lH0,-l,-2,...) 

15.1J6: 

F(o,l-o;  *;!)«= 

2«-*f»r(ft)ir(ia+|ft)  r  (Hlft-Wl-* 

(ft  HO,  -1,  -2, . . .) 

•18.1.2? 

(a^-l, -2, -3,...) 

U.1J8 

(aH-1,  -2,  -3, . . .) 

r  («,  Ha;  |-ai;-ft)^(ir-  f^fgz^ 

(f-2ap<«0,  -I,  -2, . . .) 

IS.1.80 

F  (a,  Ha;  H«;  ft)-(Wra+TO-f|a) 

(HI«i^0,-l,-2,...) 

U.U1 

f'(a.*a+i;|a+|;««'«) 


18.2.  DUfcrentiatkm  Formulm  and  GauM* 
MAanntlatloa  Potrnvlas 

18.2.1  ^/(a,ft;e;«)-^F(o+l,ft+l;Hl;«) 

18.2.2  .  • 

^  ^a,  ft; «;  ^(a+n,  ft+n;  e+n;  a) , 

18.24  I. 
^l<*-»/Xa,  ft;  e;  »)l-(a)^-'F(a+n,  ft;  e;  a) 

18J.4 

^  la-m  ft;  e;  «)l«(e-i^— »/ta,  ftj^;  a) 
18.24 

*L  [a.-.*.-»(l-a).jM::j#^4;  e; «)] 

-^^^^^•-•-Hl-a)^**-*- W-n,  ft;«; «) 


1 


/ 


^  [<i-.a)-+»-/X«,  ft; «;  «)r     /  \ 

-^2=^2=^  (l-a)-+»-f-m  ft;e+n;  •) 

184.7  / 
^l(l-.t)-+-»^a,ft;/a)l 

.izll:i^si2rfi-*  (l-»)-»>(a+n,ft;«+n;t) 

1544  / 

^l«-'(i-t)/*+*mft{«;a)l 

18|(2.9  y/ 

^la-'O-a)'^'  /Xa,ft;e;«)l         /  ^ 


GanM*  BdatteM  fW  CeallgwMM  

Theaixfunoiioiis  F(a±  1,  ft; «;  0),  ^(a,  ft±  1;  0;  0)  V 
F(a,  ft;  0^1;  0)  are  called  oontiguotis  \f 
F(fi,  hi  e;  0).  Belationa  between  ^a,  ft; «;  0)  ai^ 
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any  two  contiguous  funetimis  have  bten 
0mm.  By  repeated  applieAtion  of  theie  rel»- 
tiont  the  function  F<a+m,  i+n;  e+<;  »)  with 
intigral  »,  /(e+/?*0,  -1,  *-2,  .  .  .)  cm  be 
CTpTweed  M  ft  hniitf  eombinftticn  of  F(a,  h-,  e;  8) 
ntaid  one  of  its  eontiguoue  f  vnetiona  with  coefficient* 
nM!*  are  roticmol  functions  of  a,  h,  e,  », 

UJ.10 

(fi^a)ii,a^\,bi  e;  a)+(2o-«-03+»«)f1(«.*;  e;  z) 
+«(«-l)F(4+l, »;  e;  «)=0 

18J.11 

(e-*)#l(a, »)+(2»-e-»«+oa)#Xa,  *; «; «) 
+*(«-l)F(o,»+l;e;  «)«0 

e(e-l)(f-l)#X«, »;  ») 

+«(e-l-(2e-o-»-l)alF(o,  6;  e;  s) 

+(e-o)(e-»)«F(o,  h;  e+1;  «)-»0 

1SJ.1S 

Ie~9o-(»-o)»)F(o,  »;«;•) 

-|-a(l-«)#'(<i+l,»;  e;«) 

-  (e-«)F(o- 1 ,  *;  e;  a) «=0 

112.14 

(6-o)F(o,  hi  e;  a)+of(«+l, »;  e;  a) 

-»F(o,  a)»0 

1SJ.18 

(e-o-»)f(o, »;  e;  a)+o(l~a)F(o+l,  6;  e;  a) 

-(e-»)/Xo,       e;  a)-0 

1SJ.M 

a(«-(«-*)alF(«,  *;  e;  a)-ae(l-a)/l(o+l,  6;  e;  a) 
+(«-o)(e-»)aF(o,  6;  e+l;  a)«0 

1SJ.1T 

(«-o-l)F(o, »;  e;  a)+aF(a+ 1,  »;  e;  a) 

-(e-l)F(o,*;e-l;  a)«»0 

112.18 

(<-a-6)F(a,  ft;  e;  a)-(«-o)F(o-l,  6;  e;  a) 

+»(l-a)F(«,»+l;e;a)«0 

18J.19 

(»-«)(l-a)no,    «;  f)-(e-o)F(o^l,  »;  e;  a) 

+(e-»)#'(o,  6-1;  e;  a)«0 

18JJ0 

e(l-a)F(o,  6;  e;  a)-ef(o-l,  6;  e;  a) 

o  +(e-A)a>X«,»;«+l;»)-0 


HTFIBOBOMSTSIC  WVHOmm 

[iveM^  W»2.21 


[a-l-(e-6-l)alF(a,  6;  e;  a) 

+  («-a)/'(«-l,  *;«;«) 

-(e-l)(l~a)F(o, »;  e-1;  a)«0 

(e-2*+(»~4)alF(a,6;e;a) 

+»(l-a)F(o,  6+1; «; «) 

-(e-»)/'(o,  6-1;  e;  a)«0 

18JJS 

0[6-(e-a)al5ta,  b-,  e;  z)^heil''B)FXa,  6+1; «; «) 

+ (e-rtt) (e-6)«F(a,  6;  e+ 1;  a)  «0 

18JJ4 

-(e-l)F(a,»;e-l;a)«0 

15JJ5 

e(l-a)#l(a,  *;  e;  a)-eF(«,  6-1;  e;  a) 

•  +  (c~o)aF(o,  h;  a)«0 

18JJ6 

[6-l-(e-a-l)a]F(a,  6;  e;  a) 

+  »-l;e;  a) 

-(«-l)(l-a)F(a, »;  8)=0 

.18JJ7 

«(e-l-(2«-o-*-l)alF(o,  6;  e;  a) 

+(e-o)(e-»)aF(o,»;  e+1;  a) 

-e(e-l)(l-«)F(o,  h;  e-l;  a)=0 


18J.  Inlegral  RepnsentoUons  and  Traasfov- 
matkm  Fosmulas 

lattfral  R«prwMtetloas 

18J.1 

F(«,»;e;a)« 

j,^5^JV.-.(i-o--^-la)^ 

(4le>dl»>0) 

The  Integral  represents  a  one  valued  analytic  func- 
tion In  the  a^Iane  cut  along  the  real  axis  from  1  to 
m  and  hence  18^.1  gives  the  analytic  continua- 
tion t*t  111.1,  tXa,  h;  e;  a).  Another  integral 
representation  is  in  the  form  of  a  MeUin-Bames 
intci.'pral 


HmSROKOMKTRXC  TUNCnONB 

Here  -«<arg(.-2)<«  and  the  path  of  integration  la  chosen  such  that  the  pblee  of  r(a+«)  and 
r(*+«)  i.e.  the  points  ««-o-n  and  «=-6-m(n,  m=0,  1,  2,  .  .  .)  reflpectively,  are  at  ita  left 
aide  and  the  poles  of  cso(m)  or  r(-«)  i,e.  •«0, 1, 3,  are  at  its  right  side.  The  casw  in  whioh  -a,  -6 
or  ~«  are  non-negative  integers  or  a-6  equal  to  an  integer  are  excluded. 


1S.S.S 


From  184.1  and  UXZ  a  number  of  transformation  formulas  for  FXa,  b;  e;  a)  can  be  derived. 
IMJ  ^a,6;e;«)=(l-»)-*-»#'(e-o,e-ft;e;a)  j 

r(l-»)-»J^(6,e-a;e;53j) 

(larg  (l-.a)|<^r) 

,W£^H.)-.F(a.l--.+a;1.6+a;i) 

(|atg  «|<»,  |arg  (1-«)|<») 

Each  term  of  IS.8.6  has  a  pole  when  e=-o+4±m,  (m«0,  1,  2,  .  .  .);  this  case  is  covered  by 

f 

18.3.10  F(a,  b;  a+6;  «)-^^  g  W(n+l)-^(a+n)4(Hn)-hi  (l-.«)l(l-s)- 

(laig  (l-f)|<»,  |1-«I<1) 

Furthermore  for  in»l,  2,  3,  .  .  . 
^  -^(ii+iiH-l)+f(o+n+m)+*(Hn+f»)l     (|afg  (l-«)|<»,|l-f|<l) 


18.3.9 
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-^•+m+l)+*(a+»)-t^(Hn)l  . 

(|iig(W«)|<w,|l-«|<l).,''iV 
SiinUiriy  each  t«nn  of  ISJtT  has  «  pole  nhm  ft>aa±m  or  6— ±m  and     oue  is  coyered  by 

(l««g  (-»)I<»,I«I>1,  (c-a)**©, ±1, ±2, . . .) 
\  Tho  ease  i-asm,  (ma  1,2,3,  ..  .)ito(»veradV7  \  ^ 

ISAM /(o,o+m; «;«)-» J'X«+m,«;«;t) 

(l»lg(-»)l<»,l«l>l,(<r-*»'0,±I,±2,...) 

The  ease  e^-aaO,  —1,  —2,  .  .  .  beoomea  elementaiy,  18.8J,  and  the  ease     a-al,  2,  3,  .  .  .  ean  be 
obtained  from  IS^li,  by  a  limitiiig  proeeaa  (see  tlA^j). 


Qnndmtie  TmadamuMm  PoiaralM 


If,  antt  only  if  the  numbers  ±(l~c),  ±ia~b),  i:(a+6-e)  are  such,  that  two  of  them  are  equal 
or  one  of  them  is  equal  to  |,  then  there  eiists  a  quadratio  transfoimation.  The  basic  formulas 
are  due  to  Kummer  (10.7J  and  a  complete  list  is  due  to  Ooursat  (16.3].  See  tdso  115.2]. 

J»T(a,ft;2*}s)-(l-s)H.F(io,*-io;  H*} ^) 

-»(l-♦»)-/t♦•,H*a;^+♦;»^a-»)-•) 

15.3.18  =(l-«)-»«iP^«, 24-o; i+J;  -iil^^^-*^ 

18.3.19  j»'(a,«H^;«;a)=(H*i^)-«'F(afl,2o-r+l;r;i=J^J 
1S.3J0  =(l±Vi)-F(2e,e-i-2c-^l;±j^) 

15.3J1  -(l-«)-/^2o,  atf-2e-l;  e;  ^^=^) 

18.3.29         «+ft+*;«)«/i(a»,  2*;  o+6+*;  l-li^) 

=«(H*Vn=S)-F(2(i,  0+6+*; 
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Ml 


-*F(ai-l,  0-6+4;  o+»-i; 


1S4J4  #Xa,6;a+6-i;a)«(l-«)-»m~l»a*~ 

«(!-«)-♦  (HiVT^) 
fta,  6;  o-6+l;  «)-(l+a)-^'(*a,  ia+i;l|i-»+l;  4a(l+«)-«) 
ISAW  «(l±V«)-*'i^(a,a->+^;2a-2*+l;  ±4V5(1±V5)-*) 

18A»  -(l-a)-F(Ja,  ia-*+i;a-6+l;-4«(l -«)-•) 

UAa9  F(a,ft;ia+i6+i;«)=(l-2«)-*F(la,iaH\i;io+i6+i;^^f^) 

«F(*a,ift;*a+**+i;y-4««) 

1$A31  mi~a;e;«)=(l~«r'F(ik-K*«+*a-|»«;4«-4«^ 

-.(l-a)-»(l-2«)— F(k-*a,W*»+i;«;(4a*-4«)(l-2«)-*) 

CubkJ  tr%Mform»tions  are  listed  in  (15.21  and  [15.31,  _u 
In  the  formuUe  »bove,  the  squwe  roots  are  defined  so  that  their  ▼alue- »  real  and  positive  when 
O^Kl-   Ail  formulas  are  valid  in  the  neighborhood  of  s«0. 

1S.4.  Speeial  Caaea  of  fU,  6;  a  ») 


When  a  or  6  ia  equal  to  a  negative  uiteger,  then 

Thie  formula  is  also  vaUd  when  e«-m-i;  m,  <«0, 1, 2,  .  .  . 

Some  particular  oasee  tee 
1S.44I  F(-n,n;J;«)=»r.(l-2»)  y  j 

15.1.4  /'(-n,n+l;l;«)«P.(l-2j»)  ' 

18.4.5  /•(-*!, n+2«;a+|;»)-^(7?'(l-2») 

15.4.6  F(-n,«+l+/J+n;a+l5«)-^j^/*?-''(l-2») 

Here  T,,  P.,  Ci",  Pi'  *'  denote  Chebyshev,  Legendre's,  Qegenbauer's  and  Jaoobi's  polynomials  re- 
spectively (see  chapter  22). 

UaandM  FttMUMM  ' 
Lsgendre  functions  are  connected  with  those  special  cases  of  the  hypergeometric  function  for  which 
a  quadratic  tnuutfonnation  esbta  (see  18J). 

18.4.T   f1(M;26;  f)«2»-'r(»+>)i»-*  (1 «'M:t-»[(l-|)  d-^)"*] 
IS.4.8  «2»ir-»  «-(l-0)»«-',«'«-«  «l:t  (?-l) 

^  18.4.9    P(o,6;2*;~s)=2»v-«  «-»(l-|.a)*»:->*-'''--««:t(l+f)(|wig«l<».lMg(l:l:«)l<»)' 
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18.4.M  F(«,a-|-i;ej2)=>a'-'r(e)a»-ni--«)^— 

(Iftig  s|<f>,  |aig  (l—z)\<Cw,  9  not  between  0  and 
IS.4.11  ^  F(a,a+|;e;»)=2-«r(«)(-»)»-*'(l-»)*—- ♦i",;-M(l-»)-»l  (— <»<0) 

1S.4.U  f (a,  6;  a-|-»-|-|;  »)-2^»-»r(Ha-f-6) 

(— «)l<ir,  8  not  between  0  and  1) 

1S.4.1S  F(e,6;e+»+i;«)«r+*-»r(H«+6)*»<»— (0<«<1) 

\,8.4.14  F(a,6;tt-6+l;a)»r(tt-6-|-l)a*^»Hl-a)-»P.v(}~) 

}  (|aig  (1 — «)|<r, »  not  between  0  end  —  «• ) 

l^4.1S  F(a.6;a-»+l;»)=r(o-6+l)(l-«)-»(-«)*»-»««v(jif)^  (— <»<0) 

lS.i.M  F(a,l-a;«;»)«r(e)(-»>»-»*(l~«)»'-»iPlV(l-2») 

(|aixC--9)l<«'» |UK (1— «)l<v,  8 not  between  0 end  1) 

18,4.17  F(a,l-a;«;»)-«r(e)ai»-»'a-»)**"»i*-V(l-a»)  (0<»<1) 

1S.4.1S  /(a,6;Ja+|6+|;«)=r(Hio+|6)(«(«-l)l»"-*-»>Jl{l:::?K 

» |<»,      («~1)|<»,  8  not  between  0  end  1) 


W.4.1f  ^'a,*;J<^f4*dr|;»)-r(|+|tt+|»)(»-*^>«---«i1{i:'^?}(l-^^  (0<a<l) 

18.440        *;tt+6-|; 8)-2«+»-»r(o-|-6-.|)(-.8)»<»— »(l-8)-»Pl-:-tI(l~8)»I 

(I  Mg  (-•)!<»,  I  •ig(l-»)l<w,   ((1-»)»1>0, 8  not  between  0  end  1) 

1S.421  iFta,  6;a+6-|;8)«i2^»-«r(tt-|-6-|)»»«— »(l-»)-»Pl-ft-tt(l-»)»l  (0<»<1) 

1S.4J2  /Xtt.  6;  1: 8)=»-»a^»-»r(Ha)r(H*)(«~i)»*»"*-*lrt-4:jt(8»)+rt:;:|(--«»)I 

(|eig  8|<«/|  eigCs^OKF,  8  not  between  0  and  1) 

18.4JS  fTtt,6;|;8)=»-*2^»-»r(Htt)r(H6K4^^»)?!i:^I^t^^  (0<»<1) 

I 

18.4.24      6;  l;-8)-»-*a-»->r(Ha)r(i-.6)<i+i)-»'-«»«^'  {«;t-i(t»(i+t)-»I 

(^aeoording  ee  yitSgO,  8  not  between  0  end  •) 

•  18.4.28  F{a,  6;  |;  -«)-»-«2'-»->r(Ho)r(l -«--«»{«;U«»(l+»)-M+«;t.il-^»^ »+»)-^^ 

(0<»<») 

18J(.  The  Hypeigeometric  DURBMntlal  Equntloii 

Tb«  hypergeomeirie  differential  equation 
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three  (regular)  singuUr  pointa  9=0, 1,  * .  The  pftirs  of  exponents    these  points  are 

respectively.  The  general  theoiy  of  differential  equations  of  the  Fuehaian  type  distinguishes  between 
the  following  oases.  . 

A.  NvM  oj  iU  MUiAen  e,  e—a—h;  a—b  w  tqml  to  an  integer.  Then  two  lineariy  independent  solutions 
of  1&5.1  in  the  nei^borhood  of  the  mngular  points  0, 1,  »  are  reqieotiTely 

.  ti>,fl»=F(o,6;«;»)=(l-a)*-*-*#t«-a/«-6;!P;a) 

ici»,=a»-F(o-«+l,  6-«+l;  2-*;  a)=«>-(l-a)—- 1-*;  2-«;  z) 
IS.S.S  ti>i„,=F(a,  6;  a+6+l-«;  l-«)=««'-*F(l+6-«,  l+o-«;  o+6+l-«;  l-a) 
15.5.$  tDio,=:(l-a)*^-»F(e-*,«-o;«-o-6-f  1;  l-«)-a>-(l-«)— -VO-o,  l-6;«-a-6+l;  l-») 
15.5.7  iP|,.,«a--F(«,  a-«4-l;a-6+l;  «-»)=a^*(«-l)*"*"*^l-~ft.        a-6+1;  «"») 
15.5.S  *-a+l;  «->)=«a^*(»-l)-*-»^l-a,  «~o;  6-0+1;  «"») 

The  second  set  of  the  above  aqpressions  is  obtained  by  applying  154.S  to  the  first  set. 
Another  set  of  representations  is  obtained  by  applying  15.3.4  to  ^5.5.3  through  15.541.  This 
gives  15.5.9-15.5.14. 

15.5.9  iihw»(l-«)-''(«.  «-6; «;  «-•; «;  5^1) 

15.5.10  io»«„=«'-(l-«)—- I-*;  2-«;  -A.)«.at-.(i-a)-»-»F(6-«+l,  l-o;  2-«;^) 

15.5.U  w,m=»"'F(a,  a-o+1;  o+6-«4-l;  1 -#-»)« a'W,  6-«+l;  o+6-«+l;  l-r») 
15.5.12 

»»rt,««"-a-«)*"*"*^«~«.  l-a;c-a-6-f  1;  l-»-«)««*-*(l~«)*"*"*^^(«--ft.l-*; 1;  l-r») 

15.5,18  t«>„.,«(i-l)-/(a,«-6;o-6+l;p:^)-»(«~l)-*^(6,«-a; j~) 

15.5.14  . 

«)»<«,««*-(»~l)"—*/'(a-«+l,  1-6;  0-6+1;  j~)"»»-(»-1)-»-»F(6-«+1,  l-o;  6-a+l;  j:;:^)/ 

15.5.S  to  15.5»14  constitute  Kummer's  24  solutions  of  the  hyporgeometric  equation.  The  analytic  con  • 
tinuation  of  10|  jmCa)  <»n  then  be  obtained  by  means  of  16.3.9  to  15.3.9. 

B.  Om  oj  ike  numhtn  0,  6,  «-a,  «-6  u  on  inlBjw.  Then  one  of  the  hypergeometrio  series  Uk 
instance  uh  4<o>,  15.5J,  15.5.4  terminates  and  the  oorrespoi  ling  solution  is  of  the  form  \ 

15.5.15  v^^iX-zYPnie) 

where  p,(«)  is  a  polynomial  in  0  of  degree  n.  This  case  is  referred  t»  as  the  degenerate  ease  of  the 
hypergeometric  differential  equation  and  its  solutions  are  listed  and  discussed  in  great  detaU  in  (15.2). 

.  r.  7Tk*niim6«f  «~o-6ttOttinto^,<?noni»««»w/.  Then  15.3.10  to  15A12  give  the  analytic  continu- 
ation of  tu,  m  into  the  neighborhood  of  «=»!.  SimUarly  15A13  and  15.3.14  give  the  anatytie  continu- 
ation of  WxMy  into  the  neighborhood  of  «=•  in  case  0-6  is  an  integer  but  not  e,  subject  of 
coune  to  the  further  restrictions  «-«=0,  ±1,  ±2  .  .  .  (For  a  detaUed  discussion  of  all  possible 

.   cases,  see  (IS.2]). 

D.  The  mmber  «» 1 .  Then  1S4J,  15.5.4  are  replseed  by 

^  VMM  tth«,«/(o,6;l;s)  568 
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'  ISAM  ti)*,„-/?(a,6;l;»)li»a4-^^-^^M^a+n)-^a)+ik»4^)-!K*)-^  (W<1) 

E.  .  Th€  number  e'^m-{-l,  m'=ii,  2,3, ... .  A  fundamental  system  is 

15.5.18  Wu<n—F(a,b;m+l;g)  \ 

15.8.19  w»,o,"i»'(a,6;m+l;«)ln«+g^^^2»l#(a+n)-^a)+^(6+n)-^^^ 

•f^m-f  l)-^n+l)-H^l)l- jj  !^ZX(}^i)\         (|al<lftnda,M0,l,2,..:  (m-D) 

F.  Ths  number  e^i--m,m'=l,  2,  Z          A  fundamental  qrstem  as 

15.5.30  iih  (o> "  s^^(« + m,  6 + m;  1 + m;  a) 

.  15.5.21  ^  ^ 

.  m)-^m+l+«)+^«+l)-^n+l)+^l)l-.f;  (i,^"J}]|r-4-m), 

(|«|<1  and  a,  6piO, -1» -2, . . . -(«-!)) 

Spedal  Cum  of  Rfamaiui^a  P.  PiuMtkm 

(a)  The  generalized  hypergeometric  function 
18.6.4 


1S.<^  IUeniann*s  Differential  Equation 

The  hypergeometric  differential  equation  15.5.1 
with  the  (regular)  singular  points  0,  1,  «  is  a 
special  case  of  Riemann's  differentis!  equation 
with  three  (regular)  singula^  points  a,  b,  e 


15.6.1 


■  raa\a-b)(a-e) ,  mh-e)(b'^) 


2— (C      J  («<-«)(«— 6)(a—(0) 


The  pairs  of  the  exponents  with  respect  to  the 
siiifTular  points  a;  6;  e  are  a, |J,  y,  y'  respec- 
tively subject  to  the  condition 


15.6.2 


Thf  ooitiplete  set  of  solutions  of  15.6.1  is  denoted 
hy  th»'  symbol 


15.6.3 
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y'  /f 
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'0      »  1 
w^P^  a     0       y  2 

(b)  The  hypergeometric  function  F(a,  b;  e;  z) 
15.6.5 

'     0      •  1 
tt>«P^      0      a         0  » 
^1— «      b     0— a— 6 

(c)  The  Legendre  functions  Pr(«)>  Q?(«) 
15.6.6 

'0  •  1 

-Im  I 

(d)  the  confluent  hypergeometric  function 
18.6.7 

\r    0     «  « 

U-^v       0  k 
provided  lim  , 

\ 
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FotmulM  for  UaoMum**  f  .Piimrtiioa 


15.6.9 


where 


(s)'(isi)'4-  1 

'a     b     e      1  f< 


e 


a 

a+ir 


6 


6 


z  *■ 


9f  i' 


and  A,  B,C,Dtin  arbitniy  ooiutents  sueh  that  AD-BCf^O. 
Riemann'a  P  function  reduced  to  the  hypeigeometrio  function  is 


IS.6.11  P^ 


b 


e 
y 


ro  » 


>-t  b  -6) 


.a— a) 


V-7 


The  P  function  on  the  right  hand  lid©  is  Gauss'  hypergeometric  function  (see  15.6.S).  If  it  is  replaced 
by  Kummer's  24  solutions  to  18J.14  the  complete  set  of  24  solutions  for  Riemann's  differential 
equation  IS.6.1  is  obtained.  The  first  of  these  solutions  is  for  instance  by  lft.5.3  and  15.6.ft 


15.7.  Asymptotie  Eipanatons 

The  behavior  of  6;  «;  a)  for  large  |«|  is 
described  by-the  transformation  formulas  of  18.3. 

For  fixed  a,  b,  z  and  large  \e\  one  has  [16.8] 
IS.7.1 

/'(a.A;e;»)«g^^^'+0(W-«-») 

For  fixed  a,  e,  z,  (cHO,  -1,  -2,  .  .  .  ,  0<|»|<1) 
and  large  |6|  one  has  (15.2] 


16.7.2 

F{a,  6;  e;  a)««-*lr(«)/r(«-a)l  (6a)-11+0(|M-*)J 
+ir(e)/r(a)]«^6a)-11f^lM-0]  . 

(-y<«g(te)<l») 

15.7J 

F(a,  6;  e;  a)«*«lr(e)/r(«-o)l  (Aa)-11-f-a(|6«|->)] 

+[r(e)/r(a)]«*^6a)-11+(?(|6«|-»)] 

(-iir<aig(6a)<|») 

For  the  case  when  more  than  one  of  the  param- 
eters are  large  consult  (15.2]. 
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16.  Jacobian  Elliptic  Functions  and  Thcta  Functions 


Mathematical  Properties 


JaooUan  ElUpUe  FunoUont 
16.1.  Intfoduetion 

A  doubly  periodic  meromorpluc  function  is 
called  an  (tftjrfte/unefum* 
Let  m,  flii  be  numbera  Buch  that 

We  call  m  the  pannuter,  mt  the  complmnUary 
paramder. 

In  what  follows  we  shall  aftume  that  the  param- 
eter m  is  a  real  number.  Without  loss  of  gen- 
erality we  can  thta  suppose  that  0<iii!^l  (see 
16.10, 16.11). 

We  define  qiuuiei^-perwk  K  and  UC  by 


16.1.1 


msm'J)*'" 

»^'^"*>='*^'"*Jo  (l-mrsin»tf)''» 

so  that  K  and     are  real  numbers.  K  i 
the  real,  xK'  the  imaginary  quarjter-period 
We  note  that 

16.1.2  iiC(m)»K'(m,)«lC'(l-m). 

We  also  note  that  if  any  on«  of  the  numbers  m, 
Kdn),  K\m),  mm)lKim)  is  given,  aU  the 
rest  are  determined.  Thus  K  and  K'  can  nqt 
both  be  chosen  arbitrarily. 

In  the  Argand  diagrun  denote  the  points  0,  K, 
K'¥iK',  iK'  by  s,  c,  d,  n  respectively.  These 
pdints  are  at  tiie  vertices  of  a  rectangle.  The 
tran^ations  of  this  reetan^e  by  \K,  iniK',  where 
X,  M  ure  givin  a|l  integral  values  positive  or  nega- 
tive, will  lead  (o  the  lattice 


41 

.0 

.n 

.d 

Jl 

.d 

.8 

.0 

A 

.c 

.n 

.d 

.n 

.d 

the  pattern  hmng  repeated  indefinitely  on  all 
sides. 


er|c 


/ 


Let  p,  q  be  any  two  of  the  letters  n. 
Then  q  determine  in  the  lattice  a  minimum 
rectangle  whoee  aides  are  of  length  K  and  and. 
whose  vertices  s^  c,  d,  n  are  in  counterdookwise 
prder, 

Oeflnltton 

The  Jacobian  elliptic  function  pq  u  is  defined  by 
the  following  three  properties. 

(i)  pq  u  has  a  simple  zero  at  p  and  a  simple 
pole  at  q; 

(ii>  The  step  from  p  to  q  is  a  half  •period  of  pq  u. 
Those  of  the  numbers  K,  iK',  K+iK'  which  differ 
from  this  step  are  only  quarter-periods. 

(iii)  The  coefficient, of  the  leading  term  in  the 
expansion  of  pq  u  in  ascending  powers  of  u  about 
u^O  is  unity.  With  r^ard  to  (iii)  the  leading 
term  is  t^,  IM  1  according  as  u^O  is  a  zero^  a 
pole^  or  an  ordinal^  point. 

Thus  the  functions  with  a  pole  or  sero  at  the 
origin  (i.e.,  the  functions  in  which  one  letter  is  s) 
are  odd,  and  the  othets  are  even. 

Should  we  wish  to  call  es^licit  attention  to  the 
value  of  the  parameter,  we  write  pq  iu\m)  instead 
of  pq  ti.  « 

The  Jacobian  elliptic  functions  can  also  be 
defined  with  respect  to  certain  int^rals^  Thus  if 


16ele3 


the  angle  ^  is  called  the  amplitude 
16.1  A  ^*»amti 
and  we  define 

16eleS 

sn  ti^sin  ^,  cn  iiscos  ^, 

dn  ti«(l— msin*  ^)*'*»A(<^)* 

Similarly  all  the  functions  pq  ii  can  be  expressed 
in  terms  of  ^«  This  second  set  of  deflnitionsi 
although  seemingly  different,  is  mathematically 
univalent  to  the  definition  previously  given  in 
terms  of  a  lattice.  For  further  explanation  of 
notations,  including  the  interpretation,  of  such 
expressions  as  sn  (Aa)i  en  (i4|m),  dn  (ti,  k),  see  17o2« 
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JACOBIAN  ELLIPTIC  PUNOHONB  AMP  TBOBTA  TUNOTIONS 

1^  QwriflwUfawi  of  th»lWftt  JaeoUan  Ullptle  Faaetloiu 

I  to  Mm  md  Hdf-PiHMs 


Pol8 

Me 

Bote 
JC 

Pole 
0 

Half  period 

m  u 

do« 

lie  u 

Hatf|MriodX-t-<ir' 

w  u 

den 

HatfperiodK 

ds  u 

nd  u 

mu 

■  "  r  

The  tbne  funeUone  in  a  Tertieel  column  in 

The  f6ur  hinetions  in  e  horisontal  line  are 
eoferiMfje.  Of  the  periods  quoted  in  the  lest  liiUT 
of  each  row  only  two  are  independent ; 


-'xi   y 


Th«  sum  for  ea  (nil)  li  tbs  boaadMy  betWMB 
vfaleh  h«v«  M  iofVudoa  aad  thoM  whiohta*v«  not. 


4K 


FiouRS  16.2.  JiuoHan  tUiptie /iu»etion» 
ng  tt,  no  «,  nd  « 
1 


M  %  60  «,  «d  «,  do  « 
1 

164.\Rcktloii  of  th«  JaeoUn  FmotiaBa  to  tho 
Gopolar  1VI0  »a  tt,  Oft    dn  «  / 


wi.ll  cdtt— JgJ  do««; 


dii«  1 
ontt  antt 


i«Aa  sdW 


dntt 


1  J  dntt 
<mtt  SD  u 


1^ 


3nii 


80  ««" 


gntt 
on« 


ontt 
'antt 


And  gineralljlf^.q,  r  are  any  throe  of  tho  letters 

g,  0,  d,  nl 


qrtt 


provided  that  when  two  lotten  are  the  eeme,  e.g., 
pp  «,  the  [oonresponding  funotion  w  put  eqnid  to 
unity. 
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^AUSOiuN  iLL^nc  ruNoncMB  and  theta  ruNcnoNB 
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14.4.  C«leul«thMi  of  the  JoeoblMi  Funetiona  hf 
tlM  oof  tlie  ArltlwM'Ue-GcibaMtriff  Mem 
(A.&.M.)' 

For  th«  A.O.M .  scale  see  17.6. 
To  e«bnil*te  an  (ulm),  en  (it|m),  and  dn  (u\m) 
torn  thi  A.O.M.  Mi4l6  atartin^  with 

taiminating  at  the  atep  AT  «rhen  Ci,  ia  negligible  to 
the  accuracy  veqiMI.  fbd  Mr  in  degreee  where 


16.4JS 


and  then  compute  suecesaively        Ay-t>  ...» 
A  from -the  recunence  relation  ■ 

16.4.3        ain  (2(Pi,-i-«0==r 
Then 


16A4 


an  (iii^)a8ln  ^  on  («|m)nooa 


Ftom  theee  all  the^other  I'unotione  can  be  deter- 
mined. 


i6J.  Special  ArginiMBta^ 
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^  r) — "tr-*   ^ 
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0 
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1 

2* 

1       ^  / 

mi"* 

mi"* 

(l+ipi,«/«)«« 

K 

0 

16JSA 

1«.S.S 

'  /    /  +»(l-w'")«'«l 

(£)"<-« 

V  4  /  ^ 

16.8.4 

(!-»•'•)»'• 

16.8.7 

V 

16Ai 

16.8.9 

0  / 

16e6a  Jacoblan  FimethHUi  wfiien  m«0  or  1 


4 

iii«0 

16.6.1 
16.6JI 
164J 

•0  Itilm) 
en  (ttlm) 
dn  (tilm) 

atnH 
eoe  tt 
1 

Unh  ti 
eeeh  ti 
eeeb  h 

16.6.4 
16.6.8 
16.6.6 

ed  (HIM) 
nd  (Him) 

eoe  « 
eln  u 
1 

1  ' 
elnh  H 
eoeh  H 

III 

de  (uliR^) 
ne  (t4|fii)  " 
•0  (ti|*i) 

see  « 
aeeH 
Un 

1 

eoeh  H 
•Inh  II 

1*4.10 
I«4J1 

da  \%\mS 

eee  h 

eee  ti 

OOt  II 

eoth  « 
esohii 
eteh  % 

14A.1S 

ui  (Him) 

H 

gdH 

164.  Prlaeipal  Temui 


When  the  elliptic  function  pq  tt  is  expandedll^NjMcending  jtoweils  of  (fi—Kr),  where  Kt  isw^  of 
,  K,  iK',  K-^iK',  the  first  tenn  of  the  expansion  Xcalli 


forms  A,  BX( 
The  following, 
and  means 


called  the  prindpu  term  and  has  one  of  the 


u—KX  C-*-(u—Kf)  according  as  aV  is  an  drdinarv  point,  a  zero*",  or  a  pole  of  pq  u. 
list  gives  these  forms,  where  X  means  that  the  factor  (u-%Kt)  nas  to  be  suppued 
Uiat  the  divisor  (tt—Ar)  has  to  be  supplied.  ^ 


/ 


16.7."' 

16.74 
16.7vi 

16.7.5 

16.7.6 

16.7.7 

16.7J 

16.7.9 
16.7.10 
16.7.11 
16.7.12 


m  u 

en  u 

dnu 
edu 

sd  u 

ndu 

deu 

ne  u 

so  u 
ns  u 
dsti 
es  u 


K 


1 

-mi"»X 
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1 

mi"» 


»-»« 
»X 

»m««X 
V»X 


iim«"x 

~*(tniH,)"»'*' 

-m»«X 

<(mmi)»«X* 
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16.8.  Change  of  Argument 
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II 
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m^^i/ide  u 
— Hitii^'>m''^'>ne  i4 

— m^^'^ne  u 

— <mr^'»m-^/'deu 

^mr^'^ee  u 

— -iftii^'^nd  u 


+2<IC' 
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cn  V 
•^-dn  V 
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— de  u 
neu 
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—neu* 
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JAOOBIAK  BUOnO  VDNOnONS  JOm  TBMftk  FDNOnOMB 

IM.  RdaUons  Between  the  Sqiuuree  of  tkie<i. 
Funetioiui 

16«9.2  — niiiid%i+mi«— iiimi8d*u=m  cdHi— m 
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16«9«S  mi8eHi+mi'='f'iincH^"doHi'-m 

In  using  the  above  fesulte  ranonber  thut 
1114.111,=:  1. 

If  pq  ti,  rt  11  are  any  two  of  the  twdve  f  nnotions, 
one  entiy  expreBsee  tqHi  in  terme  of  pqHi  and 
another  expretfles  qiH$  in  terms,  of  rtHi.  Sin$e 
tqHi*qtHi»l,  we  can  obtain  frokn  the  table  &e 
bilinear  relation  between  pqHi  and  rtV  Thus 
for  ythe  functions  ed  tt,  sn  u  we  have  .  ^ 

1— medH* 


.and  therefore 


idnHftnl-^msnHi 


16.9«6      (1  -jm  cdHi)  (1 — m  snHi)  »mi. 

16M.  Chanfeof  ParaoMler 


Negatlfe  1 

If  m  is  a  positive  number,  let , 


i6.ioa 
i&io.2 

16.10.3 
I6a0.4 


m 


1 


1+m  " '  i-hw»  AH* 
sn  (ii|-m)«Mi*fld  (0|m) 
en  (fi|— m)«ed  (Hm) 
dn  (t(|--m)«nd  Hm)* 


(0<M<1) 


I6«1I.  Reelpmal  Parameter  QmotlWn  Real 
Transformatioii) 

16.1ia        m>0,  M«m-S  0«iim«^« 

16.11.2  sn  (ii|m)=^M'^ii  (^Im) 

16.11.3  en  (u|m)»dn  (elii)' 

16.11.4  dn  (ii|m)-cn 

Here  if  m>l  then  m**«M<l« 

Thus  elliptic  functions  whose  parameter  is  real 
can  be  made  to  depend  on  elliptic  functions  whose 
parameter liss  between  0  and  1. 

16.12.  Descending  Landen  IVansfimnatlon 
(Gatisfi*  IVanslormatkMi) 

To  decrees^  the  parameter^  let  ^ 
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16.12.1 
16.12.2 


sn  (d m)  g»v7  iii  1/ I'x 


<>'ci-)-0^iM- 

Note  that  suecMuve  appUoaUons  can  bo  mad. 
oonvttiiently  to  find  sn  («|m)  in  ienns  of  an  (*[)») 
and  dn  («|m)  in  tonus  of  dn  iv\it),  but  that  the 
calculatbn  of  on  («|m)  requires  all  three  funotlons. 

^  16.13. .  Appraiiiiuitlon  In  Tenns  of  C^reular 
FnnetioBS 

When  the  paiameter  m  is  so  small  that  we  may 
ne^eot  m'  and  hi^er  ppwers,  we  have  the 
approximations  / 

16.18.1  .  t 

sn  («|m)  warn  «—|  m(u-fein  «  ooe  «)  oos  « 

16.1^2 

on  («|m)  «ooa«+|  m(it-shi  u  oos  «)  dn  « 

16.18.3  dn  («|m)  wl~|  m  sin' « . 

16.18.4  am  («im)         m(«-Bin  u  oca  «). 

One  way  of  calculating  the  Jaoobian  funetlona 
is  to  use  Landen's  descending  tranaf<mnation  to 
reduce  the  parameter  suffldently  for  the  above 
formulae  to  become  applicable.  See  also  16.14. 

16.14.  Asomdlng  Landen  Tranafonnatlon 

To  increase  the  parameter,  let 


\ 


16.14.1  M=(i^^,^;,'«'7yj:j:^y 

16.14.2  snWm)=(lW'')5i^^35^ 

I6.I4.4  dn(u,.)-^^'^5!^ 
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16.17.  Addition 


/ 


Note  that,  when  at  wave  applications  are  to 
be  made,  it  is  sitnpleet  to  calculate  dn  («|m)  since 
Ukis  is  ,exim^8ed  always  in  terms  qf  the  same  func- 
tion, calculation  oi  cn  (tt|m)  leads  to  that  of 
dn 

The  calculation  of  sn  (it|m)  necessitates  the 
evaluation  of  all  three  functions. 

16.13.  Approsimatiflni  in  Terms  of  HyperboUe 
Functions 

e 

^IThen  the  parameter  m  is  so  dose  to  unity  that 
mi*  and  hi^er  powers  of  iHi  can  be  neglected  we 
h4ve  the  approximations 


16.15.1 

sn  (ti|m)  «9  tanh  mi  (sinh  u  coah  u—u)  each*  u 
16.15.2 

en  (u|m)^aechti 

— ^  mi       ii  coeh  u^u)  tanh  u  Mchu 

16.1S.3 

dn  (ti|m)«986chtt 
1 


+^  mi  (sinh  u  cosh  u+u)  tanh  u  seeh  tf^ 


16.15.4 


am  (ti|m)  »gd  fi+^  mi  (sinh  u  cosh  ti— fi)  sech  t»* 

Another  way  of  calculating  the  Jacobian  func- 
tions is  to  use  Landen^s  ascending  transformation 
to  increase  the  parameter  sufficiently  for  the  above 
formulae  to  become  applicable.   See  also  16.15. 

16.16.  Derivatives 


tion 

Derivfttivp 

16.16.1 
16.16.a 
16.16.S 

sn  tl 

cn  u 
dn  u 

rn  H  dn  ti 
— sn  tl  dn  u 
-  m  in  tl  CO  tl 

Polen 

16.16*4 
16.16.8 
16.16*6 

ed  tl 
nd  u 
nd  u 

-  mt  sd  u  nd  u 
cd  u  nd  tl 
m  Bd  tl  cd  tl 

Poled 

16.16.7 
16.16.8 
16.16.9 

do  tl  , 
nc  u 
nr  u 

mt  «e  u  nc  tt 
ST  tl  dc  u 
dc  u  nc  u 

Pole  c 

16.16.10 
16.16*11 
I6.16.ia 

ns  u 
ds  tl 

Cfl  u 

-  da  tt  CO  tl 

-  cs  ti'  nfl  u 

-  ns  li  ds  tl 

Pdles 

Note  that  the  derivative  is  proportional  to  the 
n^uct  of  the  two  oopohur  functions. 
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UM.l  9n(ii+9) 

•  **  ' 

_sn  tt-cn  v*dn  y-hsn  y*cn  t»*dn  u  ... 

^  1— msn*u-snH> 

16.17.2  cnCti+t^) 

cnit'cny— m  tt*dn  ti'Snr^dny 
l--m  snHi'sn*^ 

J  /  .  %  dnt»'dny— msntt'onti'snp-cng. 

16.17.3  dn(ii+i^)«-..  i-msntu*snV  

Addition  theorems  are  derivable  one  from 
another  and  are  expressible  in  a  great  variety  of 
forms.  Thusns(i»+i>)comesfroml/sn(tt+i>)inthe 
form  (1— msn*usn»»)/(bnttcni>dn»+sn»cnttdntt) 

from  16.17.1. 

Alternatively  ns(t*  -|- ») =m"%n  { (iK' -«)-»} 
which  again  fronr  16.17.1  yields  the  form  (ns  ti  es  «  dsn  ^ 
— n8i>osttds»)/(n8*tt— ns*©). 

The -function  pq(u+9)  is  a  ratioi^  function  of 
the  four  functions  pq  it,  pq  v,  pq'u,  pqV 

16.18.  Doublo  Arguments 

16.18.1  sn2ii 

2sn  n '  on   '  dn     2Bn  n  •  cn  n  '  dn  it 
l-msnHi     °"  cnHt+snH»  •  dn«u 

16.18.2  cn2ii 

cn'tt—Bn'tt  •  dnH«  on*tt--sn*tt  •  dnHt 
™     1— msn*tt  '*cn*tt+sn«ttdnH» 

16.18.3  dn2ii 

dnHt-  msn'n  -  cn*  tt^dn«tt-i-cn'tt(dnHt-l) 
°"      I'-msn^     ""dnHt— cn*tt(dnH»— 1) 

i 

1  — cn  2ii^Bn»tt '  dnHt 
H-cn  2it'^  cnHt 

1 — dn  2it  fnsn*it  •  cn'u 


16.18'4 
16.18.5 


16.19.1 
16.19.2 
16.19.3 


1  +dn  2it  dnHt 
16.19.  Half  Arguments 

sn*^it« 


1— cn  u 


\ 


l+dn« 


„     dn  tt-l-cn  tt 
.     .   mi-i-dn  tt-f  won  u 

«  Mpars — 


16.20.  JooobiV  IinagliuuFy  Transformation 


16.2pa 
16.20.2 
16.20.3 

580  . 


8n(itt|m)«=isc(it|m,) 
on(itt|m)anc<tt|mi) 
dn(iitim)adr(it|mt) 
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1C.31.  Camj/km  AffgnmcnU 
With  the  abbievUtions 
16J1.1 

•a8n(s|m),  o->en(s|m),  (i<»(lii(x|m),  8t'->n(y|mi)» 

»(.+<y|m)--''^yj:g"' 
16.214  cn(x+»y|m)= — c{+m^  »i — ' 
16.21.4 

16.22.  LmuUiis  Terms  of  tlMSeriMloAM0iMlliig 

16.22.1  ^ 

«i(ii|m)»».-(H-m)  ^+(14-Mm+m«)  ^ 

-(l+13«m+135m«+«i*)  |f  +  •  •  • 

16.22.2 

cii(«|m)=.l-^*+(H-4m)'J* 
16.22j 

tt' 

dn(tt|  m) « I-  m   + m(4+ m) 

--«(16+44m+m«)  J+ ... 

No  formulae  are  knowa  for  the  general  coeffi- 
cients in  these  aeries. 


16.23.  Series  Eapansloiis  In  Terms  4^  the  Nome 
q^e-**'t*  and  the  Argument  «atii/(2l0 


16.28.1  an  (a»+l)i> 


16.23.2  cn       -jj^Sjj^g  cos  (2n+l)r 

16.23.3  dn(«|m)M^-f^^|^^eos2m> 

16.23.4  . 

cd  (u\ (*»+!)» 


a-fl/t 


16^23.8 


er|c  ^ 


16.23.6 

nd  Nm)-2-Jig+ij|^S(~l)^-:?^oo^ 
16.23.7 

do  (ii|m)"^8eo9 

+^g(-l)-l-:^cos(2n+l)» 

^6.234 

no  (i»|fi»)> 

16.23.9 


,8erv 


16.23.10 
16.23.11 


ds  («|m)-^^  eso  g  j^J^  sin  (2»+l)» 
16.23.12 

08  («l«)-2^cot«-^g  j^sin2iM» 

16^  Integnds  of  the  Twdfe  JaooUan  EDiptle 
Fnnetloiis 

16.24.1  /en  «  hi  (dn  u-m'^^jn  «) 

16.24.2  /on  « (ftt»m~>^  arooos  (dn  «) 
16.24.8       /dn  «  dttBsnshi  (sn  «) 
16.24.4  /cd  «  ^nm->^  k  (nd  «+m>%l «) 
16.24.8  7Bdi*rftt«a(fiimi)-""arcflin  (-m»''odu) 

16.24.6  /nd  «  iuamt-'^  arooos  (cd  «) 

16.24.7  /do  «  dtt«b  (no  «+8c  «) 

16.24.8  /no  « ctttamr'^  b  (do  «+m|^  «) 

16.24.9  /80i*A»«mf»«'b  (dot»+mi'^oi») 

16.24.10  /ns  «  dttab  (ds  tt-es  u) 

16.24.11  /ds  tt  dttak  (ns  «-cs  tt) 

16.24.12  /os  tt  dtt^b  (ns  tt-da  «) 

Id  ntimerioal  user  of  the  abov^  table  certain  re- 
strictions mult  be  put  on  tt  in  order  to  keep  the 
argomenti  of  the  logtrithmi  positive  and  to  avoid 
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trouble  with  many-valued  invene  circular  funo- 

164S.  Notation  for  the  Integrals  of  the  Squares 
of  the  Twelve  Jacoblan  fUlptle  FimetUma 


Polen 


16.25.1  Pq  t»= pqH  dt  when  q 

16.25.2  P*tt«JJ(pq'<-^)<i<-i  i 

Cd cAH  dt,  Na  «=£"(n«*'-f>)**"« 

16.26.  Integrals  In  Terms  of  the  EUlptlo  Inte- 
gral of  the  Second  Kind  (see  17.4) 

16.26.1  mSn  tt=»-E(tt)+i» 

16.26.2  TOCnu=£:(tt)-ii»|tt 

16.26.3  Dntt=£:(tt) 
16i6.4  mCd  tt==  -Eiv) +tt+m8n  it  cd  i* 
16.26.S 

mlniSd  tiaE(tt)-mitt-m8n  u  cd  u 
16.26.6     miNd  tt=iS'(tt)-in8n  «  od  i» 
,16.26.7     Dc  t*«  -B(«)+tt-l:iro  ,tt  dc  u 
16.26.8 

m,Nc  tt=-K(tt)+mitt+»n  «  dc  « 

16.26.9  m,So  t»=  --B(tt) +8n  «  dc  « 

16.26.10  Ns  tt=»  -fi(tt)  +tt-cn  u  ds  u 


16.27.8         J) = 1  +2        008  2»a 
16.27.4 

*4(a,  q)  «*«(«)  «1  +2        1)  Y*  «<»  2»« 

Thflia  functions  arQ  important  because  every 
one  of  the  JacoUan  elliptic  functions  can  be  ex- 
pressed as  the  ratio  of  two  theta  functions. 
See  16.36. 

The  notatidn  shows  these  functions  as  depend-- 
ing  on  the  variable  e  and  the  nome  q,  \q\<.l. 
In  this  case,  here  and  elsewhere,  the  convergence 
IB  not  dependent  on  the  trigonometrical  terms. 
In  thdr  reUtion  to  the  Jacobian  elliptic  functions, 
we  note  that  the  nome  q  is  given  By 


\ 


Poled 


Polec 


16.26.11 


Poles 


Db  tt=  — £(tt)  4  mitt— cn  tt  ds  u 

16.26.12  Cbtt=--B(i»)-cni»dst4 

All  the  above  may  be  expressed  in  terms  of 
JaQobi's  iseta  function  (see  17.4.27). 

Z(tt)«£:(tt)-^tt,  where  £«E(K) 

16.27.  TheU  Functlonst  Expansions  In  Terms 
of  the  Nome  9 

16.27.1 

4tis,  «)=*,(«)«2g"«g(-l)V"^"  Bin(2i»+1)« 
1647.2 

*f(«,«)=*f(«)-2«"*g«'"*'' cos  (2»i-|-l)a 
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where.  iiC  and  iiiC'  are  the  quarter  pei^ods.  Since 
q^q(m)  is  determined  when  the  paratneter  m  is 
given,  'we  can  also  regard  the  thetk  functions,  as 
dependent  jiipon  m  and  ^hen  we  write 

*.(a,5)«»*«(a|m),tt=l,  2,a,4 

but  when  n0  ambiguity  is  to  be  feared,  we  write 
tfg(0)'rimply. 

Tlw  above  notations  are  those  given  m  Modem 
Analysis  [16.6]. 

There  is  a  bewildering  variety  of  notations,  for 
example  the  function  M»)  ^bove  is  sometimes 
denoted  by  or  d(s};  see  the  table  given  in 
Modem  Analysis  (16.6).  Further  the  argument 
MP^iKzlw  is  fiequently  used  so  that  in  consulting 
books  caution  should  be  exercised. 

16.28.  Relations  Between  the  Squares  of  the 

Theta  Funetloiis 

16.28.1  *f(a)dJ(0)«*J(a)*J(0)~*J(«)«(0) 

16.28J1  *J(a)*5(0)-.*J(a)*J(0)-*?(a)*J(0) 

16.28.3  *|(a)*S(0)=*5(«)*I(0)-*f(«)*l(0) 

16.28.4  *J(a)*5(0)=*J(«)*l(0)~*!(a)*J(0) 
16.28J1  ^(0)+dl(0)«^(0) 

Note  also  the  important  relatbn 
16.28.6  *;(0)«*,(0)*,(0)*4(0)  or  die  W« 

16.29.  togarithmle  Derivatives  of  the  Theta 

FunetloBS 

i6.2».i  J|^='«o*'*+*gir^"'»^* 


•1/ 
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♦ 

16.31*  JaeoU*B  NoUtkm  for  Theta  Fimctioiis 

HI* 


16.29.4 


S5o 


8in2ntt 


16J0.  Logariduns  of  TlieU  Fonotloas  of  9am 
and  Differenoe 

1M0.1 

0 

lUOJ 


16.30.3 


+4  fj  "n  2iia  ain  2n^ 

SSl    »    1— J" 


la  -4  2        rAi  dn  2  n«  sin  2»/) 

1,(o— <l)     «={    i»    1— 5" 


16.30.4 


a.r  .... 


Th6  correspondii^  expreisiaDB  when  fi^iy  are 
easily  deduoed  by  use  of  the  fomulae  and 

4«3oS6a 


1041.1  e(tt|m)«e(tt)«<?4(i'),  ^ 

16.31.2  ei(tt|m)»0i(tt)a^,(9)ae(«+iO  / 

1641.3  9(tt|n)='H(tt)»a^(v) 

1641.4  H|(tt|m)«H,(tt)»tf,(«)»H(«+^ 

•■        •■  ■  f 

1642.  Cvlcuiation  of  Jacobi*s  Theta  FuneUoii 
6(«|m)  bjr  Uw  of  the  Arithmetic-Geometrie 
Mean  » 

|<orm  the  A.O.M.  scale  etartiiig  with 

1642.1        Oo^l,  (o'^'V^i'St^V^ 

ternimating  with  the  Nth  step  when  e,t  is  nogligible 
to.  the  atj^uracy  required.   Fi^cl      ia  degrees, 


where 
1642.2 


\ 


and  then  compute  successively  ^j^^i,  ^^.t*  • 
A,  M  from  the  recurrence  relation ' 


sin  (2^>,-,Pi,)«j8in«».. 


16424 
Then 
1642.4 

hi  e(ti|m)4  hi  2J?ffi5^ +1  In  5!>Lfezfi) 
+J  In  sec  (2^-<Pi)+|  In  sec  (2»^-<pi)+  . . 


+^to8ec(2«,r-i~*ir) 
16»9Se  Addition  of  Quartet^Poriods  to  Jaoobl^a  £u  and  Theta  Ptmctlona 


u 

— u 

II+2IC 

16JS.1 

H(u) 

-H(tt) 

H,(u) 

-H(u) 

iAf(tt)e(tt) 

r-Ar(u)H(u) 

it/(u)ei(«) 

iV(u)H(«) 

H|(u) 

H,(tt) 

-H(u) 

-H,(u) 

A'(u)ei(tt) 

iy(u)H,(u) 

-iA#(tt)e(«) 

-JV(u)H,(«) 

ei(«) 

ei(u) 

e(u) 

ei(u) 

A/(u)H,(u) 

.Ar(tt)ei(u) 

tA/(u)H(u) 

JV(tt)ei(u) 

e(u) 

e(«) 

«'AI(u)U(u) 

-Ar(ii)e(u) 

W(«)H,(u) 

-Ar(u)e(u) 

•  where 
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W(u)^exp(-|^)]«-*, 
JV(tt)o.[e«p(-^)]r* 


H(fi)  and  Ht(tt)  have  the  period  4ir.  6(tt)  and 
6t(«)  have  the  peiiod  2K. 

2iK'  is  a  qiiasi-period  for  all  four  functions, 
that  is  to  say,  morease  of  the  argument  by  2iK* 
multiplies  ^e  function  by  a  factor. 

■  583     •  ■ 
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16^  *.(«)« 


1M4.  Rdalkmof  JtteoU'tf^FiiiMtloiitoUw 
Theta  FnnctUMM 


Z(ti)-|jlne(t») 


oni» 


1(^.343 


16^4 


'2K 


16.aS.  Cidenlatloii  of  Ja«!ol>i*s  Z«ta  Funotlmi 
Z(u\m)  bM^ie  of  the  Afithmetle-GciiiiMtrio 
Mmh  I 

Fonn  Ui«  A^G.M.  scale  17.6  starting  with 

tcnninating  at  the  Mh  step  when  cm  is  negligible 
to  the  aceunu^  required.  Find  W  ^  degrees 
where 


16.35.2 


end  thm  compute  suooesriyely  tpw-u 
^  from  the  reeunence  relation 


•  •  •» 


Bin  (2iPb-i-sfti)«=r:«in<^' 


163SJ 
Then 
16.314 

Z(«|m)n0|  sin        sin  iPi^  •  •  •  sin 

16.36.  NevOk's  NoUtlim  for  ThoU  Fanetiono 

These  functions  are  defined  in  terms  of  JaooU's 
theta  f unctiods  of  16J1  bgr 
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e(tt) 

If  X,  M  are  any  integers  positive,  negative,  or 
sero,  the  points  «o+2Xl?+2MtJiC'  are  said  to  be 

hss  zeros  at  the  pohits  oongruent  to  0 
has  seros  at  the  p«^ts  oongment  to  K 
has  seros  at  the  points  oongment  to  iK* 
has  zeros  at  the  pnnts  oongment  to 

Thus  the  apffix  secures,  that  the  function 
has  zeros,  at  tiie  points  marked  p  in  the  intr»> 
ductoiy  diagram  hi  16.1.2»  and  the  constant  by 
whidi  JaooU's  function  is  divided  secures  that  the 
lea^Ung  coefficient  of  tf»(ti)  at  the  origb  is  unity. 
Therefore  tiie  functions  have  the  fundamental^ 
important  property  thut  if  p,  q  are  any  two  of  the 
letteis  s,  0,  n,  d,  the  Jaoobian  elliptio  function 
pq  «  is  given  by  \ 

These  functions  also  have  the  property 


16.363 


16.36.4  mr«**,(li:-«)«*.(«) 

t ' 

ihM  i»r"***(^-«)'=**«(i»)» 

for  complementary  arguments  u  and  K—u.  l 

In  terms  of  the  theta  functions  defined  in  16.27, 
let  9a«ti/(2K),  then  / 

16J6.6 


16.36.7 


FiouBiie.4.  NtvitU'aihitafwidioni 
*#(«),  *.(«) 


a 
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1^.  Eii>w»«ion  ma  Inanite  ProducU 

"  '  Vmrni/  a-i 
16^.2  '         "  /■ 

,,(^)«(ltei!!)"^c«i  •  5^  (l+2j»  COB  2r+«*) 
1^.4 


16.38.  Expression  m  Infinite  Serlee 

L6ti>««ii/(2K) 
16J8.1 

16.384  *4(«)-[^]'''{l+2fjsr*oa»2w} 
16.38.4 

16J8.S  (2K/»)''««l+2j+25«+2j»+  . . .  -*i(0,j) 
16.38.6 

(2K'Ar)"»=l+2ji+2jtf+2j}+.  .  .  «*i(0,ft) 

16.38.7  / 

(2m"«W»~2«*'*<l+<-^^V+«"+^+' •  •>  * 

16J8.8 

(2mJ'«KM"«=l-2«+2J*-2(t»+.  .  .=*«l0.fl)- 


Numerical  Methoib 


16.39.  Uee  and  Efetoneloii  of  the'Tdblee 

Eiample  1.  Calculate  no  (1.99660|.64)  to  4S. 
From  Table  17.1, 1.99660=*:+ .001.  Prom  the 
table  of  principal  terms 

nct»»--mr""/(t*— iO+ •  •  • 

*  nc  (g-H .0011.64)'^-  ^  001         •  1 


.001 
10000 


6 


+  ... 
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=-1667+ ... 

and  since  the  next  term  is  of  order  .001  this  value 
~  1667  is  correct  to  at  least  48. 

Examples.  Use  the  desoending  Landen  trans- 
formation to  calculate  dn  (.20|.19)  to  6D. 

Here  ma;  19,  m|'*<=^.9  and  so  from  16.12.1 


.10-«X7.67 


which  is  negligible. 
IVom  16.12.4 


<^'rw(W-n) 

<to(.20|.i»)  =7    IX '    r  l/n"' 

Now  from  16.13.3 


dn[.19|(^)']-.999061 


whence  dn  (.20|.19)».996263. 

Example  3.  Use  the  ascending  Landen  trans- 
formation to  calculate  dn  (.20|.81)  to  6D. 
From  16.14.1 


1+I»I"-yJ'  •-gx.20«.19, 
li{  b  atgligiblB  to  4D.  Thus 

58.1 
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d»'(..»ll 

m\  " 

dn  (.20|.81)-^X 


From  16.13.3 

dn(.lo||~)=gech  (.19)+|X3^  ***** 

^  [8mh.l0ooBh.l9+'19] 
.982218.+ jXgJj  (.187746)  (.982218) 
((.191145)(1.01810)+.19] 
=  .982218+ix3|j  (.184408)(.384608) 

.98221 8+ .0O0049»  .982267 . 
Thus  dn  (.20|. 81 )». 98406. 


Example  4.  Use  tha  ascending  Landen  trans- 
{(Mmation  to  calculate  on  (.20|.81)  to  6D. 

Using  16.14.4,  we  calculate  dn  (.20|.81)  and 
deduce  on  (.20|.81)  from  16.14.3  settling  the  sign 
from  Figuro  16.1. 

As  in  the  preceding  example,  we  reduce  the 

calculation  of  dn  (.20|.81)  to  that  of  dn  ^.19 1 
when 

dn(.19|||J)«.982267 

dn  (.20|.81)».984p56 
cn  (.20|.81)s>  .980278. 


Eiample  5.  Use  the  A.O.M.  scale  to  compute  dc  (.672|.36)  to  4D.  .  \ 

Prom  16.9.6  we  have  dc»(.672| .36) = .364- ^ _gna(^72| .36)'.  ^®  calculate  8n(.672|.36)  hy  thjB 
method  givien  in  16.4.  Form  the  A.O.M.  scale  ; 


n 

a. 

6. 

c. 

Ss 

! 

•   Bin  «>• 

sin  {ifM^t--^ 

0 
f 
2 
3 

1 

.9 

.  89721 
.89721 

.8 

.  89443 
.89721 
.89721 

.6 
.  1 

.0021 
0 

9 

.6 

. 11111 
.00311 
0 

.66546 
1.2069 
2.4117 
4.8234 

.60952 
. 93462 
.66679 
-.99384 

• 

.  10383 
.00207 
0 

.  10402 
.00207 

0 

^=2m,h  «=2»(.897^1)(.672)»4.8234 
continuing  until  c.»0  to  6D.  . 
Then-  complete  as  indicated  in  16.4  to  find  ^  and  so  sn  u  and  hence  dc  u, 

M=  .66546    ,sn«». 60952     dctt»  1.1740. 

Example  6.  Use  the  A.O.M.  scaTe  to  compute  e(.6|.36)  to  5D. 
We  use  the  method  expUined  in  16.32  with  ao«l,,6tt=-8«  <!|)=>.6. 
Computing  the  A.O.M.  as  explained  in  17.6,  we  find 

(For  values  of  a.,  6.,  e,,  see  Examine  S.) 


H 

Hill 

Rin  (2^^i-ip^ 

sec  (2*si-,-,(w) 

—yjlnBeo  (2^1-^ 

0 

1 

2 
3 

.  68803 
4.  0780 
2.  1633 
4.3066 

.56472 
.88101 
.83609 
91879 

— (  

.00789 
.00260 

0 

^  .00806 
.00260 
0 

1.0048 

1. 

1. 

.00120 

0 

0.  . 

and  then  complete  the  calculation  outlined  in  16.32  to  give 

hi  e(it|m)»-.06734+.02935+.00120 
« -.02679 
e(ttNB.97367. 


The  series  expansion  for  6  is  preferable. 

Rjfc 
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EnmpI*  t.  Use  the  fMri»  to  compute 

fii  (.63601  62|.09). 
9ere  we  UN  the  aeries  16.28.12,  X»  l.eOSOl  802, 

j=  .00680  414,  i»«^-^»mIm«»  0' 30^- 

Sinee  V  to  negU^We  to  8D,  we  have  to  7D 
»  (.63601 62|.00>(  <^ 
•  ^«^t*30P-|{jf^.io6(f} 

c9(.97683  3862)(1.73206  081) 

..3.90733  641[(:0(i003  4740)(:86eQ2  6404)1 

»1. 60180  83. 

Eumple  8.  Use  theU  funotioiis  to  odmpute 
tn  (.61?08|.6)  to  6D. 

Here  K(J).-1.86407 

.61802 


Thus 


1.86407 
^*'ao>l/2,a 


X00»«330» 
.46». 


«»  (.618021.6) 


.6^128 


.I-.66488 


1.04720 

from  TeUe  16.1.  \  ^ 

Enmple  9.  Use  theta  funetioDS  to  compute 

As  in  |bhe  preceding  enmple  \ 


so  that 


••«30«,  a»«4ii^» 

«,C61802|Ji)-J^^. 
We  use  Table  16.1  to  give  ^ 

Tots 


*,(30V6»)«. 60128 
(sec  46»)»*,(30»\46»)-1.02796. 


Therefore 

so  (.61802|.6)-Y^ 
«.68402. 

Eumple  10.  Find  sn  (.76342|.7)  by  invene 
interpolation  in  Table  17.5. 
This  method  is  eqJsined  in  chapter  17$  Bt amplo 

7. 

Enmple  11.  Find  «,giyen  that  cs  («|J})»'.76. 
From  16.9.4  we  have 


(16.1)  A.  BnMlyl  et  Higher  tnaseendwital  funotioiis, 
vol.  a  (MoGraw-HIU  Book  Co.,  lao.,  Now  York, 
N.Y.,  I»63). 

(I6.a)  t.  V.  King,  On  tho  diroot  ntttneriesl  ^eulatton  of 
olUpUe  funottona  sad  intepsto  (CamhrMae 
Uqlv.  ProM,  Csmbrldee,  EntfuMl^  1924): 

(1«.3]  W.  Magnos  and  P.  OborbetOnger,  FotiattlM  snd 
thAions  for  the  spooial  f unotldu  of  ai«tb»> 
maUoa  phyiles  (Cholaon  PabUahlag  Co.,  New 
York,  N.Y.,  1949).  ' 

|ie.4|  E.  H.  NevlUe,  JaeoMnn  olUptfe  ftinetloni,  9d  ed. 
(Oxford  Univ.  Pr«M,  London,/ BnglMid;  1961). 

(14.S]  F.  Trleoml,  EUlptfaehe  Punktlo^Bn  (AkMl^alMhe 
>     VorlagBgoMUMhaft,  Ldinig,  jOtmaaf, 

116.61  E.  T.  WhUtnker  sad  O.  N.  W/itwn,  A  oi 
modem  snalyeii,  oha.  90,  ah  99,  4th  ed 
bridge  Univ.  Praii,  Guabckita.  Enaland.  1 


Thus 

sn(ti|^)»J. 

We  have  therefore  replaced  the  problem  by 
that  of  fining  «  givoi  sn  (t»|m),  wbmp  mis  known. 
If  ^am  « 

i^i^sn  ttandso 

^a.0272962  radians  or  63.13010". 

FVomTablal7.8, 

t»F-J'(53.13O10V«')-"W39l. 

AltematiUly,  stating  with  the  a^ve  talue  of 
tfwecanuae  the  aMM.  scale  to  calculate  F( A*) 
as  explained  in  17.6.  This  method  is  to  be  pro- 
ferred  if  nire  figures  are  required,  or  if  a  diffeia 
firom  a  tab|ilar  value  in  Table  17.5. 

RefcventiM 

116.71  E.  P.  Adama  and  R.  L.  Wpplaley.  SmIthMnlMi 
mithwnatltal  formulaa  and  tabtoa  of  ellipUo 
fttMtlona,  3d  nprlnt  (The  Smithsonian  Insttta. 
tfa^n,  Washington,  D.O.,  1957). 
(16.81  J.         »««»^  ^  formuloi  et  de  tabtae  nmn*. 

rlquM  (Qattthler-VOlars,  Pails,  Aaaee^  1901). 
(16.91  E.  J«»>nke  and  F.  Bmde,  TMiTSf  f  onotfctns,  4tb 
0^  (Dover  Publleatlotts,  Ins.,  Now  York,  N.Y., 
1945). 


(16.101  L.  M.  MUneJCfemaon,  DtoeUlptlaohen  Funktlonon  ^, 
laeoflpiUus  BprlngBr,  BerUn,  Qermaay, 


1881)  • 

(16.111  L.  M.  Mflno-Thomson,  JaeoUaa  elUptle  funrtlon 
tabtaa  (Dover  PobUeatlons,  Ine.,  New  York, 
N.Y.,  1956).  . 

(16.ia)  O.  W.  and  a  M .  Speneeley,  BmHhsonlan  elUp^ 
funetlon  tablv,  Smithaonlan  Mlseollaneotti  Col- 
lootloo,  vol.  109  (Waridngton,  D.O.,  1947). 
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THCTA  PtN€TIUM» 


s 

10 

15 

20 

25 
30 
)5 
40 
45 

50 
55 
60 
65 
70 

75 
80 
85 
90 

*\« 

5 
10 
15 
20 

25 
)0 
JS 
40 
45 

50 
55 
60 
M 
70 

75 
00 

.\« 

0' 

5 

10 
15 
20 

25 
)0 
)5 
40 
45 

50 
55 
60 
65 
70 

75 
80 
85 
90 


0.00000  0000 
0.08715  574) 
0.17)64  8178 
0.258flfl  9045 
0.)42^014) 

0.42261  8262 
0.50000  0000 
0.57)57  64)6 
0.i4270  7610 
0.70710  6781 

.  0.76604  444) 
!  0.81915  2044 
0.86602  5404 
0.906)0  7787 
0.9)969  2621 

0.96592  5826 
0.98480  775) 
0.99619  4698 
l.OOOOO  0000 


0.00000  oooo 
0.09)5)  4894 
0.186)6  5)67 
0.27778  4006 
0^)6710  5)9) 

0.45HS  1078 
0.5)676  4494 

0.61581  nu 

0.69019  6t08 
0.759H  4980 

0.82272  'W)l 
0.87986  n21 
0.9)0)0  4365 
0.97)66  *64)1 
1.00961  2870 

1.0)786  5044 

1.05820  5585 

1.07047  0)66 

.1.07456  99)2 


W 

0.00000  0000 
0.11968  1770 
0.2)861  4577 
0.)5604  4091 
0.47120  615) 

0.58))2  )727 
0.19160  604) 
0.79525  0355 
0.89)44  6594 

0.  985)8  4972 

1.07026  640) 
1.147)1  5)49 
1.21579  4546 
1.27502  0900 

1.  )24)8  1718 

l.)6))$  0417 

l.)9150  081) 

1.40851  9209 

1.41421  )562 


0.80000  odoo 

0.087)2  1966 
0.17)97  9)62 
0.259)1  2677 
0.)4267  2476 

0.42)42  4)4) 
0.50095  )708 
0.57467  0526 
0.64401  )766 
0.70845  5688 

0.76750  584) 
0.82071  4821 
0.86767  7668 
0.9080)  6964 
0.94148  ^546 

0.96776  8848 
0.98668  68)6 
0.99809  5528 
1.00190  8098 


0.00000  0000 
0.09606  007) 
0.191)9  9811 
0.285)0  )629 
b.)7706  5455 

0.46599  )521 
0.55141  5176 
0.6)268  1725 
0.70917)264 
(^.780)0  )50) 

0.84552  450) 
0.904t)  1298 
0.95696  6)26 
1.08092  )589 
1.0)795  l^J, 

1.06706  1179 
1.08801  9556 
1.10066  1511 
1.10488  6686 

0.00000  0000 
0.12814  8474 
0.25558  9564 
0.)8160  )0)2 
0.50544  4270 

0.626))  5)61 
0.74)45  9784 
0.85596  1570 

0.  96294  9)80 
1.06)50  5669 

1.15670  0687 
1.24161  0747 

1.  )17))  9855 
l.)8)04  )549 

1.4)  795  )601 

1.48140  2159 
1.51284  3876 

1.5)  187  4716 
1.5)824  6269 


\ 


0.00000 
0.08782 
0.17497 
0.26080 
l|.)4464 

0.42586 
0.50)8) 
0.57797 
0.64772 
0.71251 


0000 
4152 
9967"  . 
4191 
)695 

Oiifc_ 
6)58 
7994 
1085 
4820 


0.77192  589) 
0.82544  2256 
0.87267  6562 
0.91)26  927) 
0.94691  1)95 

0^97)54  68)9 
0.992)7  4)67 
1.00)84  91)) 
1.00768  )786 


0.48110  64)7 
0.569)7977)5 
0.65))9  2178 
0.7)250  7761 
0.80611  4729 

0.87)64  07)9 
0.9)455  60n 
0.988)7  8598  , 

1.0)  467  8996  / 
1.07)08  5074 

1.10)26  6iOCt 
1.1250)  6)91 

1.1)  815  8265 
i.14254  4218 

7or 

0.0000Q  0000 
0.1)904  1489 
0.27747  6571 
0.41467  2740 
0.54994  7578 

0.68254  9))1 

0.  81164 ')704 
0*9)6)0  826) 
1.0555)  5)05 
U6824  nU> 

1.27)29  77)0 

1.  )695)  6895 
1.45580  7011 
1.5)099  888)  \ 
1.59406  7)80  \ 


W 

0.00000  0000 
0.08867  )070 
0.17667  1584 
0.26)52  6099 
0.54797  inV 

.0^998  1)06 
9^871  )952 
0.58)57  61)4 
0.65)99  8067 
0.71944  )681 

0.77941  4712 
.  0.6))45  4505 
0.86115  1505 
0.92214  Z410 
0.95611  4956 

0.90281  0)11 
1.00202  5068 
1.01)61  2807 
1.01748  5224 

46'  - 

0.00000  0000 
0.10287  9))1 
0.20501  0420 
0.)0564  8)49 
0.40405  4995 

.0.49950  2749 
i».59127  8602 
0.67868  8658 
0.76106  )101 
0.8)776  1^7 

;  0.90817  9128 
/  0.97175  1955 
1.02796  )695 
1.076)5  2410 
1.11651  J50) 

1.14811  2152 
1.17087  7067 
1.18461  4727 
1.16920  7115 

76* 

0.00000  0000 
0.15)72  0475 
0.)0706  5715 
0^960  9511 
0.61082  7702 

0.76005 .6920 

0.  90647  6261 
1.04907  2506 

*  1.18666  00)7 

1.  )1786  6740 

1.44126  6644 
1.55522  4175 
1.65814  9)52 
1.74846  0610 
1.02467  15)2 


ar 

•25 

85 
80 

70 

0.00000  0000 
0.06988  7414 
0.17909  1  708 
0^669)  4692 
0.l527CWK 

0.00 JOO  0000 
0.09149  50)4 
0.18229  6223 
0.27171  4833 
0.35907  2325 

0.4)M«  216y 
^.51970  14)5 
1^59159  966) 
0.66299  9145 
0.729)5  605) 

0.44370  5382 
0.52497  0057 
0.60225  0597 
0.67495  6130 
0./4253  3161 

65  • 
60 
55 
50  . 
45 

0/7901*6  4790 
0.84496  178) 
0.89))2  908) 
0.9)489  7610 
0*969)5  0025 

0.80446  »66)- 
0.66028  069^9 
0«909>5  1166 
0.95189  9199 
0.9^700  0216 

40- 

35 

20 

0.99642  )21) 
1.01591  0)50 
1.02766  2527 
1.0)158  9925  ; 

1.01458  4761 
1.03444  0908 
1.04641  6011 
1.05041  7974 

15 
10 
5 
0 

W 

1.64417  0149  \1.66545  5864 

1.68050  33)6  1.92971  0721 

1.70253  20)6  I^5M0  6998 

1.70991  3565  M6563  Wit 


0.00000^0000 
0.10740  5619 
0.21405  3194 
0.31918  5434 
0.42204  9614 

0.52189  9092 
0.61799  6720 
0.70961  8904 
0.79606  0581 
0.67664  1114 

0.95071  1025 
1.01765  9)99 
1.07692  1759 
1.12796  6100 

.U7041  0792^. 

1.20)81  2008 
1.22789  0)46 
1.24242  6)37 
1.24728  6566 


0.00000  0000 
0.17522  3596 
0.35063  9262 
0.52633  5260 
0.70219  9693 

0.67763  6622 
1.05251  4778 
1.22511  1660 
1.39412  6403 
1.55769  23)4 

1.71)63  1283 
1.65953  2258 
1.99265  2358 

tll03  3523 
1162  7665 
9242  tux 
2.35155  6149 
2.)6762  2438 
2.39974  )6)7 


0.00000  0000 
0.11291  2907 
0.22506  4618 
dO«3)569  3043 ' 
0.44403  4769 

0.54932  5515 
0.65080  164) 
0.74770  4)67 
0.63928  2749 
0.92480  2069 

1.00355  1297 
1.07485  2509 
1.1)807  1621 
1.19262  9)42 
1:2)601  2299 

1.27)jr8  )626 
1.29959  25)3 
,  1.31516  2322 
1.520)9  6454 

W 

0.00000  oooo 

0.21321  7690 

0.42644  )440 

0.6474)  4941 

0.67146  4767 

1.10111  62)9 
1.3)^2  5616 
1.5926  6297 
1.61633  99)9 
2.05a6  7615 

2.29072  )4l7 
2.51529  0558 
2.72469  4161 
2.91357  ^59 
5.07666  674) 

3.20921  2227 
3.)070i  7)13 
3.)6709  9918 
3.)6728  7004 


ERIC 


Incalfidatifigelliptteruiieliofiolhmi  th^  thi  modular  anglo  excoodi  about  un 

the  dttMtding  Landoit  tranforaatioii  19»13  to  induoo  doptndoiiM  on  6  imailar  modular  angle. 
ComiiiM  from  E.  R  Adams  and  R.  L  Hlfipiiloyi  gmiUioonian  mathematkal  formulao  and  tabteo  of 
elliptk  ftinetiono,  8d  refrtnt  (Tho  SmltKoonian  Insttlutidn.  Washington^  D.d  19&7)  (with  permisibn). 
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40 

«• 

9 

10 
IS 
10 

2$ 
SO 
9S 
40 
4S 

90 
9S 
60 
69 
70 

79 
80 
89 
90 


0* 

9 

10 
19 

ao 

29 
90 
99 
40 
49 

90 
99 
60 
69 
70 

79 
80 
89 
90 

0» 
9 

10 
19 
20 

29 
90 
99 
40 
49 

90 
99 
60 
69 
70 

79 
80 
89 
90 


or 
1 

i» 

1 

1 

1 , 

1 
1 
1 
1 
1 

1 
1 
1 
1 
1 

1 
1 

1- 
1 


1.00000  00000 

1.00001  44942 
1.00009  7»62 
1.00012  7n04 
1.00028^1. 

1.00094  07^82 
,   1.00047  70246 
'  1.0006J-77491 
1.00071  19809 
1.00099  40492  . 

1.00U1  OTin 
1.00U8  09992 
1.00149  lOm 
1.00196  790M 
1.00168  48992 

1.00178  02800 
/  1.00189  09621 

1.00189  96042 

1.00190  809S« 


W 

1.00000  00000 
1.00096  64294 
1.00224  89079 
1.00499  91900 
1.00872  28461 

1.01991  89978 
1.01864  21989 
1.02499  29749 
1.09081  00797 
1.09720  49990 

1.04979  90129 
1.09009  67990 
1.09992  71242 
1.06U9  10260 
1.06904  67280 

L06997  49899 
1.07292  19226 
1.07400  94764 
1.07496  99918 


1.00919  89299 
1.01249  94672 
l.a768  16904 
1.04894  97009 

1.07982  76019 
1.10999  71989 
1.19604  11010 
1.1708t  99642 
1.20684  91910 

U4281  67997 
1 J7771  04n9 
1*91046  99789 
1.94007  89497 

1.98640  11169 
1.40169  28947 
1.41109  92970 
1.41421  99624 


88* 

1.00000  00000 
1.00079  66899 
1.80916  29908 
1.00702  96701 
1.01226  87419 

1.01879  24999 
1.02622  04948 
1.09490  92908 
1.84999  90787 
1.09244  17208 

,1.0^94  84686 
1.07097  89902 
1.07866  97978 
1.08619  29221 
66842 

1.09786  02047 
1.10172  97796 
1.10408  99048 
1.10488  66899 

66* 

1.00000  00000 
1.00406  92297 
1.01619  90089 
k09989  91969 
1.06269  79829 

1.09979  79998 
1.19408  0O499 
1.17691  06709, 
U2176  77148 
1.26848  10998 

1.91929  91927 
1.96810  17261 
1.40tt0  91647 
1.44179  99799 
1.47901  81948 

1.90209  00916 
1.92194  10914 


•ram  niNcnoNs 
w  IP 


LOOOOO  00000 
1.00009  89670 
1.00029  16949 
1.00091  47160 
L00e89  88922 

1.0019t  29717 
1«00192  09464 
1.00292  78880 
1.00917  47M1 - 
1.00984  11928 

1.00490  9M0S 
1.00919  98979 
1.00976  28992 
.1.00691  14199 
1.00678  49999 


..00716  90696 
1.00749  20912 
1.00762  94187 
1.00768  97897 

1,00000  OOOM 
1.00108  26299 

1.01667  29979 


1.02949 

i.o»«i 

1.0(689 
1.09889 
1.07126 

1.08964 
1.09964 
1.10690 
U1708 
142986 


62012 

am 

09786 
07481 
68617 


1.00000  OOOM 
1.00019  28199 
1.00092  72498 
1.00117  12879 
1.00204.99820 

1.00912  29684 
1.00497  19049 
1.00979  24tt2 
1.00722  44718 
1.00874  26104 

1.01026  07491 
1.01179  27999 
1.01911  9«67 
1.01496  22996 
1.01949  98409 

1.01691  9W94 
1.01699  79799 
1.01799  24097 
1.01748  92297 

LOOOOO  00000 
1.00149  67802 
1.00970  990tf 
U1267  06962 
1.02212  67199 

U9978  46028 
1.04729  09271 
1.06229  97924 
U7816  10197 
1.09498  82886 


92917 
99724 
42279 

inttN^ 

79498 


1.19299  42999 
1.19824  99698 
1.14146  12760 
1.14294  42177 

W 

1.W000  00000 
1.00994  44028 
1.02121  99717 
1.04719  96697 
1.08298  98086 

U2S89  71988 
1.17627  97799 
U9214  91946 
1.29176  918a 
149999  89717 

1.41904  49419 
1.47494  78992 
1.99129  64694 
1*98218  06891 
1.62620  90720 

1.66199  87940 
1.68892  00891 
1.70447  27784 
U0991  99691 


UUOl  . 
U2694  69970 

1.16706  7770^ 

147692,88244 
U8990  00969 
lAVnh  94140 
1.18920  7^190 

\ 

1.00720  88997 
1.02862  79974 
1.06969  90679 
141122  86909 

147001  240^8 
U9826  9tm 
1.91998  80140 
1.99491  71291 
1.47869  07744 

1.96299  67709 
1.64429  29179 
,  1.72108  41609 
1.79070  70019 
149094  99670 

U9989  92090 
1.99602  M909 
1.99816  92961 
1.96969  09108 


T«Mel6.1 


aor 

1.00000  00000 
1.00029-^9609 
1.00099  2^ 
1.00211  U200 
1.00969  99191 

1.00964  21479 
1.00789  74700 
1.01099  27999 
L01909  21819 
1.019W  49474 

1.01899  77149 
1.02119  71444 
1.02969  24929 
1.02994  77996 
1.02789  49992 

1.02947  97972 
1.09069  WOl 
1.09194  99692 
1I09IS8  99246 

Bor 

LOOOOO  OMOO 
1.00187  71779 
1.00749  17890 
1.01699  47699 
1.02091  00179 

1.04414  27466 
1.06179  07961 
1.08191  8«70 
1.10219  29199 
1.12960  21098 

1.14S07  97802 
U6S09  94209 
1.10949  40490 
1.20909  94999 
1.21894  29928 

1.29071  12287 
1.29982  91648 
1.24940  69249 
1.24728  69897 

8or 

LOOOOO  00000 
1.01026  06489 
1.04076  49440 
1.09068  07998 
149864  11101 

1.24276  19421 
1.94068  09199 
1.44960  99094 
1.96696  9n90 
1.68792  66770 

1.80942  88499 
1.92899  82829 
2.04094  94606 
2*14249  29249 
2.29090  12199 

2.90289  04969 
2.99609  12990 
2.9W79  86799 
2.99974  98970 


26f 

1.00000  00000 
1.00098  »7§9 
1.00192  WtTT. 
1.009^7  79404 
1.00989  77498 

1.00900  49074 
1.01260  44291 
1.01698  69227 
1.02089  14019 
1.02920  88990 

1.02998  699W 
1.09989  08892 
1.09781  94098 
1.04141  29961 
1.04492  01922 

4.04704  09862 
]i04889  76746 
1.09009  49899 
149041  79799 


66* 

1.00000  00000 
1.00249  09914 
1.00964  88009 
1.02149  61911 
1.09749  96974 

1.09716  "^29190 
1.08002  00289 
1.10991  40947 
1.19227  7WW 
146009  27802 

t.10791  40899 
1.21489  61996 
1.240a  82992 
1.26910  97M9 
1.28287  96204 

U9890  79994 
1.91072  29898 
1.91799  99099 
1.92099  64940 


1.00000 
1.01669 
1.06618 
1.14791. 
1.29879 

1.99729 
1.99997 
1.74191 
1.99819 
2.14989 

2.99264 
2.99792 
2.79909 
2.99169 
9.08742 

9.21489 
9.90946 
9.96764 
9.98728 


90 
89 

—10 
79 
.  70 

69 
60 
99 
90 
49 


40 
99 
90 
29 
20 

19 
10 
9 

90« 

89 

80 

79 

70 

69 
60 

S9 


88247 
98299 
99069 
62174 

29218 
26706 
97980 
19999 
99792 

71220 
12198 
84991 
29999 
47870 

91220 
92989 
82912 
70097 
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In  e«tealatfaigelU|>tte  (Unetk^  fifom  tlietoltoetkmi^jWlwi  the  modular  Miglo  «Bseed»  about  60*, 
d«wlfag  t«id«  tiMrfoniiatloa  l«.ia  to 


40 

99 
90 
29 
20 

19 
10 
9 
0 


uaetiM 


JAOOBUN  BLLOmO  fGMOnONB  AND  IBITA  fCHOnOMS 
LOCAaiTMMIC  DEMVATIVB9  OP  THETA  rVNCTIONS 


s 

10 
IS 
20 

2S 
90 
5S 
40 
4S 


11.4900S 

s.«n2a 

9.7920$ 
2J474I 

2.-M491 
1.79209 
1.42019 
U9179 
1.00000 


29 
90 
99 
40 
49 

SO 

ss 

60 
6S 
70 

79 
00 
09 
90 

0« 

s 

10 
19 
20 

29 
90 
95 
40 
49 

90 
S9 
60 
69 
70 

79 
80 
89 

90  . 


10.69089 
9.28496 
9.47826 
2.96090 

1.99919 
1.61498 
1.99189 
1.11167 
0.93901 

0.78907 
0.69999 
0.99902 
0.49949 
0.19992 

0.is028 
0.16471 
0.08179 
0.00000 


8.92941 
4.19849 
2.72999 
2.01990 

1.97876 
1J8047 
1.06066 
0J8940 
0.7S000 

0.69242 
0.99029 
0.49911 
0^99609 
0.27889 

0.20984 
049972 
0.06742 
0.00000 


\ 


11.40829 
S.66049 
9.72495 
2.74229 

2.14049 
1.728^9 
1.42949 
1.18949 
0.99810 

0.89790 
0.69888 
0.97629 
0.46942 
0.969?8 

0«26744 
0.17999 
0.08792 
0.00000 

as* 

10.97119 
9.14649 
9.98790 
2.49490 

1.94749 
1.97948 
1.29791 
1.00992 
0.90998 

0.76999 
0.69749 
0.92979 


11.94906 
^  9^812 
1.70969 
2.72698 

2.12820 
1.71888 
1.41729 
1.18270 
0.99240 

0.89279 
0.69489 
0.97297 
0.46277 
0.96121 

046992 
0.17499 
0.08689 
0.00000 

4or 

10.04914 
;  4.98711 
'  9.28290 
2.41789 


ur 

;U29449 
S.97427 
9.66829 
2.70091 

240787 
1.70248 
1.40978 
l.in49 
0.98296 

0J2481 
0.68890 
0.96794 
0.49899 
0J9n9 

046940 
0.17994 
0.08600 
0.00000 

.48! 

9.68479 
4.80696 
9.16902 
2t991)9 


1.88828i«_^  1.82172 
1.9260r^  ^* 
1.29919 
1.09194 
0.88902 


0.74191 
0.61929 

  0.91099 

4.42482  0J1292 


0J9169 


0.92248 


1.47 
1.21991 
1.01992 
0.85999 

0.71714 
0.99918 
0.49462 

0.91242 


7ff 

11.W279 
9.49V02 
9.6187» 
2.66414 

2.07952 
1.67962 
.  1.98497 
1.19977 
0.96989 

0.01909 
047919 
0.96001 
0.49292- 
^99906 

0.29992 
0.17109 
0.08417 
0.00000 

50* 

9.27764 
4.60589 
9.09969 
2.29609 

1.74799 
1.41419 
1.16828 
0.97687 
042199 

0.69066 
0.51 ''49 
0.47>09 


25^ 

10.88811 
9.40299 
9.99996 
2j61756 

2.04929 
1.69041 
1.96096 
1.19S81 
0.9991S 

0.79987 
0.66754 
0.99047 
0.44464 
0.94708  . 

0.299S9 
0.16816 
0.00944 
0.00000 

« 

8.82657 
4.98992 
2.88899 
2.19062 

1.66695 
i.99001 
1.11647 
0.99462 
0.78679 

0.66292 
0.99441 
0.49846 


S9SI  047125 
168  0.29042 


85... 
80 
75 
70 

69 
'  60 
55 
90 
45 

40 

99  . 
90 
25 
20 

19 
10 

9 

0 

«/«, 
90« 
89 
80 
79 
70 

69 
60 
99 
50 

49  ,■ 

40 
99 
90 

25 
20 


0.24424 
0.16076 
0.07977 
0.00000 

0.29017 
0.19199 
0.07922 
0.00000 

0.22299 
0.14649 
0.07270 
0.00000 

D.21419 
0.14114 
0.07009 
0.00000 

19 
10 
9 
0 

SET 

IV  ; 

nr 

88* 

•A 

« 

7.78200 
9.86990 
2.99490 
1.08990 

m 

7.17694  1 
9.97298  ' 
2.96929 
1.7^8 

m 

,6.49796 
'9.24096 
2.19026 
1.60097 

5.71041 
2.85790 
1.90678 
1.42949 

4.n269 
2.97760 
140609 
1.22261 

90* 

09 

80 

79 

70 

1.4890» 
1.20992 
1.00096 
0.84142  ^ 
0.71191 

1.97991 
142492 
0.99797 
0.79086 
0.67101 

1.26609 
1.09799 
0.86969 
0J9784 
0.62941 

149996 
0.94288 
0.79719 
0.60229 
0.98662 

1 

0.99169 
0.89499 
0.71797 
0.62944 
0.94958 

69 
60 
99 
50 
45 

0.60129 
0.90926 
0.41992 
0.94069  / 
0.26719  / 

0.96918 
0.47987 
0.99949 
0.92992 
049974 

0.99662 
0.49494 
0.91992 
0.91094 
0.24484 

0.90411 
0.42988 
046140 
049684 
0.29497 

0.47247 
0.40690 
0.94468 
0.28519 
042665 

40 

99 
90 
29 
20 

0.19749  / 
0.19094/ 
0.06478/ 
OtOOOOCy 

048999 
0.12512 
0.06224 
0.00000 

0.18170 
0.12026 
0.09988 
0.00000 

0.17490 
U1601 
0.09704 
0.00000 

046949 
041272 
0,09620 
0.00000 

19 
10 
9 
0 

In  ealeulating  elliplk  f^MtioM  from  tbeta  Ainetioiiit  whm  tlM  modulor  uigie  eueeda  about 
W,  use  thedcMRMling  LMidm  tmnaformation  KIS  to  tnduM  dopondom  oa  •  nulter  mod- 
ular angto. 
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JACOBIAN  BlXIPno  rUNGTIOMB  AMO  TBtflk  FUNOTIOMB 

lAGAMTHMlC  DERIVAHVES  OP  THETA  FUNCTIONS       Talile  16.2 


^9 
9*  . 

15 
20 

25 
SO 

ss 

M 

M 
70 

75 
60 

8 

0«  , 
5 
10 

» 

25 
M 
15 
40 
45 

SO 
55 
60 
» 
70 

75 
00 
05 
00 

^« 

0* 

5 

10 
15 
20 

25 
30 
)5 
40 
49 

50 

S9 
60 
65 
70 

75 
00 
.05 
M 


or 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 


80* 

0.000000 
0.012059 
0.029711 
0.094969 
0.044277 

0.092520 
0.059074 
0.069790 
0.066904 
0.066907 

0.065561 
0.062in 
0.056909 
0.050157 
0.041905 

0.092409 
0.022169 
0.011295 
0.000000 


0.000000 
0.052090 
0.101610 
0.146471 
C 104695 

0.214005 
0.29«S14 
0.249949 
0.259651 
0.250000 

0.299101 
0.222005 
0499699 
0.172751 
0.142205 

0.109049 
0.079794 
0.097222 
0.000000 


6* 

0.000000 
0.000991 
0.000651 
0.000950 
0.0O1224 

0,001450 
0.001649 
0.001700 
O.001074 
f.0O1909 

0.001079 
0.001707 
0.001647. 
0.001457 
0.001222 

0,000951 
01000650 

£oo^o 

0.000000 


86* 

0.000000 
0.016511 
0.092444 
0.047240 
0.060427 

0.071550 
0.000900 
A006442 
0.009027 
0.090424 

0.000207 
0409549 
0.076400 
.0.067122 
0.055909 

0.049944 
0.029945 
0.014960 
0.000000 


0.OO00N 
0.069094 
0.U2704 
0.176024 
0.220691 

0.259229 
0.270976 
0.292010 
0.294991 
0.200691 

0U74426 
0.259926 
0.226949 
0.195171 
0.160167 

0.122405 
0.(102664 
0.041645 
0.000000 


10* 

0.000000 
0.001924 
0.002607 
i  0.009011 
0.004097 

0.00i^099 
0.006591 
0.007147 
0.007406 
0.007596  ' 

0.007476 

0.007129 

0.006966^ 

0.009005 

0.004060 


0.00298  . 
0.001914 
0.000000 


w 

0.000000 
0.021794 
0.042671 
0.062057 
0*079221 

0.099<(09 
0.104704 
0.112477 
0.116544 
0.116970 

0.119000 
0.107409 
0.090091 
0.009949 
0.071559 

0.055)09 
0.097660 
0.019067 
0.000000 

70* 
0.000000 
0.076222 
0447056 
0.210990 
0.262500 

0.901199 
0.926929 
0.990917 
0.990900 
0.920990 

0.910999 
0.204990 
0492990 
0.216020 
0477204 

0494996 
0.090960 
0.049769 
0.000000 


15* 

0.000000 
0.002904 
0.009079 
0.000909 
0.011024 

0.019124 
0.014019 
0.016097 
0.016004 
0.017097 

0.016799 
0.015962 
0.014691 
0.012979 
0.010079 

0.000455 
0.005700 
0,002999 
0.000000 

46* 
0.000000 
0.027707 
0.094490 
0.079124 
0.100709 

0410790 
0.192999 
0.141791 
0.146411 
0.146447. 

t).l42097 
0.19)670 
0.121992 
0.106)02 
0.000)10 

0.06014) 
0.046))9 
0.02344) 
0.000000 


75* 
0.000001 
0.092060 
0.17929) 
4499729 
0.912762 

0.954779 
0.979910 
0.909999 
0.909690 
0.970990 

0.946)09 
0.919020 
0470119 
0497026 
0492029 

0.146979 
0.090902 
0.049429 
0.0$0000 


0.0 
0.005910 
0.010466 
0.015209 
0.019616 

0.02)992 
0.026910 
0.020407 
0.029776 
0.090154 

^.029616 
0.020105 
0.025912 
0.022071 
0.019154 

0.014077 
0.010165 
0.005157 
0.000000 


5©" 
0.000000 
0.094760 
0.060007 
0.090650 
0.125900 

0447169 
0.169627 
0.174990 
0.179290 
-0.170606 

0.172619 
0461704 
0.146690 
0.127099 
0.109992 

0.001570 
0.055999 
0.020000 
0.000000 

0.000000 
0.119607 
0.221944 
0.909002 
0.976971 

0.420046 
0.442452 
0.446592 
0.499607 
0.419176 

0401011 
0.949074 
0.901140 
0.294996 
0.206991 

0.196019 
0.104974 
0.092449 
0.000000 


28* 
0.000000 
0.000997 
0.016401 
0.029999 
0.090690 

0.096462 
0.041079 
0.044994 
0.046992 
0.046046 

tf.049990 
0.0496M 
0.040077 
0.099920 
0.0^996 

0.022995 
0.015661 
0.007942 
0.000000 


66* 
0.000000 
0.042791 
0.009609 
0.120999 
U59099 

0479001 
0.190206 
0.210100 
0.219002 
0.21^ 

0409102 
04914tt 
0472091 
0.190196 
0.124090 

0.099921 
0.064622 
0.092691 
0.000000 


86* 

0.000000 
0.199401 
0409421 
0.999712 
0.467099 

0.907010 
0.520777 
0.912966 
0.490019 
0.456422 

0.4159)9 
0.969741 
0.920660 
0.269491 
0.216700 

0.16)217 
0409009 
0.054610 
O.OQPOOO 

7 


90* 

,  09 
00 
79 
70 

69 
60 
99 
90 
49 

40 
99 
90 
29 
?0 

19 
10 

9 

0 

•A 
90* 
09 
00 
79 
70 


69 
60 

49 

40 

99 
)0 
29 
20 

19 
10 

9 

0 

•A 

90* 

09 

00 

79 

65 
60 
95 
90 
49 

40 
95 
90 
25 
20 

15 
10 
9 
0 


In  caleuiBtiQgclltptk  fkmptbni 
oof ,  VM  tho  daMMidiflg  Uwlcn 


IWmi  Ut«U  fUMtlons,  irtM  the  modular  angle 
buttteniitkm  1111  to  iikKioe  dependenee  an  a  amalkr 
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17.  Elliptic  Integrals 

.    \  L  M.,Mim»»-Thoiisoh  »  i 

,  ContentB  N 

PkflB 

^^^ttA^^^S!m^SiV^  integnib   ^ 

17.2.  Canonical  Foods  ^  •  •    ^ 

174.  GimpleteliaUiitiolBtegrds  of  the  Fint  and  Second  Kind^  590 

17.4.  In^plttoiaUptklntegnJsoriheFintaiidSeoondKi^  .  502 

17.6.  ThMPvooeas  of  tho  Arithmetic-Qeoitielno  M  ...  o«8 

17.7.  ipKie^tflffrdsoft^^  .  \  .  .  .  600 

N«»«rleia  Method*  .*  ..j   ^ 

17J.  Use  and  Eitonskm  of  the  TaUea   ^ 

  606 


Tal)l«l7.l.  Complete  BDiptio  Integral*  of  the  FSmt  and  Second  Kinds 
andtheI|^4Witb  AigumentthePwameterm   608 

K(m)1mf^h  15D;«(m),«i(m),  15D;  £?(m),  i7'(m),  OD  J 

m«0(^l)l  1  7 

TaUo  HA  Complete  EDiptio  Integral*  oA^  Fi»t  and  Second  Kind*  _ 
and  the  Nome  0  With  iigument  the  Modular  Angle  a   610 

«'(a).  «(«),  «i(a),  m 
a-O'dW*  ) 
TaM^T J.  FttMmeter  m  With  Aigument  A:^(m)/IC(m)  

JC>)/jr(m)-.8(.0a)8,  lOD 
TaUe  17.4.  Aiutfliary.Funotion*  for  Computation  of  thie  Nome  0  and  t^. 
Perameterm.  /• 

Q(m)-fli(«)M.  WD  / 

Km)— X(m)+^ln(lJ).  loD  , 


m,n0(.01).16  ■  \ 
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Tahle  174.  EUiptio  integral  of  the  Fint  Khid  F(Aa)  -  -  -  -  j  •  • 

<i«0«(2»)90»,  a'ClO'OW'.  *«0'»(6»)90»,  8D  %  ; 

Tahle  174.  EUiptie  Integral  of  the  Second  Kind  E{f\a)  .  .  X .  .  •  \  016 

<i-0«(2«)W»,  8»(lO<086»,  ^«0«(«W»  «I>  / 


•  VpimMf  of  Ariseaa.  (PiepsNd  uader  wHb  tt*  Ifatleaal  Bunaa  d 

Olndai^) 

887 


the  1^ 
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Table  11*1,  Jacobiftn  ZeU  Fusotion  Z(p\a)  .  .  »   619 

ValiieB<ifir(a)Z(^\>) 

«=0»(2»)90*  5*(10»)8&»  ^0»45»)90»,  6D 
Table  17A  Heumaa's  Lambda  FunoUon  Ao( A^)  ..........  623 

«=0»(2«»)W«»  ftW«)86»  ^0»(««)90» 
^      Ti^  17*9*  EUiptio  Integral  of  tbn  Thiid  Kind  C(n;  A<>)   625 

\; ,  The  Mtiior  Mknowledges  wlUi  (hai^ 

tittii  <rf  the  enmitei  Rutb  B.  QqraMO  to 

MdAodreaeMioplliv  Table  n«9a  \  .^-^^ 
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.17.  EUiplic  Integmk 

Mathematloal  PkopertiM 
llJl,  Mnltlmi  of  iniptto  Intcgvab 

if  H(x,  y)  b  ft  ntionat  fnneUon  of  «  uid  y, 
where  |^  0  equftl  to  ft  oubio  or  qtutfUo  polynomial 
in  s,  the  integnl 

M.1.1  J«(*',y)<to 

ii  cdled  ftn  tiil00raf . 

The  ettiptie  integrd  just  defined  caa  not,  m 
generftl,  be  eiprened  in  terms  of  elementftiy 
funetirae. 

Eaeeptioni  to  this  are 

(I)  when  i?(s,y)  contains  no  odd  lM>««n  of  y.  / 
(U)  when  the  polynomial  y*  has  ft  repeated  fao^. 

We  theiefon  exdude  these  oases.  / 
By  sttbstituting  for  y*  and  denoting  by  9^,(9)  a 
polynomial  in  s  we  get '  / 


/ 


m 


where  and  are  ration^  fimetions  of  a. 
Hence,  by  expressing  ss  ^  snm  of  a  poly- 
nomial and  partial  fractions  / 

J«(«,y)<te«J«i(af)d*+I.4,JjfV"'<to 

+2A  Jl(«-«)VJ-«» 


Let 
IT.1.2 

V«o^+a,a^+orf«W+a<  (|ao|+|«i|HO) 
-A,(»-«)*+ft>(»-«)f+*i(«-«)'+*»(»-«)+** 
/  (|*.|+|6iM0) 

17.1.$  f.-J»V-'«i^.«^«Jlv(»-«)'l*'<to 

By  integrating /'the  derivatives  of  yae'  and 
yix-^e)''  wg  get  t^  reduction  formuUe 

n;i.4 

+iy2t4-l)/.+e«4/.-i=«^  (•=0,1,3,  .  .  .) 


ERIC 


i7.U 

(2ls)ftB/,-,+iati(3-2«)J»i,+6,(l-«)^.-i 

4-|6,(l-2s)J.-«6#7rM=y(»-«)"* 

(•=1, 2, 3,  .  V  .) 

By  means  of  these  reduction  foimuhM  and  cer- 
tain tranitformations  Oms  Bfrnplee  1  and  2) 
every  elliptio  int^;ral  can  be  brought  to  depend 
on  the  integral  0)  a  rational  function  and  i>n  three 
canonical  forms  for  eUiptio  ktegrals. 


17.2.^Gaiioiiieal  FofUM 


17^1 


/ 


m«sin*  o;  m  is  the  parameter, 

a  is  the  modular  angto 


00s  ipaonit 


/ 


17.2iZ 
17.24 
17.2.4 

(1-m  sin*  ^)i»dni»»A(^),  the  delto  amplitude 
17.2.5  ^aarcsin  (sn  ii)nam  11,  the  amplitude 

17A6  r(l-ain«asb««)-«« 
17A7  .J'ta-t'Xl-m**)!-*!** 

EmpttolBtasraloftlM  SeeoBtdKlnd 

MAS  ^?(Aa)--B(i»|m)-£'(l-««)-Hl-m<«)Ml 
-J^l-8in«aein«^»d* 
— J^'dn^wdw 
•-mitt-fmJ^*on*«cltt> 

59^ 


17.2.9 

17.2.10 

17.2.11 


ELLIPTIC  INTEORALS 


— mj*  m'wdw 


17^13 


i?or  theta  funoUobs,  see  ehaptper  16.)  | 

n(n;  A«) « J]^  U  -n  mo*  ^"'(l  -sin*  a  Bin*  $\  ^'d$ 

If««Bii(tt|m)\ 
17.2.1S  ' 
n(n;  tt|»»)- J[*  p  -n<«)->((l-<*)U-»»<')l""y« 

17A16     -  J^"  (1  -«M^"  («|m))-y«i> 

Tha  AmpUtttda  if 
17^1*17  i^^am  ttsaaroein  (sn  «)Barcsi]i  x 

oan  be  caloutated  front  TaUm  17*5  and  4*14# 


Dependence  on  th^  parameter  m  b  denoted  by  a 
vertical  stroke  pr^^ceding  the  parameter,  i4*r 

HMh  I  ■ 

Together  with  ihe  parameter  ^  we  define  the 
Mmjiementttry  paJameter'  mi  by 


When  the 
airanged,  see 


in+mi«l 

leter  is  real^  it  can  always  be 
that  O^i^^l. 

TtoMedttlsf  Aafka 

Dependence  on  the  modular  angle  a,  defined  hi 
terms  of  the  parameter  by  11 AU  is  denoted  by  a 
backward  stroke  \  preceding  the  modular  axiglci 
thus  E(p\a).  The  empUmentary  mwMar  angle 
is  a  or  90^— a  according  to  the  unit 
thus  mt«»sb*  (90^— a)«eos*  a. 

TIm»  Modulus  k 

In  terms  of  Jacobian  elliptic  functions  (chapter 
16),  the  modulus  k  and  the  complementary 
modulus  are  defined  by  ^ 

17J.19     lr«ns  (K+%fC%  k'^dn  K. 
They  are  related  to  the  parameter  by  Pnm, 

Dependence  on  the  modulus  b  denoted  by  a 
O  nma  preceding  it|  thus  n(ii;  II,  A), 

ERIC 


In  computation  the  modulus  b  of  mintmal  im- 
portance, since  it  b  the  parameter  and  its  comple- 
ment wlUoh  Mbe  naturally.  The  parameter  and 
the  modular  angle  will  be  employed  in  this  chapter 
to' the  elusion  of  the  modulus. 


.■■  ./ 

■  L 


The  Charaetertoti^  » 


/  The  elliptic  integral  of  the  Uurd-kind  depends 
on  three  variables  namely  (i)  the  parameter, 
/Cii)  the  amplitude,  (iii)  the  charaeteristio  n. 
"VVlwn  real,  the  chartMteristio  may  be  any  number 
in  the  interval  (— «,  •).  The  praperUes  of  the 
inUjgral  depend  upon  the  loca^on  of  the  oharao- 

teristic  in  thb  interval,  see  17*7. 

j 

174.  Complete  EUlptk  Inte^prals  of  the  First 
and  Seeon^  Kinds 

Referred  to  the  canonical  nmB  of  17.2,  the  eUip- 
tie  integrals  are  said  to  beWnpMe  when  the 
amplitude  b  |v  and  so  xal.  ''niese  complete  in- 
tegrals are  designated  as  followsX 

17.3.1  ^ 

(X(«)]«»iic«  f '((i-<«)a-«<')]-"v< 

^  «J||'"(l-i<iBin««)-"W 

17.3.2  iiC»nHm)»^(ir\«) 

17A3  — 

-r"(l-msin»^»'W 

We  also  define 
17A8  s 
i:'«IC(w,)«JK:(l-m)-fJ]'"(l-i»,  sin* 

17A6  K'-WwO-'^vMh-a) 
17.8.7 

£'aH^(m,)«if(l-m)|»J^''*(l-mi  sin*  «i^'d$ 


17.3.3  E'^[Kim 


,)l«t(m,)« 


K  and  iliC'  are  the  ^real"  and  "imaginary" 
^uarUr-^aiod$  of  the  eorresponding  Jacobiitii 
dliptb  fiuu^tions  (see  chapter  16). 

59s  ' 


BUOPTIO 


RcbtloateUM 

JC-i»F(i|;l;m) 


XNTIOBALB 
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r 


+0^)' «•+  •  •  •]  <i"i<" 

HAM 

«-)-4'[-a)'H^)T 

-O^y.^r...]  (N<.) 


173.18 


AinUluy  PiuwUon 


17A14  I(i»)-^^ln^-JiC(m) 

173.1S  m«l--16ejqp  l-»CK(m)+I(m))/iiC'(«)l 
J74.I6  m=16  exp  l-»(IC'(m)+I(m,))/Jit(m)l 
Hm  function  £(m)  is  tobukted  in  Tnbte  17.4. 


The  Nome  { tad  the  Complementiury  Nome  qi 
17A17      8««(m) ««cp  (-rlCV^ 
173.18/    ft«a(m,)=exp  l-wlC/K'l 

173.19 
17330 


fl'  ft 


loKio  ~  loftM  ~-(vlog.,  «)*»1.8ei62  28349  to  lOD 
17.8.21 

,-«pl-.iC7iCl-S+8(jjy+84Q' 


I733i 

|«|  (l+m,)+(WiiO«[l/12-2  fj  8»(l-a^-«] 

17434  where 

LimltliigVahiM 

17338  limiC'(£~£)»0 
•-to 

17336  lim  [K-^k  In  (l<Vmi)]>»0 

17337  lim  m:<(^-£)"lini  m-H£-milC)»v/« 

17338  lim  2/m<=>limsi/min  1/10 


Altemitht  EvaliMtloM  ti  K  mad  B  (see  atoo  17UI) 
17339 

iir(m)«2ll+ml^l%(((l-mr)/(l+»»r)l«)* 
17330 

£l(m)-  (1 +m|«)JS?a(l  +m!«)  W 

-2ml«(l+ml«)-»ira(l-«»l'*)/(H-»»l'^W 

17331  iiC(a)»2/XaMtan(8eo>^a)\a) 

17332  i&(a)a2£(arotan  (8eo'^ft)\a)-l+eoea 

Pdlraontel  AppNMteMtioM*  (0^«<1) 
17338     „  f 

+6,m!)ln(l/mO+«(m) 

l«(m)|^3X10-» 

0,0  1.38829  44  b^^A 
ai«  .11107  23      fti«.12134  78 
a,»  .07262  06      6|<»  .02887  20 

173.34 

JiC(m)<=b(oo+aimi+  . . .  +a«m}l+lftft-|-4imi+  . . . 
+*4m}lln(l/fl»i)+«(«) 

|«(m)|^2X10-« 


a,«  1.38629  436112 
0i«  .00666  344260 
0i«  .03600  002383 
0t»  .03742  663713 
««»  .01461  106212 


6»».6 

12408  603697 
6,^.06880  248676 
6|»  .03328  366346 

.00441  787019 


I     *  The  uKmitfanetloMi  lTJJ^17.SJ4en  fMm  CJbi^ 
^0Ml!!ll  4.'  (Imi^n     tlnp.  Jr.7&prai^«ttoiia  for  0i|ltd 

Vi6/ ^  •  •  •      ^l**'^*'  I  toDWait. Fmm. PMnootos, N. J.lwltli pemimoB)^. 
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ELLtmC  IMTBOHALS 


M*    to*    M*  ««•/ 


I   I   I  »o 
•Of    •••  . 

FiomiBl7.1.  ()!imf<^«fft|)li0i»la0na^(ft«)i^ 
7  Mud 


Fiom  17 J.  CompUU  ^i§He  inttgrtU  i(ftKt 


^(m)«[H-a,m,+a,m?l+l6im,+4»i»fl  la  (i/mi) 

„ .  |«(«)|<4X10-» 


a,». 46301  sr  6t«. 24527  27 
%a.l0778  12  -    ft.».04124  06 


174^ 

if(m)«(l+aimi-»- . . .  +««mll+[*imi+ . . . 
+ft«m;]ln(l/t»0+«(m) 

|«(m)J<2XlO-» 

-  (li».44825  141463      »i».24098  368310  -  ^ 
aia.06260  601220      «i».OO20O  180087 
a«e».OI767  383546      ftsa>.04089  697S26 
a4a.Q1736  606461  00526  440630 

17^'  Inoompl«to  EUipfio  Integra]*  of  Um  Amt 

laltlMtabiM 


174.2  £(-«»|m)»-£l(«|m) 

AmpBtadoof  Any  Magnltwd* 

JE(«+2X)»£(«)4-2K 
17.4J  £(«+2iiir0"i?(tt)+2ia?'-£0 
174.6 

» £(i»+2iia?+2fMiC0»£(«)+2<A£+2n«aC'~r) 
17.4.7  EifC-'U)  m,B^E(it) +imn  «  ed  « 


174J 
1744 


If  Un  •arinh  i^ 
174jl  ^<^\«)«iF(0Mv-a) 
174.9  ' 

2l({^\a)a-i£r(6M«^a)+if(^|«-a) 

+ltaiif(l»oo0'aelii'0)* 


174.10 

E(hi\m)  »<(«-|-da(ii|mt)io(ii|mO  -l?(ii|mi)I 


17.4.11  fX¥^i4^m)'^F(MmHilXiJimt) 


wliera  ool*  X  is  (he  positive  root  of  the  equation 
Mid  m  twi'  M*^tenV  eot*]L-:!^l. 

B(^+<^\«)««(X\«)-iif(l»\W-a) 


PlwuiMlnr  GiMMr  Than  Uoltjr 

17.4.15  Jt^N «m- Bin  »«m>  Bin 

17.4.16  i:(i*|i»)-m»JS:(tim»|m-»)-(»-l)tt 


XBin*Ml-ein*a8in*X)t 

5aa(l— on*  a  Bin*  X)(l^coe^  a  sb*  m)*  Bin  m  cos  m 

fr,«oos*  M+sin*  o  sin*  X  sin*  M 

Amplitade  Nmv  to  »/3  (PM  SIM  U^) 

If  eoe  a  tan  1^  tan  ^B>1 
17.4.13  f(A«)+F(A«)«^»/2\«)-^ 

n.4.14 

Values  wlien  ^  is'near  to  v/2  and  m  is  near  to  unity 
can  be  calculated  by  these  fonnulae. 


Piotmi  17.3.  inempUk  Mifiic  int^  qf  th$ 
fintkind. 
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by  which  a  parameter  greater  tlian  unity  can  be.,^ 
replaced  by  a  parameter  hss  than  unity. 

NcfAtiTOPanmeter 
17.4.17  , 

/X^-m)=(l+m)-*Jir(m(l+m)->) 

-  (1 +m)-»F  (|-^  I  m(l  +m)-») 

17.4.18 

Eiu\-m) = (1  +m)»tfi(«(l +m)>|m(m+ 1)->)  , 

-f»(l+m)-»sn(tt(l+»»)»l«»(l+»»r*)  ^\ 

od(«(l+«)»|m(l+»r*)^ 

whereby  computations  can  be  made  for  negaUi 
parameters,  and  therefore  for  pure  ima^B 
modulus. 


ttf      TO*      M*      to*  ^ 

FiouBB  17.4.  tnempUU  etUpHe  inUgral  <(f  He 
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BLUPno  nmSOBALB 


o»    w         w   S?^  to* 

FiovRS  17.6.  Iwomptete  mfHe  inUgnt  t(f  tkt 
Mcond  kind. 


17.i.l9 

ERIC 
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<«•   W   »&'  4o»   »o(»   •«»•.  ra»"  «(•■  w» 
FiovRB  17.7.  IwomflfU  etliptie  wUegnd  o/th$ 


FiouBB  17.8.  .  90** 
17.4^1 

F(^\90«)=ln  (mc  ^+iaia  ^;«b  tan  f-^^^ 
17.4^    ^« antaa  (linh  9> 
17^  E(p\0)<^9 
HAM  £«AO)»t^ 
17^  IE(AOO*)""iitt  r 

17.4^  E{if\»(n^i^P 


Rebtton  to  jMolil*a  ThcM  Funetlon 
17.4.37.  Z(tt)=e'(tt)/e(«)»^lne(tt) 

17.4.38  Z{u)  «^  ]g      -  9**)  -  •  sin  (rw/K) 


—-to  I* 


/ 

^  'lOURB  17.9.  Jaeohutn  ujik  /undion  K{a)Z(<fi\a). 


17.4.39 


17.4.40 


SIXtPnC- IMTEOBALS 

JwobI**  ZeU  Funetlon 
17.4.27  Z(A«)  -  A'( A")  -  Kia)n*\o')IK{a) 
.  17.4.28    i:(u|w) = = Eiu)-  uEim)IK(m) 

17.4.29  J?(-t»)  =  -2(tt) 

17.4.30  /(tt+8K)=^(«) 

17.4.31  ;f(jc-t«)=-i;s(/fft») 

17.4.32  Z(ii)=Z(ti-K)-im«n(tt-K)cd(tt-iO 

Special  ValiMM 
17.4J3  Z(tt|0)=0 

17.4J4  2(till)=tMJh  tt 

Addition  Tbeofcm 

17.4.35 

Z(ii+»)f=5?(ti)  +  ;f(»)-m8n  ti  8n  »  8n(«+») 
Jaeobl*e  Imaglnatjr  Tnaefomiatlon 

17.4.36 

«2(»it|m)=Z(«|m,)+2^/-<*n(«l'»»)8c(tt|m,) 


\  Heuman^a  Lambda  Function 


^J{K(«)£(A90»-oO_ 


-lJf(a)-fi:(a)inA90"-«)} 


lo*  '  jV    *»•    *^    »V    •<)•    tV    •?  i?^ 

FiouRB  17 . 10.   Heuman't  lanMafynetwn  A«( 

Numerleal  Evaluation,  of  ineompleto  Integrals  ol  tbe 
Flrtt  and  Seeond  Kind* 

For  the  numerical  evaluatrion  of  m  elliptic 
intc^i^l  the  quartic  (or  cubic  *)  uftder  ihe  radical 
should  first  be  expressed  in  terms  of  fi,  eee 
Esamplea  1  and  In  the  resulting  quartic  there 
are  only  six  possible  sign  patterns  or  combinations 
of  the  factors  namely 

(t»+a')(<»+>«),  («•-*»)(«*-*•), 
(af^e«)(i^-0,  (<'-a»)(<*'-6^),  iMW-b'h 
(<»-fa»)(6'-<»). 

The  list  which  foUows  is  then  exhaustive  for 
integrals  which  reriuce  lo  f(A<»)  w  E(ii>\a)- 

The  value  of  the  elliptic  integral  of  the  first 
kind  »  expnrssed  ae  an  inverse  Jacob'ian 
elUpMc  function.  Here,  for  eJMunple,  the  notation 
u-^dW^x  means  that  ae^sn  u. 

The  colunm  headed  "t  substitution"  ffives  the 
Jarobian  elliptic  function  sUbstUutiAn  which  is 
appmpria«<)  to  reduce  every  elliptic  integral  which 
contoins  the  given  quartic. 

«  For  an  alterKste  ire<ilment  of  cublia  see  Vt.Mt  snrt 

17.4.70.        .   ,  nnA0  *  ■■    '  '■■■--•«.  •'■■"Ill 
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EqiiivftleDt  Invem 
Funetion 


v 


iiaa<»i/a 
a>» 


C01 
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ten  an- 


if  it\ 
Jo  (^+«I!«L 

J.  l(«'+«^(*+*»)J^ 
17448 

17444 

17445 

17446 

17447 

„f*  «i> 

174.48 
^17449 


■o-» 


(11^ 
■'-(fl'^) 

-(III) 
--(iis) 

*-(fl5) 


tan  ^« 


tan 


no-' 


dn  r'^'l 


6 

ooe 

9 


174J0 


174.88 


) 


Bln>r< 


iSubstftttUon 


36  BO  V 


aft  nd  V 


aadn» 


>6  on  p 


>a  do  0 


>6no» 


6»  f•/''+**^  di 

a  Jo  r(^+<«(P+6»)P 

J.  \^+fl(»/t(P+i«(l'+6»)F 

..f«l  di 

1  f  ftft 

5  J.  Md«-#)(P-4»)P 

1  f«  (fl>-»)dl 
aj.  R?^=^ 


•(a»+W»'»dBi» 


tanften  V 


f /  f  \  d< 
a   J.  ((^~fl^ 


1  .    f»      (i'j^OdL-  - 


MAM 

VIAM 
.  >  f '-JL- 


polynomial  with  three  real  faetori  Pa 
(l-A)  where  A>A>A.  Write 


L 


X«5  (A-A)'",  m«ein«  «--|z§' 


.eh  41 

# 

ITvUB 

f(A(W- 

-••» 

I7.44I 

17441 

-••» 

Redvotionof  r<f^VP  when  P-P(l)»^+«if*  . 
4*a^+ab  tea  euue  polynomial  with  onijr  one  ntl 
root  l«A  We  form  the  fint  and  leeond  detiv»> 
tiv«e       P^'d)  with  reipeet  to  ( and  then  wiito 

17.4.70  X««IP'W)l»'«,w«rin«flr-5-| 


17.4.71 
17.4.79 
17.4.7S 
17.4.74 

'A  TP; 


f(A(«0*-a«)) 


17A 


Let  Om  «M4  be  two  modidar  anglea  aueh  that 

llAl  (1  f iin  OM^a+coa  aj^2  (amH<^ 

and  let  >.ft  be  two  oorreeponding  amptttndea 
aiidithat 

174l£_tan  (f.fi-.^=ooa  o.  tan  1^  (#»ft>«J 

•  TiM  cmpliMii  hoM  li  oa  tte  Bwdolar  angte  ilBM  tkto 
it  M  MfameDt  of  the  T»bkt.  AB  fftrmutoe  eoaetnlat 
UadMi's  tewMtenMtloa  nay  aho  to  npnmi  la  Wnai 
ol  Ito  BAQdahM  *««l«iriB  «aad  in oomplimtnt  ^mmI 
«•«««. 


Buumc 


Hhia  the  itep  from  n  to  n-f  1  daereasM  the  modular 
angle  but  ineren^ea  the  amplitude.  By  iterating 
the  proceaa  we  can  deacend  from  a  given  modular 
angle  to  one  whose  magnitude  ia  nef^Moi  when 

n«4»19  beoomea  j^iphcidtle.^  

With        we  have 


WiUi  o^»o  we  have 
ITAIS  F(A«)«an+aina)-»^^\ai) 

17.5.14  F(A«)«2«  *ff  (1  +8in  aJ-'Ff»wW 




17^ 

^A«)=0-l-«»a)-»/'(^\a,) 


F(A«)=2-n  (l+«in«,)F(^,W 
•-1 


17^        F(f\f»)='*  n  (1+Bin  ^) 


••I 


17A6      ♦=lim  A  /♦(^W-.lim  g 


17^7     ir»F(ir\a)»|r  n 

••t 


17.S4I 
17^.9 


+^ sin ai  Bih  o.+  . . (rin  ai)j;^  a 
(sin  oi  sin  Oh)''*  Bin      . . .  J 


17^10 


£»i!r        nn' «  ^1  +|  nn        sin  ai.sin  oi 


4*^  sin  tti  no  oi  din 


...)] 


I  TnuufumatlM 
Let  tta,  41^1  be  two  modular  ang^  tneh  that 

17^.11   (l<fsina.)(14*eoia,M.i)<»2  (aa^i>aa) 

and  let  ^a,  ^^^.i  be  two  eomiponding  amplitudes 
sueh  that 

17^12  8in(aip.4,|-i^tr>sina»sini^.  i^t<^^ 

Thus  the  step  from  n  to  n+l  incareaiei  the 
modular  angle  but  deereasee  the  amplitude.  By 
iteratbg  the  proeeis  we  eaa  aseend  from  a  given 
modular  an^  to  one  whose  differeaoe  from  a  rl^t 
is  so  small  that  17.481  beeomes  appUeable. 


I74.IS    F(fi\a)  and  +008 


17^16  F(Aa)»[c80 a  n  sin     In  tan  (ivHri*) 

••I  ■  ■ 


17.8.17 


<^Blim  ^ 


NdahbodMod  of  ■  Right  Anile  (ne  alw 

When  both  ^  and  a  are  near  to  a  right  an^ 
interpolation  in  the  taMe  FX^\a)  is  difficult 
ISther  Landen'ii  transforroation  oan  then  be  used 
with  advantage  to  increase  the  modular  an^^  and, 
decrease  the  amplitude  or  vioe-vena. 

17.4  TIm  Phioess  <rf  the  AriUunetie-Geonietiio 

Mean 

Starting  with  a  given  number  triple  b^,  to) 
we  proceed  to  determine  number  triples 

(Oi.  bt,  tt,),  ((h,  ^.4)  (air,  hm  e„)  according  to 

the  following  scheme  of  arithmetic  and  geometric 


Ik 


17.41 

<»i«*(«o+W 
Oi=i(ai+*i). 


<l«f*=»l(<<ir-i+ftir-i)      4ir«=  (aw- i4*f-j)* 


*iir=|(<»iir-i~-ft«r-i). 


We  aU)p  at  the  ATth  step  when  ajy»6jy,  i.e.,  when 
cjyaO  to  the  degree  of  aocuraoy  to  n^oh  tibe  num- 
bers are  rwiuired. 

To  detenoine  the  ottmplete  elliptio  integrals 
IC(a),JS(a)  we  start  with 


17.42 

whence 

17.48 


Oo""l  I  Ao'^oos  a,  c^aun  a 


ir(a)-^ 


\  • 


radfftei 


line  K'(a),  E'{a)  we  start  with 


KUOPnC  IMTB0SAL8 
17.7.4 


500 


i7.«.« 

I7.<t4 

To  tfiOeukte  ^*\«) 
which  comsponds  to  the  deeeending  Landen 
tifanrfonnii^n  and  determine      a,  .  .  «v 
attceesnyely  from  the  relation 

17.6.S  tan  (^.+i-*b)-''(6,,/o.)  tan 

Then  to  the  pr«eeribed  aeeunMsy 

17.6.10 

Z(H\a)='E(iM-{E/K)F(fi\a) 

«  i^ei  un        sin      •  •  •  +««  am  i^jv 

17.7.  Eiliptieliitegraleof  theTUrdKiiid 
17.7.1 

n(ii/  A«)- J^*  »)-*(l-«n«  a  ain«  «)'*d$ 

17.7.2  n(m'i»\«)«n(n\a) 

CaM  (I)  Hypwbolte  One  0<fi<  ain* « 

ttawesin  (A/sin'a)*,  0^<:^|v 
^-i»F(A«)/K(«) 

a,-.lfi(l-n)-'(iin««-»)-'J» 

17.7J 
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O  aMptwit. 


r^'='2  S    Va-«^)-' ain  2<» sin  aa^ 
17.7.5 

^-cot  ^+4  fj  5»'(l-23»*  COB  ain  2li 

In  the  above  we  can  also  use,  Neville's  theta 
funetiona  16.36. 

; 

17.7.6  ll{n\a)^K(a)+6tK{a)Z{4\a) 

Cms  (U)  Hyperbolk  Cow  »>! 

The  case  n>l  can*  be  reduced  to  the  case 
0<-/Sr<8in'  a  by  writing  . 

17.7.7  Ar«n-»  sin*  o,  p,«((n-0(l -n"  sin*  «)J» 
17.7.8 

n(n;  A«) = -nw-  A«)+^(A«) 

+^  hi  ((A(f»)      tan  tan 

where  A(^)  is  the  delta  amplitude,  17.2^ 

17.7.9  ^(n\a)-JiC(«)-^(i^^a) 
Cu«  (lU)  CiMulw  Cm*  Bin*  a<ti<^  i 

•»arc8in  1(1-»)/cob*  «1»     0^<^  U 

17.7.10  » 

a.«ln(l-n)-«(n-sin»  a)-»l» 

17.7.11  n(n;  A«)=»*i(^-*M») 
17.7.12 

X<=arctan  (tanh  fiimv) 

+2  iZ  -5*0"'  Bin  2ot  sinh  290 

••If  .  ' 

17,7.18 

sinh  2«^]  [l  +2  fj  «»*'co8h  2«^J 

17,7.14  n(n\«)«iif(«)+*ff««ll-Ao(i\«)l 
where  A«  is  Heuman's  Lambda  funetlon,  17.4.89. 
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FiouBK  17.11.  mptk  integnl  <rf  iha  third  km4 
n(n;A«). 

Caw  (Iv)  Cifmhr  Case  ti<0 

The  esM  n<0  c$a  be  ndueed  to  (he  ease 
■Ib'  a<N<  1  by  writing 


17J.1S 


JV«(Mn««-n)(lr-n)-» 
p,„t-n(l-n)-»(8in*«-n)l» 

17.7.16 

Ul-n)(l-n->eiii««)J»n(n;A«) 

i^((l~AO(l~iV'*  8in>  a)]»n(i^;  A«) 
•l-jif  •  tiii'aF(«>\a)+aretan  (|;pi  tin  2p/M^)] 

17.7.17 

n(»\a) = (-n  coe«  o)  (1  -n)-»(>in*  n(Ar\o) 

•f«iu>a(8in>a~n)-*iir(«) 

Numerical  MetlMMb 

17  J.'  Um  and  EateiuUm  of  iht  Tables 

Eiem|ile.  1.  Reduibe  to  eanonteel  form  JyVb, 
where 

»»= -3*»+a4^- 11«B^^- 172«-90 


17.740 


n(o;  A<»)=^(A«) 
n(o;  Ao)«* 

* 


n(n;  ^\0) « (1  -n)-t  arctan  [(1  -n)*  (an  * 
-  n<l 
»(n— 1)^  arotonb  ((n-1)*  tan 

n>l 
ntan  ^  n=>l 

17.7.21  /  a=»/2 

II(n;  ^\»/2)«"(l— n)"*{ln  (tan  ([p+seo  ^) 
~|  n»  In  (1+n*  sin  ^)(l-n)  ein  ^)-*] 

17.7.22  n«i:8inte 
(iqPiin  a){2n(±8in  a;  ^\a)-F(Aa)} 

s arctan  [(l^ain  a)  tai-  ^VA(^) 

17.7.2S  nali:C08a 
2  0O8aII(li:0oea;  A«)<=':^ill^IO+^,lP  ^ 


\ 


. AW)^l-tan  ^.A(«»))-'J+i  b  [(AW 
+00S  a«taiy^)(A(^)— ooe  a  tan  ^)'**] 

/  qF(lT008a)l''(^\a) 

17.7.24  n^iin*  a 

n(ein>a;  Aa)=«M'a£^(Aa)T-(tan>a  sin2^)/(24v)) 

17.7.28  n»l  I 

11(1;  A«)«^(A«)~«»«aE(A«)+»eo««tan  «fA(,^) 


By  inepection  or  by  eolving  an  equation  of  the 
fourth  degree  we  find  that 

A  where  \  «>3ii'-  10sb+9,  (^a  -a^+to- 10 

<?i-X<A«(3-f  X)e»~(10+8X)«+»+m  ie  a  per- 
fig  iquare  if  the  dilcvimiBiittt 

ERJCS^ 


(10+8X)«-4(3+X)(9+10X)«0;  i.e.,  if  X«-3  or  g 
^if^^  then  I 
C+l      («-!)•.      Qi-g  («-"2|« 

Sohritig  for  ^  ancl  Qt  we  get  i 
ft«i(»-l)«+2(«~2)«,  ^«2(»~l)«-3(j/-2)« 
Thesabetitution  <»(»rl)/(<~2)  (hen^vea 

±  J  l(««+2)  (2<«-.3)l- J 

606 


BLUFTIO 

If  the  quartic  {^»0  has  four  re«l  rooto  in  t 
(or  in  the  eaie  of  a  cubie  aU  threa  foota  ara  real), 
wa  muat  ao  eonabine  tli«  faeUm  (hat  no  root  of 
lice  between  the  roota  of  Q^»0  and  no  root 
of  (2b«0  liee  between  the  roota  of  ^  »0.  Provided 
thia  condition  ia  obeerved  the  method  juat  de- 
acribed  will  aiwaya  lead  to  real  valuea  of  X.  Theae 
valuea  may,  however,  be  irrational. 

Wiita 


IMTBOBAIiS  601 

The  discriminant  of  <&to-Qi=jrti>-Ci«+l)»+l 


-j5»+te-lO 

and  let  the  discriminant  of  Q^^-Qi  be 

\  4r»=(8<»+10)»-4(<»+3)(l0<»+9) 
«»4(3<»4-2)(2«»-l) 

Then 

Jy-y*=±Jr-V«-±J((3<»+2)(2<»-l)l-»d« 

This  method  wiU^uceeed  if,  aa  here,  T*  as  a 
function  of  t*  )ia8  real  factors.  If  the  coefficients 
of  the  given  quartic  are  rational  numbers,  the 
factors  of  T*  will  likewise  be  rational. 


Write 


TiiHd  Method 

Q,     ajC«- 1038+9 


and  let  the  diacriminant  of  (h^—  Qi  be 

4ir«4(3w-t-2)(2to-l)«4(Aifl»4-Bw+C) 
Then  if 

a»=H7w  and  Z»=(B-a^»-4A(7=(a^~l)»+48 
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However,  in  this  case  the  faetork  of  Z  are  complex 
and  the  method  fails. 

Of  the  second  and  third  methods  one  will  always 
succeed  where  the  other  faUs,  and  if  the  ooeffieiente 
«f  the  given  quaiftic  -are  rational  numbers,  the 
factors  of  7*  or  2*,  as  the  case  may  be,  will  be 
rational. 

Ehu^pI*  2.  Reduce  to  canonical  form  J  y'^d* 

where  v*'m«(»— 1)(«"^2). 

We  use  the  thhd  method  of  Exam^  1  taking 
<Ji«a(»-l),Qk=«(»-2)  and  writing  ^ 

«.  «««  «I± 


IB 


90  that 


4  W^=.  (2wt.l)*-4«'«4tfl»+ 1 


1 


W^Av^-{'Bw¥C  where  A=>1,  fl=0,  C^^ 
and  if  we  write  ^'^Wlw  and 
jZ«-(B-«»)»-4ilC=,(«»)»~l«(a»-l)(a*+l), 

.  The  fin>t  method  of  Eiample  1  fl^  with  the  ^ 
above  values  of  Qi  and  Q,  since  the  root  of  Qi»0 
lies  between  the  roots  of  Q^<i»0,  and  we  get 
imaginary  values  of  X.  The  method  succeeds, 
however,  if  we  take  Q,=.(x-l)(»-2),  for 
then  the  roota  of  Qi<=>0  do  not  lie  between  those 
of  Qk»d. 
Euuii|ile  .3.  Fmd  ^(80/81). 

rint  Method  ' 

Use  17.3^  with  to«80/81,  m,«l/81,  ml'»=l/». 
Since  I(l-»il'«)(14-m{'^-»l«  =  .64,  li:(80/81)« 
1.8  K(.64)  =3.69164  600  tfl  8D,  taking  i:(.64)  from 
Table  17.1. 

Scoond  Method 
Table  17.4  giving  I(m)  is  useful  for  computing 
Kim)  when  m  is  near  unity  or  IC^)  when  m  ia 
near  zero. 

ii:(80/81)«-  IC'(80/81)  b  (16X81) -£(80/81). 

IT 

By  mterpoUtion  in  Tobtes  IT.l  and  17<4,  since 
^^/81  =.98766  43210, 

iiC'(80/81)=t.67667  8423  .  . 

L(80/81) =.00311  16643 
K(80/81)  =»-'(!. S7667  8423) (7.16703  7877) 

-.00311  16643 

r»3.69164  6000  to  9D. 

Third  Method 

The  bolynomiid  approximation  17.3.34  gives  to 
8D 

iiC(80/8i)=J.60164  601 
Fourth  Method,  Arlthumetle-Geonietrie  Meen 
Here  sin'  «ni80/81  and  we  start  with 
a9«l,  6o«=J,  <Jo»V80/8i«.99380  79900 

"^7 


KLLxrnc  nmsoRALa 


n 

Urn 

«» 

0 

1 

3 

8. 

4 

6 

1.00000  00000 
.  AUU  UUS 

.48788  7M86 
.43788  MOOS 
.43788  88003 

.  UlU  11111 
.  88888  88888 
.48088  14889 
.48788  10880 
.48788  MMO 
.48788  81008 

.  M8W  79M0 

AAAAA  AAAAA 

.  mil  mil 

.00708  64808 
.00002  84688 

0  / 

Thus  X'(80/81)«^  Mi;'a3.V9iM  6001. 
EMunpl0  4.  Find  £(80/81). 

Flrat  MellMd 
Um  17.S^  whieh  givM,  with  m«80/81 


£(80/81)-^  E(M)''\  K(.^) 
« 1.01910  0047 

taking  1?(.64)  and  iir(.e4)  from  Talil*  17.1. 

SmoiM  Method 

Pplynpniiftl .  ipproximfttion,  17.9,86  gives 
£(80/81) « 1.01910  6060.  The  iMt  two  figures 
inust  be  dropped  toHCBep  withb  the  limit  of 
•oeuracy  of  the  method. 

ThM  MMfced 

Arithmetie-geometrio  mesn,  17.6.  The  numbers  , 
were  celeuUted  in  Ewnple  8,  fourth  method,  end 
we  heve 

'<'7tf ^''-iM+2.t+aV8+ . . .  +»MI 

-|  (1.43340  712981 

».716M  86649. 

Uiin^  the  vslue  of  K(80/81)  found  hi  Ewmple  S« 
fourth  method,  we  have 

£(80/81)at.0Y910  6048  to  OD. 

Euunirfe  8.  Find  q  when  ma  (9996. 
Here  mi 0006  and  so  from  Table  17.4 

«(m)a.06261  663013 

giamiQ(m)B. 00003  12678  16. 

Worn  17  J.19 

in  (^)-»«/10.37324  1132 

». 96144  84701 
.38618 126. 
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The  oomputation  could  also  be  made  usbg 
oommon  iogarithms  with  the  aid  of  17.3  JSO.  The 
point  of  this  procedure  is  that  it  enables  us  to 
calculate  {i  without  the  loss  of  ugnifioant  figures 
which  would  result  from  dh«ct  interpolation  m 
Table  17.1.  By  this  me^  In  (l/ji)  can  be  found 
without  kMS  of  accuracy.  ^  ~  ' 

Esample  6.  Find  m  to  lOD  when  liC71iC».26 
and  when  K'lK^ZA. 

From  17.3.18  with  K'tK^.2h  we  can  writ^  the 
iteraUon  formula 

mCM.i):„.l_ie,-4»  exp  l-«'i(m<»>)/Ji!:'(mW)l. 
Then  by  iteration  using  Tables  17.1  and  17.4 


0 

1. 

1 

994  43038 

2 

.001 

m  43041  ■ 

8 

.0« 

t04  43041 

Thus  m<=>.99994  42041. 

From  17.8.16  with  K'jK^ZA  we  can  write  the 
iteration  formula, 

m<^»«  lO*-***  ezp  I-»L(m,<»>)/jfiC(m<">)l 


0 

0 

1 

.(8)38841  38048 

3 

.|8)36n7  88 

8 

.(8)30887  88 

Thus  ma.00026  83766. 

The  above  methods  in  conjunction  with  the 
auxiliary  TaUe  17.4  of  £(m)  enable  us  to  extend 
Table  17.8  for  K'IK>Z,  and  for  K'IK<A. 

Example  7.  Calculate  to  6D  the  J8cobian 
elliptic  function  en  (.76342|.7)  using  TaUe  170^ 
Here 

masin*  a».7,  a»66.789089«, 

Thus,  sn  (.763421 .7)  «Bin  ^  where  ^  is  determined 
from 

F(A«6.789089»)«=».763j42.  ^ 

Inspection  of  TaU«  17.8  shows  that  ^  lies 
betWMn  40"  and  46*.  We  have  from  the  table 
of  F(A«) 


^\ 

60* 

.7W14 
.14480 
.•M7» 

.e80M 

.7418S 
.84788 
.M874 

.6M80 
.7MW 
.8ftl39 
.06488 

From  this  m  fonn  the  Uble  of  F( A06.789OS9*) 


f 

A 

4«  ' 

6, 

8ft» 

.68880 

'10144 

.74008^ 

40* 

487 

10881 

800 

73 

46* 

.81884 

11000 

80* 

.98074 

A  lou^  cttkn*te  BOW  diowt  tlMt  19  ttn  betWMn 
40*  and  4t".  W«  UicMfora  form  tho  following 
Ublo  of  F(AM-789089*)  by  dinet  intorpolfttioD 
in  the  foNgoing  tablo 


40.0* 
40.6* 
41.0* 


F 

.74003 
.76040 
.76082 


whunee  by  linear  ,in?fliM  interpoktkm 

and  so  lin  ^ a.66137aan  (.76342|.7). 
This  method  of  bitariate  interpolation  it  given 

•  merely  as  an  illustfation.  Other  more  dfareet 
methods  such  as  that  of  the  arithmetie-geometrio 

'  mean  described  in  17.6  and  illustrated  for  the 
Jaeobian  functions  in  chapter  16  are  kia  laborious. 
p.«»^pi«  g.  E?aluattt 

J^*^(2<«+l)««-2)l-'''tf<' 

nm  Method,  ttvwlat*  IntorpolatlMi 
From  17.4J0  we  ha?e 

where 

sin*       cos  ^-Y' ^"TT 

,     Thus  aa.26.66606  12«,  A «ei.87449  43",  ^'^ib', 
F(^\a)mi.m9i\  and  F(M\tt)<».800380  and 
Q  therefore  the  integral  is  equal  to  .141114. 
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Simpson's  ftonuU  with  U  ordinatesand  intenral 
.1  glv«p  .141117. 
BnuBplof.  Evaluate 


£l(l«-2)(l«-4)l-Vli. 


Here  we  ean  uss  17.4«48  noting  that  0*1-4^ 
6*»2,  and  that 


1 


idhere 
Thus 


(l-864076-.6366a|l».658826 


2  2  2 

«igisin«i«|iBb'' 


o-46»,fi«-W,fi«30». 


■^1 


If  wewishtousenumeriealfailegntionwennist  | 
observe  that  the  faitiBgraad  has  a  abgdaxity  it  J 
(».2  where  it  behavea  like  I8(t-2rt. 

We  remove  the  singulsrity  at  <"2,  by  wriUng 


J^V««-2)(««-4)J-W<-jjV(0<«+//l«(<-2)m 
where 

/«)«[(|i-.2)(l«-4)J-»-l8«-2))-». 
Itwedeane/(2)«0, 

ean  be  calculated  by  numerical  quadrature.  AIbo 
J*(8(l-2)J-«-[^«-2)»]-l 

and  thus  we  calculate  the  integral  as 

1  +  JV(«)<<<«»i  -  .34fl77d«  .660227. 

EsaaiplelO.  Evaluate 

«-r(p»^7»+6)-Vfc. 
Jtt 

^-7»-f  6«»(»~l)(«-2)(«+3)  and  we  use  17. 
withft««2,A«i,^«-.3, 


/■»> 

-"■JV 
.feet 


/ 

m=»8in'  «»4/5,  X»Vs/3»  ^»3/4. 
Thus  a»e3.434949<',  «>»30«  Mid 
f»«2(8)-♦F(30^63r434949•) 

The  Ahow  intqpral  b  of  (he  mtostnue  type  and 
jnfact  17°  jy(H»;/^8,        (aeed|>pter  18). 
Eiampioll*  Evelufcte 


nmBOBALS 


) 


'We  have 

There  is  only  one  real  xero  and  we  therefore 
use  17.4.74  with  P(()»^-2f!-fl2t-24,  ^<='2  so 
that  P'(2)«16,  i*''(2)«>8,  X»2  and  therefore 

I 

IWefore  th6  given' integral*  is 
'  where 

^«70.52877  93* 

1 


COS  fft«2^> 


cos 


and  the  integral^  1(1.510344- 1.212597]tt.l48874. 

Eiamiftle  12.  Use  Landen^s  transfonnation  to 
evaluate 

1  \-i/t 
Jo   0""i®^*7  ^^^"^^ 

Firat  Metliodt  Dwcmding  Ttf  nafotmatkMi 
We  use  ITeSel  to  give 

cos  ai<»((l-sin  ai)(l+Bin  a,)  .097419 


l+ein  a»«r-r--^««l. 001292;  eoe  oga  .999999 
1  -rcos  flf| 


1-fehi  «(< 


l-fOOStt} 


<»1. 000000 


Thus  from  17.5.7, 
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the  miegralaF(9O^3O<0*-|  (1.071797)  (1.001292) 

al.68575  to  5D. 


Weu8el7.S.lltogiTe 

! 

1+008  «iM-|a2/(l+em 


eoea« 

.  1 

.88888  888 

.94380  904 

2 

.03048  735 

.9M80  M8 

8 

.00031  ttf8 

.999M  008 

ein  (2^-90«)=Bm,30»,  ^n»60» 

sin  (2Ki-M)a8in  ai  sin  i^,  ipi«67.3<t7805" 

sin  (2«ih,-«0"ain  «» sin  m»57;348426''  ' 

sin  (2M-^»sin    sin  ^  ^«67.34842ft<>«*. 

Fh»nl7.S.l^  •      ■  ^ 

FiWf\aXf)       1.942S0  904 1.99956  603 


|lntan(46'»+|#) 


I  001100  AAQ  ' 

« 1.37288  060  b  tan  73.074213<> 

al.37288  060(1.22789  30)  ' 

W\80»)«  1.68676  to  6D. 
Esampleia.  Find  the  value  of  F(89.6^89.6^. 

Fint  Mtdwd 

This  is  a  ease  yrbete  interpolation  in  TaUo  17  J 
'm  not  possible.  We  use  17.4.18  whioh  gives 

/•(89.6•\89.6•)=W^89.6•)~F(A89.6•) 
where 

cot  ^«sin  (.6*)  oot  (.6'')«cos  (.6") 
j  ^e45.00109  084** 

and >(f\89t6<')'» .881390  from  TaUo  17.8. 

F(M»\89.6^)aK(sin*  89.6<0"iir(.99992  38470) 
1'     '     -6.12777  88 

Thijs  F(89.6^89.6<>)a6.246389. 


I4n<{len's  ascending  tramtformaftion,  17.8.11« 
give^ 


BUJPTIO  XMTSOBALB 


<M  89.6«)/(l+sin  «9.«») 

I     tin  ai»((l— «ot  ai)(l+0(»  «i)]*<».90990  99097 
en  c«<aO 

|7.S.12'theDgim 

■in  (2M-'89.5«)«iin  89.5<*  sin  89.5** 
I  a.99992  88476 

2a-89.5"»89.2929049*,  Ma89.39646  246« 

■in  (2A-^»sin  oi  tin  m,  ft«89.39646  602" 
■in  ift-W"*. 

Thm  17 gim 
F(80.5P\80.«^- 

(l990nW3i)*»"  801«)»5.a4640. 
Enmplsli.  Evaluftto 

J*  [(0-<«)(M+l^»l-«(«  to6D. 
Fiom  17^1  the  given  integral 


where 


8ina«-i|i  aa>36.8609(P 

•in!»i-tV5,  «««48.18968' 
«n^-g^,  <p»«28J4a64» 

By  Uveriste  interpolation  in  Table  17.6  we 
find  that  the  given  int^M 

«^(.80004-.41192)«.00496. 

Sitttpeon'e  rule  with  3  onUnatea  glvee 

i  [.00804+.01976+.006]<a  .00496. 
Etample  15.  Evaluate 

n(&;45"\80^« 

(1-4  •in«*)-»(l-|  iin'^)-****  to  6D. 


eoa 

This  is  eeae  CO  of  integrals  of  the  /ihird  kin4, 
0<n<6iD*  0,^.74 

A«a>^45*,a»3(]^, 

«aaraln  (n/iin*  tt)*»3p^ 
^»ivF(30^30«)/iiC(30«)». 49382  60 
i»=.|»F(45^3i»)/iiC(30«)«.7495l  51, 
«i«(16/45)» 

and  BO  ln»n  17.7.3 
n(i;48»\30»)- 

aw)»{-HnJ-|g±g+^^} 

«».0l7ff7  24. 

Using  the  (heenes,  164B7,for  the   ftinotiona  'we  get 

n(^46«\3e^-i(16/45)»{-.02995  69 

+(1.86096  21)(.74951 51)}"-.813845. 

Table  17.9  gives  .81385  with  4  point  LiSgrangian 
interpolation. 

Esampie  16.  Evaluate  the  complete  eUiptle 
integral 

n(M30')to6D. 
IVom  17.7.6  we  have 

n  (M3o»)«Jir(30'»)+(ie/45)«'«Jir(o)Z(A30') 

where  «Biaie8in(n/Bin'tt)tB«30«.  Thus  vsliig 
T«blel7.7 

n  (M30*')»1.743065. 

Table  17.9  gives  1.74302  with  5  point  Lagran- 
gian  interpolation. 
Eiamplel7.  Evaluate 

n(f;45«\30») 

-J^  (l-|8in»«)-»(l-iiin*»)"*^«* 

to6D.  . 

This  is  ease  (iii)  of  integrals  of  the  third  Und, 
ain«o<ii<l, 

naf,  ^46*1  a«30* 
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«»aremn  ((l~n)/e<w^  a]>»45* 
fl-|»F(46*\eO«)/IC(30»)  « .70317  74 
9«iv^45'^3O<0/IC(3O^».74e61  51 
*«(40/»)» 
9«. 01797  24 
tnd  BO  from  17.7.11 

n  (f ;  45^3(f  )«(4O/0)w«(x-4m») 

»2.10818  61{.65&48  3^-4(.03854  26) 
r~"  (.74961  61)  }».02U29. 

't'aMe  17.9  gives  .92113  with  4  p<unt  Lagnuigian 
interpolation. 

Bwiinple  18.  Evaluate  the  emnplete  eUiptio 
integral 

n  (|\3(f)  to5D. 
From  If  .T.14  we  have 

n  (|\30»)«Jif(3(n+5-^U-Ao(A30»)l 

whwe  •<»arcain  ( (}  -n)lootf  ops>46*.  Thua  usmg 
Talil«174» 

n  (|\3(f)-2i0O99. 

TaMe  17.9  gives  2.80126  by  6  p<^t  Lsgrangian 
interpolation.  The  diiicrepam^  results  from  in- 
terpolation with  respeet  to  n  for  ^aOO*  in  TaU« 
17.9. 

,  Eaaaiple  19.  Evaluate 


n(f;46«\30«») 


V/4 


to6D. 


1*1 

"Jo  <^ 

Tnu  ' 

» 117.1}  A.  Cayley,  An  elementary  treatise  on  elUptie 
functions  (Dover  PubUeattons,  Ino.,  Nisw  York, 
N.Y.,  1M6). 

f  17.31  A.  EnMlyl  et  al.,  Higher  tranaeendental  fonetione, 
vol.  a,  eh.  23  (MoOmir.HUl  Book  Co..  Ins., 
New  York,  N.Y.,  19A3).  '  I 

117.3]  L.  V.  King,  On  the  dlreet  numerieal  eabulaUon  of 
elUptie  funetions  and  integrals'  (Cambridge 
Univ.  Praaa,  Camtiridge,  England,  1S24). 

(17.41  E.  H.  Neville,  Jaeobian  elUintte  funetions,  2d  «d. 
(Oxford  Univ.  Preas,  London,  England,  1961). 

(17.61  F.  Oberhettinger  and  W.  Magnus',  Anwendung  der 
elliptiflohen  Funktlonen  in  Phyaik  und  Teehnlk 
(8pringer«Verlag,  Berlin,  Qemaajr,  1949). 


Here  H'^t  '^^t  a^dXP  and  nnee  the  charaoter- 
istio  is  greater  than  unity  we  use  17.7.7 

ArJi-»sin»«-.2,j>,«(l/6)» 
n  (♦;46•\30•)t~^(2;46'^3(^^^■F(46^30») 


// 


—.83612+.80437 
« 1.13214. 

Numcj^oal  quadrature  gives  Uie  same  result, 
iple  20;  Evaluate 

^(-V/46^80^ 

-Jl'^i+i  ain*  •)-*(l-4  sin»  6)-Ml 

Eat  the  oharaoteristio  is  negative  and  we  there- 
fa^  use  17.7.18  withn*"- ^,  sin* «— ^ 

/     JV«(l-n)-»(^«a-n)«.4.  j)|«V^ 
(ukd  therefore 

(6/2)»  n       46«\3(n"=-(0/40)»II  (|;  48^80^ 

+|(6/^•F(46^30^+aletan  (36)-* 

Using  Tables  4.14, 17.5,  and  1^.9  we  get 

n(-i;46«\30^=  .76087 


(17.0]  F.  THeoffll,  BlUptlsolM  Funktlonen  (Akadettdsehs 
VeriagsgeseUsehaft,  Lelptlg,  GermaajTi  194^. 

(17.7]  E.  T.  Whittaker  and  O.  N.  Watson,  A  eoune  of 
modem  analysis,  ehs.  20,  31,  33,  4tli  ed.  (0am* 
bridge  Univ.  Press,  Cambridge,  England,  1983). 

lUtlee 

(17.8]  P.  F.  Byrd  and  M.  D.  Friedman,  Handbook  of 
^elllptto  Integrate  for  engineers  and  phyatelsto 
(Springer-Verlag,  Berlin,  Qemany,  1084). 
(17.9]  C.  Heuman,  Tabtes  of  oomplete  elllptio  integrals, 

I  Math.  Phya.  10,  137-300  (1941). 
(17.10]  J.  HoQel,  Reouell  de  formules  et  de  tobies  num4- 
riquss  (Qauthler-Viliars,  Paris,  FlMioss,  1901)« 
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117.111 1.  Jtlwlw  MMl  F.  Bmdo,  TMm  af  fonrtloai,  4th 
•d.  (D0«w  hMktHkm,  Im.,  Yoik,  N.Y^ 
iM8). 

|17.iai  L  M.  IfUafThMBtos*  JmoWu  •lUplle  AwBtioB 
teUM  (D«««r  Pnblisittoai,  lM.,  .Mt«  Yotlt, 
N.T.,  19S«.  . 

|17.iai  L.  M.  MttawAMBien,  Tm-Ofura  tebb  «f  «» 
«anplrt*  fllMlo  lalignli  K,K\B,VmA* 

Bw.i,a8a9ai). 


(17.141  Li  M.  MlbM-lioaMWB,  The  Zeto  tanetioo  of 
JMobf,  Tnt^.  Soy.  8oo.  Bdinbuigh  SI  (1881). 

(17.lt]  L.  M.  MilB0-TiMnion,  Die  elUptiaahen  FunkttoiMn 
von  JmoM  idttUot  Spriafw,  Beriln,  Oerouuijr* 
1«1). 

(17.16]  K.  Bmwmd,  TiblM  of  tte  oomplete  ond  lii8oin]|M«l» 
•mptk  iflte^  (Owahridy  Univ.  Pmh,  Qftdi* 
<,   faridii,  Bni^Ad,  in4).  ' 

(17.171  O.  W.  Md  B.  Spraeetoj,  BntttoOBiM  eUptio 
ftoettoa  %Mm$  BmHhioaUn  Mlwefaneoui  CoW 
Iwtloo,  vol  /t09  (WMbtaftoB.  D.O.,  1947). 
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m 

0.00 
0.«1 
0.01 
0.0 
0.04 

0.0» 
0.0* 

a.0T 

0.00 
0.09 

0.10 
0.U 
0.12 
0.1) 
0.14 

0.19 
0.16 
0.11 
0.16 
0.W 

0.20 
0.21 
0.22 
0.2) 
0  24 

0.29 
0.20 
0.27 
0.20 

^20 

0.|0 

o.n 

0.52 
0.9) 
0.>4 

0.)9 

0.97 
0.)« 
0.99 

0.40 
0.41 
0.42 
0.4) 
0.44 

0.4) 
0.46 
0.47 
0.40 
0.49 

0.90 


A"(«)-A'(«i) 


T«M»  i7.i«9iiirunt  Buitnc  mrracRALs  or  me  vmr  and  sbocwd  kinds 

.  .ANOtrTNE  mm  f  WITH  AgCIUMENT  THE  PARAMniER  m 

,(«^-eip[-»ir'(»i)/ir(«.)l 


1.97079  Mt07  M097 
1,97474  SS61S  17IH 
i!9TI79  99120  07779 
1.9tt70  09424  00979 
1.90600  70474  $4106 

1.90190  94S97  90792 
1.99010  02219  31M0 
1.90042  92446  Omo 
1.60970  96940  99299 
1.60O04  06I0O  90919 


U6I244  19407^ 
l.M0g^9^ 

I'iloSI  mi  StS 


0*fr»  21117 


8914 
I" 

1.6»0tf  9WMtO»i 
L  0*470  07190  4|m| 
1.00009  0MM^8 

k6Mi7  2^  mi 

1.6i97>  09948  USOO 
1. 60120  nOOl  M691 
1.6H74ft)l«imM 
1.70297  9*774  10990 
1.70800  67911  94406 

1.71M0  944tt  }07n 
1.71970  40000  96409 
1.  72977  90«W  If 
1.79106  47702  92 
1.79009  99794  ' 

1.744)9  09072  29619 
1.TS079  90024  1975) 
1,79726  09040  n496 
1.76909  09000  097)1 
1.77064  79299  J9ft94 

1,77791  99714  9U99 
1.70491  00046  01079 
1.74169  0116*  92966 
1.70991  00991  07609 
1.006)2  79991  07699 

1.01900  )9960  16^) 
1.021)9  27269  960*1 
1.02949  97009  647)0 
1.0)749  19699  99796 
1.04969  99909  74724 

1.6&407  4*779  01)72 


ft)  7)629  09079 
414  1449*  091*0 
17  49478  01041 

mm 

2.90899  724*4  449K 
2.02079  240*7  99072 
2.74707  90040  244*7 
2.*i9SA  140*9  19^ 
£62777  99320  14944 

2.97800  2U9»'4a79 
2.99999  499*0  02100 


IE? 


9i(w)-«(mi) 

0,00000  00000  00000 
0.00062  81496  60)09 
0.0012*  2***9  2^ 


.9»»  ^MfV  UilVV 


984  227>0 


2.19)8 
8.17482 


649 
114 

to* 


9*474 
01897 
9  IMg 

7  27460 


91992  924*0 


9418*  09992 


2.00790  03084  84376 
1.99990  WW 
1.98997  09790  27021 
1.97170  91617  i9696 
1.4MU  10441  69890 

77491  0g|6 

 J88 

1.90094  70162  01811 

1.09892  49102  71^ 
1.00999  90700  99096 
1.080)6  19996  2a70 
1.07140  02990  110)4 
1.06264  0002)  927)9 

1.09407  46779  01972 


0.00190 

,0.00299  19! 


19  i9609 


0.00920  97069  70606 
^Um  71996  22010 
0.00499  99490  90010 
0.00921  11610  «)009 
0.009*9  41444  942*9 

0.00690  4*919  99090 
0.0in5  «09«2  9719) 

0.01714  SS80*  74*09 

0  00967 
09909 
0*040 
66700 
2909»  02700 


0.01707  29870 


AiOs; 


0.02227  749*1  97194 
0.M917  40769  99019 
0.02400  »Mi  072M 

t 02900  mSi  79177 
02994  04110  **97* 

0.02689  70**7  91149 
0.0278*  40709  09729 
0.828S  nn*  7*181 
0.02004  17797  44190  > 
0.09009  41229  9109$  ^ 

0.09in  99479  I»9*9 

0.09907  «l|44  4*77) 
0.09*17  94104  09199 

0.09720  9U70  79*22 
0.09049  90290  4)4*0 
4^0)999  09990  9079) 
0.04077  904*9  792*) 
Q.041'M  91901  0710) 

0.04921  99102  0)772 
0»W 


m 

1.00 
0.99 
0.90 
0.97 
0.96 

0.99 
0.94 
0.99 
0.92 
0.01 

0.90 
0,09 
0.40 
4107 
0.0* 

0.89 

IS 
t9 

0,78 
fc77 
0.7* 

0.79 
0.74 
a  79 
0.72 
01 71 

0.70 
0.09 
0,68 
0.67 
0.66 

0.6S 
0.64 
^0.69 

5:8 

0.60 
0.99 
0.90 
0.97 
0.9* 

Ql99 
6.54 
0.99 
0.92 
0.91 

0.90 
m 


See  BmbwIw  9-4. 

£(111)  mod  S'(m)  from  L.  11  MUiM-TlimaMa,  Toa^goie  toUo  of  tl)»  ouspleCe  dU^  iatevtte 
K,  K',1S.  B'  ■nd  0  teMoof  ^  ''"^  Math.  Soe.(Z)SS.  U81(«ith  penniirfoii). 


r 

■  I.' 
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([  I'll  lifw^iHiih 


CfttfPLETE  miPTIC  INTEGRALS  (IT  THS  nHST 
AND  IWE  NOME  «  WITH  AUCUMENT  THE 


AND  SECOND  KINDS 
PARAMETER  m 


r«lile  17.1 


0.00 
0.01 
0.02 
0.09 
0.04 

0.0S 
0.0» 
0.07 
0.00 
0.09 

0.10 
0.U 
0.12 
0.1) 
0.14 

0.15 
0.16 
0.17 
,  0.W 
0.19 

'■  0.20 
Oi.21 
0.22 
0.2) 
0.24 

0.2S 
0.26 
0.27 
0.20 

o.r» 

.0.30 
0.)1 
0.)2 
0.)) 
0.94 

0.« 
CM 
0^)7 
0.)0 
0.)9 

0.40 
0.41 
0.42 
0.4? 
0.44 

Q.4S 
0.46 
0.47 
0.40 
0.44 

0.M 
Ml 


«(ii»)-tip(-»A"(»)/ir(ii.)] 

i.  00000  00000  00000  1,  97074  6927 

0.  26214  62674  17704  .    96686  1442 

0. 22749  45740  67492  1.  sSm  fMS 

0.20607  48100  47842  1.  99844  K44 

0. 14144  69082  04440  i.  $9446  8946 


,0.17491  60064  99729 
0.16420  79)11  46199 
0.16099  42010  79011 
0.19248  I4n0  04741 
0.14624  ^  79296 

0.14ffi7  91264  94262 
0.19464  98847  42041 
0.12497  14649  209^9 
0.12488  01229  92044 
0.12091  71497  28724 

0.116*9  40607  17472 

0.11261  o:>;«4  im% 

0.1040C  18990  29894 
0.10998  494S7  48477 
0^10299  24299  19S44 

0.0%4;  96479  98829 
0.04699  82744  69440 
4.04)9)  92888  80648 
0.04084  75494  60707 
0.08827  12994  87062 

J. 08574  579)7  02145 
ft  08)41  99498  89117 
O.Ok:U  74179  41169 
0.07840  17281  26084 
0.0767*  08740  04)17 


0.07468 
0.47268 
0.07074 
0.0688S 
0.06702 

0.06924 
0.06991 
0.061ie$ 
0.06018 
0.09898 


44495 
44469 
09099 
4)092 
29915 

21896 
0)4)4 
4947* 
24161 
16489 


97174 
17110 
87911 
47167 
64108 

787)8 
00746 
19898 
744)8 
96898 


0.09702  .0^978  14610 
0.05944  69599  04081 
0.09400  A1890  49444 
0.09295  4112)  4269) 
0.09119  26127  21764 

0.04474  22621  64974 
0.04898  17284  99284 
0.04704  476)4  16*24 
0.04974  91494  80144 
0.04446  64294  25028- 

0.04)21  94182  6)772  ' 
•/(»•) 


1.99047  9992 
1.94646  2496 
1.54249  m% 
1.59884  2790 
1.99489  9469 

1.59079  76)7 
1.92666  9017 
1.52299  5964 
1.  91847  8494 
1.S1428  4027 

1.91012  189) 
1.50544  1612 
1.50174  9i01 
1.44752  6026 
1.44924  0104 

1.48409  5058 
1.48476  9961 
1.48046  6)79 
1.47619  2126 
1.4/181  7514 

1.4^746  2204 
1.46100  987) 
1.45868  8199 
1.49426  8648 
1.44482  7128 

1.44996  9064 
1.44087  6119 
1.49696  9871 
1.49189  1414 
1.42727  9821 

1,42264  U9^ 
1.41808  9)44 
U41949  0127 
1.40874  0894 
1.40410  9014 

1.94494  2194 
1.94469  1692 
1.98488  2442 
1.98908  9968 
1.98025  0774 

1.97940  1472 
1.97051  4905 
1.96994  9641 
1.96064  4814 
1.99966  1199 

1.95064  9881 

r(-«)*] 


A''(»)*A*(«t() 
9i(»)~9(«t)  \ 


1.1947 
1.11289' 
1.1207A 
1.12049 
1.1)944 

1.149)4  5t42 
1.19065  5^4 
1.15778  6474 
1.16474  82^9 
1.17164  70! 

1. 17848  442 
1.18518  2889^ 
1.14178  1911 
1.14824  0067 
1.20471  9641 

1.21105  6028 
l.nm  0499 
1.22951  1894 
1.22469  1828 
1.29968  9896 

1.24167  0967 
1.24754  4998 
1.29949  8049 
1.29426  9421 
1.26901  2576 

1.27070  7480 
1.27694  4449 
1.28144  1668 
1.28748  4262 
1.24247  4294 

1.24842  8094 
1.90989  2008 
1.90414  2448 
1.91491  0976 
1.91478  7997 

1.92902  4448 
1.99022  2499 
1.9)998  2490 
,  1.94050  5988 
'  1.94994  2249 

1.^9064  9881 

m 


1.00 
0.44 
0.48 
0.47 
0.46 

0.49 
0,44 
0.49 
0.42 
0.41 


0.79 
0.74 
0.79 
0.72 
0.71 

0.70 
0.64 
0.68 
0.67 
0.66 

0.69 
0.64 
0.69 
0.62 
0.61 

0.60 
0.94 
0.98 
0.97 
0.96 

0.99 
0.94 
0.9) 
0.52 
0.51 

0.50 

fit 


ERIC 


615 


610 


Table 
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KUJfmO  IMTBOBALB 

17.2  a^MPLETE  ELLIPTIC  INTEGRALS  OF  THE  FIRST  AMP  SECOND  KINDS 
AND  THE  NOME  9  WITH  ARGUMENT  THE  MODULAR  ANGLE  « 


A»«C?(l-aiii»*Bn«»)  V«  A"(-)-Jif(90r-«) 
i;(«)«J^f(l-8to»«8to»»)'rf# 


J7'(«)=i?(9(f-a) 
gi(«)°g(9y-«) 


40 
41 
42 
43 
44 

45 

W 


1.57079  63267  94897 
1.57091  59581  2724) 
1.57127  49523  72225 
1.57187  36105  14009 
1.57271  24349  95227 

1. 57379  21309  24768 
1.57511  36077  77251 
1. 57667  7981S  92838 
1.57848  65776  88648 
1.58054  09338  95721 

1. 58284  28043  38351 
1.58539  41637  75538 
1. 56819  72125  27520 
1. 59125  43820  13687 
1. 59456  83409  31825 

l.)59814  20021  12540 
1.60197  85300  66952 
1.60608  13494  10364 
1.61045  41537  89663 
1.61510  09160  67722 

1.62002  58991  24204 
^  1.62523  36677  56843 
1.63072  91016  30788 
1.63651  74093  35819 
1.64260  41437  12491 

1.64899  52184  78530 
1.65569  69263  10344 
1.66271  59584  91370 
1.67005  94262  69580 
1.67773  48840  80745 

1.68575  03548  12596 
1.69411  43573  05914 
1.70283  59363  12341 
1.71192  46951  55678 
1. 72139  08313  74249 

1.73124  51756  57058 
1. 74149  92344  26774 
1.75216  52364  68845 
1. 76325  61840  59342 
1.  77478  59091  05608 

I. 7B676  91348  85021 
1. 79922  15440  49611 
1.81215  98536  62126 
1. 62560  18961  35889 
1. 83^56  67210  93652 

l.854b7  46773  01372 

1  A'» 


n  J 


5.43490  98296  25564 
4.74271  72652  76886 
4.33865  39759  99725 
4.05275  81695  49437 

3.83174  19997  84146 
3.65185  59694  78752 
3.50042  24991  71838 
3. 36986 '80266^ 66445 
3.2SS3|0  29421  43555 

3.15336  52518  67839 
3.06172  86120  38769 
2.97856  895U  81384 
2.90256  49406  70027 
2.63267  25629  18100 

2.76806  31453  66766 
2.70806  76145  90486 
2. 65213  80046  30204 
2. 59981  97380  61099 
2. 55073  14496  27254 

2.50455  00790  01634 
2. 46099  94583  04126 
2.41984  16537  39137 
2. 38067  01906  04429 
2. 34390  47244  46913 

2.30878  67981  67196 
2.27537  64296  11676 
2. 24354  93416  96626 
2.21319  46949  79374 
2.16421  32169  49246 

2.15651  56474  99643 
2.13002  14383  99325 
'2.10465  76584  91159 
2.08035  80666  91576 
2. 05706  23227  97365 

2.03471  53121  85791 
2. 01326  65652  05468 
1.99266  97557  34209 
1.97286  22662  74650 
1. 95386  48092  51663 

1.93558  10960  04722 
1.91799  75464  36423 
1.90108  30334  63664 
1.88480  66573  60404 
1. 86n4  7S460  26462 

1. 85407  46773  01372 


0. 00000  00000  00000 
0.00001  90395  55)87 
0.00007  61698  24680 
0.00017  14256  42257 
0.00030  48651  46614 


0. 00047  65699 
0. 00066  66451 
0.00093  52191 
0.00122  2447( 
0.  00154  6504!  I 

0.00191  3594!  i 
.0^00231  794511 
0.^0276  1809:  > 
0.00324  54671 
0.00376  9226! 


16667, 
27305 
97616 
64294 
16579 

90170 
15621 
29252 
43525 
66976 


0.00433  3420}  09983 
0.00493  8413!  64213 
0.00558  45970  58517 
0.00627  23946  95994 
0. 00700  22602  97383 

0.00777  46604  16442 
0.00659  01752  53626 
0. 00944  92999  75062 
0. 01035  2)461  44729 
0. 01130  08432  76049 

0.01229  45605  27181 
0. 01333  45085  07947 
0.01442  14412  63638 
0.01555  61584  97708 
0.01673  ^5077  33023 

0,01797  23870  06967 
0.019?5  57475  39635 
0. 02059  05967  10437 
0. 02197  80013  16901 
0.02341  90910  88188 

0.02491  50625  23981 
0.02646  71830  76961 
0.02807  67957  17219 
0. 02974  53239  19583 
0. 01147  42771  20286 

0.03326  52566  95577 
0.03511  99625  22096 
0.03704  02601  87133 
0.03902  76889  26607 
0.04106  50703  79685 


90* 
69 

«e 

67 
66 

65 
84 
83 
62 

79 

76 
77 
76 

75 
74. 
73 
72 
71 

70 

69 

68. 

67 

66 

65 
64 
43 
62 
61 

60 

59 
58 
57 
56 

55 
54 
53 
52 
51 

50 
49 
46 
47 
46 


45 
a 


"~.Wi«»llatiJ|[>u8  Goltectioit,  vol. 


0.04321  39182  63772 

616  rn 

Ui  fpifieeley;  Smithaonian  elliptic  funetion  tabks,  SmithBonian 
m  WasMagtom       1047  (witfi  ponriirion). 
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coMPLrre  eluptic  intbgials  of  the  niisT  and  second  kinds  tmb 

AND  THE  NOME  «  WITH  AR6VMENT  THE  MODULAR  ANGLE  • 

»  i 


0" 

1 

2 
4 

S 

7 
S 
9 

10 
11 
12 
1) 
14 

IS 
16 
17 
18 
19 

20 
21 
22 
21 
24 

25 
26 
27 
28 
29 


9Wt«P  [-^'W/^^Wl 


j,(.)-^(9(r-.) 


1.00000  00000  00000 
0.40330  93063  38378 
0.35316  56482  96037 
0.32040  03371  34866 
0.29548  83855  58691 


0.27517 
0.25794 
0.24291 
0.229S6 
0.21754 

0.20660 
0.19656 
0a8728 
0.17865 
0.17059 


98048  73563 
01957  66337 
29743  06665 
71598  81194 
89496  99726 

97552  00965 
76611  43642 
51836  10217 
56628  04653 
45383  49477 


0.16303  35348  21581 
0^5591  66592  65792 
0.14919  73690  67429 
0.14283  65198  36280 
0.13680  08474  28^9 


0.13106 
0.12559 
0.12037 
0.11539 
0.11062 

0.10605 
0.10167 
0.09746 
0.09342 
0.08953 


m 


44 

'852 
82455 
33684 
35386 


40201 
16783 
47524 
26672 
58769 


99858 
09819 
07894 
49987 
78854 

85996 
93444 

70352 
88483 

52553 


0.08579  57337  02195 
D.  08219  43775  66408^- 
5-92873 
99738  58803 
0.07215  43668  98737 

)S  0.06904  22996  09032 

)6  0.06603  86859  10861 

17  0.06313  88302  96461 

)S  0.06033  83890  33716 

39  0.05763  33361  79494 

40  0.05501  99336  98829 

41  0« 05249  47051  04844 

42  0.05005  44121  29953 
4).  0.04769  60340  17056 

44  0.04S41  67490  83529 

45  0.04321  39182  63772 


1.57079  63267  94897 
1.57067  67091  27960 
1.57031  79198  97448 
1.56972  01504  23979 
1.56888  37196  07763 


1.56780 
1.56649 
1.56494 
1.56316 
1.56114 

l.j&5888 
1.55639 
1.55368 
1.55073 
1.54755 


90739  77622 
67877  60132 
75629  69419 
22295  18261 
17453  51334 

71966  01596 
97977  70947 
08919  36509 
19509  84013 
45758  69993 


1.54415  04969  14673 
1.54052  157,41  27631 
1.53666  97975  68556 
1.53259  72877  45636 
L 52830  62960  54359 


1.52379 
1.51907 
1.51414 
1.50900 
1.50366 


92052  59774 
85300  25531 
69174  93342 
71479  16775 
213»  53715 


1.49811  49284  22116 
1.492M  87111  24151 
1.48642  68037  44253 
1.48029  26638  27039 
1.47396  98872  41625 

1.46746  22093  39427 
1.46077  35062  13127 
1.45390  77960  65210 
1.44686  92406  95183 
1.43966  21471  15459 

1.43229  09693  06756 
1.42476  03101  24890 
1.41707  49233  71952 
1.40923  97160  46096 
1.40125  97507  85523 

1.39314  02485  23812 
1.38488  65913  75413 
1.37650  43257  72082 
1.36799  91658  73159 
1. 35937  69972  75008 

1.35064  38810  47676 


1.00000 
1.00075 
1.00258 
1.00525 
1.00864 

1.012^ 
1.01723 
1.02231 
1.02784 
1.03378 


J?'(«) 

00000  00000 
15n7  01834 
40855  27552 
85872  09152 
79569  07096 

35062  34396 
69183  41019 
25881  67584 
36197  40833 
94623  90754 


1.04011  43957  06010 
1.04678  64993  44049 
1.05377  69204  07046 
1.06105  93337  53857 
1.06860  95329  78401 

1.07610  51130  76403 
L 08442  52193  72543 
1.09265  03455  37715 
1.10106  21687  57941 
1*10964  34135  42761 

1.11837  77379  69864 
1. 12724  96377  57702 
1.13624  43646  84239 
1.14534  78566  80849 
1.15454  66775  24465 

1.16382  79644  93139 
1.17317  93826  83722 
1.18258  90849  45384 
1.19204  56765  79886 
1.20153  81841  13662 


1.21105 
1.22058 
1.23012 
L 23966 
1.24918 


60275  68459 
89957  54247 
72241  85949 
11752  88672 
16206  07472 


1.25867  96247  79997 
1.26814  65310  65206 
1.27757  39482  50391 
1.28695  37387  83001 
1.29627  80079  941H 


1.30553 
1.31472 
1.32384 
1.33286 
1.34180 


90942  97794 
95602  64623 
21844  81263 
99541  17179 
60581  29911 


1.35064  38810  47676 


90* 

89 

88 

87 

86 

85 
84 

83 
82 
81 

80 
79 
78 
77 
76 

75 
74 
73 
72 
71 

70 
69 
68 
67 
66 

65 
64 
63 
62 
61 

60 
59 
58 
57 
56 

55 
54 
53 
52 
51 

50 
49 
48 
47 
46 

45 


ERIC 
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PAMinrrBB  m  WW'  4RGiniENT  r{m)fM(m) 


K' 
K 

0.30  0*9m4  6^976 

0.34  '  0,^M44  79107 

0.16  0.99740  80762 

0.30  0«  99990  01061 


0.40 
0.42 
0,44 
0.46 
0.48 

0.90 
0.92 
0*94 
0.96 
0,98 

0.60 
0.62 
0.64 
0.66 
0.68 

0.70 
0.72 
0.74 
0.76 
0.78 

0«80 
0.82 
0.84 
0.86 
0.88 

0.90 
0.92 
0^94 
0.96 
0.98 

1.00 
1  02 
1.04 
L06 
1.08 


0.99300  79974 
0.99101  23921 
0.98739  98902. 
0.98284  72986 
0.97726  94940 

0.97096  27489 
0,96266  79129 
0.99392  60602 
0.94310  98029 
0.93138  97063 

0,91837  61134 
0.90409  80109 
0.88(»9  18214 

S 87191  38294 
8941)  42916 


0.8393) 
0.81960 
0,79909 
0,77377 
0.79188 

8.72949 
Q. 70669 
0,68)61 
0.660)9 
0.6)700 


94217 
91M1 
9119) 
81814 
66711 

0)878 
84707 
86398 
90204 
74399 


0,61367  03730 
0,99043  22404 
0,967)7  48621 
0.94497  90994 
0,92209  469)1 

0.90000  00000 
0.478)4  24497 
0,49716  8)094 
0, 4)691  71048 
8,41642  19278 


1,10  0,)9690  97992 
1.12  0, 97800  18621 
1.14     0. 39971  42366 

1,16  A  34209  80100 

1,18  ^0^)290)  989^9 

1,20     0,20866  29998 


K  " 

1.20 

l.aa  fl.  24292  92811 

1.24  0.27712  39170 

1.26  0.26995  17107 

1.26  0.24949  94S12 


1.90 
1.92 
1.94 
1.96 
1.9S 

1.40 
1.42 
1.44 
1.46 
1.48 

1.90 
1.92 
1.94 
1.96 
1.98 

1.60 
1.62 
1.64 
1.66 
1.68 

1.70 
1.72 
1.74 
1.76 
1.78 


0.29629  98998 
0.22960  78874 
.0.21194  10467 
0.20009  96999 
0.18908  70181 

0.17866  98092 
0.16879  m779 
0.19994  996b 
Ol  19040  97699 
0.14199  21849 

0.»989  41279 
0.12617  79987 
0.11906  98004 


0.K 


90900 


0.419966  99447 
0.09988  98998 
0.08849  24989 
ft.W987  79799 
0.0784i.$148<u 

0.07981  96747 
0.06948  01990 
0.06999  09094 
0.06199  91999 
0.09789  64927 


1.80  0.09446  89767 

1.82  0.09129  77481 

1.84  0.04819  98272 

1.86  0.04992  69999 

1.88  0.042 


4262  97408 


1.90  0.04008  26022 

1.92  0.09760  81947 

1.94  0.09949  41720 

1.96  0.09991  26147 

1.98  0.09191  60194 


0.0294? 


2.00   

2.02  0,02766 

2.04  0.02600  66464 

2.06  0.02444  29879 

2.08  0.02297  11098 

2.10  0.02198  74007 


For  ^.  >8.0,  J<0.8, 


K' 
K 

2.10  0.02198  74007 

2.12  0.02028  61809 

2.14  0.01906  26278 

<2.16  0,01791  21974 

2.18  0.01689  09990 


2.20 
2.22 
2.24 
2.26 
2.28 

2.90 
2.92 
2.94 
2.96 
2.98' 

2.40 
2.42 
2.44 
2.46 
2.48< 

2.90 
2.92 
2.94 
2.96 
2.98 

8.60 
2.62 
2.64 
,2.66 
2.68 

2,70 
2,72 
2,74 

tm 

2t78 

2,80 
2.82 
2,84 
2,86 
2,88 

2,90 
2.92 
2,94 
2.96 
2,98 

),00 


0.01981  97849 
0,01489  79)96 
0,01)99  94917 
0,01911  49)89 
^  12)2  11967 

0.0U97  92117 
0,01087  4149) 
0,01)021  9)169 
0,0m9  62118 
0,00901  44974 

0,00M6  78199 
0.00749  41974 
0,00747  16117 
0,007m  82811 
0,00689  22140 

0,00619  28026 
0.00981  60167 
0,00946  27984 
0,0091)  0976) 
0,00481  92610 

0.00492  64)98 
0,00429  1)729 
0.00)99  2987) 
0.00)79  02764 
0.00)92  22924 

0.00)90  81448 
0.90)10  69966 
0.00291  80610 
0.00274  09988 
0.00297  99191 

0.00241  7)968 
0.00227  0)10) 
0.0021)  21990 
0.00200  24811 
0.00188  06479 

0.00176  62198 
0.00169  87487 
0.0019)  78119 
8,08146  98127 
0.001)7  )9789 

0.00129  0)991 


•M  Gxample  6. 


Tabi.  17.4 

AtiXIUARY  PUNCnONS  WW 

0,00  0.06290  00000  00000 

0.01  0.06281  49660  38)02 

0.02  0.06113  ))261  60188 

0,03  0.06349  6)796  34180 

0.04  0,06378  30128  42217 

0,09  0.06411  97394  13714 

0.06  0.0M49  22603  66828 

0.07  0,06479  34842  97396 

Sm  CmhhiIm  9,  8  awl  6. 


GOMPVTA' 


0.00000  noooo 
0.00291  69276 
0.00906  66040 
0.M769  09870 
0.W1027  04999 
0.!01292  98901 
0.01961  79944 
0.01894  76960 


OP  THE  NOME  if  aND  THE  PARAMETER  m 

K'jn)  ^^  16 


t(w)<»-/r(M)-t-- 


0 


0.08  0.06919  99299  96060 

0.09  0.06949  04997  14101 

0.10  0.06984  69199  98984 

0.11  0.06620  m91  77494 

0.12  0.06697  42194  19129 

0.19  0.  06694  61996  99704 

0.14  0.06792  96721  61989 

0.19  0.06770  69WL«*89 

'  8 


m 

0.02111  98281 
0.02992  94949 
0.02677  1.110 
0.02966  07472 
0.09299  24678 
0.09996  76942 
0.09898  79466 
0.^*169  27492 


618 
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ELUPTIC  OHIBCMAL  OF  THE  HBST  KIND  F(»\«) 


2 

0 

4 

0 

6 

.0 

8 

0 
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0 

12 

0 

14 

0 

16 

0 

18 

0 

'  20 

g 

22. 

0 

24 

0 

26 

0 

28 

0 

90 

g 

s 

0 

14 

0 

96 

0 

98 

0 

40 
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42 
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0 
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48 

0 

90 

g 

S2 

0 

94 

0 

96 

J 

98 

0 

60 

g 

62 

0 

64 

0 

66 

0 

68 

0 

70 

g 

72 

0 

74 

76 

78 

80 

02 

84 

86 

88 

98 

0 

s 

IS 
29 

n 

n 
n 


0.08m  M« 
0.08726  660 
0. 08726  700 
0.08726  767 
0.08726  860 


W 

0.174S9  m 
0.17493  400 
0.17499  721 
0.17494  299 
0.17494  <m 


0.08726  0.17499  ^9 
0.08777  124  0.17497  102 
0.08727  294  0.17498  491 
0.08727  487  /0. 17499  991 
0.0872)7  709  '  0.17461  714 


0.08727  940 
0.08728  199 
0.08728  4n 
0.08728  779 
0.08729  086 

0.08729  419 
0.08729  799 
0.087)0  108 
6.08730  472 
0.08730  844 

0.087)1  222 
0.08731  606 
0.08731  992 
0.08732  979 
0.08732  769 

0.08733  149 
0.08733  928 
0.08733  901 
0.08734  269 
0.087)4  620 

0.087)4  962 
0.087)9  291 
0.087)9  609 
0.087)9  902 
0.087M  182 

0.087H  442 
0.087)6  681 
0.087)6  890 
0.087)7  092 
0.087)7  262 

0.087)7  408 
0.087)7  928 
0.087)7  622 
0.087)7  689 
0.087)7  7)0 

0.087)7  744 

r(-8)8J. 


8 


0.1746)  611 
0.17469  679 
0.17467  899 
0.17470  261 
0.17472  762 

0.17479  m 
0.17478  119 
0.17480  9S0 
0.17483  864 
0.17486  848 

0.17489  887 
0.17492  967 
0.17496  073 
0.17499  IH 
0.17902  300 

0.17909  )92 
0.17908  448 
0.17911  499 
0.17914  397 
0.17917  260 

0.17920  029 
0.17922  690 
0.17929  232 
0.17927  640 
0.17989  90) 

0.17932  010 
0.1793)  949 

0.179)9  m 

0.179)7  289 
0.17938  678 

0.179)9  894 
0.17940  830 
0.17941  994 
0.17942  149 
0.17942  47) 

0.17942  98) 

m 


IS* 

0.26179  9)9 
0.26180  298 
0.86181  )74 
0.26183  163 
0.26189  696 

0.26188  842 
0.26192  707 
0.26197  234 
0.26202  408 
0.86208189 

0.26214  968 
0.26221  911 
0.26228  989 
0.26296  998 
0.2624&  392 

0.86294  249 
0.2626)  487 
0.26279  064 
0.86282  9)4 
0.26293  092 

0.86303  369 
0.26313  8)6 
0.86)84  404 
0.86))9  019 
0.86)49  6)9 

0.86996.191 
0.86966  649 
0.86976  996 
0.86987  020 
0.86)96  848 

0.26406  399 
0.26119  909 
0.26424  298 
0.26498  996 
0.26440  962 

0.26447  6)4 
0.26494  ))4 
0.26460  «8 
0.26469  M) 
0.86470  671 

0.26474  766 
0.26478  147 
0.26480  799 
0.86482  697 
0.26489  048 


0.26484  229 


2ff> 

0.94906  989 
0.34907  428 
0.94909  992 
0.94914  148 
0.94919  998 

0.94927  479 
0.949H  998 
0.34947  200 
0.94999  998 
0.94972  98) 

0.94988  016 
0.99004  999 
0.99022-048 
0.99040  901 
0.99060  870 

0.99081  868 
0.99109  809 
0.99126 '976 
0.99190  089 
0.99174  218 

0.99198  869 
0.9M29  920 
0.99249  294 
0.99274  748 
0.99900  280 

0.99929  724 
0.99990  999 
0.99979  849 
0.99400  269 
0.99424  101 

0.99447  217 
0.99469  497 
0.99490  829 
0.99911  081 
0.99990  160 

0.99947  999 
0.99964  977 
0.99979  926 
0.99992  721 
0.99604  488 

0.99614  960 
0.99622  881 
0. 99629  402 
0.99694  086 
0.99696  908 

0.99697  891 

(-«)2] 


26» 


]  [ 


0.49693  291 
0.496)4  899 
0.4)6)9  719 
0.4)647  806 
0.  4)699  086 

0.4)67)  918 
0.4)691  046 
0.4)711  606 
«,4)7)9  119 
0.49761  496 

0.4)790  6)9 
0.4)822  422 
0.4)896  799 
0. 49899  490 
0.49992  969 

0.49979  |77 
0.44016  296 
0.44060  999 
0.44107  119 
0.44194  622 

0.44209  247 
0.44292  769 
0.44902  960 
0.44999  984 
0.44404  997 

0.44499  191 
0.44909  999 
0.44999  469 
0.44604  919 
0.44692  487 

0.44699  117 
0.44744  199 
0.44787  948 
0.44828  499 
0.44867  292 

0.44909  902 
0.44996  997 
'0.44967  998 
0.44994  944 
0.49019  046 

0.49099  699 
0.49096  779 
0.49070  168 
0.49079  799 
0.49089  996 


0.49007  999 

m 


Table  17.5 


0.92999  878 
0.92962  696 
0.92970  909 
0.92984  699 
0.92409  8)9 

0.92428  402 
0.92498  299 
0.92499  914 
0.92999  449 
0.92978  929 

0.92628  999 
0.92682  887 
0.92741  799 
0.92804  924. 
0.92872  029 

0.92942  869 
0.99017  in 
0.99094  608 
0.99174  916 
0.99297  749 

0.99942  749 
0.99429  946 
0.9)917  761 
0.99606  986 
0. 99696  ;798 

0.99706  769 
0.99876  498 
0.99969  998 

!.  94099  0!  ; 
.94199  06< 

0.94222  911 
0.94904  111 
0.94982  197 
0.94496  704 
0.91927  182 

0.94999  192 
0.94694  916 
0.94710  162 
0.94760  964 
0.94804  987 

0.94842  999 
0.94879  947 
0.94898  608 
0.94916  948 
0.94927  042 

0.94990  614 

m 


0.08726  790  AI7198^962  0.26182  100  0.94911  042  0.49649  961 

0.08727  3n/%mW  198  0.26199  799  0.94999  092  0.49722  998 

0.08728  m  0.17469  061  0.86292  912  0.99091  990  ,  0.49874  792 

0.087)0  28ft  0.17482  )9T  0.26277  969  0.)91)8  244  0.4408)  848 

0.087)2  IW*  0.17497  *M  0.26)29  709  0.)9261  989  0.44)28  2)) 

0.087)4  084   0.17912  999  0^26)88  007  0.)9)08  12)  0.44980  11) 

0.087)9  796   0.17926  494  0.86128  466  0.99901  092  0.44808  179 

0.00796  998   0.179)6  929  0.2646)  2)8  0.99986  229  0.44981  649 

0.087)7  699   0.17941  099  0.26481  840  0.996)1  976  0.49079  497 

ThB  table  can  abo  und  iufcmijr to  find  r-ain«  when  ««j'(#\0  and  ao  the  JaeoUati  dUptie 
fmeikm,  for  enmple  m  •"tin  en  v-eoa  *,  in  —  (l-ite*  •  ito*  See  BsmfAee  7-11. 
Compiled  K.  Vtanm,  Tablei  of  tlie  eonplate  and  ineomplete  i<IU|itk  tntepali^  Camfavidfle 
Unhr.  Pram  GamMdge^  EaglaiMl.  1984  (wUhpemlMloa).  Kim  mia  have  been  eoneeted. 


0.92)77  099 
0.92912  794 
0.92772  849 
0.9)1)4  429 
0.9)962  27) 
0.94009  )91 
0.94419  926 
0.947)9  991 
0.94908  992 
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00 
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19 
29 
99 
49 
99 
69 
79 
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85* 

0.61006  924 
0.61090  m.9 
0.61109  691 
0.61129  100 
0.6I|$9  010 


0.61199 
0.01299 
0.61294 
0.61997 
0.61420 

0.61906 
0.61992 
0.61604 
0.61704 
0.61090 


910 

927 

Ijio 

140 


tNTEGMAL  OF  THE  PIBST 


40» 

69119  170 

:  4H 

69090  220 


0.69119 
0. 


0.69069  404 
69919  161 


0.70999  016 
0.71940  909 
0.70974  974 
0» 70617  974 
0.70671  644 


80* 

0.07266 
0.07270 
0.07912 
0.07970/ 
0.0749 


0.69969  199  0.70nO494 


170097  990 
0.170117  600 
70209  790 
70919  9U 


406  jimitm 

071  /0. 70999  097 
97y  0.70692  in 
0.70099  700 
0.70997  491 


010. 
0.62121  190 
0.6dl4  622 
0.  62979  019 
1S09  040 

.62642  969 
.62702  690 
0.62929  446 
0.M070  909 
0.69216  709 

0.69969  947 
0.69911  190 
0.69697  699 
0.69002  6M 
0.69949  ^9 

0.64004  944 
9tMM  619 
0.^1  921 
0.64476  099 
0.64999  791 

0.64707  490 
0.64011  109 
0.64906  209 
0.64991  029 
0.69067  419 

0.69192  994 
0.69106  270 
0.69220  622 
0.69299  116 
0.69277  910 


0.71164  720 
0.71941  124 
0,71926  098 
0.71719  092, 
0.71919  99~ 


.79290  709 
,29490  970 
17  020 
0.79919  791 
0.74197  070 

0.74990  on 
0.74972  990 
Q.747n  266 
0.749n  471 
0,79in  200 

0.79992  07S 
0.79919  716 
0.79679  000 
0.79019  076 
0.79996  970 

0.76042  640 
0.76190  991 
0.76200  497 
0.76290  902 
0.76200  046 


0.70091  m 
0.70169  m 
0.79091  760 
0.79290  027 

0.797( 

0. — 

0. 

610 
990 

,  .00991  999 
'6.01220  024 
0.01916  099 

0.01014  769 
0.0129  227 
0.  02440  946 
0.02764  941 
0.O909S  712 

0.09491  247 
0. 09770'  010 
0.04110  944 
0.04490  460 
0.04708  409 

0.09122  979 
0.09490  024 
0.09769  220 

0.06077  on 

0.06979  097 

0.06692  996 
0.06919  1» 
0.07197  199 
0.0n76  090 

9^mn  097 

0.07740  099 
0.07001  401 
0.07992  499 
0.00072  679 
0.00121  14» 


949 
412 
92  076 


0.08416  a4 
0.086S9  294 
0.08919  992 
0.89190  071 
0.09901  076 


924 

0.90167  092 
0.90990  419 
0.90911  469 
0,91910  140 


0.n729  407 
0.^196  970 
0.92601  999 
0.99099  990 
0.99920  099 

0194007  960 
0.94499  796 
0,94909  177 
0.99479  901 
0.99979  602 

0.96469  196 
0.96990  647 
97426  779 


0.90996  406 

0,90762  299 
0.99169 
0.99996 
0.99076 
LOOlOO  067 

1.00449  942 
1.00664.670 
1.00099  470 
1.00966  020 
Lei042  690 


0.69209  690   0.76290  969 


0.00197  999 

r(-8)*] 


1.01060  919 

m  m  [''H 


/ 

0.999n  109 
CL960M  097 
0.96092  021 
0.96127  490 
0.96291  911 

0.96966  100 
0.96990  124 

0.97200  462 

3  97402  960 
{97794  790 
0.98199  779 
0.90909  601 
0.98104  227 

0.99991  099 

0.  99709  749 
1.00267  749 
L00776  490 
1.01911  099 

1.  01070  699 
1.02494  127 
1.09060  290 
1.09607  427 
1.04999  940 

L04997  799 
1.09676  412 
1.06M7  240 
1.07067  120 
L07772  916 

1.00479  494 
1.09109  496 
1.09079  601, 
1.10962  M9 
1.11226  992 

1.11064  920 
1.12471  190 
i.19099  m 
1.19961  610 
1.14091  904 

1.14441  092 
1.14707  262 
1.19062  010 
1.19261  692 
1.19902  020 


0.61119  999 
0.61929  114 
0.61799  097 
0.62900  296 
0.62997  691 
0.69790  974 
0.64414  990 
0.64990  299 
0.69249  960 


0.69092  299 
0.70162  190 
0.70764  702 
0.71621  W 
0.72667  222 
0.79000  694 
0.74002  404 
0,79749  964 
0.76227  978 


0.70994  111 
0.^9  416 
0.79070  914 

0.01000  m 

0.02601  708 
0.04200  948 
0.09924  9M 
0.07269  924 
0.80096  908 


0^07990  020 

0.92029  096 
0.99292  094 
0.97660  210 
0.99710  999 
1.00I08  899 


1.04119  799 
1.04n0  469 
1.04794  609 
1.04000  194 

l.U<a9  270 


l.( 

Ui 

fcl 


107  911 
$994  160 
>90  099 
1919  819 

199  984 


1.0M96  091 
1.01992  409/ 
1.07429  976 
1.07097  620 
1.00407  947 

1.M9S9  067 
1.09940  696 
l.|0169  099 
1.10024  474- 
1.^1921  999 

1J12299  667, 
1, 19024  800 
1  19020  946 
1,14669  969 
1119999  791 

116491  697 
17996  692 
Ism  099 
19279  690 
20261  907 
21299  661 
22269  199 
29269  660 
24299  976 
29296  290 
26109  900 
27090  210 
IA.27961  402 

I.  20769  696 
|l.29492  496 

il.  90199  921 

II.  90600  499 
'1.91117  166 
1.914M  170 
Iv  91690  910 


1.19429  499   1.91699  790 


0.96006  409 
0.9Sm  014 
0.90917  120 
1.00910  009 
1.09971  296 
1.06716  260 
1.10229  077 
1.19906  649 
1.19171  497 


1.04096  719 
.09774  229 
07697  042 
.10409  949 
.14242  906 
.10700  407 
^29764  210 


620 


BLUmG  INTfeCBAL  OP  THE  PIBST  KIND  F(#\a) 


1.13446  401 
1.1MM  294 
1.13937  994 
1.1HS2  976 
1.13613  196 

1.14019  906 
1.14273  092 
1.14972  769 
1.14919  471 
1.19313  409 

1.19794  967 
1.16244  939 
1.16762  929 
1.17969  362 
1.16009  472 

1.16691  274 
1.19427  162 
1.20213  469 
1.21090  942 
1.21936  920 

1.22in  499. 
1.23667  392 
L 24907  904 
1.29996  479 
1.27136  210 


1.22173  046 
1.22200  477 
1.22262  no 
1.22420  160 
1.22612  810 

1.22661  010 
1.29169  IN 
L 23929  806 
L 23943  470 
L 24416  827 

1.24992  627 
1.29949  700 
1.26198  997 
L 26913  369 
1.27698  049. 

1.  28930  099 
1.29494  609 
1.30404  906 
1.31442  210 
1.32947  772 

1.33722  824 
1.34966  949 
1.36266  813 
1.37676  148 
L)9199  640. 


1.28929 
1.29999 
1.30836 
1.32194 
1.3^7 

1.34i92 
1.36301 
1.37727 
1.39199 
1.40986 


798  L  40676  899 
414  1.42287  717 
604  J.43971  960 

149:t^f!!,49726  939 

I  1.49441  087 
L91390  609 
1.93392  392 
1.99439 '972 
1.97907  940 


1.41993 
1.433691 
1.446841 
1.49927  21 
1.47073 


1.48098  006 
1.48977  979 
1.49690  410 
1.90219  396 
1.90937  033 

1.90649  ^4 

rn 

1.13989  944 
1.14740  244 
1.17069  811 
1.20629  660 
1.29446  980 
1.31490  967 
1.98443  229 
1.49316  999 
1.49977  412 


1.99990  624 
1.61661  644 
.69693  134 
9691  216 
1498  87) 


1.69181  489 
,1.78698  496 
1.71676  "  " 
1.72786 
1.73390 

1.73941  916 

m 

1.22)44  604 
1.29727  471 
1.26948  460 
1.38919  104 
1.36971  948 
1.44640  4)) 
1.94409  676 
1.6466)  711 
1,72)72  999 


n* 

L 90899  694 
L)e9)l  999 
1.91028  822 
L)1190  491 
1.)I417  >14 

l.)1709  776 
L)2066  914 
L)2494  296 
l.)29U  047 
1.39990  840 

L94i8)  901 
l.)4888  616 
L)9666  9)1 
l.)6919  999 
1.97448  981 

1.98497  499 
L 99947  019 
L 40720  064 
1.42979  196 
1.4)927  179 

1.44766  998 
1.46901  i69 
L 47994  287 
L 49668  497 
L 91907  416 

1.9)494  619 
1.9991)  )94 
1.97686  709 
1.99977  )78 

1.64917  867 
1.67968  999 
L 789)6  )96 

1.76199  089 

L79268  7)8 
1.824M  292 
1.89966  179 
1.88719  906 
1.91779  814 

1.94682  2)1 
1.97)16  666 
116 
492 
126 


464  i02)84 


2.02798  942 

m 

1.91101  9)7 
1.927)2  612 

I,  am  467 

L41))8  702 
1.48768  472 
1.96817  29) 
1.71762  999 
1.87149  996 
2.00498  776 


l.)9626  )40 

1.  )966)  672 
:1.)9779  76) 
1.99962  909 
1.40229  998 

1.48964  922 
L46980  977 
;  1.41474  871 
1.42848  728 
L4870)  700 

1.4)441  976 
;  1.44264  999 
L49174  466 
1.48174  960 
1.47266  996 

1.48499  499 
1.4974)  )84 
1.911)4  644 
1.926))  92) 
1.94244  7)4 

i.9997)  441 
1.97629  901 
1.99886  499 
1.61929  762 
1.64181  49) 

1.66996  M2 
1.69168  669 
1.71910  129 
1.748)0  880 
1.77941  482 

1.81292  99) 
1.84776  947 
1.6892)  9)9 
1.9290)  909 
1.96729  2)7 

2.01192  798 
2.0990)  jn 
2.1084)  282: 
2.19978  299 
2.2124)  977 

2.26927  926 

2.  )164)  097 
2.)6)1)  7)6 
2.4019)  998 
2.42716  00) 

2.4)624  609 


1.99699  928 
1.41791  762 
1.49669  012 
1.91670  )47 
L60647  67) 
1.7))47  444 
1.9848)  674 
2.1))89  914 
2«)8)64  709 


1.48)92  986 
1.48999  94) ' 
1.4892)  942 
1.48796  769 
1.498)6  470 

1.4942)  )61 
1.49898  627 
1.9046)  742 
1.91120  474 
1.91870  904 

1.92717  449 
1.9)662  869 
L 94710  909 
1.99869  9)4 
1.97129  942 

i98902  624 
L99996  406 
1.61616  906 
1.69)70  396 
L 69299  894 

L 67299  226 
1.69469  196 
1.71899  498 
1.74969  264 
1.77086  8)6 


1.80006  176 
1.6)14)  066 
1.66919  414 
L9014)  991 
L94090  07) 

L 9626)  997 
2.8281)  970 
2.0n)9  219 
2.1)070  092 
2.16869  899 

2.29177  999 
2.92870  416 
2.99^  610 
2.47892  7)9 
2.96980  281 

2.669)9  049 
2.777)6  748 
2.89146  664 
).  00)70  926 
).09448  898 

).  1)1)0  D) 

|(-8)7J 

1.48619  )17 
1.90760  99) 
1.99279  984 
1.62477  898 
1.79081  719 
1.66296  142 
2.10946  169 
2.49697  614 
2.94868  876 


T«bfe  17.5 


1.97079  699 
1.97127  499 
1.97271  244 
1.97911  961 
1.97848  698 

1.98284  280. 
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M3303  553 
1.12176  337 
i.  10005  2M 
1.06990  479 
1.03292  660 
0.99350  365 
0.99606  Oil 
0.92979  970 
0.90057  073 


1.22001  070 
1.20649  962 
1.10039  569 
1.143S9  013 
1.09900  029 
1.09063  901 
1.00370  900 
0.96910  626 
0.94369  013 


1.30690  342 
1.2910f  720 
1.2602.'  409 
1.21669  093 
1.16349;  046 
1.10913  440 
1.04769  309 
0.99919  744 
0.96993  313 


1.39636  340 
1.99509  m 
1.99477  165 
1.9«91  090 
1.99091  963 

1.91697  006 
1.90393  903 
1.97019  393 
1.97360  017 
1.96651  039 

1.95960  299 
1.95210  961 
1.94405  909 
1.99591  146 
1.92596  967 

1.91605  041 
1.90560  496 
1.29469  629 
1.20310  499 
1.27120  349 

1.25096  675 
1.24637  340 
1.39934  019 
1.21991  241 
1.30699  990 

1.19355  255 
1.17061  079 
1.16450  621 

1.15091  ao 

1.19645  710 

1.13240  990 
1.10066  792 
1.09907  900 
1.00170  906 
1.06009  476 

1.09640  221 
1.04469  199 
1.09990  991 
1.02917  991 
1.01976  904 

1.  00949  295 
0.99091  000 
0.99255  019 
0.90090  025 
01 90560  fl9 

0.90400  779 


86*  90* 

1«  #92  906  1.47079  699 
llmo  440^97091  793 
1^M102  929  1.96000  972 
1.^70^717  1.96649  679 
1.47674  200   1.96916  229 


1.47294' 913 
1.46091  693 
1.46207  90 
1.  45663  6« 
1.44959  005 

1.44170  179 
1.49331  013 
1.43393  023 
1.41391  049 
1.40331  395 

1.99105  593 
1.97906  909 
1.96787  930 
1.99411  906 
1.94041  969 

1.  93639  066 
1.91190  614 
1.39693  069 
1.20110  940 
1.26995  097 

1.24994  449 
1.29911  500 
1.21672  971 
1.30034  734 
L 10979  939 

1.16725  747 
1.15009  364 
1.13472  145 
1.11002  650 
1.40330  172 

1.00024  779 
1.07977  505 
1.06000  556 
1.04707  504 
L09S19  640 

1.02436  393 
1.01495  096 
1.00715  650 
1.00123  026 
0.99740  392 


.-^        0.99619  470 


1.55000  720 
1.  55360  009 
1.54755  450 
1.54052  157 
1.53299  729 

1.52379  921 
1.51414  692 
1.50366  214 
1.49236  071 
1.40029 

1.46746  22. 
1.45390  700 
1.49966  215 
1.42476  091 
1.40929.972 

1.99914  025 
1.97650  499 
1.95997  700 
1.94100  606 
1.92904  ao 

1.90959  909 
1.20699  974 
1.26014  659 
1.24910  Itt 
1.  29012  722 

1.21105  609 
1.19204  560 
1.17917  930 
1.15454  660 
1.^9624  497 

1.11097  774 

i.ino6  a7 

1. 00442  522 
1.06060  959 
1.05977  693 

1.04ai  440 
1.02704  962 
l.n729  692 
L00064  796 
1.00250  409 


LOOOiN  000 


1.39993  350 
1.37550  390 
1.33976  099 
1.20096  903 
1.22661  090 
1.19799  069 
1.00030  949 
1.02029  309 
0.99033  779 


1.40007 
1.49904 
1.41900 
1.96076 
1.30009 
1.20049 
1.12679 
1.09342 
1.00394 


304 
990 
206 
200 
906 
696 
373 
632 
027 


1.96700  907 
1.94a9  090 
1.49ni  493 
1.43229  097 
1.39064  300 
1.29067  963 
1.16302  796 
1.07640  911 
L01266  991 


t 

624 


-V 

f 

I 

4 

6 
8 

10 

la 

14 
16 
18 

20 

24 

26 
28 

90 

n 

94 
96 
98 

40 
42 
44 
46 
48 

90  . 

92 

94 

96 

98 

60 
62 
64 
66 
68 

70 
72 
74 
76 
78 


81 
84 
86 
88 

90 


0.000800 
0.000089 
0.000992 
0.000748 
0.001991 

0.002080 
0.002997 
0.004082 
0.009997 
0.006761 

0.008997 
0.010129 
0.012067 
0.014186 
0.016489 

0.018962 
0.021629 
0.024476 
0.027920 
0.090761 

0.1194209 
0.097860 
0.041794 
0.049899 
0.090177 

0.094771 
0.099694 
'  0.064786 
0.070249 
0.076092 

0.082227 
0.088818 
0.099876 
0.109468 
0.111676 

0.120612 
0.190420 
0.141901 
0.199997 
0.167942 

0.189967 
0.209902 
0.229402 
0.269091 
0.929799 


ILUPnO  IMTBQBAIA 
JACOBIAN  mk  VUNCnON  Z(i\m) 
K(m)e{M"  If  (»\-)-l<4F(»\") 

K{W)e(i\>»)^K{W)Z{n\l)''K(^  tanh  «—  for  aU  » 


^0.000000 
'0.000164 
0.000699 
0.001474 
0.002621 

0.004098 
0.009909 
0.008049 
0.010916 
0.019924 

0.016470 
0.019998 
0.029791 
0.027972 
0.092908 

0.097409 
0.042664 
0.048298 
0.094919 
0.060729 

0.067940 
0.074774 
0.082444 
0.090969 
0.099172 

0.108280 
0.117929 
0.128146 
0.198989 
0.190910 

0.162776 
0.179872 
0.189901 
0.204994 
0.221920 

0.299097 
0.258619 
0.280272 
0.904691 
Q.992S19 

0.969290 
0.404997 
0.499794 
0.926899 
0.647691 


W 
0.000000 
0.000299 
0.000997 
0.002199 
0.00989^ 

0.009992 
0.008699 
0.011769 
0.019984 
0.019496 

0.024109 
\  0.029216 
\  0.094894 
0.040968 
0.047624 

0.054811 
0.062940 
0.070829 
.  0.079674 
0.089108 

0.099149 
0.109807 
0.121118 
0.199109 
,  0.149819 

0.199279 
0.179996 
0. 188661  \ 
0.204716^ 
0.221785 

0.299971 
0.259998 
0.280221 
0.902697 
0.926895 

0.999922 
0.982991 
0.414579 
0.450892 
0.492956 

0.541075 
0.600229 
0.67591S 
0.781879 
0.962000 


0.000000 
0.000908' 
0.001291 
0.002770 
-0.i>04928- 


0.007706 
0.011107 
0.019196 
0.019796 
0.029094 

0.091099 
0.091627 
0.044878 
0.092799 
0.061401 

0.070696 
0.080700 
0.091490 
0.102905 
0.115148 

0.128185 
0.142046 
0.156765 
0.172989 
0.188947 

0.206519 
0.225145 
0.244921 
0.265999 
0.288294 

0.912198 
0.997692 
0.964981 
0.994446 
0.426996 

0.461145 
0.499984 
0.941857 
0.589679 
0.644462 

0.708771 
0.786884 
0.886859 
1.026844 
1.264856 


25" 
0.000000 
0.000967 
0.001467 
0.009902 
~0. 009879 


0.009188 
0.019246 
0.0180H 
0.029621 
0.029951 

0.097099 
0.044942 
0.099626 
0.069119 
0.079498 

0,084999 
0.096624 
0.109994 
0.129996 
0.198120 

0.199860 
0.170614 
0.188428 
0.207999 
0.227490 

0.248789 
0.271492 
0,299998 
0.921161 
0.948462 

0.977610 
0.408811 
,0.442921 
0.478462 
0.917644 

0.560402 
0.607444 
0.699799 
0.718697 
0.766214 

0.869596 
0.961976 
1.089494 
1.298992 
1.952420 


Tdile  17.7 


80* 

0.000000 
0.008414 
0.001658 
0.009794 
0.006644 

0.010999 
0.014987 
0.020499 
0.026740 
0.099919 

0.041981 
0.090941 
0.060814 
0.071617 
0.089979 

0.096109 
0.109894 
0.124996 
0.140421 
0.197947 

0.179418 
0.194689 
0.219197 
0.297029 
0.260240 

0.284929 
0.911199 
0.999190 
0.968940 
0.400791 

0.494726 
0.471170 
0.910971 
0.992710 
0.998679 

0.646900 
0. 704225 
0.765797 
0.899296 
0.914994 

1.008608 
1.122529 
1.268462 
1.472999 
1.820811 


J 

19 
29 
99 
49 
99 
69 
75 
89 


0 
0 
0 

\ 

8^ 

0 

0 

0 

0 


0.000919 
0.004688 
0.019109 
0.029979 
0.049799 
0.067477 
0.099601 
0.147228 
0.249478 


0.001029 
0.009296 
0.029898 
0.091298 
0.086446 
0.199487 
0.19790S 
0.292070 
0.467761 


0.001496 
0.019919 
0.097896 
0.079176 
0.127026 
0.196567 
0.291216 
0.492194 
0.729644 


0.001929 
0.0^7987 
0.048794 
0.097079 
0.164459 
0.255266 
0.979490 
0.565011 
0.949910 


0.002292 
.0.020749 
0.098271 
0.116929 
0.197748 
0.906149 
0.460099 
0.688264 
U 169919 


0.002992 
0.029479 
0.066098 
0.192979 
0.229942 
0.959807 
0.991121 
0.799407 
1.960951 


Sw  EunplM  16. 

CampiM  from  P.P.  Byti  •ad  M.D.  fVMnuui,  Hmidbook  of  dUptie  iBt««b  for 
and  phyiieigt^  SpciBfltf'Vtrlig,  Befttn,  Gcmiiiiy,  1964  (with  penniaida). 
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Tabfo  17.7 


86* 

0.000000 

0  OOMSO 

4 

...  .9  ..  .. 

a 

lit  WW  9m  Am 

10 

0.011284 

A  014974 

lit  V*Di»f  D 

0  02S197 

0  029040 

is 

A  094B74 

20 

0.04S662 

•  22 

0.  044214 

SO 

A  078024 

•0 

A  090899 

so 

0.104844 

. 

0  119914 

A  1341SA 

0. 153SS7 

A  172220 

40 

0. 192178 

0.219492 

44 

A,  2)4228 

44 

0  240444 

4fi 

A  284299 

50 

0. 313814 

0  349191 

£4 

0  374438 

94 

0  407844 

TO 

A  449949 

60 

0<.  481836 

49 

0\ 922947 

44 

0"r 

A  ^47291 

V«  \fwwmi0m 

44 

DO 

0  419191 

4ft 
po 

0  447330 

V«  DDf  ^t^V 

70 

0. 724397 

72 

0. 7B7S59 

H 

0. 8|7SS6 

0.936789 

78 

1. 027859 

/ 

80 

1. 135017 

82 

1.265447 

84 

1.432669 

86 

1. 667113 

88 

2.066078 

90 

<D 

lUiDTIO  IMVBOBAIA 
lOOUAN  ZETA  FUMCnON  i(^m) 

£(fi(r)Z(Mr'^i^^M'^(^  ^      for  aU  ti 


40" 
0.000000 
0.000471 
0.001886. 
-iU  004248 
0.007561 

0.011833 
0.017073 
0.023293 
0.030505 
0.038728 

0.047979 
0.058279 
0.069655 
0.002132 
0.095744 

110525 
0.126515 
0.143758 
0.162305 
0.182211 

0.203541 
0.226365 
0.250764 
0.276831 
0.304671 

0.334405 
0.366173 
0.400138 
0.436490 
0.475457 

0.517310 
0.562378 
0.611064 
0.663870 
0.721434 

0.784577 
0.854390 
0.932355 
1.020563 
1. 122089 

1.241721 
1.387516 
1.574623 
1.837147 
2.284127 


45^ 
000000 
0^000479 
[01916 
J314 
00X681 


0. 
0. 
0. 


0.012c 
0.017353 
0.023683^ 
0.031029 
0.0394^1 

0.0488^0 
0.059372 
0.071005 
0.083783 
0.097742 

0.112924 
0.129375 
0.147147 
0,166300 
0.186898^ 

0.209016 
0.232738 
0.258158 
0.285383 
0.314535 

0.345755 
0.379203 
0.415067 
0.453565 
0.494956 

0.539547 
0.587709 
0.639896 
0.696670 
0.758741 

0.827024 
0.902728 
0.987491 
1.083621 
1.194508 

1. 325428 
1.485245 
1.690632 
1.979107 
2.470622 


W 
0.000000 
0.000471 
0.001887 
0.004250 
0.007567 

0.011849 
0.017106 
0.023354 
0.030610 
0.038897 

0.048238 
058663 
070203 
1895 
6782 

0. 1^1909 
0.121330 
0.146103 
0.165296 
0,185983 

0.208248 
0.232187 
0.257907 
0.285531 
0.315196 

0.347064 
0^381317 
0.418166 
0.457861 
0.500691 

0.547003 
0.597211 
0.651822 
0.711460 
0.776910 

0.849178 
0.929590 
1.019938 
1.122735 
1.241670 

1.382470 
1.554749 
1.776579 
2.088611 
2.620801 


66» 
0.000000 
0.000450 
0.001800 
0.004056 
0.007224 

0.011313 
0.016337 
0.022312 
0.029257 
0.037194 

0.046150 
0.056156 
0.067246 
0.079461 
0.092844 

0.107447 
0.123327 
0.140549 
0.159106 
0.179319 

0.201042 
0.224459 
0.249691 
•0.276871 
0.306156 

0.337723 
0.371776 
0.408552 
0.448328 
0.491428 

0.538238 
0.589220 
0.644933 
0.706068 
0.773487 

0.848294 
0.931931 
1.026343 
1.134246 
1.259612 

1.408569 
1.591494 
1.827639 
2.160541 
2.729164 


W 
0.000000 
0.000415 
0.001659 
0.003739 
0.006660 

0.010493 
0.015070 
0.020568 
0>|»27006 
0.094347 

0.0^99 
0.051912 
0.0622M 
0.0739» 
0.086009 

0.099619 
0.114498 
0.190948 
0.148016 
0.166994 

0.167995 
0.209512 
0.293413 
0.259243 
0.287169 

0.917989 
0.950108 
0.985601 
0.424167 
0.466161 

0.512007 
0.562214 
0.617999 
0.678920 
0.745922 

0.621411 
0.906956 
1.002660 
1.119648 
1.249566 

1.996577 
:  1.989620 
697791 
2.168502 
2.788909 


S 

15 
25 

Jl 

55 
65 
75 
85 


0.002819 
0.025510 
0.071991 
0. 144695 
0.248154 
0. 390865 
0.590735 
0.89588) 
1. 598234 


0.002948 
0.026774 
0.075754 
0.152665 
0.269969 
0.416002 
0.636916 
0.975016 
1.692610 


0.002994 
0.027228 
0.077249 
0.156547 
0.271538 
0.433972 
0.667669 
1.093955 
1.620471 


636 


0.002949 
0.026855 
0.076403 
0.155518 
0.271473 
0.437641 
0.660966 
1.069565 
1.916972 


0.002815 
0.025662 
0.073210 

km 

0.428046 
0.674774 
1.078397 
1.977947 


0.002594 
0.029669 
0.067742 

tm 

0.404479 
0.647069 
1.056917 
1.995966 


e21 


JAOOBIAN  ZETA  FUNCnON  Table  17.7 

£(9(r)Z(«\«)«ir(9(r)^(tt|l)-i:(90r)  tanh  «—  for  aU  tt 


«>• 

a* 

W 

W 

80* 

86' 

0 

0.000000 

0.000000 

0.000000 

0.000000 

Q^OOMOO 

0 

2 

0.000967 

0. 000908 

0,000299 

0.000164 

Qa  000083 

0 

4 

0,001468 

0.001292 

1  0.000950 

8.000656 

Oa  000333 

0 

( 

0. 009900 

0.002776 

0.002160 

0.001477 

Oa  000750 

0 

a 

0.009893 

0.004946 

0.009849 

0. 002699 

Qa  001337 

0 

ilO- 

0.00«I99  - 

0.007751 

'  0.006092 

0. 004127 

^  0.002096 

0 

12 

0.019941 

0.011202 

\:0. 008718 

0.005966 

Qa 003030 

0 

14 

0. 018291 

0.015912 

\0. 011920 

0.008158 

0, 004143 

0 

16 

.  0.029922 

0.020090 

0.015649 

0.010719 

0,005442 

0 

la 

Q.01049B 

0.USS81 

0.019924 

0.019642 

Oa 006930 

.0 

a  ^ 

20 

,  0.097809 

0.091789 

0.024769 

0.016959 

0«  008617 

0 

22  ' 

0. 046047 

0.098792 

0.090188 

0.020600 

Oa  010509 

0 

24 

0.099206 

0.046459 

0.096225 

0.024029 

0,012617 

0 

26 

0.069919 

0.055000 

0.042905 

0.029411 

0,014952 

0 

M 
•w 

0.076491 

0.064997 

0.090260 

0.094466 

Oa  017526 

0 

)0 

0.088994 

01074696 

01058992 

0.040018 

0,020354 

0 

92 

0. 101867 

0.085951 

0.067164 

0,046099 

0,023454 

0 

94 

O4 116919 

0.098224 

0.076808 

0,052747 

.  0,026845 

0 

96 

0.192019 

0.111989 

0.087924 

0.060004 

0.030550 

0 

*• 

A  126114 

0.098770 

0.067920 

Wa  W0f  T*v 

0.034S9S 

W.  Wifr^«r 

0 

40 

0.167927 

0.141909 

0.111254 

0.076554 

8,099011 

0 

42 

0.187991 

0.199064 

0.124899 

0.085979 

0,049899 

0 

44 

0.209294 

0.177719 

0.199641 

0.096255 

0, 049104 

0 

46 

0.292709 

0.197996 

0.155784 

0.107499 

0,094874 

0 

A  119798 

0. 061201 

W,  WW4bwWA 

0 

SO 

0.206049 

0.244194 

0.192704 

0.199299 

0,068197. 

0 

92 

0.916206 

0.270494 

0.219858 

0.140194 

0,079826 

0 

54 

0.949070 

0.299246 

0.297121 

0.164990 

,8,084912 

0 

56 

0.904960 

0.990854 

0.262789 

0.182720 

0,099749 

0 

ca 

TV 

0  A94tM 

0.291220 

0.202947 

0.104281 

0 

60 

0.467411 

0.404149 

0.922854 

0,229984 

0,116121 

0 

62 

0.514976 

0.446860 

0,998296 

0.291076 

0,129521 

0 

64 

0.567621 

0.494517 

0.998048 

0.279999 

0,144812 

0 

66 

0. 626169 

0.547987 

0,449195 

0. 919069 

0,162430 

0 

AA 

«w 

ft  SMtM 

\ 

0.4946M 

0. 991277 

Wa  ^9mm WW 

0.182965 

W,  mW0m 

0 

70 

0*  765985 

0.677086 

0,554098 

,  Ik  395917 

0, 207230 

A 

o 

72 

0.849072 

0.755975 

0,629195 

Qa  440779 

0,236382 

0 

74 

0.944999 

0.847108 

0,704762 

Oa 512)76 

0,272114 

0 

76 

1.056290 

0; 955095 

0,802400 

Oa 590950 

*  0,317015 

0 

70 

1.107595 

1.089694 

0,921408 

Qa6S8163 

0,375226 

0 

00 

1.345674 

1.240571 

1.069099 

Qa  814374 

0,453784 

0 

02 

1.542281 

1.498150 

1.260828 

Oa  963236 

0,565578 

0 

04 

1.798909 

1.698985 

1.518915 

la2207S0 

0,736684 

0 

86 

2. 169806 

2.079957 

I4 694760 

la  583040 

1,028059 

0 

80 

2.790834 

2.721008 

2.555104 

2a 241393 

1,628299 

0 

90 

r' 

**  \ 

• 

m 

m 

m 

« 

ERIC 


9 

19 
29 
99 
49 
59 
69 
79 
89 


8.002295 
0.020975 
0.060141 
0.124009 
0.220781 
0.366615 
0.596098 
0.998480 
1.962679 


0.001926 
0.017619 
0.050625 
.0.104764 
0,187640 
0.914676 
0.520469 
0(899699 
1^866624 


0,001490 

0,001029 

0.000520 

0 

0,019710 

0,M9990 
0,in7060 

0.004769 

0 

0,099489 

0.019755 

0 

0,081959 

0,056296 

0.028657 

0 

0.147596 

0.101748 

0.091929 

0 

0.249694 

0,179997 

0.088901 

0 

0.419877 

0,299957 

0.199297 

0 

0.791288 

0.549278 

0.29)200 

0 

1.686119. 

1.980465 

0,860811 

0 
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Table  17^  jnEUMAFra  LAMBDA  FUNCTION  A«(f\a) 


•V 

0^ 

0 

0 

2 

0 

4 

( 

0 

A 

0 

10 

0 

12  * 

0 

14 

0 

16 

0 

la 

0 

20 

0 

22 

0 

24 

0 

26 

0 

28 

0 

SO 

0 

92 

0 

M 

0 

36 

0 

-0 

40 

0 

42 

0 

44 

0 

4* 

0 

0 

SO 

0 

St 

0 

S4 

0 

S6 

0 

90 

00 

0 

02 

0 

04 

0 

00 

0 

WW 

0 

70 

0 

72 

0 

74 

0 

70 

0 

78 

0 

fb 

0 

62 

i 

84 

80 

0 

88 

0 

90 

0 

s 

19 
2S 
99 
49 
99 
09 
79 
89 


r 

0.087196 
0.087129 
0.087090 
0.086917 
0.086792 

0.086499 
0.086206 
0.089866 
0.009476 
0.089097 

0.084949 
0.084019 
0.009492 
0.0tt806 
0.012196 

0.081429 
0.080674 
0.079884 
0.0790S0 
0.078198 

o:0T7907 
0.076989 
0.079496 
0.074469 
0.079469 

0.072499 
0.071426 
0.070989 
0.069996 
0.068281 

0.067826 
0« 066179 
0.069191 
0.064100 
0.069088 

0.062100 
0.061149 
0.060229 
0.099948 
0.098928 

0.09m9 
0.097099 
0.096900 
0.096094 
0.099698 

0.099996 

m 

0^086990 
0.089677 
».  089124 
0.079476 
0.074999 
0.069861 
0.064614 
0.099779 
0.096996 


0.179648 
0.179999 
0.179497 
0.179179 
0.172804 

0.172992 
0.171797 
0.171080 
0.170909 
0.169429 

0.1684S8 
0.167999 
0.166Z96 
0.164991 
0.169661 

0.162247 
0.160799 
0.199187 
0.1&7948 
0.199842 

0.194079 
0.192246 
0.190967 
0.148499 
0.146470 

0.144464 
0.142420 

0.140970^ 

0.19829S«; 

0.196211 

0.194126 
0./192049 
0.129989 
0.127999 
0.12S998 

0.124009 
0.122121 
0.120907 
0.118989 
0.116967 

0.119479 
0.114149 
0.112988 
0.112099 
0.111992 

0.111111 

0.179918 
0.170704 
0.169629 
0.198977 
0.149408 

0.128968 
0.119499 
0.112490 


W 
0.298819 
0.298740 
0.298904 
0.290111 
0.297962 

0.296898 
0.296001 
0.294994 
0.299898 
0.292996 

0.291092 
0.249909 
0.247790 
0.249941 
0.249966 

0.241870 
0.299697 
4.297999 
0.294908 
0.292989 

0.229767 
0.227068 
0.224292 
0.221447 
0.218949 

0.219987 
0.212989 
0.209S58 
0.206906 
0.209449 

0. 200980 
0.197991 
0.194907 
0.191924 
0.188996 

0.18S940 
0.182774 
0.180119 
0.177996 
0.179291 


0.179094 
0.171099 
0.169410 
0.168049 
a  167070 


0.298927 
0.294494 
0.246882 
0.296194 
0.222878 
0.208094 
0.192809 
0.178899 
0.168682 


0.942020 
0.941916 
0^1604 
0.941084 
0.940999 

0.999490 
0.998299 
0.996969 
0.999449 
0.999729 

0.991827 
0.929749 
0.927489 
0.929092 
0.922498 

0.919707 
0.916806 
0.9197M 
0.910987 
0.907286 

0.909869 
0.900946 
0.296727 
0.299022 
0.28*242 

0.289999 
0.281909 
0.277S79 
0.279616 
0.-269648 

0.26S684 
0.261799 
0.297892 
0.299979 
0.290200. 

246917 
242992 
0.299991 
0.296282 
0.299298 

0.290496 
0.227922 
0.229790 
0.229992 
0.222791 


0.166667  0.222222 


0.941970 
0.996291 
0.926288 
0.912192 
0.294884 
0.27S997 
0.29SS97 
0^297889 
0.224814 


0.422618 
0.422490 
0.422104 
0.421462 
0.420S66 

0.419419 
0.418024 
0.416M9 
0.414996 
0.412994 

0.410094 

0.407492 

0.404717 

0.4017M. 

0.998S98 

0.999191 
0.991649 
0.987990 
0.984097 
0.980097 

0.979880 
0.971600 
0.967209 
0.962720 
0.998149 

0.999900 
0.948799 
0.944097 
0.999290 
0.994S16 

0.929791 
0.929019 
0.920920 
0.919710 
0.911189 

O;  906778 
0.902919 
0.29»U7 
0.294947 
0.290914 

0.287971 
0.284979 
0.281989 
0.279887 
0.276400 

0.277778 

m 

0.421819 
0.419479 
0.409292 
0.986019 
0.964976 
0.941676 
0.918009 
0.296499 
0.280867 


w 

0.900000 
0.499848 
0.499991 
0.498699 
0.497974 

0.496219 
0.494972 
0.492698 
0.490424* 
0.487997 

0.4891^ 
0.462176 
0.478920 
0.479428 
0.471710 

0.467777 
0.469642 
0.499916 
0.494819 
0,490147 

0.449990 
0.440978 
0.499906 
0.490127 
0.424860 

0.419919 
0.414121 
0.408689 
0.409228 
0.997769 

0.992928' 

0.986926 

0.981986 

0.976991 

0.971186 

0.966180 
0.961942 
0.996706 
0.992909 
0.948194 

0.944410 
0.941017 
0.998088 
0.999718 
0.994046 

0.999999 

m 

0.499090 
0.491969 
0.477209 
0.497086 
0.492729 
0.409998 
0.970946 
0.9S4479 
0.996826 


CompUed  from  C.  HcunMi, 
1941  (wHhpenniirioii). 
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2 
4 
t 
8 


if  ijr(-)i?(«\w-)-[^(-)-«WlWwV«)i 


10 
12 
14 
It 
18 

20 
22 
24 
28 
28 

SO 
12 
94 
28 
98 

40 
42 
44 

48 


90 
92 
94 

S8 
98 

M 
62 
84 

^ 

70 

n\ 

74  \ 

78 

78 

80 
02 
04 
08 


0.979978 
0.979402 
0.972878 
0.972009 
0.970799 

0.989244 
0.987980 
0.989190 
0.982829 
0.999789 

0.998897 
0.999298 
0.949948 
0.949991 
0.941989 

0.998999 
0.992297 
0.927497 
0.922908 
0.917189 

0.911788 
0.908288 
0.900822 
0.494079 

^^•9094^ 


9 

19 
29 
99 
49 
99 
89 
79 


0.409129 
0.477184 
0.471170 
0.489189 
0.499189 

0.499192 
0.447272 
0.441420 
0.499889 
0.490089 

0.424804 
0.419992 
0.414204 
8.409900 
0.409028 

0.400919 
0.997229 
0.994049 
0.991477 
0.909882 

0.988089 

m 

0.972487 
0.989928 
0.947800 
0.9249M 

o.49n8e 

0.481187 
0.49W41 
0.411097 
0^992879 


IT 

.0.842788 
0.842992 
0.842008 
0.841092 
0.899874 

0.897940' 

0.899898 

0.899979 

0.890981 

0.827412 

0jr829999 
0.820197 
0.818080 
0.- 811729 
0.807107 

0.802244 
0.997199 
0.991891 
0.908998 
0.980887 

0.974882 
0.988898 
0.982819 

i 998892 


46* 

0.707107 
0.708891 
0.706247 
0.709177 
0.709687 

0.701788 
0.699484 
0.696794 
0.899729 
0.890906 

0.686940 
0.882490 
0.678094 
0.679972 
0.6604^ 

0.889229 
0^897801 
0.892170 
0.646991 
0.640969 

0.894291 
0.827970 
0.821600 1 , 
0.619142^ 
^^;6888l» 


0.944090 
0.997668 
0.991279 
0.924879 
0.918902 

0.499711 
0.499842 
0.487719 

0.481999 
0.476488 
0.471090 
0.466070 

Q..461971 

0.497099 
0.499189 
0.449899 
0.447197 
0.449299 

0.444444 


0.602098 
0.999492 
0.908817 
0.902212 
0.979640 

0.989122 
0.962680 
0.996999 
0.990124 
0.944062 

0.990189 
0.992919 
0.927106 
0.921989 
0.917202 

0.912019 
0.908189 
0^909494 
0.902794 
0.900829 

0.900000 


w 

0.766044 
0.765811 
0.769119 
0.769996 
0.7^2947 

0.760298 

0.797822. 

0.794997' 

0.791660 

0,740011 

0.744012 
0.7)9689 
0.799049 
0.7)0190 
Q.724«»l 

0.719999 
0.719900 
0.708079 
0.702074 
0.699929 

0.60M2 
0.609291 
0.676769 
0.670217 
0.669619 

0.696976 
0.690926 
0.619682 
0.697064 
0.6)0491' 

0.62)989 
8.617967 
0.611298 
0.609089 
0.999072 

0.999247 
0.987641 
0.982290 
0.977291 
0.972911 

0.960101 
0.964907 
0.960967 
0.998268 
0.996966 

0.999996 


0.019192 
0.01890) 
0.018197 
0.016922 
0.819210 

0.019094 
0.810416 
0.007979 
0.00)999 
0.800129 

0.799969 
0.791489 
0.706709 
0.701667 
0.776984 

0.770889 
0.769190 
0.799926 
0.799914 
0.747177 

0.740992 
0.794602 
0.728209 
0.721796 
0.719277 

0.700789 
0.702298 
0.699892 
0.689409 
0.88)097 

0.676749 
0.670949 
0.664469 
0.690928 
0.692749 

0.647199 
0.641784 
0.6)6699 
0.691818 
0.62790) 

0.629166 
0.619464 
0.616276 
0.619700 
0.^11004 

0.611111 


b029 
,  -J762 
! 864979 
Lt69674- 
.861876 

,  0.899692 
/-1l;^9t877 
0.89)791 
0,890194 
O!  846297 

0.04207) 
0.0)7999 
0.092766 
0.027749 
0.02291% 

0.817099 
0.011917 
0.009804 
0,799976 
0.794092 

0.788891 
0.701992 
-0.779891 
0.769764 
0.769627 

0.797496 
0.791909 
0.749910 
0.799286 
0.799)29 

0.727499 
0.721680 
0.716024 
0.710904 
0.709142 

0.694909 
0.690244 
0.689770 
0.681601 

0.677702 
0.674968 
0.671427 
0.669099 
0.667979 

/0. 666667 


8.444444       0.900000       0.999996       0.611111       0.666667  ^' 

m  m  m  m  m  ^ 


0.641967 
0.6)2010 

0.999799 
0.928(r76 
0,496681 
0.468946 
0.448417 


0.709769 
0.699907 
0.679740 
0.S49289 
0.818)81 
O.9M912 
0.999214 
0.924906 
0.904094 


0.764992 
0.79)946 
0.792629 
0.709094 
0.679901 
0.640969 
0.608199 
0.979721 
0.999929 


0.017600 
0.809709 
0.704220 
0.796997 
0.724989 
0.692612 
0.661480 
0.694200 
0.614909 


0.864900 
0.092010 
0.0)0202 
0.002909 
0.772890 
0.742291 
0.719246 
0.607972 
0.670162 
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Tibi«  17.t         HEUMAN'S  LAMBDA  FUNCTION  Ao(*\a) 


86 

0.906)08  . 

.  0.939693 

2 

0«  906032 

0.  939407 

4 

0, 905210 

0.938999 

6 

0.903857 

0.937172 

8 

0.901997 

0.939282 

10 

0.899660 

0.932994 

1* 

0  998177 

14 

0,899699 

0.927061 

16 

0.890152 

0.923634 

10 

0.886280 , 

0.919940 

20 

0.882119 

0.916018 

22 

0. 877704 

0.  911904 

24 

0.873068 

0.907630 

26 

0.868240 

0.903221 

26 

0.863249 

0.898703 

90 

0.858117 

0.894099 

12 

0.892869 

A   A  AAA  %  A. 

0.889416 

34 

0.847923 

0.884681 

H 

0.842100 

0.879904 

98 

0.836615 

0.879099 

40  ^ 

0.831009 

0.^870277 

42 

0. 829924 

0.869449 

44 

0.819946 

0.860629 

46 

0.814369 

0.899814 

40 

0.008792 

0.891026 

SO 

0.803241 

0.846269 

S2 

0.797724 

0.841993 

S4 

0.792292 

0.836887 

S6 

0. 786839 

0.832280 

58 

0. 781496 

0.tt7t42 

60 

0.776237 

0.823283 

62 

0. 771077 

0. 818913 

t4 

0.766029 

0.814649 

66 

0.761110 

0.810490 

68 

0.796338 

0.806464 

70 

0.791731 

0.802981 

r  • 

0  7A7M2 

8.798860 

A  74«1A8 

8  79iS19 

f  Q 

0. 7)9197 

0. 791983 

78 

fL  79S442 

0.788877 

t 

0. 7320^9 

0. 786036 

82 

0.729036 

0. 783497 

84 

0. 726434 

0. 781312 

86 

C.  724999 

0.779949 

68 

0.722892 

0.778307 

90 

0.722222 

0.777778, 

rn 

5 

0.904999 

0.997990 

19 

Q.  891969 

0.929984 

25 

0.870676 

0.909441 

3S 

0.844820 

.0.862297 

4) 

0.817199 

0.898217 

99 

0.769997 

0.894976 

69 

0.769592 

0.812992 

75 

0.741089 

0.799624 

89 

0.729919 

0.780979 

0.969926 
0.969699 
0.964769 
0.969976 
0.961912 

0.959244 
0.956698 
0.99979S 
0.990646 
0.947995 

0.949918 
0.940964 
0.996718 
0.999000 
0.929226 

0.929409 
0.921M9 
0.917699 
0.919817 
0.90999S 


0.9060S6 
0.902188 
0.898997 
0.894908 
0.890706 

0.886942 
0.889216 
0.879597 
0.879911 
0.812949 

0.068646 
0.869421 
0.862080 
0.698891 
0.659669 

0.892694 
0.849791 
0.646990 
0.844990 
0.641972 

0.899799 
0.897789 
0.896089 
0.894711 
0.699745 

0.899'^9 


0.964199 
0.992226 
0.994867 
0.919797 
k  0.896419 
0.877717 
0.860449 
0.849669 
0.699992 


80* 

0.964808 
0.984911 
0.989692 
0.982919 
0.980599 

0.976597 
0.976984 
0.974016 
£971994 
£968969 

0.966949 
0.969671 
0.960966 
0.956241 
0.95590a 

0.952751 
0.949998 
0.947247 
0.944502 
0.941766 


0.999042 
0.996999 
0.999647 
0.990981 
0.928941 

0.925791 
0.929192 
0.920610 
0^8108 
0?915649 

0.919240 
0.910864 
0.906988 
0.906997 
0.904196 

0.902119 
0.900129 
0.696297 
0.696456 
0.694800 

0.899286 
0.691999 
0.890770 
0.689891 
0.669170 

0.888889 

m 

0.989097 
0.972787 
0.959607 
0.945879 
0.992911 
0.919959 
0.907464 
0.897992 
0.890270 


0.996195 
0.999909 
0.999190 
0.994069 
0.992899 

0.991911 
0.990199 
0.986727 
0.987299 
0.965656 

0.984410 
0.982958 
0.961506 
0.980C94 
0.978604 

0.977159 
0.975719 
0.974286 
0.972861 
0.971445 

0.970099 
0.968644 
0.967262 
0.969694 
0.96454^ 

0.969204 
0.961869 
0.960986 
0.999909 
0.956095 

0.996826 
0.999626 
0.954497 
0.999921 
0.992229 

0.991166 
0.990194 
0.949199 
0.948288 
0.947446 

0.946677 
0.949990 
0.945400 
0.944929 
0.944587 

0.944444 

m 

0.994624 
0.988015 
0.980779 
0.979979 
0.966976 
0.999944 
0.999889 
0.948799 
0.949145 
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BIiLIPTIC  VimatUdA 


ELLIPTIC  INTEGRAL  OF  THE  THIRD  KIND  a{nn\») 
Bim  *\«)- J/       Bin'  •)-»U-8in« «  am'  ^'^de 
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0. 26180 
0.26200 
0.26254 
0. 26330 
0.26406 
0.26463 
0. 26484 

0.26239 
0.26259 
0.26314 
0. 26390 
0.2646T-  ) 
0.26524  ^ 
0. 26545 

0.26299 
0. 26319 
0. 26374 
0.26450 
0.2652> 
0.26585 
0. 26606 

0. 26359 
0. 26379 
0.26434 
0.26511 
0. 26588 
0.26646 
0.26667 

0.26420 
0. 26440 
0.26495 
0.26572 
0. 26650 
0.26708 
0. 26729 


. 26481 
.26501 
0. 26557 
0. 26634 
0.26712 
0.26770 
0. 26792 


0.26543 
0.26563 
0.26619 
0. 26696 
0.26775 
0. 26833 
0.26855 

['-/"] 


80" 
0. 52360 
0.  52513 
0. 52943 
0. 53562 
0. 54223 
0. 54736 
0. 54931 

0. 52820 
0. 52975 
0. 53412 
0.  54041 
0.  54712 
0. 55234 
0. 55431 

0. 53294 
0. 53452 
0. 53896 
0.  54535 
0.55217 
0. 55747 
0. 55948 

0. 53784 
0. 53945 
0.  54396 
0. 35046 
0. 55739 
0.  56278 
0. 56483 

0. 54291 
0. 54454 
0. 54912 
0. 55573 
0. 56278 
0. 56827 
3. 57035 

0. 54814 
0.  54980 
0. 55447 
0. 56119 
0. 56837 
0.57394 
0. 57606 


0. 55357 
0.  55525 
0. 56000 
0. 56684 
0. 57414 
0. 57982 
0. 58198 


4P 
0. 78540 
0. 79025 
0.80437 
0. 82602 
0.85122 
0.87270 
0.88137 

0.80013 
0. 80514 
0.81972 
0. 84210 
0.86817 
0.89040 
0. 89939 

0.81586 
0. 82104 
0. 83612 
0. 85928 
0. 88629 
0.90934 
0. 91867 

0. 83271 
0. 83808 
0.85370 
0. 87771 
0.90574 
0. 92969 
0.93938 

0. 85084 
0. 85641 
0. 87262 
0. 89756 
0.92670 
0.95162 
0.96171 

0.87042 
0. 87621 
0. 89307 
0.91902 
0. 94939 
0. 97538 
0.98591 

0. 89167 
0.89770 
0. 91527 
0.94235 
0.97406 
1.00123 
1. 01225 

[(-„r, 


60* 
1.04720 
1. 05774 
1. 08955 
1.14243 
1.21260 
1.28371 
1. 31696 

I. 07949 
1. 09058 
1.12405 
1. 17980 
1.25393 
1. 32926 
1.36454 

1.11534 
1.1270S 
1.16241 
1.22139 
1.30003 
1.38016 
1.41777 

1.15551 
1. 16791 
1.20543 
1.26812 
1. 35193 
1.43759 
1.47789 

1.20098 
1.21419 
1.25419 
1.32117 
1.41098 
1.50309 
1.54653 

1.25310 
1.26726 
1. 31017 
1. 38218 
1.47906 
1.57881 
1.62599 

1. 31379 
1. 32907 
1. 37544 
1.45347 
1.55884 
1.66780 
1.71951 


lb* 

1. 3090C 
1. 32733 

1.  38457 
1.48788 
1. 64918 
1.87145 

2.  Q2759 

1. 36560 
1. 38520 
1. 44649 
1. 55739 
1. 73121 
1.97204 
2.14201 

1.43078 
1.45187 
1. 51792 
1.63775 
1. 82643 
2. 08942 
2.27604 

1. 50701 
1. 52988 
1. 60161 
1. 73217 
1.93879 
2.22876 
2.43581 

1.59794 
1. 62298 
1. 70165 
1.84537 
2. 0741 J 
2. 39775 
2. 63052 

1.70919 
1. 73695 
1.82433 
1. 98464 
2.24155 
2. 60846 
2. 87468 

1. 85002 
1. 88131 
1.98005 
2.16210 
2.45623 
2. 88113 
3. 19278 


Table  17.9 


90* 
1. 57080 
1.59814 
1. 68575 
1. 85407 
2.15651 
2.76806 


1.65576 
1. 68536 
1. 78030 
1.96326 
2.29355 
2.96601 
■«  • 

1. 75620 
1. 78850 
1. 89229 
2. 09296 
2.45715 
3. 20448 
aei 

1.87746 
1. 91309 
2. 02779 
2. 25038 
2. 65684 
.3,49853- 

2. 02789 
2. 06774 
2.19629 
2.44683 
2.90761 
3.87214 


2.22144 
2.26685 
2.41367 
2. 70129 
3.23477 
4.  36620 


2. 48365 
2. 53677 
2.70905 
3. 04862 
3. 68509 
5. 05734 


See  ExamirfM  IS-20. 
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ILUPnO  INTEOBALB 


ELUmC  INTEGRAL  OF  THE  THIKD  KINO  n(ii|«\«) 
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18.  Wcientraas  Elliptic  and  Related  FimotioiftB 


Mathematical  Properties 


18.1.  Dd^atknw*  Sjmboiiain,  RMtrietknui  and 
Gonvtatloiu 

Ad  dliptie  funoUon  is  a  siii|^»>yalued  doubly 
periodie  funetUm  of  a  sin^e  oomirfex  variable 
which  is  analytic  except  at  polee  and  whoee  only 
•ingularitiea  in  the  finite  ]dane  are  poles.  If  wand 

are  a  pair  of  (primitiye)  half  •periods  of  such  a 
function  then  /(9+2M»+2ArtfO M 
and  AT  bebg  integem.  Thus  the  study  of  any 
such  function  can  be  reduced  to  consideration  of 
its  behavior  in  a  fwtdamenkU  ptriod  paralUUh 
(FPP).  An  elliptio  function  has  a  finite 
number  of  poles  (and  the  same  number  of  seroe) 
in  a  FPP;  the  number  of  such  poles  (seroe)  (an 
irreducible  set)  is  the  onUr  of  the  function  (poles 
and  seros  are  counted  according  to  their  multl- 
plidty),  All  other  poles  (seros)  are  oaUed  eon- 
grmeiU  to  the  irreducible  set.  the  simidest  (non- 
trivial)  elliptic  functions  are  of  order  two.  One 
may  choose  as  the  standard  function  of  order  two 
either  a  function  with  two  simple  poles  (Jacobi's 
eh(»oe)  or  one  double  pole  (Weiemtrass'  choice) 
in  a  FPP. 

WeieritnM'  (P'Fwidion.  Let  u,  vf  denote  a 
pair  of  complex  numbers  with  JWImY^.  Then 
(P{»)'=x(P{z\tt,  wO  is  an  elliptic  function  of  order 
two  with  periods  2m,  2uf  and  having  a  double  pole 
at  0«»O,  whose  principal  part  is  s**';  ^(e)— Is 
anslytic  in  a  neighborhood  of  the  origiA  and  van- 
ishes at  8<=0i 

W$i«rHnM*  r-/W(tofi  r(s)«r(s|»,  ti')  satisfies 
the  condition  }'{t)*^-^(P(»)\  further,  f(0)  has  a 
simple  pole  at  s<^0  whoee  principal  part  is  a"';. 
|'(<)-r*  vanishes  at  0«O  and  is  analytic  in  a 
neighborhood  \A  the  origin.  r(«)  Is  NOT  an 
elliptic  function,  since  it  is  not  ptfiodic.  Ho\  ver, 
it  is  quasi-periodic  (see  "period"  relations),  so 
reduction  to  FPP  is  possibk. 

WeitntnM*  9-Funetim  9(s)«>9(«|i«,  wO  satisfies 
the  condition  9'(0)/9(«)«f(0);  further,  9(0)  is  an 
entire  function  which  vanishes  at  the  origin, 
like  t,  it  is  NOT  an  elliptic  function,  since  it  is 
not  periodic.  However,  it  is  quasi-periodic  (see 
"period"  relations),  so  reduction  U>  FPP  is  po»- 
aible. 


Invariants  ffi  and  ft 


Let  W^2Ma-^2Nu',  M  tmd  N  being  integere. 
Then 

18.1.1  gt^wrW-^  and  gt^im'W-* 

are  the  INVARIANTS,  summation  being  over  aU 
pairs  M,  N  except  Af aiV<=>  0. 

AHemata  SjrmbeHim  fenphariaing  Invariants 

18.1.2  ^(«)=i?(«;ft,fli) 
18.1J  i?)'(«)«i7>'(«;ft.ft) 
^8.1.4  f(«)=f(«;ft,ft) 
18.1.8  .  •(«)=•(«;  ft,  ^ 


Btal  Differential  Equation,  Diaeriminant  and 
Related  Quantitlee 

18.1.6  i?'«(«)=4^5»(«)-ft^(«)-ft 

18.1.7 

=4(  o>  («)-«,)( g>  («)-«,)( IP  («)-«*) 

18.1J1 

.     4-^8-27^1-  16(e,-«,)«(«*-#,)«(«,-«,)» 
18.1.9 

ft=  -4(«i«i+«i«*+«»«i)=2(«l+«I+^ 

18.1.10  ft-4«,«,«,=i(«!+«l+«» 

18.1.11  «i+«t+st»0 

18.1.12  0}+4+<S«0S/8 
18.1.18      4<}- Ae<-ft"0(ia  1, 2,  3) 


abont  Valnea  of  Invariants  (snd  DIserfm- 
Inant) 

We  shall  consider,  in  this  chapter,  only  real  gt 
and  gt  (this  seems  to  cover  most  applications)-- 
hence  A  is  real.  We  shall  dichotomize  most  of 
what  follows  (either  A>0  or  A<0).  Homoge- 
neity relations  18.2.1-18.2.18  enable  a  further 
restriction  to  nonniegative  g»  (except  for  one  case 
when  A)»0). 

Nota  on  Sjrmlwllfln  for  Roots  of  Complex  Numbefa  and 
for  Conjugate  Complex  Numbers 

In  this  chapter,  a*'*  {n  a  positive  integer)  is  used 
to  denote  the  principal  nth  root  of  0,  as  in  chapter 
3;  3  b  used  to  denote  the  complex  conjugate  of  e. 


ERJ.C 


635 


680 


•wwasaaauM  mujmc  and  rilatid  fdncttons 
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J 

J 

r 

r 

0  0) 
BECTANGLB 


(*'  FUBEIMAO. 


«i  FURS  IMAO. 
Kl2(ii,iiiiee0i2O 


Bindf  of  an  four  fnnetioui  {(P,(P',  «)  «ui  be  radveed  to  oonndemtioD  of  thdrTaltMsinftFuadft- 
mtntal  Reotangle  induding  the  oiigio  (eee  18.S  <»i  homogeiuity  rdatioiis,  reduotion  formulM  end 


A>0 


A<0 


FuBdemantal  Beetengle  to  |  FFP,  whieh  hae  Ter-    Fondementd  Beetani^e  has  TertioM  0,  on,  tfi-f^ 


tiMaO,»,(iiaiid«' 

A 


FUNDAMENTAL 
RCCTANOte 

(•-f  FPF) 


'  Fioinui  18J8 

There  to  a  point  on  the  ii(  « boimdaiy  of  I^mgi^tttal  Reetangle  ii^^  Denoteithy^ 


18.2.  Homogeneity  ReUtlona,  Reduction 
FormulM  and  Proce— ce 
HwnogwMiity  Relailoiu  (SuppoM  (i«0) 
Nwte  that  Period  iUtl»  is  pwawnred. 

,  18.2.1  («0»<-'^'(»K  «') 

18.2.2  ^(lar|<w,fc#0-<~»^(a|«,«') 

18.2.S  f(te|lw,tMO 

18.2.4  «(fat(tf,toO»M2K«0 

18.2.8  0i(<«,  Ut')  =>r*g,i», 
18.2.6 

18A7  iiiH  to')  =r "«,(«,  «')•  »-=  1,  2,  3 

18.2JI  A««,  to')  =r»»A(«,  «') 

18.2.9  ff,(to,  toO  =r»H,(«,  «'),  »=  1, 2,  3 

r  -     (See  18.3) 

18J.10  q(U»,  lw')n»9(»,  w')      (See  18.10) 

•18.2.11  m(to,  lw')»m(w, »')      (See  18.9) 

'18A12  ^'(te;r«ft,r»jO=r»/?>'(a;fl„i^ 

18.2.13  5>  (te;       r'tfO tf> (a;  ft,  ^,) 
18J.14    f  (te;  r«ft,  r«pO =r»f  (a;  ft,  ft) 
18.2.1S    <r(l«;  r«ft,  r^i)  =»<»(«;  ft,  ft) 


WBIEIIffriU88<BLUFTIC  AND  RELATED  ruKCTIONS 

The  Owe  «i<0  . 
Put  t=%  and  obtain,  e.g., 

18.2.16    ^(a; ft, ffj)  =  -^(w; ft,  -p.) 


031 


Thus  the  case  ft<0  can  be  reduced  to  one  where 
ft>0. 

**Period"  Rel«tloii«:«iul  Reduetlon  to  tlie  FPP  (MJV 
Integen) 

18.2.17  ^'(a+2Af«+2Ar«')  ^  tP\z) 
18.2.18'  g>{z\2Uii\2NiJ)^tP{.i) 
18.2.19 

f  (a+2Af«+2Ar«') = f  (a) +2ilfn+2M|' 
18.2.20 

<r(a+2M«+2Ar«') 

«(-l)if+*+«*,(2)  exp  I(a+Af«+N'w')(2Mn 

+2Ar,')l 

18.2.21       where  n»r(«).  n'«=r(«0 

**GoaJugate"  Values 
/(^=/(^)i  where  /  is  any  one  of  the  functions 


A>0 


A<0 


18.242  /?'(20=-Z^(2S^ 
18J.23  /?(a«)»$(2w-0«) 

18.2.24  f(««)«-f(2w^+2n 

18.2.25  «(«0'=<'(2w— ««)  esp  [2if(?«— w)] 


18.2.26  ^'(2k)«-^'(2tta-20 

18.2.27  ^(<^'»/^(2<>ib-£^ 

18.2.28  f(8i)«-f(2«,-«i)+2(i,4-?') 


RedueHon  to  %  fPP  (See  Flsure  18.1) 

(i  denotes  conjugate  of  «) 
Potnt  •«  In  JI4 

/;&'(««)= -^'(2««|-ai) 

i;P(aO"^(2«»-«4) 
f  («0"  ~f  (2«r^  +2(n+i»') 

ff(«0«=»(2«»~a*)  exp  (2(ij+ii')(a*-Ma)l 

PotatetlnUt 

/?>'(20«-/?>'(2«.~«*) 

5>(a^«i?(2«.-«*)  ' 


f(ai)«-f(2«i-«i)+2(i,+y^ 

18.2.29  ir(a0««r(2«i--e»)  expl2(n+n')(2i-««i))       <r(«i)=ff(2«,-a0  exp  [2(ij+i)')(«i-«i)) 

Polat  •!  In  At 

18JJW  flP'(«i)«'25''^V=^0 
18J.31  /;P(«b)"l^(v^') 
18J.S2  r(A)a<-7(?^)+2V 


o •T2.as  •(fii)t=. I.;^5r37)  «,p  (2? '(«i-«o) 

ERIC 


^P'(«i)=3^'(«i) 

i?>(«4)«Z?(^ 

f(«i)=f(5) 
637 


WBIBRaVRASB  EUJPnC  AND  RBIiATBD  FDNOnONB 


* 

1IU.38 
18.2.39 
18.2.40 
18.2.41 
18J.42 
18.2.43 
18.2.44 

18.2.48 


tut' 


iPfOVBB  18  J 


Rcduetkm  from  %  FK*  to  Fundainenul  R«et«n«le  In 
CMeA<0 

We  need  only  be  coneenifid  with  the 
2  b  in  triangle  At  (therefore  2«'— s  b  in  triangle 
Ai). 

18.2.34  i7>(0)«P(2«*'-2) 

18.2.86  r(0)a2V-r(2«'~-0) 
18.2J7  ff(2)«<r(2»'-0)  esp  (2ir'(0-»O] 


RediMtiM  to  Cm*  when  R«a  HalR>PMriod  la  Unity 

(prewrring  period  ratio) 
A>0  A<0 

(r(s|»,  «')=w^ ,  ^)      ffCak,  wO-WK' '1^'  ~) 

(»«1,2,3)  (t«l,2,3) 
A(«,  «0««-"A  (l,  ^)     A(«, «0««|-"A  (J  ^) 

NOTE:  New  real  half-period  IB 


ERIC 
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WBUBOTBASS  BUJPTIC  AND  RBL4TBD  FUNCmONS  ./ 
SpMlal  V«luOT  and  RelaUom 
.ValuM  at  Periods 

and  r  are  iofinita,  «r  b  zero  at  z^2t»i, <<»i,2, 3  and  at  2tfg(A<i^). 


A>0 


A<0 


18J.1 
18.34 
184.8 
184.4 
1844 

18.8.6 

184.7 
1844 


Half-PMod* 

^(«<)««<(»*i<a»3) 

^'^«0(»»l,2,3) 
1|l-f(•^^)(»-1.2,3) 

-(«<-«<)(«i-««)«2«?+i7-3«?-^ 

«ircial 

«i>0^<i>«i 
(equality  when  01^0) 


18.8.9  i|>0 


184.10  n' lip  it 


ERIC 


18.3.11 

184.12 
184.13 
184.14 

184.18 
184.16 

184.17 

184.18 
184.19 
1844l» 


Itf'l/iof  1.91014  050  (approx.) 
H,>0,H,>0 

*(M')"W''*"Vi2l'' 

/ 

/ 

^'(«/2)„-2ir,v?iir,+3«i 

f(»/2)«*U-hV2^i+3«iJ 


/ 


«t  real  and  non-negative 
(«(<aO  when  ^s^O)  { 

where  a^O,/l>0 
(equality  when  0i"O) 

ih>0 

f;/i|0  if  |wil7w^3.81916  447  (approx.) 
Hi>0 

ir/4<arg(ffi)  ^W2  (equality  if  pteO) ;  H, 
«r(»i)«<<iVVflJ'« 

^•(«0««''-7(-H,) 
aigl»(c-')l-i^4-g-5*^<*«+^«'"*»> 

Quamr  Fotods 

i^(«i/2)«««-(rft><i 

^'(W2)«-2H,V2Hi-(-30i 
r(«i/2)->l|fffV2H,+3eJ 

639 
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WBIBRHTRASS  BLUFTIC  AND  RELATED  FUNCTIONS 


A>0 

H«/2)-2l/«Jj./.(2tf.+3e.)»» 
UXn  P(<.»'/2)a«i~Hi<«i<0 

19^  f(»'/2)=ili|'-<V2fl.-3«,l 


A<0 

/7>(«4/2)=«i-H,=i?(«,4-«;y2)<«,<0 
^'(«4/2)=~2H,<V2M-3€i=.^'(«i+«i/2) 
f(«i/2)=4W-<V2fli-3«,l=  ~r(«a+«5/2)  +2V 


U.3.2S 


•(W2)«2i;,j^2H,-3«,)l/« 


p(W2)-'«i-Hi 
184^  j^'((i%/2)»-2Hi<(2Hi-3e,)« 
18.S^  f(W2)=|lito-i(2fl,~3€i)H 


»*(«,+«J/2)  exp  [-V 


^  '(«'/2) = -2iH,(2H,-3«0» 
f(«'y2)«il«'-<(2H,-3«0M 


18.9.29  0(wi/2)« 


On».Thifd  Mod  HolatlMM 

At  2«2»,/3(i»l,  2, 3)  or  2W3,^'''»12PP'*; 


18.3.S0 


A>0 


A<0 


18.S.S1 
18J.S2 

18.S.84 
184.8S 
183.86 

184.87 

IBAM 
184.89 
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,(2«/3)-f+[^] 
f(V/3)-^-[M] 


r(2W3)-f+[^7 

,(2«5/3)-^4^J 
f(2«V3)-?|:+[MJ 


9(2«i/3)< 


V5>'(2«i/3) 


{oliovalidfor  A<0) 


'•Rdatloii 


RdaUoM  Amooi  the  0« 

6^0 


WnraflVftASB  ^UOnC  and  BILAflD  fUMOnOMB 

I 

18.4.  Addition  and  MnlttyHmtfam  Fmalu 
AMltiMPMmdM^(iiH«i)  I 

18.4.4  <r(«,+ft)*(«i-«i)— (4)- 

taodlUpllMitioaroi 


18.4.1 


18.4.S 


[Note  th»t/?"-6/?«(«)-f .  ^'^«)«4^^»)-^iP(a)-^h 

|7>(2,)~25)(,)+[^^J 


and  i^'"(a)=l2i?(»)P'(a)] 


19,4.1  r(2»)-2r(«)+i?"(a)/2P'(«) 
18.441  ^r(2«)«-i7)'(«)«*(«) 

4i2^^(e) 

18.4.9  f(3g)»3f(g)-t-^,(g)^»/^g)i 

18.4.10  »(3«)«-/?'«(«)«»(«)l^(?«)-.(?<»)J 

18.8.  9«riM  fopMuimu 


18.8.1 

18.5.2  when  «k«ih/28 
and 

18.5.8  *»"^2S+ife^^*^""'*** 

18.5.4  \  ^'(«)«-20-«+g(2t-2)e,«»-« 

18.8.8  \  r(«)«»-'-gw»»-V(at-i) 

18A6  •<»)-J?^«*-«*>"<2<^)"?4M^^ 
•  PomulM  for  r  Mid  «  art  ««l  IfiM  alftlMib  addUtan  fwmulai. 
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WEIKRSTRASS  ELLIPTIC  AND  BELATED  llTNOtlONB 

where  Og^  0^1  ftnd 


18.S^  <  >^  o»^,=3(m+l)aM.i.,-i-l- j.(»+l)a*-s.«+»-|  (2m+3ft-l)(4m+(yn--l)o,-i, 


18.S.9 
18^.10 

18.S.13 
18.5.14 
18.S.1S 
18.5.16 
18.5.17 
18.5.18 

18.5.19 
18.5.20 
18.5.21 
18.5.22 
18.5.23 
18.5.24 


+22~*  and         is  equal  to  the 


Vahwa  «f  CodBctoala*  «i  In  Tetms  of  «i  vnd  «i 

<  ■  ■ 

«,=l2c8+3cS]/39         '      .     '  ^ 

'e«B6«i(ll<+36eD/7293 

C=>«)(20cS+ll^/27l7 

0io«(242eS+14550|i^/24O66O 

14eKit(389(4+360(!0/3187041> 

eu^(11496(kS+lO8OOOO0{(^+1666l74)/89167d645 

e„sl0e|e,(297eS+530i^/U685817  . 

2<>,(628770c|+7164675cki+a989602(si) 
(306736)  (216441) 

4g,(62921816c8+179866450cM-t-  140613d7gt) 
(i79686)(38820631) 

gi(68967866<S-H08661l820<»|+8753418|8act) 
(69097dl)(5l32006) 

<!ig,(301719654-H26138076gM+28161739c|) 
(920206)(6678671) 

1641470  949003<j+30458088737 ■  11664e|+  122378660673'378<»Srf+2348703 '887777fl8 

(13422n013)(46e6105713) 

acic,(3366644218<iS+429862483'46cSei+8627743477«!}) 
^        (01100296)^113637407)  ' 


» S0TB8:  I 

1.  erCtt  wen  eomfniteij  and  eheeked  independently 
by  D.  H.  Lehmer;  then  were  douMe-sheoked  by 
substituting  pi<»20  t$,  Jt'^H  Ct  in  values  given  in 
(18.101.  / 

.  2.  cirt^ii  were  derived  from  values  in  (18.10|  by 
tlip  name  subititution/  These  were.oheeked  (numer* 
ically)  (or  partieular/alues  of  (n,  ^ 


.  a.  en  ia  given  ineorreotly  in  {18.12]  (faetor  13  is 
missing  in  denomins^r  of  third  term  of  bracket); 
this  value  was  eomputed  independenUy. 

4.  No  faetors  of  any  of  the  above  integen  with  more 
than  ten  digits  are  known  to  the  author.  This  is  not 
neoessaray  true  of  smaller  KMegers,  whioh  have,  In 
many  instanoes,  been  arranged  for  eonvenient  use 
with  a  desk  eUouUtor. 


ERIC 
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/ 


Vafaw*  of  Goeflldcnto  o^. 


•   

«Mi4i 

* 

•1Q9WIIS 

• 

1  M 

• 

•Itt-tM 

414017 

• 

1  Mi 

t 

•aw 

4»m 

41 

•IMMi 

4a>tMHr 

• 

4MU 

4tMMi 

4I>1IMM1 

• 

«^»iSi*if 

« t 

-mi  iii , 

-»I4*1?40 

-^MkO-T'lT 

•HI 

40tl 

.2B974IW 

47*100001060  ' 

•08000017001001 

1 

dVbii 

A*»07 

«-mSi 

-At 

-^Vi» 

*S4!«.7-ttO 

»*7 

•111017 

•87«W 

•OiOOttHMOO 

•iaoio>37«o 

1 

•1 

1*107 

l!T4Mt 

AttlBt 

488010 

|Sll47 

•wool 

— 0'I«00»1I007 
40ltt 

•17000M008O 

•*o!7^11.80* 
480*70»>10W 

y7%MII0 

•Moomsoii 

• 

1 

8 

1 

T 

0 

0 

10 

11 

18 
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^  WHSBSTBASa  BLUPnC 

||«vMwd  9«rlM*  for  Urie  I 

18.5.2S 


+—  (33aJ+180aW+lM)«" 
+^(ll«8+lM)t»« 


AND  BSMTBV  FUNOnOVB 

RMMwd  sites  for  Urge  I P 'I 


+ (143«4+llW«W+210fl4)it» 


+ 


1^  (143«8+220aW+6fli|)ii?* 


+^  (6&4+728aW+28(M)t<^ 
+g^J  (195aJ+466aW+42«4)i»» 


+2^7  (1105oJ+16380c4a|+10920aW 
+168«J)t»»^+^^  (86<4+280aW+6(V4)ti^ 
•f  if  k?  (323<4+6120oW+6300fl4i4+336a8)«** 
(1616a8+714OaSc4+2620«W+24aJ)tt« 


18.5.26  where  aj^gS 

18.5.27  o,=ff./H 

18.3.28  (^'O' 


*  In  thl0  and  other  fleried  a  ohoioe  of  the  vdue  of  the 
root  hM  been  mmde  90  that  f  will  be  in  the  Fund»ment*l 
ReeUngKe  (PlguM  18*2)4  whenever  the  value  of  the  given 
^"-^tlon  ii  appropriate. 
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18^1 
18.S.32 

18.S.34 
18.5.35 

18.&36 

18.8.37 

18.5.38 


Al«2»'» 


A, 


7 

ilM»-06aia,/176 


.1^  (a8+ia4) 


18.SJI9  where  aaB0i/6,at»0i/6 

Revcrwd  Sertea  for  Larf*  \i\ 

18.5.40  «=it+il«a»+il»ttT+il,i»»+ . , . 

18.5.41  where  «»r' 


18.5.42 
18.5.43 
18.5.44 
18.5.45 

18.5.46 

18.5.47 

^5.48 


^««/7 

(-8«|+7«) 
^i>«-41<S^ei 


18.5.49  i4„-3^(n6431«i-22668«5) 

18.5.50  where  *a='fft/12 

18.5.51  <>»0i/2O 
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WpiBBSTBAaS  BLUPTIC  AND  BBL&TBD  FUNCnONB 


OUmt  SerlM  tovoMttf  ^ 

+!U«tf4«.._«^.»]+«.[-(i„-i4j' 


MASS 


3      '  33 

143  J"^'* 


where  tt«(«— a»),i3P8  ■  5*'(«*)«»V5 


18AS4 


ia.S^   where  9<»  iP  K(P  «)'  a«0k/4 

(ijP  -«i)=(3«?-6e,)t»+(10c«,+21«i)t*«-h(7«,«5 
+21«i««+54)«*+  (IfM+dOeif, 

# 

+33<Ki)«i+(ia4t!+MM><+I05l( 

o 

ERIC 


where  «=(«—«<)" 

OUmt  SeriM  Involving  ^ ' 
Seriti  ntar  Zo 


i(P  '-^  10eitt-6fle<ttH30c|u»-+^264«,<f««* 

(840d~100c{)  5452(jg, 
-r        3        *       11  * 

\    70<%(6gc8-2316<g)  »-| 

^         143         *  J 

i 

+ lfii««tt«-28c»ii*+304«»+ 1 14«»e,u» 

I  4.7(12cJ-64)i»»«-?^^t."]-l-  X. 
1841^     /  where  t»s=(a— «») 

I 

18^60 

/ 


/ 


-H  10*i?  ;A*~3(36tf,-3/^  ;+4*lil' 
-3P  ;(f  ei+216«y +^  (2856«c 


/ 


18^.61 

/ 


-|-I00i!5-279P;»6+1326«^»-|- . . . 

where  il=     '-^  10*,) 
and  h'=>igjga 


18^.68 

P  '«2(3«?~6o»)«+4(10<v,+21ci)a>+6(7<!,«J 
+2l«,j,+6cJ)a»+24(6<ij(i?+ 10(^1 

+ 1  l«iei)aHl0  ('22ei<)+920t<%««+ lOSci 


18^64 


+424.,+^       ."+70  <«<) 

•  •  •  I 

where  <i»(9-*(iii), 

S46 


040  WKIBII8TIMS8  ELLIPTIO  AND  RELATED  7UNCTI0NB 

Othcrr  SeriM  Involvlne  f 

Seriea  near    [fP  (3o)'--Ol 
18.S.65 


2"*"  2  "  "^  2      3  22 


^■"2       7~       3  33 
■  1363gki  „u  I  C,(231fl<i-55<^  uT  . 

15.5.66  where  ti=(2— 2^), 

18.5.67  .  ro"r(«>) 
near  t»t 

18.3.68 

(f— e<a  g  or—  g 

(7<;,eH21g8<!i+5g»)<»^ 

(6c,<!j+10cig«+UcCi)a^ 
3 

/        (22ei*?+92caC«,+  105«i-y  cj)  «»' 


18.3.69 


.681  .  .9160 


where  a=(3— w<) 
Reversed  Serlee  for  Small  kl 


18.3.70 

— _L^»  -»_L^»  -»J-3>»  J 


18.8.71 
18.3.72 


.  I9>m  .,  ■  3842>i+861'y}  „  . 
^    '  +      8006       '  ^  •  •  " 

where  ti—gJiS 

iri=-pi/120 


For  reversion  of  Ma(*laurin  fieries,  see  3.6.25  and 
^1M.181. 

ERLC  647 


18.6.  Derivatives  and  Differential  Equations 

Ordinary   (<Jj==ite/20,  C|S=i?i/28) 

18.6.1  f'(a)=«-P(a) 

18.6.2  <r'(a)/<r(a)=f(a) 
18.6.3 

^'»(a)=4P»(a)-ja/?)(a)-9,=4(5>»~5ca^-7«*) 

18.6.4  ^"(a)=65)»(a)-ipi=65>»-10«, 

18.6.5  5>'"(a)-125)P'  ^ 
18.6.6 

^<«(«)-12(/7>^"+^'P') 

«6l[5>'-3«,^ 

18.6.7  ' 

i?)<«(«)=i2(Pi7)'"+2^'5)"+^"^') 

=»3-6l^'l^'-Ca| 

18.6.8 

^<»>(a)=:i2(^^<*>+3^'^'"+3^"P" 

18.6.9  «7l[^*-4<!,^»-4e,^+6e|/7l 

18.6.10  ^&<«(a)=4.7l^'(^»-2«45>-c,J 
18.6.11 

IP  »>(a)=81[  5>  •~6c,P  •-6fl,^ « 

+(10<iSi?>  +  ll<V«)/8l 

18.6.12 

P  ">(«)=6.9l5>'(^*-3«a^«>«-2c,i?  +2c8/3l 
18.6.13 

5)<»«(«)=»lll(^'-6<!j^*-6c,^»+7c|/?» 

+  (342c.c,P  +844-  10(4)/33l 

18.6.14 

^»»(«)«6'lllj[J0'(^P»-4<!«5D»-3«,fiP» 

+  (77c5^P+37«»Ci)/33l 

18.6.13 

^"»(»)=13l(/7>'-7<!*^*-7c,i?)*+36«?PV3 
+210c,C*^Vn+(84<5-35«J)  5>  /13-  1363oW429l 
18.6.16 

+5<!!^  »+60<v,^  /1 1 + (12«J-5c8)/13l 

18.6*17 

^  <>«(«)=  151  (P«-8«a^*-8«»^»"f  62«8^  */3 
+328ce,5>Vll+ (444cJ-328<«){7>»/39 

-488«j«i/?>  /33  +c(66<«-2316«J)/429l 

18.6.18 

^P<>«(«)=8.16li?'l5>»-6c,/?»-5e,^«+26«!tf>V3 
+ 123<,(!»  i?>  VI 1  +  (1 1 1<4-82«5)  ^  /39-61ejc»/33l 


W1IBB8TRA88  BLUniC 
Fartlal  Derlrathrm  with  Rmpm«  to  Invsriaat* 

18.6^ 

18.6J2 
18.6^ 

*  ^—5      ^-n  'I"' 

^hero '  denotes 
DUTcrential  Equatlmu 


AND  BBLATBO  rUVCnOl^  641 

y"=(oP(«)+%  gim«'B  6quation)-«ee  [18.81, 
2.26 

For.  other  (mbre  specialized)  equations  (of 
orders  1-3)  i^olving  (P{z),  see  {18.8J,  noe. 
1.49»  2.28, 2.#3,  2.439-440,  3.9-12. 

For  the  vm  ot^{it)  m  solving  differential  equa- 
tions of  ^form  y'*+il(a,y)«=:0,  where  A{e,y)  is 
a  polynm^ial  in  y  of  degree  2m,  with  ooeflfioiients 
which  jM«  Analytic  functions  of  z,  see  [18.7], 
p.  3121^: 


i 


I 


I       Equation  Solvtion 


729 


18.6J6 


2 


4-3a» 
f'"~2f" 

18.6^ 

y'*-~  (y+a)%+*)'     y=6i7>«(«;  y,,  0)-6, 


a,— I  (a-6) 


18.7.  Integrals 


vLl\      ^(P\z)izJ^  g>  '(«)+^  g^z 

/ 18.7.2  /5>'(«)rf««i^'>)-^ijif(5+^ft« 

^^tenSuIas  for  higher  ^ewen  , may  be  derived  by 
integration  of  formulas  for  (P 

For  f(P*{z)dz,  n  any  positive  integer,  see 
[18.15]  vol.  4,  pp.  108-9. 

Ifi?>'(a)j^O 
18.7.8 

^»/j)(,)l*^(a) 

s2»f(a)+hi       a)— hi  9(0+a) 

J'or  fdz^  (Piz)'^iP  (a)l*,  ( ^  '(o)  i«*0)  n any  podp 
tive  integer,  see  [18.15],  vol.  4,  pp.  109-110. 


A>0 


A<0. 


18.7.4 
18.7.6 

« 

18.7.6 
18.7.7 


VRol 

where  t  is  real  and 
,(()«4<'-ft<-jt, 
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18.8  Conformal  Mapping 


^>0 


A<0 


'w^(p{z)  maps  the  Fundamental  Rectangle 
onto  the  half-plane  r^O;  KN«(^«'0),  the 
iaogceles  triangle  Oom^  is  mapped  onto  u^O,  v<0* 

w^(P'{z)  maps  the  Fundamental  Rectangle 
onto  the  ttvplane  lees  quadrant  III;  if  |a>^«w,  the 
triangle  0«wa  is  mapped  onto  r>0,  t?^tt^. 


w^Q>(z)  maps  the  Fundamental  Rectangle 
onto  the  half*plane  r^O;  if  |(i4|»ciia((r»— 0),  the 
isosceles  triangle  Qio^^  is  mapped  onto  u^0| 

^^(P^(z)  maps  the  Fundamental  Rectangle 
onto  most  of  the  u^-plane  less  quadrant  III;  if 
\ui^\i=iuHf  the  triangle  Qu^^  is  mapped  onto  9^0| 

(a  »  period  ratio) 


n>—i{z)  maps  the  Fundamental  Rectangle  onto 
the  half-plan  u>0.  If  a  <1.9  (approx.),  r^O; 
otherwise  the  image  extends  into  quadrant  I 
For  very  large  a,  the  image  has  a  laige  area  in 
quadrant  I. 

.  w'=^ii{z)  maps  the  Fundamental  Rectangle  onto 
quadrant  I  if  a  <1.9  (approx.),  onto  quadrants 
1  and  II  if  i.9<a<3.8  (approx.).  For  lange 
a.  arg(<r(«8)l«~;  consequently  the  image  winds 

around  the  origin  for  large  a. 

Other  maps  are  described  in  118.23)  arte.  13J 
(square  on  circle) •  13.11  (ring  on  plane  with  2 
slits  in  line)  and  in  118.24K  p.  36  (double  half 
equilateral  triangle  on  half^plane). 

Obtaining  ^  ^  from  ff^  *^ 


w^tiz)  maps  the  Fundamental  Rectangle  onto 
the  half-plane  u>0.  The  image  is  mostly  in 
quadrant  IV  for  small  entirely  so  for  (approx.) 
1.3  <a  ^3.8.  For  very  large  a,  the  image  has  a 
large  area  in  quadrant  I. 

w^ifiz)  maps  the  Fundamental  Rectangle  onto 
quadrant  I  if  a<3.8  (approx.),  onto  quadrants  I 
and  II  if  3.8^a<7.ft  (approx.).   For  laiige 

^»  arg[^<r(«j+^)J«§I  consequently  the  image 

winds  around  the  origin  for  laiige  a. 

Other  maps  are  described  in  [18.23]  arte.  13.8 
(equikteral  triangle  on  half^plane)  and  13.9 
(isosceles  triangle  on  half-plane). 


Fundamental  Rectangle 
A  >0 

FUNDAMENTAL  RECTANGLE 


iO 


4 


Fundamenul  Reetangle 
A    <  0 

FUNDAMENTAL  RECTANGLE 


y 

i 

A 

I  4, 

,4) 

iO/2 

A 

.4 

(.4,  .4) 

B 

/ 

B 

In  ri'tti""  A 

,  ( r/) ' )  >  0  i  f  f/  >.  .4  Hfid  /  < .  r»; ,  ^  ( .!7) ')  >  0  olsftwhoro 


KiauHK  18.4 

In  regioD  A 


(1)  If  a >  1.06,  use  criterion  for  region  A  for 
A>0. 

(2)  If  l^rt<l.06:  !»{!P')>0  if  V>:A  and 
t<A,  -ir/4<arg  (50')<3ir/4  if  A<y^  and 
.4<  X  <  .5.     J(fP')>LO  elsewhere 


WB1BRSTRA88  ELLIPTIC  AND  RELATED  FUNOHONS 

I 

InragionB  InregionB 

The  sign  (indeed,  perhapd  one  or  more  iignificant       Use  the  criterion  for  region  B  for  jl>0. 
digits)  ot  ff^'  iB  obtainabto  from  the  first  term,  . 
-2/2*,  of  the  Laurent  eeriee  for  iP'. 

(Precisely  similar  criteria  apply  when  the  real  half-period i^l) 

Map: 

1 


643 


Near  zero:  ^(a)=»^-f«t 


^(«)«-3+<!»a«+«» 

• 
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New  m:  ^ 


Tiomu)  18.6 
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t 


WBI18OTKA8B  BLLimC  AM)  RELATED  FDNCTIONB 
A>0  wwl 


Map:  fU)-«+«f 

Near  aato: 

-         ■  » ■ 


WXnBB8THA08  ELLIPTIC  AND  RfiLATBD  FUNOnOHS 


f»      4      ijQ      >^     tip     M  %% 
.1        I       T        III  I 


fiQVtm  ISA 
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11.9.  Kclatlom  with  Compkle  lHUptio  Integrals  K  uud  K'  and  Theb  Parameter  m 
and  with  JaMU*t  £111^  FlUMtioM  (Me  ehapter  16) 
(H«ra        and  IC'(m)aJiC(l-m)  an  complete  attiptie  inttgrals  of  the  Ut  kind;  see  chapter  17.) 


it.9:i 


A>0 

„(2^m)y(m). 


A<0 


18.9Ji 


^  ^2(l-2m)g«(iii) 
 SJ-  


18.94 


18.9.4 


4(16m*-16m+l)iK*(m) 


18.9*  '   275* 


8(2in~l)(32m»~32m~l)^m) 
^'^   27^4  


^^-256(m-m')JP»(m) 


18.9.7 

18.9.8 

18.9.9 

18.9.10 
18.9.11 


"*"2  4Hr, 


«-if(m)/(e,-«0»'' 
m«(«»-<i)/(<i-«i) 

(0<m^i8iiioeA^0] 
i?>(»)«e,-l-(e,-eO/«n«(ai«|m)  ^(«)«( 
18.9.12 

^'(«)— 2(«,-e,)»'«.cn(a1m)dn(«*|«)/8n»(«1m) 
where 


l+cn(«' 

m) 

l-en(«' 

m) 

where 


ll-oii(«'|m)]' 


18.9.1S  n=if(«)-^^^(a£(m)+(m--2)Jir(m)) 

18.9.14  ,'-f(«')-5^~^ 
(£(m)  m  a  complete  elliptic  integral  of  the  ^d  kind  (lee  chapter  17).] 


(«i)«^  (6£:(m)+(4m-6)JiC(m)] 
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18.10.  RelatioiM  with  TheU  Fanetlom  (chapter  16) 

The  fonnal  definitions  of  the  (our  d  functions  ore  given  by  the  series  16J7.1-16.27.4  which  oonvjaige 
for«U  complex  s  and  all  9  defined  bdow.   (Some  authors  use  rs,  instead  of  0,  as  the  independent  viable.) 
These  functions  depend  on  sand  on  a  parameter  9»  which  is  usually  suppressed.  Note  that 


^!(0)»^(0)«,(0)^(0),  where  «<(0)«tf<(0,  fi). 


A>0 


18.10.1 
18.10.2 
18.104 

g  is  real  and  since  (h>0(KI  0<9^e'^ 
18.10.4  («=«/24^ 

18.10.6   5P(«)=  4^^(o)*,(0)*,(0)tf,»(i») 

1..10.T        r(.)-?+^)  I 

18.10.8  ^.hI^cxpC^^) 

18.10.9  12««e,=.»1*S(0)+*}(0)l 

18.10.10  12«*««,=»1*J(0)-*}(0)1 

18.10.11  12*i««,«-wntfJ(0)+*l(0)l 

18.10.12  («,-«,)»^ -tOj,-*,)*-^*!^ 

18.10.13  («i-«s)»=*-*(«.-«i)*=^*l(0) 

18.10.14  («,-«,)»=  -»(«.-«i)««^*J(0) 

18.10.15  i?,«|(0I*!(O)+*J(O)+*5(O)l 

18.10.16  ^~4«i«t«t 

18.10.17  A'-^'^tfiVO)  " 

18.10.18  ^=r(«)=-J^, 


18.10.  W 

ERIC 


A<0 

2  is  pure  imaginary  and  since  0i^O(|ttki^«)i)> 
0<rj|^e-'» 

^^-'•+4^L^?o);^J 

— ig  tf,(0)*,(0)tf4(0W(») 

12«|«,=irn*J(0)-*}(0)] 
12«J«,=«1*l(0)+*i(0)l 
12*^,=-t«l*i(0)+*j(0)l 

(ei-«i)»=*(<!i~«i)*=^i(0) 

(«,-«i)»=-i(«i-«i)*=2^;*U0) 

ih=|(^y[*5(0)+*J(0)+t»S(0)l 
(ta's4«ieset 


\— 


nJaf(«»)' 


r   ? 
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18.10JO 
1«.1(U2 


A>0 

Not«:M0)>0,i"2,3,4 


WUIBflTBAaS  ELLIPTIC  AND  RELATBD  fOMCmONa 

ta — — 

*i(0)«2g»U+8»  '+«**'+fl*  *-f  .  • .  . .] 

,     *i(0)«X+2b+j»+^+  . . .  . .  .1 

*«X0)=l+2l--j+4»-jr+  •  •  •  +(~1)V+  •  •  I 
Atlalaabb  Acairmjr 


661 


A<0  , 

Note :  dt(0)  ^Aef'f,\A>b ;  . 
ir*,(0)>0;  MO)'='Wi 

2  terms  give  at  least  3S 

3  terms  give  at  least  58 

4  terms  ^e  at  least  lOS 


/df(Q) :        2  terms  |^ve  at  least  5S 
io>2, 3, 4    3  tenns  give  at  least  US 
4  terms  give  at  least  21S 

EspMMliiff  any  Iniplie  Fonetloii  iA  Terms  of  (P 
It  Ji»)  is  any  elliptie  funetion  and        has  same  periods,  write^ 

iwu  •  y(«)«iw«)4y(--«)i+M{y(«)-y(::^^^ 

Since  both  brackets  represent  even  elliptie  twn^m^^  as^  how  to  express  an  even  elliptie  f|^o> 
tion  g{z)  (of  order  Vc)  in  terms  of  (P  («).  BeMus^f  the  eVennees,  an  irreducible  set  of  zeros 
denoted  by  a*  (ia  1,2;  .  .  .  ,  *)  and  the  set^^fpdinte  congruent  to -^ai^i-l,  2,  .\.  .  ,^;coiTes| 
ingly  in  connection  with  the  poles  we  oonnder  the  points  d:64»<<=l»  2,  .  .  .  ,k.  Then 


\ 


18.11^ 


whearsilis 


a  constant.  If  any  a*  or  64  is  congruent  to  the  origin,  the  corresponding  fac  tor  is  omitted  from  the 
product.  Factors  corresponding  to  multiple  poles  (zeros)  are  repeated  aoconling  to  the  multiplicity. 


c 


18.12.  CaseA»0(e>0) 

Subcase  I 

iai2.1  jk>0,  j»<0:  («,=»*!««,  «,«»-2«) 
18.12.2  ffiBHt«0,  Hta3e 

18.12.3 

(P{9\  12«»,-8«»)»e+3e{8inhl(3«)M}'' 

18.12.4  / 

f («;  12««,~8«»)= (3«)»  ooth  ((3«)M 

18.12.S 

•(«;  t2<!»,-8<j»)«.(3«)-»  ainh  ((3«)»«l«-«"« 

18.12.6  «=<»,«'=.(12<!)-M 

18.12.7  V'Bf  («) « — • 

18.12.8  ^'«f(«0«^««>' 


18.12.9  1  m=l 

18.12.10  ^(»)aO 

18.12.11  <r(«0"  y 

18.12.12  <r(u,)»0 
18.12.18  (ai/2)»e 

18.12.14  i?'(«/2)=»0 

18.12.15  f(«/2)«-.«»  / 

18.12.16  4r(»/2)»0 

18.12.17  ^(«'/2)«-6c 

18.12.18  /?'(«'/2)«^ 

18.12.19  r(»'/2)»i(-<w'-{-ir/»0 
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18.12^ 
ia.i2Ji 

18.12^ 


»(«72)' 
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r 

5>'(«a/2)=0 

Cm' 

<r(<da/2)a0 


18.12^ 

SubeaM  li 
18.12^ 

9»>0,9t>0'  («i=2c,  -c) 
18.12.26         H,=3«,  Ht«fftsO 
18.12.2T  ^(2;  12c«,  8«»)=-c+3c{8in  [(3e)»«]} 
18.12.28 

f(2;  12<!»,  8<j»)=w+(3c)»  cot  l(3c)»«] 
18.12.29 

12<!«,  8<!»)«(3c)-»  Bin  [(3c)»«l«*''« 

18.12.30  «=  (12e)  "Hr.  «'*=»• 

18.12.31  ,,=:f(w)=ctt 

18.12.32  ,'=f 

18.12.33  9=0,  msO 


18.12.34 

18.12.35 
18.12.36 
18.12.37 

18.12.38 

18.12.39 

18.12.40 

18.12.41 

18.12.42 
18.12.43 
18.12.44 
1^12.48 


w 

<r(«')=0 
^(«/2)=6<; 

f(«/2)=i(e«+»'/«) 
ff(«/2)= —  

w 

/?)(«'/2)  =  -e 
^P'(«'/2)=0 
f(«'/2)=>4-<fl» 
<f(«'/2)=0 


AND  RELATXO  VUNCnONft 

18.12.46  ^'(W2)»0 

18.12.47 

ff(M^/2)nsO  * 


EMC 
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18.12.48 

SuboAse  III 

18.12.49  g»'«0,  ^«0(«i=«i"=«»=0) 

18.12.50  ^(«;0,0J=«-» 

18.12.51  f(a;0,0)=a-» 
18.12.82  <r(jt;0,0)«« 
18.12.S3  «»  — ui»'=s«» 

18.13.  Equianharmonic  Case  (gt»0«  gi<sl) 

If  ga^O  and  j7t>0,  homogeneity  relations  allow 
us  to  reduce  our  considerations  of  (P  to^(jt;0,  1) 
iO>',  (  and      are  handled  similariy).  Thus 
5>(a;0,pi)=rf"i?(zj^'»;0,l).  The  ease  fli«0, 
is  caUed  the  EQUIANHABMONIC  case. 

\  FPP;  RedveHon  to  Fundamental  Trian^  , 

At  e  40(^2^  is  the  Fundamental  Triangle 

Let  •  denote      throughout  18*13. 

«i,»1.6299  54037  06719  28749  13194  17231* 


f 

2(1)1 

Zo 

i<\  r 

1 

Figure  18.11 


•  This  value  waa  eomput^  atid  eh«eked  by  multiple 
preeision  on  a  desk  ealeulaior  and  is  believed  romet  to 


\ 
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Redudion  jor  Zt  in  il^:  i?i=«5»  i*  in  Ai. 
18.13.1  ^(2i)  =  «-'37(«i) 

r<«»)=«~'F(«i) 

18.13.4  - . 
RedwHon  for  sst  in  ^:  2t=«"'(2«'-2i)  » 

18.13.5  (Piz,)^«'*(Pi9i) 
18.13.6 

18.13.7  f(g,)  =  -«-»f(«0+2i»',  i»'=f(«') 

18.13.8  = wiii)  exp  1(2,-  «')  (2i)')l 


Speelal  VahiM  •T'*  Fovmulu 


18.13.9 

A«-27,  H»=V3(4->'»);. 

H,»V3(4->"),  H,«-^(4-»'»)« 


18.13.10  m=»gm»16»« 


2-V3 


18.13.11 
18.13.12 
18.13.13 
18.13.14 


d,(0)=-il««'" 
*,(0)»-A«*"»« 
*«(0)=il«-«"" 


where  A=  («iM*'^*''3»'« « 1.0086  67 

i8.1s.15'  ^^^.^ 


Values  at  Half-perloda 


r 

1S.1S.14 

0 

i|<='«r/2MiV3 

r«»(«») 

M.is.n 

0 

i»i=i»+n'«='ir/24*i^ 

18.13.18 

0 

il'«=««-'»/2«iV3 

«•(«») 

18.13.19 

0 

8* 

Values '  along  (0,  cdi) 


18.13.10 

2w,/9 

18.13.81 

W3  ■ 

18.13.28 

4«*}/9 

18.1S.2S 

ui/2 

18.19.24 

2W3 
18.13.28 

H(i»t/0 
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<'co8!W-"^0«i40» 
l/(2«'»-l) 

i{^cog40^ 

1 


Voo8  20«-Vooe40" 
-V3(2"»+l)/(2"»-l) 


V8 


^^4cF  +  ^co8~86* 


w  ■  V8(y^-l-2-|-2«/») 
8"^  8 


(»/4«,v3)  +  (8"«V2+V3/2*'') 


^rt»vr(2irt«) 


8"<V2+^ 


'  Vaitiea  *t        4ii)|/0  and  8W9  from  (18.14). 
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ValuM  aloBg  (0,  %) 


r 

# 

it.isjk 

1S.1SJ7  . 

i8.mt 
ii 

0 

<(8W«)V2-Vi 

31/1 

DuplkatkMi  PomolM 
18.13.30  jy-(2.).N?^'<^)^^g;(^)-> 


18.1341 
18.13.32 


r(2«)-2f(«)+ 


^2a)=»-^'(»y(«) 
TrbMtlon  FomralM  (•  i««l) 


18.13:33  ^(5)",/  \ 


18.1334  ^'/f^ — V3 


3 


where  tan  ♦■=^'(af),  0<><2«i  «d  we  must 
ohooee  ^  in  intenrak 

''(i>*(i+T>^?(l+7'>'-»"«-''y 

CmBidn  MultMkatloa 
18.13.38  (P(iz)^r*(P{z) 
I8.13J6  {P'{*»)'='-(P'{») 

18.13.37  r(«)«r»f(a) 

18.13.38  <r<<9)»«r(0) 

In  the  above,  i  .denotes  (as  it  does  throughout 
section  18.13),  «**^.  The  above  equations  are  useful 
as  follows,  e^.: 

If  >  is  real,  m  is  on  0«'  (figure  18.11)t  if  a 
were  purely  imaginary,  9  would  be  on  Oe^  (Flgiire 
18.11). 


EqulanliaraioBle  Com 

Map:  /f 


Coiifonnal  Maps 

J         A        M        M  IjO 


Nearsero: 
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Coeffldctito  for  Laurent  Series  t»!P,(P'  and  f 


EXACT Ctt 


APPROXIMATE 


1 
2 
8 
4 
< 
« 
7 
8 
9 
10 
U 

13 
18 


1/28 

l/(18-28f)»  1/10193 

l/a819-380-l/M22144 

8/M- 18*- 19-284 -284871^(7709611  X  \V) 

4/<818>19-81-28*)- 78125/(10729  88887X10^ 

(7-43)/(13»'m81-87#) 

(d-481)/(8- ia»- 19*-ai.87.48-28n 

(8-7-818)/(S*18*49*-81-87-43.38^ 

(4- 1201)/(8*- 18«19l-81.87-48-28») 

<2»-8-4M638)/(818*10*-81*>87-48>61-28>«) 

(8-79.788)/(8-18«l«*-81*-87-48<01*67-28") 

8»1 188  18908  29089  

8*18*19*41*-87>-48.61-67.73.28>* 
2*-8*-71 1-2047111 


8».18>-19<-81* 


7111  

87«^61-07-78-79-28» 


8.6714  28571  42887     .  .  .  XlQ-* 

9.8110  10954  47409  78812  40188X10"* 

1.8442  88901  21098  55886  78088X10-^ 

a  0400  80050  85758  01850  20801  Xl0->* 

4  6097  95101  88961  00884  88048Xl0-» 

0.8002  18076  79898  80788  98XlO->* 

9.7990  81742  57901  41889  00X10-'* 

1.8685  06574  79860  18026  87X10-" 

1.8800  72010  01829  79236  40X10-** 

2.5497  06946  68202  68688X10-*' 

8.4222  48599  51463  05316X10-** 

4  6541  88804.  99184  80301X10-** 

6.0171  15770  98241  99591  XlO-*« 


Pint  8  •pproxlmate  vihws  determined  from  exact  values  of  «»;  subsequent  values  determined  by  using  exaot  ratios 
eu/dt-it  uolns  at  least  double  preeision  arithmetle  with  a  dmk  oaleulator.  All  approximate  <?%  were  ehecked  with  (he 
use  of  the  reeursion  relation;  Ci—Oit  are  believed  correct  to  tt-least  21S;  c^^^—t^t  are  believed  correct  to  20S. 


18*-«  •  38» 


-t>  *-2,  8,  4, 


Other  Seriei  InTolfing  (P 

t<t«v«nwdLS«rtes for  Large.  \(P\ 


ia.i3J9  - 

ia*lS.40  where  ««^-*/8  and  «  is  in  the  Funda^ 
mental  Triangle  (Figure  18.11)  if  ^  has  an  appro- 
priate value, 

Series  near  S( 

18.18.41   


18.13.42 


18.13.43  where  u«(2— Sg) 


18.13.44 


near  wi 


-e,)  -3«?S«  ^\  4  r+i'+^  ^ 


18.13.4S  when*  4i^(;— oib)', 
O 


18.13.46 

r  6  3 

18.13.47  where  to  =(  ^— e»)/3e8 

Other  Series  iBVoIvliig  (P' 

RevenNMl  9«rlea for  Lwrge  \g>'\ 

18.13.48 


117 


(^')-*4-0(5>'-«)} 


2  being  in  the  Fundamental  Triangle  (Figure  18.11) 
if  fP'  has  an  appropriate  value. 


Series  near  so 


66j 


18.13.49 

(fiD'-i)-«[-2-u+j^x'+|^x«+0(»*)] 

18.13.50  where  «=(2— 2o)' 

18.18.51  r-2a[l-ia-^a»4--^+0(a«)]» 

18.13.52  where  a=(^'-t)/(-4) 


\ 


WEIBB8TIUS8  BLUFHC  AND  BBXWkTSO  FUNCTIONS 
Mi 


657 


18.13.33 

i?)'=6<i(«-«i)  [l+2»+3»»+y 

18.1344  where  «>»«i(2-'<wi)' 
18.13.5S 

+330to«-2a68t«»+~P  i£i»+0(to»)} 
18.13.36  where  w«<  ^  "/» 

Other  Striea  In?olfiBg  t 


18.13.57 


Kmwmd  Sertet  for  Uufle  Ifl 


-['-I 


18.13.58 


7=f-*/20 
S«flraiM«rst 


18.13.S9 

18.13.(0  where  tt««  (a— 
18.13.61 

18.13.62  t>«e,(«-«»)' 
18.13.63 


12i£|  267t<^  ,  139tg« 
6  "  36  6 


18.13.64 


30192tg» .  1634208 
275  3676 

S«rlM  Involving  « 


18.13.6S 


.  y  y  8»'31  ^  .  2».3»  5  9103 
^    261  311 


2"3^.6-22Q.2683 


371 

2i«.3'«6-23267  18040 


431 

2".3"  6  69  107896778 
4W 


18.13.66 

.     <r>     >      41g»      I  13'837y» 
*°''*"^;3^'*'2'3»6»1113''"2».3*.5>111719 

.      31  lOlff*  _t_/v^iv 
"'"2»»  3»  6.11».17.23^^'^ ' 

EeonomlMd  Polsmomlid*  (0^«;glJS) 

18.13.67  ae*i^(a!)=^  a^«+i(»)  i 

|«(a!)|<2X10-»  ! 

iio=(- 1)9.99999  96  o«=»- (-9)2.20892  47 

0,= (-2)3.67143  20  o,=«(- 10)  1.74916  36 

0,=  (-6)9.80689  93  Ofc«-(-l?U.46863  93 
o,»(-7)2.00836  02 

18.13.68  je»i?>'(«)«^o^*+«(«) 

|.(a!)|<4X10-' 

-2.00000  00  a«=» -(-9)2.12719  66 

Oj- (-1)1.42867  22  aj^C- 10)6.63664  67 

0,- (-4)9.81018  08  o«=-(-ll)1.7061p  78 
«,» (-6)3.00611  93 

18.13.69  a!f(«)-:^a,a!^+«(«) 

U(«)|<3X10-» 

a,=.(- 1)9,99999  98  <»««(- 10)6.12486  14 

o,«- (-3)7.14286  86  o,«(- 11)4.66919  86 

(-6)8.91 166  66  tt»=«(- 12)  1.26014  66 

(-8)1.44381  84 


ERIC 
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18.14.  Umnteeatie  Caae 

If  pi>0  and  9s  »0,  homogeneity  relations  allow 
us  to  reduce  our  consideration  of to  ^  (js;  1»  0) 
i(P\t  and  «  are  handled  similarly).  Thus  g>iz\ 
01.  0)==g,*0>i'9^i  1.  O)-  The  case  ^=1,  9,«0 
is  caUed  the  LEMNI8CATIC  case. 


FiouRB  18.13 


iFPP;  Redveticn  to  Fundamental  Triangle 
A|BiM)awi  is  the  Fundamental  Triangle 
M»1.8M0  74677  30137  192« 
Reduetim^or  zt'iae^x  Zi—Ut  is  in  A| 

18.14.1        ^  /7>(«»)=-2?(s,) 

18.14.2 

18.14.3  f(a,)  =  --^(a,) 

18.14.4  <r(?,)»>ur(2,) 
Speelal  ValuM  and  Formulas 

18.14.5 

f»=sin'  46®«|,  (i=a«~' 

18.14.6  ^,(0)»»^4(0)»»((»^/r)i;  »,(0)»(2»/ir)» 

18.14.7  ««/iC(8in«  46«»)=»?^^»~  where 

4Vi  ^ 

SW2.62205  75642  92110  81046  48395  89891  11941 
36827  54951  43162  is  the  I^mniseate  constant 
U8.91 

*  This  value  was  computed  and  ehecked  by  double 
inreetsioii  methods  on  a  desk  calculator  and  is  believed 
correct  to  18S. 


ValuM  At  HsAf^perioib 


■■  t  ■ 

» 

18.14^ 

0 

•»«(2y«) 

18.14,9 

•1-0 

0 

et/«(V2)«<»/« 

M.14.10 

 \ 

0 

1 

ValttM  along  (0^ 


^' 

t 

18.14.11 

0,14 

♦ 

18.14.13 
18. 14.  IS 

a/2 

—a 

8w  2V2 

18.14.14 
3W4 

O   

^{V"<;-2»)(l  +  2*) 

-i>'2V3+a 

3    » "  a 

(2+V3)"«i 

ERIC 


i+Va 


WEIER8TRA88  BLUPTIC  AND  RELATED  FUNCTIONB 
Valuw  along  (0»  ^q) 


659 


/7>' 

t 

1 

18.14.1* 

-1/2 

/    f~    1       jJl\  ^AmlA 

[4f7^+l]'-*" 

a«'«(V«+V2)>'* 
iy2V3-3 

tS.I4.1A 

a(^V5-V2)«*"* 

e../N(2./»)  . 

Duplication  Formulas 
W.U.19  ^(22) 

18.14.20  / 

/7>'(22;-=«J4'l)(d'-60+l)/[32^"(2)l.  ^=4^'(3) 

18.14.21  f(22)-2r(2)+"'^-^ 

18.14.22  <r(22)=-^'(eV(2) 
BiMctWtn  Formulas  (0<«<2m) 

18.14.23 

^  (2) 


(ITse  +  on  0<af  <w,  —  on  w^«<2wl 

Conformal  Maps 


LemnlsiMiUe  Case 

Map:  /(::)-- M+ir 


18.14.24 

(§)=^^'(«)^l25>(ar)+ilV^  >  1' 

-l25>(af)~llVW^I 

-2g>*i^(x)  (See  (18.13].) 

[Use  —  on  0<x<«,  +  on  «:^aK2wl 
Complex  MulUylioation 

18.14.25  g>{%z)^-[P{z) 

18.14.26  g>'{.iz)=-iCf>'{z) 

18.14.27  f  (13)= -if  (2) 

18.14.28  *(tz)=i<r(3) 

The  above  equations  could  be  used  as  follows, 
e.g. :  If  z  were  real,  iz  would  be  purely  imaginary. 


Near  zero:  [P{z)—^-\-t\ 


.2  - 


-.4  - 


-.6 


k|IS.09 
|€tllS.0OO9 

l€4l<.0l 


erJc 
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I  - 


-2 


Near»i,:i7>'(a)=»=^^+.i 


New  zero:  f(a)=-+«i 

Near  »«:  f(z)-fo+^-^^'+.., 

«a)»ro+— 12  660^+*«  r 


ERIC 
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(cbi^O  for  m  odd) 


EXACT  Oi» 


1/20 

1/(3-20*)  C-1/120O 

2/(3.18  W»  1/156000   

S/ 313' 17-20*)- 1/21216000 

2/  8».13.17.20»)-  1/(81824X  10») 

lb/(a«.18M7.20^  -  1/(4964»44X  10») 

4/(3'13*' 17^-200  « 1/(7098482X100 

24M/(y.ll .I3«.1^.29'a0») «»88208128/(1262002«90X  10"^,  ^ 

r8701/(9l917*2087-20»)-838684878/(1839464894^ 


fc"l,  2, .  .  . 


APPBOXIMATBflkt 


.05 


.641025 

.47184 

.81422 

.20142 

.12802 

.75927 

.45888 


.  .  X10-* 
641025  .  .  . 
28881  07088 
82554  04725 
88688  49188 
48048  02941 
19109  76468 
48588  98461 


xio-» 

98944X10-' 
99296X10-« 
82888X10-» 
87651  X10-» 
59917X10-«« 
06092X10-U 


18.14.29 


Other  SerlM  InvolTtng  (P 
RcverMd  SerlM  for  Uife  I  ^1 

10  ,     ,  6ic^ ,  3510* 


+ 


26  '  136 
3w»  ,  231«»_^42»w' .  1960^ 


8  ^  400  ^  464  ^  128 
1215!Hi^  ,  46189ip" 


+ 


4736  ^  10496 


<>(«»)} 


18.14.30  ira>  IP  and  0  ifl  in  the  Fundamental 
Triangle  (Figure  18.13)  if  ^  has  an  appropriate 
value. 

18.14.31  2i?>=-«+T-^+^+0(jt»), 


6  76  '  326 
,=(g_a,)V2 


75 


195 


4 


18.14.32 
18.14.33 

18.14.34 


10S3 


2fP 


Series  nrar  w 


18.14.38 
18.14.36 


6  '  6  '  76  '  76  '  326 
»=(«— «)»/2 


76 


,^M.14J7 

ERIC 


Other  Series  InvolTliig  (P' 
.  RcvMMd  9««M  for  Urf»  I  'I 

18.14.38 

18.14.39  A^2^^,  v^Av^l^,  and  a  is  in  the 
Fundamental  Triangle  (Figure  18.13)  if  g>'  has 
an  appropriate  value. 

18.14.40 


lOw' .  36tt^ 


+ 


13 


-0(«*)} 


18.14.41  ii>«(«-<io)*/20 
18.14.42 


18.14.43 


6^  3 
SwiMaMir  «* 


18.14.44 

18.14.48  «=(«-«) 
18.14.46 

^8q£^_8l9^'^^^.„j 
3  8 

Other  Series  involring  t 
Revwwd  Swtoa  Cor  Luge  in 

186i^,1349»* 


18.14.47  «='r'[l-g+f 

18.14.48  »«if-Vl3 


ioor+w-^^<^} 
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18.14.80 
18.14.S1 

18.14.S2 


2   6    20  70  240 


825'"31200"'W60'^^*"^' 
af«=(«-to) 


18.14.S3 


*^'"*"  3"*"  30"  63  "^4536  891 


3891888 


18.14.S4  ir=-2(f-i») 

S«rlM  IwrolvlBf  0 

18.14.S3 

A   3V  ■  3'23e»  .  3107g"  .  y'7'23'37a«' 
2.51"'2^9!''"  2».13t     2«.17!  2».2ll 

.  3' 313'503g*  3«.7'686?73«*.  yvjix 
+"25:261  2^29! — ^^'^^ 

17413*" 


18.14.S6' 


,  I22051<r'^  ■  5.13<r"  .^^^ 
"'"2»».3»-7".lM7"^2*.3».n.l9"^^'^' 


18.14.57  af»i^(*)=i^«*'+«(*) 

|i(«)|<2X10-' 

(-8)4.81438  20 
at=<(- 10)2.29729  21 
a«»>(- 12)4.94611  46 


1)9.99999  98 
a,^  (-2)4.99999  62 
a.«> (-4)8.33352  77 


a,«(~6)6.40412  86 

18.14.S8  a^^'(»)»^<M*»+«(») 
|i(«)|<4X10-' 


ooa -2.00000  00 
o,«(- 1)1. 00000  02 
o.»  (-3)4.99995  38 
ai»  (-5)6.41145  59 


o««(- 7)6.58947  52 
a,ts (-9)5.59262  49 
a,»(- 11)6.54177  69 


18.14.S9 


*f(»)=pi|^5*"+«(«) 

K»)|<3X10-« 


a,«(- 1)9.99999  99  04= -(-9)2.57492  62 

a,«-(-2)L66666  74  a,«»-(- 11)5.67008  00 

a,— (-4)1.19036  70  a,«=(- 13)9.70015  80 
ai»- (-7)5.86451  63 


18.15.  PMudo-Lenmbcatie  Cue 

(gi^-l,  f«=0) 

If  pi<0  and  gt'=0,  homogeneity  rdations  allow 
m  to  reduce  our  consideration  ot  iPUtff>(8i  —  1, 
ThuB 

{!P\  t  and  e  an  handled  aitnilarly].  Because  of 
ite  similarity  to  the  lemniaoatic  eaae^  we  lefer  to 
the  case  gt^-X^  yi»0  ae  the  {leeudo-letniiiieiitic 
coae.  It  plays  the  aame  role  (period  ratio  unity) 
for  A<  0  as  doee  the  lemnisGatic  case  for  A>0. 


V^X  (real  half-period  for  lemniseatie  case) 
(the  Lemoiseate  Coftatant— eee  18J4T) 

ERIC 


2W 

Fiaimii  18.15 
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Special  Valuea  and  Relationa 

18JS.2         A=-l,  -  0 

18.1&3 


18.15.4 
18.1S.S 


where  i?=V«aV2/ir 


Values  at  Half-Periods 


t 

18.1S.( 
18.13.7 
18.1SJ 
18.15.9 

i/2 

,  0 

-1/2 

0 

0 
0 
0 
0 

t*(«i) 

Relatloaa  with  LemnbcaUc  Valuea 

18.1M0  (Piz;  - 1, 0)=^i^(«'"*;  1,  0) 
18.15.11  g>'(z:  -1,  O^^^^^^^'Ca"'*;  1,  o) 


18.15.12,  f(2;  -1,  0)=e"'*f         1.  0) 
18.15.13   <r{z; -\,0)^e- 1 ,  0) 


Numerical  Methods 
18.16.  Use  and  Extension  of  the  Tables 
Example  1.   Lemniscatic  Case  .  ^ 

(a)  Given  z=x+iy  in  the  Fundamental  Triangle,  find  ^(/7)',r,<r)  more  accurately  than  can  be 

done  with  the  maps.  •         i    ^  • 

(T-Use  Maclaurin  series  throughout  the  Fundamental  Triangle.  Five  terms  give  at  least  six 
significant  figures,  six  terms  at  least  ten.  g>,  f— Use  Laurent's  series  direcUy  "near"  0,  (if  |2|<1,  four 
terms  give  at  least  eight  significant  figures  for/?,  nine  for  f,  five  tertns  at  least  ten  significant  figures  for 
SP,  eleven  for  f).  Use  Taylor's  series  directly  "near"  2o.  Elsewhere  (unless  approxunatdy  "ven  or 
eight  significant  figures  are  insufficient)  use  economized  polynomials  to  obtain  ff>{x),  (p'ix)  and/or  f(«) 
as  appropriate.  To  get  ff^dy),  (P'(>V)  and/*""  Laurent's  series  for  "smaU"     otherwise  use 

economized  polynomials  to  compute  (P{y),  (P'iy)  and/or  r(y).  then  use  complex  multiphcation  to 
obuin  g>{.iy),  (P'iiy)  and/or  i{iy).   FinaUy,  use  appropriate  addition  formula  to  get /?)(«)  and/or 

^'-Use  Laurent's  series  directly  "near"  0  (if  \z\<  1,  four  terms  give  at  least  «ix  significant  figures, 
five  terms  at  least  eight  significant  figures).  Elsewhere,  either  use  economized  polynomials  and  addition 
formula  as  for     and  f,  or  get  /7)'»=4^P»-  ^  and  extract  appropriate  square  root  {g[p  'Z  0). 

(b)  Given  fP{!P',t,«)  corresponding  to  a  point  in  the  Fundaniental  Triangle,  compute  «  more 
accurately  than  can  be  done  with  the  maps.  Only  a  few  significant  figures  are  obUinable  from  the  use 
of  any  of  the  given  (truncated)  reversed  series,  except  in  a  snmll  neighborhood  of  the  center  of  the  series. 

'  For  greater  accuracy,  use  inverse  interpolation  procedures. 

Example  2.   Equianharmonic  Case 

(a)  Given  g^i+tyin  the  Fundamental  Triangle,  find  ffi{{P',  {,  c)  more  accurately  than  can  be 
done  with  the  maps.  i    .  i 

<f-  Use  Maclaurin  series  throughout  the  FundamenUl  Triangle.  Four  terms  give  at  least  eleven 
significant  figures,  five  terms  at  least  twenty  one.  /«  ,  ,a  # 

^.r-  Use  Uurent's  series  directly  "near"  0  (if  \s\<\,  four  terms  give  at  least  lOS  for^,  US  for  f; 
five  terms  at  least  13S  for  (P,  148  for  f).  Elsewhere  (unless  approximately  seven  or  eight  significant 
figures  are  insufficient)  use  economized  polynomials  to  obtain  /?(«),  fP'{x)  and/or  {"(at),  as  appropriate. 
To  get  fpdy),  (p'iiy)  and/or  ((iy),  use  Uurent's  series.  Then  usa  appropriate  addition  formula  to  get 
ijD(«)  and/or  r(a). 
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Uae  Laurent's  seriea  directly  "near"  0  (if  |2|<1,  four  terms  give  at  least  8S,  five  terms  at  least 
US).  Elsewhere,  either  proceed  as  for  (P  and  f,  or  get  ^"=4^*— 1  and  extract  appropriate  square 
root(^/7)'feO). 

(b)  Given  corresponding  to  a  point  in  the  Fundamental  Triangle,  compute  z  more 

accurately  than  can  be  done  with  the  maps;  Only  a  few  significant  figures  are  obtainable  f^m  the  use 
of  any  of  the  given  (truncated)  reversed  series,  except  in  a  small  neighborhood  of  the  center  of  the  series. 
For  greater  accuracy,  use  inverse  interpolation  procedures. 

Example  3*  Given  period  ratio  a,  finl[l  parameters  m  (of  elliptic  integrals  and  Jacobi's  functions 
of  chapter  16)  and  9  (of  9  functions).       \  . 

m^lvi  both  the  cases  A>0  and  A<Co,  the  period  ratio  is  equal  to  K/{m)IK{m)  (see  18.9).  Knowing 
K'lK,  if  l<  K'lK^  3,  use  TaWe  17»3  to  find  U ;  if  K'IK>3,  use  the  mM!hod  of  Example  6  in  chapter  17. 
An  alternative  method  is  to  use  Table  18.3  to  obtain  the  necessary  entries,  thence  use 

m«»(e8--<^!()/(ei— 63)  in  case  A>0, 

m«J— 3€tl[4Ha  in  case  A<0. 

q — In  both  the  cases  A>0  and  A<0,  thiB  period  ratio  determines  the  exponent  for  qlq^e'^^  if  A>0, 
4=:m?-»«/»  if  A<0].  Hence  enter  Table  4*16  [dr**,  x='0(.01)l]  and  multiply  the  resulta  as  appropriate 
le.g.je'-*'^=^(r')*(e-''^)).  \  v 

Oeteiralnatioii  of  Values  at  Half*>Periods«  Invariadts  and  Related  Quantities  from  Given  Periods  (Table  18*3) 


A>0 

Given  o^and  ca',  form  u»^/iiamd  enter  Table  18*21 
Multiply  the  results  obtained  by  the  appropriate 
power  of  w  (see  footnotes  of  Table  18*3)  to  obtain\ 
value  desired. 

Example  4* 

Given  w=10,  w'=lli,  find  c<,  gu  and  A. 

Here  m^lini^  1 .1 ,  so  that  dbect  reading  of  Table 
18*3  ((ives 

f,(l)  =  1.6843  041  / 
i?a(l)--.2166  258  (  =  ^€,-.^3) 
fa(l)-- 1.4676  783 
ffa(l)«  10.0757  7364 
tf3(l)  =^2.1420  1000. 

Multiplying  by  appropriate  powers  of  w^-10  we 
obtain 

e',^. 01 684  3041 
^a- -.00216  6258 
fa -  ~  .01467  6783 

1.0075  77364  x  10^^ 
f;,-2.1420  1000  x  10-^ 

whence 

ii=-8.9902  3191  X  10  >^ 


A<0 

Given  and  wj^  form  Oi'lfitOi  and  enter  Table 
18.3.  Multiply  results  obtained  by  the  appro- 
priate power  of  uj  (see  footnotes  of  Table  18.3) 
to  obtain  value  desired. 

Examp^le  4. 

Given  «8==10,  wj'^lli,  find     g,,  and  A. 

Here  ui/it^—  1  -1 ,  so  that  direct  reading  of  Table 
18.3  gives 

e,(l)«-.2166  2576+3.0842  689t 
ej(l)=.4332  5152=-2.'3?(«,) 

j;,(l)  = -37.4874  912  | 
p,(l)  =  16.6668  099. 

Multiplying  by  appropriate  powi»r3  of  wa=:10 
D^e  obtain 

<',  =  -.00216  62576+.03084  2689i 
■         fa  =  00433  26152 

j        ifa  = -3.7487  4912  x  10"* 
ff,=»  1.6666  8099  xlO-» 

whence 

A« -6.0092  019  X  lO'" 
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Esample|K  (^>0) 
,10,  tf'on55i,  find\ 


! 

i 

Given  «=10.  «'»56i,  ftnd  ij,  n% 

Forming  5.5  and  entenng  TaUe  18.3  we 
obtain  i»=.82246704,  <r(«)«.96046  40.  Uelng 
Legendre's  relation  we  find  i,'=ifto'-*»^2a 2.9627 
723i.  Since  interpolation  for  »(«')  and  fff«+«) 
is  difficult,  uee  is  made  of  18.3.19-18.<8.17  together 
with  18J.4  and  18 J.*.  Values  of  g,,gt  and  can 
be  read  directly  to  eight  significant  figures  and  e» 
to  about  five  eignifieant  figurts  giving  ^=8.1174 
243.  fl,=4.4608  769,  ii«  1.6449  341,  and 
=  .82247,  Use  of  18^.6  yields  Ht=  .001 74  89 
and  H|=  .00174  69».  Application  of  18.3.15- 
18.3.17  yields  ff(«')/»=.007U77  ^  wad  <r(«,) 
s--.002016>.01065i.  Multiplymg  the  nisults 
obtained  by  the  appropriate  powers  of  w  we  ob- 
tain n=.08224  6704,  n'=.29627  723i,  <r(S))=9.6045 
40,  (f(«0^. 071177*  and  ff(«^=»-. 02016"^. 1066*. 

DMcrmiMtlMi  of  Period*  from 

A>0 

g,>0  such  that  A=fl|-27gJ>%/ 
B'je  lemniscatic  casei,  compi^ 
.i-om  Tablo  18.1,  determine^*'* 

Given  fla=10,  ^s=2,  find  w  and  y'-With 
»*=6.2996  06249,  from  Table  i8.1  u>g» 
1.1267  806  and  1.2324  29^  whence 

1.003847  and  «'= 1.097970*. 


Examples.  (A<0) 


Given  «)2»1000,  <i))'»1004i,  find,  i|a,  Vt,  'M, 

9{W)  An<l  '(wO* 

With  u^litot^l.Wii,  four  point  interpolation  in 
T^le  18JI  gives  i?a»  1.6626  766,  i|i=>-1.572d  664t, 
9(a>»)»1.1806  028,  a{<4)^l.mi  62t  and  9{u') 
=.476084+ .47671 7i.  • 

Multiplyktg  the  results  obtained  by  the  appro- 
priate powers  of  tot  gives  i|3=.00166  26766, 
» -.00167     26664i,  1180.6028.  <r(b4) 

,  =1190.162i  and        =476.084 +476.71 7*. 


Given  <\ 
^if  ^i=»0,  , 

and  «V  * 


thence  w  and  w'. 
Example  6. 


Ojs=8,  gt=i,  find/«  antt  «' 
»*«=3. 1748  02104,  from  Table  18.1  ug,^'*- 


I 

i 


I  Giv^ii  IitvaHanu  (Tabk  18*10 

/        '  •A<0 

Oiven*at  and  i;3>0  such  that  27{;J<0  (if 

Pi»0,  |a^^|'=s'<«i»;8ee  Meudo-lernniscatic  case),  oom^^ 
pute^^a^^^aai^r'^*   From  Table  18*1,  determine 
and  offtV^S  thence  oi^  and  ^l)s^ 

Example  6e 

Given  aa=  — 10,  ffs=2,  find  oi^  and  oi^.  With 
fl,=tfap»""=  -  10/L6874  0106==  -6.2996  063,  from 
Table  18.1  <^a*'*«1.574l  349  and  (tf^j/a*'*^  1.7124 
d96i  whence  a^s  1.40239  48  and  <i4»  1*62661  02i 


and 


Example  7 

^  Given 

K2718  310  and  wV'*^  1-8702  426t 
whence  a)»  1.009463  and  oi'^l. 4844131 


With 


Example  7* 


from 
1441 

Uliwhenceo^- .99579  976  and  04^2.33241  83i 


/ 

CompuUtlim  ot!P^  lP\  or  t  for  Qlven  f  and  Arbitrary  ^, 

(or  arbitrary  periods  from  which  pa  and  0a  can  be  computed— 
in  any  case,  periods  must  be  known,  at  least  approximately) 

First  reduce  the  problem  (if  necjBSsary)  to  computation  for  a  point  z  m  the  Fundamental  Rectangle 
by  use  of  appropriate  results  from  18.2. 

h  >o 


FlOTTBB  18.16 
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Methcid  1  (as  accurate  as  desired) 

If  both  or  and  y  are  *'mnalV  (point  in^'double-cross  hatched  region)  use  Laurent's  series  in  z  directly. 
If  either  or  or  y  is  ^large/t  uho  hiuirent's  series  on  Ojr,  then  on  Oy  and  finally  use  an  additionKformula. 
(For^'  an  alternative  is  toget^,  then  compute  the  appropriate^root  of  ^'^:=4^P*— ft^-*-g}i;8ee  18.8.) 


A>0 

Method  2  (for  IP  or  fP'  only) 

Compute  ^i(i=  1,2,3)  (if  ordy  jb,  are  given 
use  Table  18.1  to  get  the  periods,  then  get^i  in 
Table  18.3|  if  periods  are  also  given,  use  Table  18.3 
directly).  I^^  any  case,  obtain  m(=(^a-^^s]/ 
l^i-'^aD't  thence  Jacobi's  functions  sn(^*|m), 
^cn(3^|m),  dn(^*|m),  from  16.4  and  16.21  and 
(P  or  !P'  from  18.9.1M8^9.12. 

Method  3  (accuracy  Ij^mited  by  Table  4.16  of 
I?""  and  by  the  inetho<i  cf  getting  periods). 

Obtain  periods,  their  rjitio  a,  then  i^C**  from 
Table  4.16.  Hence  get  tf<(0),  i^^sfk  from 
truncated  series  18.10.21-.23.  Compute  appro* 
priiite  d  functions  for  z—xmd  for  zMy,  whence 
,gefc  fP(x),  g>'(x)  and/or  f(ap),  (Pdy)^  lP'(iy) 
and/or  f(iy)\  then  use  an  addition  formula  (if 
either  x  or  y  is  ^ 'small'',  at  is  probably  easier  to 
use  Laurent's  series). 

.    Example  J.    Given  2=.07+.li,  i/a— 10,  jrs=2, 
find  (p. 

Using  Laurent's  series  directly  with  , 

c,=. 07142  85714 
£4==  .08333  33333 
^  00974  02597 

-22.97193  820  -  63.06022  25i 
4-C2'=-.   .00255  000+ •  .00700  OOi 
+e,z*=-    .00001  214-    .00001  02i 
  4-    .00000  024-  .OOOQOOli 

^Piz)  =  -22.97450  •10  -63.05323  28i.  ' 

Example  9.  Given  5=16^73t,  jfa=8,  g»—i, 
find  g>.  From  Example  7/«=1.0094f»3,  w'= 
1.484413i  From  Table  18.3,  €,==1.61803  37, 
€s=^- .99999  96,  whence  m=. 14589  79.  From 
18.2.18  ,  with  A/=7  and  Ar=24,  ^(.867658  + 
1. 7481761)  ==^(15+73i)..  Since .2  lies  in  /?„  by 
18.2.31  f  7.lO  =  .^(.867658+1.22065i). 

From  16,4  with  2*  -.  1.403904  1.97606i,  8n(2*|n^) 
-  2.mr^  +  1 .965271  •  irsinf?  18.9.1 1 ,  5>  ( 1 6 + 73t) 
- -.57746  f. 0677971. 


A<0 

Method  21  (for  ^  or  Only> 

Compute  Ca  and  Hj  (if  only  (h,gi  are  given,  use 
Table  18.1  to  get  the  j^eriods,  then  get  Ci  in 
Table  18.21;  if  periods  are  also  given  U8»  Table  18.3 
directly).  In  kny  case,' obtain  m(=K— 3«t/4Ht) 
thence  Jacobi's  functions  sn(2'|m),  cn(2''|m), 
dn(2'|m),  from  16.4  and  .16.21  and  0>or(P'  from 
18.9.11-18.9.12. 


Me^od  3  (accuracy  limited  as  in  the  case  A>0). 

Obtain  periods,  their  ratio  a,  thwcfr^=«~^" 
from  Table  4.16.  Then  proceed  as  in  thfr^H^e 
A>0,  using  corresponding  formulas. 


Example 8.  Given  2=.l+.03i,  ffe=— 10,  g»^2, 
find^,  ,  ♦ 

Using  Laurent's  series  ^iregptly  with 

C8=— .6.   

\  <!3=:.07142B6714 
'     V        <!«=.803?3  33333 
2-\^ 76.59287  938-60.50079  960i 
ra2*=  -  .00455  000  -    .00300  OOOt 
(5s2<=  +.00000  334+    .00000  780i 
/<.42«= -.60000  002+    .00000  01 1< 

— t-  •  — 

,^ (2) ±=76.58833  270  -60.50379  169t. 


Example  9.  Given*j!=  1 .75+3.fti,  (7a=7,  jf»=6, 
find  g>.  From  Example  7,  <ai-M579  98,  (4- 
2.33^41  83i.  Using  18.2.18  ^th  M=l,  iV=l, 
^(l\75+3.6i)  =  ^P(-.24169  96-l.064836i)i= 
^(.2415996+1.0648  36i).  WithA<0  from  Table 
ft  18.3,  e,V  -.81674  362+.60120  90i,e,=  1.63348  724, 
e,=  -.rtl674  362-.60120  90t  whence  m=.0lOi4 
3666,  //i=1.68144  50,  so  that  2'=22//l=.76416 
294-3.3679691.  Prom  16.4,  cn (2'! m)  =4.00543  66 
- 12.32466  69t.  Applying  18.9.11,  jp  (1.75+3.6i](^ 
=  -.960894 -.3830681. 
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A>0 

*  * 

CxamidielO.     Given  w^lO,   «'<^204,  find- 
f(9+19i)  by  use  of  theta  functions,  18.10  and 
addition  formulas. 

For  the  period  ratio  o=«7«i=2  with  the  aid  of 
Table  4.16,  ?*i=r»»=.00186  74427. 

Using  the  truncated  approximations  18.10.21- 
18.10.23  we  •compute  the  fheta  functions  for 
argument  zero.   Using  16.27.1-16.27.4  w^  com- 
*pute  the  theta  functions  for  arguments  p,  where 
2=«  and   2=iy.   Then,   with  18.10.S-IB.10.7 
together  with  18.10.9  and  18.10.18  we  obtain 
f(9)  =  .09889    6484,     r(19t)  = -  00120  0166i, 
'/?>(9)=.01706    8?^7,    ,(7>'(9)  = -.00126  8460, 
./?>(19t)=-.008r)l  2616,  ^'(19i)  = -.00003  767i. 
Using  thfi  addition  formula  18.4.3,  we  obtain 
=  .07439  49 -.00046  88i. 


A<0 

.  Example  10.  Given  ia»=>6,  (•^a7i  find 
^'(3+2i)  by  use  of  theta  functions,  18,10  and 
addition  formulas. 


With  the  use  of  Table  4.16  and  18.10*2,  q^^ie"'^* 
^.11090  12784<. 

The  tl\eta  functions  are  computed  for  argument 
z^ro  using  *l8.ld.21-I8. 10.23  ^  and  the  theta 
functions  for  arguments  9i  anH  vi  corresponding 
to.  3= Zi4-  Zi  using  16.27.1-16.27.4.  Using  18.10.S-> 
18.10.6  together  with  18.10.10,  we  find  ^(3)=» 
.10676  946,  .P(2i)» -.24497  773,  ^'(3)  = 
—.07474140,  ^'(!2i)=— .26676007*.  The  addi- 
tion formula  I8.4.^yields  P(3+2i)  =  . 01763  2^ 
-.07769  187i,  and  18.4.2  yields  ^',(3+2»)4 
-.00069  182^.04771  306i.  y 


r(9  +  19i) 

IJ«|.  of  Table  18.2  in  Computing  ^ ,        f  for  Sp  fldal  Period  Ration  „t, 

If  tire  problemis  reduced  to  computing  (P,(P',  I:  in  the  F.undamental  Rectangle  for  the  case  when  the  / 
real  half-perimi  is  unitv  and  pure  imaginary  half-period  is  ia,  for  certain.values  of  a  Table  18.2  may  be 
used.   Consider  ^  us  an  exaiViple,,,  If  ^sl  is  "small",  then  use  Laurent's  series  direcUy  for  g>  (2)  [invar- 
iants for  use  in  the  series  are  given  in  Table  18.3].  .  «v,  x     j  /jv//  \ 

If  X  is  "large"  and  y  "small"  use  Table  18.2  to  obtain  ac*^  (x)  and  3f[p'{x),  thence  g>  (x)  and  (P  W ; 
use  Laurent's  series  to  obtain  ^  (iy)  smd  ^'(iy) ;  finally,  use  addition  formula  18.4.1;  '  ' 

For  X  "small"  and  y  "latve",  reverse  the  procedure.    For  both  t  and  y  "laige,  use  Table  18.2  to 
. obtain* (t) ,  fP'{t),[P  (iy)  and  ^ '(iy) ,  thence  use  addition  fonrnilji  18.4.1. 

.Similiir  procedure  apply  to  ^'  or  r.   For        one  can  also  first  obtain  5>,  then  compute  !P 
.^  \gi^-thff> -<ji  and  extract  the  appropriate  square' root  (m>  18.8  re  choice  of  sign  for  IP  )^ 


A>o 

^:xampie  11.  (^oinpute  ^'(.8+t)  when  a=  1.2. 
Using  Table  18.2  or  Laurent's  seritn  18.5.1-4  with 

9. 1.5782  861  and 
i/;v«3.23761  717  from  Table  18.3, 

,(j«>(.S)-^  1.92442  It, 
fP'i.X)  -    2.70.V22  O.-j,      ;  , 
1.402.'i8t)0  and   |  •  J 
fP'i't).    -\.\\)tiJt*  .Wj'.    Using  the  addition  for- 
fiiuln  18.4.1 

rp  { .8  I  i)     .:w  1 4;w  -  .  1  avm\  1 

Example  12.    Compute  r(.02  f3t)  for  a -4. 
Uaing  Table  18.2  or  IjHurent's  series  18.5.1-5  with 
f/,=8.n742  426 
*f/,  -r  4.46087  687 
froiiiTablr  18.3,' 

{•(.02)  - 49.99999  89, 

,(^(.02)- 2.')no.onoi6, 

^fP'tm)--^  ■249999.98;i70, 
f(30--^.89fi.'i.''i  I73i, 
.^(.'JO-  -.82.326  611, 
\.^0'(3f)-^  - .00249  829t:. 
Applying  the  addition  fornmla  18.4.3,  ^ 
f(.02.4  3i)  =  .016466  +  .89636t.  ^ 


A<0 

Example  11.   Compute  5^  (.9-h  .li)  for  0=  1 .06. 
Using  Table  18.2  or  Laurent's  series  18.5.1-4  with 
j/a=  -42.41663  64  and 
(/»,=9.92766  62  from  Table  18.3; 
^(.9)«.34080  33,  , 

'(.9)  =  -2.164801, 
/7)(.li)= -99.97876,  - 

^'(.li)  =  -2000.4266i.    With  the  addition  for- 
mula 18.4.1  , 
^(.9  +  .li)  =  .231869-.216149t. 

Example  W.  (Compute  i»'(.4  +  .9t)  for  a=2., 
Using  Table  18.2  or  Laurent's  series  18.5.1-4, 
with 

(;a=4.64009  85, 
(;,=8.386;i7  94 

from  Table  18.3, 

^(.4)=©:29407  07, 
^'(.4)=: -30.99041, 
5)  (.9i)==- 1.226648,  . 
<  g)/(.9i)  =  -3.19127r  03i. 
Using  the  addition  lonnulas  18.|M-'2, 
'    i7)'(.4+.9i)  =1.10619  76-.5648M0t. 
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Wi:iER8TRAaS  ELUPnC  AND  HELATBI^  B^CnONS 
Computation  of  9  for  G;lven  •  •nd  Arbitrary  g%  mnign 


(or-  periods  from  which  yj  nnd  y%  can  be  computed — in  any  case,  periods  must  be  knowni  at  least 

^  approximately)  • 

First  reduce  the  problem  (if  necessary)  jbo  computation  for  a  point  z  in  the  Fundamental  Rectangte 
(see  18*2).   After  final  reduction  let  a  denote  the  point  obtained. 


A>0 


/ 


If4?0>w/2  or, 


If  ^a>wa/2or 

«/^>(o^/4y  use  duplication  formula  as  in  oa^e 
A>0.    Otherwise,  use  Madaurin  Asri^^  for  0 
-directiy.        ^        ^  ^  ) 


y2>wV2,  use  duplication  formula 

obtaining  ^(^/2)  by  use  of  Madaurin  seriea  for  9  ' 

ahd  (P'(zl2)  by  method  explained  aboi^.  Other*  ♦ 

wise,  simply  use  Madaurin  series  for  a  dir^tly.  ^  « 

An  alterniitB  r/ethod  is  to  use  theta  functions  18*10  first  computing  q  and  i>i(0),  iaii,  3>4. 


A>0 


A<0- 


Example  13.  Compute  (r(.4+1.3i)  for  g%^%^ 
gi^A.  From  Example  7,  1.009453  and 
==  1.4844131.  Since  ./a>w72,  the  Madaurin  se- 
ries 18*5.6  is  used  to  obtain  a(2;/2)  — 9(.2+.65t) 
=:.]0d43  86 +.64947  28i,  the  Laurent  series  18.5.4 
to  obtain  ^ '(. 2 +  .66i)= 6.02263  80-3.66066  93i 
The  duplication  fonnula  18.4.8  gives  ir(.4+l*3i) 
=.278080+ 1.272786i. 


Example  13*^  Compute  9(.8+.4i)  for  jh»7i 
'd$-6.  From  Example  7^  a)gc=  .09670  076»  c4 
^^2.33241  83i.'  Since  9lz>ia%l2,  the  Madaurin 
series  18*5.6  is  used  to  obtain  9(a/2)a^(.4+.2t) 
S.40038  019+. 19962  017i,  the  Laurent  series 
18.5.4  to  obtain  P'(.4+.2t)» -3.70986  70 
+22.2l8644i.  The  duplication,  formula  18.4#8 
give8/<r(.8+.4i)».81466  766+.38819  473i 

Given  ^{(P,  (p\  f)  corresponding  to  a  point  m  the  Fundamental  Rectangle^  as  well  as  and  n%  or 
the  equivalent,  find 

Only  a  few  significant  figures  are  obtainable  from  the  use  of  any  of  the  given  (truncated)  reVersed 
series,  Except  in  ^  small  neighborhood  of  the  center  of  the  series.  For  greater  accuracyi  use  ihveree 
interpoUtion  procedures. 

*  If  the  given  function  does  not  correspond 'to  a  value  of  z  in  the  Fundamental  Rectangle  ^90  Oon« 
formal  Maps)  the  problem  can  always  be  reduced  to  this  case  by  the  use  of  appropriate  reduction  for- 
mulas in  18.2.  This  process  is  relatively  simple  for^(0)|  more  difficult  for  the  other  functions  <e.g.  if 
A>0'*Hnd  (P^  (h\  {b\  where  A>0,  simply  consider  ^y^a—ib  and  find  Zt  in  [Figure  18«ll|.then  com- 
pute tfat=5|  +  2w'.  the  point  in     corresponding  to  the  given  fff). 


A>0 

Example  14»    Given  ^  =       g%=^lO,  g%^2^ 
find>^  IJsing  the  first  three  terms  of  the  reversed^ 
sei;ie8  18»5»25  Zi « .f27  +  .423<.  The  Laurent  series 
18*5*1  i^ves  ^ 


and 


5>(^t)^5>(.727+.423i)^.825--.896i 
fP(z%)-=0^i  697  +  .393t)  -  .938  - 1 .038t. 
InvpuBO  iiiterpolHtion  giles 


707 4  .3801.  Repeated  applications  of  the 
above  prticedure  yield  iJ=?.706231  4-.379M3t. 


\ 


ERIC 


A<0 

Example  14.  Given  ^  » 1  gt'='-'lOf  9i<a2, 
find  z.  Frorn  Example  6,  1.40239  48  and 
<4 -1. 52561  (»t.  Since  6>0,  8  exlBts in  R|  and  0 
is  eomputed  vmh  Using  18.5.25  with  c^™  ~* 
1.26,  ot».25,  w^ag))"^]^"  and  the  ooeffieients  e. 
from  Examine  8 

2t4»  1.65377  3973 +.64369  42493i 

.08044  9281 -.19422  17466i  , 

<;,m'= -.01961  9369+. 00812  66047i    '  . 


,  3  " 


\ 

>-^.10116  7160--.04190  06673i 
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A>0 


Example  15,  Given  f=t0--15i,  (?j=8,  i?3= 
find  2.  Using  the  reversed  series  18.5.40  with 

^=-.13333  333,  ' 

-.02867  14286, 

u='  .03076  923076  +  04615  384615i 


=4, 


-  .00000  001402  +  .00000  006860i 

-.00000  000004 -.00000  oooooai 

.03076  921670+.b4616  391,4.72*. 


^<0 


Stopping  <«rith  the  term  in'  ^^^  3|  w.8l4--23i. 
Assuming  A2--.03-.01i,  using  18.5.1,  (.81  + 
.23i)=:.9l4l0  95-.86824  37i,  ^(.78+.2ii)« 
1.03191 60— .91795  22i;  yirith  inverse  interpolation 
.7725+.2404i.  Repeated  applications  of 
inverse  interpolation  yield  2-.  772247 -.239258i. 
*  •  • 

Example  15.  Given  <r=.4+.H,  gtf^l , 'gt—fi, 
find  2.  trying  the  reversed  series  18.5.70  with 
7a=.  14683, 78=  .06  .  * 

<r=+.40O00  0O0+.10Q00  00Oi  f 

^=+.00011  783+. 00032  696i 
5  * 

»m!«-*.00000  208+.b00Ol  432i 
7 

3^s^_.qp000  093+. 00000 136i  ^ 

i^i^?!l«-.00000  013+.00000 

2=:.400U  469+.10034  260i 


Methods  of  Computetloii  of      ( \  f  of  9)  for  Given 
«  and  Given  g-^^  ira  (or  the  equivalent)*  with  the4Jae 
'  of  Automatle  Dlgitiftl  Compatlnf  Maehlneiy 

(a)  Integration  of  Di^erential  Equation 

IP  and  {P^  may  be -generated  for  any  2  close 
enough  to  a  ''k^ovm  po\hV'  2*(  ff>(z*)  and^^(2*) 
being  given)  by  integrating  (p^^—^  [P^r^g%l%* 
A  program  to  do  this  on  SWAC,  via  %  modifida- 
tion  of  the  Hanrmier«^HoUing8Worth  method 
(MTXC,  July  1966,  pp.  92-p6)  cfaie  to  Df-  P. 
Henrici,  exists  at  Numerical  Analyeis  Research, 
UCLA  (code  number  00600,  written  by  W.  L. 
Wilson,  Jr.).  The  program  -has.  been  tested 
num Really  in  the  equianhannonic  case,  using 
integration  steps  of  various  sizes.  For  example, 
if  one  starts  with  z^^nHf  using  an  "integration 
step"  {h,k)f  where  h  and  k  are  respectively  the 
horizontal  anci  vertical  components  of  a  step, 
with  (h,k)  having  one  of  the  six  values  (±2AoiO), 
(i:Ao,±*o),  Ao^wj/^pOO,  ijro==WI/2000,  one  Can 
expect  ahnost  8S  in^^  and  79  in  after  1000 
steps,  unless  z  b  too  near  a  pole.  ' 

(b)  Use  of  Series 

%  The  process  of  reducing  the  computation  prob* 
lem  to  one  in  which  9  is  in  the  Fundamental* 
Rectangle  ^can  obviously  be  mechanized.  Inside 
tl|e  Fundamental  Rectangle  thp  direct  use  of 
^^laurent's  series  is  appropriate  when  thtf  period 

ic    •      *  .. 


ratio  a  is,  not  too  large.'  However,  if  a^VICA>0) 
or  (i>fe2v'3(A<0),  the  Beries  will  diverge  at  the 
far  comer  of  the  Fundamental  Rectangle,  so  that 
use  may  be  made  of  an  appropriate  duplication 
formula.   Alternatively! '  one  may  compute  the 
functions/ on  0«  and  Oy,  then  use  an  addition 
fornmla.   Even  so,  tl^e  series  will  divei^e  at 
2=ia  if  ag2'(A>0)  and  at.3=io/2  if  ttg4(A<0).  , 
,  For  great  accuracy,  multiple  precisioi^  operation^  • 
might  be  necessary.   D^ubk  precision  floating 
"point  mode  has  been  used  in  a  program,'  written  ^ 
for  3WAC,  to  compute  5) ,  ^ '  and  r- 

For  computation  of  a,  use  of  the  Maclaurin 
series  throughout  th6  Fundamental  Rectangle  is 
probably  simplest  (serirt^^  wjnv^rges  for  all  a).  • 

Mention,  sboyld  bo  miide^of  the  possible  use.  of 
the  series  defining  the  d  functions.  These  series 
converge  for  i^l  complex  p,  and  the  computation 
of  ^,  5>',  f  and  by  18'.10.5-HM0.8  could  easily 
be  niecbttnized.  The  ^series  involved  have  the 
advantage  of  converging  very  fast,  even  in  case 
ii<0,  where  \q\ ^ r"\q^ o^Vif  A>0). 

Use  oj  Maps 

If  the  problem  (of  com^yUting  /7>,  5*',  f  or  <r  for 
given  «)  is  rediiced  to  the  case  where  the  reid  hatf- 
period  is  unity,  and  imaginary  half-periot<  ii  one 
of  those  used  in  the,maps  in  18.8  jmspeotion'of  the 
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apprtfppmte  figurt  will  give  the  value  of  g^{2) 
[t{z)  or  <f{z)\  to  If  fP '  )H  wanted  instead, 

get  i(7>^U8e  18»6,3  to  obtain  "  and  wlect  sign  (j?) 
of  appropriately.  (See  Confonnal  Mapping 
(18.8)  for  choice  of  sign  of  square  root  of  ^'0. 

Computation  oj      ^  '  ^ 

Given  (fa;  g%  (or  equivalent) 

Since       (s^o)  =0,  the  l^aWent's  series  giv^ 


where  We  may  solve  this  equatiprf  (by 

OraefTe's  (root-squaring)  process  or*  otherwise] 
for  its  al)solutely  smallest  root  (having**found  an 


approximation  to  by  Qraeffe's  process,  we 
may  use  ther  fact  that  2^»ca-f  iyo(A>0)i  z^^ia% 
+iyo(A<0)  to  obtain  an  approximation  to  z^. 

It  is  noteB  that  y^ta  is  ft  monbtonic  decreasing 
function  of  (pfiriod  ratio)  a^l  for  A>0  and 


(1  Syo/«>£  wccosh  V3(«.7297)l. 

Vo/c^  is  a  monotonic  increasing  functioi^  of  a  for 
A<Oand 

^  (Ogyp/«»<BftrcQ08h  V31 

•        .  IT 

Further' data  is  available  from  Table  18.2  or  from 
Confoi^nai  Maps  defined  by  ,(7^(a). 
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TABLK  FOR  OBTAINING  PERIODS  FOR  INVARIANTS  AND|a 

G?2  M  ?  ) 


Non>Negative  Ditwtriininant 


Non«P<Miilive  Diftcriminant 


)«00 
3.05 

3*  IS 
3«20 

3*30 
3. 35 
3.40 


3.4 
3.5 
3.6 
3.7 
1.B 
$•9 

4.0 
4.1 
4,2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.« 
4.9 

5.0' 
5.2 
■5.4 
5.6 
5.8 

^•2 
6.2 

6.6 
6.8 

7.4 
7.6 
7,8 

8.0 
8.2 
8.4 
8.6 
8.8 

9,0 
9,2 
9.4 
9.6 
9,8 
10.0 


ir' 

0.10 
0,09 
0.08 
0.07 
0.06 

0.05 
0.04 
-  0.03 
0.02 
0.01 
A  00 


1.28254  98 

1.27944  73 

1.27637  43 

1.27d33  03 

1« 27031  49 

1.26732  80 
1.26436  90 

1.26143  77 

1.25853  >8 


1.25853  38 
1.25280  64 
1.24718  42 
1.24166  45 
1.23624  47 
1,23092  23 

1.22569  47 
1.22055  99 
1.21551  44 
1.21055  69 
1.20^8  50 

1.20089  62 
1.19618  86 
]ff|9156  00 
K 18700  83 
1.18253  18 

1.17812  83  » 
1.16953  35 
T.  Um  96 
1.15314  34 
1.14532  23  • 

1.13773  46 
1.15036  91 
1.12321  95 
1.11626  38 
1.10950  49 

1.10293  00 
.1.09653  11 
1.09D30  03 
1.08423  04 
1.07831  46 

1.07254  63 
1.06691  95 
1.06142  83 
1,  05606  74 
1.05083  15 

1.04571  58 
1.04071  56 
1.03982  65 
1,03104  44 
1.02636  S2 
1.02178  54 


1.52168  83 
U51892  22 
1.51685  48 
1.51505  45 
1.91342  84 

1.51193  18 
1.51053  84 
1.50923  08 
1.50799  63. 


1.69503  33 
1.64719  87 
1.601)(i9  93 
1.57451  65 
1.54548  31 
1.51978  54 

1.4^72  94 
1.4t581  86 
1.45668  57 
1.43905  10 
1.42269  63 

1.40744  64 
1. 19316  72 
1.37973  79 
1.36706  51 
1.35506  88 

1.343A6  10 
1.3S50  70 

-M«16  60 
1.28537  08 

>  1.26889  69 

1.29356  57 
1.23923  29 
1.22577  96 
1.21)10  78 
}v20113  41 

U 18978  63 
1.17901  03 
1.16874  62 
1.15895  67 
1.14959  65 

1.14063  29 
1.13203  51 
1.123T7  59 
1.11583  09 
1,10817  84 

1.10079  87 
1,09367  40 
1.06676  63 
^.08012*69 
1.07367  66 
1.06742  51 


1.81701  99 
1. 62207  90 
1. 82696  90 
1,63165  87 
1.63611  17 

1.84028  47 
1.84412  45 
1.84756H5 
1.85090  78 
1.65280  73 
1.89407  47 


1.69616  Ol 
1.89119.  06 
1.68476^96 
1.87686  66 
1.87394  40 

1.66873  93 
1.86447  02 
1.66077  37 
'  1.89769  72 
1.89534  90 
1.89407  47 


['-,?']  ['-.il 

^-0^0412  4145 


5a" 
10 
11 

13 
•  14 
17 

20 
29 
33 
90 
100 


^.00 
'-O.Ol 
-0.02 
-0.03 
-0.04* 

-0.09 
-0.06 
-0.07. 
-0.08 
-0.09 

-0.10 
-0.11 
-0,12 
-0.1> 
-0.14 

-0.15 
4.16 
-0.17 
-0.18 
-0.19 
-0,20 


92 
-0.20 
-0.25 
-0.30 
-0.35 
-0.40 

-0.45 
-0.50 
-0.95 
-0.60 
-0.65 

-0.70 

-0.79 

-0.80 

-0.85. 

-0.90 

-0.95 
-1.00 


-i.d 
-0.8 

•4.6 

• 

0.0 
0.2 
0.4 
0.6 
0.6 

1.0 
1,2 
1.4 
1.6 
1.6 

2.0 
2.2 
2.4 
2.6 
2.8 
3.0 


2.62205  76 
2. 62025  54 
2.61693  53 
2. 61258  87 
2.60737  43 

2.60137  48 

2. 59464  00 

2.58720  37 

2.57909  05 

2.57032  09 

2.56091  33 
2.55088  61 
2.54029  86 
2. 52905  23 
2.51729  09 

2.50500  11 
2.49221  2) 
2.47695  70 
;^  46927  01 
2.45118  90 
2.43675  29 


!^  62205 

76 

..  -  •  * 

2. 62384 

96 

-100 

2. 62710 

iS 

-  50 

Z. deleft 

-  33 

2. 63611 

20 

-  25 

2.64151 

34 

—  <U 

2.64735 

75 

-  17 

2. 65355 

47 

-  14 

2.66002 

55 

-  13 

2.66669 

74 

-  11 

2.67350 

25 

-  10 

2.68037 

66 

-  9 

2.68725 

«6 

n  8 

2.  69409 

09 

-  8 

2« 70081 

77 

-  7 

2.70738 

70 

-  7 

2.71375 

03 

-  6 

2.71966 

26 

2. 72568 

31 

2. 73117 

52 

-  5 

2.73630 

70 

-  5 

1. 62955  49 
1.66926  74 
1.68680  94 
1.69574  71 
lj»  69529  14 

i. 69060  53 
1.68433  20 
1. 67705  44 
1,66962  96 
1. 66240  65 

1.65555  57 
1.64914  98 
1. 64320  64 
1.63771  44 
1.63264  64 

1.62797  70 
1.  62366  67 


1.' 82987  88 
1.94863  05 
2.04569  84 
2.12452  ^ 
2.18636  67 

2.24023  Vl 
2,28267  03 
2.31773  31 
2.34701  74 
2.37174  42 

2.39264  34 
2.41102  96 
2.42663  66 
2.44070  OS 
2.49294  88 

2*46384  40 
2.47359  62 


I 


^2«\ 

1.62366  67 
1.  60646  93 
1.58820  63 
1.S6918  06 
1.54967  81 


1. 52999  40 
1.51022  67 
1.49067  44 
1« 47143  75 
1.45262  13 

1.43430  15 
1.41652  86 
1. 39933  41 
1.38273  24 
1. 36672  71 

1.39131  24 
1.33647.63 
1.32220  24 
1.30847  11 
1,29926  10 
1.28294  98 


^In(3|,) 


3.03994  69 
3.09918  40 
3.06892  24 
3.08070  50 
3.09053  50 

3.09846  47 
3,10458  16 
3.10899  55 
3.11182  48 
3,11318  95 

3,11320  22 
3.11196  36 
3,10955  76 
3.10604  64 
3,10147  38 


3.09584  00 
3.08910  74 
3,08116  35 
9.07175  37 
3,06029  10 
04337  67 


4»  0 


6 


679 


/ 

Table 


Z  Til 

0.00 
0,05 
0«10 

^.20 

0.25 

0.35 
0.40 
0.45 

0.50 

y  Q.60 
\0.65 
\0.70 


WEIERSTRASS  ELLIPTIC  AND  RELATiJD  FUNCTIONS 

1H.2  TABLE  ^>ll  OBTAINING      (P'  AMD  t  ON  0«  AND  Oy 

(Positive  Dtecriminant-Unit  Real  Half-Period) 

1.2 


1.00 

1.00000  00 
1.00000  37 
1.00005  91 
1.00079  91 
1.^94  b1 

1. 0023  0 
1.  00479 
1.00889  27 
1.01520  23 
•1.02442  50 


1.03738  54 

1.05504  92 

1.078S5  29 

1.10923  99 

1.14872  IS 


0\75  \.  19894  38 
or^Or  1.26229  01 
0.ks  1.34171  37 
0,91!!\  1.44091  ai 
0.99vl  1.56460  22 
l.00\  1.71879  62 


1.05 
1.00000  00 
1. 00000  34 
1.  00005  41 
1. 00027  41 
1.00086  77 

U00M2  32 
1.00441  61 
1. 00821  33 
1. 01408  14 
U  02269  65 

1.03486  08 
1.0S1S2  36 
1.07381  21 
1.10307  22 
1.14092  35 

.1.18933  40* 
1.25071  86 
1.32807  28 
1.42515  17 
1.  54671  40 
1.69885  59 

[T] 

1.05 
1. 00000*00 
, 00000  " ' 


M.l 

1.00000  00 
1. 00000  32 
1.  00005  09 
1.00025  99 
1.00081  12 

1.00198  79 
1,00414  21 
1.00772  00 
1.01326  70 
1. 02144  00 

1.  0^302  47 
1.04899  81 
1, 0t036  11 
U  09857  95 
1.1^24  09 

l.ia?32  81 
1.24227  98 
1.31812  18 

1.41364  aor 

1. 531366  04 
i;68430  41 


1.00000  00 

1. 00000  29 

1.00004  S9 

1. 00023  31 

1.00074  02 

1.00181  79 
1.00379  79 
1.00709  99 
•1.01224  31 
1. 01985  94 

1.03071  36 
1W572  73 
1.06681  29 
1.092n  64 
i.  128(^7  45 

1.1.7348  94 
1.23162  95 
1.30556  03 
1.39912  31 
I. 517i7'65 
1.66592  77 


14 

1.00000  00 
1.00000  26 
1. 00004  22 
1.00021  46 
1.00068  25 

1.00167  98 
1.003S1  80 
1.00659  56 
1.01140  98 
1.01857  24 

\  1. 02883  08  > 
1.04309  40 
1.06246  70 
1.08829  98 
^.12222  46 

1. 16627  18 
1.22292  96 
1.29529^  60 
\.^m^  23 
1.50370  31 
LAUSp  68 

r,-|H 


2.0 

1.00000  00 
l.OOOOP  25 
1. 00004  08 
1.00020  75 
1. 00066  02 

1.00162  64 
1. 00940  97 
1.00640  03 
1.01108  69 
1.01807  96 

1.02810  10 
1.04207  28 
1. 06109  19 
1. 08650  29 
1.1199J5.41 

1. 16346  98 
1.21955  14 
1.29130  97 
1.38264  14 
1.49846  94 
1.64507  17 


]  "["Til  [ 


4.0 

1.00000  00 
1. 000.00  26 
U 00004  07 
1. 00020  73 
1«  00069  97 

0016k  51 
1.00340  71 
1.00639  97 
1.01107  93 
1;  01806  19 

1.02808  38 
1.04204  87 
1.  06109  91 
1.08646  07 
1.11990  05 

1.16340  37 
1.21947  17 
1.29121  57 
1.38253  27 
1.49834  59 
1. 64493  41 
(-3)4j 


0.S0 

0.60  , 

0.65 

0.70 

0. 

O.HO 
0.85 
0.  90 
0.^5 

1. 00 

1. 10 


U? 

1.4 
1.6 
1.8 

2.0 

?.4 

\? 

^4 
4.n 


1.1 

000  00 
; 00000  31 
1.00005  03 
1.  00025  42 
1.  00P80  14 


1.00230  9 
1.  00479  35 
1.00889  27 
l.in520  73  : 
1.02442  50  i 

.03738  54'-  I. 

1.05504  92  /  I. 

1.07855  23  I. 

1. 10923  99  1. 

U 14872  15.  I. 


14  1.00195  05 

08  1.00403  04 

86  1.00743  81 

^  -1.  01269  ei- 

93  •1.02016  25 


1.03061  34 
1.04466  92 
l;  06309  37 
1.08675  16 
1.11663  04 


1.19894  38 

1.26229  01 

U 341 71  37 

1.44091  81 

l.$6460  22 

U 71 879  62 


1 J  22578  78 
1.29157  86 
a. 37264  39 
1.47224  79 

1. 59449  89 
U  74462  36 


1.05 

U  59449  89 


387  03 
1.19980  68 
1.2560a  53 
1.32443  92 
J.  40736  61 

1.50769  66 
i;62902  39 
1.77589  10 

['n 

1.1 

lu  56769  66 


1.2 

1. 00000. 00 
1. 00000  29 
1.00004  57 
1.00023  05 
1.00072  54 

1. 00176  15 
1. 00362  91 
1. 00667  40 
1.<*1129  28 
1. 01792  92 

1.  02707  18 

1. 03925  21 

1.05504  64 

1. 07507  92 

1^10003  09 

1.13065  03 
U 16777  18 
1.21233  97 
1.26544  15 
1. 32835  02 


1.4 

1.00000  00 
1. 00000-26 
1.00004  19 
1.00021  13 
1.00066  38 

1.  00160  81 
1. 00330  38 
1,00605  50 
1.  01020  38 
1.01612  33 

1.02421  09 
1.  03488  20 
1, 04856  45 
1.06569  47 
1. 08671  44 


1.11207 
1. 14221 


03 
52. 


2.0 

1.00000  00 
1. 00000  25 
1.00004  05  ' 
1.  00020  39 
1.0000  99 

1.00154  88 
1. 00317  81 
1.00981  99 
1.00978  33 
1.01942  64 

1.02310  77 
1.03519  83 
1. 04606  96 
1,06208  70 
1. 08160  18 

1.10494  84 
1.13243  76 


1.17761  IflT  1.16439  46 
1.21873  89  1.20093  66 
1. 26610  10     U24247  14 


S  .  4.0 

l.obooo  00 

1. 00000  29 
1.00004  04 

.  1. 00020  37 
1.00063  94 

1.00194  79 
1.00317  92 
1.00981  03 
1,009^7-34 
1. 01940,  99 

1.02308  17 
1.03319  89 
1.04601  09 
1.06200  18 
1.08148  16 

1.10478  09 
1.13220  79 
U 16404  34 
1. 20093  99 
U 24191  74 


1.40298  06     1.32024  17  '  1.28909  73     1,28836  81 


•['?']  [T]  m  [ 


(-4)61 
6  J 


1.2 
li  40298  06 
1. 89616  29 


1.32024  17 
1.61789  99 
2. 09401  44 


2.0 

1.28909  73 

1. 52970  17 

1.86127  05 

2.28676  23 

2.80921  92 

3.43759  29 


If  thf*  mil  half-periiii  ^1.  IH.2  Hom<»«eneity  Relationn.  InU»rpolation^vith 
fKHjiH  t  to  "  will,  in  Kef«*rai;i>e  diWicult  beeaufie  of  the  non-uniform  Hubintervala 
itivolvHi.  Aitkf»n*s  inltTHolation  rnay  \w  used  in  this  case.  AiJ  f a»  3S  may 
»»f  ohJainni.  For  the  cfimpulation  of  fP,  fP'  or,  r  at :  'V.  an^dition  fommb 
may     usni  ( IH.  I  und  K«itfm|iU*M  I  UI2). 


4.0 

1.288368 

I.  527649 
1;  855916 
2. 273495 
2. 777516 

3. 3.63868 
4.  tf28426 
4.  767658 
5. 578809 
6»  459856 

7.409386 
8.426442 
9,  510400 
10. 660867 

II.  877621 
13|  160574 


WBIEBSTRAB8  VLUPTIC  AND  *RSLATED  FUNCTIONS 


0.00  . 
0.05 

0.10  • 

0.15  • 

0.10  < 

0.29 
0.30 
0.35 
0.40 
0.45 

0.50 
0. 55 
0.60 
0.65 
0.70 

0.75 
0.80 
0.85 
0.90 
0.95 
1.00 


LOO 
2«  00000  00. 
•1.99999  26 
99988  18 
-1.99940  16 
99810  75 

-1.99537  33 
-1.99038  23 
-1.98210  95 
-1.96928  90 
-1.95036  13 

-1.92339  01 
-l.B859^»: 
-1.83488  99 
-1.76619  53 
67451  43 

-1.55271  74 
-1.39118  65 
^1.176»  20 
-0^89169  81 
-0.510^  87 
0.00000  00 


-2. 
-1. 
-1. 
•1. 
^1. 

-1. 
-I. 
-1. 
-1. 
-1. 


TABLE  POR  OBTAINING  tP,  9*  AND  r  ON  Os  AND  ^ 
(Poiitive  Diseriniiiiantr-Uiiit  Real  Half-P^od) 

U  '  '1.2 

-2.00000  00 
-1.99999  43 
-1.99990  80 
-1.99953  10 
•*1.^850  41 


1.06 

00000  00 
99999  32 
99989  17 
99945  07 
99825  79 


-2.00000  00 
-r.  99999  37 
-1.  99989  89 
-1.99948  63 
-1.  99836  70 


99572  57 
99107  69 
98332  00 
97121  06 
9531V  16 


-1.92730  50 
--1. 89106  43 
-1.  84127  27 
-1.77376  97 
-1.68307  45 

-1.56189  13 
-1.40041  70 
-1.18536  53^ 
-0.89858  18 
-0.51505  33 
0.00000  00 


J 


-1.99598  17 
-1.99158  17 
-1« 98420  07 
-1.97260  99 
-1.95525  47 

-1.930X6  21 
-1.89480  97 
-1.84594  09 
-1.77931  45 
-1.68934  72 

-1.56861  96 
-1.40719  15 
-1.19163  25 
-0.90364  00 
^0J»1806  28 

oTooooo  00 


-1.9963(1  33 
-1.99221  67 
-1.98930  95 
-1.97437  39 
-1.95785  77 


-U93J77  03 
-LB9954  33 
-r.  89184  82 
-1.78633  89 
-1.69j729  96 

-1.5ni5  61 
-1.41579  29 
-1.19959  24 
-0.91006  69 
-0.52188  70 
0.00000  00 
'(-2)2j 


*  1.4 

•2.00000  00 
-1.99999  47 
-1.99991  53 
-1.99996  73 
-1.99861  99 

-1.99656  JO 
-1.99273^8 
-1.98621  31 
-1« 97581  22 
-1.95999  33 

-1.93671  95 
-1.90341  73 
-1.85668  71 
-1.79209  80 
-1.70382  60 

-1.58416  75 
-1.42286  23 
-1.20613  88 
-0.91535  50 
-0. 52503  45 
0.00000  00 


2.0 

-2.00000  00 
-1.99999  49 
-1.99991  81 
•1.99958  14 
-1.99865  66 


9 


fii  [ 


-1.99666  63 
-1.99293  42 
-1,98656^35 
-1.97637  02 
-1.96080  82 

-1.93786  53 
-1.90492  32 
-1.85856  93 
*1. 79433  95 
-1.70636  76 

-1.59689  93 
-1.42561  79 
-1. 20869  13 
-0.91741  70 
-0.52626  26 
0.00000  00 


Tal»le%18.2 


4.0 

-2.00000  00 
-1.99999  49 
-1.99991  82 
-1.99958  17 
-1.99869  97 

^1.99666  88 
-1.99293  89 
-1.96697  17 
-1.97636  34 
-1.96082  78 

-1.93789  23 
-1.90499  86 
-1.89861  37 
-1.79439  29 
-1.70642  79 

-1.98696  39 
-1.42566  30 
-1.20679  17 
-0.  91746  97 
-0.92629  14 
0.00000  00 


0.00  -2.000O0  00 

0.05  -1.99999  25 

0.10  ^1.99988  18 

0.19  -1.99940  16 

0.20  -1.99810  79 


LOB 
-2.00000  00 
-1.99999  32 
-1.99989  21 
-1.99949  46 
-1.99828  08 


1.1 

-2.  00000  00 
-1.99999  37 
-1.99989  99 
-1.99949  33 
-1.99840  62 


0.25 
0.30 
0.39 
0,40 
0.49 

0. 50 
0.55 
0.60 
0.69 
0. 70 

0.75 

0.80 

0.85' 

0.90 

0.99 

1. 00 
1.05 
1.10 


-1.99937  33 
-1.99038  23 
-1.98210  95 
-1.^28^90- 
-1.95036  13 

-1.92339  01 
•1.88593  83 
-1.83488  99 
-1.76619  53 
-1.67451  43 

-1.55271  74 
-1.39118  65 
-1.1766)  20 
-0.89169  81 
-0.51095  87 


-1.99581  31  -1.99613  14 
-1.99133  82  -1.99202  69 
r.1. 96398  06  -1.98533  03 
^1^97268-6^ — 1.^7513  44 
-1.95619  60    -1.96039  48 


-1.93299  64 
-1.90123  75 
-1.65861  90 
-1.60221  44 
-1.72827  05 

-1.63184  71 
-1.50639  22 
-1.34312  50 
-1.13018  63 
-0.65141  23 


-1.93969  10 
-1.91218  25 
-1.87553  39 
-1.82780  48 
-1.76629  64 

-1. 68753  62 
-1.58696  80 
-1.45665  26 
-1.29452  95 
-1.06367  64 


1.2  . 
-2.00000  00 
-1. 99999  43 
-1.99990  89 
-1.99954  15 
-1.99856  3^ 

-1.99652  94 
-1.99269  25 
-1.98701  63 
^.^7616  6a 
-L  96561  02 

-1.94845  17 
-1.92574  23 
-1.89643  16 
-1.85930  08 
-1.81290  09 

-1.75545  41 
-1.66471  79 
-1.59760  32 
-1.49093  18 
-1.35912  08 


1.4 

-2.00000  00 
-1.99999  48 
-1.99991  65 
-1.99956  07 
-1.99669  07 

-1.99685  19 
-1.99359  12 
-1.98637  91 
-1.98065  in 
-1.96982  60 

-1.95533  26 
-1.93661  23 
-1.91313  16 
-1. 86437  77 
-1.  84984  76 

-1.80902  61 
-1.76134  96 
-1.70615  96 
-1^64263  75 
-1. 56972  26 


2.0 

-2,00000  00 
-1.99999  49 
-1.99991  94 
-1.99959  59 
-1.99873  99 

-1. 99697  66 
-1.99386  12 
-1.96890  48 
-^.98159  94 
-1.9714^1  57 

-1.95797  74 
-1.94078  35 
-1.91952  74 
-1.89395  96 
-1^86392  66 

-1.82937  52 
-1.79034  69 
-1.74698  46 
-1.69950  14 
-1.64816  82 


4.0 

-2.00000  00 
-1.99999  49  ' 
-1.99991  95 
-1.99959  62 
-1.99674  U 

-1.99697  95 
-1.99386  76 
-1.98691  71 
-l.W6^  16 
-1.97i48  36 

-1.95603  95 
-1.940B6  17 
-1.91967  77 
-1.69418  46 
-1.66425  71 

-1.  82985  21 
-1.79102  60 
-1.74793  96 
-1.70082  95 
-1.65001  75 


0.00000  00   -0.46485  79 
0.00000  00 


-1.19575  58   -1.46600  58   -1.59338  85   -1.59588  66 


0.81220  52 
0.45984  5^ 
0.00000  00 

['-n  ['"I"]  ■  ['1"]  ['  »'•]  ['"'"1  r«  ]  [ 


V\**  1.00 

1.0^   o.ooobo  00 

1.2 

1.6 
1.6 

2.0 
2.2 
2.4 
2.6 
2.6 

3.0 
\l 
3.4 

'•S 
3.6 

4.0 


1.05 
.0.46465  79 


1.1 

-0. 81220  52 


1.2 

-1.19575  58 
0.00000  00 


1.4 

-1.4dt00  58 

rO.  99449  51 

\  0.  00000  00 


2.0 

*1. 99338  65 
-1.34717  40 
-1.07521  03 
-0. 76766  76 
-0.46104  27 

0. 00000  00 


4.0 

-1. 59588  66 
-1.35527  9) 
-1.09935  83 
-0.65590  68 
-0.64191  20 

-0.46669  27 
-0.33022  92 
-0.22828  69 
-0.15467  43 
-0.10296-79 

-0.06745  46 
-0.04346  22 
-0.02734  75 
-0.01629  07 
-0.00795  66 
0.00000  00 


681 
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TiiMt^  111,2 


-Atf  1,00 

0.00  1. 00000  000 

0.0^  0.99999  676 

0.10  0.99998  031 

0.15  0.99990  029 

0.20  0.99968  483 


1.06 
1.0000P  000 
0.99999  887 
0.99998  198 
0.9^990  871 
0.99971  119 


TABIi^  FOR  OBTAINI^W;  tP.  (P\km  r  CIN  0«  AND  0^ 
(Poative  Diacriminaiit>-Uiui  Real  Half-Period) 

1.2 

UOOOOO  000 
0.99999  905 
0.99998  471 
0.99992»  246 
0.99975  429 


0.25 
0«30 
0.35 
0.40 
0.45 


0.99923  041 
0.99840  360 
0.99704  076 
0.99494  715 
0.99189  577 


0. 50  0.98762  541 

0.55  0.98183  783., 

0.60  0.97419  386 

0.65  0.96430  782 

O.70  0.95174  028 

0.75  0.93598  819 

0.80  0.91641  208 

0.85  0.89251  910 

0.90  0.86334  108- 

0.95  0.82800  562 

1.00  0.78539  022 

z/ty\a  1.00 

0.00  1.00000  000 

0.05  0.99999  876 

0.10  0.99998  031 

0.15  -0.99990  029 

0.20  0.99968  483 

0.25  0.99923  041 

0.30  0.99840  360 

0.35  0.99704  076 

.0.40  0.99494  715 

0.45  0.9918^577 

0.50  0.98762  541 

0.55  0.98183  783 

0.60  0.97419  386 

0.65  0.96430  782 

0.70  0.95174  028 

0.75  3.W?S*19 

0.80  0.91647  208 

0.05  0.89251  910 

0.90  0.86334*108 

0.95  0.82800  562 

1.00  0.78539  822 

1,05 

1.10 

;  i-t/\i  1.00 

1.0  0.78939  822 

1.4 

L6 
1.8 

2.0 

2.4 

2.6 
2.8 

3.0 
3.2 
3.4 
3.6 
3.8 
4.0 


1.1 

1.00000  000 
0.99999  895 
0.99998  31* 
0.999^<i  481 
0.99973  030 


0.99929  399 
0.99853  355 
0.99727  741 
0.99534  298 
0.99251  583 

0.98854  726 
,0.98315  105 
1^97599  894 
0.96671  478 
0.95486  674 

0.93945  720 
0.92140  960 
0.89855  136 
-0.87059  177 
0.83659  307 
0.79543  267 

1.05 
1.00000  000 
.0.99999  887 
0.99998  200 
0.99990  891 
0.99971  234 

0.99929  816 
•  0.99854  660 
0.99731  0)3 
0.99541  639 
0.99266  485 

0.98882  817 
0.98364  988 
0.97684  238 
0.96808  373 
0.95701  320 

0*94322  518 
0.92626  id2 
0.90559  833 
0.88063  688 
0.85068  069 

0.81491  420 
0.77237  164 

1.06  » 
0.81491  420 


1.4 

1. 00000  000 
0.99999  912 
0.99998  595 
0.99992  868 
0.99977  377 


2.0 
1.00000  000 
0.99999  915 
0.99998  643 
0.99993  109 
0.99978  130 


0.99934  010 
0.99862  782 
0.99744  912 
0.99563  028 
0.99296  602 

0.98921  683 
0.98410  521 
0.97731  096 
0.96846  489 
0.  95714  079 
*  ♦ 

0.94284  503 
0.92500  321 
0.90294  299 
0.87587  1)7 
0.84284  790 
0.80274  263 
[(-4)91 


8 


1.1 

1.00000  000 
0. 99999  895 
0.99998  322 
0.99991  516* 
0.99973  226 

0.99934  758  \ 
0.99865  014 
0.99750  544 
0.99575.586 
0.99322  092 

0.98969  725 
0.98495  820 
0.9787S  291 
Q,970B0  464 
0.96080  810/ 

0.94842  606 
0.933?8  385 
0.91496  295 
0.89299  175 
0.86683  386 

0.83587  315 
0. 79939  419 
0.75655  714 

1.1 

0.83587  315 


0.99939  799 
0.99874  617 
0.99766  478 
0.99599  122' 
0.99353  179 

0.9900^5 
0.98530  511 
0.97896  146 
0.97066  726 
0.96000  343 

0.94648  146 
0.92952  973 
0. 90847  617 
0.8825:^588 
0.85073  22a 

0.  81195  906 

m 

1.2  • 

1.  OOOJDO  000 
0.99999  905* 
0.99998  476 
0.99992  299 
0.99975  725 

0.99940  928 
0.99877  991 
0.99774  989 
0.99618  100 
0.99391  695 

0.99078  438 
0.98659  357 
0;  98113  896 
0.97419  926 
0.96553  710 

0.95489  807 
0.94200  908 
0.926S7  57* 
0.90827  878 
0.88676  908 


0.99944  501 
0.99884  235 
0.99784  008 
0.99628  469 
0.99399  196 

0.99074  340 
0.98628  174 
0.98030  531 
0.97246  106 
0.96233  582 

0.94944  525 
0.93322  007 
0.91298  848 
88795  364 
0.85716  486 
0.81947  977 

rn 

1.4 

1.00000  000 

0.99999  912 

0. 99998  601 

0.99992  935 

0.99977  752 


0.99945  935 
0.99888  517 
0.99794  811  , 
0.99652  $57 
0.99448  077* 

0.99166  445 
0.98791  646 
0.98306  740 
0.97694  003  1 
0.96935  061 , 

8.96010  986 
.94902  381 
0.93589  412 
0.92OS1  815 
0.90268.849 


0.99946  321 
0.99887  957 
0.99796  793 
0.99639  831 
0.99417  016 

.0.99100  867 
0.98666  012 
0.98082  605 
0.97315  633 
0.96324  002 

0.95059  446 
0.93465  128 
0.91473  876 
0.89005  936 
0. 85966  076 

0.  82239  820 

2.0 

1.  QOOOO  000 
0.99999  915 
0,99998  649 
0.99993  181 
0.99978  537 

0.99947  871 
0.99892  586 
0.99802  472 
0.99665^71 
0.99469  855 

0.99200  425 
0.98842  700 
0.98381  123^ 
0.97799  651 
0.97081  949 

0.96211  557 
'  0.95172  061 
0.93947  230 
0.92521  144 
0.908/6  307 


4.0 

1.00000  000 
0.99999  915 
0. 99998  644 
0. 99993  115 
0. 99978  148 

0. 99946  364 
0.99838  045 
0.  99790  954 
0.99610  099 
0. 99417  438 

0.99101  490 
0.98666  904 
0.98083  833 
0. 97317  272 
0. 96326  132 

0.95062  155 
0.93468  503 
0.;n478  003 
0;89010  902 
0.85971  964 
0.82246  703 


4.6 

1.00000  000- 
0.99999  916 
4  0.99998  650 
0.99993  187. 
0.99978  555 


0.99947  917 
0.99892  682 
0.99802  653 
0. 99666  184 
0.99470  368 

0.99201  225 

0.98843  90a 

0.98382  874 

0.97802  138 

0.97085  406 

0.96216  276 
0.95178  405 
0.93955  644 
0.92532  176 
0.90892  628 


0^86166  128  0.88n9  209  0.89003  731  0.89022  154 
■[,-4MJ        [,-4,8]..      [,.4,a]  [,-4,»] 


1.2 

0.86166  128 
0.tl573  454 


1.4 

0.88219  209 
0.76897  769 
0.59293  450 


2.0 
0.89003  731 
0.78909  505 
0,64073  496 
0.438«b  099 
40.17708  602 

-0.14800  012 


4.0 
0.89022  15 
0.76956  60 
0.64184  73 
0.44095  77 
♦0. 18250  43 

^.13652  01 

-0.51809  61 

•0.96348  97 

-1.47349  03 

-2.04858  16 

-2. 68905  52 
-3.39508  38 
-4.16677  17 
-5.00417  66 
-5.90734  21 
-6.87630*  32 
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c  -  r\n 
0.00 
0.0S 
0.10 

0:1s 

0.20 

0»25 
0.30 
0.3S 

0.4& 

.0.S0 
0.  SS 
0.60 
0.65 
0.70 

0.75 
0.80 
0.85 
0.90 
0.95 
UOO 


1.00000  00 
0.99998  52 
0.99976  37 
0.99880  40 
0.99622  93 

0.99079  63 
0.98097  82 
0.9649M1. 
0.94O70  57 
0.90617  03 

0.859)9  83 
0.79882  11 
0.72356  52 
0.63382  07 
0.53123  69 

0.41930  23 
0.30366  33 
0:i9233  10 
0.09574  08 
0.02666  27 
0.90000  00 

rh 


TABLE  von  OBTAININ<;j>.      AND  f  ON  Oir  AND  Oy 
(Nmtive  Diacriir(iiiartt--Unit  Real  H^lMVriod) 

1.06           1.16  •          1*8  L6  2.0 

1.00000  00    1.00000  00  UOOdOO  00  U  00000  00  1.00000  00 

0.  99998  66  «  0.99998  98  0.99999  38  0.99999  75  1.00t)00  14 

0.99976  83^  0.99983  74  0.99990  10  0.99996  06  1.00002  30 

0.99893  08    0.99918  15  0.99950  43  0.99980  51  1.0Q011  63 

0.9^663  32    0.99743  55  0.99845  77  0.99940  30  1.00038  24 


^.^182  47 
%  98317  tt 
S  46915  65 
0.94811  25. 
0.91839  70 

0.87853  56 
0.62744  45 
0.76469  39 
0. 69080'  48 
0. 60756  14 

0.51830  84 
0.42820  16 
0.34438  12 
0.27605  07 
0.23446  42 
0.23286  11 


0.99381  16 
0.98736  11 
0.97703  14 
0.96174  61 
0.94051  05 

0.91254  95 

0.87744  80 

0.83537  63 

0.78725  05 

0.73495  90 

0.68155  50 

0.63143  16 

0^^9046  32 

*  0.56611  51 

0.56753  12 

0.60563  48 


P. 91631  17 
0« 99255  0^ 
0.98664  20 
0.97810  01 
0.96656  45 

0.95189  16 
0.93426  12 
0.91429  23 
0.89316  80 
0.87276  JI8 

0.85577  68. 
0.84585  35 
0,84771  96 
0.86731  78 
0.91197  25 
0.99060  83 


0.99860  26 
0.99725  51 
0.99525  02 
0.99255  94 
0.9892ir  71 

0.'98573  01 « 
0.98244  30 
0.98031  24 
0.98063  64 
0.98521  20 

0.  99643  13 

1.  01739  07 
1.05201  81 
1.10523  21 

^1.18314  77 
•  1.29335  96 


1.00096  01 
1.00205  83 
1.00396  14 
1.00705  13 
1.01183  11 

1.01895  42 
1.02925  89 
1.04381  01 
1.06395  05 
1. 09136  32 

1.12815  05 
1.17693  44 
1.24098  76 
1.32440  72 
1.43234  85' 
1.57134  70 

rri 


.Tallin  18.2 


4,0^ 
1.  00000  00 
1. 00000  25 
1.00004  07 
1.00020  71 
1.00065  92 

1.00m  38 

1.00340  46 

1.  00639  11 

1.01107  17 

1.01805  02 

1.  02606  66 
1.04202  47 
1.06102^ 
1. 08641  83 
1.11984  70 

1.16333  76 
1.21939  20 
1.29112  16 
1.38242  38 
1.49822  24 
1.64479  64 


s  LOO 

0.00  L  00000  00 

0.05  0.99998  52 

0.10  0.99976  37 

0.15  0.99880  40 

0.20  0.99622  33 


0,25 
0.30 
0.35 
0.4O 
0.45 

0.50 
0.55 
0.60 
0.65 
0.70 

0.7s 
0.80 
0.85 
0.90 
0.95 
1.00 


0.99079^63 
0.98097.82 
0.96495  11 
*tr.  94070  57 
0/90617  03 

0/85939  83 


L06 
1.00000  00 
0.99998  67 
0.99978  76 
0.99892  27 
0.99658  78 

0.99165  20 
0.98266  22 
0.96786  45 
0;945[3I5~04 
0.91264  56 

0.86784  46 
0.80881  13 


LIB 

)0000  00 
)98  98^ 
msy  59 
»9916  47 
9734  10 


0.4»345  16 
0.98626  83 
0.97433  43 

-t^^mif  47 
0.92^6  67 

0.89^09  57 
0.83617  66 
•  0.77054  24 


L8 
1.00000  00 
0.99999  37 
0.99989  93 
0.99948  51 
0.99834  96 

0.99589  95 
0.99132  10 
0.98354  71. 

o.^7|n 

0.9li|^^ 

0.92592  17 
0.86861  10 
0.83812  n 
0.77X63  28 


1.6 

1.00000  00 
0.99999  75 
0.99995  93 
0.99978  96 
0.99931  61 

0.99027  12 
0.99626  60 
0.99275  81 
t.^701-30 
0.97806  19 

0.96465  71 
0,94522  83 
0.91784  50 
0.88019  00 
0.82955  45 

0.76286  31 


2*0 
1.00000  00 
1.00000  14 
L 00002  24 
L 00011  15 
1.00034  41 

LP0081  39 
1.00162  14 
L  00285  94 
1.  00459  41 
1.00684  49 

1. 0b95S  92 
1.01258  51 
1. 0X563  95 
L  01827  41 
L 01983  61 


L  01942  61  L 10461  36 

L  01585  25  L13197  83 

L  00758  28  1.16373  23 

0.99269  39  1.120012  24 

0.96882  29  1.241)6  39 

.  0.93312!  2^  1.20763  91 

m  m  ['-n  ['t'T ,  r."f]  ['t-i 


4.0^ 
1.00000  00 
1.00000  32 
U 00004  04. 
1. 00020  .35^ 
L(^063  88 

1.00154  61 

1.00317  22 

1.00560  47 

^.00976  35- 

L 01539  36 

*  1.02305  58 
vl.  03311,90 
\U  04595  22 
U  06191  71  . 
L  08X36  14 


Ul 
L2 
U3 
U4 
1.5 

L6 
L7 

L! 

2.0 


If  the  real  half-p^od  >«1,  see  1B.2  Homogeneity  Kelations.  ^  Interpolation  with 
respect  to  will,  in  genen^l,  be  difficult  because  of  the  non-uniform  subiht^vals 
involvM.  Aitken's  interpolation  may  be  used  m  this  case.  '^As  few  as  33  may 
be  obtained.  For  the  computation  of  ^,  ott  ^tz  m  iff,  an  addition  formula 
may  be  used  (18.4  and  EMmplni'l  1*12). 


4.0 
L 39585  80 
L 52559  80 
L 67719  97 
L 85056  87 
2.04521  26 

2.26025  62 
2.49441  96 
.2.74594  50 
3.0X245  16 
3. 29069  52 


7  J 
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1.00 

0,00  -2.00000  00 
0^09 '-a.  00^02  95 
0,10   *2. 00047  25 

o.h    -  - 


6.1^ 

1^25 
0.10 
0.15 
0.40 
0.45 

0.50 
0.55 
0.60 
0.65 
0.70 

0.75 
0.80 
0.85 
0.90 
0.95 
1.00 


-2.00259  or 
*2. 00755  45 

:*2. 01829  41 
•2.05755  78 
-2.08845  88 
-2.11579  74 
.2.17550  18 


-2.25559  16 
.2.54595  53 
.^45881  27 
^2.52518  49 
.2. 57465  ^10 

-2.56240  06 
.2.44770  16 
-2.18496  84 
.1172414  78 
^,01521  01 
/Q. 00000  00 


TABLE  TOR  ofrTAININi;  /3J,  !P*  AND  f  ON 
\  (Negative  Uiaeriminant^UnitRe^ 

l»  1.8   .  .  1.5 

-2.00000  00  -2.00000  00*  ^2•  00000  00  -2.00000 

-2.00002  65  -2.00002  04  /.2. 00001  24  .2.00000 

-2.00042  27  -2,00052  57   -2.00019  65  -2.00007 

-2.00212  89  .2.00161  92   -2.00097  17  .2.00057 

.2.00667  50  -2.00502  56  -2.t0297  52  -2.00110 


-2.01608  75  < 
-2.05274  55 
.2.05907  94 
.2.09715  05 
-2; 14789  87 

-2.J11047  72 
-2.28098  85 
-2.55140  75 
.2.40840  49 
-2.45241  27 


.2.01196  98 
02597  99 
.2.04247  95 
.2.06855  57 
*2. 10148  48 

.2.14015  46 
-2.18025  97 
.2.21466  45 
.2.25248  50 
.2.21859  89 


•2.00694  49 
.2.01MO  75 
^2. 02554  71 
-2.05614  70 
-2.05106  10 

-2. 06592  49 
-2.07692  41 
-2.07815  05 
-2.06116  85 
-2.01460  75 


-2.00246 
-2.00448 

^;2r00696 
W.2. 00922 
-2.00992 

-2.00685 
-U  99665 
-1.97452 
-1.95592 
-1.86620 


Os  AND  Oy 
Period) 

.  2.0  . 

00  -2. 00000  00 

50  -1.99999  71 
74  -U  99995  54 
44  -U  99975  65 
66   -L  99919  66 

05  -1.99795  25 
84  -1.99544  16 
68^^^1.99095  74 
15  -1.98558  65 
57   -1.97120  64 

64  -1.95254  09 
49  '  -1.92599  70 

51  -1.88246  85 

01  -1.82286  85 
81   -U  75078  55 


-2.59712  18  -2,15255  79.  -1.92578  08  -1.76025  25  -1.6218115 

-2!26959  69  -2 00955  59  -1.77051  11  -1.60178  75  -U 46089  21 

-21 01105  50  -U  75999  77  -1.95168  52  -1.57288  15  -1.24141  08 

57815  99  -U  56864*  82  -1.18057  88  -1.05066  42  -0,94587  76 

-0,92425  16  -0.79716  05  -0.68574  59  -0,60580  78  -0,942^92 

0. OOOOflUOO  0, 00000  00  0, 00000  00  0, 00000  pO  0. 00000  00 


4.0 

-2.00000  00 
-1,99999  49 
-1.99991  85 
-1*  99958  21 
-1.99866  07 

* -1.99667  11 
-U59294  56  * 
•l.>8657  99 
•1.97659  65 
-U  96084  72 

-1.95791  95 
•1.90199  42 
-1.85865  01 
-1,79444  54 
-1.70648  76 

-1.58702  64 
-1.42574  81 
-1.20081  20 
-0,91751  44 
-0,52652  04 
0,00000  00 


1.00 

0,00  .-2,00000  00 
0,05  *-2, 00002  9$ 
0,10  -2.00047  25 
0,19  -2.00259  01 
0.20   -2.00751  45^ 

6,25,^-2.01829  41 
0.10^  -2.05755  78 
QL55  -2.06845  88 
0,^40=.  iAlD7t.74 
0,45   -2.17550  18 


1.0S 
-2.00000  00 
-4.00002  65 
-2.00042  55 
-2.00216  12 


M6 
-2.00000  00 
-2.00002  05 
* -2. 00052  97 
-2.00168  65 


0.50 
0,55 
0,60 
0,65 
0,70 

0,75 
0,80 
0,85 
0.90 
0.95 
1.00 
t 


2.09685  42^  -2,00940  52 

-2; 01540  12 
-2.02825  59 
-2.05519  59 
f£i  09200^ 
-2.14879  02 

-2.255*59  16  -2.25175  01^  -2.22747  67 
-2.55)70  68   -2.95108  42 
-  -2.46061  76 


12. 01677  67 
-2.05479  40 
-2.06420  40 
-1.1Q84IJ06 
-2^7056  66 


-2. 00000  00 
-2,00001  25 
•2.00020  50 
-2.00104  87 
-2.00540  55 

-2^00859  22 
01849  50 
-2..05567  60 
•2.06546  12 
10597  25 

-2,1680)  61 
-2,2(504  79 
-2,57250  59 
-2.52442  19 


rn 


1.6 

-2,00000  00 
-2,00000  50 
-2,00008  28 
-2.00045  62 
^00145  41 

-2.00578  54 
-2.00644  10 
-2.01691,67 

-2.05462.45 

-2.090^  56 
-2.14405  61 
-2^22089  15 
4.52798  29 
-2.47285  02, 

-2,66508  69 


2.0 

-2.00000  00 
-1.99999  72 
-1.99495  98 
-1.99978  58 
-1.99959  00 

-U  99851  75 
-1.99718  99 
-1.99556  97 
-U  99525  06 
-1.99120  21 

-1.99006  65 
-U  99107  16 
-1.99605  96 
-2.00760  85 
-2.02919  12 « 

-2.06554  90 
-2.12187  04 
-2.20596  65 
-2.52645  60 
-2.49575  12 
-2.n008  45 


4.0 

-2.00000  00 
-1.99999  49 
-1.99991  95 
-U  99959  66 
-1.99674  22 

-1.99698  24 
-1.99587  40 
-1,98892  95 
-1,98164  41 
-1,97152  19 

-1,99810  16* 
-1,94097  97 
-1.91962  60 
-L  69440  95 
-1,66458  75 

-L  65052  90 
-1,79170  66 
-1,74889  59 
-1,70215  66 
-1.65184  97 
-1.59858  59 


1.1 

1,2 
1.5 
1.4 

1.5 

1.6 
•1.7 
1,8 
1.9 
2,0 


4.0 

•  1,48598  95 
-1.56557  47 
-1,24144  17 
-1,12545  15 
-L  01509  75 


\ 


-0,92186  21 

-0,85472  95 

-0.62154  27 

0,65765  94 

92645  66 

m 
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0 


OlOO 
Q,OS 
0.10 
0.19 
0.20 

0.25 
0.30 
0.5S 
0.40 
0.4S 

0.90 
0.S9 
0.60 
0.6S 
0.70 

0.75 

ioo 
09 
0,90 
0.95 
UOO 


WEDBBSfrBABS  BLUPTiC  AND  BBIATBD  ITJNCnOKB 

TABLE  FOR  OVTAlNINti  tP,  9-  AND  r.pN  0«  AND  €iy 
(H«ktiv«  Oiaerimimii^ynit  R«l  Uatf-Pttiod) 


1.00 
L 00000 
1.00000  4  . 
L 00007  08 
1.00099  00 
I.0012S  98 

L00)07  99 
1.00t90  98 
1.0U76  39 
1.01999  49 
1.0918*  18 


1.0B 
UOOOOO  00 
1.00000  44 

t 00007  06 
0009S  78 
L 00112  M 

1.^74  09 
LOnO*  06 
L 01049  07 
1.01767  00 
1.02809  07 


U04831  99  L  0422>  IS 

1.06990  78  L06102  21 

1.09776  14  L  08499  81 

L 19248  70  L 11494  88 

L1746a46  L 19021  98 

L  22444  09-'l;i9206  86 
1.28188  76    1.29999  78 

  1.29929  24 

L 99118  97 
L 41220  09 
L 47449  48 

m 


L  54648  26 
1.41726  20 
U  40272  42 


V18 
1. 00000  00 
U4MW00  H 
U  00Q05  45 
L00Sf7  40 
L00086  16 

L00200  94 
1.00429  44 
L 00707  52 
U 01525  74 
U02090  SO 

L  C»127  19 
L04470  59 
1.06180  26 
L08258  64 
U 10724  76 

l.t5570  79 
L  16765*25 
U 20248  62 
U 25929  22 
U 27679  52 
L 51552  66 


C 00000  00 
1.00000  21 
1.00005  51 
1.00016  65 
1.00052  15 

1.00125  79 
4r00296^« 
1.00467  27 
1.00779  77 
1.01217  02 

1.01799  52 
1.02545  65 
1.05459*22 
1.04547  15 
1.0S796  45 

1.07181  59 
1.08659  55 
L 10165  80 
1.11615  55 
1.12887  56 
1.15842 


1.00000  00 
1. 00000  08 
LOOOOl  52 
1.00006  60 
1.00020  48 


1. 00000  00 
0.99999  95 
0.99999  24 
0.99996  10 
0.99987  51 


1.00048  81  0.99968  98 
1.00098  11^999U52 
1.00175  16  0.99875  58 
1.00285  61  0.99781  57 
1.0045J  47    0.99659  49 


1.00619  68 
1.00840  79 
1.01087  94 
1.01545  17 
1.015a  69 

L01769  94 
1.01845  90 
1.01754  41 
1.01408  98 
1.00702  75 
0.99506  76 


51552  66    1.15842  65    0.99506  7( 

m  m  ['VI 


0.99452  51 
0.99159  16 
0.98754  57 
0.98186  99 
0.97497  97 

0.96901  50 
0.95262  09 
0.95672  94 
0.9165}  15 
0.8«05  46 
0.89912  29 

[<-n 


Table  18*2 


4.0 
1.00000  00 
0.99999  92 
0.99998  65 
0.99995  12 
0.99978  17 

0.99946  41 
0.99888  15 
0.99791  11 
0.99640  57 
0.99417  86 

0.99102.12 
0.98667  iro 
0.98089  06 
0.97518  91 
0.96520  27 

0.95064  87 
0.95471  88 
0.91482  15 
0.89015  86 
0.65977  85 
0.82255  59 


1.00 

0.00  L  00000  00 
0.05  U  00000  49 
0.10  U  00007  88 
0.19    1.00059  88 

0.20  \.mn  98 


0.25 
0.50 
0.55 
0.40 
0.45 

0.50 
0.55 
0.60 
0.65 
0.70 

0.75 
0.60 
0.89 
0.90 
0.95 
1.00 


U 00507  55 
U00656  58 
U 01176  25 
U 01999  45 
U  05186  18 

U04821  55 


LOB 
1.00000  00 
U 00000  44 
1.00007  08 
U00055  86 
L00115  91 


1.00277  99 
U00976  58 
1.01069  02 
1.01824  62 
U02921  51 

1.04444  59 
1.06485  98 


tl6 
1. 00000  00 
1. 00000  54 
1.00009  46 
1.00027  75 
1.00088  01 

1.00216  14 
1.00451  05 
1.00841  42 
1.01445  97 
L0b55  52 

L 05581  72 
L09277  97 
L 07515  67 


1.00000  00 
UOOOOO  21 
1.00085  54 
1.00017  04 
L00054  51 

U00154  04 
1.00281  55 
1.00929  28 
00917  72 
01496  05 

1.02522  84 
L05466  71 
L05006  29 
L 07029  9/ 


1. 00000  00 

1.00000  08 

1. 00001  55 
1.00006  91 
1.00022*  22 

1.00099  45 
1.00117  94 
1.00225  05 
1,00596  67 
1.00658  42 

1.01042  41 
1.01588  59 
1.02544  75 
L05569  49 
1.04750  95 

U06S08  51 


m 


2.0 
LOOOOO  00 
0.99999  95 
0.99999  25 
0.  99946  24 
0.99988  28 

0.99971  90 
0.99945  06 
0.99897  41 
0.99150  68 
0.9m9  10 

0.9M^  89 
0.9«m  80 
0.99295  77 
0.99099  98 
0.98026,64 

i 98656  79 
98447  29 
0*98275  54 
0.98166  56 
0.98169  65 
0.98519  M 
-(-4)2] 


6 


40 
1.00000  00 
0.99999  92 
0.99998  69 
0.99995  19 
41.99978  57 

0.99947  96 
0.99892  78 
0.99802  85 
0.99666  90 
0.99470  88 

0.99202  05 
0.98845  10 
0.98584  65 
0.97804  65 
0.97088  86 

0.96221  OCr 
0.95184«75 
0.95964  06 
0.92945  21 
0.90906  94 
0.89040  97 

m 


1.1 

1.2 
1,9 

1.9 

1.6 
1.7 
L8 
1.9 
2.0 


4.0 
0.84961  98 
0.79009  67 
0.72274  96 
0.64299  89 
0.9900)  98 

0.44949  14 
0,92282  70 
0.18790  92 
♦0.09898  90 
-0.12908  40 


^^dnSVBASS  BLUPnC  AND^RBLATBD  FDNOAtONB 


U0O 
1.02 
1.04 

1.08  , 


1.90 
1.95 
2.00 
2.05 

2.10 
2.15 
2.20 
2.25 
2. 30 

2.4 

2.5 
2.6 
2.7 
2.0 

2.9 
3.0 
3.1 
3.2 
3.3 

3.4 
3.5 
3.6 
3.7 
3.8 

3.9 
4.0 


11.81704  500 
11.37372  384 
10.98419  107 
10.64177  347 
10.34065  794 

10.07577  364 
9.84269  185 
9.63754  049 
9.45693  072 
9.29789  413 

9.15782  851 
9.03445  117 
8*92575  843 
8.82999  055 
8.74560  138 

8.67123  169 
 8  628^ 

Ko90 
746 


INVARIANTS 

0. 00000  000 
0.55318  992 
1.03485  699 
1.45484  521 
1.82151  890. 


AND  VAUiRH  AT  HALI-PBRIODS 

DiMsriminatitr-Unit  Real  Half^Period) 


252  263 
17763  305 
34687  283 
8.31975  228 
8.29583  997 

8.27475  580 
8.25616  484 
8.23977  191 
8.22531  684 
8.21257  036 

8.20133  033 
8.17870  308 
8.16217  907 
8.15011  147 
6.14129  812 

8.13486  127 
8.13016  001 
8.12672  634 
8.12421  844 
8.12238  671 

8.12104  883 
8.12007  164 
8.11935  791 
8.11883  660 
8.11845  583 

8.11797  459 
8. 11771  785 
8.11758  087 
8.11750  782 
8.11746  884 

8.11744  804 
8.11743  694 
8.11743  103 
8.11742  787 
8.11742  619 


8.11742  529 
~  11742  481 
11742  455 
8.11742  441 
8.11742  434 


8.11742  430 
8.1174^426 


^  t  0.11742  426 


2.14201  000  y 
2.42241  937 
2.66798  153 
2..88320  000 

3.  07195  918 

3.23761  717  , 
3.38308  317 
3.51088  2» 
3.62320^7 
3. 7^7  756 

A^m%l  265 
3. 08529  056 
3.95256  351 
4.01178  462 
4.06392  070 

4,10985  014\ 
4.15029  819' 
4. 18593  045 
4.21752  438 
4.24498  728 

4.26936  502 
4.29084  965 
4.30978  602 

4.  J2647  752 
4.34119  120 

4.35416  210 
4.38026  291 
4.39931  441 
4.41322  294 
4.42337  818 

4.43<r79  368 
,  4.43620  896 
'  4.49l6  375 
4.44305  205 
4.44516  152 

4.44670  219 
4.44782  746 
4.44864  934 
4.44924  963 
4,44968  808 

4.45024  222 
4.45053  785 
4.45069  555 
4.45077  969 
4.45082  457 

4.45084  852 
4.45086  130 

4.45086  811 

4.45087  174 
4.45087  368 

4. 45087  472 
4. 45087  528 
4.45087  556 
4.45087  572 
4.49087  581 

4.49087  585 
4/45087  587 

4.45087 


1.71879  64 
1.71005  96 
1.70235  77 
1.69556  79 
1.68950  18 


1.68430  41 
1.67965  00 
4.67554  80 
iJ^Wf  04 
1.66874  05 


1.66592  77 
1.66344  74 
1.66126  03 
1.65933  17 
1.65763  09 

1.65613  ,11 
1.65480  86 
1.65364  22 
1.65261  37 
1.65170  67 

1.65090  68 
1.6.1020  13 
1.64957  92 
1.64903  06 
1.64854  68 

1.64812  02 
1.64774  39 
1.64741  20 
L 64711  94 
1.64686  13 

1.64663  36 
1.64617  54 
1.64564  06 
1.64559  63 
1.64541  70 

1.64520  73 
1.64519  21 
1.64512  25 
1.64507  17 
1.645j»  45 

1.64500  74 
1.64498  76 
1.64497  32 
1.64496  26 
1.64495  49 

1.64494  51 
1.64494  00 
1.64493  71 
1.64493  57 
L 64493  49 

1.64493  45 
1.64493  43 
1.64493  42" 
1.64493  41 
1.64493  41 

1.64493  41 
1.64493  41 
1.64493  41 
1.64493  41 
1.64493  41 y 

1.64493  4| 
1.64493  4! 


-i.  71079  64 
^1.66130  15 
^'l.  60703  69 
-l.$57e7  59 
-1.51123  63. 

-1.46767  '83 
-1.42698  19 
-1.38894  48 
•1.35338  12 
-1.32011  96 

-1.20900  20 
-1.25988  23 
-1.23262  55 
-1.20710  65 
-1.18320  95 


0.789^9  816 
0.78979  718 
0.79367  192 
0.79708  535 
0^.80009  279 

0.80274  283 
0.00507  017 
0.80713  637 
0.80895  045 
0.^1054  949 

6.01195  906 
0.8)320  168 
0.81429  717 
0.01526  299 
0.81611  453 


-1.16082  70  0.01686  533 
-U 13985  91  0.81752  732 
-1.12021  33  ^  0.01011  103 
-1.10180  31  0.81862  572 
-1*08454  89    0.81907  958 


-1.06837  47 
-1.05321  20 
-1.03899  58 
-1.02566  55 
01316  45 

-1.00144  04 
•0,99044  37 
-0.98012  84 
-0.97045  19 
•0,96137  37 

-0.95265  64 
-0.93379  17 
-0.91752  88 
-0.90365  18 
•0.69180'9 

-0.88169  76 
-0.07306  52  < 
-0.86569  37 
•0.85939  82 
-0.65402  10 

-0.84942  78 
-0.84590  41 
-0.84215  20 
•0.63928  80 
-0.63684  n 

-0.83296  37 
-0.63013  28 
-0.82606  54 
-0.82655  V 
•0.82545  V 

-0.82464  81 
-0.82406  01 
-0.82363  06 
-0.82331  68 
•0.82306  78 

-0,82292  04 
-0.82279  82 
-0.62270  89 
-0.82264  37 
•0.62259  61 

•0.82256  13 
-0.02253  59 


41.61947  977 
0.81963  269 
0.02014  389 
0.62041  031 
0,62066  031 

0.62007  370 
0,82106  191 
0.02122  787 
0.62137  423 
0.82150  329 

0.82161  711 
0.82164  628 
0.62201  364 
0.82213  589 
0.62222  516 

0.62229  038 
0.62233  600 
0.82237  281 
0,82299  820 
0.82241  676 

0.82243  032 
0.62244  022. 
0.62244  745 
0.62245  274 
^,0.62245  659 

^0.62246  146 
0.63246  406 
0.62246  546 
0.62246  619 
0.82246  659 

0.02246  600 
0.82M6  691 
0.82246  696 
0.02246  701 
0.62246  702 

0.82246  703 
0.62246  703 
0.82246  703 
0.62246  704 
0.82246  704 

0.82246  704 
0.82246  704 


•0.78539  82 
-0.76520  32 
-0.74537  75 
-0.72588  58 
-0.70669  61. 

-0.667t7  92 

-0.66910  88 

*-0. 65066  09 

-0.63241  38 

-0.61434  79 

-0.59644  ^ 
-0.57669  03 
-0.56106  78 
-0.54356  50 
•0.52616  97 

-0.50887.14 
-0.49166  03 
-0.47452  75 
-0.45746  53 
-0.44046  65 

-0.42352  46 
-0.40663  39 
-0.38978  91 
-0.37298  56 
-0.35621  91 

•0.33948  58 
•Oi32278  22 
-0.30610  54 
-O; 28945  25 
-0.27282  11 

-0.25620  90 
-0.  21475  00 
-0.17337  32 
-0.13205  85 
•0.09079  10 

•0.04955  91 
-0.00639  41 
40.03283  07 
0.07400  01 
0.11515  60 

0.15630  73 
0.19749  01 
0.23658  81 
0.27972  23 
0.32069  38 

0.40311  12 
0.46936  38 
0.96761  39 
0.64986  24 
0.73211  01 

0.61439  74 
0.89660  44 
0.97669  13 
1.06109  81 
1.14334  48 

1.22999  16 
1.30783  83 
1.39008  90 
1.47233  17 
1.99497  84 

1.63682  91 
1.71907  18 


0.82246  704 

[(-8) - 


6 


'04        '  ^^^^ 


49087  590    1. 64493  41    -0. 82246  70 

r.*']  ['-n 

l^^imvt  4«n4BtlMrealli8ir*periodintheL8miii8eat^ 
For  i'^jK   to  obtain  use  Legtiidrt^o  relation  -filZ. 

To  obtain  the  eormponding  valuei  of  tabubited  quatititim  when  the  real  half^period 
^  muiyply  ih  by        by      ^  by     and  f  by 
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1.00 
1.02 

u^w 

1.06 
1.08 

1  '  0.94989  08 
CP. 95114  80. 
>  0.99224  92^ 
^  0.99321  98 
;  0.99407  94 

LIO 

uia 

1.14 
1.16 
.1.18 

!  0.99482  97, . 
0.99949  47 
,  .  0.  95608  10 
^   Oi 99659  7? 
^   0.95705  96 

1.20 
1.22 
1.24 
1. 26 
1.28 

0|^9749  99 
0>9780  98 
0.99812  22 
0.99899  77 
0.99864  07 

1.90 
1.J2 
1.34 
UM 
1.38 

0*99889  49 
0.99904  98 
0.99921  04 
0.95999  73 
0.99948  68 

1.40 
1.42 
1.44 
1.46 
1.48 

0.99960  10 
■0.99970  18 
0.99979  06 
0.99986  89 
0.99999  80 

1.50 
1.92 
1.54 
1.96 
1.98 

0»  99999  90 
0.96009  27 
0.96010  01 
0.96014  19 
0.96017  87 

1.60 
1.69 
1.70 
1.79 
1.80 

0*96021  19 
0.  96027  67 
=  0.96092  49 
0.96099  94 
0.960M  49 

1.89 
1.90 
1.99 
2.00 
2.05 

0.96040  19 
0.96041  71 
0.96042*  70 
0.96Mf  49 
0.9604$^ 

2.10  • 

2.19 

2.20 

2.29 

2.30 

0.96044nir 
0.96044  69 
0. 96044  84 
0.96044  99 
0.96049  10 

2.4 
2.9 
2.6 

2.'> 
2.8 

0.96049  24 
0.96049  91 
0.96049  99 
0.96049  97 
0.96049  98 

2.9 

3.1 
3.2 
3.3 

0.96045  99 
%  96049  40 
0^  i|M49  40 
0. 96049  1^ 
0. 96049  %r 

3.4 

5:1 
il 

0.96049  40 
0.96049  40 
0.9M49  40 
0.96049  40 
0.96049  40 

4.0 

0.96049  40 
0.96949  40 

A-0 

0.96049  40 

INVARIANT  A»tk  VALUES  AT  HALI-PBMODS  Table 
(N<m*N8|itiv8  Diieriiiiinatit-Uiiit  Real  HnltPeriod) 


0.949899 
0.967481 
0.984864 

1. 0020*7 
1. 019107 

1.099904 
1.092476 
1.068811 
1.084899 
1.100727 

1.116289 
1.191562 
1.146946 
.  1.161227 
1.179994 

1.189696 

V  1.209944 

V  U 216707 
^«  1,229716 

1.242961 

1.254699 
1.266922 
1.278021 
1.289120 
1.299811 

1.910087 
1.919941 
1.929964 
1.998991 
1.946899 

1.954990 
1.979224 
1.98S999 
1.400869 
1.410170' 

1.416408  , 

1.419979 

1.419669 

1.416707 

1.4107)9 


1.401800 
UJ89977 
1.979949 
1.996018 
1.998098 


1.291016 
1.299264 
1.172191 
1.109091 
1.029997 

0.999029 
0.074997 
0.796699 
0.719428 
0.644360 

0.972399 
0.904299 
0.440669 
\381909 
328268 

0.279891 
0.236623 


1.182951 
1.170397 
1.197916 
1.143699 
L 129922 

1.114701  ^ 
1.099497 
1.089$)1  « 
1. 066989 
1.049814  . 

1.031991 
1.019507 
0.994949 
0.974906 
0.999970 

0.932733* 
0.91079a 
0.888138 
0.864776 
0.840704 

0.819927 
0.790449 
0.764278 
0.797429 
0.709900 

0.681719 
0.692896 
0.629492 
0.999404 
0.562777 

0.99199) 
0.491972 
0.968286 
0. 282640 
0. 199988 

0.107129 
♦0.016074 
-0.070918 
«0* 199199 
-0.246114 

-0.991019 
-0.419290 
-0.492930 
-0.967979 
-Q.6969;2 

-d^r69662 
-0.870782 
-0.991807 
-1* 007808 
-1.096896 

-1.046197 
-1.091990 
-0.997696 
-0.947966 
-0.884779 

-0.612687 
•0.794720 
^,694024 
-0.979396 
-0.499196 

-0.421291 
-0,99}07« 


1.162951 
1. 216650 
1.259864 
1.286619 
1.922999 

1.396827 
1.390301 
1,423362 
1.456007 
1.466231 

1.520022 
1.^^51369 
1.562254 
1.612657 
1.642557 

k 671930 
700750 
1,726969. 
1.756618 
1.763607 

1.809925 
1. 635^42 
1.660425 
1.684541 
1.907660 

1,930348 
1.951974 
1.972707 
1,992515 
2.011370 

2,029242 
2.069439 
2.102914 
2.129313 
2.146344 

2.159763 
2.163476 
2.159353 
2.147412 
2.127732 

2.100473 
2.065664 
2.024211 
1.979662 
1.921308 

1.795415 
1.650936 
1.492779 
1.326066 
L 159967 

0.987255 
0.824296 
0.670787 
0.529666 
0.403050 

0.292246 
0.197700 
0.119493 
0.096643 
40.008(^3 

'-0. 027657 
-0.052740 

0.000000 

m 


0.000000  0.000000 

.  .  ,  m  m. 

"8-1+"'.       (!+•')-  -(•i+*a),  »j«'f(l+«') -•+•'. 
For  «- 1 :  #(1)  #(-')  -  <#(i),      -  V^*****/".  ' 

For  a— :  #(l)-2^/»,  •(#')-0,  'W-O. 
(•-1.8(407  4977  ta  tin  ml  h»lf>|Mriod  bi  tha  Leraniaeatie  cut  18.14.) 

To  obtain  tlweormptmjlliifVilttM  of  luUf-p«riod 
•>«l,iini]tipl]r«b]r«. 
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WUBBBTRASS  BLUPTIC  AND  BELATED  FUNCTIONS 


Tiible  I8*S 


INVAMAfm  AND  VALUES  AT  HALP.PEmODd 
iNon<Poiithre'DiatfimiAant-Utat  Hal(«PMod) 


LOO 
L02 
L.04 
L06 
LOB 

LIO 
L12 
L14 
L16 
L18 

L20 
L22 
L24 

L28 

LSO 
1,32 

un 

LS6 
LIB 

L40 
L42 
L44 
L46 
L4B 

L50 
L52 
L84 
L96 
LM 

L60 
LBS 
L70 
L75 
L80 

LBS 
1.90 
L9$ 
2.00 
2.05 

2,10 
2,15 
2,20 
2,» 
2,30 

2.4 
2,9 

2.  B 
2.7 
2.6 

LO 

3a 

3.2 
3,1 

3.4 
3,5 

3,  B 
3.7 
3,B 

3.9 
4.0 


«6 

AO 


97 

-47.26B1B  00 
^5, 35272  19 
»43, 40071  30 
^L  42954  64 
09.49420  91 

«37,  48749  12 
-35.54027  11 
.33,621B8  02 
-3L  73930^ 
•19.89938  64 

-28l  10693  49 
-26,36991  62 
-24,*67936  9B 
-23,04990  83 
-21.477B6  60 

-19.96939  92 
-IB.  91237  16 
-17,11BB6  71 
•19,76441  62 
-14,90628  67 

-13,^6947  <7 
-12,12676  19 
-1L01B76  70 

-  9,963.96  40 

-  B.96(m  32 

-  6.00733  71 

-  7,10204  36 

-  6,24304  63 

-  9,4289;^  20 

-  4,69666  93 

-  3.9297^  12 

-  2,26931  64 

-  C,8224rv98 
4  0, 42644  >8 

L910C9/44 

2,44471  16 

3.29019)61 
3,9436^29 
4,940tf9  89 
9,09299  79 

9,49261  97 
9,87014  76 
6.19386  09 
6,47134  49 

6^70909  42 

7,06692  99 
7,96377  90 
7.96643  61 
7,714t0  39 
7,62312  63 

7,90239  07 
.  7,96032  11 
*  B.  00269  32 
B.0939B  32 
6,0961.8  01 

6,07266  60 
6.08474  69 
B.  09399  97 
6,09999  01 
6.10469  00 

6.10612  30 
6. 1106)  09 


0.00000  00 
4,41906  00 
6,23196  96 
IL  49297  26 
14,29448  26 

16^56660.39 
16,47603  06 
20,02990  yt 
2L  29943^2 
22,2029^  49 

22,90206  34 
23,38397  62 
23,67693  69 
23,60660  49 
23,79610  09 


0.00000  000 
-0,04667  610 
-0,09492  063 
-0,13769  202 
-0,17634  947 

-0.21662 .976 
-0.29266  694 
-Q,2666C  319 
-0.31694  919 
-0.!)4662  066 

.-o!97692  971 
-0,40396  912 
-0. 42663  ;481 
-0,49222  913 
-0,47442  U9 


23,66620  06  -0.49930  414 

23,49948  99  -0.91494  941 

23,12092  96  -0.93M2  697 

22,73602  29  ^59061  098 

22,29496  60  96719  817 


21,80686  22 
21,28796  31 
20,74000  36 
20,17372  61 
19,99930  70 

19,01038  9*y 
18,42378  92 
17, 63999  12 
17,26123  96 
16.69199  27 

16,19300  97 
14.  ^'9693  23 
13«,96033  77 
12F43386  94 
l£  41927  26 

Id.  91370  92 
.9,71196  21 
i 00473  94 
6, 38937' 94 
7.64470  36 

7,  37426  09 
6.  >6611 .96 
.6,61276  90 
'6,30792  66 
6.04422  78 

9,62231  14 
9,31098  94 
.9.08099  99 
4,91226  49 
4,78691  39 

4,t9782  05 
4,61142  26 
4,96264  29 
4,94731  93 
4,92134  29 

4,90239  93 
4,46846  72 
4.41639  14 
4,47094  62 
4,46993  69 

4,46198  47 
4,49669  60 


3,43799  29 
3,36627  69 
3,29602  68 
3,22711  39 
3,19976  40 


3, 06429 
L 01273 
2, 94140 
2,67040 
2,79990 

2,73000 
2,66064 
2, 99249 
2,92909 
2,49699 

*  2, 39316 
2,32666 
2,26969 
2, 20369 
2.14291 


17 
90 
29 

96 
07 
39 
44 

"i 

14 

49 
11 
72 
32 


-0,96293  209 
-0,99698  926 
-0,61096  339 
-0,62336  913 
-0,63938  226 

-0.M667  960 
-0,69730  023 
-0.66726  397 
-0, 67666  791 
-Q,*66946  761 

-0,69377  734 
-0.71238  379 
-0,72831  198 
-0,74194  441 
-0,79360  961 

-0.76396  973 
-0,77212  691 
-0.77942  663 
-0.76967  391 
-0,79101  393 

-0,79997  997 
-0,79946  392 
-0,60262  119 
-0,809w;  498 
-0,60811  369 

-0,61198  137 
-0,6)480  716 
-0,6x667  167 
-0,61637  969 
-0,81948  198 

-0,62028  636 
-0.82067  422 
-0.82130  HI 
-0,62161  729 
-0.62164  634 

-0,6^201  368 
-0,69213  990 
-0,62222  917 
-0,62229  038 
-0,82233  800 

-0,62237  279 
-0, 62239  620 

-0,82246  703 


2,  06336  24 
2, 02906  27 
L9B602  64 
1.91226  19 
L  89777  09 

L  60459  90 
L 79261  00 
L  70192  94 
a, 69290  41 
L  60432  26 

L  *737  V> 
L 44927  36 
L 34049  21 
L 24271  21 
L 19199  40 

L  06678  46 
0.96792  73 
0,91466  69 
0,64669  46 
0, 78399  46 

0,72904  29 
0, 67080  91 
0, 62096  06 
0,97401  99 
0,93092  40 

0,49410  32 
0,38831  96 
0,39200  79 
0,26383  23 
0, 24262  79 

0, 20739  21 
0,17726  98 
0,19191  09 
0, 12949  90 
0,11067  62 

0, 09499  10 
0, 06064  29 
»06909  29 
,  09904  97 
69 


L  97079  63 
L'93091  63 
L 49262  30 
L 49647  67 
L 42164  01 

L 36669  99 
L 39746  74  . 
L 32766  96 
L 29939  16 
L  27247  81 

L 24699  24 
1,22283  62 
L 19999  99  • 
1.17830  0? 
L 19760  77 

'  L 13642  69 
L 12010  92 
L 10279  31 
L  06644  09 
L  07100  10 

L 09642  79 
L  04267  61 
L 02970  43 
L  01747  14 
n, 00993  63 

0,99906  76  i 
0,96462  36. 
0,97917  21' 
0, 96608  09 
0,99791  90 

0,94949  69 
0,93136  66 
0,91971  93 
0,90232  74 
0,69064  07 

0.66099  10 
0,67294  91 
0,66931  67 
0,89912  29 
0.69362  00 

0.64928  11 
0,64939  69 
0,84207  37 
0,63923  09 
0,63679  93 

0.63294  16 
0,83012  09 
0.62609  92 
0,62695  25 
0,62945  16 

0,82464  72 
0,82409  96 
0,82363  03 
0,62331  67 
0,82308  77 

0,62292  04 
0, 62279  82 
0,82270  69 
0,82264  37 
0,62299  61 


08  V  0,82256  13 
13  \0,( 


,62253  99 


-L  57079 .63« 
-L  98009  81 
-L  96909  67 
-L  99772  92 
•L 60600  99 

•  -L  61364  66 
-L  62120  66 
-L  62804  93 
-L 63434  46 
-L 64006  89 

-L  64920  18 
-L  64973  00 
-L«)64  26 
-L  69693  36 
-L  69999  66 

-L  66163  62 
-L  66309  98 
-L  66384  99 
-L  66403  31 
-L  66361  13 

-L  66299  42 
-L  66099  26 
-L  69661  69 
-L  69606  44 
-L  69260  40 

^L  64699  13 

-L  64466  06 

-L  63962  76 

-L  63490  69 

-1,62671  26 

-L  622)16  17 
-L  60493  31 
-L  96487  67 
-1,96291  97 
-L  93607  04 

-L  91179  03 
-1,46374  94 
-L^422  91 
-1,J|334  69 
-1^126  17 

-L  39610  23 
•L  32398  93 
-L  26903  09 
-L  29332  31 
-L  21699  41 

-L 14293  26 
-1. 06629,  03 
-0,96663'  87 
-0,90990  09 
-0,8303^  62 

-Q,790li  98 
-0,66941;  39 
-0,98633  87 
-0,90697  92 
-0»  42^40  92 

-9,34366  39 
-0,26179  91 
-0,17984  06 
-0,09781  10 
-0,01972  79 

40,06639  64 
♦0,14B99  08 


0.00000  00 

r(-8)r 


 .    0.62246  70 

m  m 


7-4)81 


.  «.  11742  43      4.4S087  59 

['t']     ['"I"]     ,  . 

Fi3?wi'»l:ff2-  4«*,ff:rO.  /»^|-0,  .<?*|»*<a, fj-r/?, f^/i- -#2, 

li5407  4677  is  the  fBftl  half-porikid  tn  the  LmmiBeatte  eaBe  1IK*H*) 
For  4' V  *  *  ^  obtAin  ti  ubb  Legondfe's  fetation  ti  • 

To  obtal(n  the  correBponding  vaImb  of  tabulated  quantities  #hen  the  real  half*period 
multiply  )h  by  ^\  h  by      ^  by  •i^*  and  «r  by 


WEXER8TRA88  ELUPTIC  AND  RELATED  FUNCnONS 


INVAMIAMTS  AND  VALDE8  AT  HALT-PeillOm   Table  18.5 


uoo 

1«  04 . 

UIO 
1.12 
1.14 

U16 
.1.18 

1.26  A 
1.2a 


^1.30 

i.yt 

1.34 
1.36 
1.  )6 

1.40 
1.42 
1.44 
1.46  . 
1.48 

1.50/ 

1.5f 

1.54 

1.56 

1.58 

n.60 

1.65 
1.70 
1.75 
U80 

1.85 
1.90 
1.95 
2.00 

.2.-0S 

2.10 
2.15 
2.20 
2.25 
2.30 

a.  4 

2.6 
2.7 
2.8 

2.9 
3.0 

^•1 
3.2 

\^ 

3.4 

3.5 
3.6 
3.7 
3.8 

3.9 
4.C 


.J 


\  (Non-Po8iUve  Dteriminant-Unit  R^al  HalM^od) 

1.18295  13  1.182951 

1.17091  79  1.219157 

U 15940  62  1.255842 

1-14941  45  1.292964 

1.13793  68  1.330480 


0.474949 
0.475654 
0.476433 
0.477275 
0.478169 


1.12796  39 
1.11848  38 
1.10948  26 
1.10O94  49 
1. 09285  44 

1.08519  40 
1. 07794  61 
1.07109  31 
1.06461  72 
1.05850  11 

1.05272  75 
1. 04727.  97 
J.  04214  12 
|l. 03729  63 
1.03272  96 

1.02042  64 
'  1. 02437  26 
1.  02055  48 
D1696  00 
01357  57 

1.01039  09r 
li 00739  28 
1.00457  23 
1.00191  88 
0.99942  27 

0.99707  51 
0.99179  98 
0.98727  79 
0.98340  36^ 
0.98008  56 

0.97724  49 
0.97481  36 
0.97273  30 
O; 97095  31 
0.96943  05 

0.96812  82 
0.96701  46 
Oi ' 96606  23^ 
0.96524  80 
0.96455  19 

0.96344  79 
0.96264  \y 
0.96205  16 
0.96162  12 
0.96130  65 

0.96107  67 
0.96090  89 
0.96078  62 
0.96069  67 
0.96063  12 

0.96058  34 
0.96054  66 
0.96052  31 
0.96050  44 
0. 96049  08< 

0. 96048  09 
0.96047  37 


0.96045  40 

r(-6)9j 


1. 368342 
1.406502 
1; 444910  . 
1.483513 
1. 522257 

1.561089 
•1.599952 
1.639790 
1.677548 
1.716167 

1. 754591 
1.792765 
1.930630 
1.969133  ' 
1.905219 

1.941932  ' 
1.977922 
.  2. 013437 
2. 049327 
2. 062544 

2. 116040 
2. 149m 
2.160693 
2.211766  .  f 
2.241950^^ 

2,271909 
2.340071 
2.402437 
2.457995 
2.506120 

2. 546966 
2.579972 
2.6Q5345 
2.622973 
2. 632902 

2.635245 
2. 630169 

-2r6l79<«  - 
2.596679 
2.572929 

2. 502604 
2.410244 
2.299090 
2.172666 
2.034544 

1.998235  ^ 
1. 737097 
1.564242 
1.432496 
1.264291  * 

1, 141740 
/  1.006520 
.  0.679924 
0.762869 
0.655914 

0,559298 
0.472982 

0.000000 

['-.'"] 


0.479107 
0.480078 
0.491074 
0.482065 
0.483104 

0.484122 
0.465132 
0.486126 
0.487098 
0.488041 

11.488949 
0.469617 
0.490639 
0.491410 
0.492126 

0.^492783 
0.493376 
0,493902 
0.494357 
0.494739 

0.495045 
0.495272 
0.495418 
0,495460 
0.495458 

0.495348 
0,494687 
0,493456 
0,491645 
0,499246 

0,496255 
0,482673  ' 
0,478503 
0,473748 
,0,469417 

0,462516 
0,456054 
0, 449041^ 
0,441488 
0,433405 

0.415693 
0, 395997 
0,374417 
0.351055 
0,326022 

0,299435 
0,271420 
0,242114 
0,211664 
0,180224 

^0, 147962 
0,115052 
0,081678 
0, 048028. 
40, 014297 

-0,  019318 
-0,052618 

0,000000 


0.474949 
0, 483826 
0,492792 
0,  501851 
0,511006 

0,520259 
0, 529611 
0, 539064 
0, 548616 
0,558268 

0, 568019 
0, 577866 
0, 587809 
0,597643 
0.607966 

0,616179 
0,628474 
0, 638850 
0,649302 
0,659828 

' 0, 670422 
0, 681082 
0, 69160^ 

o,wSKr 

0, 713414 

0, 724295 
0.735221 
0,  746189 
0, 757192 » 
0, 766229 

0,779295 
0,607059 
0,834917 
0,862612 
0, 690687 

0, 916490 
0.946170 
0, 973660 
1,000975 
1, 028011 

1, 0547^ 
1, 061151 
1,107179- 
1,132799 
1,157978 

1,206681 
1,253647 
1.296044 
1,339858 
1.378  ^ 


1,414929 
1,447612 
1,477367 
1,503441 
1,625899 

1, 544621 
1,559512 
1. 570495 
1, 577516 
1.960552 

1,579595 
1,574671 

0, 000000 
[(-4,5] 


For«-     .(l)»2^»/ir.  '(-j)-©,  .(»') -0.  ^  * 

{-•^  1.8B407  4677(8 tlw red  half-period  in  th« LemniaeatirW  18.14.) 
To  obtain  the  eoncspondlng  values  of  tabulated  quanptiea  when  the  real  half-period 
•qKl.  multiply  #  by  /    '  * 
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19.  Parabolic  Cylinder  Functions 

J.  C.  p.  Miller  •  • 
Content* 

Mathematical  Properties  686 

W.l.  The  Parabolic  Cylinder  Functions,  Introductory   686 


The  Equation  ^-  (ix»-|-a)l/«0 

19.2  to  19.6.  Poww  Series,  Standard  SoJ^itiona,  Wronskian  and  . 
Other  Belations,  Integral  Representations,  Becurr^nce  V 

Relations  <  .  .  .:  ^  • 

,'   19.7  to  19.11.  Asymptotic  E3q)an8iohs .  ...  .  .  ./ .  y*''^""^  - 

19.12  to  19.15.  CJonnections  With  Other  Functions  691 

th«Eqoatl(im^+(i«»-o)y=TO  . 

19.16  to  1)».I9.  Powey  Series;  Standaitl  Solutions,  Wronskain  and 

Other  Rebtions,  Ihtegrd  Representations  .  .  692  ^ 

19.20  to  19.24.  Asymptotic  Expansions   693  / 

19.25.  Connections  With  Other  Functi<^  .  686  / 

19.26.  Zeros   ...  *  •     v  • 

19.27.  Bessel  Functions  of  Order  ±J,  ±!  as  Parabolic  CyliiidOT 

Functions   • 

Numerical  Methods  •   '^'JJ 

19.28.  Use  and  Extension  of  the  Tables  .  -  -  \^  - 

References  .   700 

Table  19.1.  t/(a,  «)  and  V^a,  «)  .  .   .  ^  ^ 


±o=d(:i)i(.6)5r^^^  6S* 

Table  19.2.         ±«)      (0<«^6)   712  . 

±a=0(.l)Ul)6;«=0{.l)6,  4-6D9r8  ,  I,         '  •  > 

Table  19.3.  Auxiliary  Functions  .     720 

The  sttthor  ttdmowledgea-permlwlon  rrom  HvM.  Stftt4onefy  OfBcc?  to  draw  freely  ffpm 
(19.11)  the  material  In  the  Introduction,  ftnd  the  tabul'ar  values  of  W{a,  «)  for  a«-6(l)6, 
,  ±xt=,o(.l)5.  Other  taWce  of  W{a,  t)  and  the  tablefi  of  (/(«,  t)  And  V{n,  t)  wer6  prepared  on  r 
/EIMI  AC  2  at  the  Unlvewlty  Mathematical  Laboratory,  Cambridge,  England^  Ufing  a  program 
pri^ared  by  MIm  Joan  Waleh  for  solution  of  general  second  order  linear  homogeneous 
diffitntlal  .efjuatlons  with  quadratic  polynomial  coefficients.  The  auxaiary  tables  were 
prepared  at  the  Computation  Laboratory  of  the  National  Bureau  of  Standards. 
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>  The  irnlvewlty  Mathematical  LatJoratory,  Cambridge,  England.   (Prepared  under 
contract  with  the  National  Bureau  of  Standarda.)  Dcin  ^ 
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19.  Parabolic  Cylinder  Functions 

I  Mathematical  Properties 


The  ParalMMc  Cylltider  Funetiom 
Introductory 

These  are  eolutionfirof  the  aifferentiai  equation 

with  two  real  and  dia^ct standard  forme 


19.L2 


19.1.3  55+(J*»--a)v«0  <  ^ 

The  ftmctione 


19.1.4 


are  all  solutione  either  of  19.1.!^  or  of  19.1.3  if  any 
one  is  guoh  a  solution.  • 

Replacement  of  a  by  —ia  and  t  )i^y  ^re^^'^oonTerts 
19.1.2  into  19.1.3.  If  y{Q,  f )  is  a  solution  of  19.1.2* 
then  19.1.3  has  solutions:         /  ^ 

*  19.1.5  '  "       r\  "' 

 '-^jf{i^,^zi'j^^^^ 

Both  variable  t  and  the  parameter  a  may^take 
on  general,  complex  v^ues  in  this  section  and  in 
many  subsequent  sections.  Phtctical  appucationa 
appear  to  be  confined  to  real  solutions  of  real  equa* 
tions;  therefore  attention  is  confined  to  such  solu* 
tions,  and,  in  general,  formulas  are  g;ii^n  tm  the 

:  two  equations  19.1.2  and  19.1.3  independently. 
The  princip^computaUonal  consequence  of  the 
remarkj^abovW' is  that  reflection  in  the  {Huds 
pro^uceeWi  i^ependent  solution  in  ahnost  all 

^  cases  (Hemm  functions  proviile  an  exception)! 
so  that  tables  may  be  confined  either  to  positive 
f  or  to  a  single  iwlution  of  19.1.2  or  19.^.8. 

The  Equation  ^-.^^+a^  y»o 

V  19.2.  Pofwer  Series  In  z 

Even  and  ddd  solutions  of  19.1.2  MT.  gtVMi  by. 

ERIC  * 


:i+(a+i)^+(a+i)(a+|) 


l»+(a+f)fj+(a+|)(a+|) 


19.2.1 

19.2.2  X. 

+(a-|)      (a~i)(a-»)  ^ . .} 

19.2.3 
19.2.4 

these  series  being  oonveigent  lor  all  values  of 

,<aeejeh^tflE-13  for  M(fl,  e,  g)).  . —  ^ 

Altemali<Sely,  / 
19.2.5  '  ^ 

+(at+na'+^)U+(«^+26tf a)^-H ... 

V 

19^.6 

in  w)iioh  non-sero  ooeffioients  a,  ol|  sf*ln\  are 
eoniieeted  by 


19J.7 
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19.3.  Standard  SoluUoiis 

These  have  been  bhosen  to  have  Utf  asymptotic 
behayior  exhibited  in  19UI.  The  first  is  Whit< 
taker's,  function  (19.8, 19.9]  in  ateore  syminetrioal 
notation.  ^  ^ 

i;(a,«)«D-.-i(«)=co8w(i+fi)y, 

^infl'(i+ia)ya 

194.2  ' 

V(a,»)==7^^  {rflnir(i+ia)  r, 

+c08ir(Hia).r,} 

in  which  ^      -  : 

ia««  V     1  rik-^)^,^j-  eec»(i-hio)  . 

M«A  V     1  r(!-|a) :  ;=  C8cy(i-Ha) 
19A4  l'..'T«;^-^i;:^y»«Vi2iRr(^^ 

19il5  '  ' 


Vi 


i/(«,0)'-2*-+tr(i+ia) 


19A6 

tr/  ^.^^*siny(t--ia) 
^^••^>  ^'(i-k) 

  r(Pia) 


In  terms  of  the  more  familiar  of  Whit- 
taker, 

19A7  t;(a,  ' 


V(o, «)  -i  r(i+a)  {sin  «i.Z>...»(»)  } 

19.4.  Wronskiaa  and  Other  Belatioiis 

"9.4.1  W{U,V)'='il2li 
1^4.2 

^"(0,  i) «  r(|+o)  {sin  »ai;(a,  »)+I/(a,  -») } 
19.4 

^  -Mn»a.V(o,«)) 

EMC 


19.4.4 

r(i-»i)co^»(i+ia) 


:;^jS=|  »i=2  8iihr(t+ia)i'i 

=£7(a,«)'+t/(a,-») 

19.4.S  , 
19.4.6 

r(H»)  {r'-'f-WCa,  ±«)+«'"«-»'t7(a,  5F«)) 
19.4.7 

19.S.  Integral  Representations 


A  full  treatment  is  ^ven  in  [19.11]  section  4. 
..epresentations  are  given  here  for  C/(a,  s)  only; 
othersinay  bederivci^  by  use  of  the  relations  given  in 
19.4.T. 

19A1  C/(a;2)=?^^^<i-»-J^e"-»'V-»*  | 


19.S.2 


rdr-q) 


where  a  and  ^  are  the  contours  shown  in  figures 
19.1  and  19.2. 

When  a+i  is  a  ptositive  integer  these  integrals 
become  indeterminate;  in  this  case 

19.5.8  f^(<».«)-r(pj:^ 


S  HANt 


0^  


t  KAMI 


Fioru  19.1 


FloiTM  19.2 
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19.8.4  t;(a,a)«-ir.«»"f 

V2iri  Jt 
V2iri  J«« 


19.5.5 


19.8.6 


where  t,  f»  and  <«  are  shown  in  Figures  19.3  and 
19.4.  • 

S  PLANK 


I 

0./ 


lOURB  19.3 

-|t<wt«<)t 


19.8.7 


/ 
/ 


.  / 


/ 


i9.s.aL^ 


.19.5.9 

t;(a, 

19.5.10 

The  contour,  fi  is  such  that  (Ja'+P)  goes  from 
to  while  V— iz"  is  not  encircled; 

(J 2*— »)"♦""•'  has  ita  principal  value  except  pos- 
sibly in  the  immediate  neighborhood  of  the 
branch-pbint  when  encirclement  is  being  avoided, 
likewise  is  such  that  (J?*— 1>)  goes  from 
to  »«"*•  while  uicirdement  of  t>=  — Ja*  is  simi- 
larly avoided.  The  comours  (fi)  and  (m)  may  be 
obtained  from  ^  and  m  by  use  of  the 'substitution 

Tha  expressions  19.5.7  and  lff.5.8  become  inde-  - 
terminate  whiMi  o=|,  i,      •  •  • !  values 

19.5.11,  " 

Again  19.5.9  and  19.5.10  become  indeterminate 
when  a=i, \,\^ . .  .\  for  these  values 

19.5.12 


°  /  BanM»»>T^pe  Integrals 

where  the  contour  Bfiparates  the  serosof  Via)  from  those  of  r(a+|— 2«).  Similarly 


(|arg  a|<i») 


(|arg  a|<Jir) 


19.6.  Recumnce  Relations 

19.6.1  U'  (a,  x)+iaJia,x) + {a+,  i)17(a+ 1 , «) =0 

19.6.2  U' (a,  x) - kxUia, ») +C/(a~  1 , «) =0 
19.6.9  7U'(a,x)+Uia-l,  »)-f(<H-W(a-l-l,  «)'=0 
19.6.4  jrf7(o,»)-C/(:a-l, »)+(a+*)t7(o+l, «)«0 

These  are  also  satisfied  by  r(|— a)V(a,  x). 
19.6.8  V'(a, «)  -  ixV(a,  af) -  (a-  *)  V(«~  1 , «) =0 


19.6.7 

2V'(a,«)-r(o+l,«)-(o-i)F(a-l,«)=0 
19.6.8 

jf  V(a, «)  -  V(a+ 1 , «) + (a- i)        1 , «)  »0 
These  are  also  satisfied  by  U{a,x)/r{^—n) 

19.6.9  y;(<», «) -f i«i/i(a, J)y»(« +1 , «) 

19.6.10  y[{a,  x) - J«yi(a,  x) = (a- 1 , «) 


19.6.11  yJ(a,3f)  +  iafl/»(a,Jc)=i/i(o+l,*) 

19.6.12  »5(o,x)-ijry8(o,/)^I/i(a"l,x)  . 

Asjrmptotic  Expansions 
19.7.  Expressionii  in  Terkns  of  Airy  Functions 

♦ 

♦ 

When .  a  is  large  and  .  negative,  write,  for 
0<jf<sp 

x»2VR{  <=\4|a|)Jr 

19.7.1 

r=-(»*,)» 

19.7.2  '  - 

jj^'^'jrrirfg'^^l^zri-^  arccosh  I    (|>  1) 

Then  for  i>0,  a-»— • 
19.7.3 

19.7.4 

r         Via,    -2-*-»<T  (i-ia) 

Table  19.3  gives  r  as  a  function  of  |l  ^ 
See  [19.6]  for  further  developments. 

19.8.  Expansions  for  x  Large  and  a  IVAiderate 

Whenx»|o| 

19.8.1 
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(a-fi)(«-ff)(a4-t)(o-ft) 
'       "   2-4X*       '  ■ 


19.8.2 


(a-i)(q-f) 


.  (q-|)(a~|)(^-|)(a-.t) 


2-4«* 


_...} 
....} 


These  expansions  form  the  hasifi  for  the  choice  of 
standard  solutions  in  19e3e  The  former  is  valid 
^for  complex     with  |arg  x|<}r^  in  the  complete 

ERIC  '  .  ' 


sense  of  Watson  [I9.fl]t  although  vali^  for  a  wider 
range  of  |argar|  in  Poincar^'s  senses;  the  second 
series  is  <^mpletely  valid  onlyjor  x  real  and  pod- 

19e9«  Expansiona  for  a  Large  With  x  Moderate 

l(i)  k  positive 
When  a»a:',  with  p=^V5,  then 

19.9.1    Uia,x) ^2^nr(l-\-^) 

where  >  . 

19.9.3  »„tj,~:F  (2p)»  - 

;    ,  2(ix)«  ,  (W-»ax)^  ■  .  .  . 


The  upper  sign  gives  the  first  function,  and  the 
lower  sign  the  second  function.  <- 

(ii)  a  negative 

When  —a»^,  with  j)=V^,  then 

19.9.4  

u(a,x)-\-ir  ih~a)'Via,x) 


gMHt«'r(H|o) 
•  2»«+»Vir 


e*"  exp  (»r+Wt) 


where 
19.9.5 


 2f^     (2p)«    +       (2p)»  ^ 

Further  expansions  of  a  similar  type  will  b«|  ' 
found  in  119.11).  /  ' 

■  • 

■  19.10.  Darwin*8  Expansions 

(i)  a  positive,  jc»4-4a  large.  Write  ^ 
19.10.1  ;f=V**4-4a 

tf=4a<?,(«/2y5)=«iJJ  Xdx^\xX+a  In  ^ 

=1  V?T4«+o  arcsinh  ^ 
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19.10.11 


19.10.2  [na,x)' 


vr(Ha) 


exp  { -ff  f  t»(o,  x) ) 


19.10.3  U{a,  -«)»4^T="x  exp,{ff+»(o,  -«)} 
where 

19.10.4  . 

*"    .  (a>0,«»+4«7>+«) 

,*nd  fiu  is  given  by  19.10.13. 

(ii)  a  negative,  jt*+4o  large  and  positive.  Write 


19.10.5 


tf=4|<itt>s(*/2Vra|)=4jj^^^  -Vrf«-i«Jr+a  In 

=i*V«'-4|aH-o  arccosh  ^^-^^ 
(see  Table  19.3  for  i^h,  then 


'  19.10.6  mn.t)^^^lyjf  6xp  {-e+via,x)} 


19.10.7 


(2ir)'"Vr(Fo) 


^  exp  {ff+»(a,  -«)} 


where  again 


19.10.8 

!>(«,  X)  i  In  (-l)'da./^ 

(o<0,  af»+4a-»+  •) 

and  du  is  given  by  19.10.13. 

,  (ill)  rt  large  and  negative  and  x  moderate.  Write 

19.10.9  .  r=V4|a|-«« 

tf=4|aR(«/2Vl«t)    •  • 


2VI0I 


(see  Table  19.3  for  d*^!*'— then 

19.10.10  _^  . 

cos  ^t1r^-41r«+^+l».} 

er|c 


V(a,»)  = 


wher6 


•  2 


•(2ir)»Vt(i-a) 


19.10.12.   i  In  •  •  / 

In  each  case  the  coefficients  </„  arc  given  by 
19.10.13  .       ■  I 


See  119.111  for  and  (19.5)  for  an 

jdteimtivelorihV^      '  ' 

19.11.  Mpdulus  and  Phase  - 

When  a     negative  and  \x\<:2yl\a^_  tj^e  func- 
"tlbns  U  and  V  are  osclHfJtoiy  and  it  is  sometimes 
convenient  to  write  / 

19.11.1  •  U{a,  xHiTih  faWia,  x)^F{a,  ' 

19.11.2  L;'(o,»)^-tr(H»)^'(«.«)='-G'(«.*)«'*'*'* 

Then,  when'o<0  and  |a|»«», 
19.11.3 

.  where     0»  are  given  by  19.9.5  and  |»=V— 
Alternatively,  with  p= Vl<»[i  and  ag«n  -«»*\. 

19.11.4 


'^^2P^\*  +  (4p)»+(4j»)« 
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19.1 1.S 


\  '19.U.6 


19.11.7 


*  "  (4p)« 

} 


(4p)» 


Again,  when  /»+4«  is  large  and  negative,  with 
19.HJ»   

where  *,  p,  and  Ui-  are  given  by  19.10.9  and 
19.10.12. 
Another  form  is 

19.11.9 


(««-H4a-»-<>o) 

-19.11.10    .  : — 

^  (2i)»      V    4y*  ^r*  32P    •  • 

(af»+4a-»— •> 

while  ^  and  X  are  connected  by 
19.11.11 

,   ^      1     «        47  .214a.  14483.  \ 

Connections  With  Other  Functions  / 

•■  / 

19.12...  Connection  With  Confluent  Hypergei^ 
metric  Funfttiens  (see  chapter  13)  y 

19.12.1  '  ^ 


er|c 


19.12.2    U{a,  X)  =2'-»'i^        .i(  J**) 


19.12.3 


19.12.4 

C7(a, »)  =2-»-»?«-»'*mia-f  i,  i 

Expressions'  for  t^(o,  x)^may  be  obtained  from' 
these  by  use  of  19.4;2.  . 

19.13.  Connection  With  Hermite  Poiyhomisis' 
»and  Functions 

When  n  is  a  non-negative  integer 
19.13.1 

•r/(-n-i»)=e-»''He.(x)=^2-,«-«-«''fr.(x/i^) 
19.13.2 

in  which  Hnix)  and  Hen{x)  are  Hermite  poly- 
nomiab  (see  chapter  22)  while 


19.13.3  H€:(x)-«-»''^^«»'*=(-i)"H^ 

19.18.4  H:(«)=»«-^^«'*=(-»)"H,4) 

This  gives  oile  elementary  solution  to  19.1.2  when-- 
ever  2a  is  lAi  odd  integer,  positive  or  Negative. 

9.14.  Connection  With  ProlmblUty  Integrals  . 
and  Dawson's  Integral  (see  ^apter  7) 

If,  as  in  [19.10] 

19.14.1  Hh.^{x)^e-^ 

1^.14.2 

HA,(«)=£"m.-i(0</<=(l/nOj/«-»)'^«-*'*'^* 

(»^0) 

then 

19.14.8        C/(n-fix)=««'**HA,(x)  («^-l) 
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692. 
Currtidpoadrngly 

W.14.4  T(i,x)=V2Are»*'  . 

and 
19.14.5 


\ 


Here .  V(— J,  x)  is  closely  related  to'  Dawson's 
integral 


/rtiPiie  relations  give  a.  second  solution  of  19.1.9 
whenever  2a  is  an  odd  integer,  and  a  second  solu- 
tion is  unobtainable  from  Uift,  x)  by  reflection  in 
the  i/'axis.  , 

19.  fS;  Explicit  Formula  in  Terms  of  Bessel 
Funclionti  When  2a  Is  an  Integer 
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I  • 

19.15.14'     V(-l,«)=(ix)»(y*+^4)  r 
19.15.15  V(-2,x)=f(Jx)«(2j^+3j^-yi) 
19.15.16 

V{-3,  x)=|  ■,|(Jx)«(5j^i+M-6y,- J^j)  • 

19.15.17  U{-h,x)--yl2k{\x)K^ 

19.15.18  t/(-f,x)f=V2MJx)»2iC| 

19.15.19  C;(-f ,  x)^^!2ht(\xn^k-K0  ' 

19.15.20  m*)=(i*)(/*+/-*)  • 

19.15.21  ^  K(f. x)=(Jx)«(2/»'+2/-4>. 
19.15^  V(f>x)=(ix)»(6/|+5/-*rA--f-l) 


2*T(Jn+l)/ ^  -  ^ 


Write !  * 

19.1S.1 

49.45^ 


/_,-/,-(2/«r)8in»«r./f. 


whure  the  argument  of  all  modiiied  Bessel  func- 
tions is  \£.   Then  . 

19.15..1  r*(l,/7-2ir->(Jx)«(-A:|+/f|) 

19.15.4  (/(2,x)-2  iV-*(ix)«(2iiCi-3if|+if,) 

19.15.5 

19.15.6  V(l,x)  =  i(k)K>*^J?^) 

19.15.7  ■V(2,x)-i(|x)«(2,^,-3j^+J>i) 
19.15.11  V(3,x)-.i(Jx)K5y|-9y|+6y|-y^) 

19.15.9  r;(0,x)=ir-*(Jx)*/f| 

19.15.10  r^(-l.x)-»-»(ix)»(/C|+JiC|) 
19.t5.*il 

*      m-2,  /)-.jr-»(|x)«v2*fi-»-3if|~if4) 
19.15.12 

V{0,x)^M»M 


O", 15.1.1 
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The  Equation  ^+(| »»-«)  . 

i9.16.  Power  Series  in  x 

Even  and  odd  solutions  are  given  by  19.2.1  to 
19.2.4  with  — fb  written  for  o  and  xe*"  for  x; 
the  series  involves  complex  quantities  in  which  the 
imaginary  part  of  the  sum  vanishes  identically. 

Alternatively, 


19.16,1 


4! 


61 


19.16.2 


6! 

,9 


7! 


+(o«-17a»-|-V)  |+(o»-36a»-|-M^)  ^1+ : '  * 

in  which  non-zero  coefficients  a.  of  x"/nl  are 
connected  by 

19.16.3  an+»'='aan—inin—l)a».t 

19.17.  Standard  SoluUoiu  (see  [10.4]) 

* 

19.17.1  Wia,±x)'=^^^^^  iQtyx^^|2aa^  ' 


19.17.2 
where  « 

19.17,3  «,-|r(J+iia)|  <?.=|r(|+*ia)| 
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19.20.1 


\ 


19.17.4  W(o,0)=^ 

49.m  


""21  Vs! 


r(i+|ia)  *_  A  . 

r(J+Jia)  vyjQi 

*  Compln  SoluUoiw 

19.17.6  E{a,  X)  =*-»  W(a,  *)+»i*W'(o,  -*) 

19.17.7  E*{<iiz)='k-iWia, «) -tj5:»H^(a,  -«) 
where  • 


JLn  terms  of  tr(a,  a)  of  19.3,  ^ 

19.17.9  £(a,«)=;5«»--^*«'*»**»I/(ta, 
with 

19.17.10  ^=arg  r(Hi<»> 

M^here  the  branch  is  defined  by  ^=0  when  d=0 
•  and  by  continuity  elsewhere. 
Also  r  :•.  . 

19.17.11 

V2^^C/(io,  «e- »'') =r(i-ia)  { <»--»"C/(-ta,««»«') 

+«-»-+»«.C7(-rv»,-««M.)} 

19.18.  Wronskian  and  Qther  Rdations 
.  19.18.1       W  { Wia,  X),  Wiat-x) }  =  1 
19.18.3      W  { Eia,  x),  E*(a,  ae) }  =  -2t 

19.18.3  -^'T+e^'Eia, ai)=«-£'(o, x)  +<£;»(o,~«) 

19.18.4  £;•(«,  at) =«-*'V»"E(-a,M5) 
19.18.S 

^fifftd)E*ia,  «)=e-»"Vr(H»a)^(-«» »«) 

19.19.  integral  RepresenUtloiu 

These  are  covered  for  19.U  as  well  as  for 
19.1.2  in  19.5  (general  complex  argument). 

Agymptotic  Expaniions 
19.20.  ExpreMions  in  TMms  of  Airy  /uneUons 

^  When  a  is  large  and  pdsitive,  write,  for  0!S«<  • 

uc 


'  f«-(ld,)»  •  ' 

Jj'Vl^  ds-i  arccoM=ib/ELJi^^^) 


19.20.2 

r=-|-(**a)« 


*»«^JV^<to"i{VP^-i  arccosh  (     (|^  1) 

Then  for  «>0, 0-*+ • 
A?.20.S 


< 

19.20.4 


T^Ca,  -«)-2V?(4a)-»«»-(^)*Ai(-t) 

Table  19.3  gives  r  as  a  function  of  |.  See 
[19.6]  for  further  developments. 


19.21.  Expansiona  for  x  Large  and  a  Moderate 

When«»|a|,    ^   

19.21.1^ 

19.2l;2 

W(a, «)«  V?jfcAe{«i(«. «)  c«»  ^n 

-«j(o,  *)  sin  (iaf'-aln  «+iit+i*i)} 

19.21.3 

^(a -x)=aV2?fce{«i(a,«)  sin  (Jat*-alii«+Jr+i**) 
+«,(a, «)  cos  (J«*-aln  a!+h-+i0»)) 

where  ^  is  defined  by  19.17.10'  and 

'  19.21.4      «(a,  «)»«i(a, «:    i«4(«. «) 

19.21.8 


19.21.6 


■  .  ttl  t>4 

x)  n2?""2l2*?"^aW'"4i2^" 


with 


(«-»4-oo) 


» 'i 
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19.21.7  ti,+w,-r(r+|+Wfi+ta) 
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or 


19.22.  Espanslont  for  a  Large  With  x  Moderate 

__Ji)  .A  positive 
■  -  When<r»x*,  withp<^Vai  then 
19.^.1    ^'(o,  x)'^W(a,  0)  exp  (-jw+»i) 

19.22.2  W{a,-x)=W{a,0)expipx-\-v,) 
where'ii'ia,  0)  is  given  by  19.17.4,  and 

19.22.3  ^ 

r  ;,     .i(>/)'i(K.i»+f(t»)'  . 

(a-^+«) 

The  upper  sign  gives  the  first  function,  and  the 
low^r  sign  the  second  function. 

(ii)  a  negative 
VWn  -a»jt*,  with  p=V^i  then 

19.22.4 

Wia,x)+iWia,-x)  . 

=V5H^(a,  0)  exp  {»r+t(fa+ J« +i'<y 

where  W{a,  0)  is  given  by  19.17.4,  and 

19.22.5 

«  9(t»)'+V  (*»)' I 

"'^-(^y+W  (2P)*       ^ '  '  ' 

•''^  2p"        (2rt^+       (2p)»  •  •  • 

(a->—  ») 

Further  expansions  of  a  similar  type  will  be  found 
in  (19.3). 

19.23.  Darwin*s  Expansions 

(i)  a  positive,  4a»0 

Write 


19.23.1 

=i«^-aln2^ 


Xdx 
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(see  Table  19.3  for  «) ,  then 

19.23.2  ir(a,  «)«VSf«*'  COS  (iv+*+t»,) 

<» 

19.23.3  W(a, -a) = Bin 
where 

19.23.4  i^r^-i  In  ^-^+^-  . ..  . 
-   dttik    dx^  , 

and  (ifsf  is  given  by  19.23.12. 

(ii)  a  positive^  4a— «*»0 

Write 
19.23.5 

7=V4a^  tf=»4atf«(«/2Va) 

J**  * 
F<fe=»i»r+a  Mcsin  —7= 
0  2Va 

(see  Table  19.3  %  ^4"iirr-i9i),  then 

19.23.6  W(a,  ») =exp  { ~* 4-i»(a, «) } 

19.23.7  W^(a,  -«)  =exp  {tf +i>(a,  -») } 
where 

19.23.8 

v{a,») — Jin  rH.^+^+^+... 

(a5»--4a->— •) 

and  du  is  again  given  by  19.23.12. 

(iii)  a  negative,  »*—4«»0 

Write 
19.23.9 


'ixX-a  In 


2Vi«i 


-iW«*+4|a|-a  atwinh  ^ 
(see  TaUe  19.3  for  t^i)  then 

19.28.10  H^(a, ») = V^Te''  coe  (Jw+*+»0 

19.23.11  Wia,  -») = V2?J«*'  8»n  (J»+«+ »«) 

where  9,  wid  ««  are  again  given  by  19.28*4*  In 
each  ea|w  the  eoeffidents  dt,  are  given  by 


19.23.12 
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Vsreo'^  320"  ^320°  ^^^12   / 


See  119.11]  for  d»,  .  .  du,  »nd  119.6)  for  an  al 
ternative  form. 


19^  Modulus  and  Phase 


When  0  is  positive,  the  function  W(a,  x)  is 
oflcUlatory  when  »<-2v'a  and  when  «>2>'a; 
when  a  is  negative,  the  function  is  oscillatory  for 
aU  2.  In  such  cases  it  is  sometimes  convenient 
to  write 

19.24.1 

*-W(a,  x)+ik*W{a,'-x)=E(a,  x)^Fe^'  (x>0) 
19.24.2 

(*>0) 

Then,  when  3C*»|a|, 


19.24.9 

19.24.10  ^  ^  

19.24.11 

Again,  when  a<0,  a5»-4a»0,  with  X=Va^-+4|o|, 
then 

19.24.12     ^''^>'2<!''  X=}ir4-fl4-t>i. 
where  tf,  «>,  and    are  given  by  19.23.4  and  19.23.9. 
Another  form  also  when  a>0,  a^— 4a-*a»  is 


19.24.3 


„     I2/,  ,  a  ,  10o»-3i30<»»-47o  .  \ 


4(»*-3  .  4o«-19o 


19.24.4 

x-^ix*— .oln  af+4^i4-i»4"^^-H — 
19.24.5 

„  Ft/,  a  6o»-5  14o*-fi3rt  \ 
0-^2  V^"i^"^         4?  -7 

19.24.6 

,     .     .  ,      .   .  4<»«+5  .  4aH29a  , 

where  ^  is  defined  by  19.17.10. 

When«<0,  |«|>>«* 
19.24.7  F^-^Wia,  0)(e»' 

where  p,  is  given  by  19.22.S  with  j>=V^.  Also 


19.24.13 


621  ,  1371a 


-...) 


er|c 


19.24.14 

^  &  .  7a    835    1729a.  \ 

.  ^  '  '■4]r*''"X*"'32X*'"  4X>"'  ^  '  •  7  . 

while  f  and  X  are  connected  by 

19,24.15 

1      *  /,    47    214a  .14483 ,  \ 
^-x  2'''^j^V^*'^^   ^    ' '  7 

19.25.  Connections  With  Other  FuncUons 

ConnecUon  With  Confpent  Hypergeometric  and  B«»el 
Functions 

19.25.1 

where 
19.25.2 

,  mm,  n,  x)  =«- "iFi{m+ 1  -in;  2m4-2;  2m!) 
19.25.3         =e-**A/(m+l-»n,2m4-2, 2ta!) 

19.25.4 

IV(0,  ±jr)==2-<V»»{^-t(J*^±»^»(i*')l  ^^^^^ 
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19.2S.5  y 

Zeros,  of  Bolutions  Uia,x),  Via^x)  of  19.1.2  occur 
only  for  |2|<2V^  when  a  is  negative.  A  single 
exceptional  zero  is  possible,  for  any  a,  in  the  gen* 
era!  solution;  neither  Uia.x)  nor  V{a,x)  has  such 
a  zerp  for  a5>0. 

Approximations  may  be  obtained  by  reverting 
the  series  for  ^  (or  X  for  zeros  of  derivatives)  in 
19* lit  giving  \^  (or  X)  values  that  are  multiples  of 
odd  multiples  for  U{a^x),  even  multiples  for 
V(o,ar).  Writing 

«-(*r-ia-^i)# 

as  an  approximation  to  a  zero  of  the  function,  or 
/8«(ir-j«-hi)r 

as  an  approximation  to  a  zero  of  the  derivative, 
we  obtain  for  the  corresponding  zero  e  or  e^  with 
— a the  expressions 

19.26.1   ^  
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19.26«2  c 


t  >  52/3^+280^-2854 


+ 


p     48 ji*  ^  7680p^ 

These  expansions^,  hiwever,  are  of  litViC  valine 
in  the  neighborhood  of  the  turiiing  point  x^2/^. 
Here  first  approximations  may  be  oibtained  by 
use  of  the  formulas  of  19.7.  If  an  (nw^tiye)  is  a 
zero  of  Ai(t)f  the  corresponding  zero  ^f  C/(a,  x) 
is  obtained  approximately  by  solving 


19.26.3 

d,=i{arcco8  i-jVirf?}^ 


(a«0) 


This  may  be  done  by  inverse  use  of  Table  19.3. 
For  a  2ero  of  V{a^x)f  a»  must  be  replaced  by  6», 
a  2arot  of  Bi(0.   For  further  developments  see 

•  Ze^m  of  solutions  Wia,x),  W{a,—x)  of  19.1.3 
occur  for  {^|>2VB  when  a  is  positive;  the  general 
solution  may,  however,  have  a  single  zero  between 
— 2v<i  and  +2y/a.  If  a  is  negative,  zeros  are 
unrestiicted  in  range. 

Approximations  may  be  obtained  by  reverting 
the  series  for  ^  (or  X)  in  19.24.  With  -a^p", 
^^(Jr-J)ir,  P=»(ir+i)#,  r^O  being  an  odd 
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integer  for  W{a,  9)  or  its  derivM^a,  or  an  even 
integer  for  T^(a,— «)  or  its  derivative,  the  zeros 
±c,  ±c'  have  expansions  ' 


19.26.4 


2a'-3a  .  62«»»-240o»+316«' 


19^26.3 


2^+3/9 


48p' 


768()p"  ^ 
52i8»+280i9'-285i9 


7680p» 


When  X  is  large  and  0  moderate,  we  may  solve  ■ 
inversely '  the  seri^  19.24.4  or  19.24.6  witi^ 
a=i  (rr— ^ir— i9=i  (nr+iir— ^),  r  odd  or  even 
'as  above;  the  presence  of  the  logarithm  makes  it] 
inconvenient  to  revert  formally.     .  *  v 

_  » 

The  expansions  19.26,4  and  19.26.5  fail  when  x 
is  in  the  neighborhood  of  When  a  is 

positive,  a  zero  e  of  Wia^^-x)  is  obtained  appro^« 
mately  by  solving 

19.26.6 


»»a=i{lVl'-l-arccosh  |}> 

c=2Va{  (o>>0) 

s 

with  the  aid  of  Table  19.3.  For  a  zero  of  W(a,  x) 
we  replacA  a,  by  6«.   When  a  is  negative  we  solvie, 

again  with  the  aid  of  Table  19.3,  / 

f 

19.26.7 


t 


Xn-i)ir 


(~a»0) 


*>i=i{{V«'+l-rarc8inh 

where«n— 1,  2,  .  .  .  for  an  approximate  zero 
of  W{a,  -«),  and  n=J,  |,  f ,  .  .  .  for  an  approxi- 
piate  zero  of  M^(a,  x).  Further  developments  are 
given  in  [19.6]. 

Any  of  the  apprpximations  to  zeros  obtained 
above  may  readily  be  impi'oved  as  follow9^ 

Let  e  be  a  zero  of  y,  atid  e'  a  ^ero  of  y\  where  y 
is  a  solution  of  ^ 

19.26JJ'  y"~/y'==0 

Here  /=<i±i*»,         J«,  the  method  is 

general  and  the  following  formulae  may  be  used 
whenever  /'"=0.  Then  if  7,  7'  are  approxima- 
tions to  the  zeros  e,  e'  an4 

19.26.9  i»=y(7)/y'(7)  v=v'{Y)fPy(Y) 


with  Iml(y)  or  /• 


1/(70  respectivel^hen 
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19.26.10 
19.26.11 
19.26.12 

19.26.13 

y(«')-»(y){l-4/'!*»-*/'/V 


The  process  can  be  repeated,  if  necessary,  using 
as  many  terms  at  any  stage  as  seems  convenient, 
^ote  the  relations,  holding  at  seros. 


19.26.14 
19.2^.15 
19.26.16 
19.26.17 


C7'(o,c)=-V27^/^(a,<») 

r'(a,c')=V57?/t^(«,e') 
H"(a,«)=-l/H^(a,-c) 


W(a,e')^U 

19.27.  Beesel.  Functions  of  Order  ±  i,  ±  i  as 
Parabolic  Cylinder  Functions 

Most  applications  Of  these  functions  refer 'to 
cases  where  pavabolic  cylinder  functions  would  bo 
more  appropriate.   We  have 


2^ 


19.27.1  j^iit^^:^  mo -t)TW(fi,x)} . 

19.27.2  J*i(iap*)=^{VtO,x)±ir(0,-x)}  ^ 

Functions  of  other  orders  |nay  be  obtained  by 
use  of  the  recurrence  relation  10.1.22,  which  here 
beoodtes 

19.27.3  -2i.Xa*»)  =0 

♦ 

Agun 

19.27.4  /-i(ix^+/i(i««)=4v(0,x) 


19.27.5 


^K»(ix»)"/-i(i*')-/»(i«*)=:;^f/(0,«) . 


19.27.7 

V2 


IT 


C 


As  before,  Bessel  f u4ctions^  of  other  orders  may  be 
obtained  by  use  of  the  reaWrence  relation  10.2.23, 
which  here  becomes  / 

19.27.8  VA+i(i*')+2''A(i«^-i«*^'-«(i»^  ==5 


19.27.9  '  i««K,+,(ijf^)<-2viiC,aa!«)-Ja5«K,-,(J«^=0 
^  Numerical^ethoitds  ^  ^* 

> 

19.28.  Um  and  E&tension  of  (he  Tables 


,  For  Via,  x),  Via,  x)  and  W(a,  x),  interpolation 
x-wiee  may  be  carried  out  to  6-figure^  accuracy 
almost  everywhere  by  ^wing  6«point  *or  6-point 
Lagrangian  iijterpolation.  For  |a|^l,  compa- 
rable accuracy  o-wise  may  be  obtained  with  6-  or 
6*point  interpoktion.  / 

For  |a|>l,  Uia.  x)  and  V(ce,  x)  mayAe  obtained 
by  use  of  recurrence  relations  from /two  values, 
,    possibly  obtained  by  interpolation^with  |a|^l; 
such  a  procedure  ie  not  available  ior  Wia^^  i:x), 
\a\>l.        ^  '  [ 

In  cases  where  straightforward  lAie  of  the  a*wise 
recurrence  relation  results  in  loss /of  accuracy  by 
cancellation  of  leading  digitSi  it/  may  be  worth 
while  to  remark  that  greater  Mturacy  is  usually 
Q  ttainable  by  use  of  the  recucmee  relation  in  the 
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reverse  dihsction,  from  arbitrary  starting  values 
(often  1  and  0)  foy  two  values  of  a  somewhat 
beyond  the  last  value  desired.  This  is  because  the 
recurrence  relation  is  a  second  order  homogeneous 
linear  difference  equation,  and-  has  two  inde- 
pendent solutions.  Loss  of  accuracy  by  canceUa- 
tjpn  occura  when  the  solution  desired  is  diminishtngl 
sAJi,  varies,  while  the  comjpanion  solution  is  inj 
creasing.  By  reversing  the  direction  of  progr" 
in  a,  the  roles  of  the  two  solutions  are  int 
changed,  and  the  contribution  of  the  desired  sok 
tion  now  increases,  while  the  unwanted  solutic 
diminishes  to  the  point  of  negligibility.  By  8ta,r 
ing  sufficientiy  beyond  the  last  value  of  a  for  whij 
the  function  is  desired,  we  can  ensure  that  Jhe 
unwanted  solution  is  negligible  but,  because  the 
starting  values  were  arbitrary,  we  have  an 
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known  muUtple  of  the  solution  desired.  The  com-^ 
putation  is  .then  cairied  back  until  a  value  of  a 
with  |a|<l  is  reached,  whan  the  precise  multiple 
that  we  have  of  the  desired  solution  may  be  deter- 
mined and  hence  removed  throughout.  Compare 
also  '9.12,  £iam|il«  1. 

.  Euunple  1.  Evaluate  U(a,  B)  for  a=5,  6,  7, 
.  .  .,  using  19.6.4.^  


4> 

ft 
A 
7 

9 
0 
10 

11 

13 
14 
16 
16 
17 
18 
19 


Forward 
Reeurrenee 


-6) 
(-7) 
(~7) 
(-8) 
(-») 
(-10) 


ft.  2847* 
9.  172* 

1.  ftft27 

2.  ft«09 
4.  188ft 
6.2220 

(-10) +  1.2678 
(*-ll)-0.  1221 


*-ll)-0. 
-11) +  1.2854 
- 12) r ft.  6079 
-i2  +3.''2«ft« 


Backward 
RMurrenee 


(12)  1.  ft9036 
(ri)  2.76028 
(0)  4.  67131 
■  7.72041 
1. 24786 
1.97488 
3.06369 
4.66362 
697082 
102444 
14789 
2111 
292 
42 
6 
1+ 
-  0+ 


(9) 
(9) 
(8) 
(7) 
(6) 
0) 


.3 


Final  Values 


-8) 
-9) 


(- 


(- 


•6)  6. 
•7)  9. 
~  1. 
2. 
4. 

10)  6. 

10)  1. 

11)  1. 

12)  2. 

13)  3. 

14)  4. 

15)  7. 

16)  9. 


2847** 

1724 

65227 

6655 

1466 

5626 

01806 

6497 

3164 

404^ 

91 

01  • 

7 


^Frotn  tables. 
♦•This  value  was  used 
d  ^(-^6)6.2847 


^StartinK  values. 

to  obtain  the  constant  multiplier 

for.  eonyerting  the  pre- 


vibUB  cotumn  into  thig  one. 


The  second  column  shows  forward  recurrence 
starting  with  values  at  a^3,4  from  Table  19.1. 
Backward  recurrence  starts  with  values  0  and  I 
at  a»19  and  18^  containing  a  multiple  kU(a^  5) 
and  a  subsequently  negligible  multiple  of  the  other 
solution  r(|— a)V(a,6).  Rounding  errors  con- 
vert kU(a,  z)  into  k^U(a,  z)  mthwt  (effecting  the 
values  in  tke  but  column.  Th^^^ue  of  is 
identified  from  the  known  value  of  C/(3,6),  and 
used  to  obtain  the  final  column  by  multiplying 
throughout  b^  The  improvement  in  t/(6, 6) 
is  evident  by  comparison  wiUi  TaUo  19*1. 

DeriMtim.  These  are  not  iu^biilated  here. 
Since  the  functions  t/(a,t)t  V(a,x)  and  W(a,x) 
satisfy  differential  equation^  values  of  derivatives 
are  often  required. 

For  all  these  functions  the  equation  is  second 
order  with  first  derivative  absenti  so  that  second 
dermtives  may  be  readily  obtained  from  function 
Values  by  use  of  the  differential  equation. 

Fir^  derwUim  can  be  obtained  for  U(a^z)  and 
V(o,^)  by  appljdng  the  appropriate  recurrence 


\relations  19.6.1-2.  If  less  accuracy  is  needed  they 
can  be  found  by  i^e  of  mean  central  differences  of 
r7(a,a),  V(a,z)  and  also'of  If (a,«)^with  theformula 

using  h^A\  this  usually  giv^  a  3*  or  4-figur6 
^value  of  dujdTt,  — 

If  greater  accuracy  is  needed  for  dW{a^  x)/df  it 
may  be  obtained  by  evaluating  d^W/d^  with  the 
help  of  the  differential  equation  satisfied  by  W 
and  integrating  this  second  derivative  numerically. 
.  This  requires  one  ac^purate  value  of  dW/dz"  to 
start  oflf  the  integration;  we  describe  two  methods 
for  obtaining  this,  both  making  use  of  the  differ- 
ence between  t^o^fairiy  widely  separated  values 
of  for  example,  separated  by  6  or  10  tabular 
intervak* 

(i)  Write  J,,      y/  for  Wia,  Zo^rh)  and  its 
first  two  derivatives,  then  /o  may  be  found  from 

(ii)  Consider  a  solution  y  of  the  differential^ 
equation  for  W(f^^  «),  namely  iaj*+a)y.  * 
If  we  are  given  values  y  and  at  a  particular 
z^Zo  and  write  r„=:ffV*>/nlJ  T.i^T-j^O,  then 
we  may  compute  7a»  T^t  Tii  *  *  «  in  succession  by 
use  of  the  recurrence  relation  obtained  from  the 
differential  equation, 

■> 

These  are  computed,  to  a  fixed  number  of  deeimala 
until  they  become  negligible,  thtis  giving 

This  may  be  aR^lied,  with  HarA,  h  being  the 
tabular  interval,  ttnd  r  b  small  int%er,^y  ra5, 
to  the  solutions  y—y\,  y^ya  having 


Vi(ao)«0 


yi'(««)»iy*'(a,«,) 
yi(^)^i 
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in  which  W*'(a,Xi,)  is  an  approximation  to 
W*ia,  2o)i  not  necessarily  a  good  one;  it  may  be 
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obtained  from  differences,  for  emmiple.  We  thus 
obtain  yi(so±H)  and  Uii'9±H)' 
NowmippOM 

then,  for  aDs 

ir(o,af)=y,(»)+Xyi(*) 

and  in  particular 

Wia,  a.±fl)»»i(«»±fl)+Xlh(a»±fi) 

The  values  of  W(o,  4ij±H)  may  be  read  from  the 
tattles  and  two  independent  estimates  of  X  ob- 
tained, whence 

to  a  suitable  acouraoy.  < 


Eumple  2.  Evaluateir'(-3,  1)  using  r«5. 
From  Table  19.2  t. 

H^(~3,  .5)  =  -.05867      H^(-3,  l)k^-.61113 

.W(-3,l3)« -.69602 

(i)  Using  the  first  method   


a4 

0.6 
0.6 

0.7 

0.  < 
a9 

1.0 

1. 1 

1.  a 

1.3 
1.4 
1.6 
1.6 


ir(-3.«) 


07298 
-.05867 

18832 
-.31228 
-.42646 

-.62722 

-.61113 

-.'67622 

-. 71706 
-.73488 
-.72761 
-.69502 
-.  63774 


-a  22186 
17937 
.68191 
.97608 
1. 34761 

1.68842 

1. 98617 

2.22991 

2.40932 
2.61513 
2.63936 
2.  47601 
2. 32137 


34081 
29775 
24374 
17941 


4-131 


>9129 


a* 


-1096 
-1002 


The  fifth  decimal  in  W^"(-3,  as)  is  only  a  guard 
figure  which  is  hwr^j  needed.,  Only  Uie  differ- 
ences needed  have  been  computed. 

Then 

Aiy'(-3,1) 
-  A(-  .69502+.06867)  -  (10.38874) 


1000  \ 
100  \24  ^ 


A  (2.29664)-^ 


11 


} 


[.54149)-jii5  (-.02127) 

-.0636460-  .0103887-.0001918-.0002272 
«r -.0744627 


Thus  lV'(-3, 1)« -.74463.  This  might  have  an 
error  up  to  about  1  \  unite  in  the  last  figure  but  is, 
in  faot,  cMtect  to  .6  decimals, 
(ii)  Using  the  second  method,  with^ 

y,(l)»iy(-3, 1)«~.61113     to  6  decimals 
y;(l)a-.74&     to  about  3  dedmals 

the  following  values  result,  witb  Ha.5, 

tf,  ir(--8,«)-»i+X|te 
.0000    At  sal.6 
+^000  8-.696223-I-.4323X 
« -.69602 
.0000    XB.000203/.4323  . 
677  »>.000470 
26  I  So  iy'(-3. 1) 



s  ^.744630 
+    24  Ata!«.6 
+     2  -.068363-.4371X 
a -.06867 
X».000207/.4371 
».000474. 
+.4323    So  lV'(-3, 1) 
^.4371      =.-.746  -l-X 
s -.744626 


To 

Tt 
T, 


Vt 

-  .61113  • 

-  .37280 

+  .24827  2 
+    6680  9 

-  '1407  4 


279  3 
13  4 


77+        6  4 

y(1.6) -.696223 
y(.6)  -.068363 


Thus  W'i-B,  1)= -.74463  which  is  correct  to 
6  decimals. 

ff;w4i>»»piy  3.  Evaluate  the  positive  zero  of 
t/(-3,«). 

We  use  19.7.3  to  obtain  a  first  approximation, 
see  19.26.3.  The  appropriate  zero  of  Ai(<)  is  at 


whence. 


<=:(4|o|)It«-2.338  . 
r«  -  (2.338)X(12)-i«-.4461 


Hence,  from  Table  19.8,  |e.3990  and  the  approxi- 
mate zero  is  «=>2Via||=>  1.382. 

We  improve  this  by  using  19.26.10,  but  take,  for 
convenience,  «s>1.4  as  an  approximation,  so  thai 
the  value  of  17  can  be  reacl  dbreotiy  from  the  taUes. 
(/'  can  be  obtuned  as  ^  i^e  section  fdUowing 

Eiamplel. 

Wei  find 


^(-3,  1.4) =.02627 
Then  19.26,9  gives 
ttt=t//l/'=. 012730 
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r;'(-3, 1.4)«.2.0637 


/=-2.61 


,.7  /"«.6 
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<j^l.4-.012730+ 
wbich  18  correct  to  5  decitualft 


PAlOUWiiC  CTUNDBR  rUNCaiONS 


.0a00p2pni,38727  I 
uttlft,  while  19.26^11  gives  f] 


/(c)  »2.Q637(1 + .000203)  »2.0041 
compared  with  the  correct  value  2*06416. 
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Table  14.1 


PARABOUC  CTLINDER  FUNCTIONS 


0.0 
0.1 
0.2 

0.4 

0.5 
0.6 
0.7 
0.8 

0.  <» 

1.0 

1.1 

1.  ? 

1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
'  2.6 
2.7 
2.8 
2.9 

3.0 
1.1 
3.2 
3.3 
,3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 

.4.2 
4.3 

4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


[  0) 

3^522 

0 

3.6S47 

0 

4.0753 

0 

4.2934 

'  0 

4.2988 

(  0) 

4.0918 

0 

3.6836 

0 

3.0953 

0 

2.3566 

0 

1.5042 

(  0] 

♦0.5799 

^0.3719 

0 

.1.3064 

-2.1806 

'  o! 

> -2.9554 

(  ^] 

-3.5976 

0 

-4.0808 

0 

1-4.3868 

0 

1-4.5059 

oj 

-4.4368 

(  0] 

1-4.1866 

r  0 

> -3.7694 

0 

1-3.2057 

r  0 

I-2.S208 

0 

1-1.7434 

(  0] 

1-0.9039 

'  0 

t-0.0332 

0 

♦0.8387 

0 

1  1.6842 

0 

1  2.4789 

(  0 

)  3.2021. 

0 

1  3.8377 

0 

1  4.3739 

0 

1  4.8038 

!  0 

\  5.1246 

(  0 

)  5.3376 

\  5.4473 

I  5.4614 

1  0 

1  5.3895 

(  0 

1  5.2427 

(  0 

)  5.0332 

r  0 

)  4.7733 

1  0 

4.4753 

r  0 

44508 

1  0 

\  3.8106 

(  0 

)  3.4641 

0 

1  3.1197 

r  0 

1  2.7843 

r  0 

)  2.4632 

'  0 

1  2.1608 

(  0)  1.8800 

r(-4.5,/)         4.0,')     f/(-3.6,/)     U(-S.O,r)     ir(-2.b,t)     Ui-2,0,z)  U(-rU,t) 


3.0000 
2.932a 

2^4132 
1.9846 

1.4678 
8.8615 
42.6550 
-3.6676 
-9.8321 


1.5204 
1.1869 
8.060, 

♦3.93 

-0.3 

-4.6224 
-8.7118 
-1.2462 
-1.5731 
-1.8397 


0.0000 
-2.9825 
-5.8611 
-8.5358 
-1.0915 


1.2917 
.4477 
1.8544 
1.6088 
1.6097 


0 

-1.5576  1 

0) 

-2.0368  1 

0) 

-1.5576 

0 

-2.0661  1 

0) 

-2.1578  i 

0 

-1.4550 

0 

-2.4882  1 

0) 

-2.1992  1 

0 

^1.3061 

0 

-2.8077  1 

0) 

-2.1608  I 

0 

-1.1162 

!  0 

-3.0131 

m 

-2.0454  1 

-1 

-8.9198 » 

0 

-3.0982  1 

0) 

-1.8583  1 

-i; 

-6.4101 

0 

-3.0617*  1 

0 

-1.6076  1 

-3.7121 

0 

-2.9073  1 

o' 

-1.3029 

Ii 

-0.9080 

o' 

-2*6435  1 

-9.5564  . 

••1 

♦1.9218 

!  o! 

-2.2824 

-1 

-5.7791  1 

-i! 

1  4.7004 

0 

-1.8394  1 

-1 

-1.8226  1 

-1) 

7.3576 

o' 

-1.3321  *  1 

-1 

♦2.1890  1 

-i 

9.8317 

-1 

-7.7961  1 

-l' 

.  6.1381  1 

o' 

1.2071 

-1 

-2.0142  1 

-1* 

9.9170 '  1 

0 

1.4035 

-ll 

♦3.8325  1 

o! 

1.3432  1 

0 

1  1.5694 

-1 

9.5635  < 

0 

f  1.6604 

0 

1  1.7031 

0 

1  1,5015  1 

0 

1.9373 

0 

1.8039 

'  0 

1  2.0048  1 

0 

2.1696  1 

o' 

1.8721 

0 

1  2.4545  1 

0 

2.3548 

0* 

\  1.9089 

\  0 

1  2.8422 

o! 

)  2.4921  '1 

!  0 

1  1.9164 

(  0 

)  3.1620  { 

[  0] 

)  2.5823  1 

1  0] 

)  1.8972 

r  0 

1  3.4108 

0 

2.6273 

0 

1  1.854^ 

r  0 

1  3.588> 

0 

\  2.6304 

0, 

1.7910 

.  0 

\  3.6963 

0 

\  2.5957- 

0 

\  1.7109 

<  0 

1  3.7388 

!  0 

Z«79 

0 

1  1.6175 

(  0 

1  3.7212 

\  0 

)  2»4320 

(  0 

1  1.5142 

r  0 

1  3.6501 

\  2.3134 

0 

1  1^4043 

1  '  0 

3.5331 

(2.1771 

0 

1  1.2906 

r  0 

3.3781 

1  2.0282 

0 

1  1.1760 

(  0 

1  3.1929 

i  0 

1  1.8)14 

0 

1  1.0626 

(  0 

)  2.9854 

(  0 

)  1.7108 

(-^ 

1  9.5241 

r  0 

1  2.7630 

0 

1.5502 

-1 

1  8.4694 

1  0 

1  2.5323 

0 

1.3927 

-1 

1  7.4740 

r  0 

1  2.^992 

0 

1  1.2408 

-1 

\  6.5463 

(  0 

1  2.0689 

0 

1  1.0967 

-1 

\  5.6918 

)  1.8455 

)  9.6165 

)  4.9134 

\  1.6324 

-1 

1  8.3683 

-1 

4.2117 

r  0 

1  1.4322 

-1 

\  7.2277 

-1 

1  3.5852 

1  0 

1  1.2466 

-1 

\  6.1969 

-1 

1  3.0311 

(  0 

\  1.0766 

-1 

\  5.:  »50 

-1 

1  2.5455 

(-1)  9.2276 

(-1)  4.4586 

(-1)  2.1235 

-0.8721 
-1.0103 
-1.1183 
-1.1930 
-1.2322 

•.1.2)51 
-1.2018  . 
-1.1)36 
-1.0329 
-9.0285 

-7.4764 
-5.7190 
-3.8076  ' 
-1.7956 
<M).2627 

2.3147,  , 

4.3106 

6.2053 

7.9592 

9.5394 

1.0920 
1.2083 
I  1.3017 
I  l.)719 
I  1.4191 

1.4443 
1.4487 
1.4341 
1.4027 
1.3S67 

1.2985 
1.2306 
.^•1553 
"1.0749 
9.9150 

9.0701 
'f.2306 
<7.4107 
6.6219 
5.8733 

5.1716 
4.5215 
3.9256 
3.'3849 
2.8991 

2.4665 
2.0848 
1.7507 
1.4608 
1.2112 


-1) 

-1 
-1 
-1 
-1 
-1 

-l' 
-1 
-2 

-2! 
-2 


-1.0000 
-9.8753 
-9.5045 
-8.8975 
-8.0706  > 

-7.0456 
-5.8492 
-4.5120 
-3.0677 
-1.5517 


1.5$18 
3.0698 
4.5223 
5.8812 

7.1223 
8.2258 
9.1766 
9.9648 
1.0685 

1.1036 
1.1323 
1.1451 
1.1431 
1.1278 

1.1005* 
1.0628 
1.0166 
;».6347 
9.0S14 

8.4319 
7.7913 
7.1430 
6.4987 
5.8688 

5.2617 
4.6840 
4.1408 
3.6358 
3.1709 


-6.0814 
-5.1516 
-4.1190 
-3.0046 
-1.8308 


2.7473 
2.)«49 
2.0226 
1.7190 
1.4517 

1.2185 
1.0164 
8;4272 
6.9451 
5.6894 


0.0000 
-1)0.9975 
-1)1.9801 . 
-1)2.9333 
-1)3.8432 


4.6971 
^.4836 
6.1929 
6.8172 
7.3502 


5.1S67 

6.1146 

6.9691 

7.7099, 

e.3285\ 

8.8221 
94890 
9.4313 
9.S532 
9.5616 

9.4652 
9.2742 
9.0001 
8.6549 
8.2510 

7.8009 
7.3167 
6.809(r 
6.2905 
5.7667 

5.2S27 
4,7497 
4.2658 
3.8056 
3,3729 

2.9700 
2.S987 
2.259S 
1.9525 
1.^768 

1.4313 
1.2144 
1.0242 
8.5874 
7.1578 

V9314 
4J9867 
4.0029 
3.2603 
2.6403 


7.7880 
8.1281 
8.3721  \ 
8.5203 
8.5768 


(A) 

8,5467 

-1 

8.4367 

-1 

8.2541 

1-1 

8.-0074 

7.7055 

(-1! 

7.3576 

1-1 

6.9728 

1-1 

6.5603 

I'-i 

6.1288 

15.6863 

{< 

15.2403 

'  -1 

4.7975 

'  -1 

4.3638 

3.4440 

3.5424 

13.1620 

1-1' 

2.80S2 

'  -1 

2.4738 

*  -1' 

2.1684 

il-i! 

1.8896 

(-1 

f  1.6370 

1.4099 

'  -1 

1.2073 

1.0280 

'!-2 

8.7028 

<-2 

) 7.3263 

1-2 

6.1328 

'  -2 

5.1052 

1-2 

4.2261 

!-2 

3.4791 

(-2 

12.8484 

1-2 

2.3192 

!-2 

11.8780 

r-2 

1.5125 

1-2 

1.2116 

(-2)  9.9802   (-2)  4.63)1    (-2)  2.1262  (-3)9.6523 


For  interpolation,  see  19.28. 
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Table  19il 


t 

F(-5.0,») 

0.1  ( 

•^.5  Dtp 

0.2  < 

9' 
-« 

9  Y9QQ 

0.5 

— T 
•« 

0.4  1 

•2! 

♦0.9074 

0.6 

9' 
•2 

0.7  1 

9.0iT4 

0.8  1 

9' 

0.7Qf  9 

0.9  \ 

-2 

7.8188 

1  0  i 

9' 

0  97JL7 

1.1 

1.2 

9' 

1.3  1 

f  19 

lli4  ( 

-2 

6^2954 

1.6 

J.491^ 

1.7  I 

'  A./Dtv 

1.8  1 

•2, 

'•H/.OJllO 

1.9 

-2 

1-1.7477 

9* 
•2, 

1  A<BC^ 

2.1 

*•« 

••  2.2  ( 

'  9 

2.3  ( 

9 

•2, 

1  •7.#o20 

2.4  ( 

l-a.3067 

9' 

'  «»B.o9M 

2.6 

9 

•2 

1*9.1039 

2.7 

'  9 
-2 

1  '•T.04TO 

2.8 

-2 

1  -8.7090 

2.9 

-2 

i-a.1043 

3-0  . 

1  •7.2691 

3.1 

-2 

1    £.  99^A 

1  •0.2264 

3.2 

9 

,  -2 

1  -9.0260 

3.3 

9 
•2 

^B  YA'Bn 

1  -3.7030 

3.4 

-2 

-2.29S4 

3-5 

-2 

1-0.8391 

1  ^s 

-2 

♦0.6339 

1    3.7  ■ 

-2 

1  2.0962 

3.8 

-2 

1  3.5299 

3.9 

-2 

1  4.9072 

4.0  ^ 

(-2 

)  6.2301 

4.1 

•2 

1  7.4913 

-2 

\  8.6933 

4.3 

-2 

9.8444 

4.4 

-1 

1.0959 

4.5  ' 

(-1 

)  1.2056 

4.6 

'  -1 

1  1.3161 

.  4.7 

1-1 

1  1.4305 

4.8 

1-1 

1.S52S 

4.9 

i!-i 

1  1.6863 

5.0  • 

(-1)  1.8370 

K(-4.6,*)     K(-4.0,')     ^(-8.6, 4  ''HA*) 


-2; 

-2^ 

-2! 

-1: 
-1 
-1 

•ol 

-1 

-1; 

-2 
-2 
-2 
-2 

■-2] 
-2 
-2 
-2 

-2! 

-1; 
-1 
-1 
-1 

■-1! 

-1| 
-1 
-1 
-2 
-2 

-2: 
-2 
-2 
-2 

-2! 

-2; 
-2 
-2 
-1 
-1 

-1] 
-1 
-1 

-1 

-1! 

-1; 
-1 

-1 
-1 
-1 


.  0.0000 
2.6397 
5.1612 
7.4519 
9.4102 

1.0950 
1.2007 
1.2936 
1.2S18 
1.1958 
■  1 

1.0887 
9.3549 
7.4311 
5.2005 
2.7584 

♦0.2057 
-2.3553 
-4.8261 
-7.1155 
-9.1435 

-1.0844 
-1.2166 
-1.3076 
-1.3558 
-1.3610 

-1.3246 
-1.2495 
-1.1392 
-9.9858 
-8.3257 

-6.4699 
1-4.4605 
1-2.3612 
1-0.2157 
1^1.9344 

4.0539 
6.1158 
I  8.1014 
I  1.0000 
I  1.1811 

1.3540 
1.5202 
1.6819 
1.8422 
2.0048 

2.1743 
2.3561 
2.5967 
2.7834 
3.0454 


1.3071 
1.9417 
1.7149 
-r.«199 
1.8927 

1,8129 
1.7011 
.1.9234 
1.2869 
1.0010 

6.7728 
♦3.2819 
-0.3303 
-3.9309 
-7.3916 

-1.0994 
-1.3434 
-1,5824 
-1.7697 
-1.9008 

-1.9731 

-1.9864 

-1.9423, 

-1.8442 

-1.6967 

-1.5059 
-1.2784 
-1.0214 
-7.4214 
-4.4770 

-1.4470 
♦1.6090 
4.6402 
I  7.6054 
I  1.0474 

1.3228 
1.5859 
1.8370 
2.0775 
2.3101 

2.5382 
2.7664 
3.0002 
3.2465 
3.9131 

3.8093 
4.1462 
4.5368 
4.9967 
5.5449 


2.6596 
2.6132 
2.4757 
-23520 
1.9503 

1.5812 
1.1S80 
6.9534 
♦2.0926 
-2.8383 

-7.6762 
-1.2266 
-1.6465 
-2.0148 
-2.3214 

-2.5583 
-2.7203 
-2.8047 
-2.8113 
-2.7426 


-2.6027 
-2.3979 
1) -2.1357 
-1.8247 
-1.4739 


-1.0927 
-6.9034 
-2.7540 
♦1.4424 
5.6176 

9.7155 
1.3693 
1.7522 
2.1187 
2.4688 

2.8040 
3.1270 
3.4421 
3.7545 
4.0712 


1}  4.4004 


4.7517 
5.1365 
5.5683 
6.0629 

6.6389 
7.3192 
8.1309 
9.1078 
1.0291 


-2! 
•2 
-1 
-1 

-1! 

-1 

-1 
-1 

:i) 

-1) 
-1 

-1 

-1 

-1; 

-1: 
-1 
-1 
-2 

-2! 

-2; 
-2 
-I 

-1 

-1; 

-1) 
-1 
-1; 
-1 
-1 

-1: 
-1 
-1 

-1 

-l| 

-1; 
-1 

-1 
-1 

0] 

0: 
0 
0 
0 
0 


2.6240 
2.1296 
1.5714 
9.6646 
♦3.3275 

-3.1080 
-9.4527 
-1.9523 
-2.1149 
-2.6176 

-3.0472 
-?.3933 
-3.6481 
•3.8069 
-3.8677 

-3.8317 
-3.7025 
•3.4861 
-34904 
-2.8250 

-2.4003 
-1.9277 
-1.4184 
-8.8371 
-3.3411 

♦2.2080 
7.7266 
1.3145 
1.8411 
2.3486 

2.8352 
3.3007 
3.7466 
4.1761 
4.5942 

5.0074 
5.4239 
9.8939 
6.3080 
6.8012 

7.3492 
7.9710 
8.6890 
93300 
1.0926 

1.1717 
1.3190 
1.4889 
1.6998 
1.9982 


r(-2-6,x) 

0.0000  1 

-1 

-4,5748  1 

-1) 

-1 

-0.7946  1 

-1' 

-5.1829  1 

-1' 

-1 

-1.5693  1 

-1 

-5.6877  i 

IJ 

-1 

-2.3051  1 

-1 

-6.0796  1 

-1! 

-2.9840  1 

-i 

-6.3515  i 

If 

-1 

-3.5896  1 

-1 

^6^.4991  1 

-IV' 

-4.1079  1 

-6.5210 

-1 

-4.5275  1 

-6,4186  1 

—A  1 

-4.a397  1 

-i' 

-6.1959  i 

—A  1 

1-1 

-5.0388 

-I 

-S.8594  1 

1/ 

-1 

-5*1225  1 

-1 

-5.4177  < 

-5.0912  1 

^1 

-4.8813  1 

-ll 

-4.9482  i 

-1 

-4.2621  1 

—X  1 

-1 

-4.6995 

-1 

•3.5731  ( 

-1  1 

-1! 

-4.3533 

-1! 

-2.8^78  1 

-1 

-3.9197  1 

-1 

-2.0397  i 

-1) 

-1 

-3.4103  1 

-1 

-1.2222 

-1) 

-1 

-2.8375  I 

-r 

-0.3880  1 

—11 

-1 

-2.2142  i 

-1' 

♦0.4512  ^  1 

—11 

1-1 

-1.S535  1 

-1! 

1«2852  1 

1/ 

-1 

-0«8679  1 

-1 

2.1053  1 

ri) 

-I 

-0.1692  1 

-1 

2.9044  1 

-ll 

-I 

♦0.5320 

-1 

,  3,6777  1 

-11 

1.2264  '  1 

-1 

1  4,4221  1 

— 1 1 

1  1.9066 

-1 

5.1367  1 

1  1 

\  —A 

«i 

1  5.8227  i 

-1 

)  6.4834 

'  8) 

* 

-1 

(  7,1242 

'  n  i 

1-1' 

1  4  19fl2 

1  ^.^7%P— 

-1 

1  7.7525 

il-l 

1  4.9594 

-1 

1  8i3779 

t  -1 

-1 

\  9.0120 

(  8) 

r  -1 

1  6.0291 

-1 

I.  9.6689 

Ol 

1-1 
— 

1  6.5514 

0 

1  1.0365 

u 

1  -1 

I  7,0778 

'  0 

1  1.1119 

0, 

i!-i 

\  7.6202 

I  0 

1  1.1954 

1  "A 

1  8.1924 

0 

1.2696 

(  8) 

I'-l 

1  1.8110 

0 

li3975 

\  8 

1-1 

1  9.4951 

0 

1  1.5228 

fl 

r  0 

1  1,0267 

'  0 

1  1.6699 

fl 

!  0 

1  1.1153 

0 

1  1.8439 

fl 

(  0 

)  1.2186 

(  8 

) '2.0513 

0 

r  0 

1  1.3401 

0 

1  2.2999 

;  0 

1  0 

1  1.4846 

.0 

2.5993 

!  8! 

0 

1.6575 

0 

2.9616 

8 

<!  0 

1.8657 

;  0 

3.4019 

!  8! 

(  0 

)  2.1178 

(  8 

1  3.9393 

(  8: 

1  0 

2.4244 

0 

1  4.5978 

0 

1  0 

2.7989 

0 

1  S.4083 

!  ^ 

0 

3.2584 

1  6.4102 

1 

1  0 

1  3.8246 

Q 

7.6545 

1 

-7.9788 
-7.9191 " 
-7.7409 
-7.4476 
-7.0444 


-1.9206 
-0.9984 
-0.0648 


1.7953 
2.7043 
3.5902 
4.4484 
5.2761. 

6.0723 
6.8384 
7.5775 
8.2948 
8.9975 

9.6950 
1.0399 
1.1122 
1.1882 
1.2697 

1.3588 
1.4582 
1.5708 
1.7001 
1.8502 

2.0262 
2.2339 
2.4806 
2.775I 
3.1285 

3,9541 
4.0690 
4.6942 
5.4567 
6,3903 

7.9384 
8.9963 
1.0719 
1.2908 
1.9693 


(-1)  3.3933 


6.2047    (  0)  14734    (  0)  2.2797   (  0)  4.5294   (  0)  9.2067   (  1)  1.9107 
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Table  19.1 

V 

t  t/(-1.0,*) 


0.0 
0.1 

D.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.6 
1.7 
1.8' 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4. 


3.5 
3.6 
3.7 
.3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


y(-0.9,x)       t/(-0.8.i)    _t^-0.7,«)  ■    l/(-0.6,«)       p(-0.5,x)  l7(-0.4,at) 


-1)5.8137 
-1)6.3918 

-1)7.3523 
-1)7.7267 

-1)8.0270 
-1  8.2522 
-1)8.4023 
-1  8.4788 
-1)8.4842 

-1)8.4220 


-1 


-1 
-1 
-1 
-1 

-i; 
-1 
-1 
-1 

-i! 

-1 
-1 
-1 
-1 
-1 

-1 

-1 


8.2967 
8.1136 
7.8786 
7.5982 

7.2789 
6.9279 
6.5519 
6.1577 
5.7517 

5.3401 ' 

4.9285 

4.5219 

4.1247 

3.7407 


1)2 
•1 
-1 


1)1 


3.3732 
3.0246 
.6968 
2.3911 
^.1084 

1.8488 
1.6124 
1.3985 
1.2064 
.0351 


-2 


-,8.8335 
2)7.4981 
6.3306 
5.3165 
4.4411 


3.6903 
3.0502 
2.5079 
2.0512 
.6688 


-2 
-3 

-3 


1.3507 
1.0875 
8.7099 
6.9398 
3)5.5007 


-1 
-1 
-1 


6»«058 
7.2692 


-1)7.9973 
-1)8.2572 


1)8.4462 
8.5646 
8.6136 
8.5958 
8.5144 


8.3737 
8.1787 
7.9348 
7«6480 
7.3248 

6'.9716 
6.5948 
6.2008 
5.7958 
5.3855 

4.9754 
4.5701 
4.1741 
3.7910 
3.4238 

3.0751 
2.7467 
2.4399 
2.1556 
1.8942 


-1)1.6555* 


-1 
-1 

-1 


1.4391 
1.2443 
1.0701 


-2)9.1545 


-2' 
-2 
-2' 
-2 
(-2; 

-2 
-2 
■«-) 
-2 
-2 

-21 
-3 

-3 


7.7900 
6.5939 
5.5521 
4.6503 
3.8747 

3.2115 
2.6480 
2.1720 
1.7723 
1.4386 

1.1618 
993333 
7.4594 
5.9310 
4.6914 


-1)7.7241 
-1  8.0677 
^  8.3471 


8.5606 
8.7077 

8.7886 
8.8049 
8.7586 
8.6531 
8.4923 


1)8.2808 
8.0238 
7.7269 
7.3960 
7.0371 


-1 
-I 
-1 

-1 


6.6565 
6.2600 
5.8535 
5.4424 
5.0319 


-1)4.6264 
4.2301, 
13.8466 
13.4788 
13.1292 


-1 
-1 
-1 
-1 


2.7995 
2.4912 
2.2049 
1.9412 


-1)1.7000 


-1 
-1 

-1 


^9 


-2 

-2; 
-2 
-2 
-2 
-2 


1.4809 
1.2832 
1.1061 
1.4842 
8.0899 


6.8646 
5.7946 
4.8660 
4.0651 
3.3784 


2)2.7932 
2.2975 
1.8800 
1.5305 
1.2396 


-2 

-3 

-3; 

-3 
-3 
-3 


9.9881 
8.0067 
6.3856 
5.0667 
3.9996 


-1; 
-1 

=1 


-1 


8.5642 
8.7853 
8.9453 


9.0436 , 
9.0807 


-1 
-1 


9.0580 
8.9776 
1)8.8425 
8.6563 
8.4235 


-1 
-1 


8.1488 
7.8374 
7.4949 
7.1269 
6.7392 

6.3372 
5.9266 
5.5123 
5.0993 
4.6918 

4.2938 
3.9086 
3.5391 
3.1876 
2.8559 

2.5453 
2.2566 
1.9903 
1.7462 
1.5241 


1.3234 
1.1 43? 
9.8240 
8.3989 
2)7.1436 


6.0447 
5.0887 
4.2619 
3.5512 
2)^^9439 


-2 
-2 
-2 
*2 

y-2 


/( 


2.4280 
1.9923 
1.6265 
1.3211 
1.0676 


-3)8.5831 
-3;  6.8657 
-3 1 5.4641 
-3  4.3266 
-3)3.4085 


-1! 

-1: 
-1 
-1 
-1 
-1 


9.3233 
9.4211 
9.4626 


9.4483 
9.3796 

9.2584 
9,0874 
8.8702  / 
8.6107/ 
8.3133,, 


i-1 


0)1.0000 


9.9750 
9.9005 


9.7775 
9.6079 


1)9.3941 


.9779 

.6054 
3.2511 
2.9165 
2.6029 


2.3112 
2.0418 
1.7945 
1.5691 
1.3651 

1.1816 
1.0175 
8.7182 
7.4318 
6.3032 

5.3190 
4.4657 
3.7304 
3.1004 
2.5638 

2.1094 
1.7268 
1.4064 
1.1397 
9.1898 

7.3725 
5.8847 
4.6736 
3.6931 
2.9036 


9.1393 
8.8471 
8.5214 
8.1669 

7.7880 
7.3897 
6.9768 
6.5541 
6.1263 


$.6978 
5.2729 
4.8§54 
4.4486 
.0555 


4)3.6788 
13.3204 
12.9820 
12.6647 
12.3693 


-1 
-1 
-1 
-1 
-1 

-1 
-2 
-2 
-2 
-2 


2.0961 
1.8452 
1.6162 
1.4086 
1.2215 

1.0540 
9.0491 
7.7305 
6.5710 


4.6771 
3.9164 
3.2631 
2.7052. 
2)2.2315 


.8316 
1.4958 
1.2155 
9.8282V 
3)7.9071 


6.3297 
5.0418 
3.9958 
3.1511 
2.4726 


0)1.0594 
0)1.0448 
0)1.0261 


0)T;0035 
-1)9.7698 


9.4700 
9.1382 
8.7781 
8.3937 
7.9892 

7.5689 
7.1372 
6.6986 
6.2573 
5.8173 


1:1 

[-1 


.3826 
4.9566 
4.5424 
4.1429 
1)3.7603 


-1 
-1 
-1 
-1 
-1 

-1: 
-1 
-1 
-1 
-I 


3.3965 
3.0532 
2.7312 . 
2.4313 
2.1538 

1.8987 
1.6657 
1.4541 
1.2632 
1.0920 


9.3934 
8.0408 
6.8492 
2)5.8055 
4.8967 


-2 


2)4.1098 
3.4324 
2.8525 
2.3589 
1.9411 


-2! 
-2 
-2 

-3  _ 
-3  6 


1.5895 
1.2951 
1.0500 
8.4709 
1.8002 


5.4320 
4.3177 
3.4150 
2.6876 
2.1047 


5.0    (-3)4.3375     (-3)3.6919    (-3)3.1412     (-3)2.6716    (-3)2.2714     (-3)1.9305  (-3)1.6401 
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Table  19.1 


V(-1.0,x) 


V'(-0.9,x)  V(-0.8,x) 


0,0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.6 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
•1.8 
1,9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
'3,2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

,4.0 
4.1 
4.2 

M.,3 
4.4 

4,5 
4.6 
4.7 
4.8 
4.9 


-1 
-1 
-1 
.1 

-1) 

-1 
-1 
-1 

:1s 


-6.5600 
-5,8422 
-5.0662 
-4.2400 
-3.3725 

-2.4725 
-1.5494 
-0.6122 
♦0.3305 
1.2704 


-1)  2.2004 
-1  3.1139 
-1)  4.0057 
8721 
7105 


-ij  4.t 
-1)  5.: 


-1) 
-1 

-1 

-i; 

-i! 

o; 

0 

o' 

0 
0) 

0 
0 
0 
0 
0 

°l 

0 
0 
0 


0 
0 
0 
0) 

0) 

0 

0 


6.5198 
7.3008 
8.0557 
8.7883 
9.5044 

1.0211 
1.0918 
1.1.637 
1.2380 
1.3163 

1.4005 
1.4925 
1.5949 
1,7104 
1.8424 

1.9948 
2.1722 
2.3801 
2,6253 
2,9159 

3.2618 
•3.6752 
4.1712 
4.7686 
5.4910 

6.3680 
7>4368 
8.7448 
1.0352 
1.2337 


1.4797 
1.7862 
2.1698 
2.6520 
1^  3.2611 


-1 
-1 

rl 

-1.1 
-1 
-1 
-1 
-1 

-1) 
-1 
-1 
-1 

-i! 

-1 
-1 
-1 
-1 

0 

i 

0) 

•o; 

0 

o; 

0 
0 

0 
0 
0 
0 


0) 


-5,5730 
-4;7818 
=3.9477| 
-3.07851 
-2.1823 

-1.2674 
-0.3418 
4-0.5867 
1.5106 
2.4234 

3.3194 
4.1939 
5.0435 
5.8660 
6.6605 

7.4279 
8.1704 
8;8917 
9.5974 
1.0295 

1.0992 
1.1701 
1.2434 
1.3205 
1.4032 

1.4936 
1.5939 
1.7068 
1.8355 
1*9837 

2.1558 
2.3571 
2.5940 
2.8740 
3.2066 

3.6032 
4.0781 
4.6487 
5.3371 
6.1706 

7.1841 
8.4212 
9.9377 
1.1805 
1.4n3 

1.6981 

2.0559 

2.5044 

3.0694* 

3.7844 


-4.3852 

-3.5487 

-2,6m- 

-1.7980 

-0.8980 


-l)+0 


I 

-i; 
-1 
-1 

0 

o; 
o; 

0 

0' 

o' 

0 
0 

o| 

0 

0' 
0) 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

S! 

1 
1 
1 


1.0088. 
0.9156 
1.8159 
2.7040 
3.5749 


4.4245 
5.2498 
6.0492. 
6.8220 
7.5693 

8.2931 
8.9974 
9.6875 
1.0370 
1.1054 

1.1749 
1.2468 
1.3225 
1.4037 
1.4^22 

1.5902 
1.7005 
1.8259 
1.9700 
2.1371 

2.3321 
2.5609 
2.8310 
3.1511 
3.5319 

3.9868 
4.5323 
5.1887 
5.9818 
6.9437 

8.1149 
9.5470 
1.1305 
1.3474 
1.6160 

1.9502 
2.3680 
2.8928 
3.5549 
4.3944 


V(-0.7,x) 


-3.0307 
-2.1784 
-i..3m 
-0.4343 
•t.0.4451 

1.3217  ' 

2.1900 

3.0449' 

3.8823 

4.6988 

5.4920 
6.2606 
7.0044 
7.7246 
8.4234 

9.1046 
9.7734 
1.0437 
1.1102 
kl780 

1.2482 
1.3222 
1.4015 
1.4879 
1.5837 

1.6912 
1.8134 
1.9535 
2.1157 
2.3045 

2.5258 
2.7864 
3.0945 
3.4604 
3.8966 

4.4183 
>  5.0449 

5.8001 
I  6.7138 

7;8238 

I  9.1775 
1.0835 
1.2875 
1.5494 

i  1.8520 

2.2417 
2.7297 
3.3437 
4.1199 
5.1058 


V(-0.6,x)  ■■    V(-0.5,x)  ,  V(-0.4,x) 


-1 
-1 
-1 
-1 
-1 

-1 
-1 
-1 
-1 
-1 

-1) 
-1) 

-1 

-l) 
"1) 

-\ 
0 

0 

0 

0 

0) 

0,1 
0 

o; 
.  o; 

0 
0 
0 
0 

S! 

0 
0 
0) 

o; 

0 

o' 

0 


1 
1 

I) 

i; 

1) 
1 
1 
1 


-1.5522 
-0.7135 
+tr.l294 
0.9716 
1.8082 

2.6347 
3,4471 
4.2420 
5.0167 
5.7694 

6.4993 
7.2065 
7.8924 
8.5594 
^.2113 

9.8533 
1.0492 
1.1134 
1.1791 
1.2472 

1.3191 
1.3964 
1.4806 
1.5740 
1»6787 

1.7975 
1.9338 
2.0911 
2.2741 
2.4881 

2.7396 
3.0365 
3.3882 
3.8066 
4.3061 

4.9045 
5.6242 
6.4930 
7.5458 
8.8266 

1.0391 
1.2311 
1.4676 
1.7604 
2.1243 

2.5787 
3.1489 
3.8676 
4.7777 
5.9359 


0.0000 
-1)0.7972 
^n.5905 
2.3760 
3.1502 


-1 
-1 
-1 


3.9099 
4.6526 
5.3763 
6.0797. 
6.7626 

7.4254 
8.0697 
8.6982 
9.3147 
9.9^40 

1.0532 
1.1148 
1.1778 
1.2436 

1.3132 


1,3881 
1.4699 
1.5607 
-.1.6625 
0)1.7781 


1.9104 
2.0631 
2.2404 
2.4474 
2.6902 


0)2 


.9763 
3.3147 
3.7163 
4.1947 
4.7667 


0)8, 
0) 


5.4531 
6.2797 
7.2790 
.4920 
9.9703 


1)1 


.1779 
1,4002 
1.6747 
2.0149 
2.4386 

2.9687 
3.6350 
4.4765 
5.5441 
6.9051 


1)1.5701 
^  1' 1 2.3012 

-1 1 3.7334 
1)4.4296 


-1 
-1 
-1 
-1 
-1 

.rl 
-1 
-1 
-1 


0)1 


5.1099 
5,7729 
6.4182 
7,0457 
7.6563 

8.2519 
8.8353 
9,4101 
9.9812. 
.0555 


11.1138 
11.1739 
11.2369 
^1.3038 
11.3762 

11.4554 
11.5435 
11.6424' 
11.7546 
11.8830 


)  2.0311/ 
4.2029 
.4032 
2.6378 
12.9136 


0'i2 


^.2392 
3.6249 
4.0834 
4.6305 
5.2855 


6.07^6 
7.0220 
8.1716 
9^5693 
1)1.1276 


1.3367 
1.5942 
1.9127 
2.3082 
2.8017 

3.4202 
4.1991 
5.1846 
6.4372 
8.0370 


5.0     (  1)  4.034^    (  1)  4.6937     (  1)  5.4639     (  1)  6.3641     (  1)  7.4168     (  1)8.6484     (  2)1.0090 


0 
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PARABOUC  CYLINDER  TUNCTIONS 


t 


o; 

?! 

0 

-1 


1.1105 
1.0B43 
.0546 
1.0223 
9.8697 


.1)9.4906 
■1  9.0890 
-1)8.6684 
-1  8.2324 
-1  7.784^ 


-1 
-1 
-1 
-I 
-1 


7.3298 
6.8710 
6.4124 
5.9576 
5.5101 


-1)5 


.0730 
4.6492^ 
4.2412* 
3.8510 
3.4805 

3.1309 
2.8032 
2.4980 
2.2155 
1.9556 

1.7179 
1.5020 
1.3069 
1.1317 
9.7528 


2)8.3643 
2)7.1389 
2U.0636 
2)5.1253. 
!)  4.3112 


-2 


-2)3.6089 
2)3.0063 
-2  2.4921 
-2  2.0558 
-2)1.6876 


2)1.3786 
1.1207 
9.0656 
.,7.2976 
-3  5.8457 


-3)4.6596 
-3) 3.6961 
-3) 2.9173 
-3)2.2914 
-3)1.79g9 


-0.2.x) 

1.1535 

0  1 

0' 

1.1161 

o!' 

0 

1 1.0764 

L  0' 

0 

11.0347 

-1 

19.9120 

-i; 

1 9.4609  1 

-1 

8.9968 

'-1 

-1 

8.5228 

-1 

-1 

8.0421 

-1 

-1 

7.5583 

-1 

-1)7.0747 
p1  1 6.5946 
-116.1212 
-1)  5.6576 
.1)5.2066 


4.7706 
4.3519 
3.9524 
1 3.5734 
3.2162 

2.8816 
2.5700 
2.2816 
2.0162 
1.7734 


-1)1 
-1 
-1 
-1 
-2 


.5526 
1,3529 
1.1734 
1.0129 
8.7027 


-2 
-2 
-2 
-2 
-2 

-2 

-2.- 
-2)2 
-2 
-2 


7.4416 
6.3330 
5.3640 
4.5215 
3.7932 


3.1669 
2.6314 
.1759 
1.7906 
1.4664 


-3 
-3 

r.l 


211.1951 
9.6928 
7.8234 
6.2839 
5.0228 


-3 

-3 

-3 
-3 


3.9954 
3.1626 
2.4912 
1.9528 
1.5233 


-0.1,«) 

1.1887 
1.1406 
1.0914 
1.0412 
9.9016 

9.3856* 
8.8661 
8.3458 
7.8273 
7.3ia^ 

6.8072 
6.3111 
5.8278 
5.3596 
1)4.9087 


l/(0,x) 

0)1. 

0, 
0 
0 


.2163 
U581 
1.1000 
1.0421 
1)9.8431 


1)9.2695 
8.7018 
8.1419 
7.5920 
7.0542 


-11 
-1 
-1 

-i; 
-1 

-1 
-1 
-1 
•1 


-1)1 


4.4769 
4.0657 
3.6765 
3.3102 
2.9673 

2.6482 
2.3529 
2.0812 
1.8326 
.6064 


6.5307, 

6.0235 

5.5346 

5.0655 

4.6178 


-1)4.1927 
1 3.7912 
1 3.4139 
13.0613 
12.7334 


2.4302 
2.1513 
1.8960 
1.6637 
1.4534 


-3 
-3 

-i 


3.4243 
2.7050 
.1265 
1.6637 


-3 
-3 


2.9336 
2.3127 
)a.8145 
1.41jb8 

ri.1009^ 


£/(0.1,x) 


1.2366 
1.1691 
1.1029 
1.0379 
9.7411- 

9.1173 

7.340e 
6.7838 

6.2482 
5.7343 
5.2436 
4.7769 
4.3352 


1 3.9191 
13.5288 
1 3.1647 
12.8266 
-1)2.5142 


I7(0.2,x)  I7(0.8,x) 


(-1)2.2270 

(-1 

1.9643 

(-1 

1.7252 

(-1 

1.5086 

(-V 

1.3136 

(-V 

1.4017-  ( 

-1; 

1.2640  ( 

-1 

i.2174 

-1 

1.0944 

-1 

1.0525 

-2 

9.4322 

'-2 

9.0579 

-2 

8.0925  1 

-2 

7.7589 

-2 

6.9114  ! 

(-21 

6.6151  1 

-2; 

5.8757  ( 

-2 

5.6137 

-2 

4.9721  1 

-2 

14.7415 

-2 

4.1881 

'-2 

13.9860  1 

13.5114  , 

13.3351  ( 

:-j 

12.9303  ! 

(-2 

12.7772  ( 

[-2] 

12.4340  ( 

-2 

2.3018 

'-2 

2.0122  1 

-2 

1.8986 

-2' 

1.6558 

-2 

1.5587 

-2 

1.3560 

1.2735 

-2 

11.1053  1 

(-2 

) 1.0355 

(-3 

)  8.9669  1 

-3 

8.3792 

-3 

7.2400  1 

-3 

6.7461 

-3 

5.8179 

-3 

5.4085 

-3 

4.6529 

4.3139 

-3 

3.7034 

-2 
-2; 
-2 
-2 

-2 
-2 
-2 
-2 

-2)2 


.1387 
9.8278 
8.4445 
7.2235 
6.15131 


5.2146 
4.4006 
3.6967 
3.0912 
.5730 


2.1318 
1.7580 
2U.443I 
1.1791 


-2 


3)9.5887 


-3)7.7613 
3)6.2526 
5.0135 
4.0011 
3.1779 


-3 
-3 
-3 


2.5122 
1.9765 


0)1.^500 
0  1.1740 
0)1*1004 
1.0291 
9.6004 


8.9333 
8.2895 
7.6699 
1)7.0750 
1)6.5055 


1)5.9622 
1 1 5.4457 
4.9566 
4.4953 
4.0619 


»1 
-1 
-1 


-11 
-1 
-1, 
-1 
-1 

-1 
-1 
-1 
-1 
-1 

-1 
-2 
-2 
-2 
-2 

-2 
-2 
-2 
-2 
-2 

^-2 
t-2 

^2 
-3)fi 


3.6565 
3.2790 
2.9290 
2.6060 
2.3093 

2.0381 
1.7913 
1.5678 
1.3665 
1.1859 

1.0248 
8.8173 
7.5534 
6.4422 
5.4703 

4.6244 
3.8918 
3.2606 
2.7194 
2.2577 


1.8659 
1.5J51 
1.2571 
1.0247 
1.3139 


-3 
-3 

-3; 
-3 


6.7143 
5.3973 
4.3184 
3.4390 


-3)2.7259 


3  1.5477 
-3  1 1.2061 


-3; 
-3 
-3 
-3 


2.1504 
1.6885 
1.3195 
1.0263 


5.0     (-3)1.3929    (-3)1.1825    (-3)1.0035     (-4)8.5136  (-4)7.2201 


;-4H.^49 
(r4)  6.1210 


A.2570 
1.1732 
1.0930 
1.0161 
1)9.4255 


-1; 

18.7218 

-1 

18.0498 

-1 

17.4093- 

-I 

6.8000 

-1; 

6.2220 

-1 


-1)5.6753 
'*5.1S97 
4.6753 
4.2217 
3.7986 

-1) 3.4055 
-1;  3.0417 
-1)2.7065 
2.3990 
2.11B1 

1.8627 
1.6315 
1.W32 
1.2363 

I.  0695 

9.2134 
7.9031 
6.7502 
15.7406 
14.8608 

)  4.0978 
3.4393 
2.8739 
V2f.3907 
)  1.9799 

-2)1.6322 

II.  3396 
11.0944 
18.9001 
17.2048 


5.8057 
4.6568 
3.7179 
2.9546 
2.3371 


-3)1.8400 
-311.4419 
-3  1.1246 
-4V8.7305 
-4)6.7457 

(-4)5.1875 
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X 

vt. 

n  n 

0.1 

-1 

3.7442 

0.2 

4.3780 

0.3 

14.9991  1 

0.4  { 

)  5.6064 

0.5  1 

[-1] 

16.1992 

0.6 

6.7773 

0.7 

7.3412 

0.8 

[:1 

7.8922 

0.9 

8.4321 

V( -0.2,1)  V(-0.1,x) 


1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 

2.4 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


-1)8.9640 
n  9.4914 
1.0019 
1.0553 
l.llOQ 


0)1 
0 
0 
0 


0)1 


.1668 
1.2267 
1.2908 
1.3603 
.4368 


0] 
0 
0 
0 
0 

§' 

0' 
0 
0 

0 
0 

.  0' 
0 
0' 


1.5220 
1.6178 
1.7267 
1.8513 
1.9950 

2.1614 
2,3551 
2.5818 
2.8478 
3.1612 

3.5318 
3.9715 
4.49S0 
5.1205 
5.8704 


0)6.7730 
7.8635 
9.1860 
1.0797 
1.2766 


1.5185 
1.8169 
2.1864 
.,2.6464 
1)3.2213 


3.94'»2 
4.8541 
6.0085 
7.4787 
li  9.3598 


■P 


.5280 
5.0724 
53069- 
6.1307 
6.6436 

7.1460 
7.6386 
8.1229 
8.6009 
9.0756 

9.5505 
1.0030 
1.0521 
1.1028 
1.1559 

1.2125 
1.2734 
1.3400 
1.4136 
1.4958 


5.7994 
6.2358 

7.0905 
7.5093 


1)7.9238 
8.3353 
8.7460 
9.1588 
1)9.5771 


0)1.5886 
0 1 1.6941 
-4.8149 
1.9541 
.1153 


0)2. 


0 
0 


2.3028 
2.5218 
2.7785 
3.0803 
3.4366 


3,8584 
4.3596 
4.9572 
5.6722 
0)6.5308 


7.5658 
8.8182 
1.0340 
1.2196 
1.4470 

1.7268 
2.0725 
2.5016 
3.0366 
3.7065 


4.5494 
5.6148 
1)6.9677 
1)8.6937 
1.0906 


1.0005 
1.0449 
1.0913 
1.1406 
1.1936 


21 


1.2513 
1.3147 
.3853 
1.4645 
1.5542 


1.6563 
1.7734 
1.9083 
2.0645 
0)2.2459 


2.4576 
2.7053 
2.9961 
3.3387 
3.7435 


0)4.2236 
4.7948 
5.4768 
6.2941 
7.2770 


0)  8.4638 
i  9.9023 

11.1653 
11.3793 

1)  1.6419 


1.9656 
2.3663 
2.8646 
3.4870 
4.2680 

5.2524 
6.4990 
8.0849 
1.0112 
1.2715 


V(6,») 


6.8621 
7.1901 

?.n84^ 


V(0.1,x) 


Vi0.2.x) 


Vi0.i,x) 


7.8474 
8.1782 

8.5124 
8.8519 
9.1994. 
9.5583 
9.9325 


0)1.0327 
0  1.0747 
0/1.1200 
0 1 1.1 693 
0)1.2236 


5|i 


0)1 


.2839 
1.3515 
1.4277 
1.5142 
.6130 


1.7265 
1.8572 
2.0085 
2.1841 
0)2.388? 


0 
0 
0 
0 

o! 

0) 
0 
0 
0 


2.6278 
2.9080 
3.2376 
3.6263 
4.0864 

4.6326 
5.2835 
6/0617 
6.9957 
8.1210 


0)9 
II 

}!} 

1 


.4818 
1.1134 
.3149 
1.5616 
1.8649 


2.2395 
2.7041 
3.2829 
1)4.0073 
1)4.9179 


6.0680 
7.5270 
9.3866 
1.1768 
1.4831 


.6731 
7.9000 
8.1349 


8.3788 
8.6331 


1)8.8994 
1)9.1603 
-,9.4787 
ij  9.7982 
0)1.0143 


-1 


0)1.0519 
0 1 1.0932 
-U.1389 
1.1898 
.2470 


0)1. 


.3115 
1.3848 
1.4683 
1.5639 
1.6738 


1.8005 
1.94J0 
2.1171 
2.3149 
0)2.5457 


0! 
0 

0 

>0 
0 

o; 

0 
0 
0 

o; 

1 
1 
1 
1 


2.8159 
3.1330 
3.5064 
3.9474 
4.4700 

5.0914 
5.8328 
6.7208 
7.7882 
9.0763 

1.0637 
1.2535 
1.4854 
1.7699 
2.1203 


,5539 
3.0927 
3.7653 
4.6086 
5.6708 


1)7.0147 
1  8.7230 
-4.0904 
1.3703 
1.7309 


8.2008 
8.3406 
*.4974 


8.6720 
8.8660 


-1)9 
-1 


0 


.0813 
9.3205 
.5867 
9.8840 
1.0217 


0)1 
0  1 

0  1 
0  1 

0)1 


.0591 
.1013 
.1490 
.2032 
.2649 


0)1.3353 
-4.4160 
1.5085 
1.6150 
1.7379 


( 


0  1 
0)2 

0' 


.8799 
.0446 
2.2360 
2.4589 
2.7195 


3.0247 
3.3834 
3.8063 
4.3064 
.8998 


0)4. 


0)  5.6065 
0  6.4510 
Oj 7.4640 
0 1 8.6838 

1)  1.0158 


1.1948 
1.4130 
1.6799 
2.0080 
1)2.4130 


2.9150 
3.5401 
4.3219 
5.3040 
6.5433 

8.1143 
1.0115 
1.2674 
1.5964 
2.0211 


-1 
-1 
-1 
-1 


814269 
8.5002 
8.5993 
8.7250 


-1)8.8790 


-1 
-1 

0 


.0632 
9.2803 
9.5336 
9.8273 
1.0166 


0)1.0556 
0  1.1005 
0  1.1520 
0  1.2110 
0)1.2789 


01 

III 


1.3569 
.4466 
-.5499 
1.6692 
.8070 


0)1 


0)1.9665 
0  24517 
0  2.3672 
0  2.6185 
0)2.9124 


0 
0 

0)4 


3.2572 
3.6627 
.1415 
4.7084 
5.3820 


6.1855 
7.1472 
8.3029 
9.6969 
1.1385 


1.3438 
1.5945 
1.9019 
2.2804 
1)2.7486 


3.3300 
4.0554 
4.9644 
6.1085 
7.5550 


9.3921 
1.1736 
1.4740 
1.8608 
.3611 


5.0    (  2)1.1778    (  2)1.3756     (  2)1.6073    (  2)1.8791     (2)2.1979    (  2)2.5720  ( 


2)2 
2)3.0112 
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PARABOUC  CYLINDER  FUNCTIONS 


U{0.b,x) 


U{0.6,x)  U(0.7,x) 


t/(0.8,x) 


0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1;0 
hi 
1.2 
1.3 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 
3.6 
3.7 
.3.8 
3.9 

4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


1.2579 
1.1672 
1.0811 
9.9946 
9.2205 


o; 

0 

0)1 
-1 


1.2533 
1.1564 
.0652 
9.7955 
8.9898 


1)8.4^70 
1  7.79^8 
1  7.1368 

16.5181^, 
1)  5.9358  V 


-1)8.2327 
1)7.5219 
6.8555 
6.2318 
5.6493 


-1) 

-1 

-1 

-1 

-1 


5.3894 
4.8760 
4.4008 
3.9571 
3.5459 


-1)3.1663' 

-1)2.8171 

-1)2.4972 

-1)2.2054 

-1)1.9402 


-i; 

-1 
-1 
-1 
-2 

-2 

-2! 
-2 

-2! 
-2 


1.7003 
1.4842 
1.2904 
1.1174 
9.6358 

8.2754 
7.0773 
6.0272 
5.1111 
4.3157 


2)3.6284 
3.0372 
2.5313 
2.1004 
1.7351 


1.4270 
1.1683 
9.5224 
..7,7263 
3)6.2406 


5.0176 
4.0160 
3.1995 
2.5373 
2.0029 

1.5738 
1.2308 
9.5815 
7.4240 
4)5.7255 


-3 
-3' 
-3 
-3 

-3 
.-3 
-4 
-4 


M  "1)5.1 
VI)  4.6 

I  -I  3.1 


5.1064 
4.6019 
1343 
7022 
-1)  3.3042. 


1)2.9390 
•^2.6050 
2.3007 
.0246 
1)1.7749 


-1 
-1 


-1)1.5501 
11.3486 
IU687 
11.0088 
18.6728 


7.425fi 
6.3320 
5.3770 
4.5470 
3.8288 

3.2104 
2.6803 
2.2281 
1.8441 
1.5196 

1.2468 
1.0184 
8.2810 
6.7038 
5.4026 

4.3344 
3.4617 
2.7521 
2.1781 
1.7158 


-3 


1.3455 
1.0503 
8.1601 
6.3107 
4.8579 


0)1 


.2436 
1.1413 
1.0458 
9.5680 
8.7372 


1)7 


1)5 


.9624 
7.2403 
6.5683 
5.9437 
.3643 


-1: 
-1 

•'I, 
-I 
-1! 

-1 
-1 
-1 
-1 
-1 

-1 
-1 
-1 
-2 

-2)7 


4.8280 
4.3327 
3.8765 
3.4575 
3.0739 

2.7238 
2.4053 
2.1167 
1.8561 
1.6216 


1.4115 
1.2240 
1.0574 
9.0985 
.7984 


2)6.6573 
5.6603 
4.7930 
4.0418 
3.3942 


-3)4 


2.8384 
2.3636 
1.9598 
1.6181 
1.3301 


1.0887 
8.8715 
7.1975 
5.8136 
.6749 


3.7425 
2.9826 
2.3663 
1.8689 
1.4693 


-3 
-4 
-4 


1.1499 
8.9583 
6.9470 
5.3625 
-4)4.1203 


1.2292 
1.1223 
1.0233 
9.3162 
1)8.4665 


1)7.6795 
1)6.9511 
.2776 
5.6558 
5.0826 


1)4.5553 
4.0713 
3.6282 
3.2235 
2.8550 


1)2.5204 
1)2.2177 
1  1.9447 
'U.6994 
1.4798 


-2)3 


1.2838 
1.1097 
9.5563 
8.1979 
7.0055 


5.9630 
5.0555 
4^2689 
3.5900 
.0068 


-2; 
-2 
-2 
-2 
-2 

-3 
-3 
-3 
-3 
-3 

-3; 
-3 
-3 
-3 
-3 


2.5078 
2.0830 
1.7228, 
1.4189 
1.1636 

9.5009 
7.7243 
6.2525 
5.0391 
4.0432 

3.2298 
2.5686 
2.0336 
1.6029 
1.2577 


9.8235 
7.6382 
5.9121 
4.5551 
4)3.4935 


0 
-1 
-1 

-1, 

-1; 
-1 
-1 

-1 
-1 


.2106 
1.1000  , 
9.9813^^; 
9.0440  ^ 
8.1811 


7.3870 
6.6567 
5.9857 
5.3699 
4.8057 


-1)4 
-1 


.2896 
3.8187 
.3898 
1)3.0003 
1)2.6475- 


2.3288 
2.0419 
1J844 
1.5540 
1)1.3487 


1.1664 
1.0050 
8.6280 
7.3793 
6.2874 

5.3363 
4.5115 
3.7990 
3.1863 
2.6615 

2.2142 
1.8344 
1.5134 
1.2434 
1.0172 


8.2868 
3)6.7217 
5.4288 
4.3655 
3)3.4952 


-3 

-3' 


-33 
-3 

-3 
-3 

-3l 

-4 
-4 
-4 
-4 


2>7861 
2.2111 
1.7470 
1.3742 
1.0761 

8.3889 
6.5103 
5.0295 
3.8680 
2.9611 


(-1 


U(0.9,x) 


1.1883 

I.  0746 

8.*7549' 
.8843 

.0879 
6.3597 
5.6945 
5.0877 

.5347 

4.0318 
3.5753 
3.1618 
2.7881 
2.4514 

12.1487 

II.  8774 
11.6351 
11.4193 
11.2278 

lv0585 
9.0923 
7.7820 
6.6361 
5.6377 

(4.7714 
14.0227 
3.3782 
12.8258 
12.3543 

1.9535 
1.6144 
1.3287 
1.0890 
8.8681 


1/(1.0.1) 


-3)3 


7.2238 
5.8462 
4.7111 
3.7801 
.0200 


-3 

-4ir 


2.4023 
1.9025 
1.5001 
1.1776 
9.2036 


-4 
-4 

-4; 

^4)2 


7.1610 
5.5468 
4.2772 
3.2833. 
.5090 


0] 

11.1627 

0| 

1.0467 

^.4122 

-1 

8.4523 

-1! 

7.579a 

-1)6.7845 


6.0622 
5.4060 
-1)4.8105 
-1)4.2709 


-1; 
-1 
-1 
-1 

-ll 

-1; 
-1 
-1 
-1 


3.7826 
3.3417 
2,9443 
2.5870 
2665 


-1)1 


9797 ' 

7240. 

4965 

2948 

1165 


f-; 

2 

^21 
-2 
-2! 

-2; 
-2 
-2 


2)9 


.5952 
t.2173 
7.0122 
5.9622 
5^0508 

4.2627 
3.5839 
3.0017 
2.5042 
2.0810 


-2)1.7224 


-2 
-2 
-3 
-3 


1.4199 
1.1658 
9.5318 
7.7615 


3)6.2^37 
.0820 
4.0863 
3.2716 
.6082 


-3)2 


2.0704 
1.6363 
1.2876 
1.0088 
7.8686 

4.1105 
4.7242 
3.6361 
2.7661 
2.1252 


5.0    (-4)4.3948    (-4)3.7221     (-4)3.1512     (-4)2.6671     (-4)2.2566     (-4)1.9086  (-4)1.6138 
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TaUe  19.1 


0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
OJ 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 

1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 


V(0.4.i) 
>1)  8.3485 


V(0.6,Jt) 


Vm,x)    ■  V(0.7,x) 


V(0.8,Jt) 


V(0.9,Jt) 


V(1.0,«) 


-1 
-1 

-i; 
-I 


8.3808, 
8.4468 
8.5475 
8.6844 


.1)8.8595 
-1  9.0757 
-1  9.3364 
-1  9.6460 
0)1.0010 


•i 


0)1.0434 
1.0926 
1.1495 
1.2151 
1.2908 


4.0 
4.1 
4.2 
4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 


1.3779 
1.4784 
1.5943 
1.7281 
1.8829 

2.0622 
2.2705 
2.5130 
2.7961 
3.1275 


3.5166 
3.9749 
-.4.5165 
0| 5.1589 
0)5.9235 


1)1 


6.8368 
7.9320 
9.2504 
1.0844 
.2777 


1.5132 
1.8014 

2)5923 
3.1336 


1)3.8072 
1 1 4.6493 
1  5.7065 
1  7.0397 
1)8.7286 


1.0878 
1.3624 
1.7151 
2.1701 
2.7596 


1)7.9788 
7.9988 
8.0590 
8.1604 
8.3045 


-V 


-1)8, 


1.4934 
8.7302 
9.0186 
9.3633 
9.7698 


0)1 


.0245 
1.0797 
1.1436 
1.2174 
1.3024 

1.4003 
1.5132 
1.6433 
1.7936 
1.9674 

2.1689 
2.4030 
2.6757 
2.9943 
3.3676 

3.8065 
4.3241 
4.9368 
5.6644 
6.5320 


.5701 
8.8172 
1.0321 
1.2142 
1.4357 


ljlJ060, 

1  2)4452 
1  2.9495 
1  3.5756 


4.3563 
5.3341 
6.5642 
8.1183 
1.0091 

1.2605 
1.5826 
1.9968 
2.5321 
3.2270 


1)7.3474 
7.3851 
7.4675 
7.5954 
.7707 


-1)7, 


-1)7.9958 
-1)8.2739 
-1)8.6092 
-1)9.0068 
-1)9.4730 

0)1.0015 
-n.0643 
1.1367 

I.  2200 

II.  3158 


1.4260 
1.5528 
1.6989 
1.8675 
2.0625 


0)2.2886 
0 1 2.5514 
0  2.8378 
0  1 3.2160 
0)3.6363 


4.1310 
4.7153 
5.4079 
6.2320 
7.2162 


0)8.3962 
9.8164 
1.1533 
1.3615 
1.6151 


253 
2.3064 
2.7765 
3.3588 
4.0833 


1)  4.981 
6.1242 
7.5559 
9.3682 

2)  1.1673 


1.4616 
1.8392 
2.3259 
2.9559 
3.7752 


6.4988 
6.5836 
6.7147 
6.8936 
7.1224 


7.4039 
7.7419 
8.1412 
8.6076 
1)9.1481 


9.7713 
1.0488 
1.1309 
1.2251 
1.3330 

1.4569 
1.5992 
1.7629 
1.9518 
2.1703 


2.4236 
2.7182 
3.0620 
3.4644 
.9371 


0)3 


4.4944 
5.1536 
5.9365 
6.8696 
7.9862 

9.3274 
1.0945 
1.2903 
1.5284 
1.8190 

2.1752 
2.6137 
3.1556 
3.8282 
4.6667 

5.7165 
7.0364 
8.7031 
1.0817 
1.3511 

1.6957 
2.1387 
2.7106 
3.4524 
4i4187 


5.4912 
5.6492 
5.8526 
6.1035 
1)6.4046 


(-: 

t-l| 
-1 
-1 


1)6.7596 
7.1730 
7.6504 
8.1984 
1)8.8253 


-1 
0 


9.5408 
1.0357 


0)1.1287 
1.2348 
1.3561 


0)1.4949 
0  1.6542 
0  1.8373 


0 
0 

0 
0 
0 
0 
0 

'S 

0; 
0 
0 

1 
1 
1 
1 
1 


2.0484 
2.2926 

2.5760 
2.9058 
3.2911 
3.7428 
4.2741 

4.9015 
5.6451 
6.5297 
7.5862 
8.8529 

1.0378 
1.2220 
1.4455 
1.7178 
2.0509 


1)2.4601 
2.9646 
3.5896 
4.3669 
5.3377 


1)  6.5556 
8.0899 
1.0031 
1.2498 

2)  1.5647 


1.9684 
2.4882 
3.1606 
4.0341 
5.1742 


1)4.3932 
•M.6453 
4.9394 
5.2785 
5.6664 


1)6.1076 
1  6.6077 
1  7.1733 
1)7.8124 
8.5344 


-I 


-1)9 


1.3507 
1.0275 
1.1323 
1.2514 
1.3870 


1.5420 
1.7196 
1.9238 
2.1592 
0)2.4317 


0)2.7481 
3.1169 
3.5483 
4.0548 
4.6517 


5.3578 
6.1963 
7.1959 
8.3921 
9.8292 


1)1 


1)2 


.1563 
1.3662 
1.6214 
1.9329 
.3148 


2.7849 
3.3658 
4.0868 
4.9853 
6.1098 

7.5232 
9.3073 
1.1569 
1.4449 
1.8131 

2.2861 
2.8963 
3.6870 
4.7161 
6.0616 


-1; 
-1 
-1 
-1 
-1 

-1 
-1 
-1 
-1 
-1 

-1 
0 
0 
0 


3.2800 
3.6401 
4.0368 
4.4742 
4.9575 

5.4924 
6.0858 
6.7457 
7.4814 
8.3040 


9.2267 
1.0265 
1.1437 
1.2765 
.4276 


0)1 


1.5999 
1.7973 
2.0243 
2.2862 
2.5896 

2.9424 
3.3542 
3.8368 
4.4044 
5.0747 


0)5.8692 
0)6.8146 
7.9440 
9.2985 
1.0929 


1)1.2900 
1.5293 
1.8207 
2.1773 
1)2.6153 


3.1555 
3.8246 
4.6566 
5.6956 
6.9986 

8.6395 
1.0715 
1.3351 
1.6714 
2.1022 

2.6566 
3.3731 
4.3032 
5.5160 
7.1043 


5.0    (  2)3.5270    (  2)4.1331    (  2)4.8456    (  2)5.6833    (  2)6.6688    (  2)7.8285     (  2)9.1938 
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1/(2.0,1) 


1/(3.0,*) 


1/(8.5,*)        1/(4.0,*)       £/(4.5,*)  1/(6.0.*) 


0.0  1 

0 

11.0000  1 

-1 

18.1085  1 

-1 

1 6.2666  1 

-1 

4.6509  1 

-1 

13.3333  1 

-1 

2.3167  '1 

-1 

1.^666  1 

-1 

1.0335 

0.1  1 

wl 

8.8187  1 

-1 

1 7.0232 

-1 

1 9.3409 

'-1 

1 3.9060  1 

-1' 

'2.7615  1 

-1 

1.8950 

-1 

11.2662 

-2 

16.2568 

0.2  1 

-1 

7.7700  1 

-1 

1 6,0787 

-1 

1 4*5492  1 

-1 

1 3.2786  1 

•1 

2.2867 

-1 

1.5494 

-1 

1.0230  1 

-2 

16,5971 

0.3  1 

-1 

6.8389  1 

-1 

1 5.2566 

-1 

3.8719  I 

-1 

2.7501  1 

•1 

1.8924  1 

-1 

1.2662 

-2 

6.2604 

-2 

5.2673 

0.4 

-1 

16.0120  1 

-1 

>4.5410  1 

-1 

3.2929  1 

!-i! 

2.3050  1 

-1 

11.5650 

-1 

1.0340  1 

-2 

«.6663 

-2 

4.2032 

0.5  i 

-1 

15.2778  1 

-1 

1 3.9182  1 

-1 

1 2.7969  1 

-1 

1.9302  1 

-1 

>  1.2931  { 

-2j 

8.4374 

.2 

15.3758 

-2 

13.3518 

0.6 

-1' 

14.6262 

-1 

3.3763 

-1 

12.3731  1 

-1 

1 1.6146 

-1 

1.0674  1 

-2 

16.8786 

-2 

i4.3316i  I 

-2 

2.6767 

0.7 

-l' 

4.0462 

-1 

1 2.9051  1 

-1 

2.0109  1 

-1 

1.3490  1 

-2 

8.0019  1 

-2 

5.6025 

-2 

i3.4869\  I 

-2 

2.12612 

0.0 

-l' 

3.9360  1 

-1 

12.4957  1 

-l' 

1.7015  1 

-1 

1.1256  1 

-2 

17.2491  1 

•2 

i  4.5579  1 

•2 

1 2.8040 \  1 

i  1.6910 

0.9  ( 

-1! 

3.0825 

-1 

2.1403 

-1 

1.4375  1 

!-2' 

9.3785 

-2 

5.9624  \ 

^3.7035  1 

-2 

'  2.2523  \< 

-2 

1.3434 

1.0  1 

-1 

12.6816  ( 

-1 

11.8321  1 

-1 

1.2124  1 

-2 

17.8022  1 

f-2] 

4.8971 I  1 

13.0053  1 

-2 

1 1.8068  V 

t-2] 

1 1,0660 

LI  1 

-1 

2.3276  . 

-1 

1 1.5651 

-1 

1 1.0208  1 

'-2' 

6.4802  1 

-2 

4.0160  1 

A 

1 2.4351 

-2 

1.4475  ^ 

-3 

)  6.4479 

1.2  1 

-1 

2.0167  1 

-1 

1 1.3343 

-2 

18.5773  1 

-2 

5.3727  1 

-2 

3.2880  1 

-2 

1.9701 

-2 

1.1579  1 

-3 

16.6656 

l.S 

-1' 

1.7412 

-1 

1.1350 

-2 

7.1928  1 

4.4461  1 

-2' 

2.6872  '  1 

-2 

» 1.5913 

-3 

9.2486  1 

|4 

5,2831 

1.4 

-1 

1.5003  1 

[-2 

9.6317  1 

-2 

16.0190  1 

!-2! 

3.6721  1 

-2 

2.1922 

i 

1.2831  I 

:-3i 

7.3749 

1-51 

4.1663 

1.5-  1 

-1 

11.2893  1 

[-2] 

18.1541 

-2 

1 9.0299-  1 

3.0265  1 

-2 

U7849 

1 1.0327  1 

-3 

5.6705  1 

-3 

1 3,2833 

1.6 

-1 

1.1049  1 

'-2 

6.8857 

-2 

14.1862  1 

-2 

2.4890  1 

-2 

1.4503  1 

.3 

18.2953  1 

-3 

4.6645  1 

-3 

2.5816 

-2 

9.4412 

-2' 

5.7994 

-2 

13.4786  1 

.2 

2.0423 

-2' 

1.1759  1 

-3 

1 6.6500  1 

-3 

3.6991 

-3 

1 2.0262 

Te 

-2 

18.0438  1 

-2 

4.8712 

-2 

2.8833  1 

-2' 

1.6718 

9.5127 

-3 

1 5.3198 

-3' 

2.9276  1 

-3 

1.5673 

1.9  ( 

-2 

6.8324  1 

-2 

4.0801  1 

'-t 

2.3837  1 

-2 

1.3652  1 

1-3 

7.6760  1 

-3 

4.2463  1 

!-3! 

12.3122 

1.2409 

2.0  I 

-2 

15.7853  (-2] 

f  3.4076  1 

[-2] 

11.9653  ( 

<*2 

1.1120  1 

-3 

6.1823  ( 

-3 

1 3.3818  1 

-3 

1.8222  1 

.4 

9.6810 

2.1 

-2 

4.8830  1 

-2 

2.8375 

-2' 

1.6159 

-3 

9.0339 

-3 

14.9656  1 

-3 

1 2.6869 

-3 

1 1.4328 

.4 

1 7.5364 

2.2 

-2 

4.1080 

-2i 

1 2.3556 

-2 

1.3248 

-3 

1 7.3193  1 

-3 

1 3.9782  1 

•3 

2.1296 

-3 

11.1240  1 

-4 

5.8538 

2.3 

-2 

3.4444 

-2 

'  1.9495 

-2 

1.0829 

-3 

15.9138 

-3 

3.1787 

-3 

1.6837  1 

'*4' 

i  6.7960  1 

•4 

4.5364 

2.4 

-2! 

12.8782  1 

!-2' 

1.6082 

-3 

8.8260  1 

1-3 

4.7646 

-3 

12.5331  ( 

l-i! 

1.3277 

1-4 

16.8665 

1-4 

3.5071 

2.5  1 

-2 

12.3966  1 

[-2 

1.3223 

17.1710  I 

-3 

1 3.6275 

-3 

2.0129  '  1 

-3 

1.0442 

-4 

)  5.3467  1 

«4 

2.7047 

2.6 

1.9886  1 

-2 

1 1.0837 

-3 

5.8081  1 

.3 

1 3.0655  1 

*'3 

1.5951  1 

-4 

» 8.1895  1 

-4 

4.1523  1 

12.0806 

2*7 

'-2' 

1.6441  1 

-3 

8.8509 

-3 

4.6891  1 

-3 

2.4478  1 

-3 

1.2603  1 

1 6.4052  1 

'-4' 

3.2161  1 

'-4' 

1.5964 

2.8 

-2 

1.3544  1 

-3 

1 7.2040 

-3 

3.7734  1 

•3 

\  1.9484 

'•-4' 

19.9277  ^ 

.4 

14.9954 

'-4' 

2.4641  1 

-4 

1.2216 

2.9 

-2; 

11.1116  1 

-3 

5.8431  1 

-3 

13.0264  1 

1-3 

1.5460 

7.7967  ( 

-4 

3.6645 

-4! 

1.9134 

-5 

9.3226 

9.0  1 

-3 

19.0885  1 

1 4.7224 

[-3)2.4191  ( 

-3 

1.2228  1 

.4 

16.1042  1 

-4 

13.0117  1 

-4 

1.4695  1 

«5 

1 7.0950 

3  1 

-3 

17.4028 

[  3.8030 

-3)1.9270 

.4 

>  9.6394  1 

4.7641  1 

12.3279  1 

1.1253  1 

L5' 

1 5^3643 

-3 

6.0067 

i  3.0513 

-3)1.5296 

*-4 

1 7.5735 

'-4' 

1 3,7062  1 

*«»4' 

[1.7938  1 

•*5 

16.5914  1 

'«-5 
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-0.65945 
-0.67290 

-0.69271 
-0.60042 
-0.91764 
-0.40802 
-0.27680 

.  -0.13062 
♦0.02276 
0.17482 
0.31672 
0.43980 

0.53619 
0.99919 
0.62397 
0.60808 
0.99195 

0.49729 
0.33088 
0.18074 
♦0.01731 
-0.14737 

-0.30098 
-0.42989 
-0.92406 
-0.97448 
-0.97971 

-0.92643 
-0.42982 
-0.29363 
-0.12977 
♦0.04660 

0.21827 


0.93933 
0.62356 
0.68900 
0.73381 
0.79649 

0.79622 
0.73289 
0.68690 
0.61999 
0.93268 


0.42880 
0.31103 
0.18303 
♦0.04890 
-0.08688 

-0.21962 
-0.34494 
-0.49694 
-0.99237 
.0.63680 

.0.67684 
-0.69989 
-0.69432 
-0.69962 
-0.99692 

-0.90704 
-0.39494 
-0.26363 
0.12006 
2936 

0J17727 
0  31-988 
0  43747 
0193481 
60167 


63329 
62663 
98111 
49849 
(L38313 


Values  of  Vfia,t)  'or  integral  v»lua  of  a  an  from  Nattanal  Phytkai  UOxiratory,  Tables 
tions.  Computed  by  Scientifte  Computing  Stfviee  Ltd.  Mathematical  Introduction  by 
Stationery  Office,  London,  England,  1866  (with  permiaiiott). 


0.24189 
♦1).08387 
1.08010 
.23812 
.p.37804 

1.48847 
0.99975 
0.98492 
0.96099 
0.48793 

.0.37099 

['-.»•] 


0.60027f 
0.6773C 
0.74070 
0.78939 
0.8220f 

0.8379^ 
0.83666 
0.81789 
0.78113 
0.72879 

0.69979 
0.979&4 
0.47890 
0.37d99 
0.29333 

0.12978 
♦0.00»4 
.0.12997 
.0.24749 
.0.3M09 

-0.47006 
-0.91)198 
-0.61649 
-0.6  >061 
-0.7^184 

-0.7^830 
-0.10889 
-0.66340 
-0.99269 
-0.49^93 
I 

-0.18404 
-0.29332 
-0.ni93 
♦e.P3930 
0.^8042 

^^31672 
0443701 
0.93447 
0.60305 
0.63793 

0.63997 
0.99609 
0.91937 
0.40960 
0.27290 

♦0.11769 
-0.04973 
-0.20976 
-0.39036 
-0.46788 

-0.54818 
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Table  19.2 


0.0 
0.1 
0.2 
0.3 
0.4 


-i; 
-1 
-1 


6.0027 
5.2271 
4.S561 
3.9758 
3.4744 


0.5  ' 

-1) 

3.0411 

0.6 

-11 

2.6668 

0.7  1 

-li 

2.3436 

0.8  i 

-li 

2.0644 

0.9  1 

-i) 

1.8233" 

1.0  ( 

-1) 

1.6151 

1.1  1 

-1 

1.4351 

1.2 

-1 

1.2795  . 

1.3 

-1 

1.1450 

1.4 

-1 

1.0286 

1.5  ( 

-2 

9.2770 

1.6 

-2 

8.4018 

1.7  1 

-2 

7.6411 

1.8 

-2 

6.9782 

1.9 

-2! 

6.3984 

2.0  ( 

5.8890 

2.1 

-2 

5.4386 

2.2 

-2 

5.0372 

2.3 

-2 

4.6755 

2.4 

-2 

1  4.3456 

2.5  1 

1-2] 

1  4.0402 

2.6  1 

-2 

1  3.7524 

2.7,  1 

-2 

1  3.4763 

.2.8 

-2 

3.2064 

2.9  ( 

-2 

1  2.9379 

3.0. 

1-2 

)  2.6664 

3.1 

-2 

1  2.3883 

3.2 

-2 

I  2.1007 

3.3 

-2 

1  1.8013 

3.4 

1-2 

1  1.4891 

3.5 

(-2 

)  1.1637 

3.6 

-3 

}  8.i5?7 

3.7 

-3 

)  4.7816 

3.8 

-3)a.2365 

3.9 

(-3 

) -2.3273 

4.0 

(-3 

) -5.8480 

4.1 

1-9.2508 

4.2 

r-2 

1-1.2449 

4.3 

-1.5347 

4.4 

1-2 

) -1.7842 

4.5 

(-2 

) -1.9831 

4.6 

1  -2 

>  -2.|213 

4.7 

1-2 

'I-2A898 

4.8 

1-2 

>  -<1815 

4.9 

r-2 

)-2j|914 

5.3933 

-li 

-li 

3.82d5 

-li 

3.2292 

-li 

2.7262 

[-1) 

2.3041 

1.9499 

-li 

1.6525 

!-!' 

1,4028 

1.1931 

1.0168 

-2 

B.6859 

-2 

7.4385 

-2 

6.3880 

-2! 

5.5025^ 

-2: 

4.7556 

-2 

4.1248 

-2 

3.5917 

-2 

3.1406 

-2 

2.7584 

-2; 

2.4342 

-2 

1  2.1588 

1  -2 

1  1.9245 

-2 

1.7247 

I  1.5540 

r-2 

1  1.4075 

1-2' 

1  1.2813 

1-2 

1  1.1719 

-2 

1  1.0764 

'!-3 

I  9.9205, 

1 

(-3 

1  9.1665 

(-3 

1  8.4815 

-3 

7.8473 

'!-3 

1  7.2477 

i!-3 

1  6.6685 

(-3 

)  6.0967 

-3 

5.5212 

(-3 

1  4.9326 

-3 

1  4.3233 

1-3 

1  3.6879 

(-3 

)  3.0231 

i'-8 

2.3283 

-3 

1  1.6058 

'!-3 

1  0.8M9 

)*0.10» 

(-3 

) -0.6579 

I'-J 

1-1.4043 

'!-3 

'  -2.1182 

1-3 

-2.77B6 

'-3 

1) -3.3622 

5.0  (-2) -1.9179  (-3) -3.8449 
For  intarpoiatkm,  see  19M. 


5.0102 
4.1061 
3.3667 
2.7621 
2,2677 

1.8634 
1.5327 
1.2621 
1.0407 
8.5930 

7.1069 
5.8882 
4.8880 
4.0663 
3.3906 

2.8343 
2.3757 
1.9973 
1.6845 
.  1.4256 

1.2111 
1.0330 
8.8491 
7.6160 
6.5875 

5.7281 
5.0088 
4.4055 
3.8984 
I  3.4711 


-3)  3.1099 
2.8032 
2.5414 
V  2.3163 
2.1209 


-3! 


4^7348 
3.7888 
3.0330 
2.4291 
1.9466 


-2 


(-3) 

1.2800  1 

-4; 

3.9416 

-3 

1.1586  1 

-4 

13.6211 

'-3 

1.0349  1 

-4! 

3.3295 

-4 

9.0706 

-4 

3.0577 

7.7357  ( 

-4! 

12.7975 

1-4 

1  6.3364  1 

[-*] 

12.5418 

-4 

1  4.8704 

-4 

2.2847 

-4 

3.5422 

-4 

12.0210 

-4 

1.7637 

-4 

1.7468 

'-4 

1^0.1548 

-4 

1.4595 

(-4) -1.4564 

(-4)1.1577 

.5611 
1.2530 
1.0067 
8.0964 
6.5197 

5.2572 
4.2455 
3.4340 
2.7825 
2.2590 

1.8377 
1.4984 
1.2246 
1.0035 
8.2455 

6,7954 
5.6183 
4.6610 
3.8810 
13.2443 

2.7236 
2.2968 
t.9464 
1.6580 
1.4202 

1.2237 
1.0610 
9.2596 
8.1356 
7.1975 

6.4117 
5.7506 
5.1910 
4.7»5 
4.3017 


Il'(2.0,-Jt) 


6.0027 
6.8986 
7.9324 
9.1243 
1.0497 

1.2075 
1.3888 
1.5967 
1.8345 
2.1061 

2.4156 
2.7674 

i.im 

3.6169 
4.1247 

4.6948 
5.3324 
6.0424 
6.8296 
7.6980 

8.6507 
9.6899 
1.0816 
1.2027 
1.3319 

1.4686 
1.6117 
1.7597 
I  1.9108 
I  2.0626 

2.2123 
2.3564 
2.4910 
2.6116 
2.7132- 

2.7908 
2.B386 
2.8513 
2.8234 
2.7502 

2.6275 
2.4523 
2.2234 
1.9410 
1.6079 

1.2294 
8.1345 
♦3.7101 
-0.8430 
-5.3626 

-9.6664 


lV(4.0,-x) 

5,3933  1 

-1/ 

5,0102  1 

4,7348 

-1 1 

6«4061 

-li 

6,1154 

-11 

5,9185 

-I'l 

7.6114  1 

•li 

7,4658  i 

-li 

7,3991 

•1 1 

9,0446  ' 

•I'l 

9;il50 

-I'l 

9,2505  . 

0 1 

1,0748  1 

Oi 

1,1128  1 

0) 

1,1564 

0!' 

1.2770  1 

O'l 

1,3583  1' 

0 1 

1,4454 

1.5166  1 

01 

1,6574 

Oi 

1,8059 

0*1 

1,8006  1 

Oi 

2,0215  < 

01 

2,2555 

2.1368  1' 

Oi 

2,4643 

0^ 

2,8155 

2,5335  1 

0) 

3,0019  1 

Oi 

3,5123 

0! 

3.0013  1 

01 

3,6538  ( 

01 

4,3782 

0 

3.5517  1 

Oi 

4,4431  I 

0 

5,4526 

0' 

4.1980  1 

0 

5,:^970  1 

0 

6,7844 

0 

4.9554  1 

0 

6,5479  1 

0 

8,4318 

0 

5.8406  1 

0 

7.9336  i 

li 

1,0466 

0 

6.8726  1 

p; 

9,5984  1 

1 

1,2975 

5 

8.0723  1 

1 

1,1594  1 

1 

1,6060 

0' 

9.4626  1 

1 

1,3979  1 

1 

1,9848 

1' 

1.1069 

1 

1,6824 

1 

2,4487 

1* 

1.2917  1 

1' 

2,0206 

1 

3,0155 

1.5037  1 

1 

2.4216  1 

1! 

3,7062 

A. 

1.7457  1 

1 

2.8952  1 

1* 

4,5455 

'  1 

2.0209  I 

1' 

3,4529  1 

1 

15,5623 

'  1 

1 

4,1069 

1 

6,7904 

1 

1 2,6827  1 

1 

4,8711 

1 

8,2686 

\  1 

13.0749  1 

1 

1 5,7600  1 

2 

1,0042 

13.5113 

1 

16,7894 

2 

11,2161 

I 

1 9.9937 

1 

1 7,9756 

2 

11,4683 

14.5230 

1 

1 9,3355 

2 

11,767? 

'  1 

15.0992 

2 

1 1,0886 

2 

12,1198 

t  1 

)  5.7210 

( 2 

1,2643 

(  2 

2,5340 

'  1 

16. 3856 

2 

1 1,4620 

2 

3,017^ 

\ 

[7.0882 

2 

11,6831 

*  2 

3.5801 

'  1 

1 7«8218 

'  2 

1 1,9284 

2 

14.2298 

'  I 

8.5768 

2 

12,1983 

1  2 

14.9757 

V  1 

i9J410 

2 

1 2,4925 

2 

1 5,8266 

(  2 

11.0099 

2 

2,8101 

2 

16,7902 

1'  2 

11.0833 

'  2 

3,1488 

2 

7,8732 

2 

11.1520 

'  2 

1 3.5057 

2 

19,0802 

.  2 

11.2137 

2 

1 3,8760 

3 

1,0413 

(  2 

j  1,2637 

4,253^ 

r  3 

)  1,1870 

1.3050 

1  2 

4.6317 

3 

1.3446 

1  2 

1.3286 

1'  2 

4,9999 

\  3 

1.5128 

2 

11.3334 

1  2 

5.3475 

1.6899 

;  2 

)  1.3167 

i|  2 

)  5,6617 

1'  3 

)1.8733 

{ 2 

)  1.2758 

( 2 

)  5,9283 

(  3 

)  2.0596 

r  2 

1,2086 

r  2 

6,1317 

3 

2.2445 

1  2 

1,1138 

<  2 

6,2561 

1'  3 

112.4229 

1 

9,9105 

1  2 

'6,2853 

1'  3 

112.5885 

;  1 

)  8,4104 

'  2 

6,2040 

1  3 

1  2.7344 

(  1)6«6590 

(  2)5.9987 

(  3)2,8528 

'7 


r 


717 


714 


PARABOUC  CTLIin>BR  FUNCnONft^ 


«    ir(~i.o,x)  ir(-o.9,»)   Wi^oAt)  ii^(-o.7,«)  ir(-o.6,«)    ir(-o.6,«)  »r(-o.4,*i 


0.0 
0.1 
0.2 
0.9 
0.4 

0.5 
0.6 
0.7 
0.6 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
9.3 
3.4 

l'^ 
3.6 

3.7 

3.8 

9.9 

4.0 
4.1 
4.2 
4.3 
4.« 

4.5 
4.6 

4.7 
4.8 
4.9 

5.0 


0.73148 
0.65958 
0.38108 
0.49671 
0.40726 

0.91359 
0.21659 
0.11723 
•^0.01657 
-0.08429 

-0.18412 
-0.26164 
-0.37549 
-0.46422 
-0.54695 

-0.62034 
-0.68464 
-0.73771 
-0.77808 
-0.80439 

-0.81541 
-0.81014 
-0.78787 
-0.74822 
-0.69124 

-0.61743 
-0.52785 
-0.42412  . 
-0.30847 
-0.18374 

-0.05335 
40.07873 
0.20611 
0.33006 
0.43974 

0.53233 
0.60334 
0.64885 
0.66575 
0.65207 

.  0.60721 
^p.53214 
0.42952 
0.30382 
0.16115 

40.00918 
-0.14329 
-0.28674 
-0.41153 
-0.50861 

-0.57025 
L    6  J 


0.75416 
0.66457 
0.60681 
0.52750 
0.44133 

0.9S102 
0.2S734 
0.16111 
40.06324 
-0.03529 

-0.19342 
-0.29002 
-0.92984 
-0.41957  • 
-0.49789 

-0.57517 
-0.64409 
-0.70910 
-0.75070 
-0.76547 

-0.60610 
-0.81144 
^0.80054 
•iO.77279 
-0.72790 « 

-.0.66601 
-0.58777 
-0.49496 
-0.98759 
-0.26968 

^0.14978 
-0.01999 
40.11741 
0.24412 
0.96198 

0.46619 
^  0.55184 
0.61476 
0.65118 
0.65894 

0.69466 
0.58002 
0.49599 
0.98565 
0.25422 

40.10891 
-0.04997 
-0.19348 
-0.33057 
-0.44572 

-0.53023 


0.77982 
0.71267 
0.69980 
0.56175 
0.479in 

0.39240) 
0.90293( 
0.20958 
0.11490 
40.01912 

-10.07684 
-0.17198 
^0.26523 
•io.95598 
-0.44119 
I 

,  -0.52190 
r0.59491 
(-0.65875 
-0.71917 
-0.75611 

-0.78618 
-0.80212 
-0.80282 
•0.78741 
-0.7559; 

-0.70699 
-0.64071 
-0.55916 
-0.46909 
-0.95416 

-0.29506 
-0.10884 
40.02089 
0.14977 
0.27940 

0.96695 
0.46557 
0.56460 
0.61986 
0.64766 

0.64616 
0.61356 
0.55042 
0.45874 
0.34234 

0.20677 
40.05918 
-0.09193 
-0.23720 
-0.36694 

-0.47182 

m 


0,80879 

0.64130 

0.87718 

0.91559 

0.74421 

0.77940 

0.81803 

0.85912 

0.67441 

0.71281 

0.75477 

0.79925 

0.59981 

0.64187 

0.68766 

0.73610 

0.52089 

0.56693 

0 

-  0.61696 

0.66964 

0.43811 

0.48837 

0.54293 

0.60064 

0.35200 

0.40658 

0.46584 

0.52666 

0.26311 

0.32198 

0.36601 

0.45409 

0.17206 

0.23506 

0.90379 

0.37715 

40.07954 

0.14637 

0.21956 

0.29811 

*-0.01369 

•fO.05650 

0.13380 

0.21727 

-0.10679 

-0.03384 

40.04704 

0.13503 

-0.19880 

-0.12386 

-0.04009 

40.05185 

«0.28870 

-0.21269 

-0.12687 

-0.03172 

-0.37536 

-0.29933 

-0.21246 

-0.11S02 

-0.45753 

-0.38270 

••0.29594 

-0.19728 

-0.53393 

-0.46162 

-0.37627 

-0.27764 

-0.60317 

-0.53480 

4-0.45231 

-0.35510 

-0.66382 

«*0.60091 

-0.52280 

-0.42857 

-0.71446 

-0.65854 

-0.58645, 

-0.49684 

-0.75365 

-0.70628 

-0.64186 

-0.55864 

-0.78003 

-xO.74273 

-0.68765 

-0.61261 

^0.79238 

-0.76654 

-0.72243 

-0.6S738 

-0.78960 

-0.77649 

-0.74486 

-0.69156 

-0.77089 

-0.77153 

-0.75373 

-0.71385 

-0.73570 

-0.75086 

-0.74799 

1-0.72301 

-0.68391 

-0.71398 

-0.72686 

-0.71801 

-0  61582 

-0.66079 

-0.66984 

-0.69602 

-0.53224 

-0.69164 

-0.63684 

-0.66256 

— W.^^"f^^ 

-0.50739 

-0.56821  . 

-0.61149 

-0.92474 

-^0.40948 

-0.48485 

-0.64517 

-0.20540 

-0.29995 

-0.38820 

-0.46444 

-0.07973 

-0.18146 

-0.28034 

-0.37075 

40.04050 

-0.05729 

-0.16395 

-0.26614 

0.17504 

40.06875 

-0.04232 

-0.15927 

0.29527 

0.19236 

'  40.08071 

-0.09541 

0.40440 

0.30891 

0.20083 

40.08965 

,0.49761 

0.41360 

0.31342 

0.19969 

0.57035 

0.50168 

0.41373 

0.90797 

0.61858 

0.56868 

0.49706 

0.40997 

0.69904 
0.62958 
♦0.58939 
0.51929 
0.42158 

0.90072 
0.16266 
40.01497 
-0.13960 
-0.27952 

-0.99516 


0.61072 
0.62476 
0.60892 
0.56270 
0.48725 

'  0.98544 
0.26194 
40.12915 
-0.02310 
-0.16782 


0.55906 
0.59598 
0.60496 
0.58437 
0.53398 

0.45522 
0.35129 
0.22716 
.0.08947 
-0.05374 


-0.30146 


-0.19341 


0.48909 
0.54088 
0.57991' 
0.57944 
0.55599 

0.50955 
0.42975 
0.91998 
0.19740 
40.06277 

-0.07580 
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Table 


*   jrc-Lo.-*)  ^(-^a^-t)  »'(-o.8,-x)  m-^^t.-t)  H'c-o.e,-*)  w(-o.6,-*)  iv(-o.4,-x) 


0.0 

0.1' 

0.2 

0.3 

0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.S 
1.6 
1.7 
1.8 
1.9 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
3.3 
3.4 

3.5 

3.6 

3,7 

3.8. 

3.9 

4.0 
4.1 

4.31 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


0.73148 
0.79607 
0.85267 
0.90067 
0.93946 

0.96849 
0.98722 
0.99521 
0.99202 
0.97734 

0.95092 
0.91262 
0.86244 
0.80055 
*  0.72729 

0.64322 
0.54911 
0.44603 
0.33528 
0.21849 

♦0.09757 
-0.02528 
-0.14758 
-0.26660 
-0.37941 

-0.48297 
-0.57415 
-0.64990 
-0.70733 
-0.74387 

-0.75737 
-0.74633 
-0.70996 
-0.64841 
-0.56281 

-0.45542 
-0.32961 
-0418992 
-0.04191 
♦0.10799 

0.25266 
0.38471 
0.49679 
0.98208 
0.63477 

0.65055 
0.62708 
0.56440 
0.46513 
0.33464 

0.18091 

"(- 


0.75416 
0.81197 
0.87241 
0.91990 
0.95892 

0.98892 
1.00940 
1.01990 
1.01997 
1.00923 

0.98738 
0.95418 
0.90952 
0.85341 
0.78603 

0.70774 
0.61912 
0.52099 
0.41443 
0.30081 

0.18179 
♦0.05934 
-0.06427 
-0.18651 
-0.30459 

-0.41552 
-0.51623 
-0.60356 
-0.67449 
-0.72615 

-0.75605 

-0.76219^ 

-0.74323 

-0.69863 

-0.62881 

-0.53525 
-0.42059 
-0.28860 
-0.14423 
♦0.00657 

0.15702 
0.29976 
0.42722 
0.53205 
0.60759 

0.64841 
0.65075 
0.61301 
0.53614 
0.42379 

0.28240 


0.77982 
0.84073 
0.89490 
0.94182 
0.98099 

1.01192 
1.03413 
1.04713 
1.05048 
1.04374 

1.02655 
0.99859 
P.95962 
0.90954 
0.84835 

0.77623 
0.69355 
0.60091 
0.49914 
0.38936 

0.27298 
0.15171 
♦0.02758 
-0.09709 
-0.21967 

-0.33731 
-0.44698 
-0.54551 
-0.62975 
-0.69663 

-0.74331 
.0."76738 
-0.76692 
-0.74077 
-0.68862 

-0.61114 
-0.^^016 
-0.38867 
-0.25086 
-0.10208 

♦0.05134 
0.20225 
0.34303 
0.46597 
0.56372 

0.62979 
0.65910 
0.64846 
0.59705 
0.50672 


0.80879 
0.86771 
0.92053 
.0.96682 
1.00612 

1.03797 
1.06191 
1.07745 
1.08414 
1.08151 

1.06912 
1.04657 
1.01355 
0.96978 
0.91515 

^.84963 
0.77341 
0.68684 
0.59053 
0.48532 

0.37236 
X).25309 
0.12930 
♦0.00305 
-0.12323 

-0.24685 
/-0.36487 
-0.47416 
-0.57149 
-0.65363 

-0.71748 
-0.76019 
-0.77937 
-0.77320 
-0.74065 

-0.68160 
-0.59701 
-0.48899 
.0.36092 
-0.21739 

-0.06416 
♦0.09203 
0.24366 
0.38285 
0.50171 

0.59285 
0.64997 
0.66833 
0.64531 
0.58085 


0.84130  . 

0.89814 

0.94958 

0.99522 

1.03467 

1.06749 
1.09323 
1.11143 
1.12160 
1.12325 

1.11589 
1.09904 
1.07228 
1.03523 
0.98760 

0.92923 
0.86006 
0.78025 
0.69014 
0.59032 

0.48166 
0.36531 
0.24278 
♦0.11588 
-0.01322 

-0.14203 
-0.26774 
-0.38730 
-0.49748 
-0.59492 

-0.67629 
-0.73841 
-0.77841 
-0.79386 
-0.78300 

-0.74490 
-0.67961 
-0.58633 
-0.47349 
-0.33883 

-0.18934 
-0.03124 
♦0.12831 
0.28140 
0.41981 

0.53543 
0.62083 
0.66982 
0.67800 
0.64328 


0.38215       6.47771  0.56635 


[-fl    ['-5'"]    m  [ 


0.87718 
0.93193 
0.98201 
,  1.02707 
1.06677 

1.10070 
1.12843 
1.14951 
1.16343 
1.16966 

1.16769 
1.15695 
1.13693 
1.10714 
1.06714 

1.01659 
0.95525 
0.88304 
0.80004 
0.70659 

0.60326 
0.49090 
0.37070 
0.24419 
♦0.11327 

-0.01983 
-0.15248 
-0.28178 
-0.40451 
-0.51729 

-0.61660 
-0.69897 
-0.76108 
-0.79994 
-0.81309 

-0.79874 
-0.75603 
-0.68515 
-0.58750 
-0.46582 

-0.32421 
-0.16811 
-0.00420 
♦0.15987 
0.31572 

0.45473 
0.56851 
0.64950 
0.69154 
0.69050 

0.64481 


0.91553 
0«96827 
1.01711 
1.06178 
1.10197 

1.13729 
1.16736 
1.19170 
1.20981 
1.22114 

1.22511 
1.22112 
1.20855 
1.18680 
1.15529 

1.11351 
1.06102 
0.99750 
0.92281 
0.83697 

0.74025 
0.63319 
0.51665 
0.39182 
,  0.26028 

♦0.12398 
-0.01472 
-0.15309 
-0.28802 
-0.41615 

.-0.53384 
-0.6373f 
-0.72310 
-0.78743 
-0.82721 

-0.89985 
-0.82349 
-0.77725 
-0.70141 
-0.59756 

-0.46872 
-0.31938 
-0.15545 
♦0.01587 
0.18634 

0.34702 
0.48877 
0.60280 
0.68125 
,0.71794 

0.70889 
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PARA30UC  CYLINDER  FUNCTIONS 


,0.0  . 

0.95411 

A  1 

U.tUU^U 

0.2 

0.94377 

0.3 

0.78461 

0.4 

0.72293 

0.5 

0.65878 

O.o 

0.592Z5 

0.7 

0.52341 

0.8 

0.45236 

0.9 

0.37924 

1.0 

0.30421 

1.1 

0.Z2731 

1.2 

0.14946 

1.3 

■••0.07042 

1.4 

-0.00912 

1.5 

-0.08857 

1.6 

-0.16725 

1.7 

-0.24435 

1.8 

-0.31894 

1.9 

-0.38999 

2.0 

-0.45633 

2.1 

-0.51674 

2.2 

-0.56989 

2.3 

^0.61444 

2.4 

-0.64903  ^ 

2.5 

-0.67233 

2.6 

-0.68311 

2.7 

-0.68033 

2.8 

-0.66313 

2.9 

-0:63097 

-0.58369 

3.1 

-0.9219/ 

3.2 

-0.44541 

3.3 

-0.35655 

3.4 

-0.25697 

3.5 

-0.14924 

3.6 

-0.03654 

40.07742 

3,8 

0.18846 

3.9 

0.^9213 

4.0 

0.38382 

4.1 

0.45904 

4.2 

0.51364 

.  4.3 

0.54413 

4.4 

0.54  <  93 

4.5 

0.52370 

4.6 

0.47151 

4.7 

0.39312 

4.8 

0.29197 

4.9 

0.17327 

5.0 

0.04376 

0.98880 

1.01364 

0  96981 

U. 'O^OA 

0.68381 

0.91299 

0.82851 

0.86116 

0.77137 

0.80828 

0.71237 

*  0.754^6 

A  JLCl  CA 

A  j;QQn9 

U.OttUc 

0.58875 

0.64245 

0.52410 

,  0.58445 

0.45756 

0.52493 

0.38918 

0.46383 

0.31tDo 

A  AH1 1 1 

0.24734 

0.33677 

0.17425 

0.27090 

0.10007 

0.20361 

>0.02522 

0.13514 

-O.II^TOC 

-0.12443 

i -0.00407 

-0.19788 

;  -0.0738> 

-0.26933 

:  -0.14299 

-0.33779 

.  —  

-0.21066 

-0.40Z»T 

-0.46135 

-0.33802 

-0.51400 

-0.39560 

-0.55B82 

-0.4475S 

-0.59448 

-0.49261 

-0.61900 

A  C9QA7 

-0.63315 

-0.55686 

-0.63385 

-0.57356 

-0.62088 

-0.57846 

-0.59365 

-0.57063 

A  CC1 on 
-O.SSItO 

-0.49584 

-0.51451 

-0.42613 

-0.46594 

-0.34402 

-0.40427 

■  / 

-0.25134 

-0.33055 

A  1 CACA 

-0.15050 

A  '%AL.A^ 
-0.Z4Ofl3 

-0.04453 

-0.15413 

+0.06302 

-0.05645 

0.16814 

•••0.04330 

0.26651 

- 

0.14132 

0.42535 

0.31572 

0.47744 

0.38368 

0.50658 

.0.43357 

0.51029 

0.46212 

0.48726 

0.46690 

0.43762 

0.44663 

0.36306 

0.40138 

0.26703 

0.33274 

0.15455 

0.24393 

1.02277 
0»97388 
0.92496 
0.87595 
0.82673 

0.77719 
0.72716 
0.67647 
0.62496 
0.57244 

0.51877 
0.46381 
0.40744 
0.34961 
0.29032 

0.22960 
0.16760 
0.10454 
+0.04073 
-0.02340 

-0.08731  ' 

-0.15034 

-0.21170 

-0.27048 

'0.32569 

,4 

-0.37619 
-0.42082 
-0.45833 
-0.48749 
-0.50710 

-0.51607 
-0.51344 
-0.49851 
-0.47084 
-0.43039 

-0.37754 
-0.31318 
-0.23871 
-0.15612 
-0.06794 

+0.02278 
0.11257 
0.19762 
0.27395, 
0.33764 

0.38503 
0.41300 
0.41921 
0.40237 
0.36248 

0.30095 , 

m 


Wi0.i,*)     W{o:i,x)  wm,x) 


1.01364 
0.96480 
0.91691 
0.86984 
0.82344 

0.77753 
0.73192 
0.68637 
0.64067 
0.59459 

0.54790 
0.50038 
0.45186 
0.40217 
0.35118 

0.29883 
0.24510 
0.19006 
0.13384 
0.07667 

+0.01891 
-0.03902 
-0.09655 
-0.15300 
-0.20756 

-0.25934 
-0.30731 
-0.35040 
-0.38745 
-0.41729 

-0.43878 
-0.45085 
-0.45256 
-0.44315 
-0.42215 

-0.38941 
-0.34S17 
-0.29013 
-0.22549 
-0.15299 

,-0.07486 
+0.00615 
0.08689 
0.16386 
0.23342 

0.29194 
0.33601 
0.36270 
0.36981 
0.35608 


0.32145 


0.98880 
0.93920 
0.89145 
0.84540 
0.80084 

0.75757 
,  0.71533 
0.67388 
0.63296 
0.59228 

0.55160 
0.51063 
0.46915 
0.42691 
0.38374 

0.33945 
0.29393 
0.24713 
/0.19904 
0.14975 

0.09941 
+0.04828 
-0.00327 
-0.05478 
w0.10567 

-0.15523 
-0.20267 
-0.24709 
-0.28749 
-0.32283 

-  -0.35203 
-0.37401 
-0.38777 
-0.39239 
-0.38713 

-0.37148 
-0.34523 
-0.30852 
-0.26190 
-0.20639 

>0.14349 
-0.07518 
-0.00389 
+0.06754 
0.13597 

0.19809 
0.25059 
0.29037 
0.31476 
0.32171 

0.31009 


0.95411 
0,90311 
0.85480 
0.80896 
0.76536 

0.72375 
0.68386 
0.64540 
0.60809 
0.57163 

0.53573 
0.i-»'»tO* 
0.4^  .< 
V  0.42bi4 
10.39209 

0.35491 
0.31679 
0.27761 
0.23725 
0.19569 

0.15296 
0.10917 
0.06450 
+0.01926 
-0.02617 


-0.07129 

m\ 

-0.19829 
-0.23518 


-0.26783 
-0.29S26 
-0.31648 
-0.33055 
-0.33663 

-0.33401 
-0.32218 
-0.30091 
-0.27027 
-0.23072 

-0.18313 
-0.12880 
-0.06948 
-0.00733 > 
+0.05511 

0.11504 
0.16948 
0.21549 
0.25027 
0.27144 


0.27719 
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-0.8,-«)  W(-OA-«)  W{'0X'9)    W(0.-«)      W(0,l,'*)     WiOJZ.-x)  W^OA,-*) 


0.9S411 
1.00S06 
1.0S296 
1.09759 
1.13868 

1.17589 
1.20884 
1.23706 
1.26006 
1.27725 

1.28802 
1.29171 
1.28761 
1.27501 
1.25320 

1.22150 
1.17926 
1.12596 
1.06115 
0.98458 

0.89620 
0.79618 
0.68503 
0.56357 
0.43300 

0.29492 
0.15140 
■•■0.00489 
.0.14168 
-0.28503 

>0.42150 
-0.54722 
-0.65815 
-0.75027 
-0.81974 

-0.86311 
-0.87754 
-0.86098 
-0.81248 
-0.73233 

-0.^2227 
-0.48559 
-0.32717 
-0.15346 
^■0.02771 

0.20739 
0.37594 
0.52351 
0.64069 
0.71919 

0.75259 


0.98880 
1.03835 
1.08581 
1.13097 
1.17362 

1.21344 
1.25007 
1.28307 
1.31193 
1.33606 

1.35480 
1.36744 
1.37321 
1.37129 
.1.36083 

1.34098 
1.31091 
1.26983 
1.21705 
1.15200 

1.07426 
0.98365 
0.88026 
«0.76448 
0.63710  ' 

0.49932  . 
0.35277 
0.19959 
4-0.04242 
-0.11563 

-0.27098 
-0.41967 
-0.55742 
-0.67978 
-0.78229 

-0.86067 
-0.91101 
-0.93010 
-0.91559 
-0.86631 

-0.78249 
-0.66595 
-0.52024 
-0.35070 
-0.16437 

♦0.03014 
0^2299 . 
0l40359 
0.56113 
0.68534 


0.76721 

['ti  [-n  t 


1.01964 
1.06245 
1.11016 

i.isM 

1.2^72 

l.»4M0 
1.28645 
1.32534 
1.36129 
1^39368 

1.42185 
1.44504 
1.46241 
1.47304 
1.47598 

1.47020 
1.45469 
1.42841 
1.39039 
1.33973 

1.27565 
1.19757 
1.10510 
0.99819 
0.87711 

0.74256 
0.59571 
0.43825 
0.27241 
0.1 0100 

-0.07258 
.  ,24442 
-0.41011 
-0.56487 
-0.70368 

-0.82147 
-0.91331 
-0.97470 
-1.00185 
-0.99193 

-0.94343 

-0.85640 

-0.73270 

-0.57611. 

-0.39249 

-0.18962 
■fO.02291 
0.23414 
0.43218 
0.60494 

0.74090 


4 


1.02277 
1407165 
1.12050 
1.16924 
1.21771 

1.26568 
1.31285 
1.35884 
1.40315 
1.445a 

1,48433 

i;51974\ 

1.55054^ 

1.57575 

1.59429 

1.60502 
1.60672 
1.59813 
1.57800 
1.54509 

L.49825 
w43644 
1^5882 
1.26478 
.l.l5405 

1.026>3 
0.88342 
0.72523 
0.55388 
0.37173 

■fO.18182 
-0.01213 
-0.20574 
-0.39404 
-0.57158 

-0.73259 
-0.87118 
-0.98158 
-1.05844 
-1.09719 

-1.09434 
-1.04786 
-0.95753 
-0.62515 
-0.65483 

-0.45301 
-0.22843 
♦0.00810 
0.24408 
0.46598 


1.01364 
1.06348 
1.11435 
1.16622 
1.21899 

1.27248 
1.32644 
1.38053 
1.43429 
1.48719 

1.53855 
1.58760 
1.63341 
1.67498 
1.71113 

1.74059 
1.762!01 
1.77390 
1.77474 
1.76299 

1.73709 
1.69557 
1.63706 
1.56041 
1.46471 

1.34942 
1.21444  . 
1.06021 
0.88776 
0.69887 

0.49606 
0.28264 
♦0.06279 
-0.15855 
-0.37567 

-0.58228 
-0.77162 
-0.93674 
-1.07077 
-1.16728 

-1.22069 
-1.22662 
-1.18240 
-1.08743 
-0.94350 

-0.75508 
-0.52942 
-0.27649 
-0.00874 
♦0.25940 


0.98880 
1.04037 
1.09399 
1.14968 
1.20741 

1.26706 
1.32845 
1.39129 
1.45520 
1.51968 

1.58412 
1U»4775 
1.70967 
1.76885 
1.92408 

1.87401 
1.91713 
1.95181 
1.976» 
1.988yi^ 

1.98714 
1.96968 
1.93448 
1.87972 
1.80390 

1.70575 
1.58440 
1.43949 
'  1.27129 
1.08078 

0.86979 
0.64105 
0.39827 
♦0.14618 
-0.10952 

-0.36221 
-0.60449 
-0.82836 
-1.02554 
-1.18779 

-1.30732 
-1.37730 
-1.39231 
-1.34891 
-1.24610 

rl.08573 
-0.87285 
-0.61582 
-0.32626 
-0.01876 


0.65996 


0.51219 


♦0.28970 


0.95411 

1.00797 

1.06483^ 

1.12477 

1.18782 

1.25396 
1.32307 
1.39494 
1.46928 
1.54567 

1.62356 
1J0224 
1.78087 
1.85641 
1.93366 

2.00522 
2.07150 
2.13072 
2.18093 
2.22000 

2.24569 
2.25565 
2.24752 
2.21894 
2.16770 

2.09177 
1.98946 
1.85956 
1.70140 
1.51507 

1.30151 
1.06267 
0.80159 
0.52249 
♦0.23083 

-0.06670 
-0.36232 
-0.64721 
-0.91187 
-1.14634 

-1.34070 
-1.48554 
-1.57256 
-1.59514 
-1.54901 

-1.43285 
-1.24877 
-1.00271 
-0.70462 
-0.36835 

-0.01132 
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PAHABOUC 


W(OA,x)        Wm.t)        W(0.6,x)  W(Q,1,T) 


0.0 
0.1 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
1.1 
1.2 
1.3 
1.4 

1.5 
1.6 
1.7 
1.8 
1.9- 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5. 
2.6 
2.7 
2.8 
2.9 

3.0 
3.1 
3.2 
\i 
\A 

3.5 
3.6 
3.7 
\B 
3.9 

4.0 

4.3 
4.4 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 


0.91553 
0.86271 
0.81331 
0.76709 
0.72376 

0.68304 
0.64462 
0.60820 
0.57347 
0.54011 

0.50782 
0.47630 
0.44523 
0.41435 
0.38338 

0.35206 
0.32018 
0.28752 
0.25395 
0.21934 


0.18363 
0.14682 
0.10899 
0.0702 
♦0.0309 


-0.00872 
-0.04827 
-0.08719 
-0.12486 
-0.16058 

-0.19356 
-0.22295 
-0.24788 
-0.26746 
-0.28083 

-0.28722 
-0.28598 
-0.27664 
-0.25895 
-0.23299 

-0.19913 
-0.15813 
-0.11115 
-0.05975 
-0.00585 

••.0.04828 
0.10016 
0.14714 
0.18659 
0.21607 

0.23350 


0.87718 
0.82232 
0.77155 
0.72456 
0.68104 

0.64064 
0.60305 
0.56793 
0.53495 
0.50380 

0.47414 
0.44567 
0.41808 
0.39108 
0.36438 

0.J3771 

0.31084. 

0.28354 

0.25561 

0.22689 

0.19726 
0.16665 
0.13504 
0.10248 
'0.06908 

0.03504 
>0. 00063 
-0.03378 
-0.06773 
-0.10069 

-0.13202 
-0.16105 
-0.18700 
-0.20910 
-0.22656 


-0.231B61 
-0.24455 
-0.24381 
-0.23596 
-0.22079 

-0.19835 
^-0.16901 
-0.13343 
-0.09266 
-0.04811 

-0.00149 
4>0.04518 
0.08968 
0.12967 
0.16286 

0.18712 


0.84130 
0.78433 
ff.73205 
0.68408 
0.64007 

0.59964 
0.56244 
0.52810 
0.49629 
0.46666 

0.43889 
0.41266 
0.38765 
0.36358 
0.34015 

0.31709 
0.29416 
0.27111 
0.24773 
0.22384 

0.19927 
0.17390 
0.14767 
0.12054 
0.09255 

0.06378 
0.03440 
4>0.00466 
-0.02513 
-0.05457 

-0.08319 
00.11043 
-0.13568 
-0.15826 
-0117749 

-0.19265 
-0.20307 
-0.20814 
-0.20735 
-0.20033 

-0a8692 
-0.16717 
-0.14143 
-0.11032 
-0.07481 

-0.03614 
4>0.00411 
0.04416 
0.08203 
0.11567 


0.14307 

m  ['fT  m  [ 


0.80879 
0.74973 
0.69590 
0.64687 
0.60222 

0.56155 
0.52446 
0.49058 
0.45952 
0.43095 

0.40452 
0.37^2 
0.35682 
0.33494 
0.31399 

0.29370 
0.27382 
0.25410 
0.23433 
0.21430 

0.19384 
0.17280 
0.15107 
0.12857 
0.10528 

0.08121 
0.05645 
0.03113 
4>0.00547 
-0.02025 

-0.04569 
-0.07041 
-0.09392 
-0.11569 
-0.13511 

-0.15158 
-0.16446 
-0.17317 
-0.17718 
-0.17604 

-8.16946 
-0.15730 
-0.13965 
-0.11684 
-0.08947 

-0.05843 
.0.02485 
4>0.00985 
0.04406 
0.07604 

0.10399 


0.52692N 
0.48979 
0.45614 
0.42558 
0.39774 

0.37228 
0.34888 
0.32720 
0.30697 
0.28790 

0.26973 
.0.25219 
0.23506 
0.21812 
0.20115 

0.18398 
0.16644 
0.14841 
0.12976 
0.11045 

.  0.09043 
0.06972 
0.04840 
0.02659 
4>0.00447 

-0.01769 
-0.03960 
-0.06087 
-0.08106 
-0.09969» 


.1 


-0.11623 
0.13014 
0.14088 
'-0.14793 
0.15084 


-0.14922 
-0.14284 
.0.13162 
-0.11566 
.0.09531 

.0.07112 
-0.04392 
.0.01477) 
4>0.01S06l 
0.04414 

0.07092 


Wm,x)  W{i.O,x) 


0.75416 
0.69116 
0.63436 
0.58321 
0.53718 

0.49578 
0.45853 
0.42499 
0.39476 
.36745 


0.24643\ 
0.23071 
0.21559 
0.20085 
;  0.18629 

0.17173 

0.15700. 

0.14195 

0.12647 

0.11045 

0.09385 
0.07662 
0.05879 
0.04042 
0.02163 

4> 0.00259 
-0.01649 
-0.03531 
-0.05355 
-0.07080 

.0.08664 
-0.10061 
.0.11222 
-0.12101 
-0.12652 

-0.12836 
-0.12624 
.0.11996 
-0.10948 
.0.09494 

.0.07669 
-0.05525 
.0.03141 
-0.00614 
4>0.01943 


0.04399 


0.73148 
0.66667 
0.60852 
0.55639  , 
0.50970  ' 

0.46791 
0.43051 
0.39703 
0.36704 
0.34013 

0.31594 
0.29412 
0.27435 
0.25634 
0.2398^ 

0.22451 
0.21019 
0.19662 
0.18361 
0.17094 

045845 
0.14595 
0.13331 
0.12038 
0.10707 

0.093^0 
0.07900 
0.06416 
0.04879 
0.03296 

0.01677 
4>0.00038 
-0.01602 
-0.03216 
.0.04774 

-0.06242 
.0.075Q1 
.0.08750 
.0.09707 
.0.10411 

.0.10824i 
.0.10912* 
.0.10653 
.0.10030 
.0.09046 

-0.07716 
.0.06075 
.0.04174 
.0.02086 
♦0.00100 

0.02281 


\ 
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Table  19  J 


X 

l»(0.4,-«) 

0.0 

0.91553 

A  1 

A  Q79ni 

U.Tf CUI 

0«2 

1.03235 

1.09671 

0«4 

I.1652e 

0«5 

1.23789 

0*6 

1.31475 

0.7 

1.39567 

0.8 

1.48046 

0.9 

1.56879 

1.0 

1.6602 

1.1 

1.7541 

1.2 

1.8497 

1.3 

1.9460 

1.4 

2.0418 

1.5 

2.1358 

1.6 

2.2263 

1.7 

2.3115 

1.8 

2.3891* 

1.9 

2.4570 

2.0 

2.5125 

2.1 

2.5529 

2.2 

2.5754 

2.3 

2.5770 

2.4 

2.5548 

2.5 

2.5061 

2.6 

2.4283 

2.7 

2.3192 

2.8 

2.1772 

2.9 

2.0013 

1.7914 

1.5484 

3.2 

1.2746 

3.3 

0.9733 

3.4 

0.6496 

3.5 

40.3098 

3.6 

«»0.0381 

3.7 

<*0.3848 

3.8 

-*0.7196 

3.9 

-1.0317 

4.0 

-1.3084 

4.1 

-1.5382 

4*2 

-1.7095 

4.3 

-1.8124 

4.4 

-1.8391 

4.5 

-1.7844 

4.6 

-1.6469 

4.7 

-1.4292 

4.8 

-1.1387 

4.9 

-0.7876 

5.0 

-0.3927 

?y(0.6,-*)     ir(0.6,-«)  *   1^(0.7, -»)     IV(0.8,-«)     WSM,-z)  WiXA-t) 


0.87718 
0.93642 
1.00031 
1.06911 
1.14300 

1.22215 
1.30664 
1.39648 
1.49158 
1.59174 

1.6966 
1.8057 
1.9184 
2.0337 
2.1506 

2.2677 
2.3833 
2.4956 
2.6023 
2.7009 

2.7886 
2.8623 
2.9188 
2,9546 
2:9660 

2.9496 
2.9018 
2.8196 
2.7001 
2.5413 

2.3419 
2.101S 
1.8213 
1.5038 
1.1529 

0.7746 
♦0.3767 
-0.0314 
•0.4385 
-0.8319 

-1.1977 
-1.5216 
-1.7893 
-1.9871 
-2.1032 

-2.1283 
-2.0567 
-1.8870 
-1.6231 
-1.2742 

-0.8557 

m 


0.84130 
0.90331 

0.  97072 
1.04386 

1.  U302- 


0.80879 
0.87352 
0.94433 
1.02166 
1.10591 


0.77982 
0.84714 
0.92122 
1.00258 
1.09173 


0.75416 
0.82396 
0.90115 
0.98636 
1.08022 


0.73148 
0.80361 
0.88375 
0.97265 
1.07106 


1.20846 
1.30040 
1.39896 
1.50419 
1.61602 

1J343 
1.8586 
1.9884 
2.1230 
2.2613 

2.4020 
2.5437 
2.6843 
2.8216 
2.9529 

3.0752 
3.1853 
3.2793  . 
3.3532 
3.4030 

3.4241 
3.4124 
3.3634 
3.2734 
3.1389 

2.9573 
2.7270 
.  2.4478 
2.1206 
1.7487 

1.3369 
0.8923 
♦0.4244 
•0.0553 
-0.5332 

-0.9940 
-1.4209 
-1.7966 
-2.1039 
-2.3268 

-2.4513 
72.4668 
j:«.3670 
«5.1513 
-1.8252 

-1.4010 

['-5'"] 


1.19746 
1.29663 
1.40371 
1.51888 
1.6422$ 

1.7738 

1.9133. 

2.0603 

2.2144 

2.3746 

2.5397 
.  2.7083 
2.8785 
3.0480 
.3.2141 

3.3737 
3.5231 
3.6583 
3.7748 
3.8678 

3.9321 
3.9626 
3.9538 
3.9007 
3.7984 

3.6430 
3.4312 
3.1612 
2.8324 
2.4466 

2.0074 
1.5210 
0.9962 
♦0.4445 
-0.1199 

-0.6804 
-1.2184 
-1.7136 
-2.1453 
-2.4930 

-2.7376 
-2.8632 
-2.8579 
-2.7153 
-2.4359 

-2.0281 

m 


1.18917 
1.29538 
1.41079 
1.53574 
1.67051 

1.8153 
1.9700 
2.1345 
2.3083 
2.4909 

2.6811 
2.8777 
3.0788 
3.2823 
,3.4854 

3.6849 
3.8770 
,  4.0573 
4.2209 
4.3624 

4.4760 
4.5555 
4.5944 
4.5863 
4.5251 

4.4050 
4.2211 
3.9697 
3.6486 
3.2576 

2.7987 
2.2767 
1.6994 
1.0779 
♦0.4263 

-0.2378 
-0.8941 
-1.5199 
-2.0907 
-2.5817 

-2.9685 
-3.2291 
-3.3452 
-3.3040 
-3.0995 

-2.7346 


1.18338 
1.29644 
1.42000  . 
1.55459 
1.70068 

1.8586 
2.0286 
2.2107 
2.4048 
2.6102 

2.8264 
3.0520 
3.2856 
3.5249 
3.7674 

4.0097 
4.2479 
4.4775 
4.6931 
4.8889 

5.0582 
5.1940 
5.2887 
5.3346 
•  5.3240 

5.2495 
5.1041 
4.8822 
4.5794 
4.1934 

3.7241 
3.1746^ 
2.5511V 
1.8636  J 
1.1259 

♦0.3558 
-0.4249 
-1.1915 
-1.9160 
-2.5692 

-3.1213 
-3.5437 
-3.8110 
-3.9027 
-3.8054 


-3.5149 
,-2,2] 


1.17975 
1.29949 
1.43106 
1.57519 
1.73254 

1.9037 
2.0891 
2.2891 
2.5037 
2.7327 

2.9756 
3.2316 
3.4991 
3.7762 
4.0605 

4.3487 
4.6368 
4.9201 
5.1930 
5*4490 

5.6811 
5.8811 
6.0405 
-  6.1502 
6.2008 

64832 
6.0883 
5.9081 
5.6359 
5.2669 

4.7985 
4.2315 
3.5700 
2.8225 
2.0016 

1.1251 
♦0.2152 
-0.7013 
-1^5936 
-2.4280 

-3.1692 
-3.7818 
-4.2326 
-4.4924 
-4.5392 

-4.3599 

m 
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Table  19.3 


\^PAItABOUC  CYLINDER  FyNCnONB 
AUXIUARY  FUNCTIONS 


The  Ainetiont  #|,  43,  «3  of  19.10  and  19.33  an  needed  in  Darwdi's  expansion  and  alao 
the  Ainetion  r  of  19.7  and  i^.80.  | 

0.0  0.00000  0.99270  -0.70270  5.0  6.9519  5.5506 
0.1  0.05008  0.94278  .0.64181  5.1  7.2099  5^7981 
0^2  0. 10066  0.2999t     .0.57855  7. 4716  6.0507^ 


0.4 

0.5 
0.6 
0.7 
0.8 
0.9 


i22 


0. 20521 

0. 26006 
0.91719 
0. 97678 
0.49929 
0.  S0492 


0.24498 
0.1981T 

0.15955 
0. 11182 
0.  07987 
0.04088 
0. 01468 


.  0.57990 
0. 64640 
0. 72261 
0. 80265 
0. 88666 

0. 97479 
1.06696 
1.16944 
!  1.26422 
!  1.96997 

1.47894 
;  1.59299 
1.71155 
,  1.89466 
\  1. 96296 

\2. 09467 
2. 29169 
2. 97925 
2. 51956 
2.67058 

2.82692 
2.98681 
9. 15205 
9. 92207 
9.49688 

9. 67648 
9.86089 
4.05011 
4. 24416 
4.44905  i 

4.64678  / 
^  4.85597/ 
5.06880/ 
,5.2»7lf 
5.510^  . 

5. 79^93  ' 
5. 9n26 
6./0908 
6j^5178 
^69938 

5. 6     6. 9S1B8 
When  interpolating 


0. 00000 
0.01513 
0. 04941 
0. 08086 
0. 12617 

0.17866 
0.29786 
0.90947 
0.  97527 
0.45909 

0.5967* 
0. 62626 
0.72142 
0.82220 
0.92859 

1. 04096 
1. 15764 
1.28094 
1. 40849 
1. 54187 

1.68069 
1.82470 
1.97406 
2. 12867 
2.28859 

2.45969 
2. 62994 
2. 79946 
2. 98017 
9.16606 

9. 95712 
9. 55995 
9.75474 
9.96127 
4. 17295 

4.98976 
4. 61169 
4.89875 
5. 07099 
5.  90822 


r 

1 

•0.70270 

5.0 

6.  9519 

•0.64181 

5.1 

7.  2099 

-0.57855 

 ^± 

7.  4716 

-0. 51904 

5.9 

■  7.7988 

-0.44540 

S.4 

8.  0109 

-0.97574 

5.5 

8.  2880 

-0.90415 

5.6 

8.  5700 

-0. 29071 

5.7 

8.8569 

-0.15549 

5.8 

9. 1487 

-0-  C7857 

5.9 

9.4454 

r 

f 

0.00000 
0.08015 
0.16185 
0.24502 
0.92964 

0.  )|1566 
0.50904 
0.59175 
0.66175 
0.77900 

0.86549 
0.95917 
1.05409 
1.15004 
1.24716 

1.94599 
1.44470 
1.54506 
1.64646 
1.74888 

1.85229 
1.95669 
2.06206 
2.16897 
2.27562 

2.98978 
2.49285 
2.60281 
2.71965 
2.82596 

2.99791 
9.05191 
9.16554 
9.28058 
9. 99649 

9.51908 
9.69051 
9.74872 
9.86770 
9.98749 


4.1079t 


6.0 
6.1 
6.2 
6.9 

6.4' 

6.5 
6.6 
6.7 
6.8 
6.9 

7.0 
7.1 
7.2 
7.9 
7.4 

7.5 
7.6 
7.7 
7.8 
7.9 

8.0 
8.1 
8.2 
8.9 
6.4 

8.5 
8.6 
6.7 
6.8 
6.9 

9.1 
9.2 
9.9 
9.4 

9.S 
9.6 
9.7 
9.8 
9.9 

10.0 


9.  7471 
10.  0597 
10. 9652 

10.  6817 

11.  0091 

11. 9295 
11.  6606 
11. 9970 
12. 9982 
12. 6849 

19. 0954 
19.  9914 
19. 7524 
14. 1189 
14.4692 

14. 6651 
15. 2459 
15. 6916 
16. 0229 
16. 4180 

16.8186 
17. 2242 
17. 6946 
18. 0509 
18. 4706 

18. 8962 
19.  9266 
19. 7620 
20. 2024 
20.6477 

21. 0980 
21.  5592 
22. 0195 
22. 4787 
22. 9486 

29. 4240 
29. 9041 

24.  9892 
24. 6792 

25.  9742 


6. 9064 
6.5712 

6.6991 
7.1120 
7. 3901 
7.6792 
7.9614 


8.2546 
8.5530 
6.8564 
9.1649 
9.4784 

9.7970 
10.1207 
10.4494 
10.7832 
11. 1220. 

11.4659 
11.8148' 
12. 1686 
12.5278 
12.8919 

19.2610 
19.6952 
14. 0144 

14.  9987 
14.7880 

15.  1823 
15.5817 
15.9861 
16.9956 
16.8101 

17.2296 
17. 6542 
16. 0896 
16.5164 
18.9561 

19.4028 
19.8525 
20.9079 
20.7671 
21.JZ919 

21.7017 
22.1766 
22.6565 
29.1414 
29.6914 


5. 55062 

for  03  and    for  i  near  unity,  it  is  better  to  nterjwlate  for  r  and  then 


25.6742 

[,-4„]     [(-4,7]  [ 


24.1264 


4. 1079 
4. 2291 
4.9511 


4.4798 
4. 5972 

4. 7219 
4. 8461 
4.9716 
5.0977 
5.2246 


5.9521 
5.4809 
5. 6092 
5.7987 
5.8688 

5.9996 
6.1310 
6.2691 
6.9956 
6.5290 

6.6629 
6.7974 
6.9325 
7.0682 
7.2045 

7. 3414 
7.4789 
7.6169 
7.7595 
7. 8947 

8.0344 
8.1747 
8.3155 
8.4569 
8.5989 

8.7413 
8.6844 
9. 0279 
9.1720 
9. 3166 

9.4617 
9.6074 
9. 7535 
9.9002 
10.0474 

10. 1951 
10. 3433 
10.4920 
10.6411 
10.7908 


10.9410 


8 
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^  5-*=.16(-.04)0,  8D 

f=:0, 1,  2,  6,  10, 16 

4'aiae  20.2,  Coefficients  ^»  and  B«  .  .  .  ^  

5=6,  26;  f=0,  1,2,6, 10,  16,  9D 


\ 


AeronautlMl  Rawaroh  Ubomtortos,  Wright-Patteruon  Air  Force  Baw,  Ohio. 
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20.  Malhieu  Functions 

Mathematical  Pkvperties 


20.1.  MatUeU*t  Equation 
Canookal  Fom  of  tbc  DUTerentlal  Equation 


M«tlilMi>  Modified  DMbrratld  Equation 
ao.1.2   ^,-(a-2gco8h2t«)/=0  (»=»ti,y=y) 

Rdatka  Between  Mathicu's  ^uatkia  and  the  Wave 
Equatloa  for  the  EHlptie  Cylinder 

The  wave  equation  in  Cartesian  coordinates  is 

A  solution  W  is  obtainable  by  separation  of  vari- 
ables in  elliptical  coordinates.  Thus,  let 

t^p  cosh  It  cos  v;     p  sinh  u  sin  v;  2=  z: 

p  a  positive  constant ;  20.1.3  becomes 


20.1.4 


2«  -  COM  2i})  \  d«»  ^  dP» 


Assuming  a  solution  of  the  form 

and  substituting  the  above  into  20.1.4  one  .obtains, 
after  dividing  through  by  W, 


whei;^ 


+<7=0 


2 


(cmh  2W-1-OH  2p) 


Since  2,  0  are  independent  variables,  it  follows 
that 


20.1.3 


when* «  is  a  constant. 

Again,  from  the  fact  that  O^e  and  that  u,  V' 
are  independent  variables,  one  sets 

20.1.6 
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to  aOol.l  and  20ol*2o  The  conBtants  e  and  a  are 
often  referred  to  aa  /Reparation  enneUmtfit  due  to  the 
"role  they  play  in  20ol.S  and  20aL6* 

For  some  phyaicaUy  important  aolutiona^  the 
function  g  must  l>e  periodio>  of  period  t  or  2w. 
It  can  be  shown  that  there  exists  a  countably 
infinite  set  of  eharoderiaHe  values  a,{q)  which  yield 
even  periodic  solutions  of  20alal|  thei'e  is  another 
countably  infinite  sequence  of  thdraderistie  valiue 
bfiq)  which  yield  odd  periodic  solutions  of  20.hl. 

It  is  known  that  there  exisi  periodic  solutions  of 
period ''Iri^t  where  k  is  any  podtive  .integer.  In . 
what  follows,  however,  the  term  ehafoderigHe 
value  will  be  reswved  for  a  value  associated  wjith 
solutions  of  period  w  or  2v  only.  These  character- 
istic values^are  of  basic  importance  to  tlie  general 
theory  of  the  differential  equation  for  arbitrary 
parameters  a  and  q. 

Aa  Alidbfaie  Fom  of  Matlilea*s  EquatiM 

20.1.7 

(l-tf)^^t^+(a+2^-4j««)y«0  (cos»«0 

RebtioatoSRlieiolddWafeEqiiatlaa  ^ 
20.1.8  (l--O^--2(6-fl)t^+(e-4a«»)»«0  V 

Thus,  Mathieu's  equation  is  a  special  case  of 
20.1.89  with       it  e«a*f2f. 

20.2.  PeterminaUon  of  Charactaristic  Valuas 

A  solution  of  20.1.1  with  v  replaced  by  0,  having 
period  r  or  2w  is  of  the  form 

m 

70^.1  (AmCmmz-^BrnvinmB) 

where  Bo  oan  be  taken  as  zero.  If  the  above  is 
substituted  into  20.1.1  one  obtains 

20.2.2 

S  [ia-m')Am-qiA^^$+Am^$)\  cos  mz 
+Jg^  I(a-iii«)B^-*«(S«.,-f         sin  mz^Q 

^*Bm  puff  a 
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Equation  20.2.2  o»n  b«  reduced  to  one  of  four 
•inipler  types,  given  in  20.2.3  nnd  20.2.4  below 

20.2.3  y«=S  Atm*p  eos  (2fn-Hl>)2,      P=0  or  1 

20.2.4  fl8«+,  sin  (2m+p)z,      p=0  or  1 

If  p=0,  the  solution  is  of  period  »;  if  the 
solution  is  of  period  2w. 

HM!Hn«licc  R«laUoaa  Among  Um  CoeAeiMito 

Even  solutions  of  period  w: 

20.2.5  aAo-qAi-0 

20.2.6  (a"4)/l,~«(2i4o+^«)=0 

20.2.7  (a-m»)i4,-g(i4,_,+-<i^a)=0  (i»>3) 
IJven  solutions  of  period  2ir: 

20.2.8  (<i-l)/l,-fl(A+i4,)=0, 

along  with  20.2.7  for  m  >3. 
Odd  solutions  of  period  ir: 

20.2.9  (a-4)Ba-gB«=0 

20.2.10  (o-m»)B,-g(B,.»+B«+2)=0  (m^3) 

Odd  solutions  of  period  2w: 

20.2.11  (a-l)B,+9(J?i-iB,)-0, 
along  with  20.2.10  for  m>3. 

Let 

20.2.12  Oen^AjAn-i,  <fc*=BJ5«.,; 

O^^^Otm  or  when  the  same  operations  apply 
to  !th,  and  no  ambiguity  is  likely  to  arise. 
Further  let 

20.2.13'  V,=:(o-m»)/?. 
Equations  20.2.5-20.2.7  are  equivalent  to 


20.2.14 


20.2.15  On^AKW-Qm^i)  (m^3), 

for  even  solutions  of  period  ir. 
Similariy 

20.2.16  \\-\  ~Qe»\  for  even  solutions  of  period 
2w,  along  with  20.2.15 

20.2.17  V,  I  I  -  (?«,,  for  odd  solutions  of  period 
along  with  20.2.15 


20.2.18  Vi—Qo^t  for  odd  solutions  of  period 
along  with  20.2.1S 

These  three-term  recurrence  relations  among  the 
coefficients  indicate  that  every  fl'.  can  be  developed 
into  two  types  of  continued  fractions.  Thus 
20.2.15  is  equivalent  to 

20.2.19 

111  * 

Gn^v  -a  °"irr  V — z  V — -  •  •  •  ^'"^^^ 


20.2.20 


(m^3) 


where 


^==<<=^=0,  if  Qm^t—B%JBtt^% 

^=  —  1 ;  ^=rf=  1,  if  Q^t=Att^\IAi^i 

<Pi=»d=^=l,  if  Qm+a'^Btt+JBit^t 

The  four  choices  of,  the  parameters  ^,  ^,  (2 
correspond  to  the  four  types  of  solutions  20.2.8- 
20.2.4.  Hereafter,  it  will  be  convenient  to  sep- 
arate the  characteristic  values  a  into  two  major 
subsets: 

a—a„  associated  with  even  periodic  solutions 

as=6„  associated  with  odd  periodic  solutions 

If  20.2.19  is  suitably  combined  with  20.2.13-20.2.18 
there  result  four  types  of  continued  fractions,  the 
roots  of  which  yield  the  required  characteristic 
values  "  ^ 

2      1  '  1 


20.2.21 
20.2.22 


i    1  1 


.  .  »0      Roots:  Osr 

=0  Roots:  ott+i 
. .  s=0    Roots:  6ir 

=0    Roots:  6ir.|.i 


20.2.23  Vi-y^y^y^ 
20.2.24 

If  a  is  a  root  of  20.2.21-20.2.24,  then  th«  conre- 
sponding  solution  exists  and  is  an  entire  function 
of  2,  for  general  complex  values  of  g. 

If  1^  is  real,  then  the  Sturmian  theory  of  second 
order  linear  differeutial  equations  yields  the 
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following: 

(a)  For  a  fixed  reid  charactorbtic  values  a,  and 
bf  aror  real  and  distinct,  if  gs^O;  ao<6t<iit 
<h%<<h<  .  .  q>0  and  Or(j),  6r(j)  ap- 
proach   as  9  approb^'^^es  zero. 

(b)  A  solution  of  20.1.1  a^aociated  with  Or  or  6r 
has  f  zeros  in  the  interval  O<0<ir,  ({  real). 

(c)  The  fonn  of  20.2.21  and  20.2.23  shows  that  if 
ugf  is  a  root  of  20.2.21  and  {  is  different  from 
zero,  then  02,  cannot  be  a  ttx>t  of  20.2.23| 
similarly,  no  root  of  20.2.22  can  be  a  root  of 
20*2 J14  itq^^O.  It  may  be  shown  from  other 
considerations  that  for  a  given  point  (a,  {) 
there  can  be  at  most  one  periodic  solution  of 
period  r  or  2r  if  {$^0.  Iliis  no  longer  holds 
for  solutions  of  period  awf  9>3;  for  these  all 

.   solutions  are  periodic,  if  one  is« 
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2M28  2304  M8874368^  •  •  * 


a,(-«)=l-?-?+^ 
bxiq) 


8^64   1536  36864^589824 

55g^  83g» 
9437184~'35380440' 


OiW   '   12^13824  79626240 


4 


21391g' 


458647142400 


a,(<,)=4+^-  W  .10W4015? 
o«W   «-t"i2    13824^  79626240 


458647142400 


w  ,..u  <f  .  13g*  .  5g» 
7)        ^16  64^20480^16384 


1961  g»  ■  609}^ 


23592060^104857600 


A  (  \    \fiA.t    317g*       10049g»  , 

+2721000000+  *  *  '  V 

r  V--ifli_g*  I  433g*       5701  g»  • 
a« W- io-hgQ-hgg^QQQ  2721600000'*'  *  *  * 


a.(-?)-25+^+7^^-j|^ 


c»»W^— JO-I-70T43904000   92935987200000^  * " 

'**^*^~**'''*'70'''43904000'*'92936987200000^  •  •  • 

For  r2^7,  and  \q\  not  too  large,  a,  is  approxi- 
mately equal  to  b„  and  the  following  appronma* 
tion  may  be  used 


aO.2.26 


\ 


V  /   '^+2(r»~  1)  ^^32(r»-  l)'(f»-4) 


(9f*-i-58r'4-29)g*  . 
'64(H-l)»(r»-4)(r»-9)"^  *  *  * 


I 
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.  The  abpve  expansion  it  not  limited  to  integral 
values  of  r,  and  it  ie  a  very  good  approximation 
for  r  of  the  form  n«)-i  where  n  ia  an  integer.  In 
ease  of  integral  valiiea  of  raoQi^Uie  eeriea  holds 
only  up  to  terms  not  involvingM-n"  in  the 
denominator.  Subsequent  terms  must  be  derived 
specially  (as  shown  by  Mathieu).  MulhoUand 
and  Goldstein  [20.38]  have  computed  charaoter- 
istic  values  for  purely  imaginary  q  and  found  that 
a«  and  Ot  have  a  common  real  value  for  ig|  in  the 
neighborhood  of  1.468;  Bouwkamp  [20.5]  has 
computed  Uiis  number  as  qf^  ±%  1.40876862  to  8 
decimals.  For  values  of  -««>-t*?o,  a«  and  Ot 
are  conjugate  complex  numbers.  From  equation 
20.2.29  it  follows  that  the  radius  of  convergence 
for  the  series  'defining  Oe  is  no  greater  than 
It  is  shown  in  [20.36],  section  2.28  that  the  radius 
o(  convergence  for  <hmi.9)t  is  greater  than  3. 
Furthermore 

PowOT  S«i<M  in  4  for  tlw  P«flodle  FuMttom  (Eur 
•afflcfamtljr  ■mail  \q\) 

20.2.27 

Wo(*.  «)-2-»  [l-|  cos  2z+if  {^-^) 

./co86«  11  COS  2g\ .  1 

~«^Vw    i2r";+  -J 


5)=co8  «— I  cos  3« 


.  ^Pcoafls  cosSg  cos  zl 
^^llW       64  ""128  J 

.rco8  7«  cosSg  cos  3g  .  cos  sT  . 
L"W16  " OT'W"**  612  J"^''^  •  • 


Mid,  g)  ssrin  «— I  sin  3a 


\ 


.  . Tsin gg  .  sin 3g  sing"] 
+  ^L-l^+--e4      128  J 

_g  Pm"  7g  ,  sin  6g  8in8g  sin  g"] . 
L  W16 +"1162     3072  "*  612  J"^  *  *  * 


M»(g,  a)"8inap-8-^ 


stoOg  mn2g 
384  "  288 
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20»2«2ft 

ci^(g>8) 


■«C08  (fg- 


rco8[(f+2)g-i»5] 

'-l»(tr/2))-2  \  i(f\-l) 

oos[(f~2)g-i>(w/2)]\ 
4(f-l)  J 

,  ,  rcos[(f+4)g~i>(r/2)]  eog[(f-4)g-iK>/2)] 
32(f+lK42)    +  32(f4)(f-2r 
cos[fa-j>(w/2)]r2(i*jin\ 
 ffl~^L(i*-l)«J/+- 


with  3>=aO  for  «,(g,  ?),  J>«=1  for       fl),  r ^3. 


M 


-  \\\  'V^Y 

t  \      V  / 


\ 


Y 


\ 


40*     W\  » 


/V 


natms  20.2.         P«f»o<i<c  A/olMew  PundUmt  OnUn  0- 


.      .  _  /C084g 

M,(«,«)=c08  2»~5^^-|2 


l\.^/c08  6e  10oos2g\ 

"4>l+*^V"38r — m~r" 
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ovan  20.3.   Odd  Periodic  MaihUu  Fundian$t  (Mkr$  1^ 


■I 


I  I  -H  )i  l\  I 


\  \  A  /\  / 


Ftoou  20.4.   B^n  P$fiodic  Maikimi  Pundion$t  Opkn  OS 

erJc  '  7U 


FtotnuB  30.5.  Odd  Periodic  MatMeu  FuneUoM,  Ordtn  i-f 

For  ooeffidents  aMooi>ted  with  above  f unetbiui 
20.2.29 

ilJ(0)-2-»;  iiJ(0)=B;(0)=l,  r>0 
i4t"l'(-l)V/«l«»2«-»]ilJ+  .  .  .,«>0 


'2;*--I(-l)V!  fl*/4*(r+«)!  «ll  CJ+  . . . 

n>>0,  Cr'^A^  or  B; 

A;^  or  0J+ . . . 

Asjmiptotle  Fapaatkm  fot  CbwrMUflstto  ValuM.  4:^1 
Leti0a2r+l|  9««^^><»real.  Then 

0,-6,.,.— 28+2W5-^-^^ 

^      ^      ^  - 


where 
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.    63^1260.2943  .  486 

J    627  .  1S»17  .  69001  .  41607 

20^1  6,+,-a,-2«'+»V2?ifl»'+»«-*^/rl, 

(given  in  120.36)  without  proof.) 

20.3.  Floquet**  Theoran  and  Ito  Consequenees 

.    9kncb  the  coeffioiente  of  Maihieu's  equation 

20.3.1         y"  +  (a-2fl  cos  2a)y=fl 

are  periodic  functions  of  z,  it  follows  from  the 
known  theory  relating  to  such  equations  that 
there  exists  a  solution  of  the  form 

20.3.2 

where  p  depends  on  a  and  q,  and  P(z)  is  a  periodic 
function,  of  the  same  period  as  that  of  the 
coefficients  in  20J.1,  namely  ».  (Floquet's 
theorem;  see  (20.161  or  (20.22)  for  its  more  general 
form")  The  constant  v  b  called  the  ehamieristk 
nponent.  Similarly 

20.3.3  f.(-2)  2) 

satisfies  20.3.1  whenever  20.3.2  does.  Both 
and  Ki—e)  have  the  property 

20.3.4 

y(«+ihr)=r'*y(2),  y^F,{z)  or  F,{^z), 

for,fr(a),  C^e-*"  for  F,(-z) 

Solutions  having  the  property  20.3.4  will  hereafter 
be  termed  Ftoqwt  solutions.  Whenever  f,(2) 
and  F,(—«)  are  linearly  independent,  the  general 
solution  of  20.3.1  can  be  put  into  the  form 


20.3.8 


If  ABt>*0,  the  above  solution  will  not  bt  a  Fhquet 
HolvHtm.  It  will  be  seen  later,  from  the  method 
for  determining  p  when  a  and  j  are  given,  that 
there  is  some  ambiguity  in  the  definition  of  v, 
namely,  p  can  be  replaced  by  p^2k,  where  k  is  an 
arbitrary  integer.  This  is  as  it  should  be,  since 
the  addition  of  the  factor  exp  {2ik8)  in  20.3.2  still 
leaves  a  periodic  function  of  period  w  for  tiie 
coefficient  of  exp  ipz. 

It  turns  out  that  when  a  belongs  to  the  sot  of 
characteristic  values  a,  and  b,  of  20.2*  then  p  is 
sero  or  an  integer.  It  is  convenient  to  a88o.;iate 
i»=3f  with  0t{9),  Mid  i-^  -r  with  *»(«);  see  (20.36). 
O  In  the  special  esse  when  v  is  an  integer,  F,{z)  is 
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proportional  to  /'.(— z);  the  second,  independent 
solution  of  20.3.1  then  has  the  form 

20.3.6  ya= (2,  J)  +g  rfa»+i.  sin  (2A+p) a, 

associated  with  eetiz,  g) 

20.3.7  Vi^zseris,  5)+^/2»+p  cos  {2k-¥p)z, 

associated  with  ae,(z,  s) 

The  coefficients  AndJ»t+p  depend  on  the  cor- 
responding coefficients  Am  and  B„,  respectively, 
of  20.2,  as  well  as  on  a  and  q.  See  (20.30J,  section 
(7.S0)-(7.51)  and  (20.58),  section  V,  for  details. 

If  i»  b  not  an  integer,  then  the  Floquet  solutions 
F,(2)  and  F^i-z)  are  linearly  independent.  It 
is  clear  that  20.3.2  can  be  written  in  the  form 

20.3 J»  F,(2)«  S 

From  20.3.8  it  follows  that  if  is  a  proper  fraction 
mtlm»,  then  every  solution  of  20.3.1  is  periodic, 
and  of  period  at  most  2im».  This  agrees  with 
results  already  noted  in  20.2;  i.e.,  both  independent 
solutions  are  periodic,  if  one  is,  provided  the  period 
is  different  irom  t  and  2w. 
M«UumI  of  Generating  the  CharaeterlBtle  Exponent 
Define  two  linearly  independent  solutions  of 
20.3.1,  for  fixed  a,  9  by 

.  y.(0)=i;yl(0)=o. 

ya(0)=0;yi(0)  =  l. 
Then  it  can  be  shown  that 

20.3.10  •  co8iri'-yi(»)=0 

20.3.11  cos  Iff- 1  -  2y[       |/,  (^--O 

Thus  p  may  bo  obtained  from  a  knowledge  of 

^,  (»)  or  from  a  knowledge  of  both  y[      and  yt  • 

For  numerical  purposes  20.3.11  may  be  more 
desirable  because  of  the  shorter  range  of  Integra- 
tion,  and  hcnco  the  lesser  accumulation  of  round- 
off orrors.  Either  v,  -v,  or  ±P+2k  (k  an  arbi- 
trary integer)  can  be  taken  as  the  solution  of 
20.3.11.  Once  v  has  been  fiited,  the  coefficients 
of  20,3.8  can  be  determined,  except  for  an  arbitrary 
multiplier  which  is  independent  of  2. 

The  characteristic  exponent  can  also  be  com- 
puted from  a  continued  fraction,  in  a  manner 
analogous  to  developments  in  20,2,  if  a  sufficiently 
close  first  approximation  to  i»  is  available.  For 
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ffystemfttic  tabulation,  this  method  is  conaidenbly 
fister  than  the  methoii  of  numerioal  integration. 
Thus,  when  20.3.8  is  substituted  into  20.8.1«. 
there  inw^t  the  following  recurrence  Irelations: 

90.3.12-  V|^«»«i«.i+«t»^i 

wh«r» 

aO.S.13  rj,=lo-  (2n+ piUq,  - «  <n<« . 

When  P  is  complex,  the  coefficients  Vu  may  also 
be  complex.  As  in  20.2*  it  is  posmble  to  generate 
the  ratios  ' 

Gn^Cm/em-t  and  ^ 

from  the  continued  fractions 

20.3.U 

1  1 


m>0 


fn>0* 


From  the  form  of  20«3«13  and  ihe  known  properties 
of  continue  fractions  it  ia  assured  that  for 
sufficiently  brge  values  of  \m\  both  |(7»(  and 

^-  \H'^m\  converge.  Once  values  of  Om  and  H^m  cure 
available  for  Bome  sufAciently  large  value  of 
then  the  finite  number  of  ratios  Om-^h  Gm^it . . 
can  be  ^mputed  in  turn,  if  they  exist.  Similarly 
for  H^m^n,  ,  .  H^.  It  is  easy  to  show  that^  is 
the  correct  characteristic  exponenti  appropriate 
for  the  point  (a^  9)^  if  and  only  if  H^Q^^l.  An 
iteration  technique  can  be  usoi  to  improve  the 
value  of  ^  by  the  method  suggested  in  (20,3]. 
One  coefficient  c$  can  be  assigned  arbitrarily;  the 

»   rest  are  then  ^mpletely  determined*  After-^l- 
the  e$  become  avi^blei  a  multiplier  (depending 
on  q  but  not  on  0)  can  be  found  to  satisfy  a 
prescribed  normslisation* 

It  is  well  known  that  continued  fractions  can 
be  converted  to  determinantal  form.  Equation 
20*S.14  can  in  fact  be  written  as  a  determinant 
with  an  infinite  number  of  rows— a  special  case  cf 
HUrs  determinant.  See  (20.19),  (20,36],  (20,16], 
or  (20,30]  for  details.  Although  the  determinant 
has  actually  been  used  in  computations  where 
highspeed  computers  w^l^available,  the  direct 
use  of  the  continued  fraction  seems  much  less 
lalKtrious. 

,Spcelal  Cam  (a,  q  Real) 

(^responding  to  9-O,  yi=?cos  V5«,  ya-sin  ^az; 
the  Fbquet  solutions  are  ext^({ae)  and  exp(— U10), 
As  a,  q  vary  continuously  ?n  the  plane, 
p  demtribes  curves;  9  is  real  n  (9,  a),  9>0 
Um  in  the  region  between  a^^,  and  hf^iiq)  and 
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Fiouas  20.6.  CharaeieriBiie  Bxponeni-FirH  Tufo  SitM^ 
Regioni  y'=^e^*P(»)  where  Pin)  U  a  peHodie /uneHan  of 
period  r. 

 Definition  oJ  p;  - 

/n  firtH  BiMe  region^  O^p^U 
In  eeeond  elobte  regiont  1  ^i^:^2. 

(Ooii8troct6<t  from  tobttlar  nXmeupp'M  by  T.  Tamlr,  Brooklyn 
PolytMhiUe  Inattlute) 


Ftotrae  307.  Charoeterieiie  Exponent  in  First  Unetable 
Region.  tHffereniiai  eiH*iion:  ^^f  f  (0-29  cos  2x)y^0. 
The  Floquet  eolution  where  P(t)  ie  0  periodic 

function  of  period  r.  in  the  Jiret  unetable  region^  p^t^t; 
Ik  ie  given  foro^- fi.   (Conetrueted  at  NBS,) 
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FiovRB  20*8 


— ^ 


!.9  ^9 


FiouBB  20.9 


1.7       I.B       1.9       ZS>      ZA       2.2      2.5      2.4      2j5*     2A      2.7      U  ZB 


Charts  of  ih€  CharfK^teriHtie  BtponenL 

(rtom  8. 1.  Xafomltiy,  An  etemtfitary  MMew  of  the  Miithtvu^HtU  eauatton  of  real  variable  based  on  numerical  boIu* 
BalUatle  Remrcb  Ubomtory  Memo.        m,  Abetdeeh  Proving  Oround^  Md.,  \M,  with  permtnlon.) 

9^t^9^:em$tani!  in  unstable  reoima 
^  ^  ^  ^  p^^Cimstant;  in  utabU  regions 
- .  - .  -  Lines  of  comiani  taiuee  of  — g. 
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(rrmn  8.  J.  Ziroodny.  An  etommtao  nvtew  ot  Ihe  MtUHni-Hm  «qo»II«ii 
of  ml  wtehto  bMd  «  ouiBflHcal  tdltttlMit,  BalUstte  Rfsevr  h  Uboralory 
M«mo.  itopi  878,  AberdMii  Proftof  Ofoiiiid»  Md.,  |W,  wtlh  pmiliiioii) 

 $me^toton^fU;  in  umkibU  Hgim$ 

 i^acoiutani;  in  $iM$  regiWM 

".-.-^tAnit^cffion^Mvalueiof^q* 

bU  solutioiiB  of  20.1.1  for  real  0  are  therefore 
bounded  ^stable) ;  r  is  complex  in  regions  between 
bf  and  ar ;  in  these  regions  every  solution  becomes 
infinite  at  least  once;  hence  these  regions  are 
termed  ''unstable  regions^\  The  characteristic 
curves  df»  bt  separate  the  regions  of  stability. 
Fpr  negative  the  stable  regions  are  between 
b$f^t  and  btf^n,  (Ht  wd  Ott^t ;  the  unstable  r^ns  are 

between  Ott^t  w^d  btf^u  ^  and  btf. 

In  some  problems  solutions  are  requured'  for  real 
values  of  s  only.  In  such  cases  a  knowledge  of 
the  characteristic  exponent  r  and  the  periodic 
function  is  sufficient  for  the  evaluation  of 
the  required  functions.  For  complex  values  ot  9, 
however^  the  series  defining  P{z)  converges  slowly. 
Other  solutions  will  be  determined  in  the  next 
section;  they  all  have  the  remarkable  property 
that  they  depend  on  the  same  coefficdents  Cm 
developed  in  connection  with  Floquet^s  theorom 
(except  for  an  arbitrary  normalization  factor).' 


BMpraalom  for  SmaU  4  02046]  chapter  2) 

J* 

If    2  are  fixed: 

ao.3.iB 

(5i|H-7)«* 


•-•^+2(^^'*"32(r«~l)«(F»-4) 

(9i>«+58i>»-|-29)g'  (,,^12  3) 

For  the  coefficients    of  20Ji^ 
203.16 

^'^^iip+D  li28(F+l)»(v+2)(F-l)+**- 

(i'i^l,2) 

««/«o=«»/32(f+1)(i'+2)+  . . . 

«,./«b=(-i)Yr(F+i)/2«'«ir(F+«+i)+ . . . 

203.17 

^  (f  not  an  integer) 

For  small  values  of  a 
20.3.18 


^96  266 

20.4.  QUier  Soluttons  of  M«tliieu*s  EquaUmi 

FoUjMng  £nl«lyi  [20.14],  [20.16],  define 
20.4.1/  ^(a)=(«"coa'(a-6)/co8  («+6)]*»^»(/) 
where  .  • 

20.4.2     /=2(7  cos  («-6)  cos  («+6)]t, 

and  Jitif)  is  the  Bessel  function  of  order  i^;  6  is  a 
fixed,  arbitrary  complex  number.  By  using  the 
recurrence  relations  for  Bessel  functions  the  follow- 
ing may  be  verified: 

20.4.8 


y  3^--2«(cos22)^,4-«(^-»+«>»+2)+ir*«^»=0. 
It  follows  that  a  formal  solution  of  20.1.1  is  given 

by 
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where  the  coefficients  Cu  are  those  associated  with 
Floquet's  iolntion.  In  the  above,  v  may  be 
complex.  Except  for  the  special  case  when  ia 
an  integer » the  following  holds:  \ 


'  If  i»  and  n  we  integera,  »/-aii+.(/)'=(— l)'«/a«-»(0- 
On  the  other  hand 

It  follows  that  aO.4.4  convergea  absolutely  and 
uniformly  in  every  closed  region  where 

*|coe  (2-6)|>rf,>l. 

There  are  two  such  disjoint  regions: 

(I)  >(^-*)>rf,>0;   (|co8  (2-6)|>(/,>l^ 
.  (ID  >(2~ft)<-d,<0;  (|coe  (a-6)|>(/,>l) 

,  If  I*  is  an  integer  20.4.4  converges  for  all  values  of 
z.  Various  representations  are  found  by  special- 
izing h. 

20.4.5 

If6=0,y=«"''»  S  Ca«(-l)V„+X2V«cosa) 

(|co8  2|>1,  |arg2V2C08  2|^»)' 

20.4.6 

lf6=J»I/=»S  C2.iJ2.+»(2iV«8in  2) 

(|sin  2|>I,  |arg  2V«  »in 


If  6-»oe{,  y  reduces  to  a  multiple  of  the  solution 
20.3.8.  The  fact  that  20.3UI,  20.4.S,  and  20.4.6 
are  special  cases  of  20.4.4  explains  why  it  is  that 
these  apparently  dissimilar  expansions  involve 
the  same  set  of  coefficients  e^,. 

Since  20.4.4  results  from  the  recurrence  proper- 
ties of  Hessel  functions,  can  be  replaced  by 
//;>»(/),  2,  where  WJ^  is  the  Hankel  function, 
at  least  formally.   Thus  let 


cos  (2-6)/coe  (2+6)|»*//i«(/) 
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where  J  satisfies  20.4.2.  Ah  examination  of  the  * 
ratios  shows  that 

\ 

will  be  a  solution  provided  \ 

Icos  (i-6)|>l;  |cos  («+6)\>l. 

llie  above  two  conditions  are  necessary  even 
when  i*,  is  an  integer.  Once  6  is  fixedXthe  regions 
in  which  the  solutions  converge  can  >^e  readily 

established- 
Following^]20*36]  let 

20.4.7 

If  2  is  replaced  by  —iz  in  20.4.S  and 
solutions  of  20.1.2  are  obtained.  Thus 

20.4.8 

y\Hz)^       C2,(-l)"2iiV»(2 Vi cosh  2) 

(Icosh  2|>1) 

20.4,9 

yi*'  (s)  C2,2iiV,(2  Vi  sinh  2)  , 

(Isinh  2|>1,        2,  3,  4) 

The  relation  between  y\'^(,z)  and  yi^>(2)  can  be 
determined  from  the  asymptotic  properties  of  the 
Bessel  funqjyyons  for  large  values  of  argument, 
can  be  shown  that 

•20.4.10 

yj^'(2)/yS^'(a)= I  (^2>0): 

When  r  is  not  an  integer,  the  above  solutions 
do  not  vanish  identically.  See  20.6  for  integral 
values  of  F. 

Solutlona  Involving  Producto  of  B«nel  FuncUom 
20.4.11 

y(i>(2)=.l   S  Cn(-l)"2yi»+.(V9«")«^.-.(V««-") 

0=1.2.3,4) 

satisfies  20.1.1,  where  >rV'(tt)  .is  defined  in  20.4.7, 
the  coefficients  Cj,  belong  to  the  Ploquet  solution/ 
and  « is  an  arbitrary  integer,  0.  The  solution 
converges  over  the  entire  complex  2-plane  if  0. 
Written  with  2  replaced  by  -»2,  one  obtains 
soli^tions  of  20.1*2. 
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20.4.12 

Miiz,q)^\  ±  c5.(-i)";;i;n.M(V'/>*)^,-.(V5e-) 

.  It  can  be  verified  from  20.4.8  and  20»4a2  that 

provided  Cj,  ^0.    If  <r2»=0»  the  coefficient  of 
in  vanishes  identically.    For  details  see 

(20,43),  120.161  (20.36). 

If  H  is  chosen  so  that  jcat |  is  the  largest  coefllicient 
of  the  set  (c^^  then  rapid  convergence  of  20«4«12 
is  obtained,  when  :^syo.  Even  then  one  must 
be  on  guard  against  the  possible  loss  of  significant 
figtires  in  the  process  of  summing  the  serie^f^ 
espmally  so  when  q  is  large^  and  \z\  small.  (If 
j^l^  then  the  phase  of  the  logarithmic  terms 
occurring  in  20.4J2  must  be  defined,  to  make  the 
functions  single^valued.) 

4 

20*S«  Properties  of  Orthogonality  and 
.Normalization  *^ 

If  a(v+2pt  q),  a(y+2«,  q)  are  simple  roots  of 
20.3aOthen 

20.5.1  J^'  f\^MP'^ui-z)dz^O,  itpy^B. 
Define 

20.5.2  ce^iz,  ?)«^  WzHF^i-z)]; 

:9e.iz,q)^-il[F,{z)-^Fri-Z)] 

ce,iZt  9)»  ^^p(Zt  q)  are  thus  even  and  odd  functions 
of  z,  respect! vely»  for  all  v  (when  not  identically 
zero). 

If  1^  is  an  integer,  then  ce,{z^  q)^  se,(z^  q)  are 
either  Floquet  solutions  or  identically  zero. 
The  solutions  ctriz,  q)  are  associated  with  a^; 
Metis,  q)  are  associated  with  6r;  r  an  integer. 

Normalisation  for  Integral  Values  of  r  and  Real  q 

20.5.3  I    [cet(z,q)]Hz^  [aer{z,q)Ydz^T 
Jo  Jo 

For  integral  values  of  p  the  summation  in 
20.3.8  reduces  Vo  the  simpler  forms  20«2«3-^20.2.4| 
on  account  of  20.S.3«  the  toefficients  Am  and  Bm 
(for  all  orders  r)  have  the  property 


20.5.4 
20;5.5 

J^^'watC^,  q)dz;  i4;«^  eeriz,  q)  cos ne^z 
Bl^-      acrizf^sinnzdz  n^O 

w  Jo 

For  integral  values  of  the  functions  eer(0,  9) 
and  acriz^  q)  form  a  complete  orthogonal  set  for 
the  interval  0^d!^2r.  Each  of  the  four  systems 
ce^fiz),  ee2rMf  ««ar.(«)f  w  complete  in  the 

smaller  interval  0  ^  ^  ^  |ir,  and  each  of  the  systems 
cetiz)^  9e,{z)  is  complete  in  0:^^^ir. 

If  9  is  not  real,  there  exist  m^tiple  roots  of 
20.3.10}  for  such  special  values  of  a(9);the  integrals 
in  20.5.3  vanish,  and  the  normalization  is  therefore 
impossible.  In  applications,  the  particular  nor- 
mdization  adopted  is  of  little  importance,  exoept 
possibly  for  obtaining  quantitative  relations  be- 
tween solutions  of  various  types.  For  this  reason 
the  normalization  of  Fpiz),  for  arbitrary  coniplex 
values  of  a,  9,  will  not  be  specified  here.  It  is 
worth  noting,  however,  that  qoiutions 

aeeriZf  9),      /te^rU  9) 

^  defined  so  that 

o«5er(p,  9)«1 ;      [j^  /9WrU  9)] 

are  always  possible.  This  normalization  has  in 
fact  been  used  in  120.60],  and  also  in  I20.58]| 
where  the  most  extensive  tabular  material  Ib 
availUble.  The  tabulated  entries  in  ]20.68]  sup- 
ply the  conversion  factors  i4  =»!/«,  JJt=al//J,  along 
with  the  coefllcients.  Thus  conversion  from  one 
normalization  to  another  is  rather  easy« 

In  a  similar  vein,  no  general  normalization  will 
be  imposed  on  the  functions  defined  in  2O«4«80 

20.6.  Solutions  of  Mathieu^s  Modified  Equation 
aO.1.2  for  Integral  p  (Radial  Solutions) 

Solutions  of  the  first  kind 

20.6.1 

Ce^t^piz,  9) -eg2t^pi%z,  9) 

«gi4i{$5(9)cosh(2*-fp)0 

associated  with  Of 
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20.6.2        "  Se,rU^.      -M«»r>,(w,  q)  =g  ^.U5(?)       (2*+p)2,  awociated  with  K 
writing  Alltl{q)='Ak+p  for  brevity;  similarly  for  Bii*+,;j»=0, 1, 

"^^^Arf  *****  *S  (2*+l)i48,+i^«»+i(pVg  Binh  2) 

.  «etr  (k»  q)  tanh  2  . 
20.6.5  Se^iz,  q)  i  g  (-  l)*2kB^uL2^fq  cfsh  2) 

coth  2  g  2*Ba^«(2 V5  sinh  2) 

//\ 

»M  S^,,U,j)=-;^^^tanh,g(-l)'(2t+l)W»*.(2V5C08h») 

See  (20.30)  for  still  other  forms.    "  .  «   1 .1 

Solutions  of  the  second  kind,  as  weU  as  solutions  of  the  third  and  fourth  kmd  (analogous  to  Hankel 
functions)  are  obtainable  from  20.4.12.       ,  '  - 

where  •,=2,         for        2,  .  .  .; «  arbitrary,  associated  with  a,, 

20.6J        MeiiUz,  i-iy*'AUtmJt^M  ZW.+,(ti.)+ J»+.+i(«t)^i<i.(t*»)l/ASUl 

associated  with  otr-n-t 

20.6.9  MniHz,  (-l)*+'BS;(3)(J«-.(t*.)Zi(l,(tt,)- J»+.(«,)Zi«.(«»)V«;,  associated  with  6,, 

20.6.10  Mai{Uz,  i-\r'miXMJ^-.i^)Z)^U*ii^)-J^^^^ 

associated  with  btr^t 

where 

See  20.4.7  for  definition  of  kVix).  „  .  „  „  ,  u  1  -^u 

Solutionr,  20.6.7-20.6.10  om\etgfi  for  all  values  of  2,  when  gt^O.   If  j=2,  3,  4  the  logarithmic  terms 
entering  into  the  Bessel  functiot^  r,(Ua)  must  be  defined,  to  make  the  functions  suiglc-volu  I.  IhiB 
can  be  accomplished  as  follows: 
Define  (as  in  [20.68]) 

20.6.11  In  (V««*)=ln  (V5)+« 
See  [20.15]  and  [20.36],  section  2.75  for  derivation. 
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Afein^,  il)MeeU(K  q)^'  g  (-l)*^^il8j(«)23l>(2V5  coeh  a)  . 
W^.(^.?)-le^2r*i(0,«)r^  g  (--l)*^MS«|(8)Z3f^,'(2V«coah 

Af*ii>M(^.  9)-l«€i,.,(0,       tanh  z  g  (-l)*^^2*+l)B5lJ|(a)Z2iVi(2V«  costi  0) 

Valid  for  5^3>0,  |cMh  ^|>1;  if  i=U  valid  for  all  They  ngree  with  a0.6.7-*20.6.l0  if  tl^e  Besad 
functtoiiH  K«(2fy^  c(»h  a)  are  made  aingle^valued  in  a'suitable  way.   For  example^  let 

V,(u)«?anu)J,(u)+*(tt) 
where  ^(u)  is  single-valued  for  all  finite  values  of      With  u^2^  coah    define  ^  ! 


20.6.12 


20.6.13 


1.6.14 


In  (2fl*  coeh  z)^\n  28*+«+ln 


-J^argi(l+r*)^2 


(If  q  lA  not  positive^  the  phase  of  In  2^  must  also  be  specified,  although  this  specification  will  not 
affect  continuity  with  respect  to  z.  If  K»(ti)  is  defined  from  some  other  expression^  the  definition 
must  be  compbtible  with  20.6.14*) 


10 

e 
« 
4 

2 


FtovRK  20. 1 1 .  Radial  Maikieu  Function  0/  the  PitBt  Kind. 
{From  J.  C.  Wntse  and  M.  i  King,  Valuo  of  the  Matbleb  ftineUons,  The 

lohna  tlopkuis  Utilv.  Rodlftltoii  UbonUonr  Tech.  Itopl.  AF*fiS,  1968, 

with  permlaalon) 


r  1 


/'AV 

-tr  rj  ^  • — r  7  tt — /^i    '  \i         i  "I 


q*2  25 


FifM*itR  20.12.    Dtrmixvt  of  the  Radial  Maihi$u  Function 
of  the  Firnt  Kind 

i  ¥fnn\  I  V  WiltM  an<l  M  }  King,  0«f1vfttlve$»  vtxm,  and  othff  data  per* 
talnlnir  tu  Mathlnti  ftjni'tlofta,  The  iuhtu  Hopkins  Univ.  Riullatlon  Lab^ 
^mitorr  Tech  )lept  A  F>a7, wtlto  ptrminln)  ' 


(From  J.  a  WtUi»aDdM*i.  KlBf*  ValttMofttieMillilrafl^^ 
iohns  nopklftt  Uiilv*  lUdlttlai  UbofilarF  Ttcb^  B09l>  Ar-«|«  19BS, 
wUh  pvnnisrion)  * 


1.4 
1.2 

1.0 

f 

.6 

4 

Z 


\ 


J4I^» 


\ 


\ 


\ 


8    ijo    1.2    14    1.6  j.a  ax> 


0       2      4  j6 

FiouRB  20*14.   /Zorftoi  JVciIAmii  FuncHon4^ih$  Third  Kind. 

(From  C.  Wlitae  and  M*  y  King,  Vtluflt  otiha  Matblra  taofilkm,  Ttm 
lohna  Hopkliifl  Univ.  RAdtitton  Ulmlonr  Tetii*  Ropl*  kf^,  1981, 
wUh  pmnlMlOD) 
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If  MtftV,  M4%$, P^O,  1  weiolutioiit 
of  tu  lint  kind,  poportkmii  to  Ch,^,  and  &tr<»>t. 
nqpoetiTdy. 

Thai 


W|r(|rj)M|r(0,  j) 
««^-t>l(|>«)««>r4.|(0,8) 

fl)  «) 

The  Mftthieu-Hankel  funetioiui  wo 

Mr(»,  «)-il/?»(f,  «)+<M»(«,  2) 

M      a)-Af  «»(•,  «)-<W»(«,  8) 

JI/^«3l«»>orJ/«i«>. 

IVom  20.6.7-00.6.11  ond  the  known  propertus 
of  BoimI  funeUon*  ono  obtoino 

aO.6.17 

-(-l)-n  j)+2»»JI/i^,(»,  «)1 

whtre  Af-sMff  or  Af«  throughout  any  of  the'  Above 
equfttiooe. 

OthwTMpirtlM  of  ChfcmtoUe  rWMtloas.  «  H«l* 
(AModeiad  With  «r  and  M 

Goneider 
9IU.i8 

jr,-a/e«>(«,«)+k»«(-«,«); 
jr,«Af*?»(f,8)-M«»(-f,«) 

Sinee  it  en  ev«n  iohition  it  muet  bo  inoportional 
to  J#eV*(f,  9);  for  90.1  J  admito  of  onty  one  even 
iohition  (ende  firom  en  erUtrnry  eonttent  faetor). 
Similnrly,  X,  in  pioportionol  to  q).  The 

proportiondity  faetore  ean  be  found  by  eonaideiing 
vahieeof  thefunetioneatf^iO.  Define,  therefote, 


20.6.19 

20.6.20 

where 
20.6JI 

Mc«(0,8)/JI/c?>(0,8) 

See  [20^]. 

In  particular  the  above  equations  can  be  used  to 
extend  solutions  of  20.6.12-20.6.13  when  0lz<Q. 
For  although  the  latter  converge  for  3lz<fi, 
vided  only  jcosh  «|>1,  they  do  not  represent 
same  functions  aa  204^9-20.6.10. 


pro' 
Ihe 


20.7.  RepfosentatliMis  bjr  Intograle  and  Some 
Integral  Equations 

Let 


20.7.1 


f 


G(u)r^(t>Kiu,t)Vit)dt 


be  defined  f<»r  u  in  a  domain  U  and  let  the  contour 
C  belong  to  the  region  T  of  the  complex  (-plane, 
with  (avo  as  the  starting  point  of  the  contour 
and  (a7i  as  its  end-point.  The  kernel  Kiu,  1) 
and  the  function  V(0  satisfy  20.7.3  and  the 
hypotheses  in  20.741. 

20.7.2  Kiu,  t)  and  its  first  two  partial  derivatives 
wiUi  respect  to  u  and  t  are  continuous  for  tonC 


and  tt  in  17;  V  and  ^ 
20.7J 


are  continuous  in  t. 


If  K  satisfies 


/ 


20.7.4  ^+^+2j(co8hatt-cos20i^O 

then  <7(tt)  is  a  solution  of  Mathieu^  modified 
equation  20.1.2. 
If       I)  satisfies 

20.7.8  ^^|^+2fl(co8  2u-cO8  20K«0 

then  j0(tt)  is  a  solution  oV°^athieu'B  equation 
20.1.1t  with  tt  replacing  «. 


736 


MATHiBu  vmcmoi 


Kemeb  Ki(»,  I)  and  *) 

K,(«,l)-/J"(tt)(zU(3,<)l-'»,  idlg>0) 

where 


2D.7.7        u=V29(co8h  22+cos  2t) 
"20.7JI   M(z,0»co8h  (2+i<)/oosh  ^ 
To, make  M'^'  single-valued,  define 

ao.7.9  .1 

cosh  (2+»«')=»«**C08h  2 

cosh  (2— coah  « 
Af(«,  0)»1 

(Af(«,3r)]-»'««r'-M(«,0) 

Let 

20.7.10  Giz,i}''l£ KxMF,m,  ia»>0) 

where  is  defined  in  20  It  may  be  verified 
that  KtF,  satisfies  20.7.8,  K  satisfies  20.7.2  and 
20.7.4.  Hence  6^  is  a  solution  of  20.1.2  (with,  z 
replacing  «).  It  can  be  shown  that  Kt  may  be  re- 
placet^  by  the  more  general  function 

20.7.11 

A',(2,0«Z^Va.(«)(A/(«,01~*'*"» «  any  integer. 

See  20.4.7  for  definition  of  ZH\uiu). 

^From  the  known  expansions  for  Z'iVi((v) 
b  large  and  positive  it  may  be  verified  that 

20.7.12  > 

where  Ml^^iz,  q)  is  given  by  20.4.12,  ««0,  1  

eu^O,  and  F,{t)  is  the  Floquet  Bc^utton^  20.3.ft# 

Kernel  ICt(0«  t«  a) 

20.7.13  Ksiz.t^a)^^^'' 
where 

20.7.14  tt^sscosh  2  cos  a  cos  <+sinh  0  sin  a  sin  < 

20.7.15  0(2,  q,  a)  «i  ^  ^ 


where  F,(t)  is  the  Floquet  solution  20.3.8.  The 
path  C  is  chosen  so  that  0{Zf  t,  a)  exists^  and 
20.7.2,  20.7.3  are  satisfied:  Then  it  may  be 
verified  that  K^{z^  ^  a)^  considered  as  a  function 
of  z  and  ^  satisfies  20.7.4)  also^  considered  as  a 
function  of  a  and  K%  satisfies  20.7.S. "  Conse* 
quently  G{z^  a)^Y{z^  q)y{flf  9)f  where  Y  and  y 
satisfy  2044S  and  20.1.1,  respectively. 
Choice  cj  Path  C.  Three  paths  will  be  defined: 

20.7.16 

Path  0$:  from  *-*di+<«  to  4$^^%^  f  du  d%  real 
-rfi<arg  (Vfi{cosh  («+ia)±l}J<r-rfi 
-*<Mg  [Va{cosh  (a-ii)±l)]<w-(«i 
20.7p17  ' 
Path  C4:  from  d^^^i^  to  2w+%^  ^di 

(same  c(i,    as  in  20.7.16) 

20.7.18 

where        2)  is  also  given  by  20.i.l2. 
^20.7.19  Path  Cj:  from  -rfi+i*  to  2»-<i|+i<» 

See  (20«36],  section  2.68. 

If  y  is  an  integer  the  paths  can  be  simplified.; 
for  in  that  case  F^it)  is  periodic  and  the  integrals 
exist  when  the  path  is  taken  froAi  0;  to  2ir.  Still 
further  simplifications  are  possible^  it  a  is  also  real* 

The  following  are  among  the  more  impcnrtant 
integral  representations  for  the  periodic  functions 
ceAz^  q)f  aetiz^  q)  and  for  the  associated  radial 
solutions. 

Let  f  to2«+j>,  jp«0  or  1 

20:7.20 
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90.7.21 

20.7.22 

20.7.23 
where 


ce,{z,  q)  ^    J"*  cosh  (2V«  sin  z  sin  01(1  -p)  +P  cos  s  C08  i]ee,it,.  q)dt 

Mf(2,  «)=PrJ"*  8in  (2V9  cos  z  cos  <+p08in  2  sin  t  ae,it,  q)dt 
M,{z,  5)=<r,J"*  sinh  (2V«  sin  z  sin  cos  2  cos  ^+i»lse,(<,  «)<ft 

20.7.24  «)         ;  eei,^,      q)  imV^'io)  Junctions  C€,(2,  g) 

«e;,     «)  /Vg«'(«) ;       ««•.+!  d' «)  /^*'(9),  for  functions  w,(2,  g) 
0,^1  eeuiO,  qilA^iq)  if  P=0;      «r,=J  ««,.+»(0,  if  P=«l ;  aasociated  with  functions  ee,(z,  g) 

«4(0,g )/V7fl1'(?),  if  p=0;     <r,=- «eJ.+,(0,  «)/V9^+'(9).  if  P==l;  associated  with  w,(2,  9) 

V  IT 


Let 
20.7.2s 
20.7.26 


Intogrob  Involving  Beaael  Function  Kerneb 


tt=  V2?(co8h  22+C08  20,  (5? cosh  22>1;  if  i=l,  valid  also  when  2=0) 

w  I..  /    V    ^-lV8Vq  sinh  2  f ^  Z?^(tt)  sin  t  gca,.n(t,  q)dt 
A/«i{Vi(2.9)=  ;^7Ti  J,  ~   tt 

In  the  above  the  i-convention  of  20.4.7  appUes  and  the  functions  Me,  Ms  are  defined  in  «).5.1- 
20.S.4.   (These  solutions  are  normalized  so  that  they  approach  the  corresponding  Beesel-Hankel 

functions  as  iiiP2-» CO.)  ,  ^  v 

Other  Intogrub  for  Mei'*Ci,  q)  and  9) 


20.7.28 
20.7.29 


'SO.7.30 

20.7.31 
20.7.32 
20.7.33 


Af<j<" (2, 5) (0*^)     c<»  (^V?  cosh  2  cos  t-p 0  eetit ,  q)dt 

r-2«-f p,  p=0, 1 ;  f,«?  (-1)*M.  0'  9) •  if  P-0;  r,«|  (-■l)*+'2^«;.„  (|  9) 

r*  sin  (2V9  sinh  2  sin  /)««a,+t«,  q)dt 

A/«il'. 1 1^, 9)       i^^ln^  ^  f ' sinh  2 sin  t cos  (2V9 cosh  z cos  t)s«a,+i(<, 9)<<< 

£ 

A/«if'(2,  9)=-  V9  "-r7S~x  f*«in  (2V9  cosh  2  COS  t)  (sinh  z  sin  t  ««„  (<,  9).W' 
A/»it'(2,  9)=-  -tz}p[i-  f  %in  (2/^  P-nh  e  sin  t)(co8h  2  cos  t  ««f,(<,  9)^' 
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Further  with      <!Osh  z  cm  a  cob  f-f  sinl^  z  sin  a  sin  i 

The  above  can  be  differentiated  with  respect  to  a,  and  we  obtain  ^ 
aO.7.36  «;(a,  9)A/c<«'(2,  i^  J^^^^^^f^  ^^^^  •  «)<if 

20.7.37  ..;(a^g)Afe'»(g,  fo*'^"^"  1^*^-^^' 
'  ,                         Integrab  With  Infinite  limits  j 

\  '         "  ' 

In  20.7.38-20.7.41  below,  2  and  q  are  positive. 

20.7.38  A/(j',"(3,  q)  =7f     sin  ^2     c««h  2  cosh  f+p| 

1,=2ceu      ?)  /ir^',  if  p=0      7r=2c«i.+,  (j.  «)  /V9  iri4rt\  if  1>=  1 

MC{2,  q)  =7f  J"  sinh  2  sinh  /  [^cos  (2V9  cosh  2  cosh  «-p  2)<ft 

7,  =  -4«^       q)  /V«ir^*,  if  P=0      7r= -4«ea.+t  (|'  g)/'^"".  »f  P=  1 

A/c',"(2,  'D^yfj'  <o8       cosh  2  cosh  f-p^)  AftfJ'*(<.  ?)* 
7,  =  -2w,.(iir,  9)/ir/15',  if  p=0      7^ =2tfe;.+,(lir,  qJw^AV*\  if 
AK»'(;,  {)   >  J^'  8»"  (2^co8h  scosh  sinl^  2sinh f  A/«;»(<,  9)*^ 

7,  -  -4w.;,(iir.  (/)/v^  ffB.",  if  P=0       7f =4«<!,.+t(i*.  9)/'^"'^'.  »f  1'=^ 


20.7.39 


20.7.40 


2<».7.n 


Additioiuil  forinH  in  |2().;K)1,  (20.:}6|, 

20.8.  Other  Properties 

HrlalinnH  fHwe*"!!  Siliillons  for  Puram^leni  q  and  -  q 

K<>|iln(  iri(;  :  hy  \ir    :  in  20.1.1  one  obtains 

20.8.1  »/"  !  (rt  \  2(1  roH  2^)i^ -O 

ll««n»r  if »/(:)  irt  n  solution  of  20.1.1  then  u{.\ir-z) 
SHtiHticH  20.8.1.    It  call  Im*  Hhown  that 


20.8.2 

a{-v, q)^a{v,  -9)  =0(1', 9),  r  not  an  integer 

c5«(-9)-p(-0"cS«(9).»'  not- '^^^^^ 

(ca„  defined  in  20.3.8)  and  p  depending  on  the 
normalization ; 
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20.S.3 

rt»f(--g)=o»r(«);  6»r(-«)-=6ir(9),  for  integral  » 
<»af+i(— 9)=*f+>(9).  *8r+i(— 9)=^'+»(9) 

20.M 

«tf(«.  -9)  =  (-l)'c«»r(iir-«.  ?) 

««r+l(«,  -«)  =  (-  1  )'««»r+l(i»- 2.  9) 

««ar+i(«,  -9)==(-l)'«»f+i(if— 2.  9) 

For  the  coefficients  associated  with  the  aboye 
solutions  for  integral 

^  20.8.S 

/ij;(-9)-(-i)'"-'^l;(9); 


/«;(-g)V(-i)*"'^^9) 


/iJ;v,(-9)=(7i)"-'^l-V.(9). 

For  the  corresponding  modified  Equation 
20.8.6        y"-(a+2?  cosh  2z)y'^Q 

ao.8.7 

A/i"(2,  -?)-  A/:''(2+i^»9} 

M<^>(2,  9)  defined  in  20.4.12. 
For  integral  values  of »  let 
20.8.8 

IfiA.s,  7)=g  (-  > )**M„(/.-.(ii,)/.+.(tt,) 

4-/»+,(tti)/»-.(ti«)lMai«. 

-/^,(ti,)/...(tt,)l/B,. 

(tt,)/,-.(t*a)l/ft.+i 

Ah,M(2,  9)«g  /.+.+,(«,) 

-  A+H^i  (tt,) /,_,(«,)  lMa.fi 

20.8.9 

K*>„L',  7)        /!«(/«  ,rtt,).V,M(«>) 

f/»+,(iii)A'»_,(«j)]M,,«, 

*  -/*..(  »i.)/f»-i(tt«)l//^». 

K<»>i(2,  7)  =  ^  //„tiI^-.(M«)/f»+.+i(»i») 

-/H.+,(tt,)K'».,(tt,))/flb+, 
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+ /»+.+i(Vi)JiC,-,(t49)l/il«,+i 

where         iC«(a5)  are  the  modified  Besael  func« 
tions,  lit,  «a  are  defined  below  20.6.10.  Super* 
scripts  are  omitted,  •,=2,  if  «=«0,        if  b^O. 
Then  for  functions  of  first  kind: 

2041.10 

-9)  =  (-l)'/«»r(«,9) 

-9)  =  (-l)'-^o«'(«»  9) 
Afci«Vt(a,  -9)  =  (-l)'»M,+i(«,9) 

For  the  Mathieu-Hankel  function  of  iBrst  kind: 
20.8.11 

Mcj«>+,(«,  -9)  =  (-ir'^if«»'+«(2»  9) 

Af*i?V,(3,  -9)  =  (-l)'*'^^o»H.«(«»  9)  ^ 

For  —  9)»  i=2,  4,  one  may  use  the  defini- 

tions 

M<»>=-t(Af«'-Af<»);  A/,=AfCr  or  Af», 

also 

Af«>(0,  -7)=2Mi»(«,  -9)--Wi"(«,  -9)  ' 

M^Mc  or  Ma;  for  real  «,  g,  Af  J^"  («,  -?) 

are  in  general  complex  if  i=2, 4. 

Z«rM  of  the  FunotloiM  for  Real  Value*  of  «. 

See  (20.361,  section  2.8  for  further  results. 

ZefM  of  c#,(«,  q)  and  »«,(«,  q),  4),  M«i"(»,  q). 

In  0^2<»r,c€,(2,  9)  and  9)  ^^^ve  r  real  ♦ 
zeros. 

There  are  complex  zeros  if  7>0. 

If  2o=^x<>+iyi,  is  any  zero  of  ce,U,  9),  «er(2,  9) »» 

-^<«o<^»  then  jtir±3o,  frir±«o 

ir&idao  zeros,  <r  an  integer. 
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IT  If 

In  the  strip  '^2<^o*^2'  ^^^^  imapfinftry  zeros  of 

ctfiz,  q)f  8€r{Zf  q)  are  the  real  iserog  of  Cef{z^  q)^ 
SSfiz^  q)f  hence  also  the  real  zeros  of  Afc^^^iz^  q) 
and  Mfi^t^(z,  respectively. 

For  timall  q^  the  large  zeros  of  Cef{z^  q)^  Ser{z,  q) 
approach  the  zeros  of  Jr{2^q  cosh  z). 

Tabulation  of  Zeros 

Ince  [20.56]  tabulates  the  first  '^non-triviar^ 

zero  ^i.e.  different  from  0,     ir^  ^or  cff(s),"'Wf(«), 

r=2(l)5  and  for  se^lz)  to  within  ^lO"*,  for  g-=0(l) 
10(2)40*  He  also  gives  the  ^Hurning''  points 
(zeros  of  the  derivative)  and  also  expansions  for 
them  for  small  q.  Wiltse  and  King  [20.61 ,2 ]  tabulate 
the  first  two  (non-trivial)  zeros  of  Mc^r^{z,  g)  and 
MhI^Hz,  q)  and  of  their  derivatives  r=0,  1,2  for 
6  or  7  values  of  q  between  .26  and  10.  The  graphs 
reproduced  here  indicate  their  location. 

Between  two  real  zeros  of  A^eJ**(^,  g),  Mn^^^iz,  q) 
there  is  a  zero  of  Me^^^{z,  7),  Mi^^r^{z,  q)^  respec- 
tively.  No  tabulation  of  such  zeros  exists  yet. 

Available  tables  are  described  in  the  References. 

The  most  comprehensive  tabulation  of  the  char- 
acteristic values  a„  br  (in  a  somewhat  different 
notation)  and  of  the  coefficients  proportional  to 
Am  and  Hm  as  defined  in  20*5*4  and  20*5*5  can  be 
found  in  [20.5H].  In  addition,  the^ble  contains 
certain  important  ^'joining  factor8'\  with  the  aid 
of  which  it  is  possible  to  obtain  values  of 
Me\^^(z^  q)  ftid  Ms[^^{z^  q).BA  well  as  their  deriva- 
tives, Values  of  the  functions  ctrix^  q) 
and  8et(x^  jq)  for  orders  up  to  five  or  six  can  be 
found  in  (20.56).  Tabulations  of  less  extensive 
rhuructer,  but  imf)ortant  in  some  aspects,  are  out- 
lined in  i\\v  other  references  cited*  In  this 
chapter  only  representative  values  of  the  various 
ftmctions  are  given,  along  with  several  graphs. 


20.8,12 


.Hp«»rlal  Valuen  for  Argiimetitii  0  and  ^ 
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// 

^  [ks^^Hz,  g)  j^;^ A.(9)/i^.,.(7) 


W(e,?)=-i^..r(«)  V; 

The  functions (^o.,,/^.,,  jf^.f  are  tabulated  in 
[20.68]  for/g<26. 

The  representations  given  below  are  applioable 
to  the  charaeteristic  aoluliona,  for  real  values  of 
unless  otherwise  noted*   Tlie  Floquet  exponent  m 
is  defined  beloW,  as  in  [20.36]  to  be  as  follows: 

In  solutions  associated  with  a,:  p^r 
In  solutions  associated  with  6f:  t^^— r. 

For  the  functions  defined  in  20«6«7-20«6«10t 

Mm2,q) 
(-\yMs^^\{2,q) 


^iiW*Tc^^?      (-4iV9(co8h  z-a)r 

where  O_i=Z)_9=0;  Do^l,  and  the  coefficients 
Dm  are  obtainable  from  the  following  recurrence 
formula: 

20.9.2 

(m+l)0„+,+[(m+|y-(m+j)8iV?«r 

+  49(2m-3)(2m-l).(l-<r»)/)„_a=0 

20.9.3 

Afc[*'i2,q) 
(-l)'A/«'y(z,g) 


rf  i"0;  do— I,  and 
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20.9.4 

(m+ 1  )rf«+,+[(m  i-.^y -f  ( w  +1)  «» V9  * 

•f  4«(2m-3)(2m- 1)(1  -<>*)dm.%^0. 

In  the  above 

*• 

— 2ir<arg  V5  cosh  2<ir 

|co9h2-<r|>k±l|,^a>0, 

but  9  is  otherwise  arbitrary.  If  ^»  1, 20.9.2 
>  20.9.4  beoome  three<term  recurrence  relations.' 

Formuioa  20.9.1  and  20.9.3  are  valid  for  arbi< 
4trary  a,  q,  provided  v  is  also  known;  they  give 
^multiples  of  20.4.12f  normaliased  so  as  to  approach 
-^the  corresponding  Hankel  functbns  Hi^H^e^), 
Hl^^i^^^),  as  See  [20.36],  section  2.63. 

The  formula  is  especially  useful  if  |cosh  a|is  large 
and  q  i?  not  too  large ;  thus  if  » «  —  1 ,  the  absolute 
ratio  of  two  successive  terms  in  the  expansion  is 
essentially 
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|(>S+-^+2Vco8h 
|\m    4^9  / 


2+1) 


If  a,  q,  z,  V  are  real,  the  real  and  imaginary 
components  of  A/c',*'(«,  ?)  are  Mci"(2,  ?)  and 
Me^^^ie,  q),  respectively;  similarly  for  the  com- 
ponents of  A/«J"(2, 8).  If  the  parameters  are 
complex 

20.9.5  A/c'"(2,        lAf«<»>(2,  «)+Afc;*'(2,  q)] 

20.9.6  Me?' (z,  9)— |  (Mc?>(a.  «)-M4*'(2<  «)1 

Replacing  c  by  «  in  the  above  wiU  yield  corre- 
sponding relations  among  Msi'^iz,  q). 

Formulas  in  which  the  parameter  a  does  not 
enter  explicitly: 


Gokbtdn*!  Expaiwloiu 


20.9.7 

where 
20.9.8 

^^2s'q  ainh  z-^  (2i'4-l)  arcUn  sink  2, 

JPi5>0,?»l,  tt>«p2r+l 
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8V9  cosh'  2 
_1_  rti>«+80«>»+106  w«+22w'+67'] 
'*"2048jL     cosh*  2  cosh*  2  J 

,      1  r-(ig'+14tg'+33w) 
+163848»'»L  cosh»2 
(2w»-H24ig»+1122ti>)  .  3w'+29(Ho»+1627to1  . 
oo8h*2  cosh*  2  J 

20.9.10 

sinh2  rw^+3  .    1    A  .  ,      ,  4ifl»+44to\ 
/6ttf*-|-34te»+9 


(to»>-47to«+667tfl'-H2885) 
12  oosh'  2 


(w»+50Sw*+12139tp'+10395)'\  "1 


12  cosh*  2 


/J 


See  [20.18]  for  detuls  and  an  added  term  in 
q"^*-,  a  correction  to  the  latter  is  notisd  in  [20.68]. 

The  expansions  20.9.7  are  especially  useful  when 
q  is  large  and  2  is  bounded  away  from  zero.  The 
order  of  magnitude  of  MeJiO,  q)  cannot  be  obtained 
from  the  expansion.  The  expansion  can  also  be 
used,  with  some  success,  for  2=>ix,  when  q  is  large, 

if  |co8  «|»0 ;  they  fail  at       ir.  Thus,  if  q,  x  are 

real,  one  obtains 

20.9.11  f 

20.9.12 

««r+l(«,  4)  ^«<;+l(0,  q)rr+,{Wi[Po(x)-Pi(z)] 

-W,(Po(«)+P|(«))} 

In  the  above,  Po(x)  and  are  obtainable 
from  'Fo(2),  Fii»)  in  20.9.9-20^.10  by  replacing 
cosh  2  with  cos  «  and  sinh  2  with  sin  Thvis 


20.9.13 


\ 


(cos  (Ja+iir)l»'+'  /(cos  «)'-^>,^ 
J ^r'^**"  (sin  (i*+b)l"-^V  (cde 
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See  2II.9«2S-M.9JM  fcr  expresaions  relating  to 
Mf(0,  f)  and  w;(0,  q).  When  |eos  »|>V4r+2/j», 
a0.9.11-W.9.12  are  meful.  The  appronmations 
become  poorer  as  r  inereaaee. 


I  In  Terma  «f  l^nbelle  CyUndar  FunetloM 

(Good  for  angles  dose  to  |v,  for  large  valuen  of 
q,  especially  when  |coe  9!|<2V^.)i  to  Sips 
(20.44-20.46). 

20.9.1S  «)-C4Zi(«)+Z;(a)l 
211.9.16 

Mf*t(9,  q)'^S,[Zo(.a)-Zi{a)]  Sin  »,  o»28»  cos «. 
UtD,«D»(J)«(-l)*«»^^  «-»^. 


20.9.17 

^•)~'>,+^[-%-'+i(;)R-.] 

20.9.18 


,  1  p,^.  ,  (f«-25r-36)  o 
+16^  L"6r'^     "14  ^' 


20.9.19 

r,~(0>/,H,H[.+^ 


f«4-2r*-H263r»-H262r-H08,  /, 

20485  "•"leSi?* 

/,«er*+15f«+ 1280H+ 19flBf»+ 1778r+672 


'    4.  T** 


•(IM  pai(t  n. 


r*-f2r'~121f»-122f~84 


+ 


20489  '^163845^^  *    J  i 

yi=2r*+6r*-4ie»*-829r»~  1  ie2r-47e 

It  should  be  noted  that  20.9.18  is  also  valid  as  en 
approximatton  for  »«f^i{»,  q),  but  20.9.16  may  give 
slightly  better  results.  See  [20.4.] 


Esplkit 


20.9J1  ^or  r»0: 


fMT  Ord«n  0, 1*  to  T«nm  1b 


^~^'-e4^+i6?rT+5i2; 


+64?»C 


99Z?4  3I?|  At 
■  266  "'■266"'24676, 


)+... 


^*   l6^"'"l6gV  16 


61A  .  25A  5Djo 
"  32     266  ~  10240, 


+64?^«( 
20.9.22  Forrsl: 

^^»"6i;^+l6i  V~l6 +612>/ 

.    1    /  207A .  ^  

"'■84?^V~"2W""'"64  24676. 

-    -A.  1  /  ISA .  A\ 


;)+... 


L_  /'_ao7Aj^A_  A*  \ . 


+64?'«(* 


163D|.36A  At 


32 


266  2048, 


)+... 


Fomuba  bmlvini  eeXOo^)       m^O*  ^) 
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^._s,V..-'V(.-jl^-4+...) 


Mi 


<;(0,g)    128.«.,j=/,     31      15  .  \ 

For  high«r  orders,  Umm  ratios  sn  inereasingly 
mors  diffiiDiilt  to  obtain.  One  method  of  estimat- 
ing values  at  the  origin  is  to  evaliiate  both  20.9*11 
and  90,9M  for  soms  s  n^ere  both  expansions  are 
satisfaetoiy,  and  so  to  uss  ao.9.11  as  a  means  to 
solyo  for  e0r(O,  g);  similsrly  for  Mr(0,  (). 

Other  aaymptotio  expansions,  valid  over  vsriouB 
refl^s  of  the  oomfdex  s-plane,  for  real  valties  of 
a,  {,  have  been  given  by  Langer  [20.25].  It  is  not 
always  easy,  however,  to  determine  the  linear 
eomUnations  of  Langer's  solutions  which  ccnndde 
with  thoss  defined  hoe. 
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20.10.  ComiMirative  Notatkraw 


Fiflodte  Mtttio&i,  otM.l.lt 

♦  r  ■■  


lU  lo  Fiflodk  8qIo* 


Km. 
.Odd.. 


Normilltalloiii  of  FloQUii'i 

BoliitlQiu. 

Mtttuma  of  MwllflS'lBMk 


JobilDt  Ftctort. 
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Thto  VotttiM 

Bti»llott*Monf, 

t9D  801 
ftftiliiioraiidSdbllke 

(20. 14) 
Batoman  Maiiiiscrl|4 

jCoouiioiiIs 

• 

■r 

^ 

■J 

6 

X 

• 
ff 

• 

Of 

/I 

f) 

»S9,{%,9)  0 

e^f  («,*»)  0 

efr(«*ff) 

Mr(t,ff) 

«f  (1,  D 

8m  Nolo  1. 

^; 

^; 

»;(f) 
1 

1 

a; 
1 

• 
1 

D0O  now  i» 

9 

UiupodM 

r 

1  j^(lM»(l,MtM.»(t,l9)«l 

^«.f(«)«/«r(e,oo8bf) 

Oird,  9) 

Ji|^».f\i)/»r(e,ooalii) 

^1       mh  I) 

A&«>(l.») 

x/iii/^ihiii^^  it, 
BaiMAafhlflvolaiiM 

Ol.(P,ff)/ 

rjia«ff.<i.ffn 

8oflM08|ao.aoi 

Soma  as  (90*80] 
Bamo  as  (ao^l 

8oeKot«2. 
8eoNoto8. 
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) 


Notb:  1.  The  eonvenion  factors  A'  and  B'  an  tabulated  In  (20.681  along  with  the  coefflolente. 

2.  The  multipliers  p,  and  Sr  are  deBned  in  (20.301,  Appendix  I,  section  8,  equations  8,  4,  8,  6. 

,3  3.  See  120.691,  sections  (8.8)  and  (8.S).  In  eq.  (816)  of  (8.6),  the  first  term  should  have  a  minus  sign. 
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The  Johns  Hopkins  Univ.  Radiation  Laboratory 
Technical  Report  AF-57,  Baltimore,  Md. 
(1958). 

(20.63)  S.  J.  Zaroodny,  An  elementary  review  of  the 

Mathieu-Hill  equation  of  real  variable  based  on 
numerical  solutions.  Ballistic  Research  Labora- 
tory Memorandum  Report  878,  Aberdeen 
Proving  Ground,  Md.  (1956).  Chart  of  the 
characteristic  exponent. 

See  also  (20.18).   It  contains,  among  other 
tabulations,  values  of  a^,  hf  and  coefficients  for  ' 
teAh  q)f  Wr(x,  g),  g«40(20)  100(60)200;  5D, 
fS2. 
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MATHIEU  FUNCnONS 


Tiibie  2o;i 


IS' 


0 

5 

10 
IS 
i>0 

0 

10 


ciuRA^rrKRisnr.  values,  joinini;  factors^  some  critical  values 

EVEN  SOLUTIONS 


r 

H 

r0^{\),  q) 

0 

0 

0.00000  000  ( 

-i; 

17.07106  781 

5 

5*80004  602  1 

4.46001  617 

10 

-  13.93697  996  i 

7.62651  757 

15 

-  22.51303  776  1 

-3 

1.93250  832 

20 

-  31.31339  007  1 

-4 

16.03743  829 

2S 

-  40.25677  955  i 

-4 

12.15863  0^6 

2 

0 

4.00000  000 

1.00000  000 

5 

7.44910  974  | 

,-1 

17.35294  308 

-1 

12,45888  349 

IS 

5.0;798  320  ( 

-2 

17.87928  278 

?0 

>   1.15428  288  1 

-2)2.86489  431 

2  J 

-2)UIS128  663 

10 

0 

100.00000  000  ^ 

1.00000  000 

5 

100.12636  922 

1.02599  503 

10 

100.50677  002 

1.05381  599 

1*) 

101.14520  345 

1.0B410  631 

20 

102.04891  602 

1.11778  863 

2S 

103«23020  480 

1.15623  992 

r 

I 

0 

1.00000  000 

1.00000  000 

>    1.85818  754 

(-1)2.56542  879 

10 

-   2.39914  240 

(-2 

)  5.35987  478 

15 

-   8.10110  513 

i-2 

)  1.50400  665 

20 

-  14.49130.  142 

(-3 

)  5.05181  376 

25 

-  21.31489  969 

(-3)1.91105  151 

25.00000  000' 
2^.54997  175 
27.70376  873 
31.95782  125 
36.64498  973 
40.05019  099^ 

225.00000  000 
225.05581  24B 
225.22335  698 
225.502^5  624 
?25.89515  341 
226.40072  004 


1.00000  000 
1.12480  725 
1.25801  994 
1.19343  223 
4)9.36575  531 
*1)  6.10694  310 

1.00000  000 
1.01129  373 
1.02287  828 
1.03479  365 
1.04708  434 
1.05980  044 


(-1) 


7.0710618 
1.33484  87 
1.46866 
1.55010 
1.60989 
1.65751 


05 
82 
09 
03 


'  -1.00000  00 
-7.24488  15 
(-1) -9.26759  26 
-1.01996  62 
-1.07529  32 
-1.11627  90 


-1.00000 
-9.75347 
-9.51645 
-9.28548 
-9.05710 
-6.82691 


00 
49 
32 
06 
78 
92 


c^(iir.  q) 


-1.00000 
-3.46904 
-4.85043 
-5.76420 
-6.49056 
-7.10674 


00 
21 
83 
64 
58 
15 


-5.00000  00 
-5.39248  61 
-5.32127  65 
-5.11914  99 
-5.77867  52 
-7.05988  45 

1.50000  00 
1.51636  57 
1.53198  84 
1.54687  43 
1.56102  79 
1.57444  72 


(-1)7.97884  56 
1.97009  00 
2.40237  95 
2.68433  53 
2.90011  25 
3.07743  91 


U27661  53 
2.63509  89 
7.22275  58 
1.32067  71 
1.98201  14 
2.69191  26 

1.51600  43 
1.48332  54 
1.45530  39 
1.43299  34 
1.41537  24 
1.40118  52 


m^9..r(q) 


1.59576  91 
7.26039  84 
1.35943  49 
1^91348  51 
2.42144  01 
2.89856  94 

4.90220  27 
4.43075  22 
4.19827  66 
5.25017  04 
6.96243  97 
1.71562  55 


20)5.60156  72 
20)5.54349  84 
20)5.49405  67 
20)5.45287  72 
20)5.41964  26 
20)5.39407  68 


00 

1.66132  97 
5.54257  96 
3.59660  89 
3.53093  01 
4.53098  68 


8.14873  31 
1.66665  79 
6.89192  56 
1.73770  48 
4.29953  32 
1.11858  69 


23; 
23 
23 
23 
23 
23 


2.30433  72 
2.31909  77 
2.36418  54 
2.44213  04 
2.55760  55 
2.71854  15 


(4v)7^r(9) 


2.54647  91 
1.02263  46 
9.72660  12 

I.  19739  95 

II.  84066  20 
3.3>747  55 


(  6! 

14.80631  83 

5.11270  71 

r  8 

6.83327  77 

1  9' 

1.18373  72 

1  9 

1.85341  57 

9! 

2.09679  12 

(  40 

12.09183  70 

'  40 

12.09575  00 

1'  40 

[2.10754  45 

1  40 

12.12738  84 

1  40 

2.15556  69 

/  40 

12.19249  18 

Columbia  Univ. 

Pm»,  New  York,  NT.,  1991  (with  permiasion), 


+27 


7  ' 
0.16 
0.12 
O.Ofl 
0.04 
0.00 


0 

-0.25532 
-0.25393 
.0.25257 
-0.25126 
'0.25000 

For  ff, , 


994 
098 

851 
910 

000 

and 


1 

-1.30027  212 
-1.28658  ')72 
-1.27371  191 
-1.26154  161 
-1.25000  000 

see  20.8.12. 


2 

-3.45639  483 
-3.39777  782 
-3.34441  938 
,-3.29538  745 
^-3.25000  000 


-(4r4-2)^/ 
5 

-17.84809  551 

-16.92019  225 

-16.25305  645 

-15.70968  373 

-15.25000  000 


10 

-76.04295 
-76.84607 
-63.58155 
-58.63500 
-55.25000 


314 
855 
264 
546 
000 


16 

.  80.93485  048 
•141.64507  841 
-162.30500  052 
-132.08298  271 
-120.25000  000 


<q> 
39 

69 

156 
625 
00 


<iy  >  «  nearest  integer  to  q. 

Compiled  from  G;  Blanch  and  I.  Rhodes,  Table  of  characteristic  values  of  Mathieu's  equation  for  large 
valu*^  of  the  ijaraftteier,  Jour.  Wash.  Acad.  Sci.,  46, 6, 1955  (with  permission). 
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(:||AR\<:TKRIHTM:  VAIXES.  joining  factors,  some  critical  valuers       Table .2oa 


4«00000  000 
I'  2« 09946  045 
.  2*38215  824 
.  8*09934  680 
'  14.49106  325 
'21,31486  062 

100,00000  000 
100,12636  922 
100,50676  946 
101,14517  229 
102,04839  286 
103,22568  004 


ODD  SOLUTIONS 


*';(0,  q)  . 

2,00000  00 
7,33166  22 
2,48822  84 
9,18197  14 
3,70277  78 
1,60562  17 


1)1,00000 
9.73417 
9,44040 
9.11575 
8,75554 
8.35267 


00 
32 
54 
13 
51 
84 


-2,00000  00 
-3,64051 
-4,86342 
-5,76557 
-6,49075 
-7,10677 


79 
21 
38 
22 
19 


-1,00000  00 
-1,02396  46 
-1.04539  48 
-1,06429  00 
-1,08057  24 
-1,09413  54 


6,38307  65 
1,24474  86 
1,86133  36 
2,42888  57 
2,95502  89 
3,44997  83 


11)1,51800  43 
11)1,56344  50 
11)1.62453  03 
11)1.70421  16 
11)1,80695  19 
11)1.93959  86 


1)8.14873  31 
1)2,24948  08 
3.91049  85 
1)7,18762  28 

1)  1,47260  95 

2)  3.33750  27 


23 
23 
23 
23 
23 


2,30433 
2,31909 
2.36418 
2.44211 
2.55740 
2,71681 


72 
77 
52 
78 
30 
11 


\ 


15 


0  4   1.00000  000 

5  -    5,79008  060 

10  -  13.93655  248 

15  -22,51300  350 

20  -  31,31338  617 

25  -  40,25677  898 

0  25,00000  000 

5  25,51081  605  . 

10  26,7664?  (^36 

15  27,^6788  060 

20  28,46822  133 

25  ^    28.06276  590 

'  0  225.00000  000 

5  225.05581  248 

10  225.22335  698 

15  225,50295  624 

20  225,89515  341 

25  226,40072  004 


1,00000  00 

(-V 

1.74675  40 

-2 

4,40225  66 

-2! 

1,39251  35 

5,07788  49 

(-3 

2,04435  94 

5,00000  00 

4,33957  00  ( 

-1 

3,40722  68  i 

2,41166  65 

-1 

1,56889  69  1 

A 

(-1)9,64071  62  1 

>1 

(  1 

^1,50000  00 

11,48287  89  * 

[-1 

1  1 

11,46498  60  « 

1-1 

i'  1 

11.44630  01 

-1 

1  1 

1 1,42679  46 

;-i 

1 

1 1,40643  73 

-1 

1.00000 
1,33743 
1.46875 
1.55011 
1.60989  16 
1.65751  04 

1,00000 
9,06077 
8.46038 
8.3794' 
8.63543 
8,99268 

-1,0000 
-9.8896t) 
-9,78142 
-9.67513 
-9.57045 
<^9.46708 


1,59576 
2,27041 
2.63262 
2,88561 
3,08411 
3.24945 


M 

99 
87 
21 
50 


9,80440  55 

1.14793  21 

1,52179  77 

2,20680  20 

3.27551  12 

4,76476  62 

3,73437  81 
3,78055  49 
3,83604  43 
3,90140  62 
3,97732  29 
4,06462  83 


2,54647  91 

-  2 

3.74062  82 

-  3 

12.21737  88 

-  4 

2,15798  83 , 

-  4 

2,82474  71 

-  6 

14,53098  74 

B] 

I4«80631  83 

^  8' 

15.05257  20 

8 

15,46799  57 

8 

15,27524  17 

6 

14.26215  66 

8 

12,94147  89 

40)2.09183  70 
40)2.09575  00 
40)2.10754  45 
4q)2.1273S  84 
40)2.15556  69 
40)2.19249  18 


7 

0.16 

0.12 
0.08 
0.04 
0.00 


1 

-0.25532  994 
-0.25393  098 
-0.25257  851' 
.0.29126  918 
-0.25000  000 


-1.30027 
-1.28658 
-1.27371 
-1.26154 
-1.25000 


164 
971 
191 
161 

000 


For      and  A.,  see  20.8.12. 


6,+29-f4r-2);'<? 


■11.53046  855 
-11.12574  983 
-10.78895  146 
-10.90135  748 
-10.25000  000 


10 

-51.32546  875 
-56.10964  961 
-51.15347  975 
♦-47.72149  533 
-45.25000  000 


16 

-  55.93485 
-108.31442 
-132-.59692 
-114.76358 
-105.25000 


112 
060 
424 
461 
000 


<1> 
39 
69 
156 
625 
ae 


<q>  -nearest  integer  to  <?. 
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MATUHSU  FDHCmONS 


OlEPnaENTH  AND 


0 

2 
4 
6 
8 
10 
12 
14 
16 
18 
20 
22 


r  0 

♦0.54061 
-C«62711 
♦0.14792 
•0.01704 
♦0.00128 
-0.00006 
♦0.00000 
-0.00000 
♦0*00000 


H46^ 
5414 
7090 
8061 
2063 
0721 
2028 
0090 
0001 


2 

"♦0.43873  7166' 
♦0.69364  026O 
•0.42697  8939 
♦0.07988  5673 
•0.00674  1769 
♦0.00036  4942 
•0.00001  3376 
^0.00000  0395 
•0.00000  0007 


10 

♦0.00000  1679 
♦0.00003  3619 
♦0.00064  1987 
♦M1078  4807 
♦0.m67  9121 
♦0.98395  9640 
•0.11280  6780 
♦0.00589  2962 
•0.00018  9166 
♦0.00000  4226 
•0.00000  0071 
♦0.00000  0001 


m\r  1 

1  40.76246  3686 
•0.63159  6319 
♦0.13968  4806 
•0.01491  5596 
♦0.00094  4842 
•0.00003  9702 
♦0.00000  1189 
•0.00000  0027 
♦0.00000  0001 


3 
5 
7 
9 
11 
13 
15 
17 
19 
21 
23 
25 


♦0.07768  5798 
♦0.30375  1030 
♦0.92772  8396 
•0.20170  6148 
♦0.01827  4579 
•0.00095  9038 
♦0.00003  3457 
•0.000M  0839 
♦0.00000  0016 


0  ♦p;42974  1038 
2  /0.69199  9610 
4  /♦0.I6554  4890 
6/  -0.iJ057  5523 
♦0.03274  5863 
•0.00598  3606 
♦0.0008^)792 
•0.00008  7961 
♦0.00000  7466 
•0.00000  0514 
♦0.00000  0029 
•0.00000  0001 


2 

♦0.33036  5777 
•0.04661  4551 
•0.64770  5862 
♦0.55239  9372 
•0.22557  4897 
♦0.05685  2843 
•0.00984  6277 
♦0.00124  8919 
•0.00012  1205 
♦0.00000  9296 
•0.00000  0578 
♦0.00000  0030 
•0.00000  0001 


10 


♦0.0(^02  6361 
♦0.02075  4891 
♦0.07232  7761 
♦0.23161  1726 
♦0.55052  4391 
♦0.63227  5658 
•0.46882  9197 
♦0.13228  7155 
•0.02206  0893 
♦0.00252  2374 
•0.00021  3672 
♦0.00001  4078 
•0.00000  0746 
♦0.00000  0032 
•0.00000  0001 


wV  1 

1  ^0.39125  2265 

3  ^0.74048  2467 

5  40.50665  3803 

7  •0.19814  2336 

9  ♦0.05064  0536 

11  •0.00910  8920 

13  ♦0.00121  2864 

15  -0.00012  4121 

17  ♦O.OOOOl  0053 

•  19  -0.00000  0660 

21  ♦O.OOOOO  0036 

23  -0.00000  0002 
25 
27 
29 
31 


♦0.65659  0398 
♦0.M900  8820 
-0.19827  8625 
.0.48837  4067 
♦0.37311  2810 
-0.12278  1866 
♦0.02445  3933 
-0.00395  1335 
♦0.00033  9214 
•0.00002  ^52 
♦0.00000  1661 

-0.00000  oor 

♦0.00000 


IS 

0.00000  0000 
♦0.00000  0002 
♦0.00000  0106 
♦0.00000  4227 
♦0.00014  8749 
♦0.0O428  1393 
♦0.08895  2014 
♦0.99297  4092 
•0.07786  7946 
♦0.0U86  6409 
•0.0Q006  6394 
♦0.00000  1092 
•0.00000  0014 


IS 

♦O.0O0M  4658 
♦0.00003  7337 
♦0.00032  0026 
♦0.00254  0806 
♦0.01770  9603 
♦0.10045  8755 
♦0.40582  7402 
♦0J3133 
0.3  " 


102  4550 
♦0.00066  6432 
^00004  1930 
♦0.00000  2090 
•0.00000  0085 
♦0.00000'  0003 


2 

♦0.93342  9442 

10 

2 

♦0.00003  3444 

4 

•0.35480  3915 

♦0.00064.^6 

6 

♦0.05296  3730 

♦0.01070  4807 

8 

-0.00429  5885 

♦043767  5120 

10 

♦0.00021  9797 

♦0.98395  9640 

12 

•0.00000  7752 

•0.11280  6780 

14 

♦>).00000  0200 

♦0.00589  2962 

16 

•0.00000  0004 

•0.00010  9166 

18 

♦0.0M00  4227 

20 

•0.00000  0070 

22 

♦0.00000  0001 

m\r 

2 

10 

1 


1  ^0.94001  9024 

3  •0.336M  1963 

5  ^0.05547  7529 

7  ^0.00508  9553 

9  40.00029  3879 

11  •O.OOOOl  1602 

13  ♦0.00000  0332 

15  -O^OiHmO  0007 

17  - 

19 

21 

23 

25 


40.05038  2462 
40.29736  5513 
40.93156  6997 
•0*20219  3638 
40.01830  5721 
-0.00096  0277 
40.00003  3493 
•0.00000  0842 
40.00000  0017 


000  0000 


0.00000 
40.00000  000 

40.00000  oli 

40.00000  42 
40.00014  874 
40.00428  139 
40.08895  201 
40.99297  40 
•0.07786  79l6 
40.00286  6409 
-0.00006  6394 
40.00000  1093 
•0.00000  0013 


>2S 


1 


2 
4 

6 
8 

10 
12 
14 
16 
18 
20 
22 
U 
^6 


♦0.65743  9912 
-0.66571  9990 
♦0.33621  0031 
•0.10507  3258 
♦0.02236  2380 
-Q.00344  2304 
♦0.00040  0182 
-0.00003  6315 
♦0.00000  2610 
-0.00000  0157 
♦0.00000  0008 


♦0.01800  3596 
♦0.07145  6762 
♦0.2)131  0990 
♦0.55054  4783 
♦0.63250  8750 
•0,46893  3949 
♦0.13230  9765 
-O,02206  3990 
♦0.00252  2676 
•0.00021  3694 
♦O.O00O1  4079 
•0.00000  0746 
♦0.00000  0033 


For  .L  And     m  20.2.3-30.3.11 


1 
3 
5 
7 
9 
11 
13 
15 
17 
19 
21 
23 
25 
27 
29 
31 


♦0.81398  3846 
•0.52931  0219 
♦0.22890  0813 
•0.06818  2972 
40.01453  0886 
•0.00229  5765 
40.00027  7422 
•0.00002  6336 
40.00000  2009 
•0.00000  0126 
40.00000  0007 


40.30117  4196 
40.62719  8468 
40.17707  1306 
-0*60550  5349 
40«33003  2984 
-0.09333  5984 
40.01694  2545 
•17  7430 
4v  21  0135 
•0.00001  5851 
40*00000  0962 
-0.00000  0048 
40.00M0  0002 


IS 

40.00000 
40^10003 
♦0.00032 
40.00254 
40^01770 
40.10045 
40.40582 
40.83133 
•0.35924 
40iO682l 
•0.00802 
40.00066 
•0.00004 
40>00000 
•0.00000 
4Q«00000 


3717 
7227 
0013 
0804, 
9603 
8755 
7403 
2650 
803Q 
60/4 
4951 
6432 
1930 
2090 
0086 
0003 


Compiled  froTTv  KnUonol  Buraitt  of  Standardo*  Tabloi  relating  to  Mathieu  ftinetbna,  ColumMa  Univ* 
Press,  New  York»  N.Y.»  1061  (with  peraiisdoii)* 
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21.  Spheroidal  Wave  Functions 

Abnou)  N.  Lowan  > 
Contents 

Page 

MatlMiiurtiMlPNpOTtiM.   762 

21.1.    Definition  of  EUiptioal  Ckwrdinates   762 

21.2*    Definition  of  IVolate  Sphenndal  Coordinates  ......  762 

2U.    Definition  of  Oblate  Sphenridal  Coordinates   762 

21.4.  Laplacian  in  Spheroidal  Coordinates   762 

21.5.  WayeEquationinFkolateandOblateSpheroidalCoordinatea  762 

21.6.  Differential  Equations  for  Badial  and  Angular  Sphwoidal 

Wave  Fonetions   763 

21.7.  IVolato  Angular  Functions   763 

2141.    Oblate  Angular  Functions   766 

21.9.  Radial  Spheroidal  Ware  Functions   766 

21.10.  Joining  Factors  for  Plrolate  Spheroidal  Wave  Functions    .  767 

21.11.  NotoUon   768 

Refe     769 


Table  21.1.  Eigenvalues— Isolate  and  Oblate   760 

in»0(l)2,  n«m(l)m+4 
««»0(1)16,  e-'=.26(-.01)0,  4-OD 

Table  21.2.  Angular  Functions— Prolate  and  Obkte   766 

m=0(l)2,  n«m(l)3,  i»«0(.l)l 
•=i0«(10«)90«,c«l(l)6,  2-4D 

Table  21.S.  folate  Radial  Functions— First  and  Second  Kinds  ...  768 
m»0(l)2,  n»A^l)3 

1-1.006, 1.02,1.044, 1.077,  e»l(l)6,  4S 

Table  21.4.  Oblate  Radial  Functions-  First  and  Second  Kinds  ....  760 
m=0, 1,  n»m(l)m-f  2;  m,  n=2 
f =0,  .76,  e«.2,  .6,  .8, 1(.6)2.6,  6S 

Table  21.5.  Plrolate  Joining  Factors— First  Kind   769 

meO,  1,  n«m(l)m-f2;  m,  n=2 
««1(1)6,  4S 


•  Yeehiva  Unlvvnity.  (PnpMcd  under  vontmet  with  the  National  Bumu  of 
SUndaide.)  (Deeeswd.) 

ERIC  755 


21.  Spheroidal  Wave  Funetions 

Mathematical  Properties 
21.1.  Definition  of  Elliptieal  Coordinates 

21.1.1 


fi  and  ft  are  the  distances  to  the  fooi  of  a  family 
of  confocal  ellipses  and  hyperbolas;  2/  is  the  dis- 
tance between  foci. 


21.1.2 


a  =s semi-major  axis;  6s=semi-niinor  axis;  e^^ec- 
centricity. 

EquaUfm  of  Family  of  Confoeal  ElUpM 


21.1.3 


(!<{<«; 


21.1.4 


Equation  of  Family  of  Confoeal  Hjrparbolaa 


(-l<n<i) 


\ 


Rchllom  Between  Carteelan  and  Elliptical  OMMrdlmtee 

21.1.5     x«/{n;  y«/V«'-i)(i-n«) 

21.2.  Definition  of  Prolate  Spheroidal 
Coordinates 

If  the  system  of  confocal  ellipses  and  hyberbolas 
referred  to  in  21.1.3  and  21. L4  revolves  around 
the  major  axis,  then 


21.2el 


y=:rcoB0;  2=r8in0;  0^^:g2ir 
where  |,  fi  and  ^  are  prqlate  spheroidal  coordinates. 

RelatlooA  Between  C!arteeian  and  Prolate  Spheroidal 
Coordinates 

2L2.2 


/-.An:{/-A(^*-l)(l-n')cos^; 


^/-yV«'-l)(l-n')  sin* 

21.3.  Ileflnition  of  Oblate  Spheroidal 
Coordinates 

If  the  system  of  confocal  ellipses  and  hyperbolas 
referred  to  in  21.L3  and  21*1.4  revplve^  around 
the  minor  axis,  then 

ERiC  , 


2U.1  f,-{-^^r' 


i-fi'  ^ 


2=3r  cos  0;  x=rsin  0;  O^0<2ir 
where  |,  n  fuid  ^  ftre  oblate  spheroidal  coordinates. 

Relatkma  Between  Carteaian  i|nd  Oblate  Spheroidal 

Coordinate* 
21.3.2  / 


x=Jin  sin  *;  y=/  Vtt'-DCl-V);  «=/ln  cos  9 
21.4.  Laplacian.  in  Spheroidal  Coordinates 

21.4.1 

hi'W^A  h^dfird^K  K 

Metric  G>efflcient8  for  Prolate  Spheroidal  Coordinate* 
21.4.2 


) 


MetHe  Coefflcienti  for  Oblate  Spheroidal  ^Coordinates 


\ 


21.4*3 


21.5.  Wave  Equation  in  Prolate  and  Oblate 
Spheroidal  Coordinates 

Wave  Equation  In  Prolate  Spheroidal  Coordinates 


(|»-I)(l-u')d0» 
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Wa»*  Rquatlon  in  Oblate  Spheroidal  Coordinates 
21.S.2 
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^^  ^^ 


Ha) 


21.5.2  may  be  obtained  from  21.5.1  by  the 
transformations 

(-*±i|,'C-*Tic. 

21.6.  Differential  Equations  for  Radial  and 
Angular  Prolate  Spheroidal  Wave  Functions 

If  in  21.5.1  we  put  « 

COS 

then  the  ''radial  solution"  Rmn(e,  0  and  the 
"anifular  solution"  S,,(c,  ij)  satisfy  the  differential 
equations 

21.6.1 
21.6.2 

where  the  separation  constants  (or  eigenvalues) 
X„,  are  to  be  determined  so  that  Rmnic,  |)  and 
Smnic  n)  are  finite  at  |=  ±  1  and  ij=  ±  I 
respectively. 

(21.6.1  and  21.6.2  are  identical.  Radial  and 
angular  prolate  spheroidal  functions  satisfy  the 
same  differential  equation  over  different  ranges  of 
the  variable.)  \.. 

OtfferantUi  Kquatlons  for  Radial  and  Angular  Oblate 
9pheroi<lal  Funetions 

21.6.3 

d 


(21.6.3  may  be  obtained  from  21.6.1  by  the 
transformations  {-»±t{,  e-^^ic;  21.6.4  may  be 
obtained  from  21.6.2  by  the  transformation  c-»T  W.) 


[(£'-f-l)|/?«..(r.{)] 

'-{K,-c'e-^)RM)-^0 


21.6.4 


ERIC 


+()^.+c»n»-j~i)5..(c,,)-=0 


21.7.  Prolate  Angular  Ftuctions 


21.7.1 


fmO,  1 

= Prolate  angular  function  of  the  first  kind 

21.7.2 

Tm—a 

= Prolate  angular  function  of  the  second  kind 

(P*(ij)  and  (?J(tj)  are  associated  Legendre 
functions  of  the  first  and  second  kinds  respectively. 
However,  for  -1<2<1,  Pr(«)=(l-«»)""rf''i'-(2)/ 
rfa"  (see  8.6.6).  The  summation  is  extended  over 
even  values  or  odd  values  of  r.) 

Reeurrmce  Relations  Between  the  CoefficienU 

21.7.3 

(2  m-f  2it+3)  (2  m+2*+5) 

0»=(m+A)(m+*+l) 

,2{m+k)Jfn+k+l)-2m'-^  , 
+~(2m+2F- iT(2m+2A+3) 

k{k~\)e' 
'^»'*(2m+2it-3)(2m+2*- 1) 

Transcendental  Equation  for  Xm» 

21.7.4 

f/(X,,)=f/,(X«,)+f/a(X«,)-^0 


UtiKn)- 


k{k-\){2m±k){2m+k^\)e* 
^""(2m+2)c- l)'(2mT2*-f-  i)(2m  +2*-  3) 


(*^.2) 


+  K!^~(2mT2ra)(2m+^^^  ^''^^^ 


7y=(m+*)(m+*+l) 

2m+2X--l)(2m+2l'T3) 
(The  choice  of  f  in  21.7.4  is  arbitrary.) 
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Power  Serica  Eipanatoti  for  X., 

I 

» 

/o=»n(n+l) 

t-^di  (2m~l)(2in-fl)-l 
*'-*L      (2n-l)Tan+3)  J 

/  _-'(w-'»-f  l)(n-m-f2)(n-i-m-f  l)(n-f  m-f  2)  .  (n-m-l)(n— m)(n-f  m-l)(n-f  m) 
*    " 2(2»+l)(2n+3)'(2»+5)  2(2r»-*-3)(2»-l)»(27»+l) 

I  /j-i  i%  r(n-»-f  l)(n-m-f  2)(n-f  m-f  l)(n-f  m-f  2)  (»-m-l)(n-m)(n-f  m-l)(n-hm)  "I 
i,=.V*m  (2i»--i)(2n+l)(2*»+3)»(2n+6)(2»+7)  ~*(2n*-5)(2»»-3)(2n~l)»(2»4-l)(2»+3)J 

it     (n— m— l)(n— m)(n-f  m— l)(n-f  m)     (n— m-fl)(n— m-f  2)(n-f  m-f  l)(n-f  m-f2) 
(2»-6)»(2»-3')       1)'(2»+ 1)  (2n+3)»     (2i»-  l)*(2n+ 1)  (2ii+3)''(2n+5)  (2n+7)« 

A  (w— m— 3)(t»— m— 2)(n— m— l)(n— m)(n4-m— 3)(n-f w--2)(n+m— l)(n-f  m) 
"  (2n-7)(2»-5)»(2ft-3)»(2n- 1)«(2»+ 1) 

(n-m4-l)(n-m+2)(n-m+3)(n-m+4)(n-f-m4-l)(n-fm-f2)(n+m-f3)(n+m+4) 
"  (2ii+l)(2n+3)H2»+6)»(2Qa:7)»(2nf9) 

(»-m-fl)*(n-m+2V(n-fm-fl)*(n-Hn+2)«  (n-m-l)*(n-m)'(n-i-m-/l)'(n-f m)« 
(2n+l)«(2»+3)'(an+5)»  (2n-3)»(2n-l)»(^Tr)» " 

'  n  (n-m-l)(n-m)(n-m-fl)(n-m-f2)(n4-m-l)(n-f  m)(fi4  m-f  l)(n-f^-f2) 
'  ~  (2n-3)(2»-l)«(2»+l)«(2n+3)H2rt+5) 


Aaymptotle  EspUMloB  for  Ktn 

21.7.6 

W<)=c«+m»-|  <«'+*)-6£  (9»+ll-32m») 


"iO^?  (6(«*+26?*+21)-384m»(?»+l)) 


f-i,  (339*+  15M5»+6621  j) 
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-^(37^+167,)+^^] 
~?  [2^  (638«+4MO?«+43327«»+22470) 

("5«*+».3»0fl*+736)+?^  («•+!)] 

[io^ji  (627g'+61629«»+1043961fl» 

4-2241599j)-g27Y^  (ft73^j»+127S505» 
+298951g)+g|*  (366«»+16062)^^]+O(e-«) 


/ 


/ 


RefliMniciit  of  Approtlmato  Values  of  X.. 

If  )Cl  is  an  approximation  to  X*,*  obtained  either 


from  21.7.S  or  21.7*6  then 
21.7.7 


(AT?,,)* .  iN7,tP^,d* .  iNT.tNT^^.d' 

.+  .. . 
(r>2) 


AC 


(2m-fr)(2m-ff-l)g*  <<> 
'(2m+2f-l)(2m-f2f+l) 


>'(>'-l)(2m-ff)(2m-ff-l)c«  

(2m  +2f-  l)'»(2m  +2r+ 1)  (2m+2r-3) 


(ri2) 
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RraltiAtlon  of  Caeffietonta 

Sti^p  1.   Calculate  Nfn  fn«n 

21.7JI 

AC.,»i:-X,.-J^j.  (r>2) 


\ 


vStep  2.   Calculate  ratioB  &  and  j—  from 


21.7.9 


and  the  formula  for  iV7  in  21J»7« 

The  voofficienta  rfT"  are  determined  to  within 
the  arbitiAi^  factor  df^Sot  fr^Bsm  and  di  iot  nodd* 
The  choice  these  factoid  d^nda  on  the  normal- 
izatioa  scheme  adopted*  ^ 

NormallMtlon  of  Angular  Functlom 
Melsmr«9rl|Mfke  Scheme 


2K7.ll 


2  In+m)] 


2n+l  {n-m)\ 
Htratton-MofwChu-Llllle^CorlMiUV  Seheme 

t  (This  normalization  haa  the  effect  that  Smnic^  n)- 
Flammer  Selieme  (21.4) 


21.7.13 


21.7.14 


(n—  m)  even 


■  ml 


.    ,         (-1)   »   (n+m+ 1)1 

(n—  m)  odd 

The  ttbove  leiwl  to  the  following  tiomiitions  (or 


Rir 


21.7.1S 


(-M)'^(r+2m)!  ^.^  (-i)'r(n+m)! 


(n— m)  even 


21.7.16 


(n— m)  6dd 


S'2'('-rJ),('-±f±l),  ' 

(-l)T-'(«+m+l)! 
V-(?=f=li)'!(^^-±i)' 

(The  normalization  scheme  21.7.13  and  21. 7.  H  ia 
also       in  [21.10].) 

AajrmptoUo  Eipansloiui  for  SmuCc,  9) 

21.7.17 


where  the  A(x)^a  are  the  parabolic  cylinder  func- 
tions (see  chapter  19). 

A (.)=(-!)'>  ^  .-'"•^2-'«.-'"W,  (^) 

/ 

and  the  UAz)  are  the  He/mite  polynomiab  (see 
chapter  22) .  (For  tables  ^f  A'*  ,\h\  see  (2 1 .41.) 

EKpanaion  of  8..(c,  if)  In  Powers  of  n 

21.7.18 

S«.(e,n)-(l-nr'*^:g;p7'(«)n' 

(r+  l)(r+2)|»y?«(c)  -  lr(f +2m+ 1)  4-m(m+ 1 ) 

-W«)1p7"(c)-«*K-"»(c)"0 

(The  derivation  of  the  transcendental  equation 
for  \m%  is  similar  to  tlie  derivation  of  21.7.4  from 
21.7.3.) 

Rapansion  of  S«»(c,  »i)  In  Powers  of  (1  -^•) 
21.7.19 


««,(c,n)-(l-nr'*gca"agr'»*)*^ 
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21.7.20  \ 

a^Acn)  ^nd  -  nr'^gj <??;(! -»»')*     (n-m)  odd 

{»— m)  even 


1 


-  (2m  f2r4-l)!,  . 


2**!(«  f  it)!  r=t  (2r-M)! 


-A  . 
(n— m)  odd 

(a)»=a(a4-l)(a+2)  .  .  .  {a+k+\) 
(TliP  f/T-rt  arc  tlu»  i  oofricietits  in  21.7.1.) 

f'roUte  Angular  FMnctlons»Se«ond  Kind 

Rxpatisioti  21.7.2  ultitimtely  letids  to 

21.7.21 

+  S'  </rr/r«-.(»?) 

(Till*  (wniri)»nt.s  fly  ur«  the  sumo  uh  in  21.7.1; 
the  coeffirirnts  d^l  are  tubulated  in  (21.4|.) 

21.8.  Oblate  Angular  Functions 
I'nwpr  Setirn  KtpanHion  for  KiRpnvaluPH 


21.8.1 


where  the  //«  are  the  name  as  in  2L7*5* 

Anymplolic  Kiponslon  for  Kigrnvalurt  [21.4] 
21.8.2 

-r^  *  2r(2v  I  rn  ♦  l)-  2v(v  t  m  f  I) 

i^^^'^ffc-^m)  for  in  —  m)  even; 

1^  ^  ' (n— m— 1)  for  (n  —  m)  odd 
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-2-»3l337*+  114?'+37-2m»(23j»+26) 

+  13m*J 

-2-"»(639*+3405*+2399»+14 
-10m»(109*+23q;+3)  +  m*(393»-18)-2m'l 

^•=^(„+m)oj'  +  (i'+l)(i'+m+l)oi-' 

g=n+4  for  (ft— in)  even;  5=n  for  (n— m)  odd 

(For  the  definition  of      see  21.8.3.) 

Asymptotic  Expansion  for  Oblate  Angular  PuncUoaa 

21.8.3 

+  (^l).-^-a+,)/^(,)(2c(l+n)l} 

where  the  /«»^'(x)  are  Laguerre  polynomials  (see 
chapter  22)  and 

(Expressions  of  o»*'  are  given  in  [21.4].) 

21.9.  Radial  Spheroidal  W'*vc  Functions  • 
21.9.1 

(J,+j(^)  and  K,^j(3)  are  Bessel  functions,  order 
n  f  J,  of  the  first  and  second  kind  respectively 
(see  chapter  10).) 

21.9.2  RlSlic,  {) = IVJliic,  {)  +t«ifi(c, « ) 

21.9.3  TOc,«)-/?;'i(c,«)~«(«,0 
Afo^raptotic  Oehavlor  of  RUliie,  {)  and  Rm\{e,  I) 

2KM  i  cos  (ct- J(n+l)irl 


1 


sin  l<?|-|(n+l)r) 


SPHEROIDAL  WAVE  FUNCTIONS 
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21.10.1 


«im+l){n+m)l  f)'*<<7"(2m+r)!/rl 

A  r-0  

'        ~T"      .  ^n-m\,/n'\■m\. 


(2m+3)(n+m+l)!  «ir(2'rt+r)!/rl 


(n-m)ev*en  (n-m)  odd 


21.10.2 


S2i(c.()=C(*)«2i(e,{) 


«i?i(c)==  (2m-l)m!(n+m)!c—         ?=5j      H  ' 


=  72^3)(2m-l)ml(n+m+l)!c*-«       f-»  " 

(The  expression  for  joining  factors  appropriate  to 
the  oblate  case  may  be  obtained  from  the  above 
formulas  by  the  transformation  c-*— ic.) 


m)  odd 


21*11.  Notatioii 
NolaHan  far  ProUde  Spkenridal  Wtwe  Punethna 


— j  

Ang. 
eoord. 

Rad.  eoord. 

Ind<>* 
pendent 
variable 

Ang.  wave 
function 

Had.  wave 
funeiion 

Eigenvalue 

Normalization  of  angular 
funotiotts 

Remarlcs 
 \  

Simtton,  Mone, 
Chu,  Utile  abd 
Corbat6 

1 

h 

1) 

AmtW 

0     iL.    t\  Dmtt\ 

<»Flammer'8  n 

FUmmer  and  this 
,  ellA|>tor 

n 

1 

€ 

X..(e) 

«•,(«,  0) = ft  (0)    (»  -  m)  even 
«-(«,  0)  =« iT (0)   (n-  m)  odd 

■  If  ■  ■  " 

^TM^^nd  Strmtton 

f 

t 

€ 

me,  Q 

5'J/(c,  0)  =  /»:ti(0)  (/even) 
'S<J(«,0)«J^i(0)  (todd) 

t^Flammer's  n—m 

ildsner  and 
» 

1 

y 

""Si+l  (a-m)! 

MofBe  and  Peab* 

if»ooed 

t»eoeb  M 

h 

{<=:Flanimer'8  n 

i 

9 

{«Flammer*8  n 

1  Nckdimfor  OUOI0  SpktnriJal  FunOum 

Stralton,  Moree» 
Cbu,  Uttie  and 
Corbat6 

1 

Q 

{»Flammer'8  n 

Flanimer  and  this 
chapter 

1 

c 

«?.(-<«,  ♦t) 

5«.(-«.0)-/t(0) 

(n— m)  even 
-Sr.,(-»c,0)=.ft'(0) 

(n-m)odd 

Chtt  and  Stratton 

1 

€ 

») 

flSy(  -♦«,  0) = f:t«(0)   ('  even) 

fii5'(-<«,o)=i*:;i(o)  a  odd) 

^  

Itr'Flammer's  n-m 

Meixner  a^d 
SehATke 

t 

y 

2  (n+m)! 
°'2»+l  (»-»»)  I 

Moree  and  Feih« 
baeh 

l(l-^-'»5.,(»a,,)U, 

=((l-V)-«>T(i»)V.i 

{nFlammer^  n 

LeUner  and 
j>  Bpenee 

1 

{c^tplammer's  n 

I 

I 
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Tablr  21.1 


ElGENVALtE»~J^ROLATE  AND  OBLATE 
PROLATE 

K»(e)-mim  +  l)  • 


0 

1 

0 

0.000000 

2.000000 

I 

0.319000 

2.593064 

2 

0.611314 

3.1 72127 

0.879933 

3.736869 

4 

1.127734 

4.287128 

5 

1.357356 

4.822809 

6* 

1.571155 

5.343903 

7 

1.771183 

5.850492 

8 

1.959206 

6.342739 

9 

2.136732 

6.820888 

10 

2.305040 

7.28^254 

11 

2.465217 

7.736212 

12 

2.618185 

6.174189 

13 

2.764731 

8.599648 

14 

2.905523 

9.013085 

15 

3.041137 

9.415010 

16 

3.172067 

9.805943 

[-n 

0.25 
0.24 
0.23 
0.22 
0.21 

0.20 
0.19 
0.18 
0.17 
0.16 

0.15 
0.14 
0.13 
0.12 
0.11 

0.10 
0.09 
0.08 
0.07 
0.06 

.0.05 
0.04 
0.03 
0.02 
0.01 
0.00 


0 

0.793016 
0.802447 
0.811763 
0.820971 
0.830059 

0.639025 
0.847869 
0.856592 
0.865200 
0.873693 

0.882095 
0.890399 
0.898617 
0.906758 
0.914827 

0.922630 
0.930772 
0.938657 
0.946487 
0.954267 

0.961998 
0.969683 
0.977324 
0.984923 
0.992481 
1.000000 


1 

2.451485 
2,477117 
2.503218 
2.529593 
2.556036 

« 

2.582340 
2.606310 
2.633778 
2.658616 
2.682743 

i.706127 
2.728784 
2.750762 
2.772133 
2.792971 

2.813346 
2.833316 
2.852927 
2.872213 
2.891203 

2.909920 
2.928382 
2.946608 
2.964611 
2.982404 
3.000000 

m 


6.000000 
6.S33471 
7.084258 
7.649317 
8.225713 

8.810735 
9.401958 
9.997251 
10.594773 
11.192938 

11.790394 
12.385986 
12.978730 
13.567791 
14.152458 

14.732130 
15.306299 

c-'(Xo«(c)I 
2 

3,826574 
3.858771 
3.895890 
3.937869 
3.984499 

4.035382 
4.089903 
4.147207 
4.206229 
4.265772 

4.324653 
4.361878 
4.436798 
4.4Q9168 
4.539096 

4.586695 
4.632927 
4.677506 
4.720863 
4.763160 

4.804519 
4.845033 
4.884779 
4.923820 
4.962212 
5.000000 


12.000000 
12.514462 
13.035830 
13.564354 
■14.100203 

14.643458 
15.194110 
15,752059 
16.317122 
16.889030 

17.467444 
18.051962 
18.642128 
19.237446 
19.837389 

20.441413 
21.046960 

m 


% 

5.26224 
5.25133 
5.25040 
5.26046 
5.28251 

5.31747 
5.36610 
5.42883 
5.50551 
5.59516 

5.69566 
5.80359 
5.91452 
6.02383 
6.12806 

6.22577 
6.31730 
6.40385 
6.48655 
6.56616 

6.64326 
6.71812 
6.79104 
6.86221 
6.93162 
7.00000 


20.000000 
20.508274 
21.020137 
21.535636 
22.054629 

22.577779 
23.104553 
23.635223 
24.169860 
24.706534 

25.25131^ 
25.798254 
26.349411 
26.904327 
27.464530 

28.028539 
28.596854 

m 


4 

7.14921 
7.05054 
6.96237 
6.88638 
6,82460 

6.77941 
6.75360 
6.75030 
6.77266 
6.G2451 

6.90779 
7.02356 
7.16962 
7.33916 
7.52035 

7.69932 
7.86638 
8.01951 
6.16148 
6.29538 

8.42315 
8.54594 
8.66452 
8.77945 
6.89116 
9.00000 
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EIGEN'VALl'ES-PROLATE  AND  OBLATE 
OBUTE 


T^ble  21.1 


0 
1 
2 
3 
4 

S 
6 

%7 
8 

9 

10 
11 
12 
19 
14. 

IS 
16 


0.25 
0.24 
0.2) 
0.22 
0.21 

o!20 
0.19 

oa& 

0.17 
0.16 

0.15 
0.14 
0.13 
0.12 
0.11 

0.10 
0.09 
0.08 
0.07 
0.05 

0.05 
0^04 
0,03 
0.02 
0.01 
0.00 


0 

0.000000 
-0.348602 
-0.729391 
-1.144328 
-1.594493 

-2.079934 
-2.599668 
-3.151841 
-3.733981 
-4.343292 

-4.976895 
-5.632021 
-6.306116 
-6.996903 
-7.702385 

-8.420841 
-9.150793 


-0.5719241 

-0.585248 

-0.599067 

-0.61334?^ 

-0.628059 

-0.643161 
-0.658626 
-0.674418 
-0.690515 
-0.706891 

-0.723530 
-0.740416 
-0.757541 
-0.774896 
-0.792476 

-0.810279 
-0,828301 
^0.846539 
-0.864992 
-0.8836S7 

-0.902532 
-0.921616 
-0.940906 
-0.960402 
-0.980100 
-1.000000 

m 


1 

2.000000 
1.393206 
0.773097 
•^0.140119 
-0.505243 

.1«1 62477 
-1.831050 
-2.510421 
-3.200049- 
-3.899400 

-4.607952 
-5.325200 
-6.050659 
-6.783867 
-7.524384 

-8.271795 
-9.025710 

m 


-0.564106 , 

-0-.579552'^ 

-0.595037 

-0.610591 

-0.626242 

-0.b42016 
-0.657938 
-0.674031 
-0.690310 
-0.706792 

-0.723486 
-0.740399 
-0.757535 
-0.774894 
-0,792476 

-0.810279 
-0.828301 
-0.846539 
-0.864992 
-0.883657 

-0.902532 
-0.921616 
-0.940906 
-0.960402 
-0.980100 
-1.000000 


k».(-»c)-m(m  +  l) 
2 

6.000000 
5.486800 
4.996484 
4.531027 
4.091509 

3.677958 
3.289357 
2.923796 
2.578730 
2.251269 

1.938419 
1.637277 
1.345136 
1.059541 
0.778305 


0.499495 
0.221407 


e-»lV).(-«)l 


>0.013837 
-0.009136 
-0.031481 
-0.053477 
-0.075480 

-0.097943 
-0.121428 
-0.146603 
-0.174201 
-0.204894 

-0.239109 
-0.276886 
-0.317881 
-0.361548 
-0.407352 

-0.454896 
-0.503937 
-0.554337 
-0.606021 
-0.658931 

-0.713025 
-0.768262 
-0.824608 
-0.882031 
-0.940503 
-1.000000 
(-4)4' 
7 


3 

12.000000 
11.492120 
10.990438 
10.494512 
10.003663 

9.517982 
9.036338 
8.558395 
8.083615 
7.611465 

7.141427 
6.673001 
6.205705 
5.739084 
5.272706 

4.806165 
4.339082 


3 

0.271192 
0.213225 
0.157464 
0.103825 
0.052196 

+0.002437 
-0.045635 
-0.092251 
1-0.137692 
-0.182301 

-0.226469 
-0.270627 
-0.315206 
-0.360594 
-0.407081 

-0.454839 
-0.503928 
-0.554337 
-0.606021 
-0.658931 

-0.713025 
-0.768262 
-0.824606 
-0.882031 
-0.940503 
-1.000000 

['-.*"] 


20.000000 
19.495276 
18.994079 
18.496395 
18.002228 

17.511597 
17.024540 
16.541110 
16.061382 
15.585448 

15.113424 
14.645441 
14.181652 
13.722230 
13.267364 

12.817261 
12.372144 


4 

0.77325 
0.67822 
0.58772 
0.50191 
0.42099 

0.34521 
0.27490 
0.21043 
0.15215 
0.10020 

0.05428 
fO.01332 
-0.02476 
-0.06337 
-0.10723 

-0.16065 
-0.22419 
-0.29513 
-0.37117 
-0.45125 

-0.53495 
-0.62200 
-0.71218 
-0.80533 
-0.90131 
-1.00000 

■'-»'"] 
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Table  21.1 


0.10 
0.09 
0.08 
0.07 
0.06 

0.05 
0.04 
0.09 
0.02 
0.01 
0.00 


0.828776 
0.845493 
0.862316 
0.879237 
0.896251 

0.913352 
0.930535 
0.947796 
0.965129 
0.982531 
1,000000 


EIGENVALUES— PROLATE  AND  OBLATE 
PROLATS 

W«)-»»(m+l)  • 
Xu(«)-2 


1 

2 

•0 

1 

2 
3 
4 

0.000000 
0.195548 
0.382655 
0.561975 
0.734111 

4.000000 
4.424699 
4.841718 
5.251162 
5.6S3149 

5 
6 
7 
S 
9 

0.899615 
1.058995 
1.212711 
1.361183 
1.504795 

6.047807 
6.435272 
6.815691 
7.189213 
7.555998 

ID 
11 

12 
13 
14 

1.778798 
1.909792 
2.037141 
2.161081 

8.270004 
8.617558 
8.959038 
9.294612 

IS 
16 

2.281832 
2.399593 

m 

9.624450 
9,948719 

e-'\ii  • 

1 

2 

0.25 
0.24 
0.2) 
0.22 
0.21 

0.599898 
0.613295 
0.627023 
0.641073 
0.655431 

2.487179 
2.491544 
2.497852 
2.5O6130 
2.51638) 

0.20 
0.19 
0.18 
0.17 
0.16 

0.670084 
0.685014 
0.700204 
0.715632 
0.731281 

2.528591 
2.542705 
2.558644 
2.576296 
2.595516 

0.15 
0.14 
0.13 
0.12 
0.11 

0.747129 
0.763159 
0.?79353 
0.795696 
0.812174 

2.616135 
2.637968 
2.660829 
2.684536 
2.708934 

2.733891 
2.75930S 
2.785099 
2.811212 
2.837600 

2.664224 
2.891056 
2.918069 
2.945243 
2.972558 
3.000000 


3* 

lp;006000 
10.467915 
16.937881 
11409266 
111881493 

121354034 
124826413 
13^98196 
13.768997 
14.^38466 

14.^6292 
15.172199  . 
15.635940 
16.0|7297 
.16.536078 

17.012115 
17.46S260 

rH>»,(c).-21 
3 

4.366315 
4.3385i0 
<4.3156Ci9 
4.29792 
4.285792 

4.27952i 
4.2793e 
4.2854951 
4.2979651 
4.316672] 

4.341320 
4.371397 
4.406191 
4.444844 
4.486445 

4.5301S1 
4.575277 
4.621329 
4.667984 
4.715031 

4.762333 
4.809790 
4.857332 
4.904906 
4.952472 
5.000000 


18.000000 
18.481696 
18.965685 
19.451871 
19.940143 

20.430382 
20.922458 
21.416235 
21.911569 
.22.408312 

22.906311 
23.405410 
23.905451 
24.406277 
24.907729 

25.409649 
25.911881 


•M«»  pair*  ti. 


6,47797 
0.38296 
6.29522 
6.21556 
6.14494 

6.08438 
6.03498 
5.99788 
5.97420 
5.96496 

5.97090 
5.99230 
6.02874 
6.07889 
6.14051 

6.21063 
6.28624 
6.36482 
6.44473 
6.52505 

6.60532 
6.68S28 
6.76460 
6.84378 
6.92219 
7.00000 


"  5 

28.000000 
28.488065 
28.977891 
29.469456 
29.962738 

30.457716 
30.954363 
31.452653 
31.952557 
32.454044 

32.957080 
33.461629 
33.967652 
34.475109 
34.963956 


35.494147 
36.005634 


9.00140 
8.80891 
8.62445 
8.44916 
8.26436 

8.13163 
7.99282 
7.87010 
7.76598 
7.68328 

7.62508 
7.59446 
7.59407 
7.62539 
7.68773 

7.77728 
7.86714 
8.00897 
8.13579 
8.26355 

8.39048 

8.51592  . 

8.63963 

8.76153 

8.86164 

9.00000 

m 
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ca\i».. 

0 

0.000000 

1 

-0.204695 

2 

-0.419293 

3 

-0.644596 

4 

-0.88144^ 

S 

-1.130712 

6 

-1.393280 

7 

-1.670028 

8 

-1.961809 

9 

-2.269420 

10 

-2.593577 

11 

-2.934882 

12 

-3.293803 

13 

-3.670646 

V' 

-4.065548 

-4.478470 

-4.909200 

p.  -3)2" 

L   5  J 

/■    f  '  n 

1 . 

/  0.25 

-0.306825 

0.24 

-0.318148 

0.23 

-0.330984 

0.22 

-0.345469 

0.21 

-0.361702 

0.20 

-0.379735 

0.19 

'  -0.399564 

0.18 

-0,421125 

0.17 

-0.444308 

0.16 

-0.46P974. 

C.15 

-0.494976 

0.14 

-0.522180 

0.13 

-0.550474 

0.12 

-0.579775 

0,11 

-0.610027 

0.10 

-0.641193 

0.09 

-0.673251^ 

0.08 

-0.706186 

0.07 

-0.739985 

0.06 

-0.774638' 

0.05 

-0.810135 

0.04 

-0.846468 

0,03 

-0.883628 

0.02 

-0.921608 

0.01 

-0.960401 

.  0.00 

-1.000000 

EIGENVALlES-PROlif^TE  AND  OBLATE       Table  21.1 
°  OBLATE 

X„(-»c)-m(in+l)  • 
X„(-»c)-2  • 

.  8  4  6 

10.000000 
'  9^34818 
9.073104 
8.615640 
8.163245 

7.716768  ^ 
7.277072 
,6.845015' 
6.421425 
6.007074 


2 

4.000000  < 
3,567527 
3.127202 
2.678958 
2.222747 

1.758534 
1.286300 
0^806045 
♦0.31T782 
-0.178418 

-0.682630 
-1.194673 
-1.-714511 
-2.242  05&> 
-2.777205 

-3.319848 
-3.869861 


•0.241866 
-0.266693  // 
-0.291340/ 
-0.31589f 
-0.34045' 

■/ 


.0.365X13 
-0.3W998 
-0.^222 
-0.440907 
-0.467166 

-0.494104 
-0.521805 
-0.550335 
-0.579732 
-0.610016 

-0.641191 
-0.673251 
-0.706166 
4.739985 
-0.774638 


-0.810135 

-0.846468 

-0.883628 

-0.921608 

-0.96040 

-1.000000 


5.602649 
5.208724 
4.825732 
4.453947 
4.093464 


0.21286 
0.17062 
0.13125 
0.09476 
0.06107 

0.03001 
■fO.00127 
-0.02563 
-0.05142 
-0.07710 

-0.10406  ^ 

-0.13412 

-0.16924 

-0.21076 

-0.25868 

-0.31185 
-0.36901 
-0.42934 
-0.49242 
-0.55807 

-0.62616 
-0.69657 
-0.76923 
-0.84406 
-0.92100 
-1.00000 

['-?"] 


18.000000 
17.520663 
17.043817^ 
16369461 
16.097655 

15.628426 
" 15.161786  . 
14.697727  / 
14,236229/ 
13.7772152 

'13.W43 

12^^634 

U.414840 
'41.965266 

11.517803 

11.072331 
10.628718 


4 

0.66429 
0.57759 
0.49460 
0.41533 
0.33974 

0^26779 
0.19942 
0.13449 
0.07282 
■fO.01411 

-0.04205 
-0.09625 
-0.14929 
-0.20210 
-0.25572 

-0.31111 
-0.36888 
-0.42932 
-0.49242 
-0.55807 

-0.62616 
-0.69657 
-0.76929 
-0.84406 
-0.92100 
-1.00000 


28.000000 
27.513713 
27.029223 
26,546548 
26.065706 


25.586715 
25.109592 
24.634357 
24.161031 
23.689634 

23.220190 
22.752726 
22.287271 
21.823856 
21.362516 

20.903290 
20.446222 


5 

1.2778 
1.1420 
1.0120 
0.8879 
0.7697 

.0.6575 
0.5515 
0.4520 
0.3591 
0.2735 

0.1958 
0.1271 
0.0680 
•fO.0183 
-0.0250 

-0.0685 
-0.1219 
-0.1907 
-0.2714 
-0.3598 

-0.4542 
-0.5540 
-0.658S 
-0.7682 
-0.8820 
-1.0000 
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Table  21.1 


EIGENVAU'E»-PROLATE  ANi/oBLATE 
f 


0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 

11 

12 

13. 

14 

15 
lb 


0.000000 
0.140948 
0.278219 
0.412006 
0.942495 

0.669857 
0.794252 

0.  915832 
1.034738 
1.151100 

1.265042, 

1. -376681' 
1.486122 
1.5934fc9 
1.698816 


.802252 
.903860 


3 

6.000000 
6.331101 
6.657791 
6.980147 
7.298250 

7.61?179 
7.922016 
8.227840 
8.529734 
8.827778 

9.122052 
9.412636 
9.699610 
9.983052 
10.263039 

10.539650 
10.812958 


raouTE 

\»,(e)~ml(m+l) 
X«,(c)~6 
% 

14.000000 
14.402953 
14.8(M100 
15.505077 
15.605133 


0.25. 
0.24 
"  0.23 
0.22 
~    *  0.21 

2  ,  \ 

0.475965 
0.489447 
0.503526"' 
0.51B220 
.0.533551 

3 

2.*703239 
'  2.683149 
2.665356 
^  2,650003 
2.637236 

*D.20 
.  0.19 
0.18 
0.17 
0.16 

^  0.549534 
0.566185 
0.583513 
0.601526 
0.620224 

2.627196 
2.620017 
2.61581%. 
2.614701^ 
,  2.616735 

0.15 
*  0.14 
0.13 
0.12 
0.11 

0.6396!04 
•  0.6596S9  ' 
0.680376 
0.701737 
0.723722 

2.621954 
2.630349 
2.641862 
2.656M4 
2.673764 

.    .  0.10 
0.09 
0.08 
0.07 
0.06 

0.746308 
0.769471 
0.743186 
*  0.8174Z9 
0.842175 

2.693817 
2.716339 
2.741120 
2.767960 
2.796673 

0.05 
0.04 
0.03 
0.02 
0.01 
0.00 

0.867402 
0.893087 
0.919209 
0.945747 
,  0.972684 
1.000000 

2.827089 
.  2.859059 
2.892449 
2.927138 
2.963019 
3.000000 

t 

1  , 

16.004126 
16.401931 
16.798429 
17.1935r6 
17.587093 

17.979073 
18.369377 
18.757932 
19.144675 
19.529549 

19.912501 
20.293486 

«r«iw«)-il 

4 

5.073371 
4.994116 
4.919290 
4.849313 
'  4.784640 

-  4.725757 
4.673177 
.  4.627427 
4^89031 
4ji5a480 

4.536196 
4,522485 
'  4.517479 
4.521086 
,'4^532956 

4.552484 
4.578871 

.  4.611219 
4.648642 

'  4.690346 

4.735658 
4.784022 
;  4.834980 
4.8S8160 
4.943252 
S.OOOOOO 

\[(-»"] 


24.000000 
24.436145 
24.872744 
25.30<>731 
25.747P43- 

26.184612 
26.622373 
27.060261 
27.496208 
27.93MS1 


28.374023 
28.81176 
?9.24930 
29.686584 
30.123544 


30.560125 
30.996267 


6 

7.7,4906 
7.58138 
7.41971 
7.26479 
7.11743 

6.97858 
6.84931 
6.73081 
6.62442 
6.53155 

6.4*5371 
6.39236 
6.3^78 
6.32389 
6.31794 

6.33030 
6.35935 
6.40263 
6.45738 
6.52096 

6.59127 
6.66670 
6.74607 
6.82849 
6.91330 
7.00000 


6 

36.000000 
36.454889 
36.910449 
37.366657 
37.823486 

38.280913 
38.738910 
39.197451 
39.656510 
40.116059 

• 

40.576070 
41.036514 
41.497364 
41.958589 
42^20160 

42.882048 
43.344222 

m 


6 

10.8360 
10.5536 
10.2781 
10.0103 
9.7512 

4.5023 
9.2649 
9.0409 
8.8323 
B.6417 

8.4718 
8.3260 
8.2078 
B.1208 
8.0678 

.  8.0507 
8.0688 
8.1184 
8.1932 
8.2864 

8.7919 
8.5057 
8.6249 
8.7477 
8.8730 
9.0000 

m 


ERIC 
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.11 

,  2 

•a 

0 

0  000000 

6.000000 

1 

j»  144837 

5.664409 

2 

-0.293786 

5.324253 

-0.447086 

4.979458 

4 

-0.604989 

4.629951 

s 

-t).767764 

4.275662 

6 

-0.935698 

^  3.916525 

7 

-1.109090 

.  3.552475 

8 

-1.288259 

3.183450 

9 

-1.473539 

2.80939) 

10 

-1.665278 

2.430250 

11 

-1.863838 

2.045970 

12 

-2.069595  ' 

1.656508 

1) 

•2.282933 

1.261822 

14 

-2.504245 

0.861875 

15  • 

-2.733927 

0.456635 

16 

-2.972375 

0.046076 

e->\n 

0.25 
0.24 
0.23 
0.22 
0.21 

0.20 
0.19 
0.18 
0.17 
0.16 

0.15 
0.14 
0.13 
0.12 
0.11 

0.10 
0.09 
0.08 
0.07 
0.06 

0.05 
O.OA 
0.03 
0,02 
0.01 
0.00 


.    HPHE>ROIDAV  WAVE  FUNCTIONS 

KI(;(:NVA1.1  EH-PROLATJi  AM)  OBLATE 
OBLATK 

\„l~ie)-r6  * 

4  5 
14.000000 


THbl«-  21.1 


-C.l  85773 
-0.190754 
-0.196680 
-0.203790 
-0.212386 

-0.222841 
-0.235596 
-0.251126 
-0.269873 
-0.292149 

-0.318047 
-0.347414 
-0.379928 
-0.415213 
.  -0.452947 

-0.492902 
-0,534942 
-0.578991 
-0.625006 
-0.672956 

-0.722813 
-0.774556 
'♦-0.828164 
-0.883618 
-0.940902 
L.OOOOOO 


40.002879 
-0.030028 
-0.062228 
-0.093813 
-0.124893 

-0.155607 
-0.186120 
-0.216631 
-0.247375 
-0.278624 

-0.310677 
-0.343847 
-0.378432 
-0.414608 
-0.452800 

-0.492871 
-0.534937 
-0.578991 
-0.625006 
-0.672956 

-0.722813 
-0.774556 
-0.828164 
-0.883618 
-0.940902 
-1.000000 


13.597220 
13.194206 
12.791168 
12.388328 

11.985928 
11.584224 
11.183489 
10.784014 
10.386106 

9.990084 
9.5962*86 
9.205059 
8.816762 
8.431761 


8.050424 
7.673121 

(-4)5' 
4 


c-»|X»»(~ic)-6) 
4 

0.47957  ' 
0.41280 
0.34933 
0.28933 
•  0.23297  ^ 

0.18049 
0.13215 
0108816 
0.04864 
40.01342 

-0.01813 
-0.04727 
-0.07609 
-0.10778 
*  -0.14643 

-0.19508 
-0.25333 
-0.31876 
-0.38955 
-0.46494 

-0.54456 
-0.62821 
-0.71571' 
-0.80691 
-0.90171 
-1.00000 


24.000000 
23.564371 
23.129322 
22.694912 
22.261201 

21.828245 
21.396098 
20.964812 
20.534436 
20.105013 

19.676387 
19.249195 
18.822869 
18.397640 
17.973532 


'iUPP  p»gp  II. 


17.550565 
17.128753 


6 

1.07054 
0.95365 
0.84167 
0.73461 
0.63251 

0.53537 
0.44322 
0.35607 
0.27389 
.  0.19662 

0.12409 
40.05600 
-0.00822 
-0.06954 
-0.12937 

-0.18959 
-0.25217 
-0.31861 
-0.38955 
-0.46494 

-0.54456 
-0.62821 
-0.71571 
-0.80691 
-0.90171 
-1.00000 

['1"] 

/ 


'  6 

36.000000 
35.545806 
35.092330 
34i639597 
34.187627 

33.736444 
33.286069 
32.836522 
32.387826 
31.940000 

31.493066 
•31.047043 
30.601952 
30.157814 
29.714648 

29.272476 
28.831317 


6  ' 
1.8019 
1.6261 
1,4577 
1.2965 
1.1428 

0.9964 
0.8574 
.  0.7260 
0.6022 
0.4863 

0.3785 
0.2795 
0.1901 
0.1120 
40.0470 

-0.0051 
-0.0517 
-0.1076 
-0.1844 
-0.2768 

-0.3791 
-0.4895 
-0.6073 
-0.7319 
-0.8629 
-1.0000 
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8PHEItO|DAL'WAVB  FUNCTIONS 

AN(;tILAR  FlfNCTIONS— PROLATE  AND  OBLATE 

PROLATE 


in 
0 


0  1 


1 
2 
3 
4 
5 

1 
2 
3 
4 

5 

1 
2 
3 
4 

V 
1 

2 
3 
4 
5 


0' 
0.8481 
0.5315 
0.2675 
0.1194 
0.0502 

0.9046 
0.6681 
0.4034 
0.2042 
0.0916 

1.022 

1.064 

1.041 

0«8730 

0.6018 

I 

0.9892 
0.9590 
0.9090 
0.8197 
0.6650 


10' 
0.8525 
0.5431 
0.2815 
0.1312 
0.0585 

0.8936 
0.6665 
0.4099 
0.2138 
0.1001 

0.9795 

1.030 

1.023 

0.8768 

0.6233 

0.904,2' 

0.8864 

0.8546 

0.7877 

0.6560 


1 

1 

0 

0.1578 

2 

0 

0.1194 

3 

0 

0.0776 

4 

0 

.  0.0449 

5 

0 

0.0239 

2 

1 

0 

0.4788 

2 

0 

0.3896 

3 

0 

0.2780 

4 

0 

0.1762 

5 

0 

0.1011 

3 

i 

0 

0.9928 

2 

0 

0.9559 

•3 

0 

0.8745 

4 

0 

0.7393 

5 

d 

0.5662 

2 

1 

0 

0.0844 

2 

0 

0.0690 

•  3 

0. 

0.0500 

4 

0 

0.0328 

5 

0 

0.0198 

3 

1 

0 

0.4222 

2 

0 

•  0.3597 

3 

0 

0.2765 

4 

0 

0.1934 

5 

0 

0.1244 

20» 

0.8651 
0,5772 
0.3242 
0.1689 
.0.0861 

0.8602 
0.6598 
0.4273 
0.2415 
0.1262 

0.8553 
0.9271 
0.9640 
0.878^ . 
0.6792 

0.6692 
0.6816 
0.6957 
0.6868 
0.6183 

0.3134 
0.2437 
0.1654 
0.1016 
0.0588 

0.9054 
0.7509 
0.5538 
0.3683 
0.2254 

1.745 
1.710 
1.611 
1.418 
1.146 

•  0.3295 
0.2744 
0.2051 ' 
0.1405 
0.0898 

>  1.570 
1.358 
1.070 
0.7758 
0.5226 


5.530 
5.170 
4.641 
4.025 
3.*5 

From^C.  Flammer,  Spheroidal  wave  functions.  Stanford.  Utti v. 
permission ). 


30" 
0.8847 
0.6320 
0.396r. 
0.2379^ 
0.1419 

0.8035 
0.6429 
0.4489 
0.2833 
0.1703 

0.6621 
0.7S79 
0.8497 
0.8513 
0.7407 

0.3400 
0.3840 
0.4485 
0.5087 
0.5245 

0.4643 
0.3T57 
0.2724 
0.1832 
0.1179 

1.232 

1JP52 

0ril48 

0.5813 

0.3896 

2.075 
2.092 
2.063 
1.934 
1.691 

0.7111 
0.6092 
0.4773 
0.3487 
0.2414 

3.116 
2.755 
2.255 

1.243 


40» 
0.9091 
0.7032 
0.4980 
0.3442 
0.2380 

0.7225 
0.6081 
0.4630 
0.3294 
0.2279 

0.4198 
0.5296 
0.6660 
0.7549 
0.7537 

-0.0045 
4-0.0560 
0.1501 
0.2591 
0.3482 

0.6067 
0.5149 
0.4030 
•  6.2994 
0.2162 

1.4lj 
1.25J 
1.030 
0.7968 
0.5906 

1.903 
1.998 
2.097 
2.128 
2.047 

1.189 

1.054 

0.8738 

0.6876 

0.5212 

4.596 
4.175 
3.576 
2.909 
2.269 


50» 
0.9354 
0.7842 
0.6226 
.  0.4885 
^0.3839 

0.6169 
0.5472 
0.4543 
0.3618 
0.2840 

0.1556 
0.2602 
'  0.4104 
0.5553 

-0.2816 
-0.2261 
-0.1364 
-0.0215 
+0.0971 

.  0.7355 
0.6562 
0.5546 
0.4537 
0.3^50 

1.435  ,. 

1.316 

1.149 

0.9643 

0.7879 

1.280 
1.432 
1.640 
1.841 
1.975 

1.710 
1.572 
1.380 
1.171 
0.9701 


0.9606 
0.8654 
0.7571 
0.6589 
0.5742 

0.4878 
0.4740 
0.4068 
0.3566 
q.31104 

-0.0988 
-0.0192 
+0.1061 
0.2512 
.  0.3844 

-0.4259 
-0.3907 
-0.3319 
-0.Z514 
-0.1575 

0.8450 
0.7892 
0.7144 
0.6353 
0.5602 

1.276 
1.212 
1.118 
1.008 
0.8957 

0.3775 

0.5298 

0.7606 

1.032 

1.299 

2.211 

2.101 

1.944 

1.764. 

1.580 

5.548 
5.327 
4.994 
4.588 
4.150 

Pre&, 


70' 
0.9815 
0.9355 
0.8805 
0.8271 
0.7776 

0.3.381 
0.3270 
0.3110 
0.2929 
0.27-52 

-0.3105 
-0.2668 
-0.1938 
-0.0998 
+0.0008 


80- 
0.9952 
0.9831 
0.9682 
0.9530 
0.9383 

0.1731 
0.1717 
0.1695 
0.1669 
0.1643 

-0.4509 
-0.4385 
-0.4171 
-0.3879 
-0.3542 


-0.4085 
-0.3949 
-0.37 
-0.3371 . 
-0.2952 


14  -0.; 
7%-o. 

152^-0.: 


-0.2467 
0.2447 
0.2412 
2361 
0.2293 


0.9290 
0.9000 
0.8597 
0.81S0 
9*7698 

0.9562 
0.9335 
0«8992 
0.8575 
0.8127 

-0.5521 
-0.4541 
-0.2972 
-0.0951 
.t0.1319 


0.9819 
0.9^0 
0.9rt7 
0.9497 
0.93^ 

0.5119 
0.5088 
0.5039 
0.4979 
0.4911 

-1.244 
-1.214 
-1.174 
-1.097 
-1.017 


r 
90' 
1.000 
1.000 
1.000 
1.000 

i.ogp 

0 
0 
0 
0 

0. 

-0.5000 
-0.5000 
-0.5000 
-0.5000 
-0.5000 

0 
0 
0 
0 
0 

1.000 
1.000 
.  1.000 
1.000 
1.000 

0 
0 
0 
0 
0 

•1.500 
-1.500 
-1.500 
-1.500 
-1.500 


2.627 

2.903 

3;fl00 

2.566 

2.886 

3.000 

2.475 

2.859 

3.0d0 

2«.367 

2.827 

3.000 

2.251 

2.791 

3.000 

4.501 

2.522, 

0 

4.417 

2.510' 

0  ' 

4.286 

2.491 

0 

4.122 

2.466 

0 

3.936 

,  2.437 

0 

Stanford^  Calif.,  1957  (with 
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ANGULAR  lUNCTIONS—PROLATE  AND  OBLATE 
•  OBLATE 


Table  91^ 


n 

r\,      .  0  . 

0.1 

•  0.2 

0.8  * 

0 

0 

«        «  ono 
1  A«UQU 

1  AA9 

1  AA7 

2  1«000 

«  AAA 

A«QQe 

«  1  A%9  " 

1  A7% 

n  A99 

1  Aoa 

4»2U5 

4  1,000 

1«047 

L191 

L449 

5  1,000 

1.083 

1,341 

1,635 

1  D 

A  1  AAl 

A  9AAQ 

A  %A97 

4  A 

2  0 

A  1  AAA 
0*1QQ«I 

Q«3il4 

%  A 

3  0 

A  1  Al  1 

A  9A7Q 

4  0 

0.1016 

0,2150 

0.3526 

S  0 

0.1032 

0,22S2 

0.3884 

;  0 

2 

9         A  RAAn 

-ft  AfVSk7 

TV,  ^  f  vw 

-ft  dddfl 

4  -0.5000 

-0.4W4 

-0.4966 

.0«4891 

4  -O.50OO 

-0.5061. 

-0. 5234 

-0.5495 

0 

3 

1  A 

iJ\  9111  ft 

.ft  %VM 

-to 

9      '     t%  ^ 
€  Q 

A  lAftA 

.ft  ^QA7 

S  A 

9  V 

_A  9  Mil 

.ft  dnQ7 

4  0 

-0.1495 

-0.2949 

■^0.43t)6 

5  0 

-0.1504 

-0.3033 

-0.4589 

1 

1 

y          *  AAA 

1  I«000 

A  QQJLl 
U«TTOi 

ft  QD%fl 

A  OMR 

4          1  AAA 

2  1«DDD 

A  Q07% 

ft  QQ9t 

4           1  AAA 

3^  l#OuU 

1  AA^ 

4^  1*000 

1«020 

1.079 

1.178 

5  ItOOOv 

1*041 

1.174 

1.406 

2 

«   A-  

1  o« 

-A 

0*9O77 

2  0 

A  ftQftA 

A  001 ft* 

3  0 

0«  3009 

0«o043f 

A  Ql  AA 

4  0 

0,3022 

0,6213 

0.9640 

5*'  0 

0,2990 

0.6400 

1.040 

1 

3 

•                «  SAM 

1  -1«500 

-1*421 

-1.189 

-O.BlJo 

^             1    C  AA 

2  •'l^dOO 

-1#431 

-1.228 

«             «    S  AA 

3  -1.500 

-1.447 

-1.289 

4.  -1.500 

-1.467 

-1.364 

-1.184 

5  -1.500 

-1.486 

-1.442 

-1.353 

2 

2 

1  3.000 

2.972 

2.889 

,  2.748 

2  3.000 

2.979 

2.915 

2.805 

\ 

3  3.000 

2.992 

2.965 

2.915 

4  3.000 

3.013 

3.052 

3.ni 

5  3.000 

3.052 

•  3.211 

3.469 

2 

3 

1  0 

1.486 

2.886 

4.115 

2       0  . 

1.488 

2.906 

4.180 

)  0 

1.494 

2.943 

4.295 

4  0 

1.498  * 

2.996 

4.475 

5  .0 

1.509 

t 

3.073 

4.738 

0.4 

\.028 
1.132 
1.377 
1.854 
2.648 

0.4065 
0.4274 
0.4664 
0.5298 
0.6252 

-0.2779 
-0.3277 
-0.3952 . 
-0.4716 
-0.5780 

-0.4466. 

-0.4668 

-0.4998 

-0.5415 

-0.6123 

0.9316 

0.9827 

1.093 

1.319 

1.776 

1.113 
1.153 
1.228\ 
1.349  ^ 
1.537 

-0.3165 
-0.4427 
-0.6502 
-0.9148 
-1.198 

2.549 
2.644 
2.830 
3.170 
3.813 

J.086 
^.226 
5.482 
5.891 
6.515 


0.6 

1.044 
1.210 
1.617 
2.452 
3.952 

0.5128 
>  0.5542 
0.6338 
0.7681 
^  0.9804 

-0,1507 
-0.2231 
-0.3223 
-0.4356 
-0.5977 

-0.4491 
-0.4839 
-0.^421 
-0.6270 
-£7489 

0.8884 
0.965fi 
1.135 

2.»2 

1.32? 
1.396 
1.541 
1.780 
2.165 

0.2710 
♦0.1060 
-0.1738 
-0.5415 
-0.9435 

2.291 
2.425, 
2.693 
3.200* 
4.202 . 

5.704 
5.954 
6.413 
7.166 
8.347 


0,7 

0.8 

V 

0.9 

1.0 

1,06 1 

*  1^088 

1.115 

,1.147 

1.183  f 

1.3X0 

1.434 

1.585 

1.767 

1.986 

1.940. 

2,366 

2.923 

3.648 

4.589 

3J19 

4.557 

6.323 

8.837 

12.42  „ 

A.  AAA 

9.211 

14.23 

c2.ll 

3^.^B 

*  0.6222 

0.73S3 

0.8530 

0.9/60 

1.105 

0.6952 

0.8539u 

1.035 

1.243 

1.484 

0.8398 

1.098 

1.42Sr 

1.842 

2.378 

L096 

1.552 

2.195 

3.105 

4.396 

ft*J07  , 

J.004I 

i«  741 

A  Q7n 
0.7/11 

^0.0070 

0.1965 

0.4197 

0.6784 

0.9749 

-0.0872 

4.0.0849 

0.2999 

0.5660 

0.8930 

-0.2183 

-0.0721 

♦0.1311 

0.3845 

0.7958 

^0.3681^ 

-0.2485 

-0.0458 

'0J868 

0.8201 . 

A  CA^7 

-0.2090 

y.lBV2 

-0.3768 

-0.2130 

♦0.0600 

0.4613 

1.011 

-0.4275 

-0.2757 

-0.0015 

0.4274 

1.051 

-0.5140 

-0.3841 

-0.1091 

0.3711 

1.138 

«0.6432 

-0.5540 

-0.2765 

0.2912 

1.327 

1%.  o%c^ 

A  OAOA 

-0.BQOQ 

A  1  71  C 
0.1^9 

1  791 

0.8299 

0.7506 

0.6402 

~0.4731 

0 

0.9340 

0.8802 

0.7864 

0.6118 

0 

1.172 

1488 

1.149 

0.9724 

0 

1.708 

1.920 

2.067 

1.950 

0 

2.878. 

3.642 

A   A  AA 

4.400 

4.651 

A 

Q 

1.478 

1.554 

1.506 

1.247 

0  ' 

1.600 

1.730 

1.734 

1.487 

0 

1.837 

2.082 

2.200 

2.000 

0 

2.250 

2.723 

3J92 

3.033 

0 

2#947 

3.868 

4.786 

5.138 

0 

0.9015 

1.501 

1.946 

1.988 

0 

0.7174 

1.329 

1.826 

1.951 

0 

<f0*3916 

1.006 

1.572 

1.834 

0 

-0^538 

0.5403 

1.177 

1.619 

0 

-0.5506 

V  0.0161 

0.7471 

1.439 

0 

1,970 

1.585 

1.131 

0.6041 

0 

2.138 

1.770 

1.305 

0.7234 

0 

2.461 

2.161 

1.687 

0.9944 

0 

3.157 

2.966 

2.512 

1.615 

0 

4.564 

4.746 

4.460 

3.188 

0 

5.677 

5.503 

4.477 

2;683 

0 

6.251 

5.982 

4.990 

3.077 

0  ' 

6.951 

6.904 

6.008 

3.879 

0 

8.132 

§.315 

7.857 

5.408 

0 

10.07 

11.28 

11.21 

8.354 

0 
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SPlfBROIDAL  WAVE  n^CTIONS 
PROLATK  RAIMAL  Ft'NCTIONS— FIRST  AND  SECOND  KINDS 


1.005 


1.020 


1.044 


-1) 

9.468  I' 

-1) 

9.419  r 

-I'l 

9.339 

8.257 

-1) 

8.077  ( 

-1 

7.789 

-1 

7.026 

-l) 

6.662  1 

-It 

Jb.09l 

-1) 

5-471  i' 

-11 

4^585 

-I) 

5.313  1 

-1) 

4.488  ! 

-li 

3.287 

3.153  i; 

3.190  1 

-li 

3.249 

-1 

5.289  J 

5.?98  1 

•1 

5.308 

-1 

6,064 

-1' 

5.V60  1 

-1 

5.786 

A 

5  892 

«1 

-1 

5.162 

5.381  1 

* 

-1 

4.888  1 

-1) 

4.125 

4.470  1 

-2' 

4.655  1 

-2 

4.954 

-I 

1.696 

-1 

1.749  1 

-1 

1.833 

3.295 

-1 

3.346 

-1 

3.421 

4  477  1 

•1 

4.413 

-i! 

4.952  I 

-1 

4.763  I 

-1 

4,444 

-5] 

13.912  I 

-5) 

4.249  1 

-3 

4«814 

-2 

3.085 

-2 

3.317  1 

-2 

3.700 

-2 

9.956 

-1 

1.054 

-1 

1.147 

-1 

—1 

—  A, 

2.298a 

-1 

13.298  i 

-1 

13.329  1 

-i! 

t 

13.360 

,-2 

13.270  1 

[-2] 

16.544  1 

-2 

19.716 

-2 

6.187 

-1 

1.227  1 

•1 

1.793 

-2 

8.596 

-1 

1.677 

-1 

2.386 

—1 

'■•1 

L  • 

1 2.744 

1-1 

11.211 

-1 

2.235  1 

1-1 

2.894 

(-> 

)  6.503 

)  1.322 

-2 

12.012 

-2 

2.378 

-2 

4.802 

-2 

7.227 

-2 

1 4.658/ 

-2 

9.296 

-1 

1.372 

-2 

6.975' 

'  -1 

il  )67 

-1 

1 1.960 

-2 

19.035 

;-i 

U39 

;-i 

12.376 

)  7.586 

ilt577 

•3 

2.483 

•-3 

5.725 

1-2 

1493 

-2 

1 1#845 

-2 

1.737 

i>353 

-2 

i5#453 

■-2 

13.516  • 

1  f.UOT 

-? 

}  5.604 

1-1 

1.108 

-1 

11.608 

H.612 

(-5 

)  2.659 

) 5.898 

1  -312.S66 

>2 

1.025 

-2 

12.249 

1-3  5.520 

-2 

2.181 

-2 

14.698 

1-3  9.302 

-2 

3.616 

-2 

7.587 

(-2)1.372 

(-2 

)  5.223 

-1 

11.058 

(-5)9.«i5 

{-< 

)  3.845 

(•^ 

) 8.736 

;-4  7.>28 

r-3 

12.896 

16.325 

1-5)^.208 

I -3 

8.889 

11.974 

1  -3)4w683 

i!-2 

11.862 

)  4.048 

1-3)8.060 

(-2 

)  3.150 

(-2 

)  6.657 

1.077 

9.228 

7.392* 

5.330 

3.463 

1.869 


-1| 
-1 
-1 
-1 
-1 

-1 

!-i! 

-2 
-1 
-1 
-1 

-1] 
-1 
-1 
-1 
-1! 

-2 
-2 
-1 

-1 
7I 

-3; 
-2 
-2 
-1 

-1! 

-2] 
-2 
-2 
-1 

-1: 

-3 
-2 
-2 
-2 
-1 


3.328 
5.311 
5.529 
4.542 
3.137 

5.373 
1.947 
3.509^ 
4.293 
3.976 

•5.638 
4.249 
1.275 
12.443 
13.362 

1.287 
2.323 
2.973 
3.221 
3.118 

2.754 
9.738 
1.798 
2.460 
2.803 

3.556 
2.607 
7.529 

I.  418 
2.048 

II.  044 
13.920 
17.974 
11.239 
11.639 

1.596 
1.178 
3.492 
6.946 
1.096 


SI 

-IV 
-IV 


1.006 

■2.838 
■1.244 
-7.104 
-4.508 
-3.052 

-6.912 
-2.189 
-1.133 
-6.741 
-4.293 

r3.593 
-5.241 
-2.031 
-1.095 
-7.388 

-3.288 
-2.194 
-5.020 
-2.043 
-1.149 

-1.506 
-4.079 
-2.019 
-1.273 
-9.101 


-7.295 
-1.014 

-3.st: 

-1.842 
1.778 

-6.014 
-4.027 
-9.025 
-3.449 
-1.692 

-3.750 
-4.852 
-1.515 
-6.821 
-3.755 

-2.609 
-1.728 
-3.745 
-1.334 
-6.274 


1.020 


1.044 


1.077 


? 

-2»Q96  1 

U  1 

-i.DDO  1 

u  1 

-V' 

-6.020  1 

-11 

-1 1 

-1 1 

-3.422  1 

•li* 

-I.20I  1 

-I'l 

-1.287 

-2) 

6.61 

-I'l 

1.952 

-2'i 

-1.02  i. 

-ll 

1.537  1 

-i!i 

2.291 

OJ 

-4.801  1 

-3.00T  1 

.u  1 

— C.TCU 

A  i 

0 1 

1   £4  A 

-1.540  1 

A  k 

OJ 

-1.177  ,  1 

-1,1 

0  91 
-Y.4ID 

-1 

-7.365  1 

-f»,T07  1 

-1,1 

-3.2  Uf 

-1 

-3,528  1 

-1 

-1,534  I 

-3 

-4.9 

-1! 

-1.390  1 

-2 

3.87  1 

-1! 

1.594 

1, 

-^2.185  1 

1] 

1  ADA 

-1.484  I 

1, 

-X.udo 

0, 

-3.358  i 

A\ 

0] 

-2.403  1 

a' 
U 

-1.BU7 

0 

-1.364  1 

A\ 

0 

-1.007  1 

-1, 

-1 

-7,053 

-4.783  i 

-1 

-3.115 

-1 

-4.417 

-1] 

-2.63a  I 

-1 

-1.340 

2 

-1.659  1 

2 

-1.082  1 

1, 

-6.916 

1^ 

-1,223  1 

0 

-7.705 

0 

-5.123 

0 

-2,966  1 

0 

-1.985 

a' 

0, 

1  A  Aa 

-1.408 

0 

1-1.293 

,-1 

1-9.141 

-1 

1-6.749 

-1! 

f -7.422 

-1 

-5.182  1 

-1! 

1-3.612 

0 

-7,294  1 

[  0] 

1-4.734  ( 

0^ 

1-3.432 

0 

-2,077 

-1.417 

0, 

,  A*11 

1  -1.071 

0 

\  -1,075 

1-7.453  ( 

-1, 

e  M  aa 

1  -5.460 

-1 

1-6.911 

1-4.585  1 

4%  A1  4 

1  -2.924 

-1 

1  -4,885 

1-2.874 

\  -1,246 

1 

1  -3,269 

li 

I-1.9J9 

,  1 

^--1,273 

0 

1-4,717 

1  -2.932 

A 

u 

9  A9a 

0 

1  -1,751. 

0  -1.156  J 

-1 

1    fl  Af\ 

-X 

^i^.597 

-1 

1-6.533 

'-1 

1-4.718 

-x 

-6J62 

>1 

1-4.170 

I-2.6S1 

^  2 

1  -2.491 

;  2 

)-l.J54 

1   fi  1  97 
1-0,12/ 

,  1 

1  -1.707 

0 

-9.553 

u 

0 

\  -3,9t4 

;  0 

-2.354 

u 

1  — 1.776 

'  n 

w 

1  -1^629 

0 

-1.0J2 

•1 

1-7.288 

1-1 

-8.600 

1-1 

I-S.214 

1-3.006 

(  1 

) -9.112 

(  1 

) -3.973  - 

1 

) -2.156 

1 

•^1.203 

0 

1  -5.417 

1-3.077 

0 

I-3.M9 

0 

1-1.852 

1-1.126 

0 

irl.W3 

'-1 

1-9.431 

-1 

1-6.132 

;  0 

) -1.081 

> -5.907 

-1 

1-3.910 

(  2 

) -6.096 

1 2 

) -2.517 

(  2 

) -4.279 

1 

1-4.095 

i"- 1 

1-1.727 

0 

1-9.031 

G 

1-9.098 

1  0 

1-3.994 

1'  0 

1 1-2.208 

;  0 

) -3.370 

(  0 

1-1.573 

1-1 

-9.397 

1  G 

5^1.671 

i!-i 

) -8.409 

(-1 

) -5.379 

From  C.  Flammer,  Spheroidal  wave  functiona.  Stanford  Univ.  Press,  Stanford,  Calif.,  1967  (with  parmiaion). 


J 


77.?. 


I 


SPHBROIDAL  WAVE  FUNCTIONB 


OBLATE  RADIAL  FUNCTIONSU-nRST  AND  SECOND  KINp»      Table  21.4 


'»  n 


0  1 


0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 

0.2 
0.5 
0.8 
1.0 
1.5 
2.0* 
•2.5 

0.2 
0.5 
0.8 
1.0 
1.5 
2.0 
2.5 

0.2 
5 
^.8 
1.0* 
1.5 
2.0 
2.5 

0.2 

0.5  - 

0.8 

1.0 

1.5 

2.0 

2.5 


0 
0 
0 
0 
0 
0 
0 


2.4923 
1.5314 
3.7974 
5.7617 
1.1699 
1. 7976 
2.3200 


U 

A 
U 

A 

•1] 

9. 9557  ( 

-1 

19.9183  1 

0 

^7.7864  1 

.  0 

1  -^4, 5290 

.1 

19.7265^  1 

-l' 

9.4976  1 

0 

-2.9707 

0 

1  -1. 5906  . 

9.3168 

;-i 

8.^7520 

0| 

-1.7002  .  1 

-i; 

-7.5527 

-1 

1 8*  9565  1 

-1, 

8.1032  1 

0, 

-1.2524 

1  -4. 4277 

•1 

7.8320 

-1 

16.1209 

-1 

-6.2189^ 

-2 

1^1.2204 

•1 

>6.5571 

3.9526  1 

-1 

-3.0956 

-1 

1  2.2634 

15.3430 

1-1 

1.9680  < 

-1 

1-1.3758 

-1 

\  3. 0225  ^ 

0    K  { 

14.9808  1 

\  1 

1*7.5120  1 

i; 

1-2. 3239 

0 

-1 

1.2202 

1' 

-1.2120  1 

0 

1  -4. 0338 

-1 

1.8802  1 

\  ^ 

-4.8077 

1-1.7744 

0  1 

-1 

'  2. 2696 

^  0 

-3. 1202  1 

0 

1  -1. 2314 

0 

-1 

3. 0132 

-1.4537 

rK 

1-6.3156 

0 

-1 

3. 3765 

-1 

1-8.7035  1 

-1 

1-3.4641 

o;  ( 

1-1 

3.3530  1 

-1 

1-6.0006  1 

-1 

1  -1. 5694 

18.8992 

r^i 

12. 3840 

[  3 

1-2.2106  1 

2 

1  -3, 42^0 

-3 

ii!B964  \ 

-2 

1.4744  ( 

-i;4205  < 

\  1 

1-2.2700 

-2 

1.4489 

3.6993 

\  \ 

-3.5130  1 

0 

1-5.9376 

•2, 

2.2868  1 

-2 

$.6728  I 

1 

-1.8068  1 

'  0, 

1-3.2496 

-2 

5.3150  , 

•1 

1.1932 

:  0 

1-5.5629  1 

0 

1-1.2084 

•2 

9.7914  ( 

-1, 

1.9147  ( 

0 

-2.5149  1 

-1 

1-6, 5653 

-1 

1.5649  1 

-1 

2.5730         ,  ( 

0 

1-1.4263  1 

-1 

1-3.9702 

16.6454 

[-2 

16.2880 

[  \ 

1-5.9560  1 

;  1 

1-2.1507 

A 

1.6336  1 

r\ 

2.0133  1 

1 

-1.0060  1 

0 

1-3.8583 

-1 

it53» 

-1 

3.0524  1 

0 

1-4.2765  1 

1-1.7483 

•1 

3.0762 

-1 

3. 6283 

!  0 

1-2.9165  1 

-1.2196 

•1 

i 4. 1708  1 

-1 

4.5492  H 

0 

1-1. 4980 

1-5.6081. 

•1 

4.822^  . 

4. 6553 

1-9.1106  1 

-1 

1-2.3210 

•1 

5.0170  j 

4.022!  1 

-5.7028  J 

1^3.166 

-1. 8781 
-1.7123 
-3. 0070 
-1.  5622 
-4.8667 
-2. 1999 
-L2282 


-3.2287 
-2.1474 
-5. 6543 
-3.1109 
-1. 1709 
-6.4134 
-3.9677 


0.2  1 

-5i 

11.5236  1 

17.2462  1 

1-9.6745 

:  3] 

1-8.1316 

0.5  1 

^2. 3850 

[-51 

1.1206 

\  3 

1-2.48*1 

2 

-2.1259 

0.8  1 

9.7909  1 

-3 

4.496S  1 

2 

1-3.8151  1 

\  1 

1-3.9786 

1.0 

-3 

1.9166 

-3, 

8.6200  < 

!  2 

1-1.5721  1 

>  \ 

1-1.4390 

1.5  1 

'-3 

6.5244  1 

-2 

2.7259 

1-3.1742  j 

1-3.2638 

2.0  1 

-2 

11.5669 

-2 

5.8920 

1 

-1. 0386 

0, 

1-1.2924 

2.5 

!-2! 

3.1147  1 

-1 

1.0193  1 

0^ 

-4.4705  1 

-1 

1-6.9734 

0.2  ( 

[-J1 

12.6602  1 

-3 

14.1496  1 

;  3 

1-1.1093  1 

[  2] 

1-2.6888 

0.5 

-2 

1.6413 

-2, 

2.S393  1 

1 

1^.7.2682 

1-1. 8121 

0.8  1 

-2 

"4.1024  1 

-2 

6.2453 

-1.8724  1 

1-4.9121 

1.0  1 

-2 

6.2694  1 

-2 

9.4031  1 

0 

i-t9.9297 

1-2.7506 

1.5  1 

-1 

1.3055 

-1 

I1.85M  1 

0 

1-3.4267  1 

0 

1-1.0939 

2.0' 

2.0801  1 

-1 

2.7317  ( 

0 

1-1.7581 

1-1 

1-6.0206 

2.5 

-1, 

12.8190 

-1 

>;.3111  1 

0 

1-1.0954  1 

-1 

1-3. 3594 

PROLATE  JOINING  FACTORS—nRST  KIND  «<'»{«) 


Table  21. S 


*oo 

JO 

16.943  1 

19.422  1 

»4.637  1 

>2.770  1 

;  1 

14.319  1 

[2] 

17.919  ( 

[  1] 

14.234 

«                    2  1 

-1 

6. 391 

11.566  1 

1.266 

1.095  1 

0 

19.527 

2 

1.002 

0 

8.838 

-1 

3.742  1 

'  0 

11.829 

;o 

6.352 

-1 

5.011  1 

0 

3.417' 

2.962 

0 

2.935 

-1 

1.909  \ 

0 

1.795 

0 

3.667 

1-1 

2.294  1 

0 

1.413 

1 

1.222 

0 

1.118 

1-2^ 

16.97 

0 

11.665 

»2.40i  ( 

-r 

11.023 

>1 

16.067  1 

0 

15.725  1 

-1 

4.455 

1967  (with  permisuon). 
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"^Table  22.10,  Coefficients  for  the  Laguerre  Polynomials  Lnp)  and  for  x^ 

in  Terms  of  

n=:0(l)12  ^ 

Table  22J1*  Values  of  the  hwgaerte  Polynomials  Lni^) 
n=0(l)12,  x=.6,  1,  3,  6, 10,  Exact  or  lOD- 

Table  22.12.  Coefficients  for  the  Hermite  Polynomials  Hn(x)  and  for  x* 

in  Terms  of  Hmix}   .  ^  7  

n«0(l)12 

Table22J3.  Values' ofHhe  Hermite  Polynomials  f^nCop)  .  .  .  .     .  . 


n==0(l)12,  jt=».6,  1,  3,  6, 10,  Exact  or  llS 


r 


4f 


4f 


7(5 


22^  Orthogonal  Polynomials 

Mathematical  Properties 


22,L   Definition  of  Orthogonal  Polynomials 

A  system  of  polynomial8/,(x),  degree  f/„(x)]=n, 
IB  called  orthogonal  on  the  interval  a<,z<b, 
with  respect  to  the  weight  function  tr(x),  if 

22A.I 


(ni^m/n,m=s0,l,2,...) 

4  * 

The  weight  function  w{x)[w{x)>0]  determines 
the  system  up  to  a  constant  factor  in  each 
polynomial*  Tne  specification  of  these  factors  is 
referred  to  as  standafdization*  For  suitably 
standardized  orthogonal  polynomials  we  set 

22.1.2 

(n=0\l,2,,..) 

These  polynomiab  satisfy  a  number  of  relation* 
^hips  of  the  same  general  form.  The  most 
impcNTtant  ones  are: 


22A.Z 


Differendml  Elation 


where  g${x)f  gt{x)  are  independent  of  n  and  a«  a 
constant  depending  only  on  n» 


22*1.4 

where 
22A.n 


Rccurrenee  Relation 


L      ^^^^     ^      U   {kn±\  kn\ 


kn±tkn^2^ 

k>X-i 


22.1,6 


:RJC 


RodrlgUM*  Formula 


where  g(,x)  is  a  polynomial  in  x  independent  of  n. 
The  system  "J^^^  consists  again  of  orthogonal  , 
polynomials. 


FiavRB  22.1.   Jaeobi  PdynomiaU  Pi'-^^z), 
a=1.6,  0=-.6,n=l(l)6. 


22J2.  OrtlioeoiMlltjr  Rdattons 


miii»'iA..jiiif'-j'i-i^'^ 


/.(») 


Name  of  Polynomiai 


Standardiution 


Remarks 


tLt.1 


SU.4 

ia.a.s 

77 S 

ai.s.ii 


0,{p,  q,  X) 


ERIC 


« 

Ujt) 

Smit) 


JaeobI 
JmoU 


UHraspherieal 
(Q^genbauer) 


0 
-1 


Chabysliev  of  the 
first  kind 


Chebyfliliev  of  the 
^  kind 


Chebyshev  of  the 
first  kind  . 

Chebyahev  of  thto 
second  Mni 


bUftedChebjBhev 


of  the  first 


-1 

-1 

-2 
-2 


Shifted  Chebyshev 
of  the  seoottd 
kind 

Legendre 
TSplMrieal) 

Shifted  Legendra 


-1 
0 


1 
1 

'1 


(1 -»)•(!+»)• 
(!-»)»-•»•-» 


(1 -**)-» 

(!-!)"' 

(»-*«)-» 
(»-*^» . 

1 
1 


p<r"(i)-("+*) 


c«r'(i) 


2'>>*'      r(n-t-«-H)r(»4-g-f  1) 

ntr(n-t-q)r(n-t-p)r(n-t-p-g-H) 
(2»+p)P(2»+p) 


>2'-^y(n-^2«)  - 

«!(»+«)(r(«)|» 


p-q>-\,q>0 
«>-* 


(a.-0) 


2* 

CJ»(I)=.| 

> 

2 

w 

w 

2 

C.(2)=2 

{4, 

n»0 

S,(2)=.«+l 

ni«sO 

C/**(l)=in+l 

8 

P.(l)  =  l 

.2 
2a+l 

311+1 


775 


•■«e  psgt  II. 


/ 


22«2*  OrtliofiNMlity  Relations— ContiiiMd 


aj.ll 

Ommllaed 
Lftguem  * 

0 

^  «» 

% 

*•  Hi 

r(a+ii+I) 
nl 

4 

V 

->-'  . 

«» 

*•  nl 

• 

• 

1 

V?2»ii{ 

llenifile  ' 

— «» 

«.-(-!)• 

W 

* 

Vain! 

pagt  It. 


ERIC 


22«S«  EipUcIt  RxpMMifMift 


/.(«) 

N 

1SJ.1 

n 

n 

1144 

n 

tt4\ 

[5] 

1144 

[1] 

a44 

r.w 

[13 

114.7 

[1] 

1144 

«.(») 

1I.S.9 

n 

21.3.10 

m 

11..1.11 

r(a-t-«-H) 

r(p+2ii) 
I 

I 

1 


2» 
I 

nl 
m! 


2-r(o+4N+I) 
.>^/ii\r(p-t-2n~m) 

t>-  r(a4-»-iw) 
ml(ii-2m)l  • 

.>-.(»»-«-»)» 

"  iN!(ti-2m)l 
"  fnl(ti-2m)! 


2ii-2m 


-'■DC 


) 


I 

i«!(ii-2«)l 
~  mla"(nr-2»r)l 


• 

Remarks 

(X- !)•--(«+ l)« 

^  ^2ii+o+0^ 

a>-l,*>-i 

(t-l)« 

1  /2ii+a+A 
2-V      »»  / 

«>-l,*>-l 

»•-■ 

\ 

(2»)»-«- 

2-  r(a+ii).  \ 

"5!  r(«) 

(2r).-t- 

2» 

H 

ii»*o,  q(»(i)»i 

(2jf).-t- 

i 

2- 

• 

(2ii)l 

a-(ii!)« 

(-!)• 
fit  ' 

m>-\ 

2", 

ttpn  12.11 

1 

3 
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ORTHOGONAL  POLYNOMIALS 

EipUdk  EipiraMloiu  lonMag  THgonometrle  Functions 


FiouBB  22.2.  JacoH  PolyMmiaU  P>^(2)r 
««il(.2)2,  /5=-.6,  n«6. 


f.(tM$) 

Remarks 

334.12 

m.i8 

cs:>(«»«) 

P.(coe^) 

r(o+m)r{o+n— m) 
mI(fi-m)I[r(o)P 

Ji^  /2m\  /aii-3m\ 

FtotTBB  22.3    ^MftW  Polynomial  Pi""(»), 
a=1.5,/9=-.8(.2)0,»*=>5. 

er|c  .  ' 


223.M  C«»(co8tf)=^co8n« 


22.3.15  Tniix»9)^0(»n» 

22.3.16  I/,(co8  tf)  = 


FiovBB  22.4.   (7«^6<itMf  (UUraapher^  Polyn 
m<o/«  Ci«'(x),  «=.6,  »=2(1)6. 


ORTHOOONAL  POLTNOMIAUB 
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/•(*) 

/.(-») 

/•(I) 

m4.i 

(•:•)  • 

1 

C?>(») 

(-i)-c5"»(*) 

0,  iia2m+l 

r(*)(n/2)r 

1  . 

"i  W 

• 

(-l)»Cf»(i) 

i^^.ii=2m»*0 

Ifl 

* 

I 

a* 

(-i)-r.(»). 

0.ii-2m+l 

I 

l(-l)-,»-2m 
10,  »»2w+l 

1 

nAA 

■( 

l(-l)-,ii«2m 
10,  fi«2m+l 

1 

nAA 

• 

/»•(») 

(-i)-p.(*) 

1 

I 

.0,  ii»2fii+l 

I 

* 

(•:•) 

ir.(x) 

(-i)-ir,(»)  . 

[(-l)-^U-2« 
,0,  ii<»2«+l 

I 

2x'^ 

FiouM  22.S.  (kgei^^  (Ultnuphmeat)  Polyruh 
^      ^  m»a/§(7^»(»),««.2(.2)l,n«6. 

ERIQ 


22«5«  Intemlatioiui 

Intojektlons  Between  Orthogoiuil  fotfuim^'^pt  Uie 
Same  Faosilly 


Jttcobi  PolynomUb 


22.5^ 

(Bee  [22.21]). 


22.5.3 


/^.(p.?.«)-(-l)-n!  /'jir-«.«-'(2x-l) 
(see  [22.13]).  / 

aoml 


22.S.4 


22.S.S 
22.8.6 

'  783 


lUtrMpherkal  VolfnUkim^ 

Ci'"(x)=limici-'(«) 


V 


778 


A.  .  » 


ORTHOGONAL  POLYNOMIALS' 


f.5.7  r,i^)-»r;._,(»)-i7,-,(») 

22.5.10  C/-,(*)='i4p(«n(*)-r,^,(af)l 

22.5.11  ^?^2T,(|)=3r:(5±?).  . 


22.^12  C,(af)=5i^(a)-5,.,(af) 
^.5.1 


1.5.13  Snit)^Un(f)'kj:Q^) 

r:(«)«r.(2»-4)«J  C?,(4af-2) 

22.5.15*  ti:(«)=S.(4i-2)=^.(2«-l) 
(aee  (22.221).  « 

t 

I  4 

■  Genera liaed  LagiMrre  Potjmomlals 

22.5.16  i;«(af)=X,(«) 

22.5.17  Ii'-»(«)=(-l)*^li.+J»)l 

Hermitc  Pttlynomlals 

22.5.18  H€n{*)^2-»'*Hn(^ 
(see  [22.20]). 

22.5.19  //,(af)=2»'»He.(»V2) 

.    (itee  (22.13],  (22.20]). 

„  • 
Intcmlntlona  Between  Orthogonal  Poijrnomlah  of 
Different  FwnlUee 


22.5.20 


JmoU  Poljrnomlale 


22.5.21 


y  2~  («■!-*)«+« 


22..«».22   /»;•'  ♦'(af)«r%s 

ERIC 
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\ 


22.5.24  * 

^  UltrMplierlmlPolsrnonilaliX 

22.5.25  ^ 


22:5.26 


(a^O) 


r(a)(2f»+l)l  '^'^ 


22.5.27  ' 


22.5.28 


(ai^O) 


(ap<fO) 


(^•(x)-?n(;r)=2  ViPi-*'  -♦>(«)  * 


n 


,22.5.29  V„+,(«)»^j;^«Pi-»'»'(2»«-l) 

22.5.30  l^,.(/)«p^)Pi^-»'(2J!»-l) 

22.5.31  -♦'(») 

22.5.32  n»'»>(») 


FiduRB  22.6.  Chebyshev  Potynomiak  r,(«), 
/  ^  n=l(l)5. 


*8*«  |M|«  II. 


OSTHOOONAL  POiTNOBOALB 
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Lsgmdrv  Polynoaildb 

22.S.35 

22*S*36 

22«S,37 

1.3...(2m-l)Ci'5i»>(«) 

22.S.S4 


VtavBK  22.7.  -  C%«6y«A«0  Po/ynomtofa 
»» 1(1)6.  , 


r.(x)-5c<«(») 
t/.(»)-(?i'>(»)  ^  . 


22.5^       Li-"«(»)-^HH(V5)  I 

22.5.V  Hu4i(V5) 

Hermlte  Po^nontlals 

22.5.40  ffU»)=(-l)*2»»mlIi-»'»(*0  . 

22.5.41  Hj,+,(»)=(-l)-2»»+»ml»I2'»(*0 


OrtliotDnal  Mfnaadth  w  H|i>w|w*uwtete  Fum«I«iw  (Me  elu«>ter  18) 

/,(»)«rfF(o,  6; «; 

For  each  of  the  listed  polynomials  there  are  numeroiu  ptiier  representations  in  tenns  of  hyper- 


/»(«) 

• 

6 

c 

(•:•) 

2 

m.49 

pj:-*'(i») 

if' 

— n— « 

2 

m.44 
nAM 

—  n 
— n 

nAM 

c';>(») 

r(n4-2a) 
nirCia) 

— n 

n+2a 

«+* 

i-« 
-T* 

i-» 

2 

r,(«) 

1 

— n 

• 

11 

i 

MAM 

«•+! 

— n 

n+2  ♦ 

1 

l-» 

"T" 

p.(>) 

1 

— n 

1 

l-x 
2 

— n 

• 

-2n 

2 
1-* 

aa.s.si 

tS.5.Sl 

Pi.(*) 

Pt.M(*)  ^ 

c;)(0- 

,    ...  (2n)! 

n 

— n 

i-fi 

2 

...  ^ 

1  4 

•1 
s* 

«« 

S 

ERIC- 


iHii#  It 
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ORTHOQONAl 


<^  Orthogonal  Fofynomiab  m  Omiiwiit  H7pcr|MNnotri« 
.   \^  Fiinctloiw  (m»  eh«pt«r  IS) 

1^.S.S4    /:j-»(»)=(**;J;")W(-n,a+l,»)  ' 

/    \     Of UioioMi  P<4ynomldt  ail  ParaboUe  CjrUmfer 
I  Pumth^  (8e«  chapter  19) 

\  • 

1  \ 
48.56  //a,(i  =  (-ir\^A/(-m,|,««) 

22^S.S7 

•  l,//n.HW  =  (--Jr?^^Wilf(-m,|x«) 


PnUl 


FiauRe  22.8,    Ugeruire  Pttlynomiats 
n=--2(l)6. 


POLYNOMIALS 


Orthoaoiial  Polyaomlob  m  Lt^min  FuMtlmui 
(■ee  ohapter  8) 

22.S.60  - 


nir(2a) 


\ 


tn(x) 


FiouBS  22.9.  Laguerre  PdynomiaUMti*), 
n=2(l)6. 


FiouRB  22.\0.^ermite  Polynttmiah^^^* 


na2(l)5. 


ERIC 


.78R 


\ 


\ 


ORTHOGONAL  POLYNOMIALS 

22.6.  Differential  Equations 

ja(*)i/"+a.(/)»'H-«b(f)y4»0 


781 


2^.6.1 


H9'  y 


(l-x)«(l-(-jr)*f*!:"U) 


•♦t  B*l 

H.i!i     i  (I--/)''  (1  +.r)  »>(;.»)(,) 


216.S 

'  22.6.6 

^  22.6.7 

22.6.8 

22.6.9 
22.6.10 

22.6.11 
^  N 
22.6.12 

22.6.12 
22.6.14 

22.6.1S 

.  „  22.6.16 

« 

i2.6.17 


(.og^'(cos?f'pr  (CO.,) 


(i-x»)*"'ri,"(x) 


(sin  /)«r';'(co»  ;r) 

r,(C08  X) 

J=  T.(*);l/.->(jt) 


L<;'(x) 


l-,r» 

1 

1 

1 

l-z» 
1 


gdx) 


!-/»  «-3+(«+0-2)jr 


1' 


-(2.+  1)* 
(2«-3)/ 

0 


— X 
0 


-3*' 

-a* 

_2» 


0 
0 


n(n  +  «+^+l) 


(n+lXn+a+fl) 

1  !-««  1 
4  (1 -*)»"'■  4  (^  +  x)» 
,  2n(n+o+^+ !)  +  («+ 


l-4«»  ^±z}f 


( 


(n+l)(n+2a-l) 
(«+«)»,  2 + 4«-4««+x» 


4(l-i»)» 


n»-l 

n(n+2) 
n(n  +  l) 
n(n  +  l) 


l-x»  ^(l-x»)» 


2n+«+l  .  !-«'  1 
2x~"''  4x«  ~4 

4n+2<.+2-j5»+i~!* 
2n 


n 

_(  


/ 
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ORTBOOONAL  POLTNOBOALS 

22.7.  Raeumiice  RaUiIoim 
ll«eyma«s  Rdattom  With  Baipwl  to  the 

ai,/.*i(»)-  («i«+tBi,»)/,(»)-W4i-i(») 


IS.7.1 

11.7^ 
fl.7.7 

a.7.9 
ai7.io' 

».7.11 
SI.7.U 

* 

aL7.14 


Om(p,  q, ») 

r.(») 

r:(») 
p:(«) 


2(ii+l)(»+«+tf+l) 
(2»+|»-2)«(2ii-»-|»-i) 


1 

•+1 
•+1 

1 
1 


(3w+«+W-l)(«i»-« 

-[2»(«4-p)+(r(|»-l)l 

(an+|»r-2)i 

6 

0 
0 
0 
0 

-2 
-2 
0 

-2II-1 

i 

2it-f<i4-l 

0 

0 


(2»-»-«-»-rti 

(2»-»-p-2)« 
(2n+p-l) 

2(ti-f«i) 

2 

3 

1 

4 

4  ■ 

2II-H 

4ii-f2 

-1 

2 

1 


2(ii-».«)  (»■♦•« 

(2il-»-«-»-*+2). 

»(•-♦-•- 1)(»-H»-1) 
(ii+p-ff)(2ii+p+l) 

iit2«-l 

1 

1 

1 

1 

L 

1 

ti 

ti 

«■♦•« 

2ii  « 
ti 


22.7.1S 


MiiMlluMmui  RMumaM  Rdatlom 


=(n+«+l)P.<-'»(*)~(n+l)i'<;W(*) 

22.7.16 

(n+|+f+l)(l+»)P{r**»(») 
22.7,17 

(l-«)Pi-+«<*'(»)+(l+«)Pi'''*"(*)«=2Pi*'»(») 
22.7.18 

(2n-f«-f<J)Pi-'"(«)=(n+a-f«PS"»'(«) 

-(n+^)PS!.f(») 

22.7.19 

(2n-fo-}-tf)Pi-'-^<)-(n+«-|-«Pi-'»(«) 

^-f(n+aW(») 

22.7.20  P?'*-»(»)-Pi-»'^(«)«l»S!f^(») 
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UltMMphMtoal  Fi^Bsaateb 

22.7.21 

2a(l-««)0i-4"(«)=(2«+n-l)0i?,(»)-iiJfCi'>(^^ 
22.7.22 

«(n+2«)»Cl"'(») 

-(n+l)<3»i(») 

22.7.2S  (n+«)<?iVi'U«)=(«-l)[CS?,(»)-.Ci!>,(»)J 
22.7^ 

2r«(«)n(?5)=r^«(«)-f-r^«(«)    (n^m)  • 

22.7.2S  ^ 

2(»»-i)cr^,(«)tr^,(»)«  r.+«(»)-  ^ 

(n^m) 

22.7.26 

27'«(»)tr,-,(»)«t;,+«-,(»)+I/,-«.,(»)  (.n>m) 
22.7.27 

2r,(»)t;«-,(»)«I/.+«-,(«)-I/.— (n>m) 
2&7.28  2r.(s)i;..i(x)>ol7,..i(«) 

u. 
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22.7^ 


X«-»»(x)=i((x-n)Ii-»(»)+(a+n)i;*>,(»)) 


82.7^1 

L{-*«'(x)=-[(»-l-«+lHi"'(»)-(n+l)/^i'Vi(»)l 

22.7.32  .  ' 

Li— >(»)=^((n+l)L,%',(»)-(n+l-*)U*>(*)l 


2241.  DUTerential  Relatioiw 

-»•(»)/-(*)+ »o(«)/.-i(«) 


/.  , 

Pi'-»(*) 

(2n+«+fl)(l-Jf») 

li(a-#-(2n+a+tf)*l 

2(n+a)(n+>) 

HAS 

' 

n+2«-l 

fi. 

0 

— lu; 

it+l 

—nx 

n 

• 

HA* 

» 

n 

-(n+«) 

1M.7 

1 

0 

2n 

HAS 

1 

0 

 ;  ^  f  

22.9.  Gennrating  ^uneUons 


i5» 


/.(») 

a. 

»(»»«) 

/'■  •  ■ 
Remarks  /; 

 */; 

39.9.1 

•c?u*)-  -    -  - 

2»-r(.+*+»»)r(2<i) 

/?-•(! -*«+«)*;^  . . 

i.i<i,«»-o 

rta+ tW2«^ii)  ' 

IS.9.S 

I 

|«|<1,«»*0; 

U.9A 

C«»(*) 

1 

I«I<1 

UAA 

r(2a) 

r(«+Dr(2«+ii) 

tt.9.6 

r.(«) 

2 

' 

-K»<1 

.  I«l<i 

IS.9.7 

r.w 

-1<»<1 

I«I<1 

tl.9J 

r.u) 

1 
n 

-1<*<1 
l«l<t 

23.9.9 

r.u) 

1 

If 

-t<*<\ 

I«I<1 

SS.9.10 

f',(*) 

• 

1 

R-* 

-1<«<1 

\>\<y 

Xl.9.11 

^  (1 • 

-i<«<i 
i«i<i 

78,9  . 


1 
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22.9.  G«BeniUng  Functioiu— Continued 


.  JmW 

«)  • 

Reisarics 

SI.9.U 

I  ' 
1 

HI 

c 

-1<»<1 

I»I<1 

tt.9.1S 

X'=COB$ 

a.f.14 

1 

i 

-2<»<2 

I«I<1 

nsM 

a-.)-exp(,-!ij) 

I«I<1  • 

nsM 

• 

r(«+«+i) 

(«f)-l«WJ2(4ff)«/>l 

n.9.n 

1 

# 

n.9M 

(2ii)! 

e*.coa  (2arVi)  ♦ 

sa.9.19 

(-!)• 
(2n+l)I 

« ''•tf*  Bin  (2a?Vi)  ♦ 

*)hh{*p  ^U*  where  C  ie  a  elo«ed  eontour  taken  around  i^ain  the  positive  sense 


22.10.  Integral  Reprmmtatioiie 
CSoBlour  Integffal  Regweeentatlotte 


/.<*) 

«b(*) 

a 

Remarks 

ia.10.1 

1 

(l-g).(l  +  ,)tf 

±1  outside  C 

(1 -»)•(! 

2(#-») 

X 

».10J 

♦ 

1 

1/t  . 

0 

Both  seres  of 
l-2ri+s>outaideC» 

«>o—   

a.10.3 

1/2 

1/t 

0 

Both  seros  of 

l-2ft+s*  outside  C 

A19.4 

1 

1 

0 

Both  seros  of 

l-2xs+s>outefcieC 

•(l-2)»ff»») 

SS.10.8 

1 

!/• 

0 

Both  seros  of 
l-2rs+i*  outside  C 

/».(*) 

1 

1 

z 

tt.10.7 

•  —X 

X 

Zero  outside  C 

Xl.10.8 

1 

0 

outside  C 

a.10.9 

i 

1/1 

t 

0 

• 

I.M.M  C."W='"^'y|]|+'''  J^'  CO.  «!•(«■>  ♦)••-'<(♦  («>0) 
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22aoa2  Pnivm         f '  (eoa  B^i  sin  $  cos 

IT  Jo 


22.10.14  J^,  ^-(2Vte)rf< 

22.10.13 


22.10.13  P,(coB  *)-;^  J ,  (coe9-coe^)«  * 

22.11.  RodrigUM*  Fomula 

The  polynomials  given  in  thq  following  Uble  are  the  only  orthogonal  polynomiab  which  satisfy 
this  formula. 


/.(«) 

31.11.1 

(- 

a2.iiJ 

CJ,-»(x) 

(- 

l)«2»nl 

a.ii.s 

(- 

ai.11.4 

,  Unix) 

(- 

1)«2«*« 

S.11.9 

aa.11.6 
aa.11.7 
aa.11.8 

l'»Hx) 
H,{x) 

(- 
nt 

(- 
(- 

l)»2»n! 
D" 

_r(ii±lL 


*(«) 


(1 -*)•(! 

(l-x»)* 
1 


0(X) 


\-7fl 
1-X« 

!-«» 

X 

1 
1 


22.12.  Sum  Formulas 
ChrtetolliBi-DBriMNM  Formuh 


22.12.1 


MlwclhnMNM  Sum  PamulM  (Only  a  Umlted  Selection 


22.12.2 
22.12.S 
22.12.4 
22.12.S 


S  ri.(»)«=l(i+t/„(«)i 


M«0 


2(l-x«) 

22.12.6  S  U-'(«)i:.i'!.'.(tf)=ir'*''(«+y)  / 

•■0 

22.12.7  ± 
22.12.8 


22.13.  Integrals  involving  Orthogonal  Pdy- 
nomials 

22.13.1 

2nJJ  (I -y)-(i +y 


22.1.1.2 

n 


=f^.«r' (0)- (I -3t^-+*cri-t "(«) 

22.13.3     f  _i:.M^=,rf7...W 


22.13.4 
22 


2»/» 


2»+l 
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1.13.5    J'  (l-*)-"»P,(*)</i 
22.M.6  P„(co8  «rf*-j^i 

22.18.7  J>,.+,(co8j)oo8ft/tf=^(^*)(^^?) 
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(-i)-r(n~^)r(^+^)  ^  *  ^ 

f  ^P^(.)dz  ■     \    7  (X>-1) 


22.19.9 


j: 


'  2r(n+2+^)r(i-^) 

(X>-2) 


22.13.10 


22.13.11 


Jf.  V<— *    (»»+i)Vl— » 
22.13.12  J^' 

22.13.13 

r(«+tf+n-|-l)J^'  (x-<)»-«rtLi->(Orf< 

-  r(a+»»4-i)r(fl)jr-+''li**"(«) 

.  22d3.14 

-  L,+,(Orf<'=I.!^-I»+.+i(«) 

22.13.15  «-''».(0<««H,yb) 

22.13.16  £'  H,(t)dt^^^^ Iff.+,(«)~ff,+,(0)J 

22.13.17  J"  «-*HH,a^fc«-Vi^yx»-l)- 
22.13.18 

22.13.19  f"  e  '*ftI,{xt)dt=^\P,(z) 
2^.13.20 


\ 


J^'(j-*(//.(01*  COS  (/<)rf<= Vi2-»»!«-»'*£, 


22.14.1 


22.14.  Inequalities 

('*^')«n',  if  «=max  («,«>-l/2 
(a>-l.^>-l) 


/£RiC 


Jf'  maximum  pomt  nearest  to    ,  .  ,  . 

a+p+l 

22.14.2  A 


ici"(«)i< 


x'ssO  if  n=:2m;.«'='maximum  point  nearest  sero 
if  n=2m+l 


22.14.3 

|Oi->(cos  tf)|<2«-  (^i„7)T(tt)  (0<«<l'0<«<ir) 


22.14.4  4Tn(x)\<l 


22.14.5 


dx 


<n»  (-1<«<1) 

4 

22.14.6  |f/,(«)|<n+l  (-1<«^1)* 

22.14.7  |P.(«)|<1    ■  (-1<«<1) 


22.1441 


22.14.9    |P.(«)|^^^|L.,  (-1<«^1)* 


2»-f-l 


22.14.10  * 

n(«)-P...(«)i'.+.(«)<3^^)  (-1 

22.14.11 

P;(»)-P„.(»)P,..(«)^  (2n-lK^il) 

22.14.12  («^0) 

22.14.13  («^0,«^0) 
22.14.14 


(-1<«<0,«^0) 
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22.14.15  |//,«(x)l<<"2-^l[2-2i,(^^)] 

22.1U6  |Wa.+.(«)i<««^"^f^ 
22.14.17   \H»(x)\<e^W*^liCr    *«  1.086435 
22.15.  Limit  Relationp 

22.15.1 

Um^.n-..(c»5)] 


a.IM  lto[^ii"'(^)]=r'"«'-(2V*> 
.42.15.3  !ta[<-^H..(j^)]=;^««.' 

22.15.5      limPi-»^(l~)=!U-'(*)  . 

2^.15.6     li^m;^,(^i-(^)=.>Jx)  . 

For  asymptotic  expansions,  see  [22.%]  and 
122.17).  . 


^  22.16.  Zeros  *  ^  :  > 

For  tables  of  the  zeros  and  associated  weight  factors  necessary  for  th'e  Gaiissian-type  quadrature 
formulas  see  chapter  25.  AU  the  zeros  of  the  orthoeonal  polynomials  are  real,  simple  and  located 
in  the  interior  of  the  interval  of  orthogonality. 

ExpUdl  and  Aaymptotle  Formulas  and  IiwquaUtlM 

^th  zero  of  y.(x)(xl-><«4-><  . . .  <«'."') 
C=arcco8.xi»^.,(0<tf{-><tfi'><  .  . .  <e<ir) 


j; mth  positive  zero  of  the  Bcpel  functic^ 

o<i,.i<j..2<  .  .  . ;  a; 


22.16.1 
22.16.2 
22.16.3 
22.16.4 
22.16.5 

22.16.6 
22.16.7 


22.16.8 


AW 


Unix) 
P^(C08  9) 

PJx) 


Rdation 


Hm  n^J^«i,.-  (a>-l,  fi>-l) 
...        2m— 1 


2fi 
m 


(l_i+0(n-«)l 


1 


4*. 


er|c 


For  error  estimates  (22.6), 
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22«17«,<h*thogonal  Pdynomiala  of  a  Discrete 
Variable 


7"ln  this  section  some  polynomials /^(x)  arelfitcff" 
which  are  orthogonal  with  respect  to  the  scalar 
product 

Thf^lrVare  the  integers  in  the>  interval  a<Xi<b 
and  w^iii)  is  a  positive  function  such  that 


^tD'^Cxi)  is  fimte.  The  constant  factor  which  is 

still  free  in  each  polynomial  when  only  the  orthogo- 
"nality  conditidnii^n^ven  is  defiried^efe"^y"the 
explicit  representation  (which  corresponds  to  the 
Rodrigues'  fonnulaX  / 

/-(^)=iri^)  Anti)^af)5(arln)] 

where  g{x,n)^{x)g{x-^l)  .  .  .  ir(af^+l)  and 
g{x)  is  a  polynomial  in  x  independent  n. 


.  Name 


b 


Remarki 


Ch<fhyBhev 

Krawtoliouk 

Charlier 

Meixner 

Hahn 


S 


1 


'  x  'f 


r(6)xr 

r(b)T(e-\-x)T(di-x) 

x\r(b+x)f(fim<ri' 


1/n! 

(-l)»n! 

e» 

n! 


(0  ('-.") 

(«-n)I 

(«-n)tr(6+»-n) 


For  a  more  complete  list  of  the  propert.es  of  these  polynomials  see  [22,5]  and  [22.17]. 


Numerical  Methods 

22a8.  Use  and  Extension  of  the  Tables 

EtxU^tion  oj  an  orthogonal  polynomial  jot  which  the  eoeffieienta  are  given  numerieaUy. 
Example  1.   Evaluate  /^(1.5)  and  its  first  and  second  derivative  using  Table  22*10  and  the 
Horner  scheme. 


1 

-  3fl 

460 

-2400 

6400 

-4320 

720 

1  6 

81.78 

897.  878 

-2708.9378 

4044.  09378 

-413.869376 

1 

34.  6 

308.  28 

-1802.628 

2096.  0626 

-27&  90628 

306. 140628 

15 

1.6 

-49.8 

62a  128 

-1919.28 

^168.21878 

,     806.  140626 

 720 

».  42819  68 

1 

33'0 

348.  76 

-1279.  800 

776.  8128 

889.  8126 

1 » 

1.  a 

47,  is 

462  260 

- 1240.  878 

, '    889.  3125 
''t'^  720 
=■1.23816  028 

1 

31.  6 

301.  60 

-827.  280 

~  461  0626 

„  1-464  0628) 

''a  "2  - 

- 1.  28906  26 
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Evalmtum  of  an  orthogonal  polynomial  wing  the  explicit  representation  when  the  coefficients  are  not 

given  numerically.  ' 

If  an  iac'  tted  Vftlue  of  tho  ortliogoi^ftl  polynomial  /.(x)  is  to  be  computed,  uae  the  proper  exphcrt 


expression'rewritten  in  the  fonn 
and  generate  ao(x)  recursively,  where 


an.iit)=-l-fMamii) 

Cm 


/,(3r)=d,(af)ap(»j 

(m=n,  n-1,  .  .  .,  2,  l,o,(af)  =  l). 


1 


/.(«) 


i't') 

( 

T„ 

(-!)• 

(-l)»(2n+l)* 

(-I)- 

(-l)«2(n+l)* 

(-l)«/2ii\ 
4"    V  n  / 

(-:•) 

Hu 

Hun 

/(a 

(i»~m+l)(<»+/»+n+m) 

2in(o-lrm) 

1-ar 

2(n-m+l)(a+n+m-l) 

m(2m-l) 

2(n-in+l)(a+n+m) 

m(2m+l) 

2(n-m+l)(n+m-l) 

m(2m-l) 

jf» 

2(»-frt'+l)(n+m) 

m(2m+l) 

«» 

2(n-m+l)(n+m) 

in(2m-l)  , 

x» 

2(n-m+l)(n+m+l) 

m(2m+l) 

jt» 

(n-m+l)(2n+2m-l) 

m(2m-l) 

»» 

(n-m+l)(2n+2m+l) 

m(2m+l) 

x» 

n— m+l 

fn(«+m) 

1 

X 

2(n-m+l) 

fn(2m--l)  - 

»» 

2(n-m+l)  - 

m(2m+l) 

*• 

Etample  2.    Compute  Pi"^»'«(2).    Here  (/,«(®g*)-3.33847, /(2)=-l. 


m 

8 

7 

6 

6 

4 

3  ^ 

1 

0 

a« 

Cm 

1 
18 

136 

1.  132353 
34 
106 

1.366667 
48 
78 

1.  841026 
60 
65 

3.008392 
70 
36 

6.  849661 1 
78-* 
21 

26.  44166 
84 
10 

223. 1091 
88 
3 

0 

6546.533 
90 
0 

KvalwOim  of  orthogonal  polyMmiala  by  means  of  their  recurrence  reUUioM 
Exatnple3.  ComputeC^||*\2.5)for  n=:2,3,4,5,6. 

From  Table  22.2  r<»>=l,  r7j»>=1.25  and  from  22.7  the  recurrence  relation  is 
ri»»,(2.6)=(6(n+J)C'<»K2.6)-(n-i)Cj»i,(2.6)lj^- 


/  n 

2 

3 

4 

6 

6 

'  3.65625 

13.  08594 

60.87648 

207.  0640 

867.  7616 
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Chaiice  of  Intoml  of  Orthofoiiiilily 

In  sonie/(ppltcAtionB  ivM  more  convenient  to  use  poljmomiob  orthogonal  on  the  interval  (0,  1]. 

the  new  polynon^ila  from  the  onea  given  in  tbia  chapter  by  the  substitution  y=g2i—  1. 
The  coefficienjta  of  the  new  polynor^^can  be  computed  from  the  old  by  the  foUowing^  recursive  scheme, 
provided  the  standardization  is  notcbanged.  If 

••0 


th<)n  the  at  are  given  recursively  by  the  a*  through  the  relations 

a«»=:2oi;-»-ai^i,;  m=n-l,  n-2,  .  .  .,  j;i=0,  1,  2  n 

«i-»'==o,/2,  m=0,  1,  2  n  ^ 

ai^'=2^o„i=0,  1,2  n  andair»=ai;m=0,  1,  2,  .  .  .,  ».  y 

Eiainple4.   Given  r,fe«5»-20«'4-lto*,.find  71(»). 


\- 

5/ 

4 

3 

2 

l 

0  ■ 

-1 

0 

1 

2 
3 
4 

5 

8«ol-" 

0 

0  , 

2.6«»ol-'» 

0 

16 

32 

64 
128 
266 

S12oa; 

♦  -16 
-64 

-192  ' 
-612 
-1280»^ 

-4 
66 
304 

llZOao; 

4 

-48 

-400«ai 

^  -1— ; 

Hence,  7^ («) «512«»-  128(te*+ 1 120»»-40(te*-h60«- 1 . 
22«19«  Leaal  Square  AfipraiiiiiaUoiia 


Problem:  Given  a  function /(j^)  (analytically  or 
in  form  of  arable)  in  a  domain  D  (which  mf^y  be 
a  coYitinuous  interval  or  a  set  of  discrete  -^^inta).* 
Approximate  J{xf  by  a*  polynomial  F^(x)  of  given 
degree  n  such  that  a  weighted  sum  of  the  squares 
of  the  errors  in  /)  is  least. 

SfdiUion:  I^et  w{x)>0  be  the  weight  function 
chosen  according  to  the  rdative  importance  of 
the  errors  in  different  parts  of  D.  Let  Jm(^)  be 
orthogonal  polynomials  in  D  relative  to  w(x)t  i.e. 
^JmfjS^O  for  mp^n,  where 


where 


'  f  w(x)J{x)g{x)dx 
Jo  • 

if  Z>  is  a  continuous  interval 


S  w(Xn)J(u)g(Xn) 


if   is  a  set  of  N  discrete  points  x « 


^f(f)      to  he  square  integrable»  tee  e«g«  (23«17]. 


D  m  Conttnuvus  Inloiral 


Eumple  Se   Find  a  least  square  polynomial  of 
1 

degree  6  for /(«)«=» in  the  interval  2^x^6, 
using  the  weight  function 


io(«)« 


1 


V(»-"2)(6^a?) 


which  stresses  the  importance  of  the  errors  at  the 
ends  of  the  interval. 


Reduction  to  interval  ['-1, 1]|  ^ 


2x-7 


w(«(0)«f 


O      \9P  p««»  II. 
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Evaluating  the  integrals  numerically  we  get 
_^  1-^.235703-1.0808807.  .0138767,  (^-^)~.002380r»  (^)  

+.00040874  .0000707', 

^  D  •  Set  of  Dlwreto  Point* 

If  a;,=in(ni=0,  1,  2,  ....  N)  and  tr(»>=l,  use  the  Chebyahev  polynomials  in  the  discrete 
nuige  22.17.   It  is  convenient  to  introduce  here  a  slightly  different  standardization  such  that. 

Un,Jn)^     (2»+l)(iVl)»  ^ 


2z 


Recurrence  relation:  y9(«)=*l,/i(»)=l— tt 

N  ^ 

(»+l)(iV-Tn)/,f,(*)=(2n+l)(Ar-2*)y,(»)-n(iV+n+l)/».i(*) 

Example  6.  Approximate  in  t^e  least  square  sense  the  function  J(x)  given  in  the  following  table 
by  a  third  degree  polynomial. 


* 

m 

2 

m 

m 

m 

 > 

/•(J) 

• 

10 
12 
14 
16 
18 

.3162 
.2887 
.2673 
.2500 
.2367 

0 
1 

•  2 

a 

4 

1 

1/2 
0 

-1/2 
-1 

1 

-1/2 

1 

-2 
0 
2 

-1 

\ 


(/.,y.)=gyi(2) 

a./.)='^/-(5)/(2i+10) 


,6 


2.6 


1.3579 


3.6 

09985      .  01526 


10 


.271680     .039940  .0043671 


Q031 
,000310 


yi»^.27l68+.03994(3.6-.26x)  +  .0043671(23.6-3.6«+.126jf*)+.00031(266-69.8333x 


1 


/(»)  ^.69447-.0436683e+.00190oi«s;^^000032292/» 
22.20.  EoonomiuUon  of  Series 

Probim:  Given  f(t)—'f^anj^  in  the  interval 


-1 5«<1  and  R>0.  Find 7(») with N 

as  small  as  possible,  such  that  0{»)—J(»)\<ili. 

Solidion:  Express  f(x)  in  terms  of  Chebyshev 
polynomials  using  TaUe  22.3, 


ERIC 


+4.376a!»-.1041|7af») 

i 

Then,  since  |  n.(») |  ^  1  (- 1  ^*  5 1 )  ' 

I 

.7(*)=S6mr«U)         I  ^ 

within  the  desired  accuracy  if  ; 

±   \bn\<R  , 

(l{x)  id  evaluated  moat  conveniently  by  using  the 
>BCurrenc«  relation  (see  22.7) . 
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Esamplo  7.     Gnonomizo  y(x)''^l+a/2^'t^i*/3 
+**/4+je*/5+«»/«  with  i?=.06* 
'    From  Table  22.3 


( 149ro(*)  +327',(*)  +3r4(x)] 

+l{76r,(at)+iir,(x)+r,(*)j 


so 


 J^Xgj|^l4firo(g)+32n(g)]4-^t7^7\feHni; 


since 


i;(«)-/(i)l^^+^<.06 
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Table  22.13 

>.l 

3 
4 

5 

6 

7 

8 

9 
10 
II 

12 


Hermlte  Po!ynomlak  H,(z) 


o.a 

+  1.00000 
+  1.00000 
-1.00000 
-500000 
+  1.00000 
(1) +4.10000 

1)  +3.10000 
'2) -4.61000 

2)  -8.9A000 

3)  +6.48100 

4)  4-2.26010 
6) -1.07030 

(6) -6.04091 


1.0 

+  1.00000 
+2.00000 
+2.00000 
-4.00000 

(1)  -2.00000 
<0) -8.00000 

(2)  +  1.84000 
«) +4.64000 
<3)- 1.64800 
<4)- 1.07200 

(3)  +8.22400 
(6) +2.30848 

(5)  +2.80768 


3.0 

+  1.00000  00 
+6.00000  00 

(1)  +3.40000  00 

(2)  +  1.80000  00 

(2)  +8.76000  00 

(3)  +8.81600  00 

4) +  1.41360  00 
4) +3.00240  00 
4) +3.62400  00 
6) -4.06944  00 

6)  -3.09398  40 

7)  -1.04260  24 


6.0 

1.00000  00000 
(1)1.00000  00000 

(1)  9.80000  00000 

(2)  9.40000  00000 

(3)  8.81200  00000 

(4)  8i06000  00000 

6)7.17880  00000 
6)6,21160  00000 
(7)6.20686  80000 
8)4.21271  20000 
(0  3.27662  97600 
(10)2.43298  73600 


10.0 

1.0Q00O  00000 
(1)2.00000  00000 
(3)3.98000  00000 
(3)7.88000  00000 
(6)1.66212  00000 

(6)  3.04120  00000 

(7)  6.92718  80000 
(9)1.14894  82000 

10)  2.21490  67680 

11)  4-24698  06240 

12)  8.09327  82098 
14)1.63373  60296 


(6) +6.61760  40      (11)1.71237  08128       (16)2.88941  99383 
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23.  Bernoulli  and  Euler  Polynomials— Riemann  Zeta 

\  Function 

A 

 Mathematical  PropertieB  


23.1.  Bwnoulli  and  Culer  Poljnunnlak  and  the  Euler-Madaurin  Formula 


2S.U  Bn^BniO) 


|«|<2» 

^BaaoulU  and  Eukr  Nnmbm 

n<aO,  1, . . . 


23.1.3  ,flo=l|         1»  ft^g' •ff4'="-|^ 


En'^VEn  (g)"  integer 


l<l< 


«0, 1, . . 


(For  occurrence  of  B.  and     in  series  expansions  of  drcular  functions,  see  chapter  4.) 


23.1.4  ^jt>„^-^«(^+^)-^»t' 


23.1.5  fl:(«)="nB,Jt(») 

23.1.6  B,(«+ J) 


D«rlvallv«i  ami  INffcmoAf 


23.1.7 


nssO,  1, . . . 


n=0, 1, . . 


£;;(»)=nJg?,-,(») 
E,(»+l)+iB?,(»)=.2»- 


K.(.,-^c)i'Hr 


23.141  = 

23.1.9  (-l)-fl,(-x)=fl,(ar)+««-'  n=0,l,... 


(-i)»+'£:.(-«)=Js:,(»)-2*« 

MuhlpllMtloa  TImmm 


nsl,2, . . 
n<=>0, 1, . . 


n=0, 1, . 

n^O,  1, . 

A 


23.1.10 


B.(M-'n-gB.(.4) 


me»2, 4| . 


O  804 

ERIC 


815 


BBBNOULU  AND  EULER  POLYNOMIAU^  RIEMANN  ZBTA  FUNCnON^ 
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a.I.U  f^BMB.m=i-l)-'j^B. 


nil f>«l|  2|  *  * . 


(The  polynomials  are  orthogonal  for  m+n  odd.) 
Inequatttles 


2$.1.1S  |fli.|>|B,.(»)|    n=l,2,...,  1>«>0\ 

s 

29.1.14 

n»l,2   i>«>0 

211.18 

n=l>2,... 


4-1£i.|>(-l)*iPa,(«)>0    n=l,2   J>»>0 

^^0+2i=!=2)>(-^>"^-('>>^  ' 

»=1.2   i>«>0 

«s=0, 1, . . . 


Feurtor  Eapamlom 


2S.1.16 

A  tm\m^7  JiL     eoa  (2yfa-i»n) 

n«l.l>«>0 

2S.1.17  > 

n=l,l>«>0 

23.1.18 

n=l,2   1S:»^0 


F  gin  ((2<r-H)ff»~>rn) 

n>0,l^«^0 
»=»0,1>«>0 


jirar 


(~l)»4(2n~l)I^C08(2ifc-f-l)i 
Aa.-i(«)=  ^  (2*+l)*' 

ft=l,2   1>?>0 


Special  ValuM 


29.1.19  Bu+i='0 

29.1.2D  if,(0)-(-l)-i^,(l) 


23.1.21    fl,(i)  =  -(l-2«-")i?. 


n=l,2,... 

n-=0, 1, .  .  . 
n=0,l,. . . 


»>0,1>«^0 
n=0,l>a!>0 

n=0,l,.  .  . 


«.(o)=-fi;(i)  . 
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=-2-»(l~3>-*')Ba,     «»0, 1, . . . 


«2-»(l~2»-»-)(l-3'-*)ft« 

n=0,l, . . . 


.-(2»)->(l-3»-«-)(2*-.l)J%. 


na*l,2, . . . 


\ 


SynboUo  Opmtloiul 


28.1^  l»(B(jr)+l)~p(B(x))=j»'(x) 
23.1.26     fl,(x-<-A)=(fl(»)+A)«.     n=0,  1,  .  . 


l»(£r(x)+l)+W(»))-2p(») 

\  * 

^,(x+A)=(£r(»\+A)''     n«5.0, 1,  .  .  . 


23.1.27 


R«latloiu  Between  the  PotynomUbi 


Here  ;)(x)  denotes  a  polynomial  in  x  and  after  expanding  we  set  {£(x)  |f  «£«(x)  and  {E(z)]*'=>Em(z).  ' 

Equivalent  to  this  is 
23.1.31 


=?{b.(x)-2-B.(2)}      n  =  l,2,. 


23.1.28, 

n=2,3, ... 

23.1.29 

B,(x)=2-  g (J)  B,..£:.(2x)      n^o/l. . .  . 

Euler»Mael«urln  |'omiulu 

liet  F{i)  have  its  first  2n  deriTatives  contbuous 
on  -an  interval  (a,  6).  Diviide  the  interval  into 
m  equal  parta  and  let  A==/(6-a)/m.  Then  for 
some  tf,  1>$>0,  depending' on  F»">(x)  on  (a,  6), 
we  have 

23.1.30 


(2n)I 


Let  Bi,(x)«£»(x-[xD.  The  Euler  SummaOon 
Formula  is 


23.1.32 

|>S2n,l^»^0 
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23.2.13  f'(0)  =  -Jln2» 


23.2.  IU«mMin  ZeU  Function  and  Other  Sums 
of  Reelproeal  Power* 


rn  (i-p-)-* 


23.2.1  f(«)«gfc" 
23.2.2 

({ffoduct  over  all  primes  p). 


*  23.2.4 
23.2.S 


2»»   Jc  1 


23.2.6 
23.2.7 

'23.2U) 

23.2.9 

23.2.10 


=2'»-'Bin  (iir»)r(l-«)f(l-«) 


'r(«)Jo 


'"(i-2'-)r(<) 

=g*-+(«-l)-«n«--«J^"^^rf» 
n«l,2, . .  .,0i8>O 

product  ov«r  all  zeros  p  of      with  dfp^O. 

The  contour  C  in  the  fourth  formula  starts  at 
infinity  on  the  positive  real  axis,  circles  the  origin 
once  in  the  positive  direction  excljiding  the  points 
±2niw  for  n~\,  2,  .  .  and  Vetums  to  the 
starting  p6int.  Therefore  {•(«)  is!  regular  for  all 
valuM  of  H  except  for  a  simple  pole  at  f^^l  with 
residue  1. 


23.2.11 
23.2.12 


Sp«elal<V«liiM 

r(o)=-4 

f(l)=r» 
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23.2.14  f(-2n)«0 

28.2.15  r(l-2n)=-^ 

23.2.16  {m'^-^^\Bu\ 
23.2.17 


807 
ii^l|2|  •  •  • 


ii=2|3f  •  •  • 


ii™l|2|  t  •  • 

( 

Sum*  of  Reelptoeal  Powen 

The  sums  referred  to  are 

23.2.18 

.23Alft  — ■ 

n(n)-;g  (-ir»*-«(l-2»-)rtn) 

23.2.20 

X(n)«jg  (2fc+l)-=(l-2-)((n) 

23.2.21 

^(n)=g(-l)'(2fc+l)- 

These  sums  can  be  calculatod  from  the  Bernoulli 
and  Euler  polynomiiJs  by  means  of  the  last  two 
formulas  for  special  values  of  the  seta  function 
(note  that  4(1)  =»hi  2),  and 


n=3l,2,.. 


Mm 

2(2n)l 


23.2.22  ^(2n+l) 
23.2.23 

n— 1,2,... 

^(2)  is  known  os  Catalan's  constant.  Some 
other  special  values  are 

1  1 

23.2.24  f(2)=l+2i+3i+  •  •  *  6 

1  1 

23.2.25  r(4) = I  +2'"*"3*"*"  *  *  * 
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23«2«28 


X(2)  =  l+^+^+ 


Testa 


^2 
'726 


23.2.29 

23.2.30 

23.2.31 
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BCRNOULU  AND  BULER  NUMBERS 


n  * 

N 

C 

1 

1 
2 
4 
6 
8 

1  -1 

1 

A 

1 

-1 

10 
12 
14 
16 
18 

5 
7 

,  -3617 
43867 

20 
22 
24 
26 
28 

-1  74611 

^2363  64091 
85  53103 
-2  37494  61029 

30 
32 
34 
36 
38 

861  58412  76005 

•^770  A19T7 

257  76878  S8367 
-26315  27155  30534  77373 
2  92999  39138  41559 

40 

44 

46  , 
48 

-2  61082  71849  1^4491  22051 
15  20097  64391  80708  02691 
'  «^278  33269  57930  10242  35023 
5964  51111  59391  21632.77961 
-560  94033  68997  81768  62491^27547 

50 
S2 
54 
56 
58 

49  50572  05241  07964  82124  77525 
-80116  57181  35489  95734  79249  91853 
29  14996  36348  84862  42141  81238  12691 
••2479  39292  93132  26753  68541  57396  63229 
84483  61334  88800  41862  04677  59940  36021 

60    -121  52331  40483  75557  20403  04994  07982  02460  41491 


D 

Ik 

1 

(    0)  1«000Q  00000 

2 

1-5,0000  00000 

6 

'  1 

A*  OOOQ  OOOOf 

30 

-  2 

i-3«3333  33333 

-  2 

1  2*3809  52381 

30' 

-  2 

i-l«3333  33333 

66 

2 

)  7,5757  57576 

2730 

6  { 

0 

\  1,1666  66667 

510 

1-7,0921  56863 

798 

1 

1  5.4971  17794 

330 

[  2 

1-5,2912  42424 

138 

« 

>  D,iTZl  Z3100 

2730  1 

4 

-8,6580  25311 

6 

!  6 

)  1,4255  17167 

870  . 

7 

1-2,7298  23107 

14322  J 

[  81 

)  6,0158  08739 

510 

in 

1-1,9110  3197/ 

6  1 

4,2961  46431 

19  19190  > 

-1,3711  65521 

6 

14 

1  4,8833  23190 

13530  ( 

1-1,9296  57934 

1806  1 

17 

8,4169  30476 

690  1 

19 

-4,0338  07185 

282 

^^21 

2,1150  74864 

46410  1 

23 

1-1,2086  62652 

66  ( 

24) 

7,5008  66746 

1590  1 

26 

-5,0387  78101 

798  1 

28 

3,6528  77648 

870  1 

30 

-2,8498  76930 

354  1 

32 

2,3865  42750 

567  8673q  ( 

34)-2a399  94926 

I 
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n  En                        ■*  ■ 

5  ^ 

6  -61 
8  1385 

10  -  50521 

12  27  02765 

If  *  1993  60981 

16  1  93915  12145 

18  -240  48796  75441 

20  37037  11882  37525 

22  -  69  34887  43931  37901 

24  15514  53416  35570  86905 

26  -.40  87072  50929  31238  92361 

28  12522  59641  40362  98654  68285 

30  ~  44  15438  93249  02310  45536  82821 

32  17751  93915  79539  28943  66647  89665 

34  -  80  72329*92358  87898  06216  82474  53281 

36  41222  06033  95177  02122  34707  96712  59045 

38  ;                          31082  52017  82857  61989  47741 

40  1  40511  50718  11498  00178  77156  78140  58266  84425 

42  -1036  46227  33519  61211  93979  57304  74518  59763  10201 

44  7  94757  94225  97592  70360  80405  10088  07061  95192  73805 

46  -6667  53751  66855  44977  43502  84747  73748  19752  41076  84661 

48  60  96278  64556  85421  58691  68574  28768  43153  97653  90444  35185 

50  -  60532  85248  18862  189^3  14383  78511  16490  88103  49822.  51468  15121 

^2  650  61624  86684  60884  77158  70634  08082  29834  83644  23676  53855  76565 

S4  -7  54665  99390  08739  09806  14325  65889  73674  42122  40024  ^71169  98586  45581 

56  9420  32189  64202  41204  20228  62376  90583  22720^93888  52599  64600  93949  05945 
58           -126  22019  15180  62187  19903  40923  72874  89255  48234  10611  91825  59406  99649  20041 

60         181009  11496  57923  04965  45807  74165  21586  68733  48734  92363  14106  00809  54542  31325 

I  FitimH.  TDiiviB^Tabteooftholil^iitttli^  Prindpia  Pimi  Blooiningloii, 

f  liid.i  1886  (with  pmnWon)*  821 


BERNOVLU  AND  EVLBR  POLYNOMIALS,  RIEMANN  ZETA  FUNCTION 

SUMS  OF  RECIPROCAL  POWERS       Tabie  23.3 


811 


1 

2 

U 64493 

1»  20205 

4 

!•  0B23Z 

5 

1.  03692 

6 

1. 01734 

7 

!•  00834 

8 

H     AA  M A^ 

1«  00407 

9 

^  AAAAA 

!•  00200 

10 

«  AAAAA 

1. 00099 

11 

1. 00049 

12 

1. 00024 

13 

«      AAA4  A 

I.  00012 

14 

•  AAAA# 

!•  00006 

15 

!•  00003 

16 

1. 00001 

17 

1. 00000 

16 

1. 00000 

19 

1. 00000 

20 

1. 00000 

21 

1. 00000 

22 

1. 00000 

23 

1. 00000 

24 

1.  00000 

25 

«  AAAAA 

!•  00000 

26 

!• 00000 

27 

<%M  AAA 

1.  00000 

28 

«  AAAAA 

1. 00000 

29 

1.  00000 

30 

I.  00000 

31 

1.  00000 

32 

1. 00000 

33 

1. 00000 

34 

1.  00000 

35 

^  AAAAA 

1.  OuOOO 

36 

1. 00000 

37 

1. 00000 

38 

1. 00000 

39 

1.  00000 

40 

1. 00000 

41 

1. 00000 

42 

1.  00000 

40668  48226  43647 
69031  59594  28540 
32337  11138  19152 
77551  43369^  92633 
30619  84449  13971 

92773  81922  82684 
73561  97944  33938 
83928  26082  21442 
45751  27818  08534 
41886-04119  46456 
60865  53908  04830 


27133 
12481 
05882 
52822 
76371 
38172 

19082 
09539 
04769 
02384 
01192 
00596 

00298 
00149 
00074 
00037 
00018 
00009 


47578 
35058 
36307 
59408 
^97637 
93264 

X2716 
62033 
32986 
50502 
19925 
08189 

03503 
01554 
50711 
25334 
62659 
31327 


48915 
70483 
02049 
65187 
89976 
99984 

55394 
87280 
78781 
72773 
96531 
05126 

51465 
82837 
78984 
02479 
72351 
43242 


00004  65662  90650 
00002  32831  16337 
00001  16415  50173 
00000  58207  72088 
00000  29103  85044 
00000  14551  92189 


00000 
00000 
00000 
00000 
00000 
00000 


07275 
03637 
01818 
00909 
00454 
00227 


95984 
97955 
98965 
49478 
74738 
37368 


n(»»)-^Sj(-l)*-»fc-" 

0.69314  71805 
0.82246  70334 
0.90154  26773 
0.94703  28294 
0.97211  97704 
0.98555  10912 


59945  30942 
24113  21824 
69695  71405 
97245  91758 
46909  30594 
97435  10410 


0. 99259 
0.99623 
0.99809 
0.99903 
0.99951 
0.99975 

0. 99987 
0.99993 
0.99996 
0.99998 
0.99999 
0,99999 


38199  22830  28267 
30018  52647  89923 
42975  41605  33077 
95075  98271  56564 
71434  98060  75414 
76851  43858  19085 


85427 
91703 
95512 
47642 
23782 
61878 


0.99999  80935 
0.99999^  90466 
0. 99999  95232 
0.99999  97616 
0.99999  98808 
0.99999  99403 

0.999v?  99701 
0.99999  99850 
0.99999  99925 
0.99999  99962 
0.99999  99981 
0.99999  99990 


0,99999 
0.99999 
0.99999 
0.99999 
0. 99999 
0. 99999 


99995 
99997 
^9998 
99999 
99999 
99999 


0. 99999  99999 
0.99999  99999 
0.99999  99999 
0.99999  99999 
0. 99999  99999 
0. 99999  99999 


63265 
45979 
13099 
14906 
92041 
69610 

08171 
11581 
58215 
13230 
0131B 
98892 

98856 
99231 
49550 
74753 
37369 
68682 

34340 
67169 
83584 
41792 
70896 
85448 

92724 
96362 
98181 
99090 
99545 
99772 


11549 
71817 
23808 
10644 
01198 
11348 

67511 
52212 
54282 
82255 
43950 
39463 

96283 
99657 
48496 
40011 
41811 
28145 

33145 
89595 
85805 
39905 
18953 
09143 

04461 
02193 
01084 
50538 
25268 
62633 


For  ii  >42,  f(n+l)-J[l+r(n)]  n(n+l)=Kl+9(n)] 

From  H.  T.  Davis,  Tables  of  the  higher  mathematical  functions,  vol.  II. 

Principia  Press,  Bloomington,  Ind.,  1936  (with  permission). 
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^  1 

812  BKRNOULLI  AND  EULER  POLYNOMIALS,  RIEMANN  ZBTA  FUNCTION 

Table  23.3  SUMS  OF  RECIPROCAL  POWERS 


«  X(n)=£:(2ife+l)'-»  0(n)-S(-l)»(2t+l)-* 

1  •  '  0. 78539  81633  97448  310 

2  ,  .  V23370  05501  36169  82735  0.91596  55941  77219  015 

3  1.15179  97902  64644  99972  0.96894  61462  59369  380 

4  1. 01467  80316  04192  05455  0. 98894  45517  41105  336 

5  1.00452  37627  9S139  61613  0.99615  78280  77088  064 

6  1.00144  70766  40942  12191  0.99868  52222  18436  135 

7  1. 00047  15486  52376  55476  0. 99955  45078  90539  909 

8  1. 00015  51790  25296  11930  0. 99984  99902  46829  657 

9  1. 00005  13451  83843  77259  0. 99994  96841  87220  090 

10  1. 00001  70413  63044  82549  0. 99998  31640  26196  877 

11  1.00000  56660  51090  10935  0.99999  43749  73823  699 

12  1. 00000  18858  48583  11958  0. 99999  81223  50587  882 

13  1. 00000  «6280  55421  80232  0. 99999  93735  83771  841 

14  1. 00000  02092  40519  21150  0. 99999  97910  87248  735 

15  1. 00000  00697  24703  12929  0.  99999  99303  40842  624 

16  1. 00000  00232  37157  37916  0. 99999  99767  75950  903 

17  1. 00000  00077  44839  45587  0. 99999  99922  57782  104 

18  1. 00000  00025  81437  55666  0. 99999  99974  19086  745 

19  1. 00000  00008  60444  11452  0. 99999  99991  39660  745 

20  1. 00000  00002  86807  69746  0. 99999  99997  13213  274 

21  1. 00000  00000  95601  16531  0. 99999  99999  04403  029 

22  1. 00000  00000  31866  77514  0. 99999  99999  68134  064 

23  1. 00000  00000  10622  20241  0. 99999  99999  89377  965 

24  1. 00000  00000  03540  72294  0. 99999  99999  96459  311 

25  1. 00000  00000  91180  23874  0. 99999  99999  98819  768 

26  1.00000  00000  00393  41247  0.99999  99999  99606  589 

27  1.00000  00000  00131  13740  0.99999  99999  99868  863 

28  1. 00000  00000  00043  71245  0. 99999  99999  99956  288 

29  1. 00000  00000  00014  57081  0. 99999  99999  99985  429 

30  1. 00000  00000  00004  85694  0. 99999  99999  99995  143 

31  1.00000  00000  00001  61898  0.99999  99999  99998  381 

32  1. 00000  00000  00000  53966  0. 99999  99999  99999  460 

33  1. 00000  00000  00000  17989  0. 99999  99999  99999  820 

34  1.00000  00000  00000  05996  0.99999  99999  99999  940 

35  1. 00000  00000  00000  01999  0. 99999  99999  99999  980 

36  1. 00000  00000  00000  00666  0. 99999  99999  99999  993 

37  1.00000  00000  00000  00222  0.99999  99999  99999  998 

38  1. 00000  00000  00000  00074  0. 99999  99999  99999  999 

39  1.00000  00000  00000  00025 

40  1.00000  00000  00000  00008 

41  1.  00000  00000  00000  00003 
^2  1.00000  00000  00000  00001 
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BIRKOVLU  AND  BVLER  POLYNOMIALS,  UBBCANN  ZBTA  FUNCTION 

SUMS  OF  POSITIVE  POWERS  pk*  Table  2S.4 


1 

2 

8 

4 

6 

6 

1 

1 

1 

1 

1 

1 

1 

2 

3 

S 

9 

17 

m 

33 

65 

^ 

14 

36 

98 

276 

794 

1 AA 
100 

«ftA 

354 

9  4AA 
1300 

A  AAA 

4890 

e 

15 

ft  ft 

44ft 

225 

979 

AA^C 

4425 

4Att9  tt 

20515 

D 

91 
cl 

01 

'  AAl 

441 

44  7tt 

2275 

* 

9  44A9 
12201 

1.49  49 

67171 

7 

28 

140 

784 

4676 

29008 

1 

84820 

8 

36 

204 

1296 

8772 

61776 

4 

46964 

A 
T 

Aft 

*I9 

£09 

2025 

15333 

1 

4A04tt 

20825 

A 

9 

4aii  Att 

78405 

99 

^09 

1A4tt 

3025 

4tt444 

25333 

1 
2 

4  A04tt 

20825 

9  O 

19 

4aii  Att 
76405 

11 

DD 

ftA^ 
900 

4356 

39974  . 

3 

09  04A. 

81876 

44 

37 

il  AA1.1. 

49966 

12 

78 

650 

6084 

60710 

6 

30708 

67 

35950 

13 

91 

819 

8281 

89271 

10 

02001 

115 

62759 

1^ 

1  Aft 
1119 

1 A1  ft 
1U19 

1 1  A4C 

11025 

1 

27687 

15 

4A04C 

39025 

9  AA 
190 

A44Ae. 

92295 

19 

12U 

12«fU 

14400 

1 

78312 

44 

22 

AAl  AA 

99200 

4Ail 

-  304 

ai  A4A 

82920 

Id 

l^D 

1 AOJL 
I^tO 

10496 

2 

43848 

44 

33 

il444A. 

47776 

444 

472 

£A9  4£ 

60136 

17 

1S3 

1785 

23409 

3 

27369 

47 

67633 

713 

97705 

18 

171 

2109 

29241 

4 

32345 

66 

57201 

1054 

09929 

19 

f  A  A 
190 

9A7A 

11.1  AA 

36100 

5 

62666 

A9 

91 

m  AA 

33300 

9  eiii 

1524 

eea9  a 

55810 

20 

210 

2870 

AA%  AA 

44100 

7 

22666 

9  11 

123 

33300 

19  1.  A 

2164 

e  e  A9  A 

55810 

21 

231 

3311 

53361 

9 

17147 

164 

9  ■ff^A9 

17401 

4A44 

3022 

1  1  A19 

21931 

22 

253 

3795 

64009 

11 

51403 

215 

71033 

4156 

01835 

23 

276 

4324 

76176 

14 

31244 

280 

07376 

5636 

37724 

24 

«AA 

300 

ilAAA 

4900 

90000 

17 

A  «  AA  A 

63020 

ie  A 

359 

■f  AA  AA 

70000 

4ttil4 

7547 

A  A<ff  AA 

40700 

25 

325 

CC4C 

5525 

1  05625 

21 

53645 

457 

35625 

AAA  A 

9988 

a9  lie 

81325 

I'll. 
26 

351 

6201 

1  23201 

26 

9  Al  1  9 

10621 

KtA 

576 

9  4  A  A9 

17001 

13077 

A<ff9  A9 

97101 

27 

378 

6930 

1  42884 

31 

42062 

719 

65908 

16952 

17590 

28 

406 

7714 

1  64836 

37 

56718 

891 

76276 

21771 

07894 

29 

435 

8555 

1  89225 

A  A 

44 

63999 

9  AAA. 

1096 

A4il4tt 

87425 

4449  A 

27719 

49  49  ft 
31219 

«  A 

30 

465 

9455 

2  16225 

52 

■ff4AAA 

73999 

9  14A 

1339 

at  ii4fi 

87425 

4e  AAA 

35009 

49  49  ft 
31215 

31 

496 

•  Ail  9  ▲ 

10416 

2  46016 

61 

97520 

9  1.11. 

1626 

16576 

43BB4 

4iiaAi. 

34896 

32 

528 

11440 

2  78784 

72 

46096 

1961 

71008 

S4621 

76720 

33 

561 

12529 

3  14721 

.  84 

32017 

2353 

06401 

67536 

44689 

34 

595 

13609 

3  54025 

97 

4.04ft4 

68353 

4  AA4 

2807 

A%  a4tt 
41825 

04ADA 

o29o4 

AO  9  Aft 

49105 

35 

630 

1 A01  A 

3  96^00 

A  112 

#  oa7a 

68978 

4444 

3332 

^44  AA 

63700 

9    A9  4^4 

1  01367 

9  A44A 

14730 

3d 

666 

1  AA. 

16206 

4  43556 

VIA 

129 

48594 

4A47 

3937 

29876 

9    449  4il 

1  23134 

97066 

37 

703 

17575 

4  94209 

148 

22755 

4630 

73833 

1  48792 

23475 

38 

741 

19019 

5  49081 

169 

07891 

5423 

09001 

1  78901 

59859 

39 

700 

^AftAA 

A  AOilAA 

6  08400 

V  A't 

192 

49  444 

21332 

£.44  C 

6325 

444AA 
33200 

4  9  AAflO 
2  1^007 

A4A.4A 

03020 

il  A 

40 

O^A 

820 

9H  A  A 

22140 

£.  94ilAA 

6  72400 

217 

81332 

7349 

444 AA 
33200 

4  CCAAA 

2  95049 

** 

A4£.4  A 

03620 

41 

861 

23021 

\ 

1  41321 

246 

A4Aa4 

07093 

8507 

AAAA9 
09401 

4  A4eCA 

3  02950 

A7fi£9 

07061 

0  191117 

977 

lOr  07 

001  d 

7011 

OAIL^^ 
OUO^^ 

J7DU7 

43 

946 

27434 

8  94916, 

311 

37590 

11284 

89076 

4  20654 

02654 

44 

990 

29370 

9  80100  \ 

348 

856Q6 

12934 

05300 

4  93217 

16510 

45 

1035 

•  31395 

10  71225  \ 

389 

86311 

14779 

33425 

5  76254 

82135 

46 

1081 

33511 

11  68561 

434 

63767 

16838 

96401 

6  70997 

79031 

47 

1128 

35720 

12  72384 

483 

43448 

19132 

41408 

7  78789 

94360 

48 

1176 

38024 

13  82976 

536 

51864 

21680 

45376 

9  01095 

84824 

49 

1225 

40425 

15  00625 

594 

16665 

24505 

20625 

10  39508 

72025 

90 

1275 

42925 

16  25625 

656 

66665 

27630 

20625 

11  95758 

72025 

From  H.  T.  Davis,  Tabtm  oi  the  higher  mathematical  fuix^tions,  voL  IL  Principia  Press,  Bloomington, 
Ind.,  1936  (with  permission). 
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BERNOULLI  AND  KVLBR  P0LYN0MUL8,  RIEMANN  ZBTA  FUNCTION 


Table  33.4 


SUMS  OF  POSITIVE  POWERS  ^^1^ 


SI 
S2 
53 
54 
55 

56 
57 
58 
59 
60 

61 
62 
63 
64 
65 

66 
67 
68 
69 
70 

71 
72 
73 
74 
75 

76 
77 
78 
79 
80 

81 

82 

83- 

84 

85 

86 
87 
88 
89 
90 

91 
92 
93 
94 

95 

96 

97 
98 
99 

100 


1 

1326 
1378 
1431 
1485 
1540 

1596 
1653 
1711 
1770 
1830 

1891 
1953 
2016 
2080 
2145 

2211 

2278 

2346' 

2415 

2485 

2556 
2628 
2701 
2775 
2850 

2926 
3003 
3081 
3160 
3240 

3321 
3403 
3486 

3570 
3655 

37--. 
382b 
3916 
4005 
4095 

4186 
4278 
4371 
4465 
4360 

4656 
4753 
4851 
4950 
S050 


2 

45526 
48230 
51039 
53955 
56980 

60116 
63365 
66729 
70210 
73810 

77531 
81375 
85344 
89440 
93665 

98021 
02510 
07134 
11895 
16795 

21836 
27020 
32349 
37825 
43450 


9 

17  58276 

18  98884 
20  47761 

22  05225 

23  71600 

25  47216 
27  32409 
29  27521 
31  32900 
33  48900 

35  75881 
38  14209 
40  64256 
43  26400 
46  01025 

48  88521 
51  89284 
55  03716 
58  32225 
61  75225 

65  33136 

69  06384 

72  95401 

77  00625 

81  22500 


49226  85  61476 
55155  90  18009 
5.1239  ^94  92561 
67480  X  99  85600 
73880/  104  97600 


80441 
87165 
94054 
OHIO 
08335 

15731 
23300 
31044 
38965 
47065 

55346 
63810 
72459 
81295 
90320 

99536 
08945 
18549 
28350 
38350 


110  29041 
115  80409 
i:\  52196 
'  44900 
X  )  59025 

139  95081 
146  53584 
153  35056 
160  40025 
167  69025 

175  22596 
183  01284 
191  05641 
199  36225 
207  93600 

216  78336 
225  91009 
235  32201 
245  02500 
255  02500 


724  31866 
797  43482 
876  33963 
961  37019 
1052  87644 

1151  22140 
1256  76141 
1369  94637 
1491  11998 
1620  71998 

1759  17839 
1906  94175 
2064  47136 
2232  24352 
2410  74977 

2600  49713 
2802  00834 
3015  82210 
3242  49331 
3482  59331 

3736  71012 
4005  44868 
4289  43109 
4589  29685 
4905  70310 

5239  32486 
5590  85527 
5961  00583 
6350  50664 
6760  10664 

7190  57385 
7642  69561 
8117  27882 
8615  15018 
9137  15643 

9684  16459 
10257  06220 
10856  75756 
11484  17997 
12140  27997 

12826  02956 
13542  42254 
14290  47455 
15071  22351 
15885  72976 

16735  07632 
17620  36913 
18542  73729 
19503  33330 
20503  33330 


31080  45876 
34882  49908 
39064  45401 
43656  10425 
48688  94800 

54196  26576 
60213  18633 
66776  75401 
73925  99700 
81701  99700 

90147  96001 
99309  28833 
09233  65376 
19971  07200 
31573  97825 


1  44097  30401 
1  57598  55508 
1  72137  89076 

1  87778  20425 

2  04585  20425 


22627  49776 
41976  67408 
62707  39001 
84897  45625 
08627  92500 

33983  17876 
61051  02033 
89922  76401 
20693  32800 
53461  32800 


4  88329  17201 

5  25403  15633 

5  64793  56276 

6  06614  75700 
6  50985  28825 

6  98027  99001 

7  47870  08208 

8  00643  27376 

8  56483  86825 

9  15532  86825 

9  77936  08276 

10  43844  23508 

11  -13413  07201 

11  86803  47425 

12  64181  56800 

13  45718  83776 

14  31592  24033 

15  21984  32001 

16  17083  32500 

17  17063  32500 


13  71721  59826 
15  69427  69490 
17  91071  30619 
20  39020  41915 
23  15826  82540 

26  24236  61996 
29  67201  09245 
33  47688  01789 
37  69693  35430 
42  36253  35430 

47  51457  09791 
53  19459  45375 
59  44694  47584 
66  31689  24320 
73  86078  1494S 

62  12617  64961 
91  17201  47130 
101  05876  29754 
111  85057  92835 
123  61547  92835 

136  42550  76756 
150  35691  46260 
165  49033  72549 
161  91098  62725 
199170663  76350 

218  97883  06926 
239  82106  67015 
262  34102  8771^- 
266  64977  43240 
312  66417  43240 

341  10712  79721 

371  50779  51145 

404  20183  24514 

439  33163  56130. 

477  04656  71755 

517  50331  06891 
560  86593  07900 
607  30633  94684 
657  00446  85645 
71^14656  65645 

'  766  93549  37686 
Q27  57099  39030 
;jB92  27001  22479 
461  25699  03535 

1034  76617  94160 

1113  04195  83856 
1196  33915  88785 
1284  92339  69649 
1379  07141  19050 
1479  07141  19050 
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Table  23.4 

7 

8 

8 

1 
2 

J 

5 

1 

129 
2316 
18700 
96825 

1 

257 
6919 
72354 
4  62979 

J 

513 
20196 
2  82340 
22  35465 

6 
7 
8 
9 

10 

3  76761 
12  00304 
32  97456 
80  80425 
180  80425 

21  42595 
79  07396 
246  94612 
677  31333 
1677  31333 

'526  66768 
1868  84496 
5743  04985 
15743  04985 

11 
12 
13 
14 
15 

375  67596 
733  99404 
1361  47921 
2415  61425 
4124  20800 

3920  90214 
9120  71910 
16279  02631 
31035  91697 
56664  92312 

90920  33028 
1  96965  32401 
4  03575  79185 
7  88009  38560 

16 
17 
18 
19 
20 

6808  56256 
10911  94929 
1703*  14961 
25972  86700 
38772  86700 

99614  49609 

1  69372  07049 

2  79571  67625 
4  49407  30666 
7  05407  30666 

26  61082  91793 
46  44675  82161 
78  71552  79940 
129  91552  79940 

21 
22 
23 
24 
25 

56783  75241 
81727  33129 
1  15775  58576 

1  61640  30000 

2  22675  45625 

10  83635  90027 
16  32394  63563 
24  15504  48844 
35  16257  630?0 
50  42136  53645 

209  3^353  itocl 
330  07045  44313 
510  18572  05776 
774  36647  46000 
1155  83620  11625 

26 
27 
29 
29 
30 

3  02993  55801 

4  07597  09004 

5  42526  37516 
7  15025  13825 
9  33725  13825 

71  30407  18221 
99  54702  54702 
137  32722  53038 
187  35186  65999 
252  96186  65999 

lOTO  70030  tUOUI 

2461  34631  75588 
3519  19191  28996 
4969  90651  04865 
6938  20651  04865 

31 
32 
33 
34 
35 

12  08851  27936 
15  52448  66304 
19  78633  09281 
25  03866  59425 
31  47269  56300 

338  25097  03440 
448  20213  31216 
588  84299  49457 
767  42238  54353 
792  60992  44978 

t702  100/4  037^0 

13100  60593  54368 
17741  75437  56321 
23613  45365  22785 
31695  01751  94660 

36 
37 
38 
39 
40 

39  30901  20396  . 
48  80219  97529 
60  24375  80121 
73  96685  86800 
90  35085  86800 

1274  72091  52434 
1625  96886  06355 
2060  74807  44851 
2595  94900  05332 
3251  30900  05332 

^Xo^i  Ui^io  o^vfQ 
54847  18716  58153 
71368  79729  21001 
92241  63340  79760 
1  18456  03340  79760 

41 
42 
43 
44 
45 

109  82628  60681 
132  88021  93929 
160  06208  05036 
191  98986  14700 
229  35680  67925 

4049  80152  34453 
5018  06672  30869 
6186  88675  08470 
7591  70911  33686 
9273  22165  24311 

1  K110A  7^721 
1   OXXy^  ££DO^  tyt^X 

1  91861  36523  23193 

2  42120  62642  60036 

3  03932  81037  69540 
3  79600  87463  47665 

46 
47 
48 
49 

50 

272  93957  25041 
323  60099  45504 
392  30771  87776 
450  13002  60625 
529  25502  60625 

11277  98287  56247 
13659  11154  18008 
16477  03958  47064 
19800  33264  16665 
23706  58264  16665 

4  71819  89090  16721 

5  83732  93821  19488 

7  18993  48427  14176 

8  81834  84406  24625 
10  77147  34406  24625 
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Table  23.4 


SUMS  OF  POSITIVE  POWERS  pk» 


m\»  7 

51  617  99609  38476 

52  720  80326  41004 

53  838  27437  80841 

54  972  16689  90825 

55  1124  41042  25200 

56  *  1297  11990  74736 

57  1492  60965  67929 

58  1713  40807  35481 

59  1962  27322  20300 

60  2242  20922  20300 

61  2556  48350  56321  \ 

62  2908  64496  62529 

63  3302  54303  01696  • 

64  3742  34768  12800 

65  4232  $7047  03425 

66  4776  08654  04481 

67  5384  15770  09804 
66  6056  45658  28236 

69  6601  09190  80825 

70  7624  63490  80825 

n  8534  M692  39216 

72  9537  20822  43504 

73  10641  94807  62601 

74  11857  07610  35625 
n  13191  91497  07500 

.  76  14656  43442  79276 

77  16261  28675  46129 

78  18017  84364  01041 

79  19938  23453  87200 

80  22035  38653  87200 

81  24323  06578  42161 

82  26815  92048  96929 

83  29529  52556  88556 

84  32480  42905  44300 

85  35666  19993  72425 

86  39165  47815  94121 

87  42938  02610  81904 

88  47024  7B207  1889b 

89  51447  91556  14425 

90  56230  88456  14425 

91  61398  49475  50156 

92  66976  96076  73804 
91  72993  96947  34561 

94  79478  74541  53825 

95  86462  11837  63200 

96  93976  59315  74016 

97  '    1  02056  42160  52129 

98  »1  10737  67693  76801 

99  i  20058  33041  675Q0 
100         1  30058  33041  67500 


8 

28283  37709  87066 
33629  34995  18522 
39855  31899  29883 
47085  51512  69019 
55458  90P91  59644 

65130  64007  33660 
76273  55578  45661 
89079  86395  63677 
1  03762  90771  67998 
1  20559  06771  67998 

1  39729  79901  65279 
1  61563  80957  50175 

1  86379  ^8760  17696 

2  14526  88527  28352 
2  46391  36656  18977 

2  82395  42718  88673 

3  23002  19494  45314 

3  68718  51890  98690 

4  20IV)8  35635  27331 

4  77746  36635  27331 

5  42321  71947  73092 

6  14542  13310  81828 

6  ?5188  14229  75909 

7  85107  61631  79685 

8  85220  53135  70310 

9  96524  01010  25286 

11  20097  63925  72967 

12  57109  07632  56103 

14  08819  95731  62664 

15  76592  11731  62664 

17  61894  13620  14505 

19  66308  22206  69481 

21  9;,537  44528  08522 

24  39413  33638  91018 

27  11903  86142  81643 

30  11121  78853  47499 
33  39333  46007  84620 
36  98967  98488  39916 
40  92626  86545  41997 
45  23094  07545  41*^97 

49  93346  60306  93518 
55  06565  47620  69134 
60  66147  28537  l%iS 
66  75716  22441  30351 
73  39136  65570  2097C 

80  60526  23468  59312 
88  44269  59412  36273 
96  95032  61670  54129 
1Q6  17777  31113  33J30 
116  17777  31113  33330 


13  10563  86137  15076 
15  88554  44973  50788 
19  18530  80891  S2921 
23  08961  40014  66265 
27  6949S  05854  50640 

33  11115  00335  95536 
39  46261  19889  79593 
46  89027  07286  24521 
55  55326  65472  79460 
65  63096  25472  79460 

77  32510  86401  13601 
90  86219  51863  77153 
106  49600  93432  30976 
124  51040  78527  12960 
145  22232  06906  03585 

168  9S500  07044  03521 
196  19153  51006  98468 
227  27863  53971  28036 
262  73072  32327  04265 
303  08433  02327  04265 


348  93283 
400  93152 
459  80311 
526  34352 
601  42821 


09511  53296 
87653  82288 
54736  50201 
62487  29625 
25280  26500 


666  01885  63746  04676 
781  17055  06237  76113 
888  03947  17370  60721 
1007  89106  77196  79040 
1142  10879  57196  79040 

1292  20343  10166  78161 

1459  82298  14263  86193 

1646  76323  66939  26596 

1854  97898  52248  56260 

2066  59593  15080  59365 


2343  92334 
2629  46750 
2945  94588 
3296  30228 
3683  72277 

4111  65257 
4583  81394 
5104  22502 
5677  21962 
6307  46923 


88197  23001 
30627  52526 
48916  18576 
85991  03785 
75991  03785 

77288  92196 
10154  48868 
40039  36161 
62325  52865 
59571  62240 


7000  00323  17816  42496 
7760  23429  04362  07713 
8593  98205  25663  57601 
9507  49930  00499  98500 
10507  49930  00499  98500 


O 
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SUMS  OF  POSITIVE  POWERS 


Table  2S.4 


m\ii. 

10 

1 

51 

2 

1025 

52 

3 

60074 

53 

4 

11  08650 

54 

5 

108  7427S 

55 

6 

713  40451 

90 

7 

3538  15700 

57 

8 

14275  57524 

58 

9 

49143  41925 

59 

10 

1  49143  41925 

60 

11 

4  08517  66526 

61 

12 

10  27691  30750 

62 

13 

24  06276  22599 

63 

14 

52  98822  77575 

64 

15 

110  65326  68200 

65 

16 

220  60442  95976 

66 

17 

422  20381  96425 

67 

18 

779  25054  230^ 

68 

19 

1392  35716  80850 

69 

20 

2416  35716  80850 

70 

21 

4084  34526  59051 

71 

22 

6740  33754  50475 

72 

23 

10882  98866  64124 

73 

24 

17223  32676  29500 

•  74 

2S 

26760  06992  70125 

75 

26 

40876  77949  23501 

76 

27 

61465  89270  18150 

77 

28 

91085  56937  13574 

78 

29 

1  33156  29270  13775 

79 

30 

1  92205  29270  13775 

80 

31 

2  74168  12139  94576 

ai 

81 

32 

3  86758  11208  37200 

82 

33 

5  39916  01061  01649 

83 

34 

7  46353  78601  61425 

84 

3S 

10  22206  52136  77050 

85 

36 

13  87824  36537  40026 

86 

37 

18  68682  80261  57875 

87 

38 

24  96503  98741  46099 

88 

39 

33  10544  59593  37700 

89 

40 

43  59120  59593  37700 

90 

41 

57  01386  52694  90101 

91 

42 

74  09406  33911  67925 

92 

43 

95  70554  57044  52174 

93 

44 

122  90290  66428  70350 

94 

45 

156  95353  55588  85975 

95 

46 

199  37428  30416  62551 

96 

47 

251  97341  52774  92600 

97 

48 

316  89847  73860  37624 

98 

49 

396  69074  36836  49625 

99 

SO 

494  34699  36836  49625 

100 

10  * 

613  38941  75112  62626 
757  94452  34603  19650 
932  83199  38258  32699 
114?  66451  30907  53275 
1396  95967  52098  93900 

1700  26516  43060  08076 
2062  29849  57628  99325 
2493  10270  26623  05149 
3004  21945  59629  46550 
3608  88121  59629  46550 

4322  22412  76258  29151 
5161  52349  34941  69375 
6146  45378  53759  60224 
7299  37528  99828  07200 
8645  64962  44456  97825 


10213  98650 
12036  82430 
14150  74713 
16596  94119 
19421  69368 

22676  93723 
26420  84347 
30718  46930 
35642  45970 
41273  81117 


53564  93601 
99082  55050 
00654  65674 
07202  25475 
07202  25475 

17301  06676 
43545  94100 
40581  51749 
1414U  29125 
23612  94750 


47702  70010  47012  36126 
55029  38057  72874  36775 
63365  15640  85236  36199 
72833  43249  11504  83400 
83570  85073  11504  83400 

95728  51619  02074  12201 
09473  31932  38034  70825 
24989  36051  10093  24274 
42479  48338  76074  46050 
62166  92382  16796  81675 


1  84297  08171  04827  52651 

2  09139  42312  96263  21500 
2  36989  52073  05665  33724 

2  68171  24066  05327  17325 

3  03039  08467  05327  17325 

3  41980  69648  23434  62726 

3  85419  54190  47066  76550 

4  33817  77262  26359  94799 

4  87679  2840^  21259  64975 

5  47552  97795  59638  55600 

6  14036  24155  51139  60176 

6  87778  65424  46067  86225 

7  69485  93493  33614  75249 

8  59924  14243  42419  24250 

9  59924  14243  42419  24250 
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t«U«  3S.S 


1  I 

2  I 

3  I 

4  I 

5  I 

6  I 

7  I 
8 

9 
10 

11 
12 
13 
14 
15 

16 
J7 
18 
19 
20 

21 
22 
23 
24 

2S 

26 
27 
28 
29 
30 

31 

SI 

34 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 

45 

46 
47 
48 

49 

50 


2 


0! 

0 
0 

.  1 

•  i! 

•  2' 

•  2 
.  3 

-  3 

-  4 

-  51 

-  6 

-  t>  ] 

-  7 

-  8! 

-  '! 

-10 

-11 

-12 
-13 


2.0000  00000 
2.0000  00000 
1.3333  33333 
6. 6666  66667 
2.666fc  66667 

8.8888  88889 
2.5396  82540 
6.3492  06349 
1.4109  34744 
2.8218  69489 

5. 1306  71797 
8.5511  19662 
1,3155  56871 
1*8793  66959 
2.5058  22612 

3.1322  78264 
3.6850  33252 
4.0944  81391 
4. 3099  80412 
4.3099  80413 


-14)4 

-15, 
-16 

-17 
-18 


. 1047  43250 
3. 7315  84772 
3. 2448  $6324 
2.7040  46937 
2.1632  37550 


-1'; 

-20 
-22 
-23 
-24 

-25! 
-26 
-28 
-29 
-30 

-31! 
-33 

-34 
-35 
-36! 

-38 
-99; 
-40 
-<2 
-43 

-44' 
-46 
-47 
-49 


1.6640  28884 
1.2326  13988 
8.8043  85630 
6.0719  90069 
4.0479  93393 

2.6116  08641 
1.6322  55401 
9.8924  56972 
5. 8190  92337 
3.3251  95620 

1.6473  30900 
9.9855  72436 
5.2555  64439 
2.6951  61251 
1.3475  80626 

6. 5735  64028 
3.1302  68584 
1.4559  38876 
6.6179  03983 
2.9412  90659 

1.2788  22026 
5.4417  95855 
2.2674  14940 
9.2547  54855 


50)3.7019  01942 


«   AAAA   00000  ' 

0) 

4.0000  00000 

^#  VVW  wwwww 

0 

4.5000  00000  1 

0 

8.0000  00000 

0 

4.5000  00000  1 

1 

1. 0666  66667 

0 

3.3750  00000 

1 

1. 0666  66667 

0! 

2.0250  00000 

o! 

8.5333  33333 

n 

w. 

S  6888  88889 

J% wOOO  00007 

- 1 

4.3392  85714 

0 

3.2507  93651 

- 1 

1.6272  32143 

0 

1.6253  96825 

-  2 

5.4241  07143 

- 1 

7.2239  85891 

-  2! 

1.6272  32144 

- 1! 

2.6895  94356 

—  1 

1  ACA7  MSHA 

-  3 

1.1094  76461  1 

-  2 

3.5025  38614 

-  4 

2.5603  30295 

-  2 

1.0777  04189 

-  5 

5.4864  22060  i 

-  3 

3«0791  S4625 

-  5! 

1.0972  64412 

^-  4! 

6.2110  79534 

0, 

)9  tiVtA  01(979  1 

l9  0S97  69889 

-  7 

3.6307  20481 

-  5 

14.8300  46785 

-  8 

16.0512  60801 

I-  5 

11.0733  43730 

-  9! 

19.5545  27582 

- '! 

2.2596  71011 

-  9 

11.4331  79137 

!-  7! 

14.5193  42021 

\ 9  nA1\  Qfl7Afl  i 
^C%Mm7  TO  #00  1 

A' 

t8  A089  70S1A 

-11 

12.7919  07410 

-  8 

11.5651  40093 

-12 

13.6416  1836S 

» 2. 7219  82772 

-13 

4.5520  22952  i 

!-'o 

4.5366  37953 

-14! 

5.4624  27543  1 

-11 

7.2586  20726 

••ID 

IX.  XXOr  XVvOX 

-16 

17.0031  12233  1 

-12 

1.6543  86490 

-17 

7.5033  34535 

!-13 

2.3634  09271 

-16 

7.7620  70209  1 

-14 

3.2598  74857 

-19 

7.7620  70209  \ 

-15 

4.3464  99610 

k7  i«11iL  DADA7 

1  r*  9110  wm  9 

.  •lO 

'-21 

7.0422  00795 

-17 

7.0104  83564 

r22 

6.4020  00722 

-18 

8.4975  55834 

-23' 

5.6488  24167 

-19 

9.9971  24513 

-24 

4.8418  49264 

-19 

1.1425  28515 

f-90 

W  9AOA  7M98 

-26 

3.2715  19786 

-21 

1.3724  06625 

-27 

2.5827  78779 

!-22 

1.4446  38552 

-26 

1.9867  52906 

-23 

1.4816  60567 

-29 

1.4900  64681 

-24 

1.4616  80567 

[-30 

11.0902  91230 

-25 

1.4455  42017 

-32 

7.7877  94496 

-26 

1.3767  06662 

-33 

5.4333  44999 

-27 

1.2606  57379 

-34 

3.7045  53408 

!-28 

1.1642  33961 

-35 

2.4697  02271 

-29 

1.0348  74650 

(-36 

) 1.6106  75395 

(-31 

) 8. 9969  09998 

-37 

1.0280  90677 

-32 

7.6586  46607 

-39 

6.4255  66736 

-33 

6.3622  05674 

-40 

3.9340  20450 

-34 

5.2099  63815 

-41 

2.3604  12270 

-35 

4.1679  71052 

0! 
1 

1 

1 

i! 

1! 
1 

0 
0 

o! 

o; 

■  1 
.  1 

•  2 

•  2 

■  3! 
.  3 
.  4 
.  4 

■  5! 

-  &! 

-  6 

-  7 

-  8 

-  8! 

■  'I 
•10, 
-10 

•ii! 

-12! 

-13! 
-14 

-14 

-15 
-16! 

-IT 
-18 
-19 
-20 

-20! 

-21! 
-22 
-23 
-24 

-25! 

-26 

"27 
-28 
-29 
-30 


5.0000  00000 
1.2500  00000 
2.0833  33333 
2.6041,66667 
2.6041  66667 

2.1701  36889 
1.5500  99206 
9.6881  20040 
5.3822  88911 
2.6911  44455 

1. 2232  47480 
5. 0968  64499 
1.9603  32500 
7.0011  87499 
2. 3337  29166 

7.2929  03644 
2. 1449  71660 
5.9582  54611 
1.5679  61740 
3.9199  04350 

9.3331  05595 
2.1211  60362 
4.6112  18179 
9.6067  04540 
1.9213  40908 

3.6948  86362 
6.8423  82151 
1.2218  53956 
2.1066  44751 
3.5110  74585 

5.6639  23524 
8.8464  74257 
1. 3406  77918 
1.9715  85173 
2.8165  50246 

3.9118  75343 
5.2863  18032 
6.9556  81619 
6.9175  40539 
1.U46  92567 

1.3593  81180 
1.6183  10928 
1.6617  56893 
2.1383  60106 
2.3759  55673 

2.5825  60514 
2.7474  04803 
2.8618  80003 
2.9202  85717 
2.9202  65717 


For  2  - 1,  see  Table  6  J. 
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1  I 

2  I 
3 

4  I 
S 

6 

7  I 

8  I 

9  I 
10 

11 
12 
13 
14 

15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
?4 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 
45 

46 
47 
48 

49. 
50 


6.0000  00000 
1.8000  00000 
3.6000  00000 
5.4000  00000 
6.4800  00000 

6.4800  00000 
5.5542  85714 
4.1657  14286 
2.7771  42857 
1.6662  85714 

9.0888  31169 
4. 5444  15584 
2.0974  22577 
8.9889  53903 
3.5955  81561 


1)1.3483  43085 
2  4.7588  57949 
2  1.5862  85983 
3 1 5. 0093  24157 
3)1.5027  97247 


■  7' 

■  8 

-  8 

-  9 

-10 

-lo; 

-11 
-12 

-u! 

-13 

-14] 
-15 
-16 
-16 
-17 

-18! 

-1' 
-20 

-21 
-22 

-22 
-23 
-24 
-25 
-26 


4.2937  06421 
1.1710  10841 
3.0548  10892s 
7.6370  27230 
1.8328  86535 

4.2297  38158 
9.3994  18129 
2.0141  61028 
4.1672  29712 
8.3344  59424 

1.6131  21179 
3. 0246  02211 
5.4992  76746 
9.7046  06024 
1.6636  46746 

2.7727  44578 
4.4963  42559 
7.0994  88250 
1. 0922  28962 
1.6383  43443 

2.3975  75770 
3.42S1  08241 
4.7792  20803 
6.5171  19276 
8.6894  92366 


1334  12048 
169  08998 
986  36247 


Iv 
1.1 

I'L 

2.2\146  56629 
2.6$75  87955 


7.0000  00000 
2.4500  00000 
5. 7166  66667 
1.  6804  16667 
1.40it$  83333 


2)1*6340  13889 
2  1.6340  13889 
2 1 1.4297  621^ 
2  1.1120  37230 
1)7.7842  60610^ 

1)4.95^6  20388 
1  2.8896  11893 
1  1.5559  44865 
0  7.7797  24327 
0)9.6305  38019 


0)  1.5883  60383 

1)  6.5403  07461 
2.5434  52902 
9. 3706  15954 
3.2797.15584 


-  2 


-  5' 


1.0932  38528 
3. 4784  86224 
1. 0586  69721 
3. 0877  86685 
8. 6458  02721 


2.3277  16117 
.6.0348  19562 
6)1.5087  04890 
7  3.6417  01460 
8)8.4973  03406 


-  8! 
■  ' 

-10 
-10 

-11 

-12; 

-12 

-13 
-14 

-15! 

-15| 
-16 

-17 
-18 

-w) 

-19) 
-20 
-21 

-22 
-23 


1.9187  45930 
4. 1972  56723 
8.9032  71836 
1.8330  26555 
3. 6660  53108 

7. 1284  36600 
1. 3486  23141 
2.4843  05785 
4.4590  10384 
7.8092  68172 

1. 3322  65298 
2.2204  42162 
3. 6146  73288 
5.7506  16594 
8.9454  03590 

1.3612  57068 
2.0274  04144 
2.9566  31045 
4.2237  58634 
5.9132  62088 


8 

8.0000  00000 
3.2000  00000 
8.5333  33333 
1.7066  66667 
2.7306  66667 

3.6408  88889 
4.1610  15873 
4.1610  15873 
3.6986  80776^ 
2.9589  44621 

2.1519  59724 
1.4346  39816 
8.8285  52715 
5.0448  87266 
2.6906  06542 

1.3453  03271 
6. 3308  38921 
2.8137  06187 
1.1847  18395 
4.7388  73579 

1.8052  85173 
6.5646  73354 
2.2833  64645 
7.6112  15485 
2.4355  88956 


4)7 


.4941  19863 
2.2204  79959 
6. 3442  28454 
1.7501  31987 
4.6670  18634 

1.2043  91905 
3.0109  79764 
7.2993  44881 
1.7174  92913 
3.9256  98086 

8.7237  73527 
1.8862  21303 
3. 9709  92217 
8.1456  25061 
1.6291  25012 

3.1787  80512 
6.0548  20021 
1.1264  78144 
2.0481  42079 
3.6411  41473 

6.3324  19955 
1. 0778  58716 
1.7964  31193 
2.9329  48887 
4.6927  18219 


Table  23.5 
9 

9.0000  00000 
4.0500  00000 
1.2150  00000 
) 2. 7937  50000 
X4.9207  jflOOO 


3  1 

3/1, 
2  9. 


roil  25000 
4900  17857 
V0676  27009 
1676  27009 
)86  49080 


7.8616  17066 
5.8962  12799 
4.0819  93476 
2.624I\ 38663 
1,5744X83198 


1 
1 
1 

1 

0: 

0; 
1 

■  I 
1 
2 

■  2 

•  3 

•  9 

■  4 

-  4 

■  5; 

■  5 

-  K 
.  7 

-  7 

--8] 

-  8 

-  ' 
-10 

-lOl 

-11; 
-12 

-12 

-13 

-14! 

-1* 
-15 

-16; 

-17 
-17 


r988 


1347 


8.8564 
4.6887 
2.3443  59173 
1.1104  85^4 
4.9971  86660 


2. 1416  51496 
8.7613  0128 
3.4289  952t 
1.2856  : 
4.62^2  5^63 


1.6020  87451 
5. 3402  91503 
1.7165  22269 
5.3271  98075 
1.5981  41423 

4. 6397  65421 
1.3049  34025 
9.5589  10976 
9.4206  46703 
2.4224  62008 

6.0561  30022 
1.4731  12708 
3.4889  51151 
8.0514  25733 
1.8115  70790 

3.9766  18807 
8.5213  26014 
1.7835  33352 
3.6481  36401 
7.2962  72802 

1.4275  31635 
2. 7335  71217 
5.1254  46033 
9.4140  84548 
1.6945  35219 
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24«  Combinatorial  Analysis 

Mathematical  Properties 


In  cnrh  Bub^section  of  tluA  chnptor  we  use 
A  fixed  fornint  wliioli  einplinsixeft  the  iihc  niul 
melho<lH  of  oMeridint;  the  iircoinpnnyiii^  tnlilea* 
Tlie  fommt  follows  this  form: 
I.  llrfinlllaiM 

A.  romhinatoriol 

B.  Ctenerntint;  funrtionH 
C\  Closed  form 

II*  Rrlatioiw 

A.  Recurrciiri»fl 

B.  Cherks  in  rofnputini; 

Basic  use  in  numericol  analysis 
III*  Atymptotlr  and  Sperlal  ValuM 

In  frenernl  the  notations  used  nre  standard* 
This  includes  the  difference  operator  A  defined  on 
functions  of  jp  by  A/W )-y(x), 
«A(A*y(jr)),  the  Kronecker  delta  the  Rieniann 
2eta  function  and  the  greatest  common 
divisor  symbol  (m,  n).  The  range  of  thesummands 
for  a  summotion  sign  without  limits  is  explained 
to  the  right  of  the  formula* 

The  nototions  which  are  not  standord  are  those 
for  the  multinomials  which  are  arbitrary  sliort- 
hand  for  use  in  this  chapter,  and  those  for  the 
Stirling  numbers  which  have  never  been  stand- 
ardized. A  short  table  of  various  notations  for 
these  nund>ers  follows: 

NoUlloiw  for  the  SUrUnf  Numbers 

Rffennei  Fif$t  Kind  Second  Kind 

ThlA  chapter 

(24.2)  Fort 
(24  7)  Jordan 

(24.10)  MoMr  and  Wyman 

(24.9)  Mllnf-Thomnon 

(24.1  A)  Kiordan 
(24.l)CarmBl 

(24.3)  Gould  I  ^ 
Miksa 

(Unpubllahrd 

tablen) 
(24  t7|  Gupta 

We  feel  that  a  capital  S  tsNtiatural  for  Stirling 
numbers  of  the  first  kind;  it  is  infrequently  used 
for  other  notation  in  this  context*  But  once  it 
is  used  we  have  difficulty  finding  o  suitable 
symbol  for  Stirling  numbers  of  the  second  kind. 
The  numbers  are  sufficiently  important  to  wonynt 


.V-' 

s»  • 

s: 

«(»!,  m) 

>S(ii,  m) 

1,11— «) 

St(m,  H—m) 

.S(Fjt^m  +  l,  n) 

\ 


u(n,  m) 


a  special  and  easily  reropni7.able  symbol,  and 
yet  that  synilM)!  must  be  easy  to  write*  We  have 
settled  on  n  script  capital  $  without  any  certainty 
that  we  have  settled  this  question  permanently. 

We  feel  that  tlije  subscript-superscript  notation 
emphosixes  the  generating  functions  (which  are 
p6wers  of  mutualHv*  inverse  functions)  from  which 
most  of  the  iniporUnt  relations  flow. 

24.1.  Basic  Numbers 

24.1A        *  Bindmial  CoefRciento 
I*  Dvflnitloiia 


le  humber  of  \va3r8  of  clioosing  m 

objects  from  a  collection  of  n  <Hstinct  objects 
without  regard  tb  order. 
B*  Generating  functions 


(1  -x)-'"-'«f:  (^)x'-'' 

C.  Closed  form 

(^"V  -   (  " 

\m/  m!(n— m)!  \n— m/ 

n(n-l)  *  *  *  (n-m-HD 


n«0,l, ,  . , 


II*  ReUmona 


A*  Recurrences 

c:')=(:kJ-.') 
-(:)+(:-.)+■•  +(""»■") 

B.  Checks 


where 

»=.^n»|j^,     ^m=»gmftj>»  p>m»,n»>0 
C.  Numerical  analyaia 
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III.  Special  Value* 

(oH:)='. 


/2n\  2»(2n-l)(2n-3)  ..  .  .3.1 


24.1.2       Multinomial  Coefficients 
1.  DefiniUooa 

A.  (n;  Hu  m  n J  18  the  number  of  ways*  of  putting  n=n,+7Jaf  .  .  .  +n,  different  objects 

into  m  different  boxes  with  n»  in  the  *-th  box,  k~i,2  m 

(rt,  a„  0,  aj*  ia  the  number  of  permutations  of  n=a,+2oj+  . .  .  +no,  symbols  composed 

of  a«  cycles  of  length   for        2,  n. 

(n;  o„  09  o,)'  is  the  number  of  ways  of  partitioning  a  set  of  n=a,+2aa+ .  .  .  +na»  dif- 
ferent objects  into  a*  subsets  containing  k  objects  for        2  n. 


B.  Generating  functions 
(*,+jr,+  .  ■  .  +xJ»«S(n;  n,,  n,, .  .    nJxT'^  •  •  • 

« 


C.  Cloeed  forms 

(n;ni,wj, .  .    nj«n!/ihlnil .  .  .  lul 
(n;ai,aa, .  .  .,0ii)*«nl/l*mtl2^1 .  .  .  nSi«! 
(n/ai.da/. .  .  «J'«nI/(lf)->a,!(2!)Ha,I . .  .  (n!)Si,! 

A.  Recurrence 

(n+m;n,+l,nj+l, .  .  (n+m-l;n,+l, 

all  ni  ^1 


summed  over  ni+n»+  .  .  .  +ng|=»n 

summed  over  ai+2ajr+  . .  .  +na»«sn 
and  ai+a8+  . . .  +a,=m 


•^ot-t  20,+  .  .  .+rMi,=>n 
o,+2aj+  .  .  . 


.,n»„i+l,n»,nM.i+l  


B.  Checks 
•  Z(n;ni,»», .  ...,n,) 


m' 


m!  & 


I(n;a„«»  o,)X~l)" 

x(n,-«„<i„  o.)'=^^'•' 

Numerical  analysis  (Fa&  di  Bruno's  formula) 


Bumifted  over»i  l-n2+ .  .  . 
summed  oyer  at +203+  •  .  .  +rMi,=n  and  aj+Oj+ . . 


j,yW)-S/-'(j?(*))2(n;a.,a,  «.)' Iff' •  • 

^     summed  over  a\+2<h^  .  .  .  4-'w>t«n  and  at+aj4- .  . .  4-<»»— m, 
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1 

Px 

p. 


0 
2 
Px 
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0 


0 

Pi 


summed  over  at+2(h+  .  .  .  +n<i,csn;  e.g.  if  P^s^Zj.ixf  for  ir»l,  2,  .  .  n  then  the  determinant  and 
Buni  equal  h\lxiX2 :  . .  Xnt  the  latter  sum  denoting  the  Trth  elementary  symmetric  function  of       * .  Xr* 


24  J.3   Stirling  Numbers  of  the  First  Kind 

!•  DvSiiltloiu 

A.  (— l)*^*»fifi*^  is  the  number  of  permutations 
of  n  symbols  which  have  exactly  m  cycles, 
fi.  Generating  functions 

{ln(l+x)f-=w!  S  SjrS  I«I<1 
('.  Clo9e<l  form  (see  closed  form  for  jKT") 

II.  RelaUom 

A.  Hecurrenres 
H.  Cherkfl 


n>i»>l 
n>m>r 

n>l 


23  (-l)"-"5i"'=n! 


tl 

n 


(V  Nunieriral  HnalyBiH 
if  ronvergent. 
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ill.  Asymptoiko  and  Spvdal  Values 

|S<r1'-(n-l)l(7+lnn)*-V(m-l)I 

for  mesoOn  n) 

Si»=.(-l)"-'(n-l)! 


'-ft. 


24.1.4  Stirling  Number*  of  the  Second  Kind 

I*  Dsfiiiltlona 

A.  SSiT^iA  the  number  of  ways  of  partitioning  a 
set  of  n  elements  into  m  non-empty  subsets* 
D.  Generating  functions 


(l-«)-'(l-2«)"' . .  .  (l-n»»)-'«S  ^i-V- 

|»|<m-« 

C.  Closed  form 
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II.  RcUtkNM 

A.  ReeurrencM  <■ 
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*     B.  Checks 


±  (-1)— m! 

«l«iiO 

«-g'-')-(:rr/t)(»-;-*)»"' 


C.  Numerical  analyBis 

S  -^/•^(«)     if  convergent 

nam 

III.  Ajqnnptotim  and  Spedal  Vslom 


24.2.  PartlUoiM 

24.2.1   Unrestrletod  ParUtlons 

I,  IMtnlUoiM 

A.  p(n)  is  the  number  of  deoompositions  of  n 
into  integer  summsnds  without  regard  to  order. 
K.g.,6«I+4=2+3=l  +  l+8«"l+2+2«t  +  l  + 
^  i+2«l  +  l  +  l  +  l  +  l  B0thatp(6)«7. 

ERIC 


fornno(mt) 


function 

Sj>(n)at»«»  n  (l-»»)-««=" 

C.  C31osed  form 
where 


•<».«-li((¥))  . 

I 

((x))»x*-[ar]--|  if  X  is  not  an  integer 
aO  ii  X  is  an  integer 


A.  Recurrence 


II.  Rebtkma 


p(0)»l 


B.  Check 


III.  KagfrnifUMn 


24.2.2  PartlUonsfaitoIMstiiict  Parts 

I.  Defialtknu 

A.  9(n)  is  the  number  of  deoompositions  of  n 
into  distinct  integer  summands  without  regard  (o 
order.  B«.,  5»l+4=»2+3  so  that  g(6)«a. 

B.  Genorating  function 

C.  Closed  form 

whei«  «/o(x)  is  the  Bessel  function  of  order  0  and 
Xt»-i(n)  was  deHned  in  part  IiC.  of  the  previous 
subeeotion. 

835 
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II.  ll«l«tlOM 


A.  Reounencfls 


5^   (-!)•«  (»-^)=(~l)' if n=3H±r 

a>0  otberwise 
?(n)4g{'tW~2<r,  (5)\«(n-ir) 
B.  Cheek 

aO  otherwise. 

III.  A^ymptPtiee 

24.3.  Nttmlwr  TLcorvtle  Faaetloiis 
24.3.1  The  M8Uiu  Funetfoa 

A.  ii{n)^l  ifn»l 

=  (—  1)*  if  n  18  the  product  of  k  distinct 
primes 

-0        if  n  is  divisible  by  a  square  >1 . 

B.  Oeneratiug  functions 


\'\<l 


II.  RcUtloM 

A.  Reeurrenee 

ii(mn)='it{m)n{n)  if  (m,n)»l 
=0  if(m,»)>l 

B.  Check 

C.  Numerical  analysis 

g(n)  ^  J]  /(rf)  for  aU  n  if  and  only  if 

/(«)=gM(<<)p(n/rf)  foraUn 

gin)   n  f{t{)  for  nil  n  if  uid  only  if 

/(n)=np(n/rf)''««' for  alln 

p(jr)       ,/(«/")  for  all  x>0  if  and  only  if 

/U)=SM(n)fl(jt/n)  for  all 
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f  1 

9(s)«'ZJ/(*ub)  for     s>0  i^and  only  if 

y(«)»Z{  M»)0(n«)  for  all  »>0 

and  if  23  S  l/(wnap)|»S  ^oWl/(wr)|  conyerges. 
The  cydotomic  polynomial  of  order  n  is 


4\n 


IIL  AtymploUw 


^M(n)«0(jM-«VEi) 


24.3  J  The  Elder  Totieat  Funetkm 
I.  Dsflaltloiu 

A.  ^(n)  is  the  number  of  integers  not  exceeding 
and  relatively  prime  to  n. 

B.  Generating  functions 


»(n)>*  X 


I«I<1 


C.  Closed  form 


,(»,=.n(i-l) 


|H»\  P> 

over  distinct  primes   diyiding  n. 

IL  Releilons 

A.  Recurrence 


B.  Checks 


o»i»>ai(modn) 


(a,n)=l 


III.  Atymiitotka 
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24.3.3  IHviNor  Functions 
I.  DeflnltloM 

A.  is  the  sum  of  the  k-th  powers  of  the 
diviaora  of  n.  Often  ao(n)  is  denoted  by  din),  and 
•,(n)  by  *(n). 

B.  Generating  functions 

ij  <r,(»)n--  f  («)  f  («-*)    ^«>*  -f- 1 

N<i 


C*  Closed  form 


IL  Relation* 

A.  Recurrenceg 
ai(mn)  =  a4(m)^4(n)      .(m,  n)  =  I 

III.  Asymptolks 

(7»£uler^8  coQBtant) 


-2  <ro(m)-lnn+27 


24,3*4  Primitive  Koota 


L  Definttioiw 

"  The  integers  not  exceeding  and  relatively  prime 
to  a  fixed  integer  n  form  a  group;  the  grou^  is 
cyclic  if  and  only  it  n  4  orn  is  of  the  form  or 
where  p  is  an  odd  prime.  Then  ff  is  a  primitive 
rootof  n  if  it  generates  that  group;  i.e.,  if  (7, .  . 

are  difltinct\ modulo  n.  There  are  ^(jp(n)) 
primitive  roots  of 

^  IL  Relations 

Recurrences.  If    is  a  primitive  root  of  a 
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124-11 
(24.2) 
124.31 

[24.41 
[24..5) 

124.61 

124.71 

124.81 

12491 

124  10) 
124.111 
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prime  p  and  f^'^'j^  l(mod  p^)  ihen  g  is  a  primitive 
root  of  p^  for  all  k\  If  j^'^^a  l(mod  f)  then  g+p 
is  a  primitive  root  bf  p^  for  all  k. 

If  {7  is  a  primit(ive  root  of  jp*  then  either  g  or 
g+p^f  whichever  jb  odd,  is  a  primitive  root  of  2j>*. 

B.  Checks.  If  y  is  a  primitive  root  qf  n  then  g^ 
is  a  primitive  ro<^t  of  n  if  and  only  if  (Ar,  ^(n)I=l, 
and  each  piimitjive  root  of  n  is  of  this  iotmyj 
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COMBINATORIAL  ANALYSIS 
Tabl«  M.I  BINOMIAL  COEFHCIE.NT8  (^) 


iimttl23  4  '%  *  7  8 


1  1 

2  1 
9  ] 

i  1 

I      2  1 
I      3  3 

1 

4  1 

I      4  6 

4 

1 

5  1 

I      5  10 

10 

5 

1 

h  1 

I      6  15 

20 

15 

6 

1 

7  1 

17  21 

35 

35 

21 

7 

1 

8  ] 

I      8  28 

56 

70 

56 

28 

8 

1 

9  ] 

I      9  36 

84 

126 

126 

84 

36 

9 

10  ] 

I     10  45 

120 

210 

252 

210 

120 

45 

11  ] 

I     11  55 

165 

330 

462 

462 

330 

165 

12  ] 

I     12  66 

220 

495 

792 

924 

792 

495 

19  ] 

I     13  78 

286 

715 

1287 

1716 

1716 

1287 

14  ] 

L     14  91 

364 

1001 

2002 

3003 

3432 

3003 

IS  ] 

I     15  105 

455 

1365 

3003 

5005 

6435 

6435 

16  ] 

I     16  120 

560 

1820 

4368 

8008 

11440 

12870 

17  1 

t     17  136 

680 

2380 

6188 

12376 

19448 

24310 

18  ] 

I    18  153 

816 

3060 

8568 

18564 

31824 

43758 

19  ] 

L    19  171 

969 

3876 

11628 

27132 

50388 

75582 

20  ] 

I     20    '  190 

1140 

4845 

15504 

38760 

77520 

1 

25970 

21  1 

I     21  210 

1330 

5985 

20349 

54264 

1  16280 

2 

03490 

22  ] 

I    22  231 

1540 

7315 

26334 

74613 

1  70544 

3 

19770 

23  1 

I    23  253 

1771 

8855 

33649 

1  00947 

2  45157 

4 

90314 

24  1 

I    24  276 

2024 

10626 

42504 

1  34596 

3  46104 

7  35471 

25  ] 

I    25  30.0 

2300 

12650 

53130 

1  77100 

4  80700 

-10:81575 

26  1 

I    26  325 

2600 

14950 

65780 

2  30230 

6  57800 

15 

62275 

27  1 

27  351 

2925 

17550 

80730 

2  96010 

8  88030 

22 

20075 

28  ] 

I    28  378 

3276 

20475 

98280 

3  76740 

11  84040 

31 

08105 

29  ] 

I     29  406 

3654 

23751 

1  18755 

4  75020 

15  60780 

42 

92145 

30  ] 

I     30  435 

4060 

27405 

1  42506 

5  93775 

20  35800 

58 

52925 

31  ] 

I     31  465 

4495 

31465 

1  69911 

7  36281 

26  29575 

78 

88725 

32  ] 

I     32  496 

4960 

35960 

2  01376 

9  06192 

33  65856 

105 

18300 

33  ] 

I     33  528 

5456 

40920 

2  37336 

11  07568 

42  72048 

138  84156 

34  ] 

I     34  561 

5984 

46376 

2  78256 

13  44904 

53  79616 

181 

56204 

35  1 

I     35  595 

6545 

52360 

3  24632 

16  23160 

67  24520 

235  35820 

36  1 

I     36  630 

7140 

58905 

3  76992 

19  47792 

83  47680 

302 

60340 

37  ] 

I     37  666 

7770 

66045 

4  33897 

23  24784 

102  95472 

386 

08020 

38  1 

38  703 

8436 

73815 

5  01942 

27  60681 

126  20256 

489 

03492 

39  ] 

.     39  741 

9139 

82251 

5  75757 

32  62623 

153  80937 

615 

23748 

40  ] 

I     40  780 

9880 

91390 

6  58008 

38  38380 

186  43560 

769 

04685 

41  1 

41  820 

10660 

101270 

7  49398 

44  96388 

224  81940 

955 

48245 

42  ] 

I     42  861 

11480 

111930 

8  1^0668 

52  45786 

269  78328 

1180 

30185 

43  1 

43  903 

12341 

123410 

9  62598 

60  96454 

322  24114 

1450 

08513 

44  ] 

.    44  946 

13244 

135751 

10  86008 

70  59052 

383  20568 

1772 

32627 

45  1 

.     45  990 

14190 

148995 

12  21759 

81  45060 

453  79620 

2155 

53195 

46  1 

46  1035 

15180 

163185 

13  70754 

93  66819 

535  24680 

2609 

32815 

47  1 

47  1081 

16215 

178365 

15  33939 

107  37573 

628  91499 

3144 

57495 

48  1 

48  1128 

17296 

194580 

17  12304 

122  71512 

736  29072 

3773 

48994 

49  1 

.     49  1176 

18424 

211876 

19  06884 

139  83816 

859  00584 

4509 

78066 

50  1 

.     50  1225 

19600 

230300 

21  18760 

158  90700 

998  84400 

5368 

78650 

Frorti  Kovttl  Society  Mathematical  Tablea*  vol.  3,  Table  of  binomial  coefflcienta.  Cambridge  Univ. 
Prim  Cambridge,  England,  1964  (with  permiaion). 
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COEFFICIENTS 


11 


9 

1 

10 

10 

1 

•  • 

11 

Sit 

59 

11 

1 

12 

220 

66 

12 

19 

715 

286 

78 

14 

2002 

1001 

9M 

IS 

500S 

A  AAA 

3003 

1365  / 

16 

11440 

AA  AA 

8008 

4368 

17 

24310 

19448 

12976 

18 

48620 

43758 

91824 

19 

92378 

92378 

75582 

20 

1  67960 

1  847S6 

1  67961^.^ 

21 

2  93930 

3  52716 

3  52716 

22 

4  97420 

6  46646 

7  05432 

2) 

8  17190 

11  44066 

13  52078 

24 

13  07504 

19  61296 

24  96144 

2S 

20  42975 

32  68760 

44  57400 

26 

31  24590 

53  11735 

77  26160 

27 

46  86825 

84  36285 

130  37895 

CO 

69  06900 

131  23110 

214  74180 

29 

100  15005 

200  30010 

345  97290 

30 

143  07150 

300  45015 

546  27300 

91 

201  60075 

443  52165 

Ail  4.    *M%A«  m 

846  72315 

92 

280  48800 

645  12240 

•  AAA  AAilOA 

1290  944o0 

Jn  OrlUU 

▼a9  OIU^U 

94 

524  51256 

1911  28140 

2860  97760 

95 

706  07460 

1895  79996 

4172  25900^ 

96 

941  49280 

2541  86856 

6008  05296 

97 

1244  09620 

9469  90196 

8549  92152 

98 

1690  11640 

4727  99756 

12099  22288 

99 

2119  15192 

6957  45996 

16760  56044 

40 

2794  98880 

8476  60528 

29118  01440 

41 

9509  49565 

11210  99408 

91594  61968 

42 

4458  91810 

14714  42979 

42805  61976 

49 

5699  21995 

19179  94789 

57520  04949 

44 

7089  90508 

24812  56778 

76699  99192 

45 

8861  69195 

91901  87286 

1  01505  95910 

46 

11017  16990 

40769  50421 

1  99407  89196 

47 

19626  49145 

51780  66751 

1  74171  99617 

48 

16771  06640 

65407  15896 

2  25952  00968 

49 

20544  55694 

82178  22596 

2  91959  16264 

50 

25054  99700 

1  02722  78170 

9  79597  98800 

TmhU  24.1 


19 


1 

19 
91 
455 

1820 
6188 
18564 

-*48m" 
—^1  25970^ 

2  99990 
6  46646 
19  52078 
27  04156 
52  00900 

96  57700 
179  89860 
•  904  21755 
518  95995 
864  99225 

1411  20525 
2257  92840 
9548  17920 
5489  54040 
8944  51800 

12516  77700 
18524  82996 
27074  75148 
99107  9^496 
55868  $5480 

78986  54920 
1  10581  16888 

1  59986  78264 

2  10906  82619 
2  87600  21745 


89106  17655 
22514  00851 
96685  94468 
22697  94896 


12  19996  51100 


1 

14 
105 

560 

598(K 
^^----^'8568 

27192 
  77520 

2  09496 
4  97420 
11  44066 
24  96144 
52  00900 

104  00600 
200  58900 
974  42160 
678  69915 
1197  59850 

2062  59075 
9479  79600 
5791  66440 
9279  89760 
14769  97800 

29107  89600 
95624  67900 
54149  50296 
81224  25444 
1  20992  22880 

1  76200  76960 

2  55187  91280 
9  65768  48168 
5  19155  26492 
7  90062  09045 

10  17662  90790 
14  06768  48445 
19  29282  49296 
26  25967  89764 
95  48605  18600 
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BINOMIAL  a>EIFI<:iENT»  (*) 


n  M 

14 

\% 

16 

IT 

18 

19 

14 

1 

/ 

IS 

IS 

1 

16 

120 

16 

1 

17 

680 

136 

til 

1 

18 

3060 

816 

153 

18 

1 

19 

11628 

3876 

171 

19 

1 

20 

38760 

15504 

4$45 

1140 

190 

20 

21 

1 

16280 

S4264 

20349 

5985 

1330 

210 

22 

3 

19770 

1  70544 

^  74613 

26334 

7315 

1540 

2) 

0 

1T190 

4  90314 

2  45157 

1  00947 

33649 

0855 

24 

19 

61256 

13  O7504 

7  35471 

3  46104 

1 

34596 

42504 

25 

44 

57400 

32  68760 

-^^0  42975 

10  61575 

4 

60700 

1 

77100 

26 

96 

57700 

77  26160 

53  11735 

31  24550 

15 

62275 

6 

57000 

27 

200 

58300 

173  63860 

130  37895 

84  36285 

46 

66825 

22 

20075 

28 

401 

16600 

374  42160 

;  304  21755 

214  74180 

131 

23110 

69 

06900 

29 

77S 

58760 

775  58760 

678  63915 

518  95935 

345 

97290 

200 

30010 

30 

14S4 

2267S 

ISSl  17520 

14S4  22675 

1197  59850 

664 

93225 

546 

27300 

31 

26bi 

82525 

3005  40195 

3005  40195 

2651  62525 

2062 

53075 

1411 

20525 

32 

4714 

3S600 

5657  22720 

6010  80390 

5657  2272P 

4714 

35600 

3473 

73600 

3) 

8188 

09200 

10371  58320 

11668  03110 

11668  03110 

10371 

S8320 

0168 

09200 

34 

13919 

75640 

18559  67520 

22039  61430 

23336  06220 

22039 

61430 

18559 

67520 

35 

23199 

59400 

32479  43160 

40599  28950 

45375  67650 

45375 

67650 

40599 

26950 

36 

37962 

97200 

5S679  02560 

73078  72110 

85974  96600 

90751 

35300 

05974 

96600 

37 

61070 

86800 

93641  99760 

1  28757  74670 

1  59053  68710 

1  76726 

31900 

1  76726 

31900 

38 

9669S 

54100 

I  54712  86560 

2  22399  74430 

2  87811  43380 

3  3S780 

00610 

3  53452 

63600 

39 

1  5084S 

04396  yf 

2  SI408  40660 

3  77112  60990 

5  10211  17810 

6  23591 

43990 

6  89232 

64410 

40 

2  32069 

29840^ 

4  02253  49056 

6  28521  01650 

8  67323  76800 

11  33802 

61800 

13  12624 

06400 

41 

3  52401 

52720 

6  34322  74896 

lU  30774  46706 

15  15844  611450 

20  21126 

40600 

24  40925 

702UU 

42 

S  28602 

29080 

9  86724  27616 

16  65097  21602 

25  46619  27156 

35  36971 

21050 

44  67753 

10600 

43 

7  83789 

60360 

15  15326  S6696 

26  51821  49218 

42  11716  48756 

60  63590 

46206 

80  04724 

31650 

44 

11  49558 

08528 

22  99116  17056 

41  67146  05914 

68  63537  97976 

102  95306 

96964 

140  66314 

60056 

4) 

16  68713 

34960 

34  48674  25584 

64  66264  22970 

110  30666  03890 

171  56644 

94940 

243  63621 

77020 

46 

23  98775 

44005 

51  17387  60544 

99  14936  48554 

174  96950  26660 

281  89530 

90830 

415  42466 

71960 

47 

34  16437 

74795 

75  16163  04549 

150  32326  09098 

274  11888  75414 

456  66481 

2S690 

697  31997 

70790 

48 

48  23206 

23240 

109  32600  79344 

225  48469  13647 

424  44214  64512 

730  96370 

01104 

1154  18478 

96400 

49 

67  S2488 

72S36 

1S7  SS807  02584 

334  81089  92991 

649  92703  98159 

1155  42584 

85616 

1885  16846 

97584 

SO 

93  78456 

56300 

225  08295  7S120 

492  36696  95575 

984  73793  91150 

1805  35288 

63775 

3040  59433 

63200 

ri  m 

ao 

31 

88 

88 

24 

28 

20 

21 
22 
23 
24 

25 

26 

27 
28 
29 
30 

31 

32  ' 

33 

34 

35 

36 

39 
40 

41 
42 
43 
44 

45 

46 
47 

or 

ERLC 


21 
231 
1771 
10626 
53130 

2  30230 
8  88030 
31  00105 
100  15005 
300  45015 

846  72315 
2257  92840 
5731  66440 
13919  75640 
32479  43160 

73078  72110 
59053  68710 
35780  00610 
89232  64410 


1 

22 
253 
2024 
12650 

65700 
96010 
64040 
42  9214S 
143  07150 


2 

11 


13  70465  20820 

26  91209  17220 
SI  379U  07420 
96  05669  10220 
176  10393  50070 
316  98700  30126 


^60 
976 
1673 
2027 
4712 


82330  07146 
24796  79106 
56794  49896 
75273  46376 
92122  43960 


443  52165 
1290  24480 
3540  17320 
9279  0376a 
23199  S9409 

55679  02560 

1  20757  74670 

2  07811  43380 
6  23591  43990 

13  12814  06400 

26  91289  37220 
53  02578  74440 
105  20494  61060  , 
201  26164  00080  v 
377  36557  S(?150 

694  35265  602t6^ 
1255  17595  674^2 
2231  42392  66528 
3904  99107  16424 
6732  74460  62800 


1 

23 
276 
2300 

14950 
00730 
3  76740 
15  60700 
SO  52925 

201  60075 
645  12240 
1935  36720 
5403  54040 
14763  §7000 

37962  97200 
93641  99760 
2  22399  74430 
5  10211  17610 
11  33002  61000 

24  46626  70200 
51  37916  07420 
105  20494  01660 
210  40989  63720 
411  671S3  63600 

789  03711  13950 
1483  38976  94226 
2736  56572  81648 
4969  98965  46176 
8674  981S2  64600 


1 

24 

300 

2600 
17550 
98280 
4  75020 
20  35800 

78  68725 
280  48800 
925  61040 
2860  97760 
8344  51800 

23107  69600 

61070  66800 

1  54712  66560 

3  77112  60990 

0  67323  78600 

20  4^1126  40600 
44  67753  108OO 
96  05669  18220 
201  26164  00680 
411  67153  63800 

823  34307  27600 
1612  38010  41550 
3095  76995  35776 
5034  33968  17424 
10004  32533  66600 


1 

25 

325 
2925 
20475 
1  10755 
5  93775 

26  29575 
105  10300 
305  67100 
1311  28140 
4172  25900 

12516  77700 
3S624  67300 
96695  54100 
2  51408  40660 
6  28521  01650 

15  15644  60450 
35  36971  21050 
00  04724  31050 
176  10393  S0070 
377  36957  90150 

709.03711  13950 
1612  30010  41550 
3224  76036  63100 
6320  53032,16876 
12154  66600^(36300 


26 
391 
3276 
23751 
1  42506 

7  36281 
33  65856 
138  64156 
524  51256 
1835  79396 

6008  05296 
10524  62996 
94149  90296 
50045^4396 
02253  45056 


10  30774  46706 
25  46619  27156 
60  03590  46206 
140  06314  80056 
316  907i68  39126 

694  35265  8i|76 
1483  38976  94226 
3095  76995  35776 
6f)20  53032  10076 
12641  06064  37792 


Sin 


n 

I 


m 

1 

1 
2 

1 
2 

3 

1 
2 

3 
4 

1 
2 


4 

6 

1 
2 


6 
6 

1 
2 
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831 


ERIC 


6 
7 


2 
1* 

3 
4 

1.3 
2* 

I*.  2 
1« 


5 

1.4 
2,3 
1«,3 
1  2« 
1*,2 


6 

1,5 
2,4 
3« 

1«,4 

1^2,3: 

1»,3 
1«,2» 
1«  2 
1« 

7 

1.6 

2,6 

3.4 

1*.6 

1,2.4 

1,3* 

2»,3 

i;.  4 

\;  2.3 

1,2» 
l*.  3^ 
1»,2« 
1»,2 
V 


^1 

1 

1 

1 

1 

1 

1 

2 

1  » 

1 

1 

2 

1 

3 

3 

3 

6 

1 

1 

1 

D 

1 

A 

4 

o 
o 

4 

D 

Q 
O 

Q 
O 

1  o 
1^ 

A 

A 
0 

24 

1 
I 

1 

1 

24 

1 

5 

30 

5 

10 

20 

10 

20 

20 

10 

30 

15 

15 

60 

10 

10 

t  OA 

1 

1 

1 

120 

1 

6 

144 

6 

15 

90 

15 

20 

40 

10 

30 

90 

15 

60 

120 

60 

90 

15 

15 

120 

40  , 

20 

180 

45 

45 

360  ( 

15 

15 

720 

1 

1 

1 

720 

1 

7 

840 

7 

21 

604 

21 

35 

420 

35 

42 

504 

21 

105 

630 

105 

140 

280 

70 

210 

210 

105 

210 

210 

35 

,  420 

420 

210 

^  630 

105 

105 

840 

70 

35 

1260 

106 

105 

2520 

21 

21 

5040 

1 

1 

n  m 

8  1 
2 


7 
8 

1 
2 


6 


8 
9 


8 

1,7 
2.6 
3.6 
4* 

IN  6 

1,2,6 

1,3.4 

2*.  4 

2,3» 

1*6 

1»,2» 

1»,3 

1*,2« 

1«,2 

1« 

0 

1,8" 

2,7 

3,6 

4.5 

l',7 

1,2,6 

1,3.6 

1  4* 

2*,  5 

2.3,4 

3* 

1»  6 
1.2,5 
1\3.4 
1,2«,4 
1.2,  3» 
2*,  3 

i;,5 

1.2,^ 
1»,  3» 
1«,2«,3 
12* 
1,4 

1»,2* 

1«,3 

1*,2« 


Ml 

M, 

1 

6040 

\  1 

8 

6760 

'8 

28 

3360 

■28 

56 

2688 

66 

70 

1260 

36 

56 

3360 

28 

168 

4032 

168 

280 

3360 

280 

420 

1260 

210 

560 

1120 

280 

336 

1344 

66 

840 

2620 

420 

1120 

1120 

280 

1080 

1680 

840 

2520 

105 

106 

1680 

420 

70 

3360 

1120 

560 

6040 

420 

420 

6720 

112 

56 

10080 

210 

210 

20160 

28 

28 

40320 

1 

1 

•t 

40320 

1 

Q 

46360 

9 

36 

26020 

36 

84 

20160 

84 

126 

18144 

126 

72 

26020 

36 

2A2 

A  41 A 

30240 

262 

24102 

604 

630 

11340 

316 

756 

0072 

378 

1260 

1S120 

1260 

2240 

280 

10080 

84 

1612 

18144 

766 

2520 

16120 

1260 

3780 

11340 

1890 

6040 

10080 

2520 

7660 

2620 

1260 

3024 

3024 

126 

7660 

7660 

1260 

10080 

3360 

840 

15120 

7660 

3780 

22680 

946 

946 

15120 

766 

126 

30240 

2620 

1260 

46360 

1260 

1260 

60480 

168 

84 

90720 

378 

378 

181440 

36 

36 

362880 

1 

I 

841 


832 
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Table  24.2 


MidtinomUilit  and  Partitions 


n 

10 


1 
2 


10 

1.9 

2,H 
3.7 

4,6 
6» 

1»,  8 
1,2,7 
1.3.6 
1.4,5  . 
2»,  6 
2,  3,6 

4» 
3»,4 
l\7 
I*,  2,6 
l'.3.5 
1».  4» 
1,2»,6 
1,2,  3,4 
1.3» 


Ml 

Mi 

Mi 

Mi 

Ml 

Mi 

1 

362880 

1 

to 

2»,4 

18900 

18900 

3160 

10 

403200 

10 

2»  3» 

25200 

25200 

6300 

45 

226800 

45 

5 

1*,6 

5040 

25200 

210 

120 

172800 

120 

1»,2,6 

15120 

60480 

2520 

210 

161200 

210 

I',  3.4 

26200 

50400 

4200 

252 

72576 

126 

I',  2>,  4 

♦37800 

«6d700 

9460 

90 

226800 

45 

1»,2,  3» 

50400 

50400 

12600 

360 

259200 

360 

1,2».3 

75600 

25200 

12600 

840 

201600 

840 

2* 

113400 

946 

946 

1260 

181440 

1260 

6 

I',  5 

30240 

6048 

262 

1260 

75600 

630 

1*,2.4 
1*,3* 

76600 

18900 

3150 

2520 

« 120960 

2520 

100800 

8400 

2100 

3150 

56700 

1575 

1',  2».  3 

161200 

26200 

12600 

4200 

50400 

2100 

1»,2< 

226800 

4726 

4726 

720 

86400 

120 

7 

151200 

1260 

210 

2520 

161200 

1260 

1«,2* 

302400 

6040 

2620 

5040 

120960 

2520 

453600 

3150 

3160 

6300 

56700 

1575 

8 

l',3 
1»,2» 

604800 

240 

120 

7660 

90720 

3780 

907200 

630 

'  630 

12600 

151200 

12600 

9 

1»  2 
1'* 

1814400 

45 

46 

16800 

22400 

2800 

10 

3628800 

1 

I 

./ 


ERIC 


COMBINATORIAL  ANALYSIS  833 
KTlRUN(i  NUMBERS  OF  THE  IIRMT  KIND  Ji^"*)  Table  24.3 


1 

m 

1 

1 

2 

• 

3 

2 

-1 

1 

2 

—3 

A 

A 
^ 

11 

-6 

-50 

35 

6 

-120 

274 

*425 

7 

720 

-1764 

1624 

A 
0 

13068 

13132 

Q 

T 

4QJ2Q 

—I 

09904 

1 

1  Al 

18124 

—3  o2ooQ 

lU 

26576 

-11 

72700 

11 

36  28800 

-106 

28640 

127 

S3576 

12 

->99  16800 

1205 

43840 

-1509 

17976 

#79U  01600 

-  14864 

42880 

19315 

59552 

14 

■■▲<19^A  tAAAA 

^227Q  20800 

1  ToQ27 

COAilA 

d9Q40 

-2  65967 

17056 

l7 

8 

71782  t12QQ 

-Z8  34656 

47360 

39  21567 

97624 

16 

-130 

76743  68000 

433  91630 

01600 

-616  56176 

14720 

17 

2092 

27898  88000 

-7073  42823 

93600 

10299  22448 

37120 

18 

35568 

74280  96000 

1  22340  55905 

79200 

-1  62160  24446 

24640 

19 

6 

402>7 

37057  28000 

-22  37698  80585 

21600 

34  01224  95938 

22720 

20 

-121 

64510 

04088  32000 

431  56514  68176 

36400 

-668  60973  03411 

53280 

21 

2432 

90200 

81766  40000 

-6752  94603  67616 

00000 

13803  75975  36407 

04000 

22 

51090 

94217 

17094  40000 

1  66244  81078  01702 

40000 

-2  98631  90286  32163 

64000 

29 

11 

24000 

72777 

76076  80000 

-41  48476  77933  54547 

20000 

67  56146  67377  09306 

88000 

24 

-258  52016 

73888 

49766  40000 

965  38966  65249  30662 

40000 

-1595  39850  27606  68605 

44000 

25 

6204  48401 

73323 

94393  60000 

-23427  67216  39871  65664 

00000 

39254  95373  27609  77192 

96000 

ll\M 

4 

4 
1 

5 

6 

5 

•lU 

1 

8S 

-15 

1 

7 

-735 

175 

-21 

8 

6769 

-I960 

322 

9 

-  67ZB4 

22449 

-4536 

10 

7  73680 

— z 

69325 

63273 

11 

-84  09500 

34 

16930 

-9 

Q205S 

12 

1052  $8076 

-459 

95730 

133 

39535 

» 

14140  14888 

6572 

06836 

-Z060 

KA 

70150 

14 

z 

A%1 4Y  e%MA^ 

03137  53096 

**  99577 

03756 

33361 

18786 

15 

-31 

09^p2  60400 

17  97216 

Q!>ooQ 

*^  D003> 

ooTdQ 

Ih 

Ptt7 /  U39c4 

A&4AA 

4ilOUU 

lUu  "0/»l 

UrVQv 

17 

-6707 

77488  75904 

4636  60092 

33424 

-1686  15670 

56880 

18 

1 

58331 

59757  27488 

-  90929  99058 

44112 

36901  26492 

34384' 

19 

-30 

32125 

40077  19424 

17  95071  22809 

21504 

-7  55152  75920 

63024 

20 

610 

11607 

57404  91776 

-371  38478  73452 

26000 

161  42973  65301 

16960 

21 

12870 

93124 

51509  88800 

8037  81163  26450 

51776 

"•3599  97951  79476 

07200 

22 

2 

84093 

31590 

18114  68800 

-1  61664  97952  06970 

76096 

83637  36169  95448 

02976 

2J 

-«5  48684 

85270 

30686  97600 

42  80722  66539  71471 

42912 

-20  21687  37691  06627 

41568 

24 

1573 

75898 

28594 

15107  32800 

-1050  05310  75591  74529 

64576 

507  79532  $3430  26501 

98976 

25 

-59165  61409 

13866 

31181  31200 

26775  03356  42796  03623 

62624 

-13237  14091  57916  58577 

60000 

From  tirt^ubliflhed  tables  of  Francis  L,  Mikaa,  with  permiasion. 
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HilRLIM;  M^HIIERH  OF  tm  HR.ST  KIND 


.v(«) 


•7 

f 

1 

o 
o 

CO 

546 

10 

•^450 

11 

A  J 1 1 1  y 

15 

1) 
kj 

449  90231 

Id 

— 7QM  41151 

IS 

1 

44093  22928 

16 

-27 

28032  10680 

17 

537 

45234  77960 

18 

-  11022 

84661  64200 

2  35312 

50405  49984 

20 

-52  26090 

33625  12720 

21 

1206  64780 

37803  73360 

22 

-  28939  58339 

73354  47760 

7  20308  21644 

09246  53696 

24 

-185  88776  35505 

19497  76576 

2S 

4969  10165  05554 

96448  36800 

1 

-36 
870 

-  18150 
3  57423 
-^9  26634 
1350  36473 
-  26814  53775 

5  46311  29553 
-114  69012  83528 
2487  18452  97936 
-  55792  16815  47048 
12  95361  69699  43696 

-311  33364  31613  90640 

7744  65431  01695  76800 

-1  99321  97822  10661  37360 

53  04713  71552  54458  12976 

-1459  01905  52766  26492  88000 


1 

-45 

1320 
-  32670 
7  49463 
-166  69653 
3664  11615 

-  82076  28000 . 
18  59531  77553 
•^30  61053  01929 
10241  77407  32658 
-2  50385  875S4  67550 

63  03081  20992  94896 

-1634  98069  72465  83456 

43714  22964  95944  12832 

-12  04749  26016  17376  32496 

342  16695  95940  71469  92860 


10 

1 

11  . 

■    •  -55 

12 

1925 

13 

-  55770 

14 

14  74473 

15 

-373  12275 

16 

9280  95740 

17 

-2  30571  59640 

18 

57  79248  94833 

19 

-1471  07534  08923 

20 

38192  20555  02195 

21 

-10  14229  98655  U450 

22 

276  01910  92750  35346 

23 

-7707  40110  12973  61066 

24 

2  20984  45497  94337  17396 

25 

-6S  08376  17966  81468  50000 

urn 

i:i 

I) 

1 

14 

-91 

15 

5005 

16 

-2  18400 

\1 

■   83  94022 

\^ 

-2996  50806 

1  02469  37272 

?0 

-)4  22525  11900 

21  1131  02769  95381 

22  -  37310  09998  02531 

23  12  36304  58470  86207 
^^  -413  ^5671  43013  14056 
25'  13910  94S20  02391  06865 


II 


2717 
«  91091 
27  49747 

-765  56460 
21650  3142& 
-6  02026  ^3980 
166  15733  664/> 
-4628  06477  51910 

1  30753  50105  40395 
-37  60053  50868  59745 
1103  23088  11859  49736 
-  33081  71136  85742  04996 
10  14945  52782  52146  37300 


11 


1 

-105 

6580 
-3  23680 
138  96582 
-5497  69282 
2  06929  33630 

-75  61111  64500 
2718  66118  69661 
-  97125  04609  39913 
34  70180  64487  04206 
-1246  20006  90702  15000 


12 


1 

-76 
3731 
-1  43325 

48  99622 

-1569  52432 

48532  22764 

-14  75607  03732 

446  52267  57381 

-  13558  51828  99530 
4  15482  38514  30525 
-129  00665  98183  31295 
4070  38405  70075  69521 
-1  30770  92873  67558  73500 


15 


1 

-120 
8500 
-4  68180 
223  23822 
-9739  41900 

4  01717  71630 
-159  97163  68730 
6238  24164  21941 
-2  40604  60366  44556 
92  44691  13761  73550 


16 


1 

-136 
10812 
-6  62796 
349  16946 

-  16722  60020 
7  52896  66650 
-325  60911  03430 
13727  25118  00631 
-5  70058  63218  64500 


17  1 

18  -153 
11  13566 

20  1  20550 

b1)  2794ft 
22  27921  676A6 

IS  13  6717^  57942 
>A  -640  05903  36096 
Ih  29088  66719  ^>7135 


I 

-171 
16815 


19 


1 

-t90 


-12  56850  20615 

797  21796  -16  89765 

-  45460  47198        1168  96626 

'   24  12764  43496    -  72346  69596 

-1219  12249  80000  41  49085  13800 


20 


1 


-210 
25025 
-22  40315 
1684  23871 


21 


1 

-231 
30107 
^29  32776 


22 


23    24  25 


1 

-253  1 
35926    -276  1 
-I  12768  42500  2388  10495  -37  95000  42550  -300 


Ha 
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I 
2 
) 

4  . 
5 

6 
7 
8 

10 

U 

u 
I) 
u 
I) 


16 
17 
18 
19 
20 


21 

If 

24 

2S 


1 
) 

•  7 
19 

)1 
6) 
127 
25) 
5U 

409) 
8191 
U)8) 

»767 
655)) 

1  no7i 

2  6214) 
5  24287 

10  48)75 
20  97151 
41  94)0) 
8)  88607 
167  7721) 


1 
6 

n 

90 

)025 
9))0 

28501 
*  86526 
2  6162) 

7  88970 
2)  75101 

71  41686 
214  57825 
644  )9010 
19)4  48101 
5806  06446 

1742)  4)625 
52280  79450 
1  5686)  )5501 
4  706)2  00806  ' 
14  U979  91025 


1 

10 

65 
)50 
1701 
•  7770 
■  )4105 

^  1  4)750 

6  11501 
25  )25)0 
10)  91745 
42)  55950 

1717  98901 
694)  57290 
27988  06985 
1  12596  66950 
6  52)21  15901 

18  15090  70050 
72  77786  2)825 
291  6)425  74750 
1168  10566  )4501 
4677  U897  58810 


1  . 

15 
140 
1050 
6951 
42525 

2  467)0 
1). 79400 
75  08501 
400  750)5 
2107  66920 

10961  90550 
56527  51651 
2  89580  95545 
14  75892  84710 
74  92060  90500 

)79  12625  68401 
191)  78219  12055 
9641  68881  84100 
48500  078)4  95250 
2  4)668  49741  10751 


1 
21 
266 
2646 
22827 

1  79487 
1)  2)652 
9)  21)12 
6)4  )6)7) 
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95 

1046  51419 

46 

105558 

2304 

96 

1181  14304 

47 

124754 

2590 

97 

1332  30930 

4a 

147273 

2910 

98 

1501  98136 

41 

1/352S 

3264 

99 

1692  29875 

^.0 

204226 

3658 

100 

1905  69292 

CbMBINATORIAL  ANALYSIS 
M  MBRR  in  PARtiriO^S  AMI  rAHTITIOlS^i  IVIO  IMSTINcr  PARTS 


3658 
4097 
4582 
5120 
5718 

6378 
7108 
7917 
8808 
9792 

10880 
12076 
13394 
14848 
16444 
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20132 
22250 
24576 
27130 

29927 
32992 
36352 
40026 
44046 

48446 
53250 
58499 
64234 
70488 

77312 
84756 
92664 
101698 
111322 

121792 
133184 
145578 
159046 
173682 
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206848 
225585 
245920 
267968 

291874 
317788 
345856 
376256 
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n4 
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129 
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150 


1905  69292  » 
2144  81126 
2412  65379 
2712  48950 
3048  01365 

3423  25709 
3842  76336 
4311  4938^ 
4835  02844 
5419  46240 

6071  63746 
6799  03203 
7610  02156 
8513  76628 
9520  50665 

10641  44451 
11889  08248 
13277  10076 
14820  74143 
16536  bShbS 

18443  49560 
20561  48051 
22913  20912 
25523  38241 
28419  40500 

31631  27352 
35192  22692 
39138  64295 
43510  78600 
48352  71870 

53713  15400 

59645  39504 

66208  30889 

73466  29512 

81490  40695 


135  90358  36076 

136  1  0015S  81680 

137  1  10976  45016 

138  1  22923  41831 

139  1  36109  49895 

140  1  50658  78135 

141  1  66706  89208 

142  1  84402  93320 

143  2  03909  82757 

144  2  25406  54445 


49088  58009 
75170  52599 
03886  71978 
35494  19497 
70273  55200 


7(") 

44793 
83330 
2S016 
70078 
18784 


6  71418 

7  28260 
7  89640 
6  55906 
9  ;t7406 

I 

10  104544 

10  87744 

11  77438 

12  74118 

13  78304 

14  90528 

16  11388 

17  41521 

18  81570 

20  32290 

21  94432 
23  68800 
25  56284 
27  57826 
29  74400 

32  07086 
34  57027 
37  25410 
40  13544 
43  22816 

46  54670 
50  10688 
53  92550 
58  02008 
62  40974 

67  U480 
72  15644 
77  55776 
34326 
53856 

96  17150 
103  27156 
110  86968 
118  99934 
127  69602 

136  99699 
146  94244 
157  57502 
168  93952 
181  08418 


150 
151 
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153 
154 

155 
156 
157 
158 
159 

160 
161 
162 
163 
164 

165 
166 
167 
168 
169 

170 
171 
172 
173 
174 

175 
176 
177 
178 
179 

180 
181 
182 
183 
184 

185 
186 
187 
186 
189 

190 
191 
192 
193 
194 

195 
196 
197 
198 
199 


08532  35313 
50606  24582 
96862  88421 
47703  36324 
03566  73280 


6  64931  62097 

7  32322  43759 

8  06309  64769 

8  87517  78802 

9  76627  28555 

10  74381  59466 

11  81590  68427 

12  99139  04637 

14  27989  95930 

15  69194  75295r 

17  23898  00255 

18  93348  22579 
20  78904  20102 
22  82047  32751 
25  04389  25115 

27  47686  17130 
30  13848  02048 
33  04954  99613 
36  23268  59895 
39,71250  74750 

43  51576  97830 
47  67158  57290 
52  21158  31195 
57  17016  05655 
62  58467  53120 

68  49573  90936 
74'  94744  11781 
81  98769  08323 
89  66848  17527 
98  04628  80430 

107  18237  74337 
117  14326  92373 
128  00110  42268 
139  83417  45571 
152  72735  99625 

166  77274  04093 
182  07011  00652 
198  72768  56363 
216  86271  05469 
236  60227  41645 

258  08402  12973 

281  45709  87591 

306  88298  78530 

334  53659  83698 

364  60724  32125 


V(") 
194  06016 
207  92120 
222  72512 
238  53316 
255  40982 

273  42421 
292  64960 
313  16314 
335  04746 
358  39006 

383  26320 

409  62540 

436  12110 

466  26032 

500  42056 

534  66624 
571  14844 
610  00704 
651  39006 
695  45358 

742  36384 
.792  29676 
845  43762 
901  96446 
962  14550 

1026  14114 
1094  20549 
1166  56616 
1243  54422 
1325  35702 

1412  31760 
1504  73568 
1602  93866 
1707  27424 
1616  10744 

1935  62642 

2060  84096 

2193  56315 

2334  51098 

2484  10816 

2642  88462 
2611  36046 
2990  16606 
3179  84256 
3381  04630 

3594  44904 
3820  75666 
4060  72422 
4315  13602 
4584  62686 


4  06532  35313    194  06016 

of  /• from  H.  GupU.  A  table  of  partitions,  IVoc.  London  Math.  Soc.  39,  142 
with  fwmiiwioni. 


200  397  39990  29368  4870  67746 
149,  1935  and  H.  I2,  546-649.  1937 
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8 
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348 
349 

350 


9  25308  29367  23602 
9  93097  23924  03501 

10  65733  12325  48839 

11  43554  20778  22104  ' 

12  26921  S0192  29465 

13  16221  78950  57704 

14  11866  26652  80005 

15  14295  27388  57194 

16  23978  65358  29663 

17  41418  01331  47295 

18  67148  82996  00364 

20  01742  67625  76945 

21  45809  60373  52891 
'  23  00000  66554  87337 

24  65010  61508  33490 

26  41580  76335  66326 
28  30502  03409  96003 
30  32618  19898  42964 
32  48829  33514  66654 
34  80095  48694  40630 

37  27440  57767  48077 
39  91956  55269  99991 
42  74807  80:h59  54696 
45  77235  85435  78028 
49  00564  36352  37875 

V  46204  42288  28641 
56  15660  21128  74289 
60  10534  98396  66544 
64  32537  46091  14550 
68  83488  5946Q  73850 

73  65328  78618  50339 
78  80125  53026  66615 
84  30081  56362  25119 
90  17543  49805  49623 
96  45011  01922  02760 

103  15146  63217  35325 
110  30786  04252  92772 
117  94949  15461  13972 
126  10851  78337  96355 
134  81918  06233  01520 

144  11793  65278  73832 
154  04359  73795  76030 
164  6374/  91657  61044 
175  94355  98104  22753 
188  00864  70522  92980 


200  88255 
214  61829 
229  27228 
244  90453 
261  57890 


6287j(> 
97432 
68712 
74553 
73511 


83159 
86299 
17150 
82406 
44125 


7(") 

11  48724  72064 

12  07425  10607 

12  6902S  30816 

13  33663  83848 

14  01485  59930 

14  72642  18618 

15  47292  17536 

16  25601  42690 

17  07743  43642 

17  93899  64242 

18  64259  79304 

19  79022  32212 

20  76394  72390 

21  62593  94656 

22  91646  82870 

24  06390  52286 

25  26472  94208^ 

26  52353  25352 

27  64302  35904 

29  22603  40224 

30  67552  32574 

32  19^58  41664 

33  78644  88192 
35  45449  47722 
37  20225  12608 


39  03340 

40  95181 
42  96149 
45  06665 
47  27166 

I 

49  1^8118 
51  99993 
54  53293 
57  18543 
59  96286 


57172 
08690 
17632 
31450 
74732 

28759 
15040 
85792 
13990 
87918 


62  87095  13216 
65  91563  14788 
69  10312  43770 
72  43991  92576 
75  93279  10200 

79  58881  23110 
83  4153^  64940 
87  42016  06890 
91  61123  9427Q 
95  99699  92704 

100  58620  35461 
105  38799  77632 
110  41192  60918 
115  66794  79970 
,121  16645  56454 


,  /<«) 

279  36332  64837  02152 
298  33006  30627  56076 
318  55597  37883  29064 
340  12281  00465  77426 
363  11751  20481  10005 

387  632:3  29190  29223 

413  76616  09333  42362 

441  62298  19293  58437 

471  31406  42663  96780 

502  95756  65060  00020 

536  67907  03106  91121 
572  61205  66960  37559 
610  89640  37510  84101 
651  66687  99972  06959 
695  14371  34569  46040 

741  43315  96640  61664 
790  73611  96494  11319 
643  25076  65625  28427 
899  1%34  83960  86349 
956  72869  79123  36045 

4122  83673  45362 
65764  44243  99782 
53783  48499  62850 
8  05779  41191  25085 
51059  97274  '73500 

1406  20744  65614  64054 
1496  47874  35905  81081 
1596  67527  44907  56791 
16942  79758  13525 
1812  35649  97394  72950 


1930  65607 
2056  51347 
2190  40133 
2332  82119 
2464  30529 


23504  65812 
53366  33805 
24237  65131 
85138  92336 
42654  18180 


2645  41834  06687  63701 
2816  75950  32179  42792 
2998  96444  77364  52194 
3192  70751  64335  32826 
3396  70404  13581  60275 


3617  71276 
3850  53843 
4096  03453 
4361  10617 
4640  71312 

4937  87309 
5253  66512 
5589  23320 
5945  79011 
6324  62148 


38676  04423 
46674  29186 
56263  94791 
07622  84114 
4^996  23515 

678bl  91655 
44169  75163 
25954  04468 
47078  74597 
25042  94325 


126  91829  24648  - 
132  93477  19190 
139  22769  71520  ' 
145  80936  16616 
152  69267  15866 

159  89096  36576 
167  41624  09148 
175  28907  55072 
163  51867  36752 
192  12269  32216 

201  11827  04478 

210  52205  02772 

220  35221  50410 

230  62751  50210 

241  36750  01276 

252  59255  33946 
264  32392  51488 
276  58376  86784 
289  39517  76822 
302  78222  &7406 

316  77000  44460 
331  38466  77248 
346  65347  41118 
362  60463  21048 
379  26634  76992 

396  67487  30794 
414  65655  73659 
433  84690  00206 
453  68080  55608 
474  39464  06976 

496  02629  40968 
616  615;i3  80664 
542  20259  26436 
566  83119  27092 
592  54565  72864 

619  39246  14094 
647  42001  16480 
676  67872  37064 
707  22110  32064 
739  10163  03654 

772  37784  71936 
607  10844  79444 
843  35537  42947 
881  18291  29614 
920  65799  74150 

961  85031  43424 
1004  83241  32444 
1049  67982  04736 
1096  47115  85280 
1145  28626  8<>344 


279  36332  84837  02152     126  91829  24648      400     6727  09005  17410  41926    1196  21634  00706 
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M  MBER  OF  PARTITIONS  AND  PARTITIONS  INTO  DISTINCT  PARTS  Table  24.S 


400 
401 
402 
40) 
404 

40S 
406 
407 
406 
409 

410 
411 
412 

413 
414 

415 
416 
417 
418 
419 

420/ 
.  42V 

i 
/« 

/  425 
426 
427 
428 
429 

430 
431 
432 
433 
434 

43S 
436 
437 
438 
439 

440 
441 
44? 
443 
444 


6727  09005  17410  41926 

71 S4  64022  26539  42321 

7608  B0284  33398  79269 

8091  20U2?  64844  65381 

8603  55175  93486  55060 

9147  67906  88591  17602 

972S  51251  37420  21729 

10339  09726  71239  47241 

10990  60006  37759  26994 

11682  31627  71923  17^80 

12416  67740  31511  90382 

13196  25896  69254  35702 

14023  78888  35188  47344 

14902  1S629  03099  48968 

15834  42088  44881  87770 

16923  82278  71392  35544 

17873  79296  96898  76004 

X89B7  96426  73316  64557 

20170  18301  880S9  33659 

21424  52136  02556  36320 

227SS  2^021  65800  25259 

24167  05302  14413  63961 

25664  64021  38377  14846 

27253  16454  62304  21739 

28938  03725  70847  98150 

30724  98514  70950  51099 

32620  06861  74102  32189 

34629  70071  39035  75934 

36760  66724  18315  27309 

39020  14800  02372  59665 

4141 S  73920  71023  58378 
4395S  47717  05181  16534 
46647  86328  42292  67991 

49501  89040  94051  50715 

52527  07072  91082  40605 


55733  46514 
59131  71430 
62733  07137 
66549  43656 
70593  39364 

74876  24841 
79418  06934 
84227  73040 
89322  95632 
94720  37025 


46362  86656 
91696  18645 
60430  79215 
69662  97367 
65621  35510 

94708  86233 
64434  02240 
77294  99781 
13536  45667 
78934  71820 


445  1  00437  54417 

446  1  06493  05190 

447  1  12906  52519 

448  1  19698  71278 

449  1  26891  54269 


17528 
52391 
91961 
27202 
09814 


47604 
18581 
4)3354 
05954 
18000 


1196  21634  00706 
1249  >4404  08000 
1304  76365  81998 
1362  57124  07808 
1422  86674  81438 

1485,75420  52794 
1551  34186  29884 
1619  74236  54282 
1691  07292  29128 
1765  45549  15430 

1843  01696  07104 
1923  88934  65516 
2008  20999  30208 
2096  12178  16576 
2187  77334  80960 

2283  31930  70488 
2382  92048  69148 
2486  74417  20078 
2594  96435  42056 
2707  76199  52640 

2825  32529  77152 
2947  84998  62528 
3075  53960  09352 
3208  60580  00384 
3347  26867  45954 

3491  75707  60097 
3642  30895  45254 
3799  17171  07136 
3462  60256  14146 
4132  86891  79000 

4310  24877  85006 

4495  03113  72460 

4687  51640  62334 

4888  01685  40672 

5Q96  85706  20480 

5314  37439  57460 
5540  91949  44512 
5776  85678  02880 
6022  56498  45546 
6278  43769  39520 

6544  88391  85792 
6822  32867  92200 
7111  21361  67457 
7411  99762  56080 
7725  15750  89318 

8051  18865  81728 
8390  60575  94564 
8743  94352  40798 
9111  75744  62854 
9494  62459  05984 


450 
451 
432 
453 
454 


-^80 
481 
482 
483 
484 

485 
486 
487 
488 
489 

490 
491 
492 
493 
494 

495 
496 
497 
498 
499 


i  34508  18800  15729  23840 
1  42573  13615  53474  04229 
1  51112  26207  19173  13678 
1  60152  90524  4552(7  15585 
1  69723  93104  64580  40965 


7(«) 

9893  14440  61528 
10307  93957  13070 
10739  65687  10144 
11188  96810  43072 
11636  57102  54336 


455  1  79855  91645  39582  67598 

456  1  90581  04044  26519  31034 

457  2  01933  37928  51146  88629 

458  2  13948  9070}  27330  69132 

459  2  26665  62143  58313  45565 

460  2  40123  65561  39251  92081 

461  2  54365  39575  85741  99975 

462  2  69435  60521  29549  94471 

463  2  85381  55524  19619  86287 

464  3  .02253  16287  25766  36605 

465  3  20103  13615  29932  90544 

466  3  38987  12724  95254  32549 

467  3  38963  89376  81628  76613 

468  3  80095  46876  31203  98477 

469  4  02447  33986  17114  7516a 

470  4  26088  63801  56524  13417 
47a  4  51092  33635  50960  99864 

472  4  77535  45970  81641  15593 

473  5  05494  30531  42046 

474  5  35069  67535  16072 


1053  99675 
23018  52926 
37870  28583 
^7318  07232 
66^82  38005 


m43  19032 
12649  57862 
13176  51755 
13724  81881 
14295  32530 

14888  9123^ 
15506  M8874 
16148  99826 
16817  42073 
17512  77348 


12544 
22432 
08648 
00782 
93376 

20640 
75476 
46592 
15550 
45952 


18236  11274  38194 
18988  53505  94524 
19771  17881  2902^ 
20585  22576 
21431  90268 


7  51666 

7  95317 

8  41457 

8  90222 

9  41761 


20389 
79823 

00419 
79841 
02874 
78495 
78911 


49931  25591 
47582  32180 
28236  49455 
19280  88294 
49976  98055 


9  96228  80660  85734  11012 

10  53787  07666  24553  46513 

11  14608  77893  64264  64248 
11  78875  49115  57358  02646 


22312  4B299  10884 
232^^849  04960 
69117  98586 
25171  11509  01902 
26201  03821  12696 

27271  99448  23232 
28385  57585  65430 
29543  43443  69603 
30747  28468  94368 
31998  90573  73738 

3330q\4373  57056 

346^  n433  03468 

36069  20520  80640 

37^1  07873  43946 

39Q40  67468  62530 

40620  21308  45496 
42:  [61  99712  45764 


12  46778  71600  12729  19665   47>85  16717  64998 


13  18520  40161  22702  33223 

13  94313  50322  44478  16939 

14  74382  57204  03639  53132 

15  58964  37499  49778  06173 

16  48308  54706  61724  38760 

17  42678  27774  77609  81187 

18  42351  03350  31598  91466 

19  47619  31798  76580  64007 

20  58791  47204  28849  01563 

21  76192  51543  92874  61625 


43J68 
45r41 


41621 
94910 


12802 
51264 


495;)0  73777  62304 
51491  42772  84172 
53560  10694  36938 
55709  75216  10170 
57943  45082  47040 

60264  40509  50309 

62675  93600  10788 

65181  48774  31176 

67784  63214  30326 

70489  07325  21792 


450    1  34508  18800  15729  23840   9893  14440  61526      500    23  q0165  03257  43239  95027    73298  65212  45024 
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151  150  2  152  201  132  4  272 

152  72  8  300  202  100  4  306 

153  96  6  234  203  168  4  240 

154  60  8  288  204  64  12  504 

155  120  4  192  205  160  4  252 

156  48  12  392  206  102  4  312 

157  156  2  158  207  132  6  312 

158  78  4  240  208  ^6  10  434 

159  104  4  216  209  180  4  240 

160  64  12  378  210  48  16  576 

161  132  4  192  211  210  2  212 

162  54  10  363  212  104  6  378 

163  162  2  164  213  140  4  288 

164  80  6  294  214  106  4  324 

165  80  8  288  215  168  4  264 

166  82  4  252  216  72  16  600 

167  166  2  168  217  180  4  256 

168  48  16  480  218  108  4  330 

169  156  3  183  ^9  144  4  296 

170  64  8  324  220  80  12  504 

171  108  6  260  221  192  4  252 

172  84  '  6  308  222  72  8  456 

173  172  2  174  223  222  2  224 

174  56  8  360  224  96  12  504 

175  120  6  248  225  ^20  9  403 

176  80  10  372  226  112  4  342 

177  116  4  240  227  226  2  228 

178  88  4  270  228  72  12  560 

179  178  2  180  229  228  2  230 

180  48  18  546  230  88  8  432 

181  180  2  182  231  120  8  384 

182  72  8  336  232  112  8  450 

183  120  4  248  233  232  2  234 
ia4  88  8  360  234  72  12  546 

185  144  4  228  235  184  4  288 

186  60  8  384  236  116  6  420 

187  160  4  216  237  156  4  320 

188  92  6  336  238  96  8  432 

189  108  8  320  239  238  2  240 

190  72  8  360  240  64  20  744 

191  190  2  192  241  240  2  242 

192  64  14  508  242  110  6  399 

193  192  2  194  243  162  6  364 

194  96  4  294  244  120  6  434 

195  96  8  336  245  168  6  342 

196  84  9  399  246  80  8  504 

197  196  2  1^8  247  216  4  280 

198  60  12  468  248  120  8  480 

199  198  2  200  249  164  4  336 

200  80  12  46'i  250  100  8  468 

From  British  Arw)ciation  for  the  Advancement,  of  Science,  Mathematical  Tables,  vol.  V 11 1,  Number-divisor 
tiihlpft.   Cambridge  L'niv.  Press,  Cambridge.  England,  1940  (with  permission), 
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40 
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12 
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COMBINATORIAL.  ANALYSIS 
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Tabl<p  24.8 

g,  G  denote  the  letwt  ponitiye  and  least  negative  (respectively)  primitive  roots  of  p.  <  denotes 
whether  10,  —10  both  or  neither  are  primitive  roots. 
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2 

-10 

8:i 

241 

2 

3 

10 

487 

2  3*  ^ 

3 

2 

10 

80 

2J.11 

:^ 

3 

401 

2  5  7* 

2 

4 

10 

07 

2*3 

b 

5 

±10 

400 

2  3  83 

7 

6 

10 

;  101 

2*5^ 

2 

2 

508 

2261 

6 

2 

10 

103 

23  17 

5 

2 

600 

2*  127 
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2 

±10 

107 

2  63 

2 

3 

-10 

521 

2>.5  13 

8 

8 
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100 

2»3> 

ft 

5 

±10 
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2  3*  20 

2 

4 

113 

2*7 

3 

3 

±10 

541 

2*3»5 

2 

2 

±10 

127 

2  3«  7 

3 

0 

547 

237  18 

2 

4 

131 

2  5  13 

2 

3 

10 

657 

2*  130 

2 

2 

137 

2^17  # 

3 

3 

563 

2  281 

2 

8 

-10 

130 

2323 

2 

4 

560 

2>71 

8 

8 

10 

140 

2».37  , 

2 

2 

571 

2*8  5  10 

3 

6 

Iftl 

235» 

6 

5 

-10 

677 

2«3* 

6 

6 

±10 

157 

2»3.13 

5 

5 

•587 

2  203 

2 

8 

-10 

163 

23* 

2 

4 

-10 

503 

2*37 

3 

3 

±10 

1H7 

2  A3 

5 

2 

fo 

500 

218  28 

7 

2 

-10 

173 

2«43 

2 

2 

6or. 

2*36* 

7 

7 

170 

2  80 

2 

3 

10 

'  607 

28*101 

3 

2 

li^l 
101 

2<3«5 
25  10 

2 

2 

±10 
-10 

618 
617 

2**3**17 

2 

2 

10 

2 

2*7  11 

8 

8 

10 

103 

2«.3 

5 

±10 

610 

2'8*108 

2 

4 

107 

2*7* 

2 

.  ..  .  -  . 

631 

23**57 

8 

0 

—  10 

100 

2  3»n 

2 

-10 

641 

2^8 

3 

3 

211 

2357 

i  2 
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648 

2'8  107 

11 

7 



223 

2  3  37 

!  3 

1  2 

10 

647 

21710 

6 

2 

10 

227 

2113 

i  2 

3 

-10 

653 

2**163 

2 

2 

220 

1      2«3  10 

1  2 

6 

1  ±10 

650 

27*47 

2 

3 

10 

233 
230 

2*20 
,      27  17 

'  2 

7 

3 
2 

no 

661 

2*'8*5*11 

2 

2 

673 

2*37 

6 

5 

241 

2*35 

7 

7 

677 

2*18* 

2 

2 

251 

2  5» 

6 

'  3 

1 

683 

2'tl*31 

5 

10 

—  10 

257 

2' 

!  3 

i"±io 

601 

2*3*6*23 

3 

6 

2m 

2131 
2«.67 

1  S 

i  2 

i 

701 

2*5*7 

2 

2 

±  10 

260 

1  2 

1  ±10 

700 

2>'8'60 

2 

2 

±10 

271 

'  23*5 

6 

■  2 

i 

710 

2350 

11 

2' 

—  10 

277 

2*323 

i  5 

:  5 

727 

2  311* 

6 

7 

.  10 

2^1 

2»5  7 

i  3 

!  3 

733 

2*361 

6 

6 

2H3 

2347 

1  3 

1  6 

;--.o. 

730 

23*41 

3 

6 

203 

2»73 

!  2 

i  2 

743 

2763 

5 

2 

10 

307 

2  3»  1 7 

5 

-io 

751 

23*6* 

3 

2 

311 

'      25  31 

17 

^10 

757 

2*3*7 

2 

2 

313 

2' 3  13 

.  10 

10 

±10 

761 

2*610 

6 

A 

317 

I  2*70 

i  2 
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760 

2*3 

11 

11 

331 

235  11 

1  3 

5 

773 

2*  103 

2 

2 

337 

2*  3  7 

'  10 

i 

;  ±i6 

787 

2  3131 

2 

4 

-10 

347 

2  173 

'  2 

1  -10 

707 

2**100 

2 

2 

340 

2^320 

'  2 

!  2 

800, 

2**101 

3 

3 

2U1 

3 

•  3 

1  — 

811 

!  2*3**6 

3 

8 

"  "io 

p 

p-1 

9 

—  (7 

821 
828 

^6*41 

2 

2 

±10 

28*187 

827 

2*7*60 

2^ 

8 

—  10 

820 

2**9*23 

2 

2 

830 

2410 

11 

2 

—  10 

853 

2**8*71 

2 

2 

857 

2*187 

8 

h 

±10 

860 « 

2*8*11*18 . 

2 

4 

868 

2*481 

6 

2 

10 

877 

2**8*78 

2 

2 

-  - 

881 

2**M1 

3 
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888 

29*7* 

2 

4 

—  10 

887 

2448 

6 

2 

10 

007 

2*8*161 

2 

4 

•  •  • 

Oil 

26*7*18 

17 

8 

—  10 

010 

2*9*17 

.  I 

6 

—10 

020 

2**20 

8 

8 

037 

2**3*  18 

6 

6 

±10 

041 

2*  6*47 

2 

2 

±10 

047 

2  11*43 

2 

8 

—10 

063 

2**7*17 

8 

8 

±10 

067 

2*8*7*28 

6 

2 

071 

2*607 

6 

8 

10 

077 

2**61 

8 

8 

±10 

083 

2*401 

5 

2 

10 

001 

2*9*611 

6 

2 

-10 

007 

2**3*88 

7 

7 

1000 

2<*9*7 

11 

11 

.  .  .  .  . 

1018 

2**11  28 

8 

3 

1010 

2*600 

2 

8 

10 

1021 

iP*3*617 

10 

10 

±10 

1081 

2*6*109 

14 

2 

1038 

2**3*43 

5 

6 

±10 

1080 

2*3*178 

8 

2 

—10 

1040 

2**181 

8 

8 

1061 

23*6**7 

7 

ft 

1061 

2*6*68 

/  2 

2 

1068 

2*960 

8 

2 

10 

1060 

2*8*80 

6 

^  0 

±10 

1087 

.  2*8*181 

8 

2 

10 

1001 

2*6*100 

2 

4 

10 

1003 

2*8*718 

6 

6 

1007 

2**137 

8 

8 

±10 

1103 

2*10*20 

6 

8 

10 

1109 

2*277 

2 

2 

±10 

1117 

2**9*81 

2 

2 

-  - 

1128 

281M7 

2 

4 

—  10 

1120 

2**847 

11 

11 

1161 

2*6**28 

17 

2 

—10 

1163 

y  9 

6 

6 

±10 

1108 

2*7*88 

6 

8 

-10 

1171 

2*9*8^18 

2 

4 

10 

1181 

2**6  60  - 

7 

7 

±10 

1187 

2*608 

2 

8* 

—  10 

1103 

2**149 

8 

8 

±10 

1201 

2**8*9 

11 

11 

1218 

21*8*101 

2 

3 

^  1A 
±  lU 

1217 

V-l9 

8 

4 

O 

1228 

2<  13-47 

6 

2 

10 

1220 

2><807 

2 

2 

±10 

1231 

2.85'41 

3 

2 

1237 

2>ai08 

2 

2 

1240 

y-aiB 

7 

7 

10 

1260 

21T-87 

2 

8 

1277 

2>1129 

2 

2 

1270 

2.8«71 

8 

2 

-10 

1283 

2641 

2 

8 

-10 

1280 

2»7M 

6 

6 

10 

1201 

2a-848 

2 

4 

1207 

3«.8t 

10 

10 
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Primitive  Roots*  Factorization  of  p— I  Table  24.8 

g,  G  denote  the  least  poRitive  and  least  negative  (respectively)  primitive  roots  of  p,  <  denotes 
whether.  10,  — 10  both  or  neither  are  primitive  roots. 


p 

 ^ 

9 

-0 

p 

p-1  "  j 

a 

-0 

« 

p 

p-1 

a 

-0 

« 

1301 

2«-6»  13 

2 

2 

±10 

1831 

2-3-5'61 

3" 

9 

2377 

2».3*'ll 

6 

6 

1303 

23731 

6 

2 

10 

1847 

213  71 

5 

2 

10 

2381 

2*6717 

3 

3 

1307 

2663 

2 

3 

-10 

1861 

2*  3  6'31 

2 

2 

:klO 

2383 

2'3'397 

6 

13 

10 

1319 

2'669 

13 

2 

-10 

1867 

23311 

2 

4, 

-10 

2389 

2*3  199 

2 

2 

±10 

1321 

2»3  5  11 

13 

13 

1871 

2'MM7 

14 

2 

-10 

2393 

2*  13  23 

3 

3 

1327 

2  3  13  17 

3 

9 

10 

1873 

2*3*.  13 

10 

10 

±10 

2399 

>11  109 

11 

2 

-10 

1361 

2*5  17 

3 

3 

1877 

2*767 
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2 

2411 

2  6  241 

6 

3 

10 

1367 

2683 

5 

2 

10 

1879 

2*3313 

6 

2 

2417 

2«  151 

3 

3 

±10 

1373 

2 

2 

1889« 

2»'69 

3 

3 

2423 

27  173  ^ 

5 

2 

10 

1381 

7  3  5  23  • 

2 

.  2 

±10 

1901 

2*6*19 

2 

2 

2437 

2*3*729 

2 

2 

1399 

2'3'233 

13 

5 

-10 

1907 

2'953 

2 

3 

-10 

2441 

2**5'61 

6 

6 

1409 

2^  11 

3 

3 

1913 

2*239 

3 

3 

±10 

2447 

2*1223 

6 

2 

10 

^  1423 

2'3»  79 

3 

9 

1931 

2'5'193 

2 

3 

2459 

2*1229 

2 

3 

10 

1427 

2'23'31 

2 

3 

-10 

1933 

2*'3  7'23 

5 

5 

2467 

2  3*  137 

2 

4 

14^9 

2>3  7  17 

6 

6 

±10 

1949 

2*'487 

2 

2 

±10 

2473 

2*3  103 

5 

6 

±10 

1433 

2»  179 

3 

3 

±10 

1951 

2'8'6*'18 

3 

2 

2477 

2*619 

2 

2 

1439 

2719 

7 

2 

-10 

1973 

2*- 17*29 

2 

2 

2603 

^  2*3**139 

3 

2 

1447 

2  3  241 

3 

2 

10 

1979 

223*43 

2 

3 

10 

2621 

2*»5*7 

17 

17 

1461 

2-6*29 

2 

3 

-  ^  -  «• 

1987 

2'3'331 

2 

4 

2631 

2*6*11 '23 

2 

3 

1453 

2*3  11* 

2 

2 

1993 

2*'3'83 

5 

5 

2539 

2*3**47 

2 

4 

10 

1459 

2  3" 

3 

6 

1997 

2*'499 

2 

2 

2643 

231  41 

5 

2 

10 

1471 

23.57« 

6 

5 

-10 

1999 

23*37 

3> 

6 

-10 

2649 

2*  7*  *13  ^ 

2 

2 

±10 

1481 

2»537 

3 

3 

2003 

27  11  13 

6 

3 

-10 

2661 

2  3*6**17 

6 

2 

1483 

2  3*13  19 

2 

4 

2011 

2*3*5  67 

3 

5 

2657 

2*3*71 

2 

2 

1487 

2743 

6 

2 

10 

2017 

2*3*7 

5 

6 

±10 

2579 

2*1289 

2 

3 

10 

1489 

2^331 

14 

14 

3027 

21013 

2 

3 

-  10 

2691 

267*37  . 

7 

2 

1493 

2*373 

2 

2 

2029 

2*3  13* 

2 

2 

±10 

2593 

2»3* 

7 

7 

±10 

1499 

2  7  107 

2 

3 

2039 

2  1019 

7 

2 

-10 

2609 

24.163 

3 

3 

Ifill 

26  151 

11 

2 

-10 

2053 

2**8*  19  * 

2 

2 

3617 

2**3  109 

5 

5 

±10 

1623 

2761 

2 

3 

-10 

2063 
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5 

2 

10 

2621 

2**5*131 

2 

2 

±10 

1531 
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2 

4 

10 

2069 
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2 

2 
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2633 

2**747 

3 

3 
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23267 

5 

2 

10 
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3 

3 
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3 

2 
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2 

2 
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2083 
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2 

4 
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3 

3 
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3 

3' 
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2087 
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6 

2 

2669 

2*3*443 

2 

4 

1559 
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19 
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2089 

2*3**29 

7 

7 
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2  11* 

6 

2 

10 

1567 

23*29 

3 

2 

10 

2099 

2a040 

2 

3 

10 

2671 

23689 

7 

5 
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1571 

2  6  157 

2 

3 

10 

2111 

2  5  211 

7 

2 

-10 

2077 

2**3  223 

2 

2 

1579 

23263 

3 

6 

10 

2113 

2^3  11 

5 

5 

±10 

2683 

23*.  149 

2 

4 

1583 

27  113 

5 

2 

10 

2129 

2«719 

3 

3 

2687 

2*1779 

5 

3 

10 

1597 

2*37  19 

11 

11 

2131 

2  3*5  71 

2 

4 

2689 

2^3*7 

19 

19 

•  «  •  ^  « 

1601 

2«6* 

3 

3 

2137 

2*'3'89 

10 

10 

±10 

2693 

2*673 

2 

2 

1607 

2' 11 73 

6 

2 

10 

2141 

2*5*107 

2 

2 

±10 

2699 

2. 19*71 

2 

3 

10 

1609 

2*367 

7 

7 

2143 

2.y  717 

8 

9 

10 

2707 

2%11  41 

2 

4 

-10 

1613 

2*'13'31 

3 

3 

2163 

2*'269 

3 

3 

±10 

2711 

2^271 

7 

2 

-10 

1619 

2'H(M) 

2 

3 

10 

2161 

2*  3*  5 

23 

23 

2713 

2*3  113 

5 

5 

±10 

1621 

2*3«;6 

2 

2 

±10 

2179 

2  3*  11* 

7 

5 

10 

2719 

2  3*  151 

3 

2 

-10 

1627 

23271 

3 

6 

2203 

23367 

5 

7 

-10 

2729 

2*1131 

3 

3 

1637 

2*409 

2 

2 

2207 

21103 

6 

2 

10 

2731 

2  3*6  7  13 

3 

6 

10 

1657 

2*3*23 

11 

11 

' ,  2313 

2*779 

2 

2 

2741 

2*6  137 

2 

2 

±10 

1663 

23277 

3 

2 

10 

2221 

2*.3'5'37 

2 

2 

±10 

2749 

2*'3'229 

6 

6 

-  •  «  -  - 

1667 

2  7*  17 

2 

3 

10 

2237 

2*  13  43 

2 

2 

-  -  . .  . 

2768 

3<^43 

3 

3 

±10 

1669 

2*3  139 

2 

2 

2239 

2'3'373 

3 

2 

-10 

2767 

2.3*461 

3 

9 

10 

1693 

2*3*47 

2 

2 

2243 

2'19'69 

2 

3 

-10 

2777 

2*347 

3 

3 

±10 

1697 

2*63 

3 

3 

±10 

2261 

2'3*'6* 

7 

6 

10' 

2789 

2**1741 

2 

2 

±10 

1699 

23283 

3 

6 

-  -  , 

2267 

2  11  103 

2 

3 

-10 

2791 

23*631 

6 

7 

1709 

2*761 

3 

3 

2269 

25  3^7 

2 

2 

±10 

2797 

2*3  233 

2 

2 

1721 

2*  6  43 

3 

3 

2273 

2*71 

3 

3 

±10 

2801 

3 

3 

1723 

3 

6 

^281 

7 

7 

2.3.467 

4 

17»3 

2*  433 

2 

2 

2287 

2  3*  127 

19 

7 

28i9 

2  1409 

2 

3 

10 

1741 

2*  3  6  29 

2 

2 

k  10 

2293 

2*3  191 

2 

2 

2833 

2<.359 

5 

6 

±10 

1747 

2  3*  97 

2 

4 

2297 

2*741 

6 

0 

±10 

2837 

2*709 

2 

2 

17«3 

2*3  73 

7 

7 

2309 

2*677 

2 

2 

±10 

2843 

27»29 

2 

4 

-io 

1750 

2  3  293 

6 

2 

-10 

2311 

2  367  11 

3 

2 

2861 

236**19 

2 

4 

10 

1777 

2*3.37 

5 

6 

+  10 

2333 

2*  11  53 

2 

2 

2867 

.  i*.3717 

11 

11 

1783 

2  3<  11 

10 

2 

10 

2339 

27. 167 

,  2 

3 

10 

2861 

2*51Mi3 

-  2 

2 

±10 

17H7 

2  19  47 

2 

3 

-10 

2341 

2*3*6  13 

7 

7 

±10 

2879 

2  1439 

7 

2 

-10 

17Htt 

2*3  149 

6 

6 

i^lO 

2347 

2  3  17  23 

.3 

6 

-10 

2887 

2  3  13  37 

6 

2 

10 

IHOI 

2^3*6* 

1  11 

11 

2361 

26*47 

13 

3 

-  10 

2897 

2«  181 

3 

3 

±10 

IHtl 

i     2  6  181 

3 

\0 

2367 

2*  19  31 

2 

2 

2903 

2  1461 

6 

2 

10 

^1823 

1       2  911 

1  6 

2 

10 

2371 

23679 

2 

4 

10 

2909 

2*727 

2 

2 

±10 
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Table  24.8  Primitive  Roots^  Factorization  of  p— 1 

g,  G  denote  the  leant  ponitive  and  leaat  negative  (respectively)  primitive  roots  of  p.  <  denotes 
whether  10,  -10  both  or  neither  are  primitive  roots. 


2917 
2927 
2930 
2963 
2957 

m3 

2909 
2971 
2999 
3001 
3011 
3019 
3023 
8037 
3041 
3iM9 
30<H 
3067 
3079 
30H3 
30H9 
3109 
3119 
3121 
3137 
3163 
3167 
3169 
3181 
3187 
3191 
3203 
3209 
3217 
3221 
3229 
3251 
3253 
3257 
3259 
3271 
,  3299 
3301 
^  3307 
3313 
3319 
3323 
3329 
3331 
3343 
3347 
3359 
3301 
3371 
3373 
33H9 
3301 
3407 
3413 
3433 
3449 
3457 
3461 
3463 
3467 
3460 
3491 
3499 
-  3511 
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2>3« 
27  11  19^ 
213113 
2»3»41 
2*739 
2  1481 
VIM 
2'3»611 
2  1499 
2*36> 
26743 
2  3  603  * 
21511 
2>  3  II  23 
2*6  19 
2»3127 
21  31  6  17 
23773 
2  3«  19 
22367 
2«.193 
2'37  37 
21559 
2«3  513 

2«7« 
231731 
21583 
2»3>  11 
2>3553 
2'3>59 
2  6  11  29 
21601 
2>.401 
2*367 
2»-67  23 
2<.3.269 
2  6>  13 
2>3271 
2*11  37 
,  2.3»18l 
2'3'5  109 
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Primitive  Roots,  Faetorizatlon  of  f^l  Table  24.8 

g,  G  denote  the  least  positive  and  least  negative  (respectively)  primitive  roots  of  p.  <  denotes 
whether  10,  —10  both  or  neither  are  primitive  roots. 
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•I  Jm  77471  7M69  79697  80<I03  8l9l9  8)023  84211  «36l  86467  JHJ}  88867  89959  J}099  92237  J3263  94441  95531  H703  97879  99041 
10  76WI  77477  78571  79699  M809  81929  6304?  8422i  65363           •?64l  .888T3  89963  ^121  92143  93281  94447  95539  96711  97883  99053 

U  76111  77479  79577  79n7  808i*  61931  83059  64l2>  «56J  86491  87643  jjMj  69977  JU27  «2M  93283  94463  95549  96737  979l9  99079 

12  76141  n4B9  ;85B9  79769  808})  6193  7  63063  842>9  65361  J6501  87649  88897  gJW  HJS?  SlQT  lUkl  111m  SmJ  97931  99*89 

13  76367  7^491  78593  79777  90833  61943  83071  84239  85411  86569  87671  8B903  69989  VJSl  Vy\xl  SXi*  SUi  oStSt  a704i  SSoi 
U  7M69  77^09  76607  79801  88649  61953  63077  84j47  8512?  86531  ;T679  88919  JJjOl  nUX  92311  J3319  94513  95581  9675  7  97W  99101 
15  76379  7r5»3  786^)  79811  60863  81967  83089  64263  6M29  86533  87683  M»3T  90807  91i51  92317  93323  94529  95597  96761  97961  .  ^9109 


;rt5l  7W97  79641  ^23  So09  WIH  SHf  65469  Ss87  87*  89003  90831  nm  92363. 9338>  9^559  95631  96199  98011  ^139 
7755t  78707  79841  60929  62013  63201  6434  7  85487  86599  8^119  89009  90051  n\f9  92169  93407  94561  95651  96gl  9M17  99149 

I  ;tJi;  Tt?;?  jsju    8s«  ssi  siii  a???  8S5j  2sk    sssi  ssji  si:?  ss?  v^)i  xs;  sn?  ^tsi  ssfi  vm\ 


76^76507  77591  78761  79689  81001  fmX  83231  64401  SJMJ- 86693  JTW  WJT  J0089  91253  SJJJ  'W/JJ"}  JJJll  Xi  98123  ^241 

27  ?«5n  77611  «787  79901  81013  mtl  63233  64407  6Mn  86711  87683  89869  90107  JWJI  92401  93487  94621  W7I1  JJWI  98123  99241 

♦...a  „?.f  «atat   fMfit  mqi;  f^t)           844n  65577  86n9  87611  89071  90121  'IJJl  92413  93491  94649  W737  96937  981J9  «925l 

8toi9  W129  83157  64431  85597  86729  670  3  5J083  90127  ^297  JJjlj  91493  94651  »5747  jjjll  98143 

m\M%  Miia  a«>A.t  A4Jit  MAAt  MfAl  BTMl  A9U7  98149  91303  92431  91497  94687  9577>  9()931  9817^ 


99277 
99289 
"  7 
99347 


99367 
99371 
99377 


}9  fMW     Wl  76797  79907  8i019  82129  83257  64431  85597  86729  670  3  5J083  90127  ^297  wjij  W9J  Jjwi  gjii  JJ"'  JJ'' 

10  ;654l  ;7641  78603  >9939  81023  82139  81167  8443  7  6S601  66743  87853  89087  )9t49  ^303  92431  91497  ♦4687  9577>  9(»9il  98179  99259 

5j  ux!    iss^  \z)  5!8i  sm  8ig  gj?    lig      siii  SiS    gin    HiS  ;S  E  ???? 

j»  >6Mi  »»6M        w»»  m*<>  mn  nw  hhi        auu  smi  mwj  »««»  «»»        «»»»        »»«»  »ww  wjj 

n  ;r  ;5u;  isx  ssii  sis  s;s', ss?  ss;  ssii  sir,  «is  sui  ?:r»i  m\i  rgj; 
jj  ijtj} lis?  s?jr  J}??,'  siiu  sys?  an?  sjs  ssi    ssa  zii sjs  :jsn  ?g» 

41  mn.V7»  M*»»  won  wiw  «IJ>  2*01  m«>  »'m        K»        Jg"  JJifJ  SSJ?  Sjn  m«  vm  Jtw?  ?wI>  ?5«oi 

un;    ;ss;{  siii  siu  sr.  sjii  au?  si?i  ^  ss  ssji  as« 

«6  '6)M  HTSI  >WW  NU>  ni«l  61267  SM)>  MU4  HTSl  (Ml  INO>  BUM  JOTU  J>«t>  <in4  44M>  «m4  4^7 

«'  ftK)  nroT  mn  ww  »\w  mn  n**i  m4m  nm  wn*  mij  mn  «»>  4i««>  J|mi  iim       nvti  ^nn  nni  ■r^y 

s  Sli  iSi  E  S  E  lili  ss!  E  Si  ^  E  »i  S  E  E  S  E  E  Siii  Sk  d: 

ii'E  E  E  E  E  E  s  i  ii  i  i  i  i  i,  H  i  i  i  i|  i 

n  a !!»  SB  !SS  8i8  8!8  8S!  Sffi  SS!  !S»  SS  RS  i»  SUi  KS  !I8I  SSI  K!  '.S!  »8  ~" 

iiliiiiliiSieiiiiiiiiii 

M  H.i>  M18)  m»i  ioj»  w»u  MJST  Mw  enn  ujm  bjjjj  wm  ««»  .«m  w»>  «m»  «»»  ;|»|  Jg»5 

s  jsn?      s???  taiii  as  ssti  asi  sa?  snu  ssn  sui  8«j 

u       )so4i  742*1  raM4  n«««  KM7  n««)  Mn7  um  mn  u))7  mn  wm)  nni  nm       nm  %isi  j'lji  4«|o«- 

%  ;;;■};  iisj?    isjjj  sn;  g?s  s?i{  asn  ssi  imi    ssd  jsn  ysi  '48$  ss?  3S!?i  sBii  z\i 

iiiiiiiiiiiiiiiiiiiiiiii 


ri 

7^  77081 


'.w. '?!}'  S!'i  jj'Ji  Hi?!  !t25;  fSS  ^\  I1I5S  SJU  IT,?;  ZV,  JIS^J         U«5  ;JI51  ?!??}  UHl 


Hpi  iivi  mii  rniii  ««•  jiiij  jjji;  Ijw  mpKi  |7J«  w«  e«j»  «t7»  ««J  M«i  «o»  m|«  wiji        «  u  j^.., 

iiiH  iiis  E  E  E  E  E  E  aii  E  E  S  w  iiiS  E-i  sis  a:  ssk    sis  s!« 


99659 
99871 


ii  sis  in  S  E  SSI  ii  E  p  11 E  E  i  E  i  f  H  i  i  i  1  s 

"     !S!i  5S1  E8!  !l»  SB  nS!  88!  SIS  SS!  88!  SS  SS!  85S  SS!  818  SSi  SJR  «» ;8!!  ~« 


«  '7?13 


9Q901 
99907 


s ;;!;;  ;a  ai!  Ksi  asj  SB  KS    «!!  Kil Si  asi  ss ;«  k  S!!    ijSi  gj 


i  i  i  11  i  i  i  ii  si  ^  1  e  ii;  li  ss  e  e  s  s 

;    sn    sai  sa  ssi  Kii  sii!  sr.  KSi  ssi  ss  »  ffli  iS  SRi  n  »«  »,!  Jgi  •••^ 


/r^4<i  7610  7 


7f?h1  /H147 
77?r4  /m67 

r7?9i  7Mnl 


!r,n  r,s!i  s!5?!    as??  is!;j  sui  '^w  n\'^  issj  S5S  r,?  jj^ii 


999'n 


>f  /7317  76471  79589  60661  61749  62637  84061 

tf  7(i43f  /9601  60661  61761  B2647  64867 

«A  /7U4  tnAU  79609  ft0667  6176Q  6268)  64069 

19  >7»47  76467  7<Hn  M70I  gWTl  WW  MUl 

llrt  r^isi  /wri  796;l  (»l7n  61799  W69|  64U> 
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25.  Numerical  Interpolation,  Differentiation, 

and  Integration 

Phiup  J.  Davis*  and  Ivan  Polomskt* 
Conteii^ 

Fonnolw  Page 

2S.1.  Differences  ,   J77 

Interpolation   878 

25^  Differentiation  

  886 

  896 


2S.4.  Integration  

2B^  Ordinary  Differential  Equations 


Reforenoes  

Table  2S.1.  t»-Point  Lagrsngian  Interp<dation  Goeffidenta  (3  $n  ^8) 

Exsot 

lOD 

lOD 


n=3, 4,  |»=- 

fn-n 
-  2  . 

(.01) 

"n" 
.2.' 

«'=»6i  6,  !>«=  — 

"n-r 
.  2  . 

(.01) 

V 

A' 

n«=7,  8, 

'n~r 

L  2  J 

(.1) 

V 
A' 

Table  2S.2.  n^Point  Coefficients   for  k-it   Order  Differentiation 

(1^*^6)  ^  

A=l,  n=3(l)6,  Baiact 
it=2(l)6,  n=lr+ 1(1)6,  Exact 

Table  28.3.  n-Point  Lagrsngian  Integration  Coefficients  (3     ^  10)  .  . 
n»3(l)10,  Exact 

Table  2S.4.  Abscissas  and  Weight  Factors  for  Gaussian  Integration 

(2^n^96)  

n«2(l)10,12,  .  .  16D 
^fi^4«(4)24C8)48(16)96,  21D 

Table  28.8.  Abscissas  for  Equal  Weight  Chebyshev  Integration 

(2^n^9)  

nn=2(l)7, 9,  lOD 

Table  28.6.  Abscissas  and  Weight  Factors  for  Lobatto  Integration 

(3^n^lO)  

n«3(l)10,  8-lOD 

Table  28.7.  Abscissas  and  Weight  Factors  for  Gaussian  Integration 

for  Integrands  with  a  Logarithmic  Singularity  (2^n^4)  

n>=> 2(1)4,  6D 


898 
900 


914 


916 


916 


920 


920 


920 


•  Nfttioiwl  Bureau  of  Btondards. 
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TaM«  25.8.  AbaeisBas  and  Weight  Factors,  for  Qausaian  Integr    m  of  Page 

Moments  (1  £n  ^8)   92i 

*=0(1)6,  n«  1^1)8,  lOD 


T«Ue25.9.  Abaeissas  and  Weight  Factors  for  Laguerre  Integration 

1^11^15)   ' 

A»2(l)10, 12,  15,   12D  or  S 


(2^n^l5)   .  ,23 


Table  23.10.  Abscissas  and  Weight  Factors  for  Hermite  Integration 

(2^n^20)   .   924 

fi«2(l)10,  12.  16,  20,   13>16DorS  ^ 

Table  2S.11.  Coefficients  for  Filon's  Quadrature  Formula  (0<,$<l)  .  .  924 

*=0(.01).1(,1)1,  8D  \  ,  t' 


f 


J 
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25.  Numerical  Interpolatioii,  Differentiation,  and  Integration 


Numerical  analysts  have  a  tendency  to  ac- 
cumulate a  multipUcity  of  tools  each  designed  for 
highly  specialised  operations,  and  each  requiring 
special  knowledge  to  use  properly. ,  From  the 
vast  stock  of  formulas  ay^able  we  have  culled 
the  present  selection.  We  hope  that  it  will  be 
useful.  As  with  all  such  compendia,  the  reader 
may  miss  his  favorites  and  find  others  whose 
utility  he  thinks  is  marginal. 

We  would  have  liked  to  give  examples  to 
iUuminate  the  formulas,  hut  this  has  not  been 
feasible.  Numerical  analysis  is  partially  a  science 
and  partially  an  art,  and  short  of  voting  a  text- 
book on  the  subject  it  has'  been  impossible  to 
indicate  where  and  under  what  circumstances  the 
"▼arious  foi^nulas  are  useful  or  accurate,  or  to 
elucidate  the  numerical  difficulties  to  which  one 
might  be  led  by  uncritical  u^  The  formulas  are 
therefore  issued  togethef/with  a  caveat  against 
their  blind  application. 


Formulae 

NoUUion:  Abscissae:  «»<«i<  .  .  .;  functions: 

/.«,.. .;  values: /(«o=5o/'(«<)«y;.      •  •  . 

mdicate  I",  2*,  .  .  .  derivatives.  If  abscissas 
are  equally  spaoied,  afi—A  and  f,=ifiXf,-\-ph) 
(p  not  necessarily  integral).  R,  B»  mdioate  re- 
mainders, y 


25.1.  Dmsreneee 


2S.1.1 


ERIC 


25ele2 


Central  IHfferenoM 


<{„<sA{(«-jk)  if  n  and  J(r  are  of  same  parity. 


Foneard  Difftreneet 
to  Jo 
^  fi 


A, 


A? 


A3 


Central  Differeneet 

as 


2a 


Mma  IMff^renoea 

2SeU  M(/ii)«*(/iI+I+/|..|) 


25ele4 


Dirided  DlffemiCMi 


\Xo,xt, . .  .,asij—- «  Xo'-xt 


•*»>1 


Divided  IMffwemM  In  Terms  of  Fiuwtloiud  VstuM 
2S.1.8 

877 


878 
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2S.1.6  where  «=(je—3eo)  («-^«.)  .  .  .  («—«•) 
and        is  ita  derivative: 

25.1.7 

I 

■ . . .  («.-«.) 

Let  D  be  a  simply  connected  ^domam  with  a 
piecewise  smooth  boundary  C  \(xA  eontain  the 
points  2b,  .  .  a.  in  ita  interior.  Let  /(a)  be 
aoalytic  in  D  and  continuous  in  D+C.  Tlien, 


as.1.8  [ 


/  ft-o 


211.9      AJ^A'/'-'d)  '  (a^<K«.) 


2S.1.10 


/ 


2S.t.ll 


KMipnml  DURbtoimnm 


2S.1.12 


,  ago— 3^3  ,  # 

p(ao,ap,)-p(aPhaci)'^-'' 


2S.2.  InteqpolalioA 
Lagmime  Intorpobitlon^Fimnukw 

2S.2.1  y(x)-|;/,(x)y,+«,(j!) 

2S.2.2 


Q        iZi-In)  .  .  .  (X|-X|-,)(*<-X|+i)  .  .  .  (*!-«•) 

ERIC 


Raaalnder  In  Laf^aage  latafpolatton  Pommla 


2S.2J 


2S.2.4 


/|i^-(x)|:S%^'m«j^U-"(x)| 
:^.2.S 

The  conditions  of  2S.1.8  aref  assumed  here. 

Lagnafe  Intefyplsttott»  Equal^  Spaced  AbsefaM 

j 

n  Folat  Fom^ 
25.2.6     /(j8d+M)=5  ^S(ij)y.+i?.-i 

For  n  even,  (»— 2)  g 

For  n  odd,  (-|  in-l)Sk^  |  (n-1)). 
254.7 


(^+*)l(in-*)l(j)-it) 


A  even. 


25.2.8 


1 


i?..,-^n(j»-*)AV'-'(i) 

1 


«^,n(p-jt)A||  («o<Ka»)' 


Ir  has  the  same  range  as  in  25.2.6. 

Lagrange  Two  Point  Interpolation  Formula 
(Llnoar  Interpolation) 

25.2.9  y(«o+M)  =  (l-p)/o+J»/i-l-i?i 

25.2.10  Blip) « .125AV<"(0  .126A" 

907 


Lagrange  TIm(m  Point  Interpolation  Formula 
2&2.11 

/(jfb+i*)=i4-iy-i+A/o+iiiyi+«i 


25.2.12 


«,(!»)  «.066Ay»'(«)«.066A» 

Lagrange  Pour  Point  Interpolation  Formvla 
2S.2.13 

6  2 

2  0 

2S.2.14  Rtip) « 

.024*y*>  (I) « .024A*      (0<p<  1> 

.042Ay«»  (I) « .042A*      (-  l<p<0,  1<K2) 

(».,<l<*i) 

Lagrange  Fhre  Point  Interpolation  Formula 
25.2.15 

25.2.16  V 

.012Ay»»(|)».012A»      i\p\<l)  - 

.03lAy»'({)  «.031A»      (Kl?l<2)  («-t<Kai) 

Lagrange  Six  Point  Interpolation  Formuia 
25.2.17 

p(p»^l)(p-2)(p-3) 

*  120 

p(p_l)(p»-4)(p-3) 
-f  24 

(p«-l)(p«-4)(p-3)  . 
-  12 

.p(p-H)(y'-4)(p~3)^  p(y*~l)(j)+2)(p-3)^ 
T-    -       12  24 

y(p>-l)(p»-4) 

RJC 
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25.2.18  Rtip)*^ 
.0049AV»>(|) « .0049A*      (0<p<  1) 
.0071AV"HI)".0071A»      (-l<p<0,  l<p<2) 
.02*Ay«>({)«.024A«  (-2<p<-l,2<j»<3) 

 T  aMB^gia^  fl^iif^g*  P<^t#  Twil^MMMfclmiiafcan  ■aim 


25.2.19 
25.2.20 


I— » 


'.0026A'/"(|)«.0026A»  (|j)|<l) 

I 

.0048ft'/" (I)  «.0046A»  (l<|j)|<2) 
.  .019A7<"(|)«.019A'  (2<b|<3) 

(«-i<Kai) 
Ingrange  Eight  Point  Interpolation  Formuln 

25.2il  /(«o+M)«=^3^t/«+i?7 
25.2.22 

.001        (I) «  001 1A»  (0<|<1) 
.0014A»/^H|)«.0014A».  (j^i^^^^ 


.0033fc»/"(l)«.0033A»  [2<f<^ 

.OlOftT' (I)  «.010A»  (7<^Jj"^^ 

(«.,<|<a^) 


Altken*a  Iteration  Method 

Let  /(«|«o»«i  «»)  denote  the  unique  poly- 
nomial of  degree  which  coincides  in  value  with 
/(«)  at  «o,  .  .  «»• 


25.2.23 


/(«|ab,«i)=— 


Jo  «o-«| 
Jo  t^-t 

J%  «*-« 


/(arias,, «,)  a5i-«| 

/(«|aeo,«wa!a) 
y(afiaco,«„afi)  afi-«l 
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Tmyim  EipMulaa 


Newton**  IHvMml  DUTmrnMe  IntOTpelatloa  Fonnuki 
25^26 

y(*)='/o+g   Xi]+Rn 

Jt  ' 

(a^<K«.) 

(Forir,  8ee  .23.1.6.) 

Newton'a  Forward  DSflTorenee  FMmula 

2S.2.28 

A,  AS 

ya  A? 
A, 

29.2.29 


(A,<K«.) 

Rolatlon  ll«>tw«wn  N«wt9n  and  Ugrango  CoofflelenU 

25.2.30  ^.*H'^^|>A)-(l-p)/o+p/i+^i«8+F.«! 


25.2.31 

/(»o+pA)-(i-py.+,,y,-€i£z^<£z2)  ^ 

—  — 

2b    /;,  <s 

»t    A    «?  «J 

25.2Ja 

Relation  Between  Everett  and  Lagtanfa  <j!oatteU»nta 
2S.2.33 

^         Et^AU     E^^AU  Et^A\i 
Ft^AX  F,=i4S 

Everett'a  Formula  With  ThrowlMMk 
(Modified  Central  DiAwenea) 

25.2.34 

25.2.35  ai«*«-.184*« 

25.2  J6       i?«.0OO45|M^|+. 00061  |a;|  ' 

2S.2JI7 

M+;»*)«(i-i»)/o+i»/i+^:a«+Fi«f  *» 

25.2.38  at=**-.207*H  . . . 

25.2.39  R  »  .000032|m«{| + .000062|al| 


ERIC 


(J)«^j(2~p)' 

9^9 


25.2.41  .218a»+.04M»<»+ .  .  . 

25.2.42  /?«.0000037|«ia;i+  ... 


NUMERICAL 

9liBa|UiMoiu  lluowbadi 

28.2.4) 

2S.2.44  .01312«»+.0043«»-.00ia» 
2S.2.48  -  it-^  <*-  .27827<*-H  .0685^-  .01  fla"*  


25.2.46     R  » .000000831^1 + .00000943' 
Bcwcra  Formula  WHh  Thrawbaek 

25.2.47 

/(*o+M)  =  (l-l>)/<.+l!^i+ft('!..«+«"-..«) 

25.2.48  «i=A»-.184** 

25.2.49  A  «. 000451^1 +.00087|aS| 
Thtok's  IntvipelatiaB  Poffmulu 

25.2.S0 

/(«)=/(«•)+ 


/'Pi(«i»*»»a5i»af«)  N 
•  •  •/ 


\  -f(aei,*.)4- 

(For  reciprocal  differenc«8,  p,  see  25.1.12.) 

Trigonometrlfl  Interpolation 
GmiM*  Formola 

25.2.51 


25.2.52 

I.  /  .X ,  ,  Bml(»-av,) ...  em 

f*^*^  8iii|(ai-a^,)...Bmi(ai-a(i,-») 

sin  i(g-»>.n) . ,  ■  Bin 
sin  ...  sin 

b  a  trigonometric  polynomial  of  degree  n 
such  that  <,(«»)='/»      (*=0,1,    .  .,2n) 

Hwmonk  Aiwlyais 

Equally  spaced  abscissas 

jto'=0,      Xu  '  .  .,«»-i»a5ii==2» 

>4;f  25.2.53 
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25.2.54 
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tn»2n+l 


(ii;»0,l, . .  .,n) 


25.2.55 


m»2» 


/r  CO*  ^*f;       ft*'^;^  S Vr  sin  IWr 

(4=0,1, ..  .,n)      (ilr=0,l, . .  .,»-l) 
is  arbitrary. 

SubtalNilatloB 

Let  J{x)  be  tabulated  initially  in  intervals  of 
width  A.  It  is  desired  to  subUbulate  Jix)  in 
intervals  of  width  h/m.  Let  A  and  A  designate 
differences  with  respect  to  the  original  and  the 

final  intervals  respectively.  Thus  Zg"/  (^+^} 

-fixt).  Assuming  that  the  original  6*^  order 
differences  are  zero, 

25.2.56 

-    1  .  .  1-m  .. ,  (l-m)(l-2m) 

.  (l-i>»y(l-2m)(l-3m)^4 
Sim*  ^ 


1^» 


From  this  information  we  may  construct  the  final 
tabulation  by  addition.  For  m<=>  10, 

28.2.57 

i,=» ,  lA,-  .046A8+ .0286A8-  .02066AJ 
ASs  .01  AS- .009AS+ .007725AS 
2^«.001Ai-.00136AS 
.0001  AS 

Linear  Invarae  Intaipolattoa 

Find  j»,  given  y,(«/(a^,+l*)). 


25.2.88 


9in 
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Ibtow  latopelatlon  hf  Rmutlhn  «f  i 
aS^M    Given /(«,+iiA)a/,-^atf> 


ImmkMi  af  Ncwtoa**  Fovwatd  DUtonae  Fwnivla 
2S^.6S 

«a=/o 

2    2  "^"W    ' '  * 

«»— gj+  . . . 

(Ua«d  in  conjunction  with  2^^8.62*) 

Invmloa  of  E««m«|*«  Pamtala 

21^64 

«•=/(» 

V  »   3   6'''20'^30'*"  •  • 

^   2   24    *  *  * 

"»       6         24      •  •  • 
«.-24+  .  . . 


(Used  in  eonjunetion  with  28*2*62.) 

ERIC 


28.2*65 


BlT«rinte  Interpolntfam 
TluM  Fofakt  Fomvk  (UaMr) 


1 


/ 


Pour  Pdnt  F«tnittU 

28.2*66 


1  . 


/(*»+i*,lfe+flfc)=U-J»)(l-fi)/o.a+P(l-5)yi.a 
Sis  Poiat  Pofmuki 

28*2*67 

<'  • 


2  2 

+£(2z|£±i)y,.,+p2/,,,+0(y) 

28.8*  DiflSBTCntUitiim 
!*■  Formula 


28*8*1  /'(*^-^ 


(Soe  28*2.1.) 
283.2  <;(!()• 
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y«(g) 


KUMERICAL  ANALYSIS 


883 


2^ 


Equally  Spaced  AbaeiiMw 

 Tti»«m  PtttoU  


J{  (p-i)/-»-2«/o+(l'+i)/i} 

Four  Potato 

1-69+2 


Flv6  PoUito 


2S^.6 


4»'+3y'-8i>-« 


For  niunerical  values  of  differentiation  coeffi- 
eienta  see  Table  23.2. 

(NewMtn's  Forward  Diffcrenee  Ponnnia  Diffawntlatod) 
2S.S.7 

25.8.8 

(a,<K«.) 
28.8.9     V'o«Ao-gAj4-|Aj-jAj+  . . . 


284.10  W=A}-rA8+{|AS~|AS+... 


28.8.11 


28J.12 


ERIC 


V/i«=Aj-2AS+^A8-gAS+  . . . 
28.8.13  , 

Bm«tt*s  Fonaula 

28.8.14 

5g*-20p>+15p'+l0j>~6    ■  ^-15p^+4 
"*  120 


120 


283.18 


DlflteMMM  in  Temw  «f  Devlvatlm 


28.8.16 


284.17 


A5«               W+J  W 

284.18 

284.19 

28.8.20 

Partial  DMlvatfvM 

284.21 

912 
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29.3^ 


C/i.«-2A«+y.,.p)+0(A«) 


+i6y-,.,-y-a.,)+o(*«) 

I 

•    4  • 


•    o  • 


^•-^  (/M-2A.+y-..i+Ao-2yo.o4-y.,., 


ERIC 


s^*"^  (/»..-A-.-y-...+y-...,)+o(A«) 


g^-gF  c/>.o+y-i.o+/o.i+yo.-i 

-2A,-Ai-y-i.-i)+0(*») 


2S.3.29 


•     O  0 


•~2A.o-2/_,.o--2Ai-2A-i+4yo.a)+0(A«) 


913 


< 


NUMERICAL  ANALYSIS 

25.3.33 
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25.330 


(tti.o+tto.  i+tf-i.o+«o.  -i-4tio.o)+0(A«) 

25.3.31 


V»tt,     j-^^^,  (-60«o.o+16(t^o+t<o. i+t*-i.o+««. -i) 
-(tii.o+tto.a+t*-a.o+«o.-a)l+0(A*) 


Blhjumonlc  Operator 


25.3.32 


•    <>  • 


ERIC 


(20tto.  0- 8(«i.  0 + tto.  I +«- ,.  0+ «o.  - 1) 

4-2(tt,.i-ftii.-i+tt-i.i+t*-i._i) 

+(tto.a+%o+«-».o4-%-a)l+0(A*) 


•    o  • 


VXo*'^*  l-(«O.I+««.-8+«S.0+tt-|.o) 

t 

+14(tto.a+%-8+t«a.o+«-s.o) 
T77(M<M+tio.-i+tti.o+li-i.o) 
4-184tto.o+20(«,.i+i*i.-i+tt-i.i+tt-i.~i) 
—  («i.a+tia.i+tii.-a+«a.-i+tt_i.j+«-j.i 

+U_,._a+ti-j.-,)l+W) 

25.4.  Integration 
Trapesoldal  Rule 

25.4.1 

J'Vu)rf=c-|  (/o+/.)-i  {.t-t,){t,-i)j"{t)iU 


Extended  Trrpesoidal  Rule 


25.4.2 

Error  T«rm  In  Tr«p€8oldal  Formula  t^r  Periodic 
FunetUnui 

If  /(x)  is  periodic  and  has  a  continuous 
derivative,  and  if  the  integral  is  taken  over  a 
periodi  then 

|Ern>r|<?""''''^"* 


25.4.8 
25.4.4 


Modl&ed  Trapestrfdid  Rule 


914 


9lmpMiii*a  Rule 


886 

2S.4.S  . 

J^^/(x)rfx=^(/,+4/,+y,i 
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2S.4.6 


Extondcd  $inpwn*a  Rule 


4-2(y,+A+  . . .  +/^.,)+y„i-^V(«(l) 

Eufor-Maclaurin  SummatliMi  Fomula 

2S.4.7 

J^"y(x)rfx=A[|+y.+y,+ . . .  +y...44] 
w--/.)- . . .  (y?-'-yj'»-'i+if« 

(For  Aatf  Bernoulli  numbers,  see  chapter  230 

If and  do  not  change  sign  for 

jeb<a?<a^„  then  \Ru\  is  less  than  the  first  neglected 
term.  If  f^*^{x)  does  not  change  sign  for 
«D<x<x,^  \Ru\  is  less  than  twice  the  first  neglected 
term. 

Leiranie  Peramh 

2B.4S 

(See  25.2.1.)  ] 
2S.4.9 

25.4.10  ff--^^— £ir,(x)/-+"(|(z))rfz 

25.4.11  «^-"rSi^Ab.d«M». 

ERIC  813 


25.4.12  J  V'y(a,)rf,«A    ^    A,(^m)MRn  • 

(See  Table  25.3  for  At{m).) 

Newton-Cotee  J^ormulee  (Cloeed  Type) 
(For  Trapezoidal  and  Simpson's  Rules  see  2S.4.i-> 


25.4.6.) 
25.4.13 


(9iinpeon*e  |  rule) 


(Bode*!  rule) 

J^V(«)rfx=^  (7yo+32y,+i2y, 


'*9 

25.4.14 


25.4.15 


+32y.+7y^-»' 


JV(«)<'«-^  (i9y,+76y,+6oy,+6oy, 


+76y4+i9y,). 


275y<«(|)A' 


25.4.16 


12096 


ry(i)<i«»j^(4iy,+2i6y,+27y,+272y, 


+27y«+2i8y.+4iy.)-5^^' 


25.4.17 


JV(«)rfa?-i^  (761/,+3677y,+1323y, 
+2989y,+2989y4+1323y,+3677/, 


+761/,)  .^-^^ 


25.4.18 


JJ'y(«)rf«-j^  (989fo-^fi888y,-92^, 

+ 1049^,-4640/4+  10496y,-928y,+688^T 


+989/,)-J^y«»«)A" 


25.4.19 


+  16741  Ui  +f») + lOaOC/.+yr) + 19344C/»+y«) 


173 


'  +6778(y,+y^}~ji^'«(|)A" 


*Sm  p«ge  It* 


^  NUMESICAL 

P*ji*)d^2mr^  ^  i6067(y,+y,«) 

4-106300(/,+y.)-48625(/,-|-y,)+272400C/,+/7) 
-260660C/«+/i) +427368/,} 

1346ii50         . „ 
32(»i86»2-' 

N«wtaa-C0lM  PofmalM  (Opoi  Trpe) 

2S.4.22 

J  /(x)dx>— 3  (2/i-/i+2/i)+-^^Q 

y(x)<<*«»24  (1  W+  144 

25.4^ 

fVw'-^  (iiy,-i4/,+26y,-i4/,+iiy,) 

140 

25.4^ 

J^''y(x)rf*-j^(611/,-45^a+562/,+6fl2/« 

•  -46y,+6n/o+^'*'U)A» 

28.4.26  s 

J^'*y(*)rfx-^  (46(y,-964/.H-2196/,-246tt^4 

■,-96V.+46(yT)+^/"(t)A' 


25.4.27 


Fhre  Pdat  Rule  for  Aoaljrtle  Funetlow 
1,+  Ih 


lie 


2,-  ih 
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£*''^V(a)<'2=il(2H/(«o)+4[y(2o+A)+^^ 


-lM+t*)+y(2o-iA)l}+« 


l*l:S-r3SiMax|/«'(3)|,  S  designates  the  square 
with  vertices  Zo+i*A(ir»0, 1 ,2,3);  Acan  be  complex. 
ChabytlMV^*  Equal  Wdght  Integrattan  Fomula 

2S.4.2&      P  mdx'^lpJ(*iHRn  , 

AbBcissas:  X|  is  the     zero  of  the  polynomial  Wt 
of  X 
r  — n     n      n  1 

(See  Table  25*5  for 

For  n=8  and  n>  10  some  of  the  zeros  are 
complex. 
Remainder: 


(n+l)!- 

where  |=|(a()  satisaes  0<(^x  and  O^lt^x, 

 ») 

Integration  Fonnulas  of  Gaussian  Type 

(For  Orthogonal  Polynomials  see  ch^ter  22) 
GauM*  Fonnala 

28.4.29  J*^y(x)rfx«jfjwJ(x,)+/?, 

Related  orthogonal  polynomials:  Legendre  poly- 
nomiaUP,(»),P,(l)=l 

Abscissas:,  x,  is  the  <**  zero  of  P,(«) 

Weights:  t»,=2/(I-a«)[P;(x,))« 
(See  Table  28.4  for  x,  and  tf)|.) 


2««+«(n!)< 


^/«->(()  (-KK1) 


(2n+l)l(2n)!l» 
GauM*  Fomulat  Arbitrary  Interval 

28.4.30  £j(v)dy-^^  g  V(y<) 

'  v.=(¥).+(^) 


^0«t  pate  It. 


888 


Related  orthogonal  polynomials:  P,(x),  P,(l)=l 
Abscissas:  Xt  is  the     zero  of  Fn(*) 
I  .  Weights:  ii»,=2/(l-aj)t/*'.(«i)l» 

'  (2n+l)l(2n)!p-' 


NVMERICAt  AMALT8IS 

28.4^ 


Rwlau**  Iiit«fnittoB  FoimuU 


2S>.4.31 


Related  polynomials: 

P,-,(»)-t-P.(») 

Abscissas:  Xi  is  the  t**  zero  of 
Weights: 


x+1 


_  1 C  \-x,       \_  1 


Remainder: 


((n-i)!lV"-»(()  (-KKD 

Lobatto't  Integration  Fonnula 

25.4.32 


Related  polynomials: 

Abscissas:  /,  is  the  (i— 1)**  zero  of 

Weights: 


w,- 


2 


(Hee  Table  2S.6  for  /<  and  u><.') 
Remainder. 

(2n-l)(;2n-2)!l' 


ERIC 


(-KKD 

917 


JJ«7(x)<<jf=jf;tr,M)+«. 

Related  orthogonal  polynomials: 

5.(»)=V*+2»+lP,*«(l-2») 
(For  the  Jacobi  polynomials  Pii***"  see  chapter  22.) 
Abscissas: 

Xt  is  the  t^^ero  of  q^ix) 

Weights: 

tr,-{§I«i(«.)]*)-"  '  • 

(See  Table  23.8  for  Xt  and  w,.) 
Remainder: 

*""(*+2n+l)(2n)!Llf+2iorJ  <°<*<D 
25.4.34 

Related  orthogonal  polynomials: 

-=L=PH^,(vr^),p*.^,(i)=>i  • 

VI— X 

Abscissas:  Xt=l—&  where  (<  ia  the  i*^  positive 
zero  of  P,,+i(x). 

Weights:  w,=2(?w|»"*»>  where  are  the 

Gaussian  weii^ts  of  order  2a + 1  • 

Remainder: 

o  ^     y"^»((2n+l)l]«  .  . 

*""'(2n)!(4»+3)l(4n+2)lF    «^  (0<C<D 

25.4.35 

J]V(y)  VJ=yrfy=(6-a)"*  |}  «'J(y.) 

y,=o+(6-a)*i 
Related  orthogonal  polynomials: 

VI— « 

Abscissas:  af,=  l-{?  where  (<  is  the  positive 
zero  of  Pa,+i(a). 

Weighta:  «;,=2(1wi»"*«'  where are  the 
Gaussian  weights  of  order  2n  + 1  • 


I 


25.4^ 


Jo  vi 


At 


>\  Related  orthogonal  polynomials: 


Abscissas:  a!,=  l-(?  where  |<  is  the  i'*  positive 
zero  of 

Weights:  tOj=2w}*",«'{'"*  are  the  Gaussian  weights 

of  order  2n. 

Remainder: 

4n+ll(4n)!r 

l/<=o+(6-o)x, 
Related  orthogonal  polynomials; 


NUMERICAL  AJ^JALYSIS 
Abscissas: 


Weights: 
25.4.40 
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Abflcisssfl: 

Xj^l- 1?  where    is  the  i**^  positive  zero  of  Puk^). 

Weights:  W4=2i«>{^''\  w}**^  are  the  Gaussian  weights 
of  order  2n. 

25-4.38  P^J^dx^^WiJ{tinRn 

Related  orthogonal  polynomials:  Chebjrshev  Poly- 
nomialfl  of  First  Kind 


Abscissas: 

Weights: 

Renmimlor: 


(2i-l)ir 
2n 


If 


(2n)!2 


^,y""'(i)  (-i<Ki) 


2S.4.39 


2^2 

Related  orthogonal  polynomials: 

ERIC 


Xj=COS 


{2i~\)x 
2n 


r 

n 


« 

Related  orthogonal  polynomials:  Chebyshev  Poly- 
nomials of  Second  Kind 


^^^_^sin  [(n+1)  arccos  x] 


Abscissas: 
Weights: 

Remainder: 


sin  (arccos  x) 


X|5=C08 


n+1  n+1 


25.4.41 

6+a  ,  6— a 

» 

Related  orthogonal  polynomials; 


U  /jv_^sin  [(n+1)  arccos  t] 
_  ,  sin  (arccos  ») 


Abscissas: 
Weights: 


x<=^cos 


n+1 


ti^.»-^^  sin^  — 7-r-  # 
*  n+1  n+1 


25.4.42 


Related  orthogonal  polynomials: 


Abscissas: 


Weights: 


il8 


,  2i-l  ir 


2ir 

^•==2jrH  ^* 


*Spi^  pAge  II. 


890 

Remainder: 
2S.4.43 

« 

Related  orthogonal  polynomiab: 


NUMERICAL  AKALTBI8 

Remainder: 


Abscissas: 
Weights: 

2S.4.44 


Xi^sCOS' 


'  2n+r2 


2ir 


2n+l 

£  In  x/(*)d*-jfj  W(*,)4i?, 


Related  orthogonal  polynomials:  polynomials  or- 
thogonal with  respect  to  the  weight  function  —In  x 
Abscissas:  SeeTaUe2S.7 
Weights:  See  Table  25.7 


2S.4.4S 


Related  orthogonal  polynomials:  Laguerre  tjI 
nomials 

Abscissas:  xt  is  the     zero  of  Lmix)  ^ 
Weights: 

_  *L  


(See  Table  25.9  for  Xt  and 
Remainder: 

(nl)« 


26.4.46 


Rfllatmi  orthogonal  polynomials:  Hermite  poly* 
nomials  //,(/). 

Abscissas:  X|  ia  the  t*^  zero  of  H^ix) 
Weighty: 

2-'nlV? 
n«(//-,(*i)l« 


^n^"  Table  25.10  for  Xt  and  t&i.) 
ERJCumT 


9ia 


^•-2WI'^"^^^     (— <K«) 


25.4.47 


Pllea**  InUgntion  Fotmuls  * 


J**/!*)  cos    dx'^'h  ^<tith)(jH  ain  ta^. 


25.4.48 


sin  txo)  -hfiith)  -Cu+yith)  •  <^,|-, 


Cji.'-g/**  cos  (<«!,)-- JLfj,  COS  tXtnHo  cos  <Xbl 

25.4.49 


25.4.50 
25.4.51 
25.4.52 


SS-i-jfj/fl'-isinta^,., 


1  .  sin2»  2sin«g 
oW="j+-2jf  ^ 

For  small  9  we  have 
25.4.5S 


46  316  M726  *  * 
-  2  ,20*   4**  , 


4  2«».  tf« 


+  ... 


25.4.54 


3   15^210  11340 
Jj'*V(«)  «n  <«<<»=A[^a(M)(/a  cos  <a^-/a,  cos  tx»») 

25.4.55 

sin  t/*,  sin       +/oBin  (<«o)l 

•  For  eertain  diffleulttes  assoetst^d  with  thig  formula, 
•M  th«  article  by  J.  W.  Tukey,  p.  400,  "On  Numerioal 
Approslmation,"  Ed.  R.  E.  Langer,  Madison,  1059. 
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2S.4.S6      Sin  -  »'°]|J  /«  « - «) 

25.4^7      r,..,«|j/i!l,  cos 

(8<?«  Table  2S.U4or  a,  0,  y.)  . . 

Iterated  Integrak 

2S.4.S8 

Jo       Jo  Jo  Jo 

2S.4.99 

Jo        Jm  J«  Ja 

MultidlmeiMlonal  Intagnitlon 

-  Circ'umfwence  of<?ircle  T:  3^-\-j^^h^. 
2S.4.M 


1 

2irA 


iC08  — »  Asm  —  I 


Jr  2m  irI-'V       m  to, 

Circle  r?:  jc»+j/'<  A*. 


25.4.61 


ERIC 


(»<,y<)  «i 

(0,0)  1/2 

(±A,0),  (0.±A)  1/8 
/ 


(±|.±|)  1/4 


(0,0) 
(•±A,0) 


1/12 
1/12 


920 


T 


802 
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(«i,y<) 

(0,0) 

(±A.O) 

(0,±A) 

(4-4) 


1/24 
1/24 

1/6 


i?=0(A«) 


(0,0) 


1/4 


/ 


(i-^A.o)         1/8  i?=0(A«) 


(«i,y<) 

(0,0) 


1/9 

16-fV6 
360 


(i5r«l  10) 


360 


ERIC 


Square*  5:  |«|^A,|y!<A 
25.4.62 


4^JJy(»»y)rf«rfy=jg  wc/(x„y,)+i? 


I 

I 
I 

— k — 


(««,yO 
(o;o) 

(±A,±A) 

(±A,0) 

(0,±A) 


4/9 

1/36 

1/9 

1/9 


i?=0(A*) 


(»<,y<) 


1  1/4 

i?=C?(A*) 

f  • 

1 

1 

 ■# 

1 

1 
1 

#  • 

(0,0) 


16/81 


^  For  regioiu,  sueh  as  the  nquare,  cube,  cylinder,  etc., 
which  are  the  Cartesian  products  of  lower  dimensional 
regions,  one  may  always  develop  integration  rules  by 
''multiplying  together''  the  lower  dimensional  rules.  Thus 
if 

is  a  one  dimensional  rule,  then 

beoomes  a  two  dimensional  rule.  Buoh  rules  are  not 
neeeisarily  the  most  ''eoonomioal'\ 


921 


tnmrauciL  'analtus 
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10/81 
10/81 


EqnfUteral  Trtaagl*  T 

Radius  of  Circunuwribed  Cirele»/i 
25.4.63 


(0,0) 
(A,0) 


3/4 
1/12 

1/12 


ERIC 


(0,0) 

27/60 

(A.0) 

3/60 

(44^) 

3/60 

(4o) 

8/60 

8/60 

f 

(«<,y<) 

(0,0) 

((-^)M) 


270/1200 


1200 


155+Vr5 
1200 


Regular  ItawgoB  H 

Radius  of  Circumscribed  Circles 

2S.4.64 

«—  ff/(«,y)rfarfy-i;<f</(«<,y<)+« 


V 


(«<,y<) 

(0,0) 


21/36 

6/72  «=0(4«) 
6/72 
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,-4— »V- 


!  •i 


(±Avn,±Ay,2) 


Surface  of  Sphere  2:  2*4-v'+«*»A* 
25.4.65 

5^  JJV(*.tf»2)<'»-g  v>J(xt;yt^t)-\-B 


268/1008 
126/1008  \ 

126/1008 


/  <  V 

T  IS" 

«i 

(±A,0,0) 

1/6 

(0,±A,0) 

1/6 

(0,0.  ±A) 

1/6 

/ti> 

(±Vi*'°'^\2  0 


(±A,0,0) 
(0,±A,0) 
(0,0,  ±  A) 


1/15 
1/30 


32/840  £»0(A*) 


(±A,0,0) 
(0,±A,0) 
(0,0,  ±  A) 
Sphered;  «»+y*+a»^A* 
25.4.66 


40/840 


f-*^  Jj*f/(«,»,«)rfarfi^«-j|j  wJ(«„y„»,)+J? 


ERIC 
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(0,0,0) 
(±A,0,0) 

(O,i:A,0) 
(0,0,  ±4) 


2/6 
1/10 

1/10 
1/10 
Cube'C;  \t\<,K 


R^om 


28.4.67 


i?=0(A*) 


(±A,0,0)  1/6 
(0,±A,0)  1/6 
(0,0,  ±  A)  1/6 

23.4.68 

c 

1-  49fl/«4-1282/r+82://+62I/,)+0(A«) 

2S.4.69 

-^lo  (91 S//"  402:/,+ i62:y,n-0(A«) 

wht*re/.,^/(0,0,0). 


>  8(M)  fimtnoie  to  18.4*61* 


i^rnsum  of  values  of  /  at  the  6  points  midway 
from  the  center  of  (7  to  the  0  faoes* 

XlZ/ssmn  of  values  of  /  at  the  6  oenters  of  the 
faces  of  C. 

S  /itasum  of  values  of  /  at  the  8  vertices  of  0. 

22/#BSum  of  values  of  /  at  the  12  midpoints  of 
edges  of  <7« 

!S/jqasum  of  values  of  /  at  the  4  points  on  the 
diagonals  of  each  face  at  a  distance  of 

^^Jbh  from  the  center  of  the  face. 


2SA70 


Tetrahedron:  ^ 


40 

+ terms  of  4*^  order 


+ terms  of  4*'*  on^er 


where 


V:  Volume  of  ^ 


ERIC 


2I/i:  Sum  of  values  of  the  function  arthe  vertices 

'X^t'.  Sum  of  values  of  the  function  at  midpo|nts 

of  the  edges  of 
2^,;  Sum  of  values  of  the  function  at  the  center 
of  gravity  of  the  faces  of  3^ 
/«:  Value  of  function  at  center  of  gravity  ot  T . 
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2S.8.1 

29^2 


28.8.  Ordinary  DUbrentlal  EquatloiM* 
Pint  OrdOTi  y'a/(«,  y) 
Polat  Slops  FotmnUi 

y.+i=v.-i+2Ay;+0(A*) 

TnipMoldal  Pwnnla 

»4+.='y.+g(y;+.+»;)+0(A») 

Adamt*  EstnipelatliMi  Formula 


28.S.4 


Adamt*  IntorpolatloB  Fomiula 


28.8.8 


*,«  V  (*»+3  *»y»""3  *»+*»)' 

Gin**  Method 


Rimge-Kutta  Methods 


28.5.6 


*i=V(*»»y.),*«=A/(*»+A»y»+*i) 

28.5.7 

Third  Order 

2S.5J 


*Th(<  reader  in  eaiittoned  affatnst  powtble  iiwtabiUti(>fl 
enpt'ciaiiy  In  formulas  aS.S.S  and  2S.S.18.  See,  e.g. 
126.1  lU26.i21. 

ERIC 


28.8.9 

y.+i-y.+j*»+|*,+0(V) 
*.='V(«w+|A,y.+|*.) 

Fourth  Order 

28.8.10 

y.+i»y.+g      *.+!      *4+ W 
*i«V(«.,y.),*i«v(*.+2  ^'J^'+J  *») 

28.8.11 

y.+i-y.+|  *,+!  fe+l  ir4+0(A») 


28.8.12 


+2(l+^)*,+*4)+0(A*) 

*a=v(»«t|A.y,+5*,) 
*.=v(«.+gA.y.+(--g+-^)*. 


25.8.13 


Pr«dlotor-Correotor  Methoda 
Mllne*e  Methode 

4A 


P:  y,+i=y-i+f  (2y:-y;-i+2y;.i)+0(A*) 


C:  y.+,«y..,+§(y:-i+4y:+y;+,)+0(A») 
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2S.S.U 


3A 


+12y;.,+32y:.,4-7y:-,).+0(A') 
Formulu  Using  Higlm  Derivatives  \ 

25.5.1S 

P:  yoi=y.-»+3(y,-y,.,)+A«(y;'-y;'-,)+0(A») 

C:  y.+.=y,+^  (yUi+y;)-i^  (y;Vi-y;')+0(A») 
2S.S.16 

P:  y,-n=y.-i+3(y,-y,_,)+|'(y;"+y;'.',)  f O(A') 

C:  y,H=y.+^(yU,+y;)-f5(y;V,-y;') 

+^(y;';.+y;")+o(A') 

Systemi  of  Differential  Equations 
First  Order t  y'=J(x,y,z),  z'-g{x,y,z). 
Second  Order  Runge>Kutta 


2S.5.17 


y.>i-y,+^  (*.+*i)+0(A'), 


1 


*a-A/(/,+A,y,+*„2,+/,), 

'j=Aj;(i.+A,y,+*i,2,+/i) 

Fourth  Order  Hunge-Kutta 


2S.S.18 


y,  *i=y,+Q  (*! -f-2*,+2i5r,+*«)  4-0(A»), 


v,M--%+J(/,+2/,+2/,+  /,)+0(A») 


ERIC 


I 

( 'o-^ij  ^.y«+|  ^i) 

'i-A?(x.+*'y.+|'5.+^i) 


/.-Ap(x.+^.y,+|S3,+§) 

*4=V(a?.+A,y,+ilr,,2,+/,) 

/4=Ap(«.+A,y,+*»,«,+W 
Second  Ordei^i  y"=/(x,y,y') 


2S.S.19 


Milne's  \MetluMl 


4A 


\ 


P:  y;+i='y;-»+^*  (2y'A-v--«+2y';)+0(A») 
C:  y;+,=y;-,+^  (y;'.i+\y;'+y;V.)+0(A») 


2S.5.20 


Runge-Kutta  Mei^wd 

y.+i=y«+A  [y;+g  (it,+*,4\it,)]+0(A») 

*,=A/(«„y„y;)  i 
*a=A/(x,+i  A,y,+|  y;+|  ifc,.y;+|) 

it.-A/(x,+iA,y,+5y;+|it„y:+|)  • 

*«=A/  (x,+A,y,+Ay;+|  *„y;+it,) 

Second  Orders  y"~f{z,y) 
Milne**  Method 

25.S.21 

P:  y.+i=y»+y.-8-y»-i 

(6y;'+2y;'.,+6y;t,)+0(A«) 
C:  y.=2y,-,-y,.,+|  (y';+10y;'-,+y;-,)+0(A«) 

Runge^Kutta  Method 

25.5.22    y,+,=y,+A  (yi+J  (ilr,+2*,))+0(A*) 

y;+i=y;+-^*i+5*a+l*a 

<*i=A/(x„y,) 

/!r,'=A/(/.+|,y,+|y;+J*,) 
*.-=A/(*.+A,y,+Ay;+^*,). 
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Table  2S.I    TIIBEE-POIIST  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


p 

4 

P 

A 

A 

V     A . 

0*00 

-*0«00000 

1.00000 

0.00000 

0.50 

-0.12500 

0.75000 

0.37500 

0*01 

.0.00495 

0.99990 

0.00505 

W.  W  ^  W  V 

0.51 

-0.12495 

0.73990 

0.38505 

0,02 

.0.00980 

0.99960 

0.01020 

0.52 

-0.12480 

0.72960 

0.39520 

0,03 

.0,01455 

0.99910 

0.01545  ' 

0.53 

*-0.12455 

0.71910 

0.40545 

0«04 

-0.01920 

0.99840 

0.02080 

0.54 

-0.124?0 

0;70640 

0.41580 

.0,02375 

0.99750 

0.02625 

0.55 

-0.12375 

0.69750 

0.42625 

0.06 

•0.02820 

0.99640 

0.03180 

0.56 

-0.12320 

0.68640 

0.43680 

0.07 

.0.03255 

0.99510 

0.03745 

0.57 

w.  ^  f 

-0.12255 

0.67510 

0.44745 

0,08 

.0.03680 

w  .  w ^ Www 

0.99360 

0.04320 

0.58 

-0.12180 

0.66360 

0.45820 

0.09 

-0.04095 

0.99190 

0.04905 

0.59 

-0.12095 

0.65190 

0.46905 

0«10 

-0.04500 

0.99000 

0.05500 

0.60 

-0.12000 

0.64000 

0.48Q00 

OJl 

-0.04895 

0.98790 

0.06105^ 

0.61 

-0.11895  , 

0.62790 

0.49105 

0.12 

-0.05280 

0.96560 

0.06720 

0.62 

-0.11780 

0.61560 

0.50220 

0»13 

-0.05655 

0.98310 

0.07345 

0.63 

-0.11655 

0.60310 

.0.51345 

oa4 

-0.06020 

0.98040 

0.07980 

0.64 

-0.11520 

0.59040 

0.52480 

0J5 

-0.06375 

0.97750 

0.08625 

0.65 

-*0.11375 

0.57750 

0.53625 

0*16 

-0.06720 

0.97440 

0.0928a 

0.66 

•-0.11220 

0.56440 

0.54780 

0.17 

-0.07055 

0.97110 

0.09945 

0.67 

-0.11055 

0.55110 

0.55945 

0*18 

-0.07380 

«0.96760 

0.10620 

0.68 

-0.10880 

0.53760 

0.57120 

0,19 

-0.07695 

0.96390 

0.11305 

0.69 

-0.10695 

0.52390 

0.58305 

0.20 

-0.08000 

0.96000 

0.12000 

0.70 

-0.10500 

0.51000 

0.59500 

0,21 

-0.08295 

0,95590  V 

0.12705 

0.71 

-•0.10295 

0.49590 

0.60705 

0.22 

-0.08580 

0.95160 

0.13420 

'  0.72 

-0.10080 

0.48160 

0.61920 

0.23 

-0.08855 

0.94710 

0.14145 

0.73 

-'0.09855 

0.46710 

0.63145 

0.24 

-0.09120 

0.94240 

^0.14880 

0.74 

-0.09620 

D.45240 

0.64380 

0  2S 

-0.09375 

0.93750 

0.15625 

0.75 

W.  9  ^ 

-0.09375 

0.43750 

0.65625 

•0  09620 

0.93240 

0.16380 

W.  A  W^wW 

0.76 

-0.09120 

0.42240 

0.66880 

0  27 

^0  09895 

0.92710 

0.17145 

0.77 

-0.08855 

0.40710 

0.66145 

•0  10080 

0  92160 

0.17920 

0.78 

-0.06580 

0.39160 

0.69420 

0.29 

-0.10295 

0.91590 

0.18705 

0.79 

-0.06295 

0.37590 

0.70705 

0.91000 

W.  7A  WWW 

0.19500 

W.A  7^ WW 

0.80 

-0.08000 

0.36000 

0.72000 

•^0  10695 

0.90390 

W. 7W^  7  W 

0.20305 

W.&  w^  w^ 

0.81 

-0.07695 

0.34390 

0.73305 

«.0  10880 

0.89760 

V.W  7  f  W  W 

0.21120 

0.82 

-0;07380 

0.32760 

0.74620 

.0  11055 

0.89110 

W.  w7A  A  W 

0.21945 

0.83 

-0.07055 

0.31110 

0.75945 

0«34 

-0.11220 

0.88440 

0.22780 

0.84 

-0.06720 

0^9440 

0.77260 

0 

-0.11375 

0.87750 

W.W  W  W  ^W 

0.23625 

0.85 

-0.06375  ' 

0.27750 

0.78625 

0 

.0,11520 

0.87040 

W.  W  F  W  ▼  W 

0.24480 

0.86 

«*0.06020 

0.26040 

0.79960 

0  17 

.041655 

0.86310 

0.25345 

0.87 

-0.05655 

0.24310 

0.61345 

0.38 

.0.11780 

0.85560 

0.26220 

0.88 

-0.05280 

0.22560 

0.62720 

0.39 

-0.11895 

0.84790 

0.27105 

0.89 

-0.04895 

0.20790 

0.64105 

0.40 

-0.12000 

0.84000 

0.28000 

0.90 

-0.04500 

0.19000 

0.65500 

0.41 

-0.12095 

0.83190 

0.28905 

.0.91 

-0.04095 

0.17190 

0.66905 

0.42 

-0.12180 

0.82360 

0.29820 

0«92 

-0.03680 

Q.15360 

0.88320 

0.43 

-0.12255 

0.81510 

0.30745 

0.93 

-0.03255 

0.13510 

0.89745 

0.44 

-0.12320 

0.80640 

0.31680 

0.94 

•  * 

-0.02820  « 

0.116^0 

0.91180 

0.45 

-0.12375 

0.79750^ 

0.32625 

0.95 

-0.02375 

0.09750 

0.92625 

0.46 

-0.12420 

0.78840 

0.33580 

0.96 

-0.01920 

0.07840 

0.94080 

0.47 

-0.12455 

0.77910 

0.34545 

0.97 

-0.01455 

0.05910 

0.95545 

0.48 

-0.12480 

0.76960 

0.35520 

0.98 

-0.00980 

0.03960 

0.97020 

0.49 

-0.12495 

0.75990 

0.36505 

0.99 

-0.00495 

0.01990 

^.98505 

0.50 

-0.12500 

3.75000 

0.37500 

1.00 

-o.ooooa 

0.00000 

1.00000 

-P 

Ax 

^0 

-V 

Ax 

^  A-x 

See  25.2.6. 

Compiled  from  National  Bureau  of  Standards,  Tables  of  Lagrangian  interpolation 
coefficients.   Columbia  Univ.  Press,  New  York,  N.Y.,  1944  (with  permission). 
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FOUR.POIVr  LAGRANGIAN  INTERPOUTION  COEFFICIENTS        Table  25.1 


^t(p) 

p{p'-l)(p-2) 
?l+*)!(2-jfe)Kp-ib) 

p 

0.00 
0.01 
0.02 
0.03 
0.04 

A-t 
0.00000  00 
-0.00328  35 
•0.00646  80 
-0.00955  45 
-0.01254  40 

Ao 

1.00000  00 
0. 99490  05 
0.98960  40 
0.98411  35 
0. 97843  20 

ill 

0.00000  00 
0. 01004  95 
0.02019  60 
0.03043  65 
0.04076  80 

il» 

0.00000  00 
-0.00166  65 
-0  20 

—V.  UU^^<7  CV 

-0.00499  55 
-0.00665  60 

1.00 
0.99 

0  QB 

0.97 
0.96 

0.05 
0.06 
0.07 
0.08 
0.09 

-0.01543  7S 
-0.01823  60 
-0.02094  05 
-0.0295S  20 
-0. 02607  15 

0.97256  25 
0. 96650  80 
0.96027  15 
0.95385  60 
0.94726  45 

0.05118  75 
0.06169  20 
0.07227  85 
0.08294  40 
0.09368  55 

-0.00831  25 
-0.00996  40 
-0  OllM  9S 

-0.01324  80 
-0.01487  85 

0.95 
0.94 

0.92 
0.91 

0.10 
0.11 
0.12 
0.13 
0.14 

-0.02850  00 
-0.03083  85 
-0.03308  80 
-0.03524  95 
-0.03732  40 

0. 94050  00 
0.933S6  55 
0.92646  40 
0.91919  85 
0.91177  20 

0.10450  00 
0.11538  45 
0.12633  60 
0.13735  15 
0.14842  80 

-0.01650  00 
-0.01811  15 
-0.01971  20 
-0.02130  05 
-0.02287  60 

0.90 
0.89 
0  as 

0.87 
0.86 

0.15 
0.16 
0.17 
0.18 
0.19 

-0.03931  25 
-0.04121  60 
-0.04303  55 
-0.04477  20 
-0.^04642  65 

0.90418  75 
0. 89644  80 
0. 88855  65 
0.88051  60 
0.87232 '95 

0.15956  25 
0.17075  20 
0.18199  35 
0.19328  40 
0.20462  05 

-0.02443  75 
-0.02598  40 
-0  02751  45 
-0.02902  80 
-0.03052  35 

0.85 
0.84 

0  fl^ 
0.82 
0.81 

0.20 
0. 21 
0.22 
0.23 
0.24 

-0.04800  00 
-0.04949  35 
-0.05090  80 
-0.05224  45 
-0.05350  40 

0.86400  00 
0.85553  05 
0.84692  40 
0.83818  35 
0.82931  20 

0. 21600  QO 
0.22741  95 
0.23887  60 
0.25036  65 
0.26188  80 

-0. 03200  00 
-0.03345  65 
-0  03489  20 

-0.03630  55 
-0.03769  60 

0.80 
0.79 
0  78 

0.77 
0.76 

0.25 
0.26 
0.27 
0.28 
0.29 

.  -0. 05468  75 
-0.05579  60 
-0.05683  05 
-0. 05779  20 
-0. 05868  15 

0.82031  25 
0. 81118  80 
0.80194  15 
0.79257  60 
0. 78309  45 

0.27343  75 
0.28501  20 
0.99660  85 
.   0.30822  40 
\  0. 31985  55 

-0.03906  25 
-0.04040  40 

-0  04171  9S 
-0.04300  80 
-0.04426  85 

0.75 
0.74 

0  7) 

0.72 
0.71 

0.30 
0.31 
0,32 
0.33 
0.34 

-0.05930  00 
-0.06024  85 
-0.06092  80 
-0.06153  93 
-0.06208  40 

0.77350  00 
0.76379  55 
0.75398  40 
0.74406  85 
0.73405  20 

0.33150  00 
0.34315  45 
0.  35481  60 
0. 36648  15 
0.37814  80 

-0.04550  00 
-0.04670  15 

.0  0471)7  20 
—V.  v"t  r  0 1  ft  V 

-0.04901  05 
-0.05011  60 

0.70 
0.69 

V»  QD 

0.67 
0. 66 

0.35 
0.36 
0.37 
0.38 
0. 39 

-0.06256  25 
-0.06297  60 
-0.06332  55 
-0. 06361  20 
-0.06383  65 

0.72393  75 
0.71372  80 
0.70342  65 
0.69303  60 
0.68255  95 

0.38981  25 
0.40147  20 
0.41312  35 
0.42476  40 
0.43639  05 

-0.05118  75 
-0.05222  40 
~0. 0^322  4^ 
-0.05418  80 
-0.05511  35 

0.65 
0.64 

0  h% 

0. 62 
0.61 

0.40 
0.41 
0.42 
0.43 
0.44 

-  -0.06400  00 
-0.06410  35 
-0.06414  80 
-0.06413  45 
-0.06406  40 

0.67200  00 
0.66136  05 
0.65064  40 
0.63985  35 
0.62899  20 

0.44800  00 
0.45958  95 
0.47115  60 
0.48269  65 
0.49420  80 

-0.05600  00 
-0.05684  65 
-0.05765  20 
-0.05841  55 
-0.05913  60 

0. 60 
0.59 
0. 58 

V*  ^W 

0. 57 
0.56 

0.45 
0.46 
0.47 
0.48 
0.49 

-0.06393  75 
-0.06375  60 
-0.06352  05 
-0. 06323  20 
-0.06289  15 

0.61806  25 
0.60706  80 
0.59601  15 
0.58489  60 
0.57372  45 

0. 50568  75 
0.51713  20 
0.52853  85 
0.53990  40 
0.55122  55 

-0.05981  25 
-0.06044  40 
-0.06102  95 
-0.06156  80 
-0.06205  85 

0.55 
0.54 
0.53 
0. 52 
0.51 

0.50 

-0. 06250  00 

A9 

0.56250  00 

ill 

0.56250  00 

ilo 

-0.06250  00 

il-i 

0.50 

P 

930 
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T«ble  ».l         FOt'R-POINT  L.4GRANGIAN  INTE^LATION  COEFFICIENTS 


P 
1.00 
1.01 
1.02 
1. 03 
1.04 

1. 05 
1.06 
1.07 
1.08 
1.09 

1.10 
1.11 
1.12 
1.11 
1.14 

1.15 
1.16 
1.17 
1.18 
1.19 

1.20 
1.21 
1.22 
1.23 
1.24 

1.25 
1.26 
1. 27 
1.28 
1.29 

130 
1. 31 
1. 32 
1.  33 
1. 34 

1. 35 
1. 36 
1.37 
1.38 
1.39 

1. 40 
1.41 
1.42 
1.43 
1.44 

a.  45 
1.46 
1.47 
1.48 
1.49 

1. 50 


0.00000  00 
0.00166  65 
0.00333  20 
0.00499  55 
0.00665  60 

0.00831  25 
0. 00996  40 
0.01160  95 
0.01324  80 
0.01487  85 

0.01650  00 
0.01811  15 
0.01971  20 
0.02130  05 
0. 02287  60 

0.02443  75 
0.  02598  40 
0.02751  45 
0.02902  80 
0.03052  35 

0.03200  00 
0.03345  65 
0. 03489  20 
0.03630  55 
0.03769  60 

0.  03906  25 
0.04040  40 
0.04171  95 
0.04300  80 
0. 04426  85 

0.  04550  00 
0. 04670  15 
0.  04787  20 
0.04901  05 
0.05011  60 

0.05118  75 
0.05222  40 
0. 05322  45 
0.05418  80 
0.05511  35 

0.  05600  00 
0. 0S684  65 
0. 05765  20 
0.05841  55 
0.05913  60 

0.05981  25 
0.06044  40 
0.06102  95 
0.  06156  80 
0.06205  85 

0. 06250  00 
A, 


Ao 

0.00000  00 
-0.00994  95 
^.0.01979  60 
.0.02953  65 
•0.03916  SO 

-0.04868  75 
-0.05809  20 
-0. 06737  85 
-0.07654  40 
-0.08558  S5 

-0,09450  00 
-0.10328  45 
-0.11193  60 
-0.12045  15 
-0.12882  80 

-0.13706  25 
-0.14515  28 
-0.15309  35 
-0.16088  40 
-0.16852  05 

-0.17600  00 
-0.18331  95 
-0.19047  60 
-0.19746  65 
-0.20428  80 

-0.21093  75 
-0.21741  20 
-0.22370  85 
-0.22962 
-0.23575 


-0.24150  00 
■0.24705  45 
.0.25241  60 
.0.25758  15 
-0.26254  80 

-0.26731  25 
-0.27187  20 
-0.27622  35 
-0.28036  40 
-0.28429  05 


.0.28800  00 
■0. 29148  95 
.0.29475  60 
-0.29779  65 
-0.30060  80 


-0.30318  75 
-0.30553  20 
-0.30763  85 
-0.30950  40 
-0.31112  55 

-0.31250  00 

At 


Ai 

1.00000  00 
1. 00489  95 
1. 00959  60 
1. 01408  65 
1. 01836  80 

1.02243  75 
1. 02629  20 
1.02992  85 
1. 03334  40 
1. 03653  55 

1. 03950  00 
1.04223  45 
1.04473  60 
1. 04700  15 
1.04902  80 

1. 05081  25 
1. 05235  20 
1.05364  35 
1.05468  40 

1. 05547  05- 

1.05600  00 
1.  05626  95 
1.05627  60 
1.  05601  65 

1. 05548  80 

1.  05468  75 
1.05361  20 
1.05225  85 
1.05062  40 
1.04870  55 

1.04650  00 
1.04400  45 
1.04121  60 
1.  03813  15 
1. 03474  80 

1.  03106  25 
1. 02707  20 
1.  02277  35 
1.01816  40 
1.01324  05 

1.00800  00 
1.00243  95 
0.99655  60 
0.99034  65 
0.98380  80 

0.97693  75 
0. 96973  20 
0.96216,85 
0.95430  40 
0.94607  55 

0.93750  00 
Ao 


At 

0.00000  00 

0. 00 

n  ni 

U.  Ul 

n  nnjkfijk  on 
U«  (lUDoo  ou 

u.  w» 

u. 

o«  w 

0.01793  75 

0. 05 

U«  UZl09  OU 

0.  uo 

A   A^COil  Aft 

A  AT 

A  A400C*9A 

A  Afl 
Q.  OO 

A    A%Al 7   1 C 

0«  0^17  19 

n  no 

0.03850  00 

0.10 

0«  04Zt9  n 

A  11 

A   Ail^AO  DA 

0«  047W  oO 

n  19 

Uric 

A   AC91 A  OK 

0«  05Zl<l  t5 

A  1  ^ 
U.  1^ 

A   AC^09  AH 

0«  OdOTc  W 

A  1  A 
U.  1*1 

0.06181  25 

0.15 

0«  OoMI  oO 

A  1  & 
U.  10 

0«  OTlT^  55 

A  1  7 
U.  1  f 

A    IIY^I  ?  'SA 

0, 07717  ZO 

A  1  fl 
U.  lO 

0«0oZ5Z  09 

A  10 
U.  l7 

0.  08800  00 

0.20 

0*09359  35 

A  91 

U.  Zl 

A    AAa4A  BA 

0.09930  80 

A  99 

u.  zz 

A   1 Attl A  AC 

0. 10514  45 

A  91 
U.  Z  J 

A    V  V  V  V  A  ilA 

0.11110  ^0 

t 

A  9A 
U.  Z4 

1 

0.11718  75 

0. 25 

0.12339  60 

A 

U.  Zo 

A    9  1A4«ft  AC 

0.12973  05 

A  97 

0.  Z7 

A    V4^«A  AA 

0.13619  20 

A  9a 
0.  Zo 

0.14278  15 

A  9tt 

0.  Z9 

0.14950  00 

0.  30 

0.15634  85 

A  <t1 

0.  31 

0.16332  80 

A  49 

0«  3Z 

0.17043  95 

0«  39 

A    %            A     M  A 

0. 17768  40 

A  %A 

0.  34 

0.18506  25 

0.  35 

A    %  AAC^  4.A 

0.19257  60 

A  %L 

0.  9o 

A    A A AAA  CC 

0.20022  55 

A  19 

0.  37 

A   AAAAl  1A 

0.20801  ZO 

A  tfl 

0.  JO 

A  41  cat 
0.Z1593  65 

A  %0 

U.  jy 

0.22400  00 

0.40 

0.  C^ZZO  ^7 

A  AI 
U.  *ll 

n  9Af\t%A  Afl 

fl  42 

0.24903  45 

0.43 

0.25766  40 

0. 44 

0.26643  75 

0. 45 

0.27535  60 

0. 46 

0.28442  05 

0.  47 

0.29363  20 

0. 48 

0. 30299  IS 

0. 49 

0.31250  00 

0. 50 

A-t 

-P 

ERIC 
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FOUR-POINT  LAGRANCIAN  INTERPOUTION  COEFFICIENTS 


TaU«  25.1 


V 
1.50 
1.51 
1.52 
1.53 
1.54 

1.55 
1.56 
1.57 
1.58 
1.59 

1.60 
1.61 
1.62 
1.63 
1.64 

1.65 
1. 66 
1.67 
1.68 
1.69 

1. 70 
1.71 
1. 72 
1. 73 
1.74 

1. 75 
1. 76 
1.77 
1.78 
1.79 

1.80 
1.81 
1.82 
1. 83 
1.84 

1.85 
1.66 
1.87 
1.88 
1.89 

1.90 
1.91 
1.92 
1.93 
1.94 

1.95 
1.9fc 
1.97 
1. 98 
1. 99 

2.  00 


A-i 
0.06250  00 
0.06289  1  5 
0.06323  20 
0.06352  05 
0.06375  60 

0.06393  75 
0.06406  40 
0.06413  45 
0.06414  80 
0. 06410  35 

0.06400  00 
0.06383  65 
0.06361  20 
0.06332  55 
0.06297  60 

0.06256  25 
0.06208  40 
0. 06153  95 
0.06092  80 
0.06074  85 

0.05950  00 

0.05868  15 

0.05779  20 

0.05663  05 

0.05579  60 

0.05468  75 
0.05350  40 
0.05224  45 
Q. 05090  80 
0.04949  35 

0.04800  00 
0.04642  65 
0.04477  20 
0.04303  55 
0.04121  60 

0.03931  23 
0.03732  40 
0.0352*5  95 
0.03308  80 
0. 03083  85 

0.02850  00 
0.02607  1  5 
0.02355  20 
0.02094  05 
0.01823  60 

0.01543  75 
0.01254  40 
0.00955  45 
0.00646  80 
0.00328  35 

0.00000  00 
Ha 


At 

.0.31250  00 
-0.31362  45 
-0.31449  60 
-0.31511  15 
-n.  VM  80 

-0.31556  25 
-0. 31539  20 
-r  31495  35 
-0.31424  40 
-0.31326  05 

-0.31200  00 
-0.31045  95 
-0.30863  60 
-0.30652  65 
-0.30412  80 

-0.30143  75 
-0. 29845  20 
-0. 29516  85 
-0. 29158  40 
-0.28769  55 

-0.28350  00 
-0.27899  45 
-0.27417  60 
-0.26904  15 
-0.26358  80 

-0.25781  25 
-0.25171  20 
-0.24528  35 
-0.23852  40 
-0.23143  05 

-0.22400  00 
-0.21622  95 
-0.20811  60 
-0.19965  65 
-0.19084  80 

-0.18168  75 
-0. 17217  20 
-0.16229  85 
-0. 15206  40 
-0.14146  55 

-0.13050  00 
-0.11916  45 
-0.10745  60 
-0. 09537  15 
-0.08290  80 

-0.  07006  25 
-0.05683  20 
-0.04321  35 
-0.02920  40 
-0.01480  05 

0.00000  00 

A, 


A\ 

0.93750  00 
0.92857  45 
0.91929  60 
0.90966  15 
0.89966  80 

0.88931  25 
0.87859  20 
0. 86750  35 
0.85604  40 
0.84421  05 

0.83200  00 
0.81940  95 
0.80643  60 
0.79307  65 
0.77932  80 


0.76518  75 
0.75065  20 
0.73571  85 
0.72038  40 
0.70464  55 


0.68850  00 
0.67194  45 
0.65497  60 
0.63759  15 
0.61978  80 

0. 60156  25 
0.58291  20 
0.56383  35 
0.54432  40 
0.52438  05 


0.50400  00 
0.48317  95 
0.46191  60 
0.44020  65 
0.41804  80 


0.39543  75 
0.37237  20 
0.34884  85 
0. 32486  40 
0.30041  55 

0.27550  00 
0.25011  45 
0.22425  60 
0,19792  15 
0.17110  80 

0.14381  25 
0.11603  20 
0.08776  35 
0.05900  40 
0.  02975  05 

0.00000  00 

Ao 


Ai 

0.31250^00 
0.32215  85 
0.33196 
0.34192 


80 
95 


0.35204  40 

0.36231  25 
0.37273  60 
0.38331-55 
0.39405  20 
0.40494  65 

0.41600  00 

0.42721  35 

0.43858  80 

0.45012  45 

0.46182  40 

0.47368  75 
0.48571  60 
0.49791  05 
0.51027  20 
0^52280  15 

0.53550  00 

0.54836  85 

0.56140  80 

0.57461  95 

0.58800  40 

0.60156  25 
0. 61529  «0 
0.62920  55 
0.64329  2  0 
0.65755  65 


0.67200  00 
0.68662  35 
0.70142  80 
0.71641  45 
0.73158  40 


0.74693  75 
0.76247  60 
0.77820  05 
0.79411  20 
0.81021  15 

0.82650  00 
0.84297  85 
0.85964  80 
0.87650  95  I 
0.89356  40 

0.91081  25 
0.92825  60 
0.94589  55 
0.96373  20 

0.  98176  65 

1.  00000  00 

A-x 


0.50 
0. 51 
0. 52 
0. 53 
0.54 

0.55 
0.  56 
0.57 
0. 58 
0.59 

0.  60 
0.61 
0.62 

C.63 
.0.64 

0.65 
0.  66 
0.67 
0.68 
0.69 

0.70 
0.71 
0.72 
0.73 
0.74 

0.75 
0.76 
0.77 
0.78 
0.79 

0.80 
0. 81 
0. 82 
0. 83 
0.84 

0.  85 
0.86 
0. 87 
0. 88 
0.89 

0.90 
0.91 
0.92 
0. 93 
0.94 

0. 95 
0. 96 
0. 97 
0.98 
0.99 

1. 00 
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FIVE-POINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTH 


;»  .4  3 

0.00  0.  00000  00000 

O.Ol  0.00032  90838 

0.02  0.  00164  93400 

0.03  0.00246  02838 

0.  04  0.  00326  14400 

0.05  0.00405  23438 

0.06  0.  00483  25400 

0.D7  0.  00560  15838 

0.  08  0.00635  90400 

0.09  0.00710  44838 

0.10  0.00783  75000 

0.  11  0.  00855  76838 

0.12  0.00926  46400 

0.13  0.  00995  79838 

0.14  0.010*3  73400 

0.15.  0.  01130  23438 

0.  16  0.01195  2*6400 

0.17  0.  01258  7B838 

0.  18  0.  01320  77400 

0.19  0.01381  18838 

0.20  0.  01440  00000 

0.21  0.  01497  17838 

0.'22  0.  01552  69400 

0.23  0.  01606  51838 

0.24  0.  01658  62400 

0.25  0.01708  98438 

0.26  0.01757  57400 

0.27  0.01804  36838 

0.28  0.  01849  34400 

0.29  0.  01892  47838 

0.  30  0.  01933  75000 

0.  n  0.01973  13838 

0.  )2  0.  02010  62400 

0.3^  0.  02046  18838 

0.  34  0.  02079  81400 

0.  35  0.02111  48438 

0.  ?6  0.02141  18400 

0.3/  n.  02168  89838 
0.  flj**  0.  02194  61400 

0.31  0.  02218  31838 

•1.10  0.  02240  00000 

ri.  41  0.02259  b4B38 

0.4?  0.  0?277  25400 

0.45  0.02292  808  iS 

0,44  0.02306  30400 

0,45  0.  02317  734J8 

1.46  0.  02327  09400 

0.  4/  02334  37838 

•■.  4'i  0,  5R400 

0, 4<  o.o^^^^^  /08  58 

').  '/)  0.  <)n-\-\  750U0 

.ti 


A-i 
0.00000  00000 
-0.00659  98350 
-0.01306  53600 
-0.01939  56350 
-0.02558  97600 

-0.  03164  68750 
-0.03756  61600 
-0.  04334  68350 
-0.04898  81600 
-0. 05448  94350 

-0.  05985  00000 
-0.06506  92350 
-.0.  07014  65600 
-0.07508  14350 
-0.07987  33600 


-0.  08452 
-0.  08902 
-0.  09338 
-0.  09760 
-0. 10167 

-0.10560 
■0.10938 
-0.11301 
■0.11650 
-0.11984 


18750 
65600 
70350 
29600 
46^50 
\ 

00000 
06350 
57600 
52350 
89600 


-0. 12304  68750 
-0.12609  89600 
-0.12900  52350 
-0.13176  57600 
-0.13438  06350 

-0.13685  00000 

-0.13917  40350 

-0.14135  29600 

-0.14338  70350 

-0.14527  65600 

-0.14702  18750 

-0.14862  33600 

-0.15008  14350 

-0.15139  65600 

-0.15256  92350 

-0.15360  OOCOO 
-0.  15448  94350 
-0.15523  81600 
-0. 15584  18350 
-0.15631  61600 

-0. 15664  68750 
-0.15683  97600 
-0.15689  56350 
n.  15681  53{>00 
-0. 15659  98350 

0. 15625  00000 


p(p»  -I)fp2_4) 
(2  a-i!(2  -*!!(/>-*) 

0.  00000  00000 
0.  00673  31650 
0.01359  86400 
0.  02059  53650 
0.  02772  22400 


1.00000  00000 
0.99987  50025 
0.99950  00400 
0.99887  52025 
0.99800  06400 


0.99687  65625 
0.  99550  32400 
0.99388  10025 
0.99201  02400 
0.98989  14025 

0.98752  50000 

0.98491  16025 

0.98205  18400 

0.97894  64025 

0.97559  60400 

0.97200  15625 
0.96816  38400 
0.  96408  38025 
0.95976  24400 
0.  95520  j)8025 

0.  95040  00000 
0.94536  12025 
0.94008  56400 
0.93457  46025 
0.92882  94400 

0.92285  15625 

0.91664  24400 

0.91020  36023 

0.90353  66400 

0.89664  32025 

0.88952  50000 
0.88218  38025 
0.87462  14400 
0.86683  98025 
0.85884  08400 

0.85062  65625 
0.84219  90400 
0.83356  04025 
0.82471  264.00 
0. 81565  86925 

0.80640  00000 
0. 79693  94025 
0.  78727  9^400 
0.  77742  20025 
0.76737  02400 

0.75712  65625 
0.74669  36400 
0.73607  42025 
0.72527  10400 
0.  71428  70025 

0.  70312  50000 
A„ 


0.03497  81250 
0. 04236  18400 
0.  04987  21650 
0.05750  78400 
0.06526  75650 

0.073U  00000 

0.08115  37650 

0.  Q892t,  74400 

0. 09751  95650 

0.  10587  86400 

0.  11435  31250 
0.12294i  14400 
0.13164i  1965D 
0.  14045:  30400 
0.14937  29650 

0.1584d  00000 
0.16753  23650 
0. 17676  82400 
0.18610  57650 
0.19554  30400 

0,20507  81250 
0.21470  90400 
0.22443  37650 
0.23425  02400 
0^24415  63650 

0;  25415  00000 
0.26422  89650 
,'0.27439  10400 
'0.28463  39650 
0.29495  54400 

0.  30535  31250 
0.31582  46400 
0.32636  75650 
0. 33697  94400 
0.34765  77650 

0.  35840  00000 
0.36920  35650 
0.38006  58400 
0. 39098  41650 
0.40195  58400 

0.41297  81250 
0.42404  82400 
0.43516  33650 
0.44632  06400 
0.  45751  71650 

0.46875  00000 


..4a 

0.  00000  00000  0.  00 

-0.00083  74163  0.  01 

-0.  00166  26600  0.02 

-0.00253  52163  0.  03 

-0. 00339  45600  0.  04 

-0.00426  01563  I).  05 

-0,00513  14600  0.  06 

-0.  00600  79163  0.  07 

-0.00688  89600  0.08 

-0.00777  40163  0.09 

-0.00866  25000  0.  10 

-0.00955  38163  0.11 

-0.01044  73600  0.  12 

-0.  01134  25163  0.  13 

-0.01223  86600  0.  14 

-0.01313  51563  0.15 

-0.01403  13600  0.16 

-0.01492  66163  0.17 

-0.01582  02600  0.18 

-0.  01671  16163  0.19 

-0.01760  00000  0.20 

-0. 01848  47163  0.  21 

-0.01936  50600  0.22 

-0.  02024  03163  0.  23 

-0.02110  97600  0.24 

-0.02197  26563  0.25 

-0.02282  82600  0.26 

-0.  02367  58163  0.  27 

-0.02451  45600  0.28 

-0.  02534  37163  0.29 

-0. 02616  25000  0.  30 

-0.02697  01163  0.  31 

-0.  02776  57600  0.  32 

-0.02854  86163  0.33 

-0.  02931  78600  0.  34 

-0.  03007  26563  0.  35 

-0.03081  21600  0.36 

-0.03153  55163  0.  37 

-0.  03224  18600  0.38 

-0.03293  03163  0.39 

-0.03360  00000  0.  40 

-0.03425  00163  0.41 

-0.03487  94600  0.42 

-0.  03548  74163  0.  43 

-0.03607  29600  0.44 

-0.03663  51563  0.45 

-0.  03717  30600  0,46 

-0.  03768  57163  0.  47 

-0.  03817  21600  0.  48 

-0,03863  14163  0.49 

-0.  03906  25000  0. 50 
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Table  25.1 


/' 

0.  50 
0. 51 
0.  52 
0.  53 
0.  54 

0.55 
0.56 
0.57 
0.58 
0.59 

0.60 
0. 61 
0. 62 
0.  63 
0. 64 

0.  65 
0.  66 
0.67 
0.  68 
0.  69 

0.  70 
0.  71 
0. 72 
0.73 
0.74 

0.75 
0.  76 
0.77 
0.78 
0. 79 

0.80 
0. 81 
0.  82 
0.83 
0. 84 

0. 85 
0. 86 
0.87 
0. 88 

0.  89 

0.90 
0.91 
Q.92 
0.93 
0.94 

0.95 
0.96 
0.97 
0.98 
0.99 

1.00 


A  -J 
0.  02343  75000 
0.  02342  70838 
0.02339  58400 
0.  02334  37838 
0.  02327  09400 

0.  02317  73438 

0.  02306  30400 

0.  02292  80838 

0.  02277  25400 

0.  02259  64838 

0.02240  00000 
0.02218  31838 
0.  02194  61400 
0. 02168  89838 
0.  02141  18400 


0. 02111 
0.  02079 
0.  02046 
0.  02010 
0. 01973 

0. 01933 
0.  01892 
0.  01849 
0. 01804 
0.  01757 


48438 
81400 
18838 
62400 
13838 

• 

75000 
47838 
34400 
36838 
57400 


0.01708  984^8 
0.01658  62400 
0.  01606  51838 
0.  01552  69400 
0.  01497  17838 

0.01440  00000 
0.01381  18838 
0.01320  77400 
0.01258  78838 
0.01195  26400 

0.01130  23438 
0.01063  73400 
0.  00995  79838 
0.00926  46400 
0.  00855  76838 

0.  00783  75000 

0.  00710  44838 

0.  00635  90400 

0.  00560  1583 

0.  00483  254  ' 

0.00405  23438 

0.00326  14400 

0.00246  02838 

0.00164  93400 

0.00082  90838 

n.  00000  00000 

Ai 


A'.ip) 


-0.15625  00000 

-0.15576  68350 

-0.15515  13600 

-0.15440  46350 

-0.15352  77600 

-0.15252  18750 
-0.15138  81600 
-0.15012  78350 
-0.14874  21600 
-0.14723  24350 

-0.14560  00000 

-0.14384  62350 

-0.14197  25600 

-0.13998  04350 

-0.13787  13600 

-0.13564  68750 

-0.13330  85600 

-0.13085  80350 

-0.12829  69600 

-0.12562  70350 

-0.12285  00000 

-0.11996  76350 

-0.11698  17600 

-0.11389  42350 

-0.11070  69600 

-0.10742  18750 
-0.  10404  09600 
-0.10056  62350 
-0.  09699  97600 
-0.09334  36350 

-0.08960  00000 
-0.08577  10350 
-0.  08185  89600 
-0.  0/786  60350 
-0.  07379  45600 

-0.06964  68750 
-0.06542  53600 
-0.  06113  24350 
-0.  05677  05600 
-0.05234  22350 

-0.  04785  00000 
-0.  04329  64350 
-0.03868  41600 
-0.  03401  58350 
-0.02929  41600 

-0.  02452  18750 

-0.  01970  17600 

-0.  01483  66350 

-0.  00992  93600 

-0.  00498  28350 

0.00000  00000 

Ai 


('2\k)\(2  kiHp-k) 


0.  70312  50000 
0.69178  80025 
0.68027  90400 
0.66860  12025 
0.  65675  76400 


0.  63258  62400 
0.62026  50025 
0.  60779  12400 
0.59516  84025 

0.58340  00000 
0.  56948  96025 
0.  55644  08400 
0.54325  74025 
0.52994  30400 

0.51650  15625 
0. 50293  68400 
0.48925  28025 
0.47545  34400 
0.  46154  28025 

0.44752  50000 

0. 43340  42025 

0.41918  46400 

0.40487  06025 

0.39046  64400 

0.37597  65625 

0.36140  54400 

0.34675  76025 

0.33203  76400 

0.31725  02025 

0.30240  00000 
0. 28749  18025 
0.  27253  04400 
0.25752  0B025 
0.24246  78400 

0.22737  65625 

0.21225  20400 

0.19709  94025 

0.18192  38400 

0.16673  06025 

0.15152  50000 
0.13631  24025 
0.  12109  82400 
0.10588  80025 
0. 09068  72400 

0. 07550  15625 
0.06033  66400 
0.  04519  82025 
0.  03009  20400 
0.  01502  40025 

0.00000  ooono 

Ao 


Ai 

0.46875  00000 
0.48001  61650 
0.49131  26400 
0.50263  63650 
0.51398  42400 


31250 
98400 


0.52535 
0.  53673 
0.54814  11650 
0.55955  38400 
0.57097  45650 


0.58240  00000 

0.59382  67650 

0.60525  14400 

0.61667  05650 

0.62808  06400 

0.63947  81250 

0.65085  94400 

0.66222  09650 

0.67355  90400 

0.f<<)486  99650 

0.69615  00000 

0.70739  53650 

0.71860  22400 

0.72976  67650 

0.74088  5040Q 

0.75195  31250 
0.76296  70400 

0.77392  27650 

0.78481  62400 

0.79564  33650 

0.80640  00000 

0.81708  19650 

0.82768  50400 

0.83820  49650 

0.84863  74400 

0.85897  81250 

0.86922  26400 

0.87936  65650 

0.88940  54400 

0.89933  47650 


,-0.03906  25000 
-0.03946  44163 
-0.03983  61600 
-0.04017  67163 
-0.04048  50600 

-0.04076  01563 
-0.04100  09600 
-0.04120  64163 
-0.04137  54600 
-0.04150  70163 

-0.04160  00000 
-0.  04165  33163 
-0.04166  58600 
-0.04163  65163 
-0.04156  41600 

-0.04144  76563 
-0.04128  58600 
-0.04107  76163 
-0.04082  17600 
-0.04051  71163 

-0.04016  25000 
-0.03975  67163 
-0.03929  85600 
-0.03878  68163 
-0.03822  02600 

-0.03759  76563 
-0.  03691  77600 
-0.03617  93163 
-0.03538  10600 
-0.03452  17163 

-0.03360  00000 
-0.03261  46163 
-0.03156  42600 
-0.03044  76163 
-0.  02926  33600 

-0.02801  01563 
-0.02668  66600 
-0. 02529  15163 
-0.02382  33600 
-0.  02228  08163 


0.90915  00000 

0.91884  65650 

0.92841  98400  - 

0.93786  51650 

0.94717  78400 

0.95635  31250 

0.96538  62400 

0.97427  23650 

0.98300  66400 

0.  99158  41650 

1.  00000  00000 

A  1 


0.  02066  25000 
0.01896  70163 
0.01719  29600 
-0.01533  89163 
-0.01340  34600 

-0.  01138  51563 

-0.  00928  25600 

-0.  00709  42163 

-0.00481  86600 

-0.  00245  44163 

0.  00000  00000 
A  a 


0.  50 
0.  51 
0.  52 
0.53 
0.  54 

0.55 
0.56 
0.57 
0.58 
0.59 

0.  60 
0.  61 
0.  62 
0.  63 
0.  64 

0.65 
0. 66 
0.  67 
0. 68 
0.  69 

0.  70 
0. 71 
0.  72 
0.  73 
0.  74 

0.75 
0. 76 
0.77 
0.78 
0. 79 

0.  80 
0.  81 
0.  82 
0.  83 
0.  84 

0.  85 
0.  86 
0.  87 
0.  88 
0.  69 

0.90 
0.  91 
0.  92 
0.93 
0. 94 

0.95 
0.96 
0.97 
0.  98 
0.  99 

1.00 

P 


ERIC 
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^♦'P''-^  -  (2+jfcj!(2-ifc)l(p-/fc) 


P  4-a 

1.00  O.COOOO  00000 

1.01  -0.0r083  74163 

1.02  -0.  00168  26600 
1.  03  -0.  00253  52163. 
1.  04  -0.00339  45600 

1.05  -0.00426  01563 

1.06  -0.00513  14600 
1.  07  -0.  00600  79163 
1.  08  -0.  00688  89600 
1.  09  -0. 00777  40163 

1.  10  -0. 00866  25000 

1.  11  -0.  00955  38163 

1.  12  -0.01044  73600 

1.  13  -0.  01134  25163 

1.  14  -0.  01223  86600 

1.  15  -0.01313  51563 

1.16  -0.  01403  13600 

1.  17  -0.01492  66163 

1.18  -0.01582  02600 

1.19  -0.  0167,1  16163 

1.20  -0.01760  00000 
1.  21  -0.  01848  47163 

1.22  -0.01936  50600 

1.23  -0.02024  03163 

1.24  -0.02110  97600 

1.25  -0.02197  26563 

1.26  -0.02282  82600 

1. 27  -0.  02367  58163 

1.28  -0.02451  45600 

1.29  -0.  02534  37163 

1.  30  -0.  02616  25000 

1.  31  -0.  02697  01163 

1.  32  -0.  02776  57600 

1.  33  -0.  02854  86163 

1.34  -0.02931  78600 

1.  35  -0.  03007  26563 

1.  )6  -0. 03081  21600 

1.  37  -0.  03153  55163 

1.  36  -0.  03224  18600 

1.39  -0.  03293  03163 

1.  40  -0.03360  00000 

1.  41  -0.  03425  00163 

1. 42  -0.  03487  94600 

1.4?  -0.  03548  74163 

1.  44  -0.03607  29600 

1.45  -0.03663  51563 

1.46  -0.  03717  30600 
1.  47  -0.  03768  57163 
1.  48  -0.  03817  21600 
1.  49  -0.  03863  I4lb3 

1.00  -0,  03906  25000 


0.00000  00000 
0.  00501  61650 
0. 01006  26400 
0.01513  63650 
0. 02023  42400 

0.02535  31250 
0. 03048  98400 
0. 03564  11650 
0.04080  38400 
0. 04597  45650 

0. 05115  00000 
0.05632  67650 
0.06150  14400 
0. 06667  05650 
0. 07183  06400 

0.07697  81250 
0.08210  94400 
0.08722  09650 
0.  09230  90400 
0. 09736  99650 

0.10240  00000 
0.10739  53650 
0.11235  22400 
0. 11726  67650 
0.12213  50400 

0.12695  31250 
0.  13171  70400 
0.13642  27650 
0.14106  62400 
0.14564  33650 

0. 15015  00000 
0. 15458  19650 
0. 15893  50400 
0. 16320  49650 
0. 16738  74400 

0.17147  81250 
0. 17547  26400 
0.17936  65650 
0.18315  54400 
0. 18683  47650 

0.19040  00000 
0.19384  65650 
0.19716  98400 
0.20036  51650 
0.20342  78400 

0.20635  31250 
0.20913  62400 
0.21177  23650 
0.21425  66400 
0.21658  41650 

0.21875  00000 


Ao 

0.00000  00000 
-0.01497  39975 
-0.02989  19600 
-0.04474  77975 
-0.05953  53600 

-0.07424  84375 
-0.08888  07600 
-0.10342  59975 
-0.11787  77600 
-0.13222  95975 

-0.14647  50000 
-0.16060  73975 
-0.17462  01660 
-0.18850  65075 
-0.20225  99600 


At  / 
1.  OOOOO  OOOOO 
1. 00824/41650 
1.  01630^  66400 
1.  02422  73650 
1.0^^4  62400 

l.,<i3947  81250 

l^t)4681  78400 

05396  01650 

1.06089  98400 

1. 0^  d3  15650 

1.07415  OOOOO 
1.  08044  97650' 
1.  08652  54400 
1.09237  15650 
1. 09798  26400 


Ai 

0.  00000  OOOOO  1.00 

0.00254  60838  1.01 

0.  00518  53400  1.  02 

0.  00791  92838  1. 03 

0.01074  94400  1.04 

0.01367  73438  1.05 

0.01670  45400  1.06 

0. 01983  25838  1.  07 

0.  02306  30400  1.  08 

0.02639  74838  1.09 

0.  02983  75000  1.10 

0.03338  46838  1.11 

0.03704  06400  1.12 

0.04080  69838  1.13 

0.  04468  53400  1.14 


-0. 21587 />4375     1.10335  31250 
-0. 22934' 01600     1.10847  74400 
-0,24265  31975     1.11334  9965g^j0^700  88838 
0.2558P  55600     UllJUtySWiQ     0.06135  17400 
:m31.69^{)    0.06581  48838 


0.04867  73438 
0. 05278 J64W^  1.16 
1.17 


-0. 26879  01S75— -i: 


-0.28160  OOOOO 
-0.29422  77975 
•0.30666  63600 
-0.31890  83975 
-0.33094  65600 

-0.34277  34375 
-0.35438  15600 
-0.36576  33975 
-0.37691  13600 
-0.38781  77975 


-0. 39847 
-0.40887 
-0. 41901 
-0.42887 
-0.43845 

-0. 44774 
-0.  45674 
-0.46543 
-0. 47381 
-0.48187 


50000 
51975 
05600 
31975 
5160Q 
\ 

84375 
49600 
65975 
51600 
23975 


-0.48960  OOOOO 
-0. 49698  95975 
-0.50403  27600 
-0.51072  09975 
-0.51704  57600 

-0.52299  84375 
-0.52857  03600 
-0.53375  27975 
-0.53853  69600 
-0.54291  3997: 

-0.54687  50000 

An 


1.12640  OOOOO 
1.13020  83650 
1. 13373  62400 
1.13697  77650 
1.13992  70400 

1.14257  81250 
1.14492  50400 
1.14696  17650 
1.14868  22400 
1.15008  03650 

1.15115  OOOOO 
1. 15188  49650 
1. 15227  90400 
1.15232  59650 
1.15201  94400 

1.15135  31250 
1.15032  06400 
1.14891  55650 
1.14713  14400 
1.14496  17650 

1.  14240  OOOOO 
1.13943  95650 
1.13607  38400 
1.13229  61650 
1. 12809  98400 

1.12347  81250 
1.11842  42400 
1.11293  13650 
1.10699  26400 
1.10060  11650 

1.  09375  OOOOO 

A  1 


0.07040  OOOOO 
0.  07510  87838 
0.  07994  29400 
0.  08490  41838 
0. 08999  42400 

0.  09521  48438 
0. 10056  77400 
0.10605  46838 
0.  11167  74400 
0. 11743  77838 

0. 1233  ''5000 
0.12937  43838 
0.13556  22400 
0.14189  08838 
0.14836  61400 

0.15498  98438 
0.16176  38400 
0. 16860  99838 
0. 17577  01400 
0.18300  61838 

0.19040  OOOOO 
0.19795  34838 
0.20566  85400 
0.  21354  70838 
0. 22159  10400 

0.22980  23438 

0. 23818  29400 

0.24673  47838 

0. 25545  98400 

0.  26436  00838 

0.27343  75000 
A  i 


1.18 
1. 19 

1.20 
1.21 
1.22 
1.23 
1.24 

1.25 
1.26 
1. 27 
1.28 
1. 29 

1. 30 
1.31 
1.  32 
1.33 
1.34 

1. 35 
1. 36 
1.37 
1.38 
1. 39 

1.40 
1.41 
1.42 
1.43 
1.44 

1.45 
1. 46 
1. 47 
1.48 
1.49 

1.50 

-P 


ERIC 


93; 


0 
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FlVExPOINT  LAGRANGIAN  INTERPOLATION  COEFFICIENTS 


Table  2S.1 


p  A-2 

1.50  -0.03906  25000 

1.51  -0.03946  44163 

1.52  -0.039B3  61600 

1.53  -0.04017  67163 

1.54  -0.0404B  50600 

1.55  -0.04076  01563 

1.56  -0.04100  09600 

1.57  -0.04120  64163 
1.  58  -0.04137  54600 

1.59  -0.04150  70163 

1.60  -0.04160  00000 

1.61  -0.04165  33163 

1.62  -0.04166  58600 

1.63  .0.04^<>3  65163 

1.64  -0.04i!>6  41600 

1.65  -0.04144  76563 

1.66  -0.04128  58600 

1.67  -0.04107  76163 

1.68  -0.04082  17600 

1.69  -0.04051  71163 

1.70  -0.04016  25000 

1.71  -0.03975  67163 

1.72  -0.03929  85600 

1.73  -0.03878  68163 

1.74  -0.  03822  02600 

1.75  -0.03759  76563 

1.76  -0.03691  77600 

1. 77  -0.  03617  93163 

1.78  -0.  03538  10600 

1.79  -0.03452  17163 

1.80  -0.03360  00000 

1.81  -0.03261  46163 

1.82  -0.03156  42600 

1. 83  -0.  03044  76163 

1.84  -0.02926  33600 

1.85  -0.02801  01563 

1.86  -0.02668  66600 

1.87  -0.02529  15163 

1.88  -0.  02382  33600 

1.89  -0.  02228  08163 

1.90  -0.02066  25000 

1.91  -0.01896  70163 

1.92  -0.01719  29600 

1.93  -0.01533  89163 

1.94  -0.  01340  34600 

1.95  -0.  01138  51563 
1.  96  -0.  00928  25600 

1.97  -9700709  42163 

1.98  -0.  00481  86600 

1.99  -0.  00245  44163 

?.  no  0.00000  00000 

A I 


0.21875  00000 
0.22074  91650 
0.22257  66400 
0.22422  73650 
0.22569  62400 

0.22697  81250 

0.22806  78400 

0.22896  01650 

0.22964  98400 

0.23013  15^ 

0.23040  00000 
0.23044  97650 
0.23027  54400 
0.22987  15650 
0.22923  26400 

0.22835  31250 
0.22722  74400 
0.22584  99650 
0.22421  50400 
0.22231  69650 

0.22015  00000 
0.21770  83650 
0.21498  62400 
0.21197  77650 
0.20667  70400 

0.20507  81250 
0.20117  50400 
0.19696  17650 
0.19243  22400 
0.18758  03650 

0.18240  00000 
0.17688  49650 
0.17102  90400 
0.16482  59650 
0.15826  94400 

0.15135  31250 
0.14407  06400 
0.13641  55650 
0.12838  14400 
0.11996  17650 

0.11115  00000 
0. 10193  95650 
0.09232  38400 
0.08229  61650 
0. 07184  98400 

0.06097  81250 
0. 04967  42400 
0.  03793  13650 
0.02574  26400 
0.01310  1^650 

0.00000  00000 

A, 


,(_l)»+a 


p(p»-l)(p»-41 
(2+*)i(2-l;)!(p-t) 


Ao 

-0.  54687  50000 
-0.  55041  09975 
-0.55351  29600 
-0.  55617  17975 
-0.  55837  83600 

-0.56012  34375 
-0.56139  77600 
-0.56219  19975 
-0.56249  67600 
-0.56230  25975 

-0.  56160  00000 
-0. 56037  93975 
-0.55863  11600 
-0. 55634  55975 
-0.55351  29600 

-0.55012  34375 
-0.  54616  71600 
-0.  54163  41975 
-0.53651  45600 
-0.  53079  81975 

-0.52447  50000 
-0.  51753  47975 
-0.  50996  73600 
-0. 50176  23975 
-0.49290  95600 

-0.48339  84375 
-0.47321  85600 
-0.46235  93975 
-0.45081  03600 
-0.43856  07975 

-0.42560  00000 
-0.41191  71975 
-0.  39750  15600 
-0.  38234  21975 
-0.36642  81600 

-0.34974  84375 
-0.33229  19600 
-0.31404  75975 
-0.29500  .41600 
-0.27515  03975 

-0.25447  50000 
-0. 23296  65975 
-0.21061  37600 
-0.18740  49975 
-0.16332  87600 

-0.13837  34375 
-0. 11252  73600 
-0.08577  87975 
-0.  05811  59600 
-0. 02952  69975 

0.00000  00000 

An 


Ai 

1. 09375  00000 
1. 08643  21650 
1.07864  06400 
1. 07036  83650 
1.06160  82400 

1.05235  31250 
1.04259  58400 
1.03232  91650 
1.02154  58400 
1.01023  85650 

0.99840  00000 
0.98602  27650 
0.97309  94400 
0.95962  25650 
0.94558  46400 

0.93097  81250 
0.91579  54400 
0.90002  89650 
0.88367  10400 
0.86671  39650 

0.84915  00000 
0.83097  13650 
0.81217  02400 
0.79273  87650 
0.77266  90400 

0.75195  31250 
0.73058  30400 
0.70855  07650 
0.68584  82400 
0.66246  73650 

0.63840  00000 
0. 61363  79650 
0.56817  30400 
0.56199  69650 
0.53510  14400 

0.50747  81250 
0.47911  86400 
0.45001  45650 
0.42015  74400 
0.38953  87650 

0.35815  00000 
0. 32596  25650 
0.29302  78400 
0.25927  71650 
0.22472  18400 

0.18935  31250 
0.A5316  22400 
0.11614  03650 
0. 07827  86400 
0.03956  81650 

0.  00000  'ooooo 

At 


At 

0. 27343  75000  1.  50 

0. 28269  40838  1.  51 

0.29213  18400  1.52 

0. 30175  27838  1.  53 

0.31155  89400  1.  54 

0. 32155  23438  1.  55 

0.  33173  50400  1. 56 

0.  34210  90838  1.  57 

0.  35267  65400  1.  58 

0.36343  94838  1.59 

0.37440  OOOOO  1.60 

0.  38556  01838  1.  61 

0.39692  21400  1.62 

0. 40848  79838  1.  63 

0.42025  9B400  1.64 

0. 43223  98438  1.  65 

0.44443  01400  1.  66 

0.45683  28838  1.67 

0.46945  02400  1.  68 

0.  48228  43838  1.  69 

0.  49533  75000  1. 70 

0. 50861  17836  1.  71 

0.52210  94400  1.72 

0. 53583  26838  1.  73 

0.54978  37400  1.74 

0.  56396  48438  1.  75 

0.57837  82400  1.76 

0.59302  61838  1.77 

0.  60791  09400  1.78 

0. 62303  47838  1. 79 

0.63840  OOOOO  1.80 

0.65400  88838  1.81 

0.  66986  37400  1.  82 

0.  68596  68836  1.  83 

0.70232  06400  1.  84 

0.71892  73438  1.85 

0.73578  93400  1.  86 

0.75290  89838  1.87 

0.77028  86400  1.88 

0.78793  06838  1.89 

0.80583  75000  1.90 

0.82401  14838  i.  91 

0. 84245  50400  i  92 ' 

0.86117  05838  1.93 

0.  86016  05400  1. 94 

0.69942  73436  1.95 

0.91897  34400  1.96 

0.  93880  12838  1  97 

0.95891  33400  1.98 

0.  97931  20836  1.99 

1.  OOOOO  OOOOO  2.  00 

A  a  p 
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I'ttblr  2.';.  1 


SIX  POINT  U<;RAM;IA!S  INTKHWILATION  COKmCIENTS 


V 

0.00 
O.Ol 
0.02 
0.03 
0.04 

0.05 
0.06 
0.07 
0.08 
0.09 

O.IO 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16 
0.17 
0.16 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0.33 
0.34 

0.35 
0,36 
0.37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
Q.44 

0.45 
0.46 
0.47 
0.48 
0.49 

0.50 


A 

0.00000 
0.00049 
0.00098 
0.00X46 
0.00193 

0.00239 
0.00284 
0.00328 
0.00371 
0.00413 

0.00454 
0.00494 
0.00533 
0.00571 
0.00608 

0.00644 
0.00678 
0.00712 
0.00744 
0.00776 

0.00806 
0.00635 
0.00863 
0.00890 
0.00915 

0.00939 
0.00963 
0.00985 
0.01006 
0.01025 

0.01044 
0.01061 
n.O1077 
0.01092 
0.01106 

0.01119 
0.01130 
0.01140 
0.01149 
0.01157 

0.01164 
O.OIUO 
0.01175 
0.01178 
0.01180 

0.01182 

0,01182 
0.01181 
0.01179 
0.01176 


00000 
57921 
i0066 
14085 
07725 

08828 
15335 
25261 
36794 
48096 

57500 
63412 
64326 
58827 
45585 

23359 
90995 
47422 
91654 
22787 

40000 
42553 
29786 
01118 
56045 

94141 
15055 
18513 
04314 
72328 

22500 
54844 
69446 
66459 
46105 

08672 
54515 
84054 
97774 
96219 

80000 
49786 
06306 
50351 
82765 

04453 
16375 
19546 
15034 
03961 


-0.04339 
-0.04701 
^0.05050 
-0.05387 
-0.05713 

-n.06022 
-0.06320 
-0.06607 
-0.06661 
•0.07142 


(2ti;!(3  k)\(p  k) 


O.OOQOO  00000 
-0.00493  33767 
-0.00973  36932 
-0.01440  12590 
-0.01893  64224 

-0.02333  95703 
-0.02761  11276 
-0.03175  15567 
-0.03576  13568 
-0.03964  10640 


12500 
25223 
55232 
09296 
94524 

18359 
88576 
13273 
00668 
60096 


0,01171  87500 

As 


-0.07392  00000 
-0.07629  29929 
•0.07854  59532 
-0.08067  98752 
-0.08269  57824 

-0.08459  47266 
-0.06637  77876 
-0.08804  60729 
-0.08960  07168 
-0.09104  28602 

-0.09237  37500 
-0,09359  45365 
-0.09470  64832 
-0.09571  08458 
-0.09660  89124 

-0.09740  19922 
-0.09809  14176 
-0.09867  85435 
-0.09916  47468 
-0.09955  14258 

-0.09984  00000 
-0.10003  19092 
-0.10012  86132 
-0.10013  15915 
-0.10004  23424 

-0.09966  23828 
-0.09959  32476 
-0.09923  64692 
-0.09879  36768 
-0.09826  63965 

-0.09765  62500 


A^ 

l.GOOOO  00000 
0.99654  20858 
0.99283  67064 
0.9A888  64505 
0.98469  39648 

0.98026  19531 
0.97559  31752 
0.97069  04458 
0.96555  66336 
0.96019  46604 

0.95460  75000 

0.94879  81771 

0.94176  97664 

0.93652  53917 

0.93006  82248 

0.92340  14844 

0.91652  64352 

0.90945  23870 

0.90217  66936 

0.69470  47517 

t).88704  00000 
0.87918  59183 
0.87114  60264 
0.86292  38630 
0.65452  30848 


0.84594 
0.83720 
0.82828 
0.81920 
0.60996 


72656 
00952 
52783 
65536 
76929 


0.8005/  25000 
0.79102  48096 
0.76132  84864 
0.77148  74242 
0^76150  55448 


0.75138 
0.74113 
0.73075 
0.72024 
0.70962 

0.69888 
0.68802 
0.67706 
0.66599 
0.65482 

0.64355 
0.63220 
0.62075 
0.60922 
0.59762 


67969 
51552 
46195 
92136 
29842 

00000 
43508 
01464 
15155 
26048 

75781 
06152 
59106 
76736 
01254 


^1 

0,00000  00000 
0.01006  60817 
0.02026  19736 
0.03058  41170 
0.04102  89152 

0.05159  27344 
0.06227  19046 
0.07306  27217 
0.08396  14464 
0.09496  43071 


0.10606 
0.11726 
0.12855 
0.13994 
0.15140 


75000 
71904 
95136 
05758 
64552 


0.16295  32031 
0.17457  68448 
0.18627  33805 
0.19803  87864 
0.20966  90158 


0.22176 
0.23370 
0.24570 
0.25775 
0.26984 


00000 
^6492 
78536 
64845 
93952 


0.28198  24219 
0.29415  13848 
0.30635  20892 
0.31858  03264 
0.33083  18746 

0.34310  25000 
0.35538  79579 
0.36768  39936 
0.37998  63433 
0.39229  07352 


0.40459 
0.41688 
0.42917 
0.44144 
0.45369 

0.46592 
0.47811 
0.49028 
0.50241 
0.51450 

0.52654 
0.53854 
0.55048 
0.56236 
0.57418 


28906 
85248 
33480 
30664 
33833 

00000 
86167 
493^6 
46520 
34752 

71094 
12648 
16567 
40064 
40421 


M 

0.00000  00000 

-0.00250  38746 

-0.00501  43268 

-0.00752  95922 

-0.01004  78976 

-0.01256  74609 

-0.01506  61924 

-0.01760  31946 

-0.02011  57632 

-0.02262  23873 

-0.02512  12500 

-0.02761  05290 

-0.03008  83968 

-0.03255  30217 

-0.03500  25676 


-0.03743 
-0.03984 
-0.04224 
-0.04461 
•0.04695 


51953 
90624 
23240 
31332 
96417 


•0.04928  00000 
-0.05157  23583 
-0.05383  48668 
-0.05606  56760 
,-0.05826  29376 

-0.06042  48047 
-0.06254  94324 
-0.06463  49783 
-0.06667  96032 
-0.06868  14711 

-0.07063  87500 
-0.07254  96127 
-0.07441  22368 
-0.07622  48054 
-0.07796  55076 

-0.07969  25391 
-0.08134  41024 
-0.08293  84077 
-0.08447  36732 
-0.08594  81254 

-0.08736  00000 
-0.08870  75421 
-0.08998  90068 
-0.09120  26598 
-0.09234  67776 


96484 
95724 


0.58593  75000 

Ax 


0.58593  75000 

^0 


0.09341 
0.09441 
0.09534  48621 
0.09619  38432 
0.09696  48548 


0.00000  >00000 
0.00033  '32917 
0.00066  '63334 
0.00099  |8752 
0.00133  ^675 


0.00166 
0.00199 
0.00231 
0.00264 
0.00296 


14609 
10065 
90557 
59606 
96742 


0.00329  17500 
0.00361  13426 
0.00392  82074 
0.00424  21011 
0.00455  27815 

0.00486  00078 
0.00516  3S405 
0.00546  31416 
0.00575  85746 
0.00604  96051 

0.00633  60000 

Q.00661  75284 

0.00689  39614 

0.00716  50719 

0.00743  06355 


0.00769 
0.00794 
0»00819 
0.00843 
0.00866 


04297 
42345 
16324 
30086 
75510 


0.00889  52500 

0.00911  56993 

0.00932  92954 

0.00953  52378 

0.00973  35295 


0.00992 
0.01010 
.0.01028 
0.01044 
0.01060 

0.01075 
0.01089 
0.0U02 
0.01114 
0.01125 


39766 
63885 
05783 
63626 
35618 

20000 
15052 
19094 
30487 
47635 


0.097O3  62500 


0.01135  68984 
0.01144  93025 
0.01153  1B292 
0.01160  43366 
0.0U66  66877 

0.01171  87500 


1.00 
0.99 
0.98 
0.97 
0.96 

0.95 
0.94 
0.93 
0.92 
0.91 

0.90 
0.89 
0.88 
0.67 
0.86 

0.85 
0.84 
0.83 
0.82 
0.81 

0.60 
0.79 
0.78 
0.77 
0.76 

0.75 
0.74 
0.73 
0.72 
0.71 

0.70 
0.69 
0.68 
0.67 
0.66 

0.65 
0.64 
0.63 
0.62 
0.61 

0.60 
0.59 
0.56 
0.57 
0.56 

0,55 
0.54 
0.53 
0.52 
0.51 

0.50 
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»IX*P01NT  LAGRANGIAN  INTERPOLATION  COEmcIENTS 


Table  2S.I 


P 

uoo 

1.01 
1.02 
1.03 
1.04 

1.05 
U06 
1.07 
1.08 
1.09 

1.10 
1.11 
1.12 
1.13 
1,14 

I.IS 
1.16 
1.17 
1.18 
1.19 

1.20 
1.21 
1.22 
1.21 
1.24 

1.25 
1.26 
1.27 
1.28 
1.29 

1.30 
1.31 
1.32 
1.33 
1.34 

1.35 
1.36 
1.37 
1.38 
1.39 

1.40 
1.41 
1.42 
1.43 
1.44 

1.45 
1.46 
1.47 
U48 
1.49 

1.50 


4-3 
0.00000  00000 
-0.00033  32917 
-0.00066  63334 
-0.00099  88752 
-0.00133  06675 

-0.00166  14609 
-0.00199  10065 
-0.00231  90556 
-0.00264  53606 
-0.00296  96742 


•0.00329 
-0.00361 
-0.00392 
-0.00424 
-0.00455 

-0.00486 
-0.00516 
-0.00546 
-0.00575 
-0.00604 

-0.00633 
-0.00661 
-0.00669 
-0.00716 
-0.00743 

-0.00769 
-0.00794 
-0.O0819 
-0.00843 
-0.00866 

-0.00889 
-0.00911 
-0.00932 
-0.00953 
-0.00973 

-0.00992 
-0.01010 
-0.01028 
-0.01044 
-0.01060 

-0.01075 
-0.01069 
-0.01102 
-0.01114 
-0.01125 

-0.01135 
-0.01144 
-0.01153 
-0.01160 
-0.01166 


17500 
13426 
82074 
21011 
27815 

00078 
35405 
31415 
85746 
96051 

60000 
75284 
39614 
50719 
06355 

.04297 
42345 
18324 
30066 
75509 


39766 
63885 
05783 
63626 
35618 

20000 
15052 
19094 
30487 
47635 

68964 

93025 
18292 
43366 
66877 


4-1 
0.00000  00000 
0.00249  35421 
0.00498  10068 
0.00745  46597 
0.00991  47776 

0.01235  96484 
0.01478  75724 
0.01719  68621 
*0.01958  58432 
0.02195  28547 


0.02429 
0.02661 
0.02890 
0.03116 
0.03340 


62500 
43965 
56768 
84692 
12476 


0.03560  23828 
0.03777  03424 
0.03990  35915 
0.04200  06132 
0.04405  99092 

0.04608  OCOOO 
0.04805  94258 
0.04999  67468 
0.05189  05435 
0.05373  94176 


0.05554 
0.05729 
0.05900 
0.06065 
0.06226 


19922 
69124 
28458 
84832 
25385 


0.06381  37500 
0.06531  08802 
0.06675  27168 
0.06813  80729 
0.06946  57876 


0.07073 
0.07194 
0.07309 
0.07417 
0.07520 


47266 
37624 
18752 
79532 
09929 


Ao  " 
0.00000  00000 
-0.00993  27517 
-0.01972  86936 
-0.02938  43870 
-0.03889  64352 

-0.04826  14844 
-0.05747  62248 
-0.06653  73917 
-0.07544  17664 
-0.08418  61771 

-0.09276  75000 
-0.10118  26604 
-0.10942  86336 
-0.11750  24458 
-0.12540  11752 

-0.13312  19531 
-0.14066  19648 
-0.14801  84505 
-0.15518  87064 
-0.16217  00858 


-0.01171  87500 


0.07616  00000 
0.07705  40096 
0.07788  20868 
0.C7864  33273 
0.07933  68576 

0.07996  18359 
0.08051  74524 
0^08100  29296 
0.08141  75232 
0.08176  05223 

0.08203  12500 

A2 


-0.16896 
-0.17555 
-0.18195 
-0.18815 
*0,19415 

-0.19995 
-0.20554 
-0.21092 
-0.21609 
-0.22105 

-0.22580 
-0.23033 
-0.23464 
-0,23873 
-0.24261 


00000 
59192 
53736 
59545 
53152 

11719 
13048 
35592 
58464 
61446 

25000 
30279 
59136 
94133 
18^52 


-0.24626  16406 
-0.24968  72448 
-0.25288  72180 
-0.2S586  01864 
-0«25860  48533 


-0.26112 
-0.26340 
-0.26545 
-0.26727 
-0.26886 


00000 
44867 
72^36 
73220 
37952 


-0.27021  58594 
-0.27133  2/848 
-0.27221  39267 
-0.27^85  87264 
-0.27326  67121 

-0.27343  75000 

At 


Ax 

1.00000  00000 
1.00320  79192 
1.00616  33736 
1.00886  39545 
1.01130  73152 

1.01349  11719 
1.01541  33048 
1.01707  15592 
1.01846  38464 
1.01958  81446 

1.02044  25000 

1.02102  50279 

1.02133  39136 

1.02136  74133 

1.02112  38552 

1.02060  16406 
1.01979  92448 
1.01871  52180 
1.01734  81864, 
1.01569  68533 

1.01376  000)10 
1.01153  64^67 
1.00902 
1.00622 
1.00313. 

0.9997^  58594 
0.99608  47848 
0.99212  19267 
0.90786  67264 
0.78331  87121 

0.9>847  75000 
0.97334  27954 
0.96791  43936 
0.96219  21808 
0.95617  61352 

0.94986  63281 
0.94326  29248 
0.93636  61855 
0.92917  64664 
0.92169  42208 

0.91392  00000 
0.90585  44542 
0.89749  83336 
0.88885  24895 
0.87991  78752 

0.87069  55469 
0.86118  66648 
0.85139  24942 
0.84131  44064 
0.83095  38796 

0.82031  25000 


42 

0.00000  00000; 
0.00506  67067/ 
0.01026  6973/ 
0.01560  0989 
0.02106  890; 

0.02667  0d^03 
0.03240  68076 
0.03827  6(6866 
0.04428/10368 
0.05041/91940 


0.056V 
0.063^9 
0.06963 
0.07630 
0.06311 

o/o9005 
Ei.09712 
/0. 10432 
0.11166 
0.11912 


^9  125 


12500 
70523 
64032 
90596 
47324 

30859 
37376 
62572 
01668 
49396 


0.12672  00000 
0.13444  47229 
0.14229  84332 
0.15028  04052 
0.15838  98624 


0.16662 
0.17498 
0.18347 
0.19208 
0.20081 

.0.20967 
0.21864 
0.22774 
0.23695 
0.24628 


59766 
78676 
46029 
51968 
86102 

37500 
94685 
45632 
77758 
77924 


0.25573  32422 
0.26529  26976 
0.27496  46735 
0.28474  76268 
0.29463  99558 


0.30464 
0.31474 
0.32495 
0.33526 
0.34568 

0.35619 
0.36680 
0.37750 
0.38829 
0.39918 


00000 
60392 
62932 
89215 
20224 

36328 
17276 
42192 
89568 
37265 


A, 

0.00000  00000 
-0.00050 
-0.00101 
-0.00153 
-0.00206 


41246 
63266 
63410 
3892$ 


-0.00259 
-0.00314 
-0.00368 
-0.00424 
-0.00480 

-0.00537 
-0.00594 
-0.00651 
-0*00710 
-0.00768 

-0.00827 
-0.00886 
-0.00946 
-0.01006 
-0.01066 

-0.01126 
-0.01186 
-0.01247 
-0.01307 
-0«01367 


86993 
04535 
88606 
35994 
43420 

07500 
24737 
91526 
04152 
$8785 

51484 
78195 
34747 
16854 
20112 

40000 
71878 
10986 
52443 
91245 


-0.01428  22266 
-0.01488  40255 
-0.01548  39838 
-0.01608  15514 
-0.01667  61653 


-0.01726 
-0.01785 
-0.01843 
-0.01901 
-0.01958 

-0.02014 
-0.02070 
-0.02125 
-0.02179 
-0.02232 

-0.02284 
-0.02335 
-0.02385 
-0.02434 
-0.02481 

-0.02527 
-0.02572 
-0.02615 
-0.02656 
-0.02696 


72500 
42169 
64646 
33784 
43305 

86797 
57715 
49379 
54974 
67544 

80000 
85111 
75506 
43676 
81965 

82578 
37575 
38871 
78234 
47286 


0«41015  62500 

A  I 


-0.02734  37500 

A  2 


0.00 
0.01 
0.02 
0.03 
0.04 

0.05 
0.06 
0.07 
0.08 
0.09 

0.10 
0.11 
0.12 
0.13 
0.14 

0.15 
0.16 
0.17 
0.18 
0.19 

0.20 
0.21 
0.22 
0.23 
0.24 

0.25 
0.26 
0.27 
0.28 
0.29 

0.30 
0.31 
0.32 
0.33 
0.34 

0.35 
0.36 
0.37 
0.38 
0.39 

0.40 
0.41 
0.42 
0.43 
0.44 

0.45 
0.46 
0.47 
0.46 
0.49 

0.50 

P 
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Table  25.1 


six  poiNT  lai;ram;ia!m  interpolation  coefficients 


P 

1,50 
l.Sl 
U52 
1.53 
1,54 

1,55 
1.56 
I.S7 
1.58 
1.59 

1.60 
1.61 
1.62 
1.63 
1.64 

1.65 
1.66 
1.67 
1.68 
1.69 

1,70 
1,71 
1,72 
1.73 
1,74 

1,75 
1.76 
1.77 
1.78 
1.79 

1.80 
1.81 
1.82 
1.83 
1.84 

1.85 
1.86 
1.87 
1.88 
1.89 

1.90 
1.91 

un 

1.93 
1.94 

1.96 
1.9/ 
U98 
1.99 

2.00 


-0.01171  87500 
-0.01176 
•0.01179 
-0.D1181 
-0.01182 


03961 
15034 
19S46 
16375 


-0.01182 
-0.01180 
-0.01178 
-0.01175 
-0.01170 

-0.01164 
-0.01157 
-0.01149 
-0.01140 
-0.01130 


04453 
82765 
50350 
06306 
49786 

80000 
96219 
97774 
84054 
54515 


-0.01119  08672 
-0.01106  46105 
-0.01092  66459 
-0.01077  69446 
-0.01061  54845 


-0.01044 
-0.01025 
-0.01006 
-0.00985 
-0.00963 


22500 
72328 
04314 
18513 
15055 


-0.00939  94141 
-0.00915  56045 
-0.00890  01118 
-0.00863  29786 
.0.00835  42553 

-0.00806  40000 
^0.00776  22787 
-0.00744  91654 
-0.00712  47422 
-0.00678  90995 


-0.00644 
-0.00608 
^0.00571 
-0.00533 
-0.00494 

-0.00454 
0.00413 
-0.00371 
-0.00328 
-0.00284 

-0.00239 
-0.00193 
-0.00146 
-0.00098 
-0.00049 


Al(p)  ( 


0.08203 
0.08222 
0.08235 
0.08240 
0.08237 


23359 
45685 
58826 
64326 
63412 

57500 
48096 
36794 
25281 
15335 

08828 

07725 
14086 
30066 
57921 


-I 

12500 
90640 
33568 
35567 
91276 


0.07154 
0.07021 
0.06879 
0.06730 
0.06573 

0.06408 
0.06236 
0.06056 
0.05869 
0.05674 

0.05472 
0.05262 
0.05045 
0.04821 
0.04589 


0.03056 
0.02777 
0.02492 
0.02201 
0.01904 


t.*4:»  Pip-  l)il^'i)(Pz3^ 


.  ^0 

-0.27343  75000 
-0.27337 
-0.27306 
-0.27252 
-0.27174 


0.08227  95703 

0.08210  44224 

0.08185  32590 

0.08152  56932 

0.08112  13767 

0.08C64  00000 
0.08008^2933 
0.07944  50268 
0.07873  10110 
0.07793  90976 

0.07706  91797 
0.07612  11924 
0.07509  51133 
0.07399  09632 
0.07280  88061 


87500 
09477 
55968 
29404 
32676 

69141 
42624 
57427 
18332 
30604 

00000 
32771 
35668 
15948 
81376 


07954 
63936 
41808 
41352 


(2fA)! 

Ai 

0.82031  25000 
0.80939  19629 
0.79819  40736 
0.78672  07483 
0.77497  40152 


0.04351  40234 

0.04106  01324 

0.03853  73971 

0.03594  68032 

0.03328  93898 


-0.27072  63281 
-0.26947  09248 
-0.26797  81855 
-0.26624  84664 
-0.26428  22208 

-0.26208  00000 
-0.25964  24542 
-0.25697  03336 
-0.25406  44895 
-0.25092  58752 

-0.24755  55469 
-0.24395  46648 
-0.24012  44942 
-0.23606  64064 
-0.23178  18796 


0.76295 
0.75066 
0.73811 
0.72529 
0.71221 


-0.22727 
-0.22253 
-0.21758 
-0.2i241 
-0.20702 


25000 
99629 
60736 
27483 
20152 


-0.20141  60156 
-0.19559  70048 
-0.18956  73530 
-0.18332  95464 
-0.17688  61883 


-0.17024 
-0.16339 
-0.15635 
-0.14911 
-0.14168 

-0.13407 
-0.12627 
-0.11829 
-0.11013 
-0.10180 


00000 
38217 
06136 
34570 
55552 

02344 
09448 
12617 
48864 
56471 


62500 
85315 
74368 
42242 
02076 


0.00000  00000 
.4i 


0.01600  67578 

0.01291  53024 

0.00976  73265 

0.00656  43732 

0.00330  80442 

0.00000  00000 


60156 
90048 
53530 
75464 
81883 


A^ 

0.41015  62500 
0.42121  41848 
0.43235  51232 
0.44357  65921 
0.45487  60524 

0.46625  08984 
0.47769  84576 
0.48921  59897 
0.50080  06868 
0.51244  96721 


0.69888  00000 

0.68528  58217 

0.67143  86136 

0.65734  14570 

0.64299  75552 


0.62841 
0.61358 
0.59851 
0.58322 
0.56769 


02344 
29448 
92617 
28864 
76471 


0.55194  75000 
0.53597  65304 
0.51978  89536 
0.50338  91158 
0.48678  14952 


0.46997 
0.45296 
0.43575 
0.41836 
0.40079 


07031 
14848 
87205 
74264 
27558 


-0.09330  75000 
-0.08464  45304 
-0.07582  09536 
-0.06684  11158 
-0.05770  94952 

-0.04843  07031 
-0.03900  94848 
-0.02945  0720S 
-0.01975  94264 
-0.00994  07558 

0.00000  00000 

^1 


0.38304  00000 
0.36511  45892 
0.34702  20936 
0.32876  82245 
0.31035  88352 

0.29179  99219 
0.27309  76248 
0.25425  62292 
0.23528  81664 
0.21619  40145 

0.19698  25000 
0.17766  04979 
0.15823  50336 
0.13871  12833 
0.11910  25752 

0.09941  03906 
0.07964  4  3648 
0.05981  22880 
0.03992  21064 
0.01998  19233 

0.00000  00000 

Ao 


0.52416 
0.53592 
0.54775 
0.55962 
0.57155 


00000 
86554 
25532 
85377 
33824 


0.58352  37891 
0.59553  63876 
0.60758  77354 
0.61967  43168 
0.63179  25427 


0.64393 
0.65610 
0.66830 
0.68050 
0.69272 


87500 
92010 
00832 
75083 
75124 


-0.02734  37500 
-0.02770  40202 
-0.02804  46566 
-0.02836  47617 
-0.02)966  34225 

-0.02893  97109 
-0.02919  26835 
-0.02942  13812 
-0.02962  48294 
-0.02980  20377 


0.70495  60547 
0.71718  90176 
0.72942  22061 
0.74165  13468 
0.75387  20883 

0.76608  00000 
0.77827  05717 
0.79043  92132 
0.80258  12540 
0.81469  19424 

0.82676  64453 
0.83879  98476 
0.85078  71516 
0.86272  32768 
0.87460  30590 

0.88642  12500 
0.89817  25173 
0.90985  14432 
0.92145  25246 
0.93297  01724 

0.94439  87109 
0.95573  23776 
0.96696  53223 
0.97809  16068 
0.98910  52046 

1.00000  00000 

A  1 


-0.02995 
-0.03007 
-0.03016 
-0.03022 
-0.03025 , 

-0.03025 
-0.03022 
-0.03015 
-0.03004 
-0.02990 

-0.02972 
-0.02949 
-0.02923 
-0.02893 
-0.i»858 

-0.02819 
-0.02776 
-0.02727 
-0.02674 
-0.02616 

-0.02553 
-0.02485 
-0.02411 
-0.02332 
-0.02247 


20000 
36943 
60826 
81108 
87085 

67891 
12495 
09703 
48154 
16318 

02500 
94834 
81286 
49649 
87545 

82422 
21555 
92045 
80814 
74609 

60000 
23376 
50946 
28741 
42605 


-0.02156  78203 
-0.02060  21015 
-0.01957  56336 
-0.01848  69274 
-0.01733  44750 

-0.01611  67500 
-0.01483  22067 
-0.01347  92806 
-0.01205  63882 
-0.01056  19265 

-0.00899  42734 
-0.00735  17875 
-0.00563  28077 
-0.00383  56534 
-0.00195  86242 

0.00000  00000 

A  2 


o.so 

0.51 
0.52 
0.53 
0.54 

0.5$ 
0.56 
0.57 
0.58 
0.59 

0.60 
0.61 
0.62 
0.63 
0.64 

0.65 
0.66 
0.67 
0.68 
0.69 

0.70 
0.71 
0.72 
0.73 
0.74 

0.75 
0.76 
0.77 
0.78 
0.79 

0.80 
0.81 
0.82 
0.83 
0.84 

0.85 
0.86 
0.87 
0.88 
0.89 

0.90 
0.91 
0.92 
0.93 
0.94 

0.95 
0.96 
0.97 
0.98 
0.99 

1.00 
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P 

2*00 
2.01 
2«02 
2.03 
2.04 

2.05 
2.06 
2.07 
2*08 
.2.09 

2.10 
2.11 
2.12 
2.13 
2.14 

2.1S 
2.16 
2.17 
2.18 
2.19 

2.20 
2.21 
2.22 
2.23 
2.24 

2.2S 
2.26 
2.27 
2.28 
2.29 

2.30 
2.31 
2.32 
2.33 
2.34 

2*^S 
2.36 
2.37 
2.38 
?.39 

?.40 
2.41 
2.42 
2.43 
2.44 

2.4S 
2.46 
2.4/ 
2«48 
2.49 

2.00 


0.00000  00000 
0,00050 
0.00101 
0.00153 
0.00206 


41246 
63266 
63410 
38925 


SIX  POINT  la4;kan(;ian  in tkhk^lation  cokfkh:iknts 

(  1) 

^0 


Table  2.1.1 


af3Mp^'  l)(p2-4)(/>  3) 


A-x 
0.00000  00000 
-0.00335  80392 
-0.00676  42932 
-0.01021  69214 
-0.01371  40224 


(2tt)!(3 

A\  A2 

0.00000  00000  0.00000  00000    1.00000  00000 

0.01005  74108  «-0.02001  52433,  1.01076  97879 

0.02022  59064  -0.04005  52264.  1.02140  82732 

0.03049  97755  -0.06011  12080    1.03190  90702 

0.04087  31648  -0.08017  42848    1.04226  57024 


0.00259  86953 
0.00314  04535 
0.00368  88605 
0.00424  35994 
0.00480  43420 

0.00537  07500 
0.00594  24737 
0.00651  91526 
0.00710  04151 
0.00768  58785 

0.00827  51484 
0.00886  78195 
0.00946  34747 
0.01006  16854 
D.ni066  20112 

0.01126  40000 
0.01186  71878 
0.01247  10986 
0.01307  52443 
0.01367  91245 

0.01428  22266 
0.01488  40255 
0.01548  39838 
0.01608  15514 
0.01667  61653 

0.01726  72500 
0.01785  42169 
0.01843  64646 
0.01901  33784 
0.01958  43305 

0.02014  86797 
0.02070  <)7715 
0.02125  49379 
0.02179  54974 
0.02232  67544 

0.02284  80000 
0.02335  85111 
0.02385  75506 
0.02434  43676 
0.02481  81965 

0.02^?7  82578 
0.02572  .375/5 
0.02615  -^8870 
0.02656  7fl234 
0.02696  47286 

0.02734  57500 


-0.01725 
-0.02083 
-0.02445 
-0.02810 
-0.03179 

-0.03551 
-0.03926 
-0.04304 
-0.04684 
-0.05066 

.0.05451 
-0.05837 
-0.06224 
-0.06612 
<0.07002 

-0.07392 
-0*07782 
-0.08172 
-0.08561 
-0.08950 


36328 
37276 
22191 
69568 
57264 

62500 
61847 
31232 
45921 
80524 

08984 
04576 
39898 
86868 
16721 

00000 
06554 
05532 
65377 
53824 


0.05134 
0.06189 
0.07252 
0«08323 
0.09401 


^0.09338  37891 
-0.09724  83876 
.0.10109  57353 
-0.10492  23168 
-0.10872  45427 

^0.11249  87500 
-0.11624  12010 
-0.11994  80832 
-0.12361  55083 
-0.12723  95124 

-0.13081  60547 
-0.13434  10176 
-0.13781  02060 
-0.14121  93468 
-0.14456  40883 


00000 
25717 


-0.14784 
-0.15104 
-0.15416  72132 
-0.15720  92540 
•  0.16016  39424 


-O.H)1D2  6A453 
0.16579  18476 
-0.16845  51516 
-0.17101  12768 
-0.17345  50590 

-0.17578  12500 
1^ 


00781 
43752 
97708 
98336 
79854 


.0.10023  53906 
-0.12028  52952 
-0.14031  46033 
-0.16031  37536 
-0.18027  30179 


1.05247  16016 
1.06252  01076 
1.07240  44679 
1.08211  78368 
1.09165  32752 


0.10485  75000 
0.11575  15021 
0.12669  29664 
0.X3767  47167 
0.14868  94248 

0.15972  96094 
0.17078  76352 
0.18185  57120 
0.19292  58936 
0.20399  00767 

0.21504  00000 
0,22606  72433 
0.23706  32264 
0.24801  92080 
0.25892  62848 

0.26977  53906 
0.28055  72952 
0.29126  26033 
0.30188  17536 
0.31240  50179 

0.32282  25000 
0.33312  41346 
0.34329  96864 
0,35333  87492 
0.36323  07448 

0,37296  49219 
0.38253  03552 
Q.39191  59445 
0.40111  04136 
0.41010  23092 

0.41888  00000 

0.42743  16758 

0.43574  53464 

0.44380  88405 

0.45160  98048 

0.45913  57031 
0.46637  38152 
0.47331  12358 
0.47993  48736 
0.48623  14504 


-0.20018 
-0.22003 
-0.23981 
-0.25951 
-0.27911 


25000 
21346 
16864 
07492 
87448 


LlOlOO 
1.11016 
1.11912 
1.12787 
1.13641 


-0.29862  49219 
-0.31801  83552 
-0.33728  79445 
-0.35642  24136 
-0.37541  03092 

-0.39424  00000 
-0.41289  96758 
-0.43137  73464 
-0.44966  08405 
-0.46t73  78048 

-0.48559  57031 
-0.50322  18152 
-0.52060  32358 
-0.53772  68736 
-0.55457  94504 

-0.57114  75000 
-0.58741  73671 
-0.60337  52064 
-0.61900  69817 
-0.63429  84648 


0.64923 
-0.66380 
-0.67798 
-0.69177. 
-0.70513 


52344 
26752 
59770 
01336 
99417 


0.49218  7' 


000 


-0.71808  00000 
-0.73057  47083 
-0.74260  82664 
-0.75416  46730 
-0.76522  77248 

-0.77578  10156 
-0.78580  79352 
-0.79529  16683 
-0.80421  51936 
-0.81256  12829 

-0.B2031  25000 


37500 
21335 
12032 
36409 
20324 


1.14472  88672 
1.15281  65376 
1.16066  73385 
1.16827  34668 
L17562  70208 

1.18272  00000 
1.18954  43042 
1.19609  17332 
1.20235  39865 
1.20832  26624 

1.21398  92578 
1.21934  51676 
1.22438  16841 
1.22908  99968 
1.23346  11915 


62500 
60498 


1.23748 
1.24115 
1.24446  13632 
1.24739  28571 
1.24994  10924 

1.25209  65234 
1.2.5384  94976 
1.25519  02548 
1.25610  89268 
1.25659  55371 

1.25664  00000 
1.25623  21204 
1.25536  15932 
1.25401  80027 
1.25219  08224 


0.00000  00000 
0.00204  19592 
0.00416  90134 
0.00638  29427 
0.00868  S5475 

0.01107  86484 

0.01356  40865 

0.01614  37232 

0.01881  94406 

0.02159  31417 

0.02446  67500 
0.02744  22100 
0.03052  14874 
0.03370  65686 
0.03699  94615 


1.24986  94141 

1.24704  30276 

1.24370  08004 

1.23983  17568 

1.23542  48077 


0.04040 
0.04391 
0<04754 
0.05129 
0.05515 

0.05913 
0.06324 
0.06747 
0.07182 
0.07631 

0.08093 
0.08568 
0.09057 
0.09559 
0.10076 


21953 
68205 
54091 
00546 
28726 

60000 
15959 
18414 
89394 
51155 

26172 
37145 
06999 
58886 
16184 


0.10607  02500 

0.11152  41668 

0.117X2  57754 

0.12287  75053 

0.12878  18095 

0.13484  11641 
0.14105  80685 
0.14743  50458 
0.15397  46426 
0.16067  94293 


0.16755 
0.17459 
0.18181 
0.18920 
0.19677 

0.2045? 
0.21245 
0.22058 
0.22889 
0.23739 


20000 
49727 
09894 
27162 
28435 

40859 
91825 
08967 
20166 
53552 


1.23046  87500 

A  1 


0.24609  37500 


1.00 
1.01 
1.02 
1.03 
1.04 

1.05 
1.06 
1.07 
1.08 
1.09 

1.10 
1.11 
1.12 
1.13 
1.14 

1.15 
1.16 
1.17 
1.18 
1.19 

1.20 
1.21 
1.22 
1.23 
1.24 

1.25 
1.26 
1.27 
1.28 
1.29 

1.30 
1.31 
1.32 
1.33 
1.34 

1.35 
1.36 
1.37 
1.38 
1.39 

1.40 
1.41 
1.42 
1.43 
1.44 

1.45 
1.46 
1.47 
1.48 
1.49 

1.50 

P 
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SIX  IN)INT  LAGKANGIAN  INTKRPOLATION  COEFFICIENI^ 


V 
2.50 
?.51 

2.53 
2.54 

2.55 

2.5ib 
?,S7 
2.58 
2.59 

2.60 
2.61 
2.62 
2.63 
2.64 

2.h*> 
2.66 
2.67 
2.68 
2.69 

2.70 
2.71 
2.72 
2.73 
2.74 

2.75 
2.76 
2.77 
2.78 
?.79 

2.ao 

2.HI 
2,82 

2.84 

?.flO 
2M 
2.87 
?M 
2.89 

;.90 

?.93 
2,94 

2.9S 
2.96 

2.98 

2.99 

1.00 


/I 

0.02734 
0.02770 
0.02804 
0.02836 
0.02866 

0.02893 
0.02919 
0.02942 
0.02962 
0.02980 

0.02995 
0.03007 
0.03016 
0.03022 
0.01025 

0.0302$ 
0.03022 
•0.03015 
0.03004 
0.02990 

0.v2972 
0.02949 
0.02923 
0.02893 
0.02658 


2 

37500 
40203 
46566 
47616 
34225 

97109 
26835 
13812 
48294 
20377 

20000 
36943 
60826 
81107 
87085 

67891 
12495 
09704 
48154 
16317 

02500 
94634 
81286 
49650 
87545 


0.02819  82422 
0.02776  21555 
0.02727  92044 
0.02674  80814 
0.0?616  74609 


0.02553 
0.02485 
0.02411 
0.02332 
0.02247 


60000 
23376 
50946 
28741 
42605 


0.02156  78203 
0.02060  21015 
0.01957  56335 
0.01848  69274 
0.01733  44751 


0.01611 
0.01481 
0.01347 
0.01205 
0.01056 

0.00899 
0.00  715 
0.OOO63 
0.00183 
0.00195 


67500 
22068 
92806 
63881 
19265 

12734 
178  75 
28077 
56534 
86242 


-0.17578  12500 
-0.17798  45173 
-0.18005  94432 
-0.18200  05246 
-0.16380  21724 

-0.18545  87109 
-0.18696  43776 
-0.18831  33223 
-0.18949  96068 
-0.19051  72046 

-0.19136  00000 
-0.19202  17879 
-0.19249  62732 
-0.19277  70702 
-0.19285  77024 

-0.19273  16016 
-0.19239  21076 
-0.19183  24679 
-0.19104  58368 
-0.19002  52752 

-0.18676  37500 
-0.18725  41335 
-0.16546  92032 
-0.16346  16409 
-0.18116  40324 

-0.17858  86672 
-0.17572  65376 
-0.17257  53385 
-0.16912  14668 
-0.16535  90206 


%0.16128 
-0.15667 
-0|.15213 
-0m14706 
-0A4163 

-0.13584 
-0.12969 
-0.12316 
-0.11625 
-0.10895 


00000 
63042 
97332 
19665 
46624 

92578 
71676 
96641 
79968 
31915 


'0.10124  62500 
-0.09312  60498 
-0.08458  93632 
-0.07562  08571 
-0,06621  30924 


-0.05635 
-0.04604 
-0.03525 
-0.02399 
-0.01224 


65234 
14976 
82547 
69268 
75371 


Ao 

0.49216  75000 
0.49776  93671 
0.50302  32064 
0.5O767  49817 
0.|^233  04648 


0.51637 
0.51999 
0.52317 
0.52569 
0.52615 


52344 
46752 
39770 
61336 
X9417 


0.52992  00000 
0.53116  67083 
0.53193  62664 
0.53215  26730 
0.53161  97246 


0.53092  10156 
0.52943  99352 
0.52735  96663 
0.52466 
0.52133 


31936 
32629 


0.51735  25000 
0.5}270  31996 
0.50716  75264 
0.50132  74142 
0.49456  45646 


0.46706 
0.47879 
0.46975 
0.45991 
0.44925 

0.43776 
0.42340 
0.41217 
0.39805 
0.36301 

0.36703 
0.35009 
0.33217 
0.31325 
0.29330 


05469 
65952 
38095 
30536 
49742 

00000. 

83406 

99864 

47055 

20448 

13261 
16552 
19008 
07136 
65154 


0.27231  75000 
0.25026  16321 
0.22711  66464 
0.20266  00467 
0.17746  91048 


0.15092 
0.12319 
0.09425 
0.06409 
0.03266 


06594 
21152 
94420 
91736 
74067 


-0.62031  25000 

•0.62745  11996 

-0.63395  95264 

-0.63961  94142 

-0.84501  25846 

-0.94952  05469 

-0.65332  45952 

-0.85640  58095 

-0.65874  50536 

-0.66032  29742 

-0.86112  00000 
-0.66111  63406 
-0.86029  19664 
-0.65862  67055 
-0.65610  00446 


-0.65269 
-0.84637 
-0.64314 
-0.83696 
-0.62981 

-0.82167 
-0.61252 
-0.60234 
-0.79111 
-0.77879 

-0.76536 
-0.75084 
-0.73515 
-0.71829 
-0.70023 

-0.68096 
-0.66044 
-0.63665 
-0.61557 
-0.59117 

-0.56542 
-0.53831 
-0.50960 
-0.47967 
-0.44649 

-0.41564 
-0.38126 
-0.34540 
-0.30796 
-0.26894 

-0.22631 
-0.16604 
-0.14210 
-0.09647 
-0.04911 


13261 
96552 
39006 
27136 
45154 

75000 
96321 
66464 
20467 
71046 

06594 
01152 
14420 
11736 
54067 

00000 
05733 
25064 
09380 
07646 

66406 
29752 
39333 
34336 
51479 

25000 
66646 
65664 
86792 
60246 

61719 
52352 
68745 
24936 
32392 


0.00000  00000 


0.00000  00000 

A2 


0.00000  00000 


0.00000  00000 

Ao 


il2 

1.23046  67500 
1.22495  22660 
1.21666  39232 
1.21219  21734 
1.20492  53524 

1.19705  16797 
1.18855  92576 
1.17943  60710 
1.16966  99666 
1.15924  67533 

1.14816  00000 
1.13639  12367 
1.12392  96532 
1.11076  31190 
1.09687  61624 

1.06226  20703 
1.06690  16876 
1.05076  ^6166 
1.03369  mbB 
1.01622  21240 

0.99775  12500 

0.97846  87823 

0.95636  06632 

0.93741  35696 

0.91561  28124 

0.89294  43359 
0.66939  38176 
0.84494  67873 
0.81956  86468 
0.79330  46696 

0.76606  00000 
0.73769  96529 
0.70874  85132 
0.67861  13352 
0.64747  27424 

0.61531  72266 ; 
0.5Ck;£  91476 
0.54769  27329 
0.51259  20768 
0.47621  11402 

0.43873  37500 
0.40014  359»65 
0.36042  42432 
0.31955  91059 
0.27753  14724 

0.23432  44922 
0.16992  11776 
0.1443d  44035 
0.0974S  69066 
0.04936  12656 

o.ooboo  00000 

A  t 


A'A 

0.24609  37500 
0.25499  00635 
0.26406  71634 
0.27336  60221 
0.26289  S5175 

0.29261  26326 
0.30254  23565 
0.31266  77026 
0.32305  17106 
0*33363  74461 

0.34444  80000 
0.35546  64694 
0.36675  60574 
0.37625  96730 
0.3900Q  11315 

0.40196  30547 
0,41420  88905 
0.42668  19134 
0.43940  54246 
0.45236  27520 

0.46561  72500 
0.47911  23003 
0.49267  13114 
0.50669  77166 
0.52119  49655 

0.53576  66016 
0.55061  60645 
0.56574  69793 
0.58116  28586 
0.59666  73226 

0.61266  40000 
0.62915  65462 
0.64574  66454 
0.662j64  40097 
0.679$4  63795 

0.69735  95234 
0.71518  72385 
0.73333  33502 
0.75180  17126 
0.77059  62087 

0.78972  07500 
0.80917  92770 
0.82897  57594 
0.84911  41956 
0.86959  86135 

0.89043  30703 
0.91162  16525 
0.93316  84760 
0.95507  76866 
0.97735  34596 

1.00000  00000 

A. 2 


1.50 
1.51 
1.52 
1.59 
1.54 

1.55 
1.56 
1.57 
1.58 
1.59 

1.60 
1.61 
1.62 
1.63 
1.64 

1.65 
1.66 
1.67 
1.68 
1.69 

1.70 
1.71 
1.72 
1.73 
1.74 

1.75 
1.76 
1.77 
1.78 
1.79 

1.80 
1.81 
1.82 
1.83 
1.84 

1.85 
1.86 
1.87 
1.88 
1.89 

1.90 
1.91 
1.92 
1.93 
1.94 

1.95 
1.96 
1.97 
1.98 
1.99 

2.00 

-P 
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SK>K>.W>IM  l.AGRAN(;iAN  INTERPOLATION  COEFFM.IENTS 


Tahh*  2r>.I 


).:) 
XV 

■A 


4.  -i 


o.a 

0,4 

0.5 
Q.6 
0.7 
J.8 
0.1 

l.O 
\A 
1.2 
U) 
1.4 

l.S 

U6 
1.7 
UH 
1.1 

?.'.) 
M 
2.^ 

3.0 


A 


O.OOOOC  00000 
.0.0015=^  1012S 
•0.0029(>  68000 
<0.00400  286?S 


0.00000  00000 
0.01409  18250 
0.02580  48000 
0.03445  94250 


'4l(/>)  ( 


^  1 

0.00000  00000 
•0.06725  64375 
-0.U827  20000 
•0.15241  66875 


(3./f)!(3  k)\(p  k) 


Aj 


UOOOOO  00000 
0.9864?  77500 
0*94617  60000 
0.88062  97500 


0.00000  00000  0.00000  00000 

0.08220  23125  -0.01557  51750 

0.17740  80000  -0.03153  92000 

0.28305  95625  -0.04662  15750 


A, 

0.00000  00000  0.0 

0.00170  07375  0.1 

0.00337  92000  0.2 

0.00489  23875  0.3 


.0.00465  92000     0.03960  32000  -0.16972  80000     0.79206  4000O    0.39603  20000   -0.05940  48000     0.00609  28000  0.4 


>Q.00488  28125 

-0.00465  92000 

-0»00400  28625 

-0.00295  68000 

.0.00159  10125 

O.OQOOO  00000 
0»00170  07375 
O.OOn?  92000 
0.00489  23875 
0.0bvi09  28000 

0.00683  59375 
0.00698  88000 
0.00643  93875 
0»a0Sl0  72000 
47375 

0.01000  00000 
).00)67  00125 
-0.00788  48000 
-0.01237  4062'> 
0.01675  52000 

0.020^0  78125 
-0.02296  32000 

0.02)28  08625 
-0.02042  88000 
0.01)16  20125 

0.00000  00000 

h 


0.04101  56250 
0.03870  72000 
0.03291  24250 
0.02407  68000 
0.01283  78250 

0.00000  00000 
-0.01349  61750 
*0.02661  12000 
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-0.05273  43750 
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-0»02227  41750 
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0.00000  OOOOO 
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0.00000  OOOOO 
0.0091S  9686) 
0.01634  30400 
0.02124  99787 
0.02)76  19200 
0.02*92  57812 

0.00000  OOOOO 
-0.00652  )1512 
-0.01241  85600 
-0.01721  23088 
-0.02050  04800 

0.02197  26562 
-0.0214)  23200 
-0.01881  345)B 
>0.01419  26400 
-0.00779  59613 

0.00000  OOOOO 
0.00867  )7612 
0.01757  18400 
0.02S-12  165)8 
0.0)290  11200 

0.0)759  76562 
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0.00000  OOOOO 
-n.02?)8  70  7^>2 
0.14888  '.7600 
0.11/ Ui)^8 
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O.^^^O  1/78B 
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0.01081  /«ef,? 
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0.00000  OOOOO 
.0.05246  00213 
-0*08986  67200 
-0.11278  83487 
>0.12220  41600 

0.11962  89062 

0.00000  OOOOO 
0.02888  82412 
0.05419  0080a 
0.07408  77638 
0.08712  70400 

0.09228  51562 

0.08902  65600 

0.07734  41988 

0.05778  43200 

0.03145  26712 

0.00000  OOOOO 

•0.0)441  52462 

0.06918  91200 

-3.10136  1)738 

-0.12771  37600 

-0.14501  95312 

^0.15002  62400 

-0.13987  39388 

-0.1122';  08800 

0.06570  88162 

O»0000O  OOOOO 
0.08)54  20162 
0.1815  7  56800 
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0.)9481  34400 

0»48876  95)12 
OMM  29600 
0.56750  81738 
0.50)56  99200 
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Au 

1.00000  OOOOO 
0.96176  70563 
0.89886  72000 
0.81458  25186 
0.71285  76000 
0.59814  45312 

0.00000  OOOOO 

-0.09191  71312 

-0.16558  08000 

-0.21846  39188 

-0.24893  44000 

-0.25634  76562 
-0.24111  36000 
-0.20473  46438 
-0.14981  12000 
-0.08001  11812 

0.00000  OOOOO 

0.08467  24312 

0.16773  '2000 

0.242)8  >8938 

0.30159  36000 

0.33037  89062 

0.34621  44000 

0.31946  51688 

0.25390  08000 

0.14727  83812 

o.goooo  OOOOO 

-0»18415  17562 

'0.)9719  68000 

-0.62605  554)8 

-0.85155  84000 

-1.047)6  32812 
-1.17877  76000 
'1.20148  12688 

^1.06014  72000 
-0.68695  ^8062 
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0.00000  OOOOO 
0.10686  30063 
0.22471  68000 
0.)4910  67938 
0.47523  84000 
0.59814  45313 

1.00000  OOOOO 
1.01108  84438 
0.99348  48000 
0.94667  6'?812 
0.87127  04000 

0.76904  29688 
0.64296  96000 
0.49721  27062 
0.33707  52000 
0.16891  24938 

0.00000  OOOOO 
-0.16164  73688 
-0.30750  72000 
-0.4288)  65812 
-0.51701  76000 

-0.56396  484)8 
-0.56259  84000 
-0.50738  58562 
-0.39495  68000 
0.22479  3)188 

0.00000  OOOOO 

0.27184  )0688 

0.57774  08000 

0.89825  36062 

1.206^7  44000 

1.46630  859)8 

1.63215  36000 
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.Ij  .'I,  An 


A2 

0.00000  OOOOO 
-0.03037  15913 
-0.05992  44800 
-0.08624  99137 
-0.10692  66400 
-0.11962  89062 

0.00000  OOOOO 
0.06740  98962 
0.14902  27200 
0.24343  12238 
0.34850  81600 

0*46142  57812 
0.57867  26400 
0.69609  77888 
0.80898  04800 
0.91212  74662 

1.00000  OOOOO 
1.06687  26338 
1.10702  59200 
1.11497  51112 
1.08573  69600 

1.01513  67188 
0.90015  74400 
0.73933  36762 
0.53)19  16800 
0.2847)  82038 

0.00000  OOOOO 
-0.31138  38788 
-0.63551  4880U 
-0.95)53  07512 
-1.24084  22400 

-1.46630  85938 
-1.59134  97600 
-U56899  31862 
-1J4285  )1200 
-0.84604  0)088 

0.00000  OOOOO 

.  A., 


A^ 


0.00000  OOOOO 
0.00663  28763 
0.0U84  09600 
0.01810  18337 
0.02193  40800 
0.02392  57812 

0.00000  OOOOO 
-0.01064  30362 
-0.02207  74400 
-0.03341  21288 
-0.04356  35200 

-0.05126  95312 
-0.05511  16800 
-0.05354  59838 
-0.04494  33600 
-0.02764  02263 

0.00000  OOOOO 

0.03951  38012 

0.09225  21600 

0.15928  21588 

0.24127  48800 

0.33837  89062 

0.45007  87200 

0.57503  73038 

0.71092  22400 

0.85421  46112 

1.00000  OOOOO 
1.14174  08888 
1.27102  97600 
1.37732  21962 
1.44764  92800 

1.46630  85938 
1.41453  31200 
1.27013  73412 
1.0071)  98400 
0.595)*.  U988 

0.00000  OOJOO 

A., 


A, 

0.00000  OOOOO 
.0.00070  45913 
-0.00135  16800 
-0.00188  70638 
-0.00226  30400 
-0.00244  14062 

0.00000  OOOOO 
0.00099  61462 
0.00202  75200 
0.00300  53238 
0.00382  97600 

'0.00439  45312 
0.00459  26400 
0.00432  35888 
0.00350  20800 
0.00206  83163 

0.00000  OOOOO 
-0.00267  38662 
-0.00585  72800 
-0.00936  95388 
-0.01292  54400 

.0.01611  32812 
-0.01837  05600 
-0.01895  72738 
-0.01692  67200 
-0.01109  36962 

0.00000  OOOOO 
0.01812  28712 
0.04539  39200 
0.08432  58488 
0.13787  13600 

0.20947  26562 
0.303U  42400 
0.42337  91138 
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l.OOOOO  OOOOO 
A.'.s 
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DiffewntiaUon  Formula: ^  ^«li*/§o^'''^''^ 
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C'nrT\piU»fi  from  W      Iiickli\v.  Formulae  for  numerical  differentiation,  Math.  (Jaz.  2S«  19-27, 1941  (with  permisftion;. 
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NUMERICAL  ANALYSI8 
LAGRANGIAN  INTECRATION  COEmCIENTS 
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Compiled  from  National  Bureau  of  Standards,  Tables  of  Lagrangian  interpolation  coefficients.  Colum* 
bia  Univ.  Press,  New  York,  N.Y.,  1944  (with  permission). 
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Tiiblr  23*1 


ABMJHHAS  AND  WRIGHT  FACrTORS  FOR  <;ArS8IAN  iNTKKRATIO'N 


AkMCisaaa  *  r,  (Zeros  of  Legendre  PolynomiaUj  ^ 


Weight  Factors  «\ 


0.57735  02691  89626 


0.00000  00000  00000 
0.77459  66692  41483 


0.33998  10435  84856 
0.B6113  63115  94053 


0.00000  00000  00000 
0.53846  93101  05683 
0.90617  98459  38664 


0.?3861  91860  83197 
0.66120  93864  66265 
0.9)246  95142  03152 


0.00000  00000  00000 
0.40584  51513  77397 
0.74153  11855  99394 
0.94910  79123  42759 


l.OdOOO  00000  00000 


0.88888  88888  88889 
0.55555  55555  55556 


0.65214  51548  62546 
0.3478S  48451  37454 


n  ^6 


0.56888  88888  88889 
0.47862  86704  99366 
0.23692  68850  56189 


19  o6 


0.46791  39345  72691 
0.36076  15730  48139 
0.17132  44923  79170 


0.41795  91836  73469 
0.38183  00505  05119 
0.27970  53914  89277 
0.12946  49661  68870 


0.18343  46424  95650 
0.52553  24099  16329 
0.79666  64774  13627 
0.96028  98564  97536 


0.00000  00000  00000 
0.32425  34234  03809 
0.61337  14327  00590 
0.83603  11073  26636 
0.96816  02395  07626 


0.14887  43389  81631 
0.43339  53941  29247 
0.67940  95682  99024 
0.86506  33666  88985 
0.97390  65285  17172 


0.12523  34085  11469 
0.36783  14989  98180 
0.58731  79542  86617 
0.76990  26741  9430^ 
0.90411  72563  70475 
0.98156  06342  46719 


0.36268  37833  78362 
0.31370  664S8  77887 
0.22238  10344  53374 
0.10122  85362  90376 


0.33023  93550  0126t 
0.3|1234  70778  40003 
0.26061  06964  0293S 
0.18064  81606  94857 
0.08127  43833  61574 


40 


0.29552  42247  14753 
0.26926  67193  09996 
0.21908  63625  15982 
0.14945  13491  50581 
0.06667  13443  08688 


0.09501 
0.28160 
0.45801 
0.61787 
0.75540 
0.86563 
0.94457 
0.98940 


0.07652 
0.22778 
0.17170 
0.|1086 
0.$605 
0.7*633 
0.83911 
0.91223 
0.96397 
0.99312 


25098  37637 
35507  79258 
67776  57227 
62444  02643 
44083  55003 
12023  87831 
50230  73232 
09349  91649 


16 


440185 

913230 

386342 

748447 

033895 

743880^ 

576078 

932596 


0.24914  70458^03 
0.23349  2|S6f38355 
0.2031M4267  23066 
0.1>eO7  83285  43346 
.,.0693  93259  95318 
0.04717  53363  86512 


.20 


65211 
58511 
60887 
70019 
36807 
19064 
69718 
44282 
19272 
85991 


33497  333755 
41645  078080 
15419  560673 
50827  098004 
26515  025453 
60150  792614 
22218  823395 
51325  905868 
77913  791268 
85094  924786 


0.18945 
0.18; 

6915 
0.14959 
0.12462 
0.09515 
0.06225 
0.02715 


0.15275 
0.14917 
0.14209 
0.13168 
0.11819 
0.10193 
0.08327 
0.06267 
0.04060 
0.01761 


04 
34150 
65193 
59888 
89712 
85116 
35239 
24594 


33871 
29864 
61093 
86384 
45319 
01198 
67415 
20483 
14298 
40071 


55068 
44923 
95002 
16^76 

82492 
38647 
11754 


30725 
72603 
18382 
49176 
61518 
17240 
76704 
34109 
00386 
39152 


496285 
588867 
538189 
732081 
872052 
78481^ 
892863 
094852 


850698 
746788 
051329 
626898 
417312 
435037 
748725 
063570 
941331 
118312 


0.06405  68928  62605  626085 
0.19111  88674  73616  309159 
0.31504  26796  96163  374387 
0.43379  35076  26045  138487 
0.54542  14713  88839  535658 
0.64809  36519  36975  569252 
0.74012  41915  78554  364244 
0.82000  19859  73902  921954 
0.88641  55270  04401  034213 
0.93827  45520  02732  758524 
0.97472  85559  71309  498198 
0.99518  72199  97021  360180 

Compiled  from  P,  Davia  and  P.  Rabinowit2»  AbsciasaB  and  weights  for  Gaussian  iraturea  of  high 
order.  J.  Research  NBS  SA»  36-37,  1966,  RP2645;  P.  Davis  and  P.  Rabinowitz,  Auaitionat  abscissas 
and  weights  for  Gaussian  quadratures  of  high  order.  Values  for  n  M,  80»  and  96,  J.  Research  NBS  60^ 
613  614. 1958.  RI»2875:  and  A.  N.  Ix>wan,  N.  Davids,  and  A.  Levenson,  Table  of  the  zeros  of  the  Legendr* 
fmlynomialH  of  order  1  16  and  iu  weight  coefficients  for  Gauss*  mechanical  quadrature  formula,  Bull 
AmfT.  Math.  Sor.  48,  739-743.  VA2  (with  permission). 


0.12793  81953  46752  156974 
0.12583  74563  46828  296121 
0.12167  04729  27803  391204 
0.11550  56680  53725  6)hl353 
0.10144  42701  15966  634783 
0.09761  86521  04113  888270 
0.08619  01615  31955  275917 
0.07334  64814  11080  305734 
0.05929  85849  15436  780746 
0.04427  74388  17419  806169 
0.02853  13886  28933  663181 
0.012)4  12297  99987  199^7 
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Tttble  25  ^ 


\||Sr.lS^AS  k\U  WKIt;ilTf  ACTOHS  FOR  GAI  SSUN  IMTK(;RATION 

AbstnaHaw  i  /,  fZeros  of  Legendre  Polynomials)     Weight  Factors 


n  32 


Hi 


0.04830 
0J4447 
0,23928 
0.33186 
0.42135 
0.50689 
0.58771 
0.66304 
0.73218 
0.79448 
0.84936 
0.89632 
0,?3490 
0.96476 
0.98561 
0.99726 


0.03877 
0.11608 
0.19269 
0.26815 
0.34199 
0.413/7 
0.48307 
0.54946 
0.61255 
0.67195 
0.72731 
0.77830 
0.82461 
0.86«»95 
0.90209 
0.93281 
0.95791 
0.97725 
0.99072 
0.99823 


76656 
19615 
73622 
86022 
12761 
99089 
57572 
42669 
21187 
37959 
76137 
11557 
607S9 
22555 
15111) 
38618 


24175 
40706 
75807 
21850 
40908 
92043 
58016 
71250 
38896 
66846 
82551 
56514 
22308 
95032 
88069 
28082 
681*^2 
99499 
62386 
77097 


87738 
32796 
52137 
82127 
30635 
32229 
40762 
30215 
40289 
67942 
32569 
66052 
37739 
87506 
45268 
49481 


06050 
75255 
01371 
07253 
?5758 
71605 
86178 
95128 
67980 
X4179 
89927 
26519 
33311 
12259 
68874 
78676 
13791 
83774 
99457 
10559 


316235 
493485 
D74545 
649780 
345364 
590024 
329041 
200975 
680387 
406963 
970134 
123965 
689171 
430774 
335400 
563545 


821933 
208483 
099716 
681141 
473007 
001525 
712909 
202076 
237953 
548379 
103281 
387695 
663196 
503821 
296728 
533361 
655805 
262663 
006453 
200360 


«-40 


0,09654 
0.09563 
0.09384 
0.09117 
0.08765 
0.08331 
0.07819 
0.07234 
0.06582 
0.05868 
0.05099 
0.04283 
0.03427 
0.02539 
0.01627 
0.00701 


0.07750 
0.07703 
0.07611 
0.07472 
0.07288 
0.07061 
0.06791 
0.06480 
0.06130 
0.05743 
0.05322 
0.04869 
0.04387 
0.03878 
0.03346 
0.02793 
0.02224 
0.01642 
0.01049 
0.00452 


00885 
87200 
43990 
38786 
20930 
19242 
38957 
57941 
22227 
40934 
60592 
58980 
38629 
20653 
43947 
86100 


14727 
79274 
80804 
95763 
04403 
26946 
87070 
08848 
76361 
78535 
6»76 
22226 
13021 
09262 
30905 
09470 


59479- 

98181 

03619 

31690 

65823 

16473 

20458 

40134 

62424 

97690 

78469 

58076 

09081 

21679 

01952 

70069 

58491 

10583 

82845 

12770 


78424 
64247 
00626 
579^8 
95804 
91286 
15233 
56601 
92928 
99391 
83936 
35072 
85673 
74472 
82547 
80023 
94166 
81907 
3U52 
98533 


800567 
859419 
565639 
884713 
811143 
755222 
306472 
506225 
846838 
54714S 
176196 
680657 
433103 
059456 
670605 
096600 


811264 
965588 
242372 
264200 
059061 
779695 
903826 
038075 
939167 
551367 
824355 
232061 
271992 
017640 
847393 
401098 
957262 
888713 
813615 
191258 


0.03238  01709  62ab9  362033 

0.09700  46992  09462  698930 

0.16122  23560  68891  718056 

0.22476  37903  94689  061225 

0.28736  24873  55455  576736 

0.34875  S8862  92160  738160 

0.40868  64819  907^6  729916 

0.46690  29047  50958  4045^*.5 

0.S2316  09747  22233  033678 

0.S7;22  47260  83972  703818 

0.62886  73967  76513  6^3995 

0.67787  23796  32663  905212 

0.72403  41309  23814  654674 

0.76715  90325  15740  339254 

0.80706  62040  29442  627083 

0.84358  82616  24393  530711 

0.87657  20202  74247  885906 

0.90587  91367  1556 ^  672822 

0.93138  66907  06554  333114 

0.95299  77*031  60430  860723 

0.97059  1592^  46247  250461  * 

0.98412  45837  22826  857745 

0.99353  01722  66350  757548 

0.998/7  10072  52426.118601 


0.06473  76968  12683  922503 

8.06446  61644  35950  082207 

0.06392  42385  84648  186624 

0.06311  41922  86254  025657 

0.06203  9423X  59892  663904 

0.06070  44391  65893  830053 

0.05911  48396  98395  635746 

0.05727  72921  00403  215705 

U.05519  95036  99984  162868 

0.05289  01894  85193  667096 

0.05035  90355  53854  474958 

0.04761  66584  92490  474826 

0.04467  45608  56694  280419 

0.04154  50829  43464  749214 

0.03824  13510  65830  706317 

0.03477  72225  64770  438893 

0.03116  72278  32794  088902 

0.02742  65097  083561  948200 

0.02357  0/608  39324X379141 

0.01961  61604  57355  527814 

0.01557  93157  22943  ^48728 

0.01147  72345  79234  539490 

0.00732  75539  01276  2621U2 

0.00315  3-3460  52305  838633 
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AH«H  IHSAH  ANU  WKHair  KA<rrORS  FOR  i;AI\SSIAIN  llNTECRATfON 

Abacisaaa  ±  r,  (Zeros  of  Legendre  Polynomials)   Weight  Factors  -  »\ 


0.02435 
0.07299 
042146 
046964 
0.21742 
0«26468 
0.31132 
0.35722 
0.40227 
0.44636 
0.48940 
0.53127 
0.57169 
0*61115 
0*64896 
0.68523 
0.71980 
0./5281 
0.78397 
0.81326 
0.84062 
0.86599 
0.88931 
0.91052 
0.9?956 
0.94641 
0.96100 
0.97332 
0.98333 
0.99101 
0.99634 
0.99930 


N0.01951 
0.05850 
0.09740 
0.13616 
0.17471 
0.21299 
0*25095 
0.28852 
0.32566 
0.36230 
0.39839 
0.43387 
0.46869 
0*50280 
0*53614 
0*56867 
0*60033 
0*63107 
0.66085 
0.68963 
0.71736 
0.74400 
0.76950 
0.79383 
0.81695 
0.83883 
0*85943 
0*87872 
0*89667 
0*91326 
0.9:^845 
0.94224 
0.95459 
0.96548 
0.97490 
0.98284 
0.98929 
0,99422 
0.9976^ 
0.9995t) 


02926 
31217 
28192 
44204 
36437 
7X622 
28719 
01583 
01579 
60172 
31457 
94640 
56462 
53551 
54712 
63130 
18501 
99072 
23589 
53151 
92962 
93981 
54459 
71370 
91721 
13748 
87996 
68277 
62538 
33714 
01167 
50417 


13832 
44371 
83984 
40228 
22918 
45028 
23583 
80548 
43707 
47534 
34058 
S3708 
66151 
41118 
59208 
12681 
06228 
57730 
98989 
76443 
51853 
02975 
24201 
27175 
41386 
14735 
14066 
25676 
55794 
31025 
98771 
27613 
07663 
S0890 
91405 
85727 
13024 
75409 
98643 
38226 


634?4 
87799 
96120 
23992 
4^2007 
08767 
90210 
37668 
63991 
53464 
07052 
19894 
02634 
72393 
54657 
54233 
71610 
60531 
43341 
22797 
52580 
54092 
95114 
78502 
31939 
58402 
52053 
89910 
84625 
76744 
71955 
35772 


56793 
52420 
41584 
09143 
32646 
57666 
92272 
84511 
47701 
99487 
81969 
31756 
70544 
88784 
97131 
22709 
29751 
46871 
86119 
42027 
62099 
83597 
35041 
04605 
81463 
80255 
63111 
78213 
38770 
71757 
72445 
09872 
43634 
43799 
85727 
38629 
99755 
65688 
98237 
51630 


432509 
039450 
554470 
818037 
084150 
416374 
956158 
115950 
603696 
087985 
957479 
545658 
034284 
250249 
339858 
242564 
826849 
896612 
407610 
559742 
362752 
819761 
105853 
805756 
575821 
81f062 
7It*919 
9^3742 
956931 
320739 
279347 
139457 


997654 
668629 
599063 
886559 
812559 
132572 
120493 
853109 
914619 
315619 
227024 
093062 
477036 
987594 
932020 
784725 
743155 
966248 
801736 
600771 
880254 
272317 
373866 
449949 
470371 
275617 
096977 
828704 
683194 
654165 
795953 
674752 
905493 
251452 
793386 
070418 
531027 
277892 
688900 
629880 


0.04869 
0.04857 
0*04834 
0*04799 
0*04754 
0.04696 
0.04628 
0*04549 
0*04459 
0*04358 
0.04247 
0*04126 
0*03995 
0.03855 
0*03705 
0*03547 
0.03380 
0*03205 
0*03023 
0*02833 
0.026>7 
0*02435 
0*02227 
0*02013 
0*01795 
0*01572 
0*01346 
0.01116 
0*00884 
0*00650 
0.00414 
0.00178 


0*03901 
0*03895 
0*03883 
0*03866 
0.03842 
0.03812 
0*03777 
0*03736 
0*03689 
0.03637 
0*03579 
0*03516 
0*03447 
0.03373 
0.03294 
0*03210 
0*03121 
0.03027 
0*02928 
0.02825 
0*02718 
0.02607 
0*02492 
0*02373 
0*02250 
0*02124 
0*01995 
0*01862 
0*01727 
0*01589 
0^01449 
0*01306 
0*01162 
0*01016 
0.00868 
0*00719 
0*00569 
0*00418 
0*00266 
0*00114 


09570  09139 
54674  41503 
47622  34802 
93885  96458 
01657  14830 
81828  16210 
47965  81314 
16279  27418 
05581  63756 
37245  29323 
35151  23653 
25632  42623 
37411  32720 
01531  /78615 
51285/40240 
22132/56882 
51618  37141 
79283  54851 
46570  72402 
96726  14259 
74697  15054 
27025  68710 
01738  08363 
48231  53530 
17157  75697 
60304  76024 
30478  96718 
81394  60131 
67598  26363 
44579  68978 
70332  60562 
32807  21696 


78136 
83959 
96510 
17597 
49930 
97113 
63643 
54902 
77146 
37499 
43939 
05290 
31204 
32149 
19393 
04986 
01741 
23217 
83695 
98160 
82275 
52357 
25357 
18828 
50902 
40261 
06108 
68142 
46520 
61835 
35080 
87615 
41141 
17660 
39452 
29047 
09224 
03131 
35335 
49500 


56306 
62769 
59051 
74076 
06959 
14477 
62001 
38730 
38276 
05835 
53416 
44747 
51753 
84611 
97645 
73487 
88114 
59557 
85267 
57276 
00486 
67565 
64115 
65930 
46332 
15782 
78141 
08299 
56269 
83725 
40509 
92401 
20797 
41103 
69260 
68117 
51403 
^t4694 
89512 
03186 


7203JB3 
426935 
957170 
307726 
308662 
017325 
417296 
144480 
563060 
453377 
589007 
528610 
341387 
629129 
046040 
383811 
609392 
553585 
478868 
483228 
658672 
873338 
254159 
209372 
343085 
719322 
642598 
128819 
947723 
362856 
467635 
432947 


654611 
531199 
968932 
463327 
423185 
638344 
397490 
490027 
008839 
978044 
054603 
593496 
928794 
522817 
401383 
773148 
701642 
980661 
847693 
862397 
380674 
117903 
491105 
101293 
461926 
006389 
998929 
031429 
306359 
688045 
076117 
339294 
826916 
064521 
858426 
312753 
198649 
895237 
681669 
941^34 
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Table 

ABSCISSAS  AM)  WKKJIT  FACTORS  FOR  <iAtSSIAN  INTE<;RATION 

n 


919 


Abscissas  tr^  (Zeros  of  Legaudre  Polynomials)     Weight  Factors- 


0.01627  67448 

0.04881  29851 

0.08129  74954 

0.11369  58501 

0.14597  37146 

0.17809  68823 


0.21003 
0.24174 
0.27319 
0.30436 
0.33520 
0.36569 

0.39579 
0.42547 
0.45470 
0.48345 
0.51169 
0.53938 

0.56651 
0.59303 
0.61892 
0.64416 
0.66871 
0.69256 

0.71567 
0.73803 
0.75960 
0.78036 
0.80030 
0.81940 

0.83762 
0.85495 
0.87138 
0.88689 
0.90146 
0.91507 

0.92771 
0.93937 
0.95003 
0.95968 
0.96832 
0.97593 

0.98251 
0.98805 
0.99254 
0.99598 
0.99836 
0.99968 


13104 
31561 
88125 
49443 
85228 
68614 

76498 
89884 
94221 
79739 
41771 
81083 

04185 
23647 
58401 
34037 
83100 
45366 

68123 
06437 
23411 
90438 
87441 
03107 


49602 
36049 
64425 
10665 
54896 
67618 

60567 
63840 
91049 
54496 
92625 
72313 

28908 
07300 
67743 
20596 
54667 
24357 

61397 
77572 
25468 
84967 
43916 
42171 

48967 
44400 
76647 
67433 
39140 
37931 


969579 
731112 
558994 
920911 
941989 
602759 

203603 
012328 
141487 
353024 
422616 
635031 

603285 
545365 
008636 
359768 
673586 
436227 

168404 
080684 
57U386 
106798 
153953 
561344 

626225 
132851 
498703 
217604 
817229 
675539 


35112  28187  121494 
90334  34601  455463 
85059  09296  502874 
45174  02420  416057 
06353  15852  341319 
14231  20898  074206 

24567  22308  690965 
03397  52755  216932 
27177  84437  635756 
82914  48742  539300 
66284  63264  212174 
91745  85136  466453 


/ 


72635 
41263 
39003 
18429 
43758 
,95038 


63014  677447 
29623  799481 
23762  624572 
87209  290650 
63181  677724 
83230  766828 


«  96 


0.03255 
0.03251 
0.03244 
0.03234 
0.03220 
0.03203 

0.03182 
0.03158 
0.03131 
0.03101 
0.03067 
0.03029 

0.02989 
0.02946 
0.02899 
0.02849 
0.02797 
0.02741 

0.02682 
0.02621 
0.02557 
0.02490 
0.02420 
0.02348 

0.02273 
0.02196 
0.02117 
0.02035 
0.01951 


06144 
61187 
71637 
38225 
62047 
44562 

87588 
93307 
64255 
03325 
13761 
99154 

63441 
10899 
46141 
74110 
00076 
29627 

68667 
23407 
00360 
06332 
48417 
33990 

70696 
66444 
29398 
67971 
90811 


0.01866  06796 


92363 
13868 
14064 
68575 
94030 
31992 

94411 
70727 
96861 
86313 
23669 
20827 

36328 
58167 
50555 
65085 
16848 
26029 

25591 
35672 
05349 
22483 
92364 
85926 

58329 
38744 
92191 
54333 
40145 
27411 


166242 
835987 
269364 
928429 
250669 
663218 

006535 
168558 
355813 
837423 
149014 
593794 

385984 
905970 
236543 
385646 
334440 
242823 

762198 
413913 
361499 
610288 
691282 
219842 

374001 
349195 
298988 
324595 
022410 
467385 


0.01778 
0.01688 
0.01597 
0.01503 
0.01409 
0.01312 

0.01215 
0.01116 
0.01016 
0.00914 
0.00812 
0.00709 

0.00605 
0.00501 
0.00396 
.0.00291 
0.00185 
0.00079 


25023 
54798 
05629 
87210 
09417 
82295 


16045  260838 
64245  172450 
02562  291381 
26994  938006 
72314  860916 
66961  572637 


16046  71088  319635 
21020  99838  498591 
07705  35008  415758 
86712  30783  386633 
68769  25698  759217 
64707  91153  865269 


85455 
42027 
45543 
07318 
39607 
67920 


04235 
42927 
38444 
17934 
88946 
65552 


961663 

517693 

686674 

946408 

921732  • 

012429 


948 


ERIC 


7 


920 


NUMERICAL  ANALYSIS 


laMr  25  5     \BM:|SS4>  H>K  Vifi  At  WKU.IIT  MIKBYSIIKV  l>rM;HATION 


2 

AbseiBBaa 


t  1 1 
02692 


0.70710  67812 
0.00000  00000 


0.  7<>465  44723 
0.18759  e4741 


0.83249  74870 
0.37454  14096 
0,00000  00000 


0.96624  68181 
0.42251  86538 
0.26663  54015 


0.88386  17008 
0.52965  67753 
0.32391  18105 
0.00000  00000 


0.911S8  93077 
0.60101  ai»554 
0.52876  17831 
0.  16790  61842 
0.  00000  00000 


Compileii  from  H.  E.  Sal/er,  Tables  for  facilitating  the  use  of  Chebyahev's  quadrature  formula,  J.  Math. 
Fhyn.  26.  191194,  1947  (with  permlflaion). 

TiiMr25.0      ABSIJS^iAS  AM>  WKI<;IIT  l>'A<:T<>flM  FOR  UlHATTO  |?^TK<;RATH)IS 


Ahscima 


Weight  Factors  u\ 


\        I. COOOO  000 
0.00000  000 


I. 00000  000 
0.  44/in  160 


l.OOOOQ  000 
0.6546S  367 
0,00000  000 


0.  33333  333 

1.  33333  333 


0. 16666  667 
0,83333  333 


0.10000  000 
0.  54444  444 

0.71111  in 


t  It 

1.00000  000 
0.  83022  39C 
0.46684  879 
0.00000  000 


1. 00000  000 
0,87174  015 
0.  59170  018 
0«  20929  922 


1.00000  00000 
0.89Sf75  79954 
0.  67718  62795 
0.3e^ni  74638 
0.00000  00000 


0.04761  904 
0.27682  604 
0.  43174  538. 
0.48761  904 


0.03571  428 
0.  21070  122 
0. 34112  270 
0.41245  880 


0.02777  77778 
0.  16549  53616 
0.27453  87126 
0.  34642  85110 
0.37151  9?744 


10 


00000  00000 

0^91953  39082 
0.  73877  38651 
0.47792  49498 
0.16527  89577 


0.02222  22222 
0.  13330  59908 
0. 22486  93420 
0.29204  26836 
0.  32753  97612 


h  1.00000  000  0.06666  667 
0.  7f,505  5  52  0.  37847  496 
0. ?e523  152         0. 554bo  8)8 

(j»mpiW  from  Z.  Kopal,  Numerical  anulysiM.  John  Wiley  &  Soha,  Inc.,  New  York,  N.Y.,  1966  (with 
permtaaion). 

liiMv  2'».7  >iHSMSHAS  AINI)  ^VMMl  FACTORS  M>R  CAI'MHIAN  IINTM;RATI0N 

iNmiliANiis  «iTii  A  mm;aritiimu:  larity 

ALscisaaH  ».  Weight  Factor» 

n  f.         ^Wi  A'.. 

^    0.063891  0.513405  0*00017 

0.368997  0.391980 

0.766880  0.094615 


?    0Ji;nO9    0.71853^  0.0028' 
0.*>0^27;  0.?«1461 


u  I  ' 

4  0.041446  0.383464  O.OOOOl 
0,245275  0.38687S 
0.556165  0.190435 
0.848982  0.039225 

Cornpihl  from  Hprthiwl  Zu^f>n)WHki,  I>e  eali*ul  Hej.  intt^alea  de  la  forme  |,'  f(»)  log  i  '/'.    H.  Mineur. 
1  »H  hriinu<'H  (\e         num^nque.  pp,  titih  55^    Lihruirie  Polytprhnique  Ch  Beranger.  Parig,  France, 
«with  (»ermiH8ion) 

t»oire  11 
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\bm:issas  ani>  wki(;ht  factors  for  gaismian  integration  of  moments 

Absciaaw  Weight  FactorH  « - 

ik«0  *«1 


921 

Table  2S.« 


n 
1 


it«2 


0.50000  00000    1.00000  00000 


0.21132  48654  0*>)0000  00000 
0.78867  51346    0,50000  00000 


Wi  Zt 

0,66666  66667    0,50000  00000  0,75000  00000  0,33333  3»33 

0.35505  10257    0,18195  86183  0.45584  81560  0.10078  58821 

0.84494  89743    0.31804  13817  0.87748  51773  0.23254  74513 


3     0.11270  16654    0.27777  77778     0.21234  05382    0.06982  69799     0.29499  77901    0.02995  07030 


0.50000  00000  0.44444  44444 
0.88729  83346    0.27777  77778 


0.59053  31356  0.22924  11064  0.65299  62340  0.14624  62t>93 
0.91141  20405    0.20093  19137     0.92700  59759    0.15713  63611 


0.06943  18442 
0.33000  94782 
0.669.99  05^18 
0.93056  81558 


0.17392  74226 

0.32607  25774 

0.32607  25774 

0.17392  74226 


0.13975  98643 
0.41640  95676 
0.72315  69864 
0.94289  58039 


0.03118  09-710 

0.12954  75476 

0.20346  45680 

0.13550  69134 


0.20414  85821 

0.48295  27049 

0.76139  92624 

0.95149  94506 


0.01035  22408 
0.06863  38872 
0.14345  8789B 
0.11088  84156 


0.04691 
0.23076 
0.50000 
0.76923 


00770 
53449 
00000 
46551 


0.95308  99230 


0.11846  34425  0.09853  50958  0.01574  79145  0.14894  57871  0.00411  38252 

0.23931  43352  0.30453  5726^6  0.07390  88701  0.36566  65274  0.03205  56007 

0.28444  44444  0.56202  51898  0.14638  69871  0.61011  36129  0.08920  01612 

0.23931  43352  0.80198  65821  0.16717  46381  0.82651  96792  0.12619  89619 

0.11846  34425  0.96019  01429  0.09678  15902  0.96542  10601  0.08176  47843 


0.03^76  52429    0.08566  22462  0.07305  43287 

0.1693  ■<  53068    0.18038.  0.7865  0.23076  61380. 

&.3flO"6<)"6Wb"  0.23395  69673  0.44132  84812 

0.6193t)  /59?0    0.23395  69673  0.66301  53097 

0.83060  H6932    0.18038  07865  0.85192  14003 

0.96623  47571    0.08566  22462  0.97068  35728 


0.00873  83018 
0,04395  51656 
6.09866  11509 
0.14079  25538 
0.13554  24972 
0.07231  03307 


0.11319 
0.28431 
0.49096 
0.69756 
0.86843 
0.97409 


43838 
88727 
35868 
30820 
60583 
54449 


0.00183 
0.01572 
0.05128 
0.09457 
0.10737 
0.06253 


10758 
02972 
95711 
71867 
64997 
87027 


0.02544  60438 
0.12923  44072 
0.29707  74243' 
0.50000  00000 
0.70292  25757 
0.870/6  55928 
0.97455  39562 


0.06474 
.0.13985 
0.19091 
0.20897 
0.19091 
0.13985 
0.06474 


24831 
26957 
50253 
95918 
50253 
26957 
24831 


0.05626 
0.18024 
0.35262 
0.54715 
0.73421 
0.88532 
0.97752 


25605 
06917 
47171 
36263 
01772 
09468 
06136 


0.00521 
0.02740 
0.06638 
0.10712 
0.12739 
0.11050 
0.05596 


43622 
83567 
46965 
50657 
08973 
92582 
73634 


0.08881 
0.22648 
0.39997 
0/58599 
0.75944 
0.89691 
0.97986 


68334 
27534 
84867 
78554 
58740 
09709 
72262 


0.00089 
0.00816 
0.02942 
0.06314 
0.09173 
0.09069 
0.04927 


26880 
29256 
22113 
63787 
38033 
88246 
65018 


50718  0.05061  42681  0.04463  39553  0j063?^51914  0.07149 

67613  0.11119  05172  0.l4455"B2S70  0.01784  29027  ,  0.18422 

37950  0.15685  33229  0.28682  47571  0.04543  93195  0.33044 

26788  0.18134  18917  0.45481  33152  0.07919  95995  0.49440 

73212  0.18134  19917  0.62806  ?d354  0.10604  73594  0.65834 

62050  0.15685  33229  0.78569  15206  0.11250  57995  0.80452 

32387  0.11119  05172  0.90867  63921  0.09111  90236  0.91709 

49282  0.05061  42681  0.98222  00849  0.04455  08044  0.98390 

CompiU-d  from  H.  Fishman,  Numerical  int^jjration  constant"!,  Math.  Tables  Airl»  Comp.  II,  1 


0.01985 
0.10166 
0.23723 
0.40828 
0.59171 
0.76276 
0.89833 
0.98014 


103S0  0.00046  85178 

82964  0. 00447  45217 

77282  0.01724  68638 

29218  0.04081  44264 

80085  0.06844  71834 

48315  0.08528  47692 

93825  0.07681  80933 

22404  0.03977  89578 

9, 1957  (with  permiasion). 
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ABM.ISHAH  AND  WEIGHT  FACTORS  FOR  GAt'SSIAN  INTEGRATION  OF  MOMENTS 

r  '«*/(x)<it- EwiM) 
Absciasaa  =•*!  Weight  FwtorH = if, 


0.80000  00000    0.25000  00000     0.83333  33333    0.20000  00000     0.85714  28571    0.16666  66667 


2     0.5298S  79359 
0.89871  34927 


0.06690  52498 
0.18309  47502 


0.58633  65823 
0.91366  34177 


0.04908  24923 
0.15091  75077 


0.63079  15938 
0.92476  39617 


0.03833  75627 
0.12832  91039 


0.36326  46302  0.01647  90S93 
0.69881  12692  0.10459  98976 
0.93792  41006    0.12892  10432 


0.42011  30593  0.01046  90422 
0.73388  93552  0.08027  66735 
0.94599  75855    0.10925  42844 


0.46798  32355 
0.76162  39697 
0.95221  09767 


0.00729  70036 
0.06459  66123 
0.09477  30507 


0.26147 
0.53584 
0.79028 
0.95784 


77888 
64461 

32300 
70806 


0.19621  20074 
0.41710  02118 
0.64857  00042 
0.84560  51500 
0.96943  57035 


0.00465 
0.04254 
0.10900 
0.09379 


83671 
17241 
43689 
55399 


0.00152  06894 
0.01695  73249 
0.06044  49532 
0.10031  65045 
0.07076  05281 


0.31213  54928 
0.57891  56596 
0.81289  15166 
0.96272  39976 


0.23979 
0.46093 
0.6S005 
0.86088 
0.97261 


20448 
36745 
92327 
63437 
44185 


0.00251  63516 
0.02916  93822 
0.08706  77121 
0.08124  65541 


0.00069 
0.01021 
0.0441)2 
0.08271 
0.06235 


69771 
05417 
44695 
27131 
52986 


0.35689  37290 
0.61466  93899 
0.83107  90039 
0.96658  86465 


0.27969  31248 
0.49870  98270 
0.70633  38189 
0.87340  27279 
0.97519  38347 


0.00153  44797 
0.02142  84046 
0.07205  63642 
0.07164  74181 


0.00036 
0.00672 
0.03376 
0.07007 
0.05572 


97155 
96904 
77450 
13397 
81761 


0.15227  31618  0.00056  17109  0.18946  95839  0.00021  94140  0.22446  89954  0.00010  13258 

0.33130  04570  0.00708  53159  0.37275  11560  0.00372  67844  0.40953  33505  0.00218  79257 

0.53241  15667  0.03052  61922  .  0.56757  23729  0.01995  62647  0.59778  90484  0.01396  96531 

0.72560  27783  0.06844  32818  0.74883  64975  0.05223  99543  0.76841  36046  0.04148  63470 

0.88161  66844  0.08830  09912  0.89238  51584  0.07464  91503  0.90135  07338  0.06445  68592 

0.97679  53517  0.05508  25080  0.97898  52313  0.04920  84323  0.98079  72084  0.044^.(f  '<:j560 


7  0.12142  71288 
0.26836  34403 
0.44086  64606 
0.61860  40284 
0.78025  35520 
0.90636  25341 
0.98176  99145 


0.00022  99041 
0.00314  75964 
0.01531  21671 
0.04099  51686 
0.06975  00981 
0.07655  65614 
0.04400  85043 


0.15324  14389 
0.30632  65225 
0.47654  00930 
0.64638  93025 
0.79771  66898 
0.91421  99006 
0.98334  38305 


0.00007  70737 

0.00144  70088 

0.00892  69676 

0.02854  78428 

0.05522  48742 

0.06602  18459 

0.03975  43870 


0.18382  87683 
0.34080  75951 
0.50794  05240 
0.67036  34101 
0.81258  84660 
0.92085  64173 
0.98466  74508 


0.00003  11046 
0.00075  53838 
0.00566  04137 
0.02095  92982 
0.04510  49816 
0.05790  76135 
0.03624  78712 


H      0.09900  175  77 

0.22124  35074 

0.36912.  39000 

0.52854  54312 

0.68399  32484 

0.82028  39497 

0.92409  37129 

0.98529  34401 


0.00010  24601 
0.00148  56841 
0.00785  50738 
0.02363  15607 
0.04745  43798 
0.06736  18394 
0.06618  20353 
0.03592  69468 


0.12637  29744 
0.25552  90521 
0.40364  12989 
0.55831  66758 
0.70600  95429 
0.83367  15420 
0.92999  57161 
0.98646  31979 


0.00002  97092 
0.00059  89500 
0.00407  79241 
0.01490  99334 
0.03471  99507 
0.05491  00973 
0.05800  or '53 
0.03275  28699 


0.15315  06616 
0.28726  44039 
0.43462  74067 
0.58451  85666 
0.72512  64097 
0.84518  94879 
0.93504  35075 
0.98746  05085 


0.00001  05316 
0.00027  83586 
0.00233  53415, 
0.01004  46144 
0.02648  53011 
0.04588  56532 
0.05153  42238 
0.03009  26424\ 
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\IIS<;iSS\S  AM»  VIKH;HT  factors  KOK  LAfUllKHK  INTEGRATION  TuMe  25.9 

I 

Abscissils  V.  (Zeros  of  Laguerre  Polynomials)  Weight  Factors -mv 


0. SaS78  64376  2/ 
3.41421  i*i623  n 


0.41S7;  4S^67  8) 
2.29428  03602  79 
6.28994  S0829  3  7 


n  2 

(  .l)8.S35fi3  390S93 
(-U'l.  46446  609407 


n  3 

I       7.  11093  009929 

(•-1)2.  78S1  7  733569 

(  -2)  1.  03892  565016 


1.533^2  603312 
4.  45095  733505 


1.07769  285927 
2.76214  296190 
5.60109  462543 


0.15232 
0.  80722 
?.  00513 
3.  78347 
6.  20495 
9.  37298 
13.  46623 
18.  83359 
26.  37407 


22277  32 
00227  42 
51556  19 
39733  31 
67778  77 
52516  88 
69110  92 
77889  92 
18909  27 


.  1 

-  1' 

-  1 

-  2 

-  3' 

-  4 

-  6 

-  8' 
-11 


n  9 

3.  36126 
4.11213 
1.99287 
4. 74605 
5. 59962 
\  05249 
6. 59212 
4.11076 
3.  29087 


421798 
980424 
525371 
627657 
661079 
767093 
302600 
933035 
403035 


0.  39143 
0.  92180 
1.48012 
2. 08677 
2. 77292 
3.  59162 
*'4.  64876 
6.21227 
9. 36321 


11243  16 

50285  29 

790994  . 

080755 

138971 

606809 

6002X4 

541975 

823771 


0.  )2254  76896 

1.  74576  noil  58 
4.  53662  02969  21 
9.  ^9507  09123  01 


0.  26356  03197 

1.  41)40  30591 


18 

07 


3.  59642  57710  41 
7.  08581  00058  59 
12.  64080  08442  76 


n  4 

4)6.0n54  104342 
-1)  3.  57418  692438 
?)  ^ 88879  085150 
4) 5. 39294  705561 


n  5 

(-1)5.21755  610583 
-1)3.98666  811083 
(  2)  7.59424  496817 
75  867992 
3699  723858 


U3 


3)3.611 
5)2.  536 


0.83273  91238  38 

2.04810  243845 

3.  63114  630582 

6.48714  508441 


0.67909  40422  08 
1.63848  787360 
2.  76944  324237 
4.  31565  690092 
7.21918  635435 


0.  13779 
0.  72945 
1. 80834 
3.  40143 
5.  55249 
8. 33015 
11.  84378 
16.27925 
2U  99658 
29.  92069 


34705  40 
45495  03 
29017  40 
36978  55 
61400  64 
27467  64 
58379  00 
78313  78 
58119  81 
70122  74 


- 1; 

-  X 

.  1 

-  2 

-  3 
.  4 

-  5 

"  f 
.  9 
-13! 


n  10 

3.  08441 
4. 01119 
2.18068 
6.  20874 
9. 50151 
7.53008 
2. 82592 
4.24931 
1.83956 
9. 91182 


115765 
929155 
287612 
560987 
697518 
388588 
334960 
398496 
482398 
721961 


0.  35400 

0.  83190 

1.  33028 

1.  86306 

2.  45025 

3.  12276 
3.93415 
4.99241 
6.  57220 
9.  78469 


97386  07 

23010  44 

856175 

390311 

555808 

415514 

269556 

487219 

248513 

584037 


0.  22284 

1.  18893 

2.  99273 
5.  7;si4 

9,  81746 
15.98287 


0,  19104 

1,  02666 
2. 56/87 
4.  '^00 15 

i;.  71418 

\  K  ^'''.'7i> 


'\  1  702  7 
0.  >0170 
2,  ?M0« 
•I.  M6/0 
7.  WAO 

10,  /^fl^l 

I  '-.  7406/ 
♦'2.  B6311 


66041  79 
21016  73 
63260  59 
35691  05 
74181  81 
19B06  0? 


489S3  iy 
67419  51 
30845  26 
34445  63 

<V9l  7  98 
7B^i??  hS 


'>6  )23  05 
17/67  99 
66298  66 
01 /O;  88 
540? 1  'H 
v/lOi  81 
H6412  78 
171*18  H9 


n  6 

-1)4.58964  673950 
-1)4.  17000  830772 
-1)1.13373  3B2074 
.2)1.03991  974531 
I  4)2.61017  202815 
/  7)8.98547  906430 


n1 

(   1)  4.09118  951701 
1)4,^1831  277862 
1  1.471^6  348658 
,-2)2.  063.35  144687 
(  3)  1.  07401  014328 
-S)l.S8654  643486 
/  H)  1.1 /on  547900 


n  a 

(-1)  3.  69188  589342 
1)4.  18786  780614 

1)  1.  75  794  986637 

2)  ^.  31434  922612 
.1)2.  79451  623523 
'.)9.  07650  877136 

f   7  8,  48') /4  6716?/ 


7)8, 
9)1. 


57353  55074  23 
36925  259071 
26068  459338 
35052  458236 
88682  680021 
84901  594560 


. 4^647  75975  40 

.1/764  306086 

.91824  978166 

.7n84  863623 

.84124  912249 

.38067  820792 

,40543  248683 


0. 11572 
0.  61175 
1. 51261 
2.  83375 
4. 59922 
6.  84452 
9. 62131 
13.  00605 
17. 11685 
22.15109 
28. 48796 
37.  09912 


04800  11  7487  8, 


41772  34104  93 
0086  934767 
669  70  9/6566 
470176 
091  335 
551083 
336867 
6215i>9 


37692 
20854 
26857 
81808 
90622 


21173  58 
74845  15 
02697  76 
13377  44 
76394 
54531 
68424  57 
49933  06 
51874  62 
03793  97 
72509  84 
10444  67 


18 
15 


0.  09330 
0.  49269 
1.21559 

2.  26994 

3.  66762 
5. 42533 
7.  56W1 

10.  12022 
n.  13028 
16.  65440 
20.  7764/ 
25.  62v389 
31.  40751 
38.  53068 
46.  02608 


78120  17 
17403  02 
54120 
95262 
27217  51 
66274  14 
62266  13 
85680  19 
24821  76 
77083  30 
88994  49 
42267  29 
91697  54 
33064  86 
55726  86 


71 
04 


-  i; 

-  I, 
.  1 

^  2 

-  2 
•  3 

-  4 

-  6 

-  7 
.  9 
-12 
46 


n  12 

2.  64731 

3.  77759 
2. 44082 
9. 04492 
2.01023 
2. 66397 
2.  03231 
8.  36505 
1.66849 
1.34239 
3*06160 
8» 14807 


371055 
275873 
011320 
222117 
811546 
354187 
592663 
585682 
387654 
103052 
163504 
746743 


^  1! 
.  1 

-  l' 

-  1 

-  2 

-  3 

-  3 

-  4' 

-  6' 
^  7 

-  9 
-11 
43 
-16 
-20 


n  =  15 

2.18234  885940 
3.  42210  177923 
2.63027  577942 
1.26425  818106 
4« 02068  649210 
8.  56387  780361 
1.21243  614721 
U 11674  392344 
6.45992  676202 
2.22631  690710 
4.22743  038498 
3.  92189  726704 
1.45651  526407 
1.48302  705111 
1. 60059  490621 


0.  29720 

0.  69646 

1.  10778 
1.53846 
1.99832 
2. 50074 

3.  06532 
3*  72328 

4.  52981 
5. 59725 
7. 21299 

10.  54383 


96360  44 

29804  }\ 

139462 

423904 

760627 

S76910 

151828 

911078 

402998 

846184 

546093 

74619 


0.23957 
0. 56010 

0.  88700 

1.  22366 
1.57444 
1.94475 
2. 34150 
2. 77404 
3.25564 
3.80631 
4.  45847 
5.27001 
6.  35956 
8.03178 

11.  52777 


81703  11 

08427  93 

82629  19 

440215 

872163 

197653 

205664 

192683 

334640 

171423 

775384 

778443 

346973 

763212 

21009 


(  ompilfH!  from  H.  K.  Salwr 
of  the  first  fifUn^n  Lifiuerre 
VMU  (with  fH*rnn.ssi()n). 


and  K.  Zurker,  Table  of  the  zero^  and  weight  factors 
polynomials.  Hull.  Amen  Math.  Sw,  55,  1004  1012, 
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NUMERICAL  ANALYSIS 


T«l.l<-  25.IO      ABSC  ISSAS  AND  WEIGHT  FACTORS  FOR  tlERMITK  INTEGRATION 


f-1 

Absciasas-^tt  (Zeros  of  Hermite  Polynomials) 


0.  ;onO  67811  86548 


,0.00000  00000  00000 
1.22474  48713  91589 


i.S2464  76232  75290 
1.65068  01218  8S785 


O.OOOUO  00000  00000 
0.95857  24646  13819 
2.02018  28704  56086 

0.  43607  UX\^  27617 

1.  n584  90740  13697 
2.35060  497^6  M492 


o.oonoo  ooooo  ooooo 

0« 81628  78828  58965 

1.6/355  16287  67471 

2.65176  13568  35233 


(<1)  8. 86226  92545  28 
J  0|l.X8163  59006  04 


X.46U4  11826  611 


1.18163  59006  037 
95408  97515  09    1.32393  117S2  136 


0.38118  69902 
M5719  37124 
i. 98165  67566 
2.93063  74202 


07322 
46780 
95843 
«7244 


O.oonoo  oooDO 

C. 72355  1018/ 
1.46855  32892 
2.26658  05845 
M9099  32017 


OOOOO 
52838 
16668 
31843 
81528 


n  4 

(-1)8.04914  09000  55 
(-258.13128  35447  25 

•1)9.45308  72048  29 
-1)3.9361«  32315  22 
-2)1.99532  42059  05 

(-1)7.24629  59522  44 
-1)1.57067  32032  29 
(  3)4.53000  W55  09 

n  7 

(-1)8.  10264  61755  68 
I  1)4.25607  25261  01 
K2)5.  45155  82819  13 
(-4)9.  71781  24509  95 

n-8 

(-1)6.  61147  01255  82 
(-1)2.  07802  32S81  49 
(-2)1.  70779  83007  41 
(-4)1.99604  07221  14 

-1)7.20235  21560  61 
-1)4.  32651  55900  26 
-2  8.84745  27394  38 
-3)4.94362  42755  37 
-5)3.96069  77263  26 


1.  05996  44828  950 
1.24022  58176  958 


0.94530  87204  829 
0.9865  8  0996  7  514 
1.18148  862SS  360 


0.87640  13344  362 
0.93558  05576  312 
1.13690  83326  745 


0.81026  46175  568 
0.82868  73032  836 
0.89718  46002  252 
1.10133  07296  103 


0.7^54  41286  517 

0.  7928  9  004  8  3  864 

0.86675  26065  634 

1.07193  01442  480 


0.720  2  3  521  56  061 
0.73030  24527  451 
0. 76460  81250  946 
0.84175  27014  787 
1.04700  35809  767 


Weight  Factors  «M?, 


0.  34290  13272  23705 
1.03661  08297  89514 

1.  75668  36492  99882 

2.  53273  16742  32790 

3.  43615  91188  37738 


0.31424  03762  54359 

0.  94778  83912  40164 

1.  59768  26351  52605 
2.27950  70805  01060 
3.  02063  70251  20^90 
3.  88972  48978  69782 


0.  27348 
0.  82295 
1. 38025 
1.95178 

2.  54620 

3.  17699 

3.  86944 

4.  68873 


10461  3815 
14491  4466 
85391  9888 
79909  1625 
21578  4748 
91619  7996 
79048  6012 
89393  0582 


0.24534  07083  009 

0.  73747  37285  454 

1.  23407  62153  953 

1.  73853  77121  166 

2.  25497  40020  893 

2.  78880  60584  281 

3.  34785  45673  832 

3.  94476  40401  156 

4.  60368  24495  507 

5.  38748  08900  112 


n  10 

6.10862  63373  53 
2.  40138  61108  23 
3.38743  94455  48 
1.  34364  57467  81 
7.64043  28552  33 

n  12 

5.70135  23626  25 
2.60492  31026  42 
5.16079  85615  88 
3.90539  05846  29 
8.57368  70435  88 
2.65855  16643  56 


n  16 

.  1)5.07929  47901  66 

-  1)2.80647  45852  85 

-  2)8.38100  41398  99 

-  2)  1.28803  11535  51 
.  4)9.  32284  00862  42 
.  5)2.  71186  00925  38 
>  7)2.32098  08448  65 
40)2.65480  74740  11 


1 

1 
1 
2; 
3 
4 
6 
7 

-10 


0.68708  18539  513 
0.  70329  63231  049 
0.74144  19319  436 
0.82066  61264  048 
1.02545  16913  657 


0.62930  78743  695 

0.63962  12320  203 

0.66266  27732  669 

0.70522  03661  122 

0.78664  39394  633 

0.98969  90470  923 


n  20 

4.62243  66960  06 
2.866/5  50536  28 
1.09017  20602  00 
2.48105  20887  46 
3.24377  33422  38 
2.28338  63601  63 
7.80255  64785  32 
1.08606  93707  69 
4.39934  09922  73 


-13)2.22939  36455  34 


0. 54737 

0.  55244 
0.56321 
0.58124 
0.  60973 
0.  65575 
0.73824 
0.93687 


0. 49092 
0. 49384 
0. 49992 
0. '50967 
0. 52408 
0. 54485 
0.57526 
0. 62227 
0.  70433 
0. 89859 


52050  378 
19573  675 
78290  882 
72754  00' 
69582  Si 
56728  '  I 
56222 

449" 


150U6  667 
33852  721 
08713  363 
90271  175 
03509  486 
17423  644 
24428  525 
86961  914 
29611  769 
19614  532 


Compiled  from  H.  E.  Salzer.  R.  Zucker.  and  R.  Capuano,  Table  of  the  zeros 
and  weight  factore  of  the  firet  twenty  Hermite  polynomials,  J.  Research  NBS 
48, 111-116. 1952.  RP2294  (with  permission). 
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COEFFICIENTS  FOR  FILONS  V^I  ADUATIRE  FORMI  LA 


0 

a 

y 

0.  00 

0.  OOOOO 

000 

0.  66666 

667 

1.  33333 

333 

).01 

0. OOOOO 

004 

0.  66668 

000 

1.  33332 

000 

0.  02 

0. OOOOO 

036 

0.  666n 

999 

1.  33328 

000 

0.03 

0. OOOOO 

120 

0.  66678 

664 

1.  33321 

334 

0.  04 

0.00000  284 

0.  66687 

990 

I. 33312 

001 

0.05 

0. OOOOO 

555 

0.  66699 

976 

1.  33300 

003 

0. 06 

0. OOOOO 

961 

0.  66714 

617 

1.  33285 

340 

0.07 

0. 00001 

524 

0.  66731 

909 

1: 33268 

012 

0.  08 

0.  00002  274 

0.  66751 

844 

1.  33248 

020 

0.  09 

0.  00003 

237 

0.  66774 

417 

1.  33225 

365 

0.1 

0. 00004 

438 

0.  66799 

619 

1.  33200 

048 

0.? 

0.  00035 

354 

0.67193 

927 

1.  32800 

761 

0.  3 

0.  00118 

46/ 

0.  67836 

065 

1.  32137 

184 

0,4 

0.  00278 

012 

0.  68703 

909 

1.  31212 

154 

0.5 

0.  00536 

042 

0.  69767 

347 

1.  30029 

624 

0.6 

0.  00911 

797 

0.  70989 

111 

*  1.28594 

638 

0. ; 

0. 01421 

151 

0.  72325 

813 

1.  26913 

302 

0,8 

0. 02076 

156 

0.  73729 

136 

1.  24992 

752 

0.9 

0. 02884 

683 

0.  75147 

168 

1,22841 

118 

l.O 

0.01850 

188 

0.  76525 

8)1 

1.20467 

472 

26.4.47. 
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26.  Probability  Functions 

MaBVIN  ZBtlN*  AND  NORUAN  C.  SkVKRO* 
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26.7.  Student's  i-Distribution   W8 
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Table  26.1.  Normal  Probability  Function  and  Derivatives  (0  <x ^6).  .  966 
P(x),   Z(x),  Z<«>(x),  16D 

lOD;   Z<"'(x),  n=3(l)6,  8D 
x«0(.02)3 

P(x),    lOD;  Z(x),    lOS;  Z'*>(x),      n»l(l)6,  8S 
x=3(.06)6 

Table  26.2.  Normal  Probability  Function  for  I^arge  Arguments 

(6<X!S600)   .1   972 

-log^(x),   x=6(l)60(10)  100(60)500,  SD 

Table  26.3.  Higher  Derivatives  of  the  Normal  Probability  Function 

(0<x^6)   974 

Z<»'(x),   n=7(l)12,   x=0(.l)6,  88 

TaWe  26.4.  Normal  ProbabUity  Function— Values  of  Z(x)  in  Terms  of 

P(x)and^(x)   975 

^(x)=0(.001).6,  6D 

Table  26.8.  Normal  Probability  Function— Values  of  x  in  Terms  of 

P(x)  and  P(x)   976 

0(.001).6,  6D 

'  National  Bureau  of  Htandards,   (PrefM-ntly,  National  Inrtltutea  of  Health.) 
•National  Bureau  of  Standards,    (Presently,  University  of  Buffalo.) 
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PROBABILITY  FUNCTIONS 
Table  26.6.  Normal  Probability  Function— Values  of  x  for  Extreme  Page 


Values  of  /•(^)  awiQix)   977 

^(»)=0(.0001).026,  SD 
^(j5)=10— ,   m=4(l)23,  6D 

Table  26.7.  Probability  Integral  6f  x'-Dis^ribution,  Incomplete  Gamma 

Function,  Cumulative  Sums  of  the  Poisson  Distribution   978 

X»=.001(.001).01(.01).l(.l)2(.2)10(.5)20(l)40(2)76 
1.=  1(1)30,  6D 

Table  26.8.  Percentage  Points  of  the  x'-Distribution— Values  of  x*  in 

Tenns  of  Q  and  p   984 

^)(X»  =  .995,  .99,  .975,  .96,  .9,  .75,  .6,  .25,  .1,  .06,  .026,  .01,  .006, 
.001,  .0005,  .0001 
1(1)30(10)100,  6-6S 

Table  26.9.  Percentage  Points  of  the  /^-Distribution — Values  of  F  in 

•Terms  of  Q,pi,i>i   986 

Q{FK  !»,)  =  . 5,  .26,  .1,  .06,  .025,  .01,  .006,  .001 
v.^UOe,  8,  12,  16,20,  30,60,  » 
v,  - 1  ( 1  )30,  40,  60,  120,  • ,  3-6S 

Table  26.10.  Percentage  Points  of  the  ^Distribution — Values  of  <  in 

Terms  of  A  and  p   990 

4it\p)  =  .2,  .5,  .8,  .9,  .96,  .98,  .99,  .996,  .098,  .999,  .9999,  .99999,  .999999 
;i'=Ul)30,  40,  60,  120,  3D 

Tafejte  26.11.  2500  Five  Pigit  Random  Numbers   091 


;>The  Hiithora  g/raU^tutiy  acknowledKn  the  aHsintance  of  David  8.  Licpman  In  the  prep- 
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from  inemlMTH  of  the  Committee  on  Mathematical  Tables  of  the  Institute  of  Mathematical 
Ktatistics. 


26.  Probability  Functions 


Mathematical 

26«L   Protmbility  Functions  t  Definitlona  and 
Properties 

UnUeHal0  CumubtWe  DUtHbution  FumUohs 

A  reaUvalued  function  F^)  is  termed  a  (uni- 
variate) cumulative  di8trii)Ution  function  (c.d.f.) 
or  simply  distribution  function  if 

i)  F{x)  is  non-decreasing,  i.e.,  /Xxi)<F(xa)  for 

ii)  F{x)  is  everywhere  continuous  from  the 

right,  i.e.,  F{x)^\\m  Fix+$) 

iii)  F{-^)-rO,  F(o^)=-l. 

The  function  F(x)  signifies  the  probability  of 
the  event  ''X<x'*  where  X  is  a  random  variable, 
i.e.,  Pr{X<x} -  F{x),  and  thus  describes  the 
c.d.f.  of  X.  The  two  principal  types  of  distribu- 
tion functions  are  termed  discrete  and  continuouH. 

Discrete  fHstributioris:  Discrete  distributions  are 
chsracterixed  by  the  random  variable  A'  taking 
on  an  enumerable  number  of  values  .  .  .,  /.i, 
JEo,  Xf,  .  .  .  with  point  probabilities 

Pn^Pr{X^x,)>0 

which  need  only  be  subject  lo  the  restriction 

n 

The  corresponding  distribution  function  ran 
then  be  written 

26.1J         F{x)  -rr[X<x]^21pn 

•  Comment  on  noMion  and  conpeniions, 

a.  Wp  fiillow  thp  nistomary  ci)nvi»ntion  of  donotin(?  a 
rarulorn  vuriahlr  hy  a  piipital  U'Wrr,  i  «• ,  .V,  and  tisinR  th<» 
ri»rrwpofii!ifi(^  lower  PiiHe  lottor,  i.iv,  /,  for  u  partictilur 
vttlu<»  that  thp  random  variable  assum^H. 

b.  For  wlatintieal  appliratioriM  it  in  oflni  ronv«»nii»nt  to 

!  havf  tabulated  the  "upper  tail  anMi/'  \- P{x),  or  the  j 
rd.f,  for  |V|,  Fif)  ~F{-T),  Instead  of  Mitnply  the  c.d.f.  ; 

We  mo  the  notation  P  U>  intlieate  the  c.d.f  of 
Y,  Q  \  /»  to  itulic.'Uf  the  "upper  tail  area"  and  .1 
/•  Q  \u  denoti'  th*»  f  (!  f  »»f  I  V|  In  particular  we  tjHi» 
/*^/},  Qir),  and  Air)  to  denote  the  r«»rreMpondinic  fuiu»tion*4 
for  thr  norrnid  or  *  la»issiiin  probidiility  fnni  ti«>n,  »<*e 
26.3.2  26.2.4.  When  the^e  di^trihutiofiM  depen<f  on  otixr 
pjiranteterM,  sav  di  iind  $i,  we  inilicute  thi^  bv  wntitiK 
P(r%,  0th  Q(Jt\9i.  f»r  Mx\ei.  Kor  oMinipie  the  ehi.-  , 
»(tuaf»*  diHtribution  26.4  defiendn  on  the  fiuratneter  r  and 
the  tabulated  function  i.m  written  Q(x^i^) 


Properties* 

where  the  summation  is  over  all  values  of  x  for 
which  Xn<x.  The  set  {xn}  of  Values  for  which 
Pii>0  is  termed  the  domain  of  the  random  variable 
X.  A  discrote  distribution  of  a  random  variable 
is  called  a  lattice  distribution  if  then,  exist  numbers 
a  and  bi40  such  that  every  possible  value  of  X 
can  be  represented  in  the  form  a+bn  where  n 
takes  on  only  integral  values.  A  summary  of 
some  properties  of  certain  discrete  distributions 
is  presented  in 

Continuous  Distributions,  Continuous  distri- 
butions  are  characterized  by  Fix)  being  absolutely 
continuous.  Hence  F{x)  possesses  a  derivativp 
F'{x)=^J{x)  and  the  c.d.f.  can  be  written 

26.L2     F{x)^^Pr[X<r}-^('  J{t)di. 

The  derivative  /(/)  is  termed  the  probability 
density  junction  (p.d.f.)  or  frequency  Junction,  and 
the  valties  of  x  for  which  /(/)>0  make  up  the  ) 
domain  of  the  random  variable  X.  A  summary 
of  some  properties  of  certain  selected  continuous 
distributions  is  presented  in  26J«2S-26.1.34. 

MulUvarUle  ProbabiUty  Functions 

The  real-valued  function  F{xu  Xa,  .  .  .  Xn) 
defines  an  n-variate  cumulative  distribution  func- 
tion if 

i)  F(xu  Xa.  .  .  .  ^n)  i»  ft  non-decreasing  func- 
tion for  each  Xi 

ii)  /a,  .  .  .  Xn)  is  continuous  from  the 
right  in  each  /o  i.e.,  F{x\,  /ai  •  •  ^n) 
-lim  FUu  ^    M  Ti+t,  .  *  M  Xn) 

iii)  Fixx,  /?,  .  .  .        0  when  any  x<^-«;  * 

.     .  CO')  1. 

iv)  Fixxy^is  '  /g)  Hssignsnonnegative  prob- 
abiUty  to  the  event  /|<A'i</|-f 
/r^A^</2+A,.  .  .  /i,<.Y,</i,+Aii  for 
all  fx,  /j,  .  and  all  nonnegstive 
Ai.  ^  hn,  e.g.,  for  n-2,  f*(Xi+Ai, 
/2  f  )  -  ^ .  /a + Ai)  -  F{fx  4-  A, .  X2)  + 
F(/i,  /a)>0  and  in  general  for  Xi<CXi< 
fiih,  (i  \,  2,  .  fj),  the  itth  order 
difference  Ai/^Xj^i,  Xa,  .  x«)>0  for 
k^\,  2,  .  .  n. 
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The  joint  probability  of  thf  event  Xx<Zu  vectors  (aru  /ai  .  ♦     Jfn)  and  tontxnmwi  distribu* 

X%<t%^  .  .  M  ^Vi»</ii  IH  hiiy^  /at  .  .  .  /n)*  Analo-  tions  are  characterized  by  absohite  continuity  of 

ROUS  to  the  one^dimeanional  case,  ilmrtXt  distribu-  F{t\^  z%  a?„). 

tions  assign  all  probability  to  an  enumerable  set  of 

C^fodmalici  0/  (Iia<n^(i0fi  funcHona:  M^menU,  eharaeleriiHe  funeHm$f  eumulanU 


> 


%^  Ci&tfii  IBOOM&t 


Ififon 


cbWMteHtllc  AmcttoD  of  X 


thmtt9tititk  faaelkm  of 
9iX) 


CooHaooufl  dlslHbiitko* 


***^**J*  ^^^^^ 


DImtedlslribotloQt 


• 

• 

• 

• 

• 

ft  r»/^ 
'^•sj-.ift'^^* 


0*Ui«  distrilmtioBs  only) 


R«l«UoB  of  tlw  Charaetorlstle  Funetkm  to  Momenta 
About  Um  Origia 


26.1.11 


26.1.12 


CtuBulanl  Funetkm 


«,  is  called  the  cumulant. 

26.1.13  «i='n,  «j=»*,  (C|=;x,,  ic4=/i4— 3/4 

Relation  of  Ontral  Momenta  to  Moment*  About  the 

Origin 

26.1.14  A  /n\,  ,  ,  , 


26.1.1S 


26.1.1fr 


Coeffldlente  of  Skewneae  and  EieeM 

(skewness) 


(excass) 


Occasionally  coefficients  of  skewness  and  excess 
^or  kurtosis)  are  given  by 


26.1.17 
26.1.18 


A=7?=(^y  (skewness) 


V 


(exceds  or  kurtosis) 


357 


PaoMtD 

PotDl 

FitanttM 

Mom 

VarlMee 

Atmmayt 

1/ D&facicnsuv 
ftmcUoo 

^ttmn  Iftti  In 

0 

«i»X,«»«Otorr>l 

P-l 

t 

Blimiklal 

0<p<t(g-I-p) 

•P 

MA* 

I,,  "fj 
»Pf 

(«+P«*0« 

«»«-P«  j^torr^t 

t4.1Jl  ^ 
ftyptfiMWMtrlo 

#«0»  U . « .  min  (n,  ATi) 

•P 

^  KS'-n/  \  U^t ) 

CompU- 

CompHcaied 

> 

V  •  / 

\ti/ 

Polantt 

•t 

1 

fm 

w  ■ 

forr«l«a, . .  . 

fii^OaiidO<]<l 

nP 

V5?Q 

• 

Otoowtrie 

«4-»l«fbf  i«*0, 1,9; ...» • 

p(i-p)* 

0<P<1 

I 

i 
\ 

p 

a-p 

/ 
1 

p(i-a-p)««i-« 

l-P 

O-P) 
fit 

o 
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958 


959 


Sme  im€-difnm9iaHal  omHnuaua  di$trihuiian  fundians 


Nairn 

• 

DooMln 

ProbabtUty  Density 
Funot  Ion /1(f) 

r   ^ 

ResirlcUofu 
on 

Pwametep 

Moan 

y  yiruuiod 

Bkewness 

Cbarocterlstlc 
function 

Cuniulants 

— — 

0 

e 

«i»»0  for  ii>3  * 

error  function 

# 

0<A<i 

0 

1 

"Si 

0 

0 

(. 

f 

MJ.26 

Normal 

0 

-ai<t||<» 

m  • 

0 

0 

ci«m, » t«»«,  kiimO  for  n>3 

\ 

M.1.27 

Cauchy 

• 

1 

1     1  * 

-»<o<ai 

not  de* 
aned 

not  defined 

ll 

not  defined 

not  defined 

K 

26.1.28 

KtpoocDtiai 

!,-<t). 

•TP 

\ 

a 

6 

tt««rt^  if*»^r(»)  for  l»>f 

1 

Laplaci*,  or  double 
eipcjDPOtial 

* 

✓ 

0 

8 

I  » 

1  > 

«l  «»a,  irt»a^  • 

forii«»l,a*  . 

26. 1.30 

i 

K«tr«*tnf*  Vultw,« 
( >'lM¥*r  TliHirtt 
Ty|)e  I  nr  duubly 
exponential) 

( 

e 

\ 

2.4 

r(i-w<^* 

M.I. SI 

l*cnr»n  Type  \\\ 

^ife 

witby-^n^;;* 

0</><«) 
0<p<« 

s 

\ 

m 

e***(l-W 

«i»tt+/'p»  «*»i9*pr(ii) 

forn>l 

Oamma  distribution 

If  r  lit  111911  iWKuii 

Hp)* 

0<p<<D 

« 
P 

a 

Vp 

6/p 

«i«P»«t^pn«)  for  fi>l 

oft  . 

a(tt-6) 

8ee  footnote  5. 

Mia,  o-f  6i 

(«+6+2) 

Hec  tanfttilar.  or 
utdform 

1 

i 

« 

m 

0 

-1.3 

4 

an                  .  i 

4 

Bin  (Bernoulli  numbers). 

• 

I 


a 


« t  (KuUVh  constant) -.Ami        .  .  .  < 
9  G  0      •  t   V^"(^^  *  l)|a(a^-ft)>-M(a4>6-*)). 
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tn«q%Mliti«$  f«r  dUtribution  funcHpnt 
( f U)  ddioM  ih*  r  i]  r  orUm  random  vttiiMn  X  muI  <  <:«nolm  »  poaltiveeonsUat;  further  m  la  alwayt  usum<)d  to  fat  finite  and  all  exprrtallona  ar«  assumed  to  Mist) 


Inequaaty 


26.1.85^  Pr\9lX)>t\imX)Vt 

26.1.36  Pr\X^t\£mit 

26.1.37  Pr\\X-m\>t9\^llf 
f(m+lff)-r/(m-l»)^l-^ 

26.1.38 

Pf||^~in|>(5|!Sj^ 


/     26.1.39  1 


f(«+«<r)-F(m-M^l-^|^j--pZ^| 

26.1.40  Pr\\X-m\^t9\^4IW 

■  f(m+<»)-F(m-l*)^l-^ 

26.1.41  ffllAf-mlSfarl^V^y^^gp^ 


Conditions 


(I)  9{X)>0 

(i)  Pr|Jr<0)=0 

(II)  £(>r)  =  m 


,(i).«X)  =  m  ♦ 
(II)  EiX-my^v* 


(I)  «(Jf*)=m,  , 

(II)  £U«-m<)»=<r? 

(UI)  £(IX,-mJlXi-m,D«0«,<i) 

(Iv)  Jf-g^' 

(I)  JB(X"-m)»=»« 
(ii)  P(x)  Is  a  continuous  e.d.f. 
(ili)  F(«)  isunlmod&latxo* 


\ 


(i)  B(Jr-m)««^ 

(ii)  iB  a  continuous  c.d.f. 
nii)  Fix)  iB  unimodia  at 

(iv)  m=«o 

(i)  «(X-m)»«tf« 

(ii)  £(X-m)*«M4 


26.2.  Normal  or  Gaussian  Probability  Function 


26.2.1 


26.2.2  J'  J 

26.2.3  (?(/)=. -L  f'e-'*"rf<=  f*Z«)rf< 

V2irJt  Jt 

*  '  • 

26.2.4  i4(x)«~  r  r 

26.2.5  P(;r)+^(x)-l 
26.2-6  />(^x)^^(x)  ^ 
26.2.7  A(x)^2P{z)-l 

Probability  Int^^al  with  Me#n  m  and  Variance  «^ 

A  random  varinble  A'  is  said  tO  be  normally 
distributed  with  metrn  m  and  variance  ^  if  tho 
probability  that  X  is  loss  than  or  equal  to  2  is 
^"'ven  by 


26.2.8 


1      r»       iHrn)*  . 


V2r 

The  corresponding  probability,  density  function 


18 


26.^9 


and  is  symmetric  around  i.e. 


(jr-m)» 


The  inflexion  points  of  the  probability  density 
function  are  at  m±cr. 
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26.2.10 


yirr  Series  («^0) 
1  ,  '  1  (     1  • 


26.2.11 


'A«yn)ptotle  Etpansiom  (»>0) 


26.2.12 


where 


which  is  less  in  absolute  value  than  the  first- 
nefrlected  term. 

^.2.13 


-  ---- -j^  >  -i»+2"*"  (?4-2T(l*+4). 


\ 


as 


(/»+2)(x'+4)(/»4:6) 


} 


where  Oj-  1.  «a       04-^0.  05^129  and  the 

general  tefrn  is 

a,-(!ol .  3  .  .  .  (2n  - 1)  +2f,l 3  .  .  .  (2n-3) 

f2V,l.;i...(2n-6)+...+2--'c,_, 

and  c,  is  the  (•o^f!t^ient  of  <""'  in  the  expansion  of 
<(<-  !)  .  T  .  (t    n  l-I).  ♦ 


26.2.14 

i}(r 

26.2JS 


j['4>ntinMed  Fraction  Expanaiana 


'  ^'"{;,  AAA /+-•■} 


/I/ .  •  '-^'^        \  .  . 


0) 


FUNbrioAs     '  ^ 
« 

Polynomial  and  Hational  Approsimstlona '  for  P{m) 
'  andZ(«) 

0<ar<»  ^        •  . 

26.2.16  ,  " 

Fix)  - 1  -Z(a;Ka,i  +o,<'+o,<') +«(a;) ,  ^^ri^ 

ka;)|<lX10-» 

p=.33267    •  rt,=.43618  36 
Ojrfc-.  12016  76 
a,=.93729  80" 

26.2.17 

P(a;)= 1  -Z(a;)(6,<+6a<»+6,<»+'6«<«+6,<»)  +•(»), 


1 


i  |i(«)|<7.6X10-» 

'/ 

\     ,       p=  .23164  19  ^ 
6,=^    .31938  1530      6«=-1.82lr26  6978 
68=-.35656  3782      6,=  *  L33027  4429 
6,=  1.78147  7937  '  , 

26.2.18 

1  • 

|i(x)l<2.6X10-« 
<j,=.  196854      c,=  .000344 
■  c,=  . 116194  <!«=.019527 

26.2.19 

|i(x)|<1.6X10-» 
</, = .04986  73470      ^4= .00003  80036 
rf,=.02114  10061      (ij=. 00004.88906  ' 
(/,=  . 00327  76263  00000  63830  . 

26.2.20  /(x)=(ao+M'+«4«*+<»^*)"'+«(*) 
|«(x)|<2.7XlO-» 
do = 2.490896      04=  -  .024393 
Oj=  1.466003      0.^  .178267 

'  Bafled  on  apnroxlinatlonfl  in  C.  Haatinga,  Jr.,  Approxl- 
InationH  for  dlfiiUl  computera.  Princeton  Univ.  Preaa, 
Prinofton,  N.J.,  1066  (with  permisaion). 


lie 


£63 


\ 


26.2.21 

» 

'm  -  (6o+*^4-*«a:*+*»i*4-A»r»  +  6,^"')-'+e(V) 
,  ^  |€(jr)1<2.3X10-*   .     '  * 
Ao  =^2  5052a  67       6a=    .131,064  69 
6,=  1.28312  04       6g=— .02024  90 
64=  .22647  18      Aio--. 00391  312 

«  k 

HatioMl  Approximations '  for  Xp  where  Qi.x^'^^p 
26.2«22  '  .V 

|.(p)t<3X10-» 

2.30753      6, =.99229 
a,=  .27061      6a=. 04481  *  ,! 

26.2.23 

|«(p)|<4.6X10-* 

<Jo=2.5165l7  i  =  1.432788 
<r,-=  .802853  rfa=  .189269 
<r,=^  .010328      rfa=  001308 

Bound*  Uaeful  aa  ApprmdmiiUoiui  to  the  Normal 
Dtttributlon  Function 
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26.2.25 
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26.2.24 


/*iU)=^+](i-«-*^'')»  («>0) 


/'4(/)=l--(2«-)-»e--»/»'  (ar>2.2) 


See  Figure  26.1  for  errc^r  curves. 


(«>,1.4) 


>.006 
,  .004 
*  .002 
0 

-  .J.Ot 
-.004 
-.006 


*             •  \ 

?  ^ — 

r  -T^'r— T  1 — r 

.4         .8  iir"^--^4t 

— 2jB  IZ 

• 

fiauRB  26.1.    Effw    curves  far^  bounds    on  normal 
diatribuiion* 

/ 

Derivatives  of  the  Normal  Probability  Density  Function 
26.2.26 


Differential  Equalion 

26.2.27  (x) + a;Z""+  "  (i)  +  (m + 1  )Z'-'  (x) ^0 

Value  lit  x^O 

26.2.28 

-~  —  J  ir      for  m =2r,  f=0,l, .  , , 
2(«,(0)«jV2ir2-«(f)l 

0  for  odd  m>0 


.  964  . . 


*  *  *  PROBABILITY  FUNCTIONS 

Relation  of  F(s)  and  Z("»)(s)  to  Other  Fimetknifl 

f  undion  HtMion 

26.2.29  Eyor  :r«nption  erf  «=:2/'(«^)-l  ^  (»^0) 

26.2.30  Inoompletp  gamma  function  (sperial  — =[2P  ,  (»2lO) 
26.2.81  Hermite  polynomial      '        i                   ^*"^'^=^r^^"  ■^(^ 

•  * 

26.2.33  J/Uunrlion  *  f/A-*{*)=(-l)-«V2iZ<-«'(x)  '  (n>0) 

26.2.34  *       •      /    '        ff*.(')=^ir"^*-.<')|i(|5)  * 

*     *  ^     \  (-1)- 

26.2.35  Totrarhoric  funrtion  ^         '  ^'"""^'^ 

26.2.36  (^onfluent  hypcrgrtmetric  function  (special     jjf  ^^|,-0=?^^P(2)-i^  (jf>0) 

case)  ,  ■  , .  ' 

'  M(''i'0=^{''W-5} 
26.2:38  ^(:-2~'2'""2hz^ 

26.2.39  ^l,~2~'2'""2j  «Z<*"'(0) 

26.2.40  Parabolic  cylinder  function  ^(■•»~^' *)"*'*'*^-^)"  "Z(Jr  ^-^^^ 

^  Kepeotcd  Integrals  of  the  Normal  Pr«diabiUty  Integral  \ 

26.2.4r  /,(i)-f "/,_,(<)«<<  (»>0) 

where /.  1(1) a=Z(ir) 
26.2.42 

/-.(x)-(-0"'z(a;)=(-l)— Z'— '(*) 

,  (n>-l) 
26.2.43  Gv+'^n-")^"('^N"       ^  ^ 


26.2.^ 

(n41)/«+i(*)4-i/.(i)-/,-i(*)*=0  T»>-1^ 


er|c 


PROBABILITY  FUNCTI0M8 


1 


935. 


26^.45 

'  •  •        •  (n>-l) 

1 


26.2.46  •    /,(0)=/-,(0)  = 


(n  even) 


Atymptotlc  E«pantion«  of  an  Arbliranr  JPfolMibllity 
IleiMltr  Function  and  DlitribuUon  Functioii 

Let  Yx  (i=,l,2,  ,  .     n)  be  n 

independent  random  variables  with  mean  mi, 
variance  a?,  gnd<  higher  cumulanta  <.  Then 
asymptotic  expansions  with  respect  to  n  for  the 
probability  density  and  cumuiattVe  distribution 
function  of 

(§'')  . 

ai.2.4T 

■  .+[7ll.^"'<"+ril2«'"w+?i^"« 

26.2.48 


1728 


where 


,  "  Si:-)  -  • 

Tornm  in  bpCi^kots  are  terms  of  the  same  order 
with  reflpec!t  to  n.  iWhen  the  K<  have  the  same 
dmtrihution,  then  m^^m,  aj~<r*,        «f  ^nd 


ERIC 


AaymptoUe  'Expansion  for  the  Inirerw  Punotlon  of  an 
Arbitrary  Dlatribution  Funetlon 

Let  the  cuiiiulative  distribution  function  of 
F«j|j  r^bfe  denoted  by /(»).  Then  the  (Cornish- 
Fisher)  asymptotic  expansion  with  respect  to  n  for 
the  value  of  i/t^  such  that  F{^^  » 1  -rp  is 

where 

t(^«+IyiAi(af)] 

'  +[Y3fcj(a:)+YfAt,(ap)] 

.  +l7^(i)-t7,7aA„(x)+Y?A.u(*)l 

+ 17^(1)  +7iyA»(af)  +7?Tr»Am(«) 

+7tAim(«)H-  . . . 


'and 


26.2.S0 


■=1'»     'Vr-a"=47i»      *'=3, 4^ 


A,(*)=i|H«8(a:) 


Aa(i)-~H«,(i) 


0 


A,u(af)«^ll2^«4(x)  +  l»H«i(af)l  ' 

.  A„(i)=.-3g4l3Hc,(i)+6Hi!,(a:)+2Hc,(x)J 
AuCxi  —  llo  l2Hc,(i)+3ffc,(x)j 


Au,(x}=2^ll4H«,(i)-f37tf«»(x)+8H«,(i)] 


^  l252He»(x)+832Hi5,(a!) 


966 


7776 

,  +227H«,(i)l 

.Tirms  in  brackete  in  26.2.49  are  terms  of  the 
■  grfme  order  with  respect  to  n.  The  the 
Hermite  polynomials.   (See  chaptei*  22.) 
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In  th^  foUowinp  auxiliary  table,  the  polynomial  functions  At (x),  Aa(ar)  .  .  .  Auu(«r)iir^  tabulated^for 

>p  =  ,25,  ,1,  ,05,  .025,  .01,  ,005,  •9026,  .001,  ,0005. 
Auxiliary  eiH^ffieients*  for  use  ivith  Corninh-'F inker  asympMie  exf^ansion.  26«2;49 


-FT  . 

^  \ 

MO 

.06 

 — 1 — 

0 

.025 

.01 

m 

4)025 

.001 

.0006 

> 

.67440 

1  »155 

1.644SA 

1.9S006 

a82635 

2.57568 

4.80703 

3.09022 

;  — '  ^ 
'  3.29053 

-,O0OS4 

.10706 

.36426 

.47356 

.73532 

.93915 

1. 14657 

1.42491 

1.68703 

hid) 

-07133 

-.07Z4O 

-  oaow 

06672 

.23379 

.30012 

.67070 

.84331 

1.07320 

07fi«3 

06106 

-.01676 

14607 

-.37634 

-.50171 

-.63890 

-1.21028 

-1.52234 

Mr) 

.00398 

-09464 

-.04936 

^-.04410 

-.00152 

.06010 

.14641 

.80746 

.46080 

htiU) 

.0Q2Ki 

.14644 

.17532 

V    . 10210 

-.17621 

-.53531 

-1.02868 

-1.89355 

71243 

-.0I4» 

-.11900 

-.02937 

.2AlflS 

.50957 

1.06301 

1.86767 

2.62337 

hiU) 

.OOOM 

.ooim 

-  01082 

-.02357 

-.03176 

♦  -.02621 

-.00666 

.04501 

.10980 

hnir) 

-  032M 

.00776 

.00686 

.09650 

.07H88 

-.01226 

-.  19116 

-.50060 

-1.03555 

bii{/) 

.01086 

.09462 

.16106 

.16056 

.03366 

-.  17496 

-.70464 

-1.30831 

hiiiU) 

14764 

-.10666 

-.39517 

-.55896 

-.32681 

.35606 

1.60445 

4.29304 

7.33307 

06696 

OOM 

.25623 

.31624 

.07286 

-.46634 

-1.39199 

-3.32708 

-6.40702 

*  From  R.  A.  Fisher.  Con^tbuttoni  to  mathftttattcal  statlittcs.  Paper  30  (with  B.  A.  Comtsh)  Bxtrall  de  la  Revue  de 
*^  rinnlcute  Internatkmol  de  HtatUtlque  4. 1-14  (1037)  (with  pern^sslon).  ^ 


.   26.3,  HiVariate  Normal  Probability  Function 
26.^.1 

■"'"26.3.2 gU,  ^.p)  -  ( 1  -V)  -» ^'(')^  (^^,) 
.  26.3.3 

Uh,  k,  p)  =     dx V'.  V' p)f^U 

26.3.4  L{-h,  -k,  p)    f*  dx  f *  g{z,  y,  p)dy 

26.3.5  /  -A,*, -p)=J  j//J^  g(x,y,p)dy 
26.3.6 .  lAh,  -k,  -p)^  (  dx\    g{x,y,  p)dy 

Jh  J-m 

26.3.7  L{h,k,p)=-L(k,h,p'i 
26.3.8.  .  L(-k,k,p)+L{h,k,~p)=Q{k) 
26.3,9   L(  -  h    k,  p) - L(h, k,  p)-=Pik) - Q(h) '  ' 
26.3.10 

.  'i\m,  k'p)}  Lih,k,  -p)-f  m-Q(*)i-i 

'^j  dxj  jix',y,p)dy 

PmKnMHty  Fiinrtton  With  Meana  m„  m,,  Varianr«a 
^l",  v',t  knd  Ck>rr«lation  p 

^^4<'  rHiuloin  variable^  X,  >'  aiVSaill  to  be  dis- 
ijtod  an  a  tHvariatP  Norinal  digtrjbikion  with 


ERIC 

Nit»  If* 


means  and  Variances  j[mt»  m^)  and  (alt  ^)  and 
corrolatiMi  p  if  fhesjoint  probability  that  X  is 
less  t  han  or  equa)  to  A  and  Y  less  than  or  equal  to 

k  is  given  by 


26.3.11 


Pr{X<k,Y<k}^—(  "  f  "  gisXpWdt 

O^tJ-m  J-m 

The  pl-obability  density  function  ia 


26.3.12 

1 


-.(I 


1 


2,r<;.,r,vT^''*''*^2(l-p«) 
where 


n  2p(/-m,)(y-m,)  .  (y-m,)' 


Circular  Normal  Probability  Density  Fonctloif 
26.3.13  ? 


967 


'■'...1.  ('-'"■>'+<»-"'>' 
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SpM>ial  Valu«a  of  Hh,  k,  p) 

26.3.14         *  Lih,k,V)  r  Q{h)Q(k) 
26.3.1T    Z,(A,*,-1)=0  {h+k>(i) 

26.3.16  L{h,k,-l)^P(h)-Q\k)  (A+*<0) 

r 

26.3.17  .  .  Lih,k,l)--.Q(h)  ik<h) 

26.3.18  Lih,k,l)^Qik)  •  {k>h) 


26.3.19 
P 


i.(0,0,  p)=|H  ^ — 


Hh,  It,  p)  as  a  Funetlon  of  l(h,  0,  p) 


26.3.20 


■:{: 


0      if  AJir>0  orWr=0 
and  A+*>0 
otherwise 


where  sgn  A=l  it  h>0  and  sgn  A=— 1  if  A<0. 

.12  .10      .'o«  M 


] 


er|c  . 


0      08     .10      19      aO|  26    .SO    M     .40     A$     M    M     M     M     .TO     .79     .90    .99     .90     .99  1.00 

FiotJM  26.2.   L(A»  0.  p)  /or  0£*^1  and  *-1^^p^0. 
VftluM  tar  KO  eaa  be  oblalasd  uatng      0*  -p)«i-J&('~**  0* 

968. 
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PROBABILITT  FUNCTIONI^  939 


I 

P 


'%0  <X»  no   1.15   L20        i.JO  L35  r^O  U45  l«f  1.55  160  rA5  LfO  1.75  LTO  JA5  t.90  I95tjt)0  205  2J0  2J5  2.20  2^5  2  W«M  240  245  250 

FiouBB  26.4.   L(K  0,  p)  /or  *>1  and  -1 

V(au«  for  *<0  can  be  oblalned  using  X(A,  0,  ~p)  •4r'.J^i~*»  ^»  4') 


940 


PROBABILITY  FUNCTIONS 


Intesral  Over  an  Kllipv  With  renter  at  (m„  m«) 
26.3.21 

wh^re  A  is  the  area  enclosed  by  the  i^lli^e 
^mA>  2p(jr-m,)(y-m») 

+('^)'.=''"-''' 

Integral  Over  an  ArUtrarjr  Ragioii 
26.3.22 


wbefe  0  is  the  tr&nsfonned  region  obtftined 
from  the  transformation 


Integral  of  the  Circulai*  Normal  Pn^MblUtjr  Funetlon 
With  Panunetera  m«<=>m«aO,  «=1  Over  the  Triangle 
Bounded  bjr  y<=>Ot  y<=>ast 

26.3.23  . 

V(h,  oA)-^     J"  »-*"^*^'dxdy 


r,=R^yfr^      R,  r  both  large  .  • 

ff        gi8,t,0)d«dt—^  -  Inequality 

where  .  , 


»i+L(A.O,p)^X(0,0,p)^i<?(A) 


wh^re 


1 


Integral  of  Cirettlar  Normal  Dtotrlbution  Orer  an  Ofhet  • 
Circle  With  Ra<!lua  Ih  and  Center  a  Dletanee  rcr  From 
(m^  ivtg) 

26.3.24 

where  P(/iP|2i  if)  is  the  c.d.f.  of  the  non-central 
distribution  (see  26.4.25)  with  p^2  degrees*  of 
freedom  and  noncentrality  parameter  r*. 


26.3.2S 


Apptoiimatlon  to  F(JI*|2,  r>) 


Approximation 
2r' 


26.3.26  P(x,) 

26.3.27  P(x,) 


Condilton 
i?<l 

R>1 
R>5 


24^7 
(2+r»)»J 


26.3.29 


pA-ib>0,  0<p<l. 
Serlea  Espanalon 


26.4.  Chi-Squon  Probability  Function 
26.4.1 


26.4.2 

Q(X«|i.)  =  l-P(X» 


(0<X»<cd) 
(0<X»<«n) 


Relatlo^  to  Nomal  Ototrlbutkm 

Let  j^i,  Xtf  .  .  .>^#  be  independent  and  identic 
callyN distributed  random  variables  each  following, 
a  nor^iU  distribution  with  mean  zero  and  unit. 

variance.  Then  X'^jfjAT?  is  said  to  follow  the 

chi«equare  distribution  with  p  degrees  of  freedom 
and  the  probability  that  A*<x«  is  given  by  P(X*k). 

Cumulanta 

26.4^      «.+i«2"n!^  (n=0,l,...) 


PBOBABIUTT 


«3> 

FONCnONB 


m 


26.4.4 


•-I 
a 


<?(«'l')-°«»'"t'^WSl.3.5...(2r-l)  ' 

(i-odd)  ftndx«=«V» 

) 

26.4.S 

»-« 

Q(xV)=VS2(x){l+^52:^^} 

•  ^*  .  even) 

26.4.6 

(1  •  V 

(,+2)(.+4)--v(.+2r)} 

RccumaM  mmI  DMIeMntial  Relatlou 

26.4.9  ^^-^||(»j)(-l)-W|r-2jO 

CoBttatwd  Praetton 

26.4.10  *<?(X*ii>)"'^2./,r^^j 

{1     l~r/2     1    2-r/2     2  \ 
x'/2+  1+  x*/2+    1+  X''/2+.  .  ./ 

Aaymptotk  Distribution  for  Large  p 


26.4.U  Wlr)-'P(x)  where 


26.4.12 


Aaymptotto  Esputlom  for  Lftrg^ 


ERIC 


ApprostmatloiM  to  the  CaU^Squate  OistributloB  for 
Larger 

26.4.13 

Appr«timaH«n  ComdUhn , 

26.4.14 

(xVr)»'»-.(l~^) 
Q(X»|r)«Q(«,),.    x,»;  ^    ^'^.(>>30)  . 


'2/9r 
2&.4.1S 

Ml 

Q(X»|r)«Q(«a+A.),      A»«=yA«o  (»'>30) 
Veixutof  hn 


1. 

t 

km 

t 

km 

-a.j 

-8.0 

-a.  6 

-3.0 
-1.6 

-.0118 
—.0067 
—.0038 
-.0010 
+.0001 

-1.0 
-.6 
.0 
+.6 
1.0 

lilli 

.  +1.6 
3.0 
3.6 
8.0 
8.6 

-.0008 
+  0003 
.0017 

.0048  ^ 
.0083^ 

AppMnimatloM  for  the  Inverse  Function  for  Large  p 

If  QW'^P  and       =1-^(«»)=1'»  then 

ApfrweifMtion  CondUien 

26.4.16  x|«|  ^x,+^^;?^)--  (•'>100) 

26.4.17  Xj«r{l-|;+x,-^}'  (r>30) 

26.4.18  X»«K.^l-|+(x,-A,)^^y  (•'>30) 

where  h,  is  given  by  26.4,15. 

Relatloa  to  Other  Functions 

26.4.19  Incoqiplete  g^ttma  function 

26.4.20  Pearson'B  incomplete  gumma  function 

i»=2(p+l),X»=2ttVp+l 

26.4.21  Poisson  distribution 


m' 


(?(xV)-Wk-2)  =  «-*(^)l 

972 


\ 
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26.4^  Incomplete  moments  of  Normal  di»tribu> 
Uon  -s^ 


pBOBABiLrnr  functions 

J" 

,  Noa-Ceatnd  X*  Dtotributfam  FuMtUm 
26.4.25 


(n-l)n^^|li^  (neven) 


(n-Dtl 


WIr)  (nodd) 


26.4.24  Oenerali«ed  Laguerre  Polynomials 


(l,l)»'^i(»+^)^(X«|>+2->2j) 

2lC(x>+2)--^i;x'W] 

««»xV2,'a=i»/2 


where  X^O  is  termed  the  non-centrality  param- 
eter, 

ltolattoiio((Non<.Ceiitt«L«i  Diatrlbutlon  With  »aS  to  the 
Int«g^  of  6feular  Nonnal  Dfaitribution  («*"■!)  Over 
an  OfllMt  Ciiele  1imH*t§  RmUiw  Jt  end  Center  a  Dfai- 
tuieeraVxrromtheOfltla.  (See  16.S.«»46.8 J7.) 


/ 


26.4^ 

f£»(». ».  0)iJaiK-P(x'-«'|r=2. « 


 ^- 

Appmliiuitlont  to  the  Non-Cenlmil  X*  IMtlHbulloD 


26.4.27  icMiatribution  P(X' V,  X)  «P  '^'='1^ 


X  (,».,.-[.-;(l±>)] 


26.4.28  Normal  diatribution 

V  . 

26.4.29  Nonnal  distribution      P(x'»K  X)         ,  *'"[^J~[i^"~^] 

Appraxinuitioiia  to  the  liveree  Funetlon  of  Non«Central 
X*  DletrlbutkHi 

If  0(x;»|r,  X)=p,  Q(xJlr*)=p,  and  theI^ 
Appraximaiing  VofioMe  Approxin^i^    IA«  /ni»^a«  Function 

26.4.80  '  X?«(l+6))4 


»  ^,26.4eSl  ■  Normal 
26.4.32  Nonnal 

ERLC 


x;*«a 


973 


Pir«gtHk*    CUtSqwu*,  Non-CeaUrsl  Chi>Sqttaie,  mad  Related  QtuuititW 


VMmm 


2S.4.34  (i.-i)»ii+iifc(»-»)HI+o<i^'^  '"cneHts*"***^ 


a  iM. 


£|[l+i]+0(.rt/.) 


26.4^ 
26.4.37 


*  /  4  \*»  .  •  / 
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944  PROBABILITY 
26.S*  Incomplete  Beta  Function 

26.S.1 

26eSe2 

.  /,(a,6)«l«/,.,(6,a) 

\      Relalloii  to  the  Chi-Squ«r«  DIttrlbutton 

If  A'^and  XI  are  independent  random  variables 
follpwinirehi-square  distributions  26e4el  with  pi 
and  1^2  degrees^of  freedom  respectively,  thi^n 

^\J~i7^  is  said  to  Allow  it  beta  distribution  with 

»^  and  i^a  degrees  of  freedom  and  has  the  distribu** 
'  tion  function  y 


26.5.4 
•  / 


!<eric«  btpanaiona  (0<x<l) 


26.S.S 


I'd -/)»-• 
/ ,  . i?(o-f  l.n-h*i)   /_«_Y*'  I 

ali(a,b) 

V^t^tm-  n~\,n+\)\\-x/  J 

26.5.6 

1  -  I.(ti,h)   /t  .,(6,fl) 

U\ii.h\  izl,        V  .J  /  ft+t 
26.5,7  V 

ErJc  976 


FUKCTI0N8 
26.5^ 


Continufld  PrMtimw 


.  -  L 


.  (a+m)(o+t+in) 
"(o+2m)(a+2m+l) 

''"""(a+2m-l)(a+2m)  * 


Best  rroults  are  obtained  when  x<  f  7  ^  a*  ^ 

Abo  the  4m  and  4m+l  convergents  are  leas  than 
/,(a;  ft)  and  the  4m+2,  4m+3  convergents  are 
greater  than  fgia,  b).  '  p 

26.S.9  .) 

/  ^«  AV„?^^iz£)!lT  <•  «a  «i    1  * 


26.S.10 


{a+mT-y)Xb—m)  x 
• '7"   (o+2m-2)(o+2m-l)  1  ~* 

.  ^    m(a+6-l  +  m)  ar 
*'"*''"'(o+2m-l)(a+2m)  1-x 

Heeurranee  ReUtlona 


/.(a,  6) =x/.(o- 1 , 6) + (1  -  /)/,(o,  6-1) 


26.5.11 


/.(a,6)-^{/.(a+l,6)-(l-«)/.(o.r|-l,6-l)} 
26J:12 

ia(l-j5)/,(o+l,6-l)}. 


26.S.13 


1 


/ 


26.S.14 

/.(a,«)  =  ^/,-..(a.i)»  ) 
26.5.15 

26.5.16 

■  i — 
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26.S.17 


l-/.(a,6)«/,.,(6,a)-?^ 

-(56-7)  (6+3+^)1^))- 


26.5.18 


.  1  /o»  5  ,.3    1    rs-,  11  .n 

+  (26T'  (2-3  "  +2  «-3-«'  b  *    T  "+3J 

,  ,  \  \l-x/ 
^  26.5.19 

Y(a.A)  W'(l/)-Z(y)[a,+°?^ 

-  ^^^-•••] 

a,=?  (6-a)[(a+6-2)(o-l)(6-l)l-**  ^ 


,r  J       ,         13-1  '^^26.5.22  If /,/o,6)=pand  9(»p)=pthen 

'''==r2Ls^i+6^i~i+y=Tj  \ 

a,— l[a,(aa+^^)] 


^(^-^)'°(a^6il)\l-.)] 


and  y  is  taken  negative  when  x<  ^^^2 

Apprmlmatlont 

26.5.20  I£(a+6-rl)(l-x)^.8 

/,(a;6)=^(X»|0+«, 
|«|<6X10-»  if  o+6>6 

x«=«(o+6-n(l-x)(3-i)-(l-i)(6-l), 
r=26 

26.5.21  If  (a+ft-^  1)(1  -x)  >  .8 


«|<6X10-»  if  0+^:^6 

•  3[.(.-l)-.(i-l)]  . 

— m! 

w,=(6x)«'»,w,=[o(l-af)Jw» 
AppratlmaUon  to  the  Inverw  Function 


"-'^'-GTh-^)K-lt) 


26»S*23  Hypergeotnetric  function 

'  26.S.24  Binomial  distribution 
26.S.25 

26.5*26  iSli'gativo  binomial  distribution 

26*5*27  Stud(*nl^8  distribution 


Relatlom  to  Other  Funetloiii  and  Distributions 

Rtlaiion 


*V(l-p)'«-«=/^,(c,n-o+l)-/p(o  +  l,  n-a)  • 


■i|l-/l(«k))=i 


26.5.2ft,  /'-(vuriance-rstio)  distribution        <?(^|»'iii'i)==/t(^»  j)»  '^'i^^^J^ 


ERIC 
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s  liafif  II. 
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mOBABIUTY  FUNCTIONS 


26.6.  r.(Vari«nc«-Ratio)  Distribution  Function 
26.6.1 


»  26.6.2 


where, 


RebUon  to  Dm  thIoSqiuire  Dfaiiribulloo 

If  X?  and  ^  are  inoependent  random  variables 
following  chi'«quare  disMibutiona  ^•4«1  with^Vi 
and  p%  degrees  of  freedom  respectively^  then  the. 


distribution  of 


is  said  to  follow  the 


variance  ratjp  or  F*distribiition  with  and  ^ 
degrees  of  freedom.  The  corresponding  (liatribu- 
tion  functio^  is  P{F\pu  -  '  ^ 

26.6.3 


mean: 


vanance:  »      /  o\tI — it 


(r,>2)' 

(•'«>4) 
third  centr|l  moment:/ 

''*'"VJ  (•'a-2)^4)(r,-6) 
moments  about  the  origin:  > 

.rC#)r('-^) 


(•'a>6) 


(•'2>2nV 

4 


characteristic  function: 

S^rie«  Etiwiulone 

fl,         "i+i'i^        '  / 

26.6.4  1 


(ri  even) 


26.6.5 


^      2-4. .  .  (i'j-2)      *    J  V» 

26.6.6 

.  )(>i+>a-2)(i>,+>a-4)  /l-xV . 
 24  ^A"5~/"*"  •  •  •  . 

.(>.+>a-2)...(>,+2)/l->\^  , 

+  2.4.!.W-2)  \— ;  J 


even) 


26.6.7 


26.6.8 


,  (i>,+>a-2)  . .  .  (y.1^2)  /  X 
T     24...  (k4-^     M-x/  J 
\       (Ka  even) 


,•  \ 


odd) 


tf+8infi(co8tf+g  cos'  tf+  . . .  + 


3.6  ..  .  (i'a-2) 


?^fori'a=l 


<»(»'l,.«'»)="' 


sin  0  cos 


1+ 


8tn*9+ 


. .  .(i>.+i>a-4)  sin''- 
3-6...(^,-2) 

for  i»j>l 

Ofori'i  =  l   *  , 


where 


9»aro^i 


978 


Reflexive  Relation 

If /V(f„  Pi)  and  /^i-,(i'a,»'ii  satisfy 
QiF,iPuP,)\puPt)-='P 


\ 


\ 


Limitinii  Fomia 


•Urn  (?(/>„ >a)=<?(xVi),  x»=y,F 


26.6.12 


lim  <?(F|v„Kj)=P(x«k,), 
Appnmlmatlona 


-26.6.13 


Q(F\pu  p.)  « .      at—  , 

and  „  large)  ^  \,p,{p,-^) 


26.6.14 


FUNCTIO 


^  PROBABIUTT  FUNCTIONS 

26«6«9  then 

'  ^elatloit  to  Stu(lenk*s  (•Distribution  Funetion  (Sw  26.7) 
ja6.6.10  Q{F\pt=l,Pt)^^\'^A{tM  t^^[F 


947 


*   Appratimation  to  the  Inverae  Funetion 
26.6.16  If  Q(Fp|i',,i'a)=j>,  then 

t>i  «**  where  w  is  given  by  26.5.22,  with 

.Non>Centnl  F-Dittribution  Funetiihi' 

where  ^ 

2  '2^ 


and  X^O  b  termed  the  non-centrality  |)arameter^ 
Relation  of  Non«*Cetitnil  F*I>Utrihution  FuncUon  to  Other  Funetlons  ^ 


26«6#18  /"-distribution 

26«6«19  Non-rentral  distribution 
26.6.20  Mncoinplete  Beta  function 


P(F'|r„^,X=0)=P(F>„i',) 

P(F'\Pt=\,Pu  \)=Pit'\p,i),t'^^F',  p^'Pt,  «=  VX 

w>„.)=§.-af/,(?+i,?> 

X"^ — rTT";   * 


?- 


26.6.21  Confluent  h ypergeotnetric  function      P{,F'  \  Pi ,  v,,  M  ==  ZJ  -7;  ~  \ 


ERIC 


>'(,-x)?-'-y('^.|+i+i/^) 

Leve,/«nd*«;;^) 


d48 

26.6.22 


PIBOBABILITY  FUNCTIONS 


Series  Gtpansion 


.  where 


Limitlnt  Form* 


26.6.23 


lim  P(f"|i'„VX)=P(x'»|r,X),        x'»=r,F',  r=i», 


26.6.24 

/..• 


/ 


I      .'limP(r|;„i;,.X)=<2(xV),  x»«^^^^ 

*  /  '  I 

where  Vyi-N?*  as        ,  '  ' 

ApimHtlniatlona  to  the  Noa^ntnil  F-Distributlon 
26.6.2^  P{F'Kp,,\)  «P(x1),      (r,  and  large) 
where 


/ 


».(»>»-2) 


•"i+X  i'i+2X« 


/ 

26.6.26  - 

P(/"k„*a.X)«W|rf,»,), 
26.6.27 

P(f'|ri,r„\)«P(3r,J, 

^,,L(i>H-X)J  9>aJ  9(>.+X)'J 

P  r.+2X  ■  2  7  >,  ,A'/»-|> 
L9(M^"^9rA»'i+x'  y  J 

26.7.  Student*t  C-Dbtributlon 

If  A'  is  a  random  variable  following  a  normal 
distribution  with  mean  zero  and  variance^  unity, 
and  x'  is  a  random  variable  following  an  inde- 
pendent  rhi^square  distribution  with  r  degrees  of 

freedom,  then  the  distribution  of  the  ratio 

.  VxVV 
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is  called  Student's  (-distribution  with  ¥  degrees  of 


freedom.  The  probability  that 


will  be  less 


in  absolute  value  than  a  fixed  constant  ( is 

^<'i''='*-{i^j^'}  ■ 


where 


mean: 


Staltstkal  Properties 


m=0 


variance:   «r*»= — = 
p—2 

skowness:  7i=0 

6 


excpss:  yj 
moments: 


v-4 

1  •»  .  .  .  (2n-\)p' 


(•'>2) 


(i'>4) 


ip>2n) 


(r-2)0'-4)  .  .  .  (P-2n) 
characteristic  function: 

*,..=.[.p(.^)]=g,n(M) 

t  Series  Expansions 

:arctan 


(^sarctan  j 


26.7.3 


cos  tf  +  g  <'0S'  tf+  .  •  . 


^l'3...{v-2)  JJ 

■  (r>l  and  odd) 

'  (r=l) 


26.7.4 

A{t\p) -  sin  9-^  1  +^  COS*  cos*  tf+ 


+  ^-^-Q  ••  •         oos'-»  A       (r  even) 
2  4  6  .  .  .  (i/~2)  / 


•H<>»  |M||»  U. 
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Asymptotk  Expsiuion  for  the  Invenw  Function 
If  A{t,\p)='l-2p ami  Q(x,)^^p,  then 
26.7.5 

(*•+«) 
P,(x)=~(5jc»+162»+3») 

9i(x)=3g4  (3x»4-;8^+ 17^-15'^ 

(7»x»+776x»+1482a5»-l920ac«-945i) 


26.7^6 


limiting  Distribution 

Urn  i4«|i')=4=--  f 


Appnmimation  for  Large  Valuca  of  (  and  r^S 
26.7.7  *a«k)«l-2-(?:+^,)- 


s 


a,  .3183     .4991       1.1094     3.0941  9.948 

b,  .0000     .0518     -.0460    -2.766  -14.05 


26.7.8  i4(<|F)«2P(«) 


Approilmatioii  for  Large  r 

'  I — 


Non-Central  t-Distributlon 


26.7.9 


where  i  is  termed  Uie  non-centraiity  parameter. 

Approilmatlon  to  the  Non-Central  C>Etfstrlbution 
26.7.10  / 


P(t%  i)  *P(x)      where  x 


«1  I 
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Random  digits  are  digits  generated  by  repeated 
independent  drawings  from  the  population  0,  1, 

2  9  where  the  probability  of  selecting  any 

digit  is  oneHenth.  tl|is  is  equivalent  to  putting 
10  balls,  numbered  from  0  to  9,  into  an  urn  and 
drawing  one  ball  at  a  time,  replacing  the  ball 
after  each  drawing.  The  recorded  set  of  numbers 
forms  a  collection  of  random  digits.  Any  group  of 
n  successive  random  digits  is  known  as  a  random 
number. 

Several  lengthy  tables  of  random  digits  are 
avoilable  (see  references).  However,  the  use  of 
random  numbers  in  electronic  computers  has  re- 
sulted in  a  need  for  random  numbers  to  be  gen* 
erated  in  a  completely  determinbtic  way«  The 
numbers  so  generated  are  termed  pseudo-random 
numbers.  The  quality  of  pseudo-random  num- 
bers is  determined  by  subjecting  the  numbers  to 
several  statistical  tests,  see  (26.66i  (26.56).  The 
purpose  of  these  statistical  testa  is  to  detect  any 
properties  of  the  pseudo-random  numbers  which 
are  different  from  the  (conceptual)  properties  of 

random  numbers. 
 •  ■ 

•  The  authors  wish  to  express  th<>lr  appreciation  to 
PpofwMwr  .1.  W,  Tukey  who  mniii?  many  penetrating  and 
VIpful  suggestions  In  this  section. 


Experience  has  shown  thlat  the  congnience 
^  method  is  the  moat  preferable  device  for  geneifi^ing 
random  numbers  on  a  computer.  Let  the  se<j(uence 
of  pseudo-random  numbers  be  denoted  hy  {Xn}f 
n=0,  1,  2,  .  .  .  .  Then  the  congruence  method 
of  generating  pseudo-random  numbe!rs  is 

X«+,«aJr«+6(mod  T) 

where  6  and  T  are  relatively  prime.  The  choice 
of  T  is  determined  by  the  capacity  and  btoe  of  the 
computer;  a  and  6  are  chosen  so  that:  (1)  the  re- 
sulting sequence  {X,}  possesses  the  desired  sta- 
tistical properties  of  rando^i  numbers,  (2)  the 
period  of  the  sequence  is  as  long  as  possible,  and 
(3)  the  speed  of  generation  is  fast.  A  guide  for 
choosing  a  and  6  is  to  make  the  correlation 
between  the  numbers  be  near  zero,  e.g.,  the  correla- 
tion between      and  Xn^$  is 


a. 


where 


a,=a'  (mod  30 
6,=  (H-a+o*-f 
\t\<aJT 


-\^a''^)b  (mod  T) 


*Sm  pif*  u. 
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which  occur  in 

When  a  ia  chosen  ao  that  a«»  T'^^  the  correlation 

The  sequence  defined  by  the  multiplicative 
congruence  method  will  have  a  full  period  of  7^ 
numbers  if      -  .  ^ 

(i)  6  ia  relatively  prime  to  7* 

(ii)  f   a-\  (mod  p)  if  p  b  a  prime  factor  of  T 

(iii)  1  (mod  4)  if  4  ia  a  factor  of  T. 

Consequently  if  t*-2^  h  need  only  be  odd,  and 
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a=  1  (mod  4).  When  f^W.^h  need  only  be  not 
divisible  by  2  or  6,  and  a— 1  (mod  20).  The 
moat  convenient  choices  for  a  are  of  the  form 
a=2*+l  (for  binary  computers)  and  a=»10*+l 
(for  decimal  computers).  This  results  in  the 
fastest  generation  of  random  numbers  as  the 
operations  only  require  a  shift  operation  plus 
two  additions.  Also  any  number  can  serve  as 
the  starling  point  to  generate  a  sequence  of 
random  digits.  A  good  summary  of  generating 
paettdo-random  numbers  ia  [26.51]. 

B^low  are  listed  varioua  congruence  achemea 
and  their  properties. 


Cfrngnkitnet  melAoda  for  generaiing  random  numbers 
XMt  -«X,*f6<mod  T),  r  and  6  ntoUvdy  prliM 


aM.4 


*• 

I*. 

b 

T 

PerM. 

apodal  eaaai  for  whloh  random  ntimlm  bavo  panod  ttatlBUoU 
tatts  for  tiDdooiiMnt* 

f>^\  (fodd, 
>  •>3) 

r9»irl  (r  odd, 

odd 
0 

0 

0 

0 

Sior^ 

0£XKT 
relQllwlv 

Tm^,  X$  tmkiKMii;  o-3r+l.  ^-1:  T»9tf.  as^P+l. 
6-^39741  IM28  M78.  JKt-TmS  M581  29. 

r-3«*,a«,  jr«-i;a-ain«-a) 

T-2H,       r-9*.  jr«-i-a-»,  ^nusitt;  a-sttd-a) 

r-9»  X«-l;a-W«-a) 

r-9*+i,  Xt-iq,iB7,6ai^:a-a3;i»riod»io« 

r-lOH^l,  Jr»-47,8M«liaia-33;perlodo(JXlO* 

ir-10t«,X«-l;a«7 

n  JTt  givon  ts  tho  itartlni  point  for  raodooi  nttmbatt  whan  •tailattoal  lasta.  ware  nada. 


When  the  numbers  are  generated  using  a  con- 
gruence scheme,  the  least  significant  digits  have 
short  periods.  Hence  the  entire  word  length  can* 
not.  be  used.  If  one  desired  randofu  numbers  with 

^itiany  digits  as  possible^  one  would  have  to 
modify  the  congruence  ^schemes.  One  way  is  to 
generate  the  numbers  mod  T±l.  This  unfor* 
tunately  reduces  the  period. 

Generation  of  Random  *I>evl«ter 

Let  {^Y}  be  a  generated  sequence  of  independent 
random  numbers  having  the  domain  (0»  7"). 
Then  {U]-{T'K\]  is  a  sequence  of  random 
deviates  (numbers)  from  a  uniform  distribution 
on  the  interval  (0, 1).  This  is  usually  a  neceasarv 
preliminary  step  in  the  generation  of  rando  a 
tieviates  having  a  given  cumulative  dbtribution 
ftmction  F{y)  or  probability  densiiy  function  /(y). 
Below  are  summarized  sonne  geilieral  techniques 


for  producing  arbitrary  random  deviates.  (In 
whatifoUows  { U)  will  always  denote  a  sequence  of 
random  deviates  from  a  uniform  distribution  on 
the  interval  (0,  1).) 

!•  Iiivei'se  MetlMMl 

The'solutions  {y}  of  the  equations  {ii»F(y)} 
fonn  a  sequence  of  independent  random  deviates 
with  cumiilative  distribution  function  F(y).  (If 
F(y)  has  a  discontinuity  at  y^yo,  then  whenever  u 
is  such  that  F(yo— 0)<t4<f  (yo),  wlect  y^  as  the 
corresponding  deviate.)  Generally  the  inverse 
method  is  not  practical  unless  the  inverse  function 
y=:f*->(u)  can  be  obtained  explicitly  or  can  be 
conveniently  approximated. 

2.  Generating  a  OlMrete  Random  Variable 

Let  Y  be  if  discrete  random  valuable  with  point 
probabilities  Pi  — Pr{F=2yi}  for  i«l,  2,  \  .  .  . 
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IVdirert  w»i,y  to  KiMUTiite  )*  in  to  ueiuTMir  ^ 
and  put  1'^  7/1  if 

However,  thin  method  recjuires  coniplictttod  niu- 
chine  proKrains  that  take  t4)o  long. 

An  alterimtive  way  .  due  to  Marsiigliu  \2f\J):\] 
iasimple,  fast,  and  seenw  to  he  well  nuited  to  hxi/^h- 
splS^d  compututions.  Lh  pi  for  i  ^  1,  2,.  ,// 
be  expr^ed  by  k  decimal  digita  a»  .6hJ^<  .  . 
iti  where  the  are  the  deeitnal  digits.  (If  the^ 
domain  of  the  random  variable  in  infinite,  it  in 
necessary  to  tnincute  the  proliabilit y  (liHtril)ii- 
tion  at  pn  )  Define 


and  thus 


1.  2,  .  .  .  »  and 


NumJjer  the  computer  memory  locations  by  0, 

I,  2.  *  .  .  t  ~  I  The  memory  locationw  are 
divided  into  mutually  excjusive  aetft  such  that 
the  Hi\\  set  consists  of  memory  louitions  TI, 

II,  -, 4  .  .  ,  n,  1  The  information  stored 
in  the  memory  locations'of  the  Hh«?iet  cnnsij^ts  of 
Vi  in  6^1  locations,      in  6^2  locations.  .  .  .  .  //^ 

..JiLl,^iocations. 

Denote  th^*  decimal  expansion  of  the  uniform 
deviates   generatecl   by    the   computer   by  u 
dxtkd^  .  .  .  and  finallv  let  a{m\  he  the  con- 
tents of  memory  location  m,    Then  if 


ptlt 


/an,  r  lO'g/'t} 


This  ntethod  is  perhnps  the  best  ml-around 
method  for  generating  random  deviates  from  w 
discrete  distriliiitiou  In  order  to  ilhistrate  this 
method  corisidcr  the*  problem  of  Ki'ucrating 
deviati«  froiTi  the  oimimral  distrilmtion  widi  |roitU 
probabilities 

.,(:)/•■<' 


for  n    r>  and  p  -  2t). 
4  D  ar*^ 

Utthtlotu  Variithh 
{) 
I 


The  \\o\\\{  prohabilities  to 

l^tnnl  ProhdhiHitif  M* 
Pu 


ERLC 


Pi  ' 


.204S 
.05 12 

mm 

.OOO.'l 


I\    .mm   froiiV  whi.hMI,,    (»,    ri,  M),  IIj-16, 
Ih    7;'..    The  7:5  MM  ru()ry  locutions  ar(r 
(lUidwi  into  4  iiiulu»lly  exchisivc  sots  sui-b  thut. 


I 

\\ 

4 


Me  til  or  >j  hncfttiimx 

,4),  1, : .  .  ,  S 
!).  HI.  .  .  .  ,  ir. 

.  .-.  ,  42 
4;{.  .  .  .  ,  72, 


Amonp  the  nine  niemory  locHlions  of  set  1,  zero 
iH  htoml  5)0  times,  1  is  stored  5ir-^4  times,  2  is 
stored  ,2  liincs;  the  sevtMi  locations  of  set  2 
store  0  "Sa,  2"  timoa  and  ;{  firi  times;  etc. 
A  summary' of  the  memory  locati(»ns  is  set  out 


below : 


Frequoiicy  (set  1) 
Frequency  (s*  2) 
Frequency /set  'M 
Fre(|uen(V  (set*  4) 


Value  of  Random  Vanable 


0 

;{ 

2 
7 
7 


1     2  3 


4  ?  2 
0  0 
9     4  • 
(•»  S 


1 

2 


0 
P 
(i 
4 


0 

0 
0 


Then  to  Venerate  the  rHiidom  variaWca  if 

T"it." 


0<v-'  .«.»• 
.»<».<. 97 
.97<w<.!)!)7 
.907  <  ii<  1 .090 
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C;eiuTHlinB  a.OmllnuoiiH  Uandoni  V'orlable 

Th**  method  for  jj«'iieratinK  deviates  from  a 
discrete  distribution  can  be  .atlftpled  to  random 
variable  havinp  a  continuous  distribution.  "Let 
/<■(>/)  be  tbe%mulative  distril)Ution  function  and 
asHunifi  lluit  tiic  domain  of  the  random  variable 
IS  (ajij  where  the  interval  is  finite.  -  (If  the 
(ioinuiii  is  itifinito.  it  must  be  tnuicatcd  at  (say) 
lid-  i)(iitit>5  (I  and  /'.)  Divuio  tlic  int(^rval  ih  -a) 
into  n  sub-intervals  of  leit^rtli  (hA  ft  a)  such 
thai  the  boumbiry  of  the  (th  interval  is  (.V(.|.  J/i)  ♦ 

where        r»  *       for   (    (>.    I  "^ow 

(h'fiiK'  a  (b-crctc  (li,;tribiitiMti  lia%iiii,'  domain 


with  point  prolialviliticM  pt  /'^C///)  i)- 
Finally,  let  U   he  a  random  ^  arialili^  having'  a 


dom 

9S3 


Uhit'oriii  dislribtil ton  ni»  ^ 


'I  lus  <'afi  be 


'\iv\\  random 
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*l«»viiiteH  from  tlu»  clmtrihutioii  function  F{y),  can^ 
b«  pmieriited  (approxitnutely)  by  Hotting  y—zi^w 

=  2f+A^u— This  is  simply  an  approximate 

dooonipoHition  of  tho  continuous  random  variable 
into  tho  Hum  of  a  discrete  and  continuous  random 
variablf^.  The  discroto  variable  can  be  generated 
quickly  by  the  method  described  previously. 
The  smaller  tUe  value  of  1  the  better  will  be  the 
approximation.  Each  number  can  bo  gienerated 
by  using  tfie  leading  digits  of  [7  to  generate  the 
dis<Tete  randoW^variable-  /  and  the  remaining 
digits  forming  a  unilormly  distributed  deviate 
having  (0.1)  domain.  [ 

4*  Af*rrpl«nre»RrJfetlQn  Mctliods 

j 

In  what  follows  the^  random  variable  Y  will  be 
asHunml  to  have  finite  domain  (a,  6).  If  the 
domain  is  iiitinite^  \i  must  be  truncated  for  com-^ 
pu'tational  purposes  at  (say)  the  points  a  and  b. 
Then  the  resulting  random  deviates  will  only  have 
this  truncated  domain. 

a)  liet  /  be  the  maximum  of  /(y).  Then  the 
procedure  for  generating  random  deviates  is;.- 
(1)  generate  a  pair  of  uniform  deviate  Uu  U%\ 
VI)  compute  a  point  y  ^a  V{h—,a)u%  i"  (a, 6); 
(;t)  if  U\^^  j{y)lj  accept  y  as  the  random  deviate, 
otherwise  reject  the  pair  {uuUt)  and  start  again. 
1'he  a<Mreptan(*e  ratio  of  deviates  actually  produced 
is  [(h  —  a)J\  'K  Hence  the  acceptance  ratia  de- 
cretutes  as* the  domain  increases.  One  way  to 
increase  the  iicceptaiu*e  ratio  is  to  divide  the 
interval  {a,h)  into  mutually  exclusive  sub- 
intervals  and  then  carry  out  the  acceptance- 
rejection  process.  For  this  purpose  let|he  interval 
.  {a,  h)  be  divided  iiit4)*ilr  sub-intervals  such  tb  at  the 
end  points  of  the  )th  interval  are  (f^^i,  with 

hi  ' 
(o       U   f>  and  I     J{y)dy—P)\  further  let  the 
•^t;-i  ^ 

maximum  of/(y)  it\  the  jth  intervaMw  /).  Then  to 

geitcrnfe  random   deviatt»H  from  J(y)i  generate 

n  pairs   of  deviates   (U|„ Ua,).^^  1,   2,  .  ,  n. 

Assign  \npi\  such  pairs  to  the  jth  interval  and 

compute  ii  i4  (tr-f>  i)«2i.  If  ^u<Jiyi)IJ) 
fwrept  //;  lis  a  deviate.  The  acceptance  ratio  of 
this  MU'thod  is 

h)    I^^t    Fiy)    lie   such   that   f{y)  My)My) 
wliere  the  domuin  of  y  is  la,  h).    IM  J\  and /a  be 
the  nuixununi  of  /,(v)  iiml  /a(y)  respectively. 
^'HuMi  the  procedure  for  generating  random  Qle^  L 


viates  haying  the  probability  density  function 
jiy)  i«:  (I)  generate  f7|,  f/,,  Ut\  (2)  define  z^a 

+  (i--a)ii,;  (3)  if  both  U|<  ^  and 

71  /a 
take  z  as  the  random  deviate;  otherwise  take 
another  sample  of  three  uniform  deviates.  The 
acceptance  ratio  of  this  method  b  [(6^a)/i/al"* 
and  can  be  increased  by  dividing  (a,  6)  into,  sub- 
intervals  as  in  the  previous  case, 
c)  liet  the  probability  density  function  of  Y  be 

J(y)-=-jj{yJ)dt,  (a<«</J),  (a<y<6). 

Ijet  g  be  the  maximum  of  g^,  t).  Then  the  pro- 
cedure for  generating  randormdeviates  having  the 
ph>babiUty  density  functlonr((y)  is:  (1)  generate 
Uu  U%,  TJt\  (2)  define  «=^+(/3-a)tt9?  2=a-i- 

(6— a)v,;  (3)  if  tii<  9ibA^  take  z  as  the  random 

9 

deviate;  otherwise  take  another  sample  of  three. 
The  acceptance  ratio  for  this  method  is  [{h'r(i)g'^^ 
and  can  be  increased  by  dividing  the  domain  of 
(  and  y  into  sub-domains. 

5,  GompMltlon  IVfothod 

g»iy)  be  a  probability  density  function 
which  depends  on  the  parameter  z;  further  let 
U{z)  be  the  cumulative  distribution  function  for  z. 
In  order  to  generate  random  deviates!  Y  having 
the  frequency  function 


/(y)«=f  gAvUmz) 

one  draws  a  deviate  having  the  cumulative  distri** 
bution  function  Hiz) ;  then  draws  a  second  sample . 
having  the  probability  density  function  {^f(y). 

6.  G«n«raUon  of  Random  DevlaUM  From  Well  Kaown 
OlstriliutloiM 
t  ' 
a«  Normal  distribution 

(1)  Inverse  method:  The  inverse  method  depends 
on  having  a  convenient  approximation  ^  the 
inverse  function  x^P'Hu)  where  / 


""J". 


Two  ways  of  perfornling  this  operation  are  to  (i) 

In  ^ )    or  (ii)  approximate 

/^/>-^(u)  piecewise  using  ('hehyHhev  polyno- 
tnialst  see  [26.54]. 

(2)  Sum  oj  uniform  tie  mates:  Ijct  Uu  t/j,  .  . 
Un  be  a  sequence  of  n  uniform  deviatt^.  Then 
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will  be  distributed  asymptotically  as  a  nomM 
random  deviate.  When*  n^l2,  the  maximum 
errors  made  in  the  normdi  deviate  are  9X10"^ 
fof  |X|<2,  9X10:'  for  2<|X|<3.  An  improve- 
ment can  be  made  by  taking  a  polynomial  function 
of  Xn  (say) 

fusr'  the  normal  deviate  where  <h$  we  suitable 
coefficients.  These  coefficients  may  be  calculated 
using  (say)  Chebyshev  polynomiab  or  simply  by 
making  the  asymptoti^random  deviate  agree 
with  the  correc  normal  "deviate  at  certain  specified 
points.  When  n=12,  maximum  error  in  the 
noriAal  deviate  is  8X10"*  using  the  coefficients 

•   a„  =  9.8746 

•  a,  =  (-3)3.9439 

•  0,=  (-5)7.474 
(3)  Direct  mtthod:  Generate  a  pair  of  uniform*, 

deviates  (t'l,  Ut).  Then 

,Y,=  (-2ln{/,)"»co8  2irf/„ 

X,^{-2  In  r,)"»  sin  2irl/j  will  be  a  pair  of 
independent  normal  random  deviates  with  mean 
zero  and  unit  variance.  This  procedure  can  be 
modified  by  calculating  cos  2r£/  and  sin  2irU 
using  -  an— acceptance  TOjection  -method;  e^- 
(I)generate(r7„t/,);(2)if(2t;,-l)»+(2t/a-l)':^l 
generate  a  third  uniform  deviate  Ut,  otherwise 
reject  the  pair  and  start  over;  (3)  calculate 

-ln«,)"» 


a,=  (-7)-6.102 
♦  aH=  (-7)1.141 


Ml 


i4 


».=(-»"  u,)"«^,y.-±2(-„.».;  ^ 

random).    Both  Vi  and  ya  are  the  desired  random 
deviates. 

(4)  Aeceptanee-rejeetim  method:  I)  Generate  a 
pair  of  uniform  deviates  {Uu  Ui);  2)  compute 
x=--lnt<,;  3)  if  <-hu-i)«  >u,  (or  equivalently 
(x_l)a<-j2(lii  ih)  accept  ar,  otherwise  reject  the 

26.9.  Um  mad  Ettension  of  the  Tables 
of  PivlNiklUtr  FttMUon  iMqualltfos 


pair  and  start  ove^  The  quantity  will  be  the 
r^uired  nerma!  deviate  with  mean  zero  and  unit 
variance. 

b»  Bivariato  nonnal  distribution 

Let  {Xu  Xi]  be  a  pair  of  independent  nqrnial 
deviates  with  mean  zero  and  unit  variance.  THen 
[XupXi  +  H  —  f^y^^Xt]  represent  a  pair  of  devi^ 
ates  from  a  bivariate  normal  distribution  with 
zero  means,  unit  variances,  and  correlation  ^ 
coefficient  p. 

Espoorattal  distribution  * 

(1)  Inverse  ?n€«M:  Since  F{x)=e^'^\  X^ 
^$\n  U  will  be  a  deviate  from  the  exponential 
distribution  Mrith  parameter  tf. 

(2)  Aueptanee-rejectian  meth^:  I)  Generate  a 
pair  of  independent  uniform  Aeviates  (C/oi  Ui)\\ 
2)  if  UiKU^  generate  a  third  vahie  Ut\  3)  if 
U\+Ut<iUo  gererate  a  fourth  value  17|,  etc.; 
4)  continue  generating  uniform  deviates  until  an 
n  is  obtained  such  that  U1+U2+    .  • 
<t/o<t/i4-  .  .  •  +Un\  6)  if  n  is  even  reject  the  . 
procedure  and  start  a  fresh  trial  with  a  new  value 
of  J7o»  otherwise  if  n  is  odd  take  X-9Uo  as  the 

-"desired  deviate;  6)  in  general  if  t  is  the  numbej  of 
trials  until  an  acceptable  sequence  is  obtafned 
X—eii-^-Uo).  The  random  deviates  produced  in 
this  way  follow  an  exponential  distributii^  with 
parameter  9.  One  can  expect  to  generate  approxi- 

_roAfeely  six  ij^if^^rm  deyjates  for  every  exponential  _ 
deviate. 

(3)  Discrete  Distributum  Method:  Let  Y  and  n 
be  discrete  random  variables  with  point  probabili* 
ties  .  < 

0    Pr{Y^r}=^{i^l)€^'-'^  r=^e,  I,  2,  i  .  . 

Prinze) ^\st{e-l)r'      «-lr2,3,  .  .  .  .  ' 

Then  X=r+min(C7i,  £/i,  .  .  .  ,  Un)  will  foUow 
an  exponential  distribution.  The  average  value 
of  n  is  1.58  so  that  one  needs,  on  the  average,  only 
1.58  tt's  from  which  the  minimum  is  selected. 
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Eiample  1.  Ut  X  be  a  random  variable  with 
finite  mean  and  variance  equal  to  m  and  <f*, 
respfctively.  I'se  the  inequalities  for  probability 
functions  26.1.37,  40,  41  to  place  lower  bounds 
on 

^(^,^^V)-/'(-t)=p{:^--'<'} 
or<=I(l)f 


Lower  bounds  on  AiO^FiO-Fi-^t.) 


B 

S 

4 

Remarkt 

0 

.7500 

.8889 

.^376 

no  knowledge  of 
•  26.1.37 

.5556 

.8HR9 

.9506 

.9722 

F{t)  is  uniniodal  and 
continuous;  26.1.40 

0 

.8182 

.9697 

.9912 

Fit)  "m   such  that 
^,^3;  26.1.41 

psft  It 


S85 
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li  H  o(  intenmt  to  not<*  thai  tlio  HUitulnrd  normal 
liiHtcihiUioti  is  uiiirno<ial,  hm  iiiniii  /i^ro,  unit 
vamnce      'i.  in  oonlinuous,  and  surh  that 

/i(o-r«)-/*(-0 

--.6>fe7,  .954fl,  .9973,  and  .9999 

for  t  =  1 .  2,  3  and  4  rPHpeotively . 

Ittti^rpolatlon  for  F(m)  In  Table  26.1 

;  l^ahipli<*  2*     (\miputo  PU)  for  /=2.576  to 
fiftiHM)  drritnal  plnven  miti^  a  1  aylor  expansion. 
Writing  /   /o  \  ^  woiiave 


2! 


I 

Taking  Xn"2..'»8  and  ff-=^^~4X10-»  we  calculate 
flio  HiKTosHivo  t«hn8  to  16D 


f. 99505   99842  42230 

5    72204    35976  6 
2952   57449  6 
«   63097  8 
f         1439  4 
9 

.99.500   24676   84265  7 
The  result  rorreot  to  17D  is 
-      /'(2./i70)-. 99500    24676    H4264  98 
r.aieiilatlott  for  Arbitrary  Mean  and  Varlaner 
Kxample  3*    Find  the  value  to  5D  of  « 

P  X<M)]      '     f  %  «/<x)rfif 
2v2irJ-«» 

usint;  26.2*8  an<l  Table  26«L 

1*hiH  representH  the  probability  of  the  random 
variable  botni;  less  than  or  eqtial  to  .5  for  a  normal 
difltrihutton  with  moan  m—l  and  variance  ^r^— 4. 
r^ini;  26»2»8  we  have 

/'^Y<  :>!   p(-'^^^^P(-  2r,) 

Sniri' /*(    /)    1  we  have 

Pi     2:0    I  'P(.2r>):  1^  ,.59S71 -.40129 

where  ti  tw(»-terin  Taylor  series  was  uwl  for  inter- 
polation Note  that  wlien  interpolating  for  P(r) 
for  a  value  of  x  midway  t)elween  the  tabulated 


values  we  can  write  x—Xq+M  and  a  two-term 
Taylor  series' is  /'(x)=:/^(/„)+;^(a?o)10;».  Thus  pne 
need  ordy  multiply  Z(xo)  hy  10~*  and  add  the 
result  to  P(a5o). 

Calenlatlon  of  fin)  for  n  Ajpproximate 

Eiample  4«  Using  Table  26«1«  find  P(x)  for 
x^lM^  when  there  is  a  possible  error  in  x  of 
±5X10-^ 

This  b  an  example  where  the  argument  is  only 
known  approximately.  The  question  arises  as  to 
how  many  decimal  places  one  should  i^etain  in 
P(x),  If  Aar  and  AP{x)  denote  the  error  in  a;  and 
the  resulting  error  in  P(x)^  respectively*  then 

AP(x)  »Z(x)6z 

Hence  960) =3X10-^  which  indicates  tdai 
P(1.9d0)  need  only  be  calculated  to  4D.  There- 
fore P(  1 .960)  .9760* 

Inverie  Interpolation  for  P(s) 

Example  S«  Find  the  value  of  x  for  which 
. 97500  00000  00000  using  Table  26.1  and 
determining  as  many  decimal  places  as  is  consistent 
with  the  tabulated  function. 

For  inverse  interpolation  the  tabulated  function 
P(x)  may  be  r^rded  as  having,  a  possible  error 
of.6X10-».  Hence 


AXi 


AP(ag) 


.6X10-^* 


Z(x) 


IjBi  P(xo)  correspond  to  the  closest  tabulated 
value  of  P(x).  Then  a  convenient  formula  for 
inverse  interpolation  is 


where 


If  only  the  first  two  terms  (i.e.,  x—Xa+t)  are  used, 

the  error  in  x  will  be  bounded  by  ^  X  10~*  and  the 

true  value  will  always  be  greater  than  the  value 
thus  calculated. 

With  respect  to  this  example,  Ax  ^10*^^^  and 
thus  the  interpolated  value  of  x  may  be  in  en^or 
by  one  unit  in  the  fourteenth  place.  The  closest 
value  to  P(x)  ^  .97500  00000  00000  is  Pix^)  ^  97500 
21048  61780  with  afia=1.96.  Hen<}e  using  the 
preceding  inverse  interpolation  formulas  with 
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<  -  -  mm  0()Ui7  'M\2\) 


and  carrying  fiftepn  decimals  we  have  the  BUcres- 

Bive  terms  '  ^ 

  _..-*^lJ)fiQQO__0QOQ0  OQOOO 

-  .00003   60167  31129 

I      .  ,12  7126J-  t 

I  _  6S 


0 


f  1.95996   39845  40064 
KdgAWorth  Aayniptotir  flipaiMion 

Example  >».    Fiud  .the  Eldgeworth  asymptotic 
expansion  26.2.49  for  the  c.d.f.  of  chi-square. 
Method  1.   Kxpaiision  fpr  x*  / 


Let 
where 


Sincp  the  VHhies  of  71  and  7a  26.4.33  are 

7i-2^'2/»'» 
^  72-12/»', 

we  obtain,  by  using  the  first  two  bracketed  terms 
of  26.2.49 


+- 


The  EdfiPwortli  expansion  is  an  asymptotic 
expansion  in  terms  of  derivatives  of  the  normal 
distribution  function.  It  is  often  possible  to 
transform  a  random  varial>U'  so  that  the  distribu- 
tion of  flic  transformed  random  variable  more 
closely  approxi;i»»fK  the  nontial  distribution 
function  than  does  the  distribution  of  the  original 
random  variable.  Hence  for  the  same  number  of 
terms,  greater  accuracy  niay  achieved  by  using 
the  transformed  variable  in  the  expiUision.  Since 
the  «li8tribulion  of  \2x^  is  more  clo'sely  approxi- 
mated by  II  normal  distributioti  than  itself 
(as  judged  liy  a  comparison  of  the  values  of  71 
and  7i).  wc  woidd  expect  that  the  Kdgcworth 
artvinplolir  expansion  of  i,2x'  woiihl  be  sujM'rior 
to  that  of  X', 

O  \Uthi4  i.    Kxpansion  for  ^  2x'.  U-t 


"'■'-""■'-'(tr) 

-where  (2k'-1)*  And  1— ara  lhe  mcan_Md  v.ftn-. 

ance  to  terms  of  order  of  ■v'a?  (see  26.4.34). 
The  values  of  71  ftnd  72  for  V2x*  are 


3 


Thus  we  obtain 

«')-no-ii[(|(i+i)z"'«)] 

+;[^,^"'<"+is.('+0^"'"'] 

For  numerical  examples  using  these  expansions 
see  Example  12. 

Calculation  of  L{h,  k,  p) 
Example  7.   Find  L(.6,  .4,.8).,  Using  26.3.20 


a»-2pW:+F=V.09-.3 
L(.6,  .4,  .8)  =X.(.6, 0, 0) +L(.4, 0,  -  .6) 
Reference  to  Figure  26.2  yields 

MMO'  LL(.4,0, =  . 16+.08  =  .24 
*I'he  answer  .»:•;  «  L(.6,  .4,  .8)=.260. 

C;aleulatiort  of  the  Blvarlate  Normal  Probability 
Function 

Example  8.  Ut  X  and  Y  follow  a  bivariate 
normal  distribution  with  parameters  m,=3, 
m,-2,  <r,-4,  <r,-2,  and  p=-.126.  Find  the 
value  of  Pr{X>2,  Y>i}  using  26.3.20  and 
Figures  26.2,  26.3. 

Since  rAX>h.  Y>k]  ^  L  (''^;"^ p)  we 
have  F{X>2,  KS4 )  26, 1,  -.126).  Using 

26.3.20  • 

/.(-.25, 1,-.  126) 26.0,  .969) 

fA(l,0,.125)-| 

Figure  26.2  only  gives  values  for  A>0,  however, 
using  the  relationship  26.3.8  with  fr-0,  U-h,0,  p) 
J~/,(h,0,  -  p)  and  thus  /.(-.25.0,  .969) 
i-r(.26,0,  -.909).  Therefore  /.(-.26, 1 , -.125) 
r-/.(.2.5,0,--.969)4  Ml,0..126)-  -.01f.09=.08. 
The  answer  to  3l)  is  A(~-.25,  I.,  ~.126)-.080. 
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InlegnDl  of  •  Blfarlata  Normal  DIalrilNilloii  Ovor  a 
Polyfoii 

EMinple9.  Let  the  random  variables  Jt^  and  F 
have  %1>ivariate  normal  distribution  with  param- 
eters  mg-6,  ^,=2,  m^^9,  <r^«4,  and  p=».5- 
Find  thi^  probability  that  the  point  {X,  Y)  be 
inside  the  triangle  whose  vertices  are^^CT^S), 
BtF^(9, 13),  and  0^(2,9). 

When  obtaining  the  integral  of  a  bivariate 
normal  diBtribution  over  a  polygon,  it  is  first 
necessary  to  use  26.3#22  in  order  to  transform  the 
variates  so  that  one  deals  with  a  circular  normal 
distribution.  The  polygon  in  the  region  of  the 
transformed  variables  is  then  divided  into  con- 
figurations such  that  therintegral  over  any  selected 
configuration  can  be  easily  obtained.  Below  are 
listed  some  of  the  most  useful  configurations. 


ntOBABiLmr  functions 

For  the  foUowing  two  configuraUcms 


(oi  .bt) 


(o„  b,) 


(ot.bt) 

(o«,bi) 
 >  « 


FiavRa  26.5 


Fioou  36.6 


Jo*'  Jo 


arctano 


FiouRB  26.7 


Q    «      86.3.23  for  dpflnltlon  of  r(A,  *). 

ERIC 


((«a-«i)*+«i-<i)»]» 

*  l(«a~«»)*+«,-<,)«F 

i._k«(*»-gi)+t««a-<i)i 
'  l(«a-«»)''+«,-<,)«)» 


FiooBi  26.8 


VtwnM  26*9 


l) 


Usmg  the  circularisiing  transformation  26.3.22 
for  our  example  results  in 


9B8 


1  /x~6  y~9\ 
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The  vertices  of  the  trianRle  in  the  («,  t)  coordinates 
become  il=:(V3/4,  -fi/4),  fi-(v3,  -D  and 
C=(-^.|)-  These  points  are  plotted  below. 

From  the  figure  it  is  seen  that  the  desired  prob- 
ability is  the  sum  of  the  probabilities  that  the 
poin^  having  the  transformed  variables  as  coor- 
dinates is  inside  the  triangles  AOB,  AOC,  and 

Boa 


-1  ^ 

2 

• 

-1- 

'     FtoVRB  26.10 
For  these  three  triangles  we  have 


^AOB 
HAOC 


?V21         V7/14  |V7 


74 


37 


V37 


21 

f4 


#7 


HBOC      j^V39       7oVl3  ^Vi3 


13 


13 


From  the  graph  it  is  seen  that  the  probability 
over  AOB  may  be  found  in  the  same  manner  as 
that  over  Figure  26.8,  and  over  AOC  and  BOC 
the  probabilities  may  be  found  as  that  over 
Figure  26.9. 
'  Hence 


«  IJ  gin,  t,  0)rfW(+J  I  g{a,  t,  0)djult 
O  and  consequently  using  26.3.23  and  Figure  26i 

lie 


AAOB 

=Q+/^(1.31,0  -.76)-/.(0,0,-.76)-|  (2(1.31)] 

-[1+A(1.31,  0 -.14)-/40,  0,-.l4)-| (2(1.31)] 

«A(1.31,  0,-.76)-/:(0, 0,-.76) 
-..i(1.31,  0,-.14)+L(0,O,-.14) 

=  .00-.ll-r.04+.23=.08 

/  - 

CC  ,   ,  tr/Vni  8V37\  .  ,,/VnT  21^ 

JJp(,,^o)c/*d<=v(V'i^>/+^^l^'-7^•;| 

,  =.Q+i(.14. 0,-.99)-L(0,  0,-.99)-i  Q(.14)] 

+[|+/'(.14,  0,-l)-/.(0,  0,-l)-i  (2(.14)] 

=.01 +.02=  .03 

,(M,«WW<=v(f,'-f)+v%!5^ 

.Q+/:(.48,  0,-.97)-/40,  0,-.97)-^  (2(.4^] 

'  .  +Q+/4^48,  0,-.96)-/.(0,  0 -.96)-i  QiA^)]  ' 

=  .06+.04|«.09 

Thus  adding  all  parts,  the  probability  tl^at  X 
and  Fare  in  triangle  i4BC is  =.08+.08  r.09i=.2O. 
The  imswer  to  3D  is  .211.  | 

'  I 
\  Cjilculatlon  of  a  Circular  Normal  IMntHbutlon  6ver  oif 
Offset  Circle 

Example  10.  Let  X  and  Y  have  a  /circular 
normal  distribution  with  a- 1000.  F^hd  the 
probability  that  the  point  {X,  Y)  falls  f  ithin  a 
circle  having  a  radius  equ^  to  640  whotfe  center 
is  displaced  1210  from  the  mean  of  th^  circular 
normal  distribution. 

In  units  of  0,  the  radius  and  displaceti^ent  from 

the  center  are,  respectively,  H'^^^)'^-^ 

i 

=ij'lj|=,1.21.   The  problem  is  thus  ifeduced  to 

finiling  the  probability  of..Y  and  Y  flaUing  in  a 
circle  of  radius  /r-.64  displaced  r=  l.!?!  from  the 
center  of  the  distribution  where  ff^  Ij 
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Since  R<il,  the  approximaUon  26.3.25  is  used, 
This  rasulto  in 

=  (J369)e- •'"=.06869 
The  answer  to  5D  is  .06870. 

Intcnrpolatlon  for  Q{k*\p) 

Eiani|kle  11.  Find  (^(26.298|20)  using  the 
Interpolation  formula  given  with  Table  26.7. 

Taking  x'-26,  »=.298  and  applying  the  inter- 
polation formula  results  in 

^25.298|20)=|||  f  (?f26|  16)*»+Q(25|18)  (4tf-2fl») 

-|-Q(25|20)(8-4«+O} 
i  «^{(.06982)(.088804) 

+  (.12492)(1. 014392) 
+  (.201 43)  (6.896804).} 

=  .19027 

.A'less  accurate  interpolate  may  be  obtained  by 
seitting  0^  equal  to  zero  in  the  above  formula. 
T|us  results  in  the  value  .19003.  The  correct 
v^ue  to  6D  is  Q(2fi.298|20)  =  .190269. 

On  the  other  hand  if  X*= 25.298  is  assumed  to 
have  an  error  of  ±5X10"*,  then  how  large  an 
error  arises  in  Q(x'\i>)'(  Denoting  the  error  in 
X«  by  Ax'^and  the  resulting  error  in  Qix>\»)  by 
AQ(x'|i>),  we  then  have  the  approximate  relation- 
ship 


VfAxxfi  26*4»8  we  ran  write 


'Q(x'\p)\ 


and 


A(?(X»  «^  [Q{X'\p~2)  -Q{x'\p)]6x' 


For  practical  purposes  it  is  sufficient  to  evaluate 
the  derivative  to  one  or  two  significant  figures, 
ronsequently  we  can  write 

6Q{X'\»)  dQ(xi\p) 
dx'    "  dx' 

where  xS  is  the  closest  value  to  x*  for  which  Q  is 
tabulated.  Hcnrc 
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2)  Q{Xi\p)]^' 


For  this  example  AX»«  ±5X  10"*  and  >^=26.  This 
results  in 

t 

A$(X (- .076) (± 6)  10-*=.  ± 2X  10-» 
aa  the  possible  error  in  Q{x^\p). 

Cafeulation  of  (Kx*!^)  Outoide  the  Range  of  Table  tfj 

Example  12.    Find  the  value  of  Q(84|72). 

Since  this  value  is  outaide  the  range  of  Table 
26.7  we  can  approximate  <?(84|72)  by  (I)  using  the 
Edgeworth  expansion  for  ^X^|^)  given  in  Example 
6,  (2)  the  cube  root  approximation  26«4»14|  (3) 
the  improved  c  jbe  root  approximation  26e4«15  or 
(4)  the  square  root  approximation  26«4*13*  The 
results  of  using.,  all  four  methods  are  presented 
below: 

1*  Edgeworth  espanaloii 

The  successive  terms  of  the  Edgeworth  expan- 
sion for  the  distribution  of  chi-square  result  in 

^  1-Q(84|72)=t. 841346 
.000000 
.001120 

.842466 

Hence  Q(84|72)-.  16764. 

The  successive  terms  of  the^Edgeworth  expan- 
sion for  the  distribution  of  V^X?  r^jsult  in 

1~  ^(84172)  ==.842644  ^  : 

-.000034 
-.000138 


.642372 

^ Hence  Q(84|72)  =^.16764. 
2.  Cube  root  approximation  26*444 
Using  the  cube  root  approximation  we  have 

where 

9{72)J. 


[9(72)] 


« 1.0046 


9S0 


This  results  in  (;>(84|72) -(;?(1.0046)-=l- 
P(1.0046)-.l6764. 

3*  Improved  eubeVool  approximation  26«4*1S 

The  improved  cube  root  approximation  in- 
volv(^  (Calculating  a  correction  factor  h,  to  or. 
Linearly  interpolating  for  (which  appears 
below  26*4*1S)  with  1.0046  results  in  ^== 
—  .0006  and  hence 
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A,.   !!!!(-. OOOfi)--. 00049 
72 

Thus 

Q(84  72)  =  (?(1.0046-.0005)=>Q(i.O(Ml) 

*Wi~p(l.0041)  =  . 15768 

4.  Square  root  approsimatlon  26.4.13 

Using  the  square  root  npproximation  we  have 
<?(84i72)  =  Q(x)  where 


2(84) 2(72)- 1  =  1. 0032. 

This  results  in     •  ^ 

(^(8472)  =  Q(1.0032)«1-P(1.0032)«.l5788  • 

The  value  correct  to  6D  is  Q(84 1 72 157653. 
Oeneriilly  the  improved  cube  root  approximation 
wi[l  be  correct  with  a^  maximum  errdr  of  a  few 
units  in  the  fifth  decimal  and  is  recommended  for 
cahulations  which  are  outside  the  range  of 
Table  26.7. 

r4ilru1allon  of  x«  for  Q{x^^)  Outside  the  Ronge  of 
Table  26.8 

Example  13.    Fitid  the  value  of  X«  for  which 

Sin<  e  I'  144  is  outside  the  range  of  Table  26.8^ 
we  can  <»oinpute  it  by  usinp  (1)  the  Cornish-Fisher 
asynipVitic  expatision  26.2.50^  for  X»,  (2)  the  cube 
approximation  26.4.17,  (3)  the  improved  cube 
approximation  26.4.18,  or  (4)  the  square  approxi- 
mation 26.4.16.  We  shall  compute  the  value  by 
all  four  methods. 

I.  C*^fmiiih«Fliiher  anymptoUe  expaniiion  26.2.50 

The  ( Wnish-Fishcr  asymptotic  expansion  for 
X*  wiili  u    144  can  be  writte.n  as 

x'^  144  t  l2>2/f4A,(/)  +  -j>„-13^ifx)+2A,,(/)) 

f9A,,(/)4l2Au{/)+6A,»(J')+4Am,(/)l 

» 

Wfucv  [»m\s  tho  auxiliary  tablf  following  26.2..91 
with  />    .01  wi*  have 

144.0000 
mi  4794 
2.941.1 
.0242 
.  001» 
*  .  0002 


2.  V.uhe  approximation  26.4.17 

Taking  X.oi =2.32635  we  have 

{['-5(^4)]  . 


+(2.3283S)^5^]-'-186.406 


3.  Improved  cube  approilniatlon  86.4.18 

From  the  table  for  A«o  we  obtain  using  linear 
interpolation  with  i«  2.33  (approximately) 

A„=.00l2  and  thus  Ai4««-^  (.0012) =.00049 

Hence 


«''=l44[l 


9(144) 

4-  (2.32635-  .00049)^g^j= 


>  186.394 


4.  Squan  approximatton  26.4.16 

X»«5  (2.32635+ V2(l44)-lP=  186.616 

The  correct  answer  to  .3D  is  X»=  186.394. 
Generally  the  improved  cube  approximation  Mrill 
givp  results  correct  in  the  second  or  third  decimal 
for  »'>30.  .4 

Calculation  of  the  Incomplete  Gamma  Function 

Example  14.    Find  the  value  of 


'y(2.5,.9)=J^'<'*f-'rf/ 


milking  use.  of  26.4.19  and  Tablc<26.7. 
Using  26.4.19  we  Imve 

7(2.5.  .9)-  r(2.5)/'(l  .8|5)  =  r(2.5)(l-(;^(l  .8|5)1 
7(2.5,.9)='^V»ll-.87607l=.16475 

Poiaaon  Distribution 
Example  15.    Find  the  value  of  m  for  which 

yjf- 99 

using  26.4.21  and  Table  26.8. 

From  Table  26.8  with  i/==2c=8  and  ^=.'99 
we  have  x'=  1.646482.    Hence  m==xV2=. 823241. 

Inverse  of  the  Incomplete  Beta  Funet&n 
Example  16.    Find  the  value  of  /  for  which  ^ 
7,(10,  6)  =-.10  iising  Table  26.9  and  26.S.28. 
Using  26.5.28  we  have 
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991 


960 
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/,(1(),6)-(>{F|12,20)- .10  when*  ^^2o|l2? 

From  Table  26.9  the  tipper  10  percent  point  of  F 
with  12  and  20  degrees  of  freedom  is  F^IM. 
Jl«nce  

20 


'"'20+12(1.89) 


.469 


The  correct  value  to  4D  is  .4683. 

Cakiilatlon  of  f  0(0.  b)  for  a  or  b  Small  Inlegers 

Eiamiile  17*   C'alculate  /.|o(3,  20). 

Values  of  /«(fz,6)  for  small  integral  a  or  6  can 
conveniently  be  calculated  using  26«S«6  or  26.5.7. 
Using  26«5«6  we  have  ^ 

RlnomUl  DtslribuUon 
Eiainple  18*    Find  the  value  of  p  which  satisfies 

using  26.5.24  iitul  Table  26.9. 
•    Tombining  26.5.24  and  26.5.28  we  have 

where 

i^i=2(n^a-f  l),i^a==2(a),  andp= 
Hence 

=  1-Q(f|60,42)=.96 

Hartnoriir  interpolation  on  »i  in  the  tftble  for 
which  Q{F\vuvj)^.05  results  in  ^=1.624  for 

».^60.  .,=.42.  and  thus  p^--^^^ 

,  The  rorrert  answer  to  4 D  is  p=r^..3003. 


a 


(i+(n-4l  +  \)F 


».301. 


4pprotlm«llng  the  InrompWtr  Beta  Function 

Kxample  19.    Find  /<m/10<  10.5)  using  26.S.2L 
VnhicH  of       6)  nm  ronvcnietitly  be  nilculated 
with  ffood  iirrunirv  lising  the  approximation 
given  hy  26..120  or  26\5«21.    For  this  example 
(ri  U  /)    10.20  which  is  greater  tlnui  .8 

•ind.hefice  26.S,2I  will  he  used.  Thus 


Wi-[(10.5)(.60)r==^1.8469,Wa«ll6(.4)P««1.8666 

%0668 


3(  (1 .8469)  (.98942)  -  (1 .8566)  (.99306)1 
rn  n  .8666) ' 


r(1.8469)\  (1. 
L  10.6 


16 


and  interpolating  in  Table  26.1  gives 

.  P(-.06a8)«l-P(.0668)«.47336 
The  answer  correct  to  6D  is  /.6o(16,J0.5)«.47332. 

Interpolatton  for  F  In  TaUe  96.9 
Example  20.   Find  the  value  of  F  for  which 
QiF\7,  20)^.06  using  Table  26.9. 

Interpolation  in  Table  26«9  is  approximately 
linear  when  the  reciprocab  of  the  degrees  of 
freedom  (pup$)  are  Used  as  the  interpolating 
variable.  For  this  example,  it  is  only  neiceasaiy  to 
interpolate  with  respect  to  IM.  Thus  .linear 
interpolation  on  results  in  F=s2.61  which  is 
the  correct  interpolate. 

Celoulatlon  of  F  tor  9(Fhtn)>«80 

Example  2L   Find  the  value  of  F  for  which 

1,8)^.90  using  26.6.9  and  Table  26.9. 
Table  26.9  only  tabulates  values  of  F  for  which 
?(/^ku>'a)=P  where  p«.500,  .260,  .100,  .060, 
.025,  .010,  .006,  .001.   However  making,  use  of 
PaUe  26.9  we  can  find  the  values  of  Fp  for  which 
"p— !76,  .9,  .96,  .976,  .99,  .996,  .999.   For  this  ex- 
ample we  have 

and  ir'enring  to  the  table  for  which  Q(F\pi,  » .  10 
gives  ,0(8, 4)  =3.96  and  thus  f.v)i^,8)<^^ 
=  263. 

Caleulatloa  of  Q(F|t>i«n)  for  Small  Intogral  n  or  n 

Example  22.  Cotnpute  Q(2.6|4,16)  using 
26.6.4. 

Values  of  (?(F|rt,  v,)  can  be  readily  computed  for 
small  fi  or  UMng  the  expansions  26.6.4  to  26.6.8 
inclusive.    We  have  using  26.6.4 


15 


15+4(2.50) 


=.60 


and 
* 


^^{2 .50|4,l5)-=(.6)»  (.4)]=.086  7;i5 
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Eumple  23.  ^'alculate  g(1.714|10,40)  using 
26.6.13. 

The  appronmatioH  given  by  26t6.1S.will  result 
in  a  maximum  irror  of  .0006.  ^Por  this  example 
we  have       .  v 


[ 


>  1.2222 


Interpolating  in  TaUe  264  results  in 

Q(1.714|10, 40)  "Q(1.2222>=1-^(1.2222)=.1108 

The  (sorrect  value  to  6D  is  i((1.714|10. 40)=.11108. 

On  the  other  hand  the  aj^proximation  given  by 
26.6.14  which  is  usually  leeif  accurate  results  in 

Vl2(40)-ll(z5)  (1.714)t^^WPl 
,«J[  }}^^_  \  :  »1^0 


and  interpolating  in  TaUe  %.l  ^ves. 
Qa.714|10,40)«Q(1.2210)=nl-P(1.2210)=.1112 
Caieulatkm  of  F  OutMm  the  RMi«e  of  T«Ue  26.9 
EMunple  24.  Find  the  value  of  F  for  which 
(}(F|10,20)«.0001  using  26»$.16  and  26.5.22. 

For  this  ^problem  we  hiwr*  d«»^»10,  6«^*?5, 

p  » .000 1 .  The  value  of  the  normal  deviate  which 
cute  off  .0001  in  the  tail  of  the  distribution  ie 


y-3.7190  (i.e.,Q(3.7190)-.0001), 
Btitutir.g  in  26eSe22  givee 


961, 
Hence  sub* 


'^.7190»-3 


>12.2143 


\SB. 


6 


'1.8052 


W=:3.71flO 


(12.2143+1.8062)* 
12.2143 


w<».0880  ' 

and  thus  /''««»'''=7.23.   The  correct  answer  is 
f«7.180.  . 

Appradrfmattaw  tbc  NoM^ImI  iT-Dtotrlbutloa 

Eiamiiie  2S.'  Compute  P(3.7ll3, 10, 4)  using 
the  approximation  26.6.27  to  the  non-central  f-'. 
distribution.  \  , 

Using  26.6.27  with  ^,=3,  ^.-lO,  X«4,  f"=.3.T^ 
we  have  \  • 


and  interpolating  in  Table  26.1  gives 

P(3.71 13, 10,4)  «F(.675) « .760 
The  exact  answer  is  P(3.71|3, 10,4)«.745. 
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(*ollege  (Cambridge  Univ.  Press,  Cambridge, 
England,  1948).  /«(a,6)  for  x»  .01  (.01)1; 
a,fc^.5(.5)  11(1)50,  a^6,  7D. 

126.361  W.  H.  Robertson,  Tables  of  the  binomiftl  distribu- 
tion function  for  small  values  of  p.  Office  of 
Technical  Services,  U.S.  Department  of  Com- 
merce (1960). 

S^(?)p•(l~P)•^•for  p=.001(.001).02,n«2(l) 

••0* 

100(2)200(  10)500(20)  1000;  p»  .021  (.001).05, 
n^2(l)50(2)  100(5)200(10)  300  (20)  600(50)  1000, 
5D. 

(26.37)  H.  G.  Romig,  50-100  Binomial  tables  (John 

Wiley  A  Sons,  Inc.,  New  York,  N.Y.,  1953). 

0  ?5  (0 

p:=.01(.01).5  and  ii»50(5)100,  6D. 

(26.38)  (*.  M.  Thompson,  Tables  of  percentage  points  of 

the  incomplete  beta  function,  Biometrika  92, 
161  181  (1941).  Also  reproduced  as  Table  19 
in  (26.11).  Tabulates  values  of  x  for  whic^ 
*  /,(o,  b)  =^.005,  :01,  .025,  .05,  .1,  .25,  .5; 
2a=^  1(1)30,  40,  60,  120,  c»;  2b«l(l)10,  12,  15, 
20,24,30,40,60,120,  5D.*  ' 
[26.391  C.H.  Ordnance  Corps,  Tables  of  the  cumulative 
binomial  probabilities,  ORDP  20-1,  Office  of 
Technical  Services,  Washington,  D.e.  (1952). 


ZI  f^^P*(l-p)*~*  for  p=.01(.01).5  aiid 
(1)160,  7D. 
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[26.401  Table  V  of  (26.7).    Tabulates  valuejj  of  P  and 

2- J  In  F  for  0(F\pu  r,)-.2,  X  4)6,  .01,  .001; 

»t  -  1(1)6,  8,  12,  24,  CD ;  ^«  1(1)30,  40,  60,  120, 
20  for  f,   4D  for  Z. 
(26.411  K.  Lohm<T,  Invrrse  tables  of  probabilities  of  errors 
of  the  8eoond  kind,  Ann.  Math.  Statist.  ISt 

3HH-39H  (1044).  ♦--VV(^i-^l)  'o'  ^i==»l(l)10, 
12,  15.  i^n.  24,  30.  40,  60,  120,  «;  r,«2(2)20, 
•21.  :J0.  40,  60,  80,  1*20,  240,  «  and  P(F%,  Hf  ♦) 
.2,  .3  where  Q(F'\wu  ^)^*0\,  .06,   3D  or  38. 


[26.42]  M.  Merritigton  and  C.  M.  Thompson,  Tables  of 
*  percenUige  point^  of  the  inverted  beta  (F)  dis- 
tributito,  Biometrika  3St  73-88  (1943).'  Tabu- 
lates Values  of  /  for  which  Q(f|rt,  ri)  =  .5,  .25, 
.1,  .0$,  .025,  .01,  .005;  ri=»l(l)10,  12,  15,  20, 

—  4^^^30,  40, 60,  1?0,  OS ;  nr- 1  (1)30, 40, 60, 120,  • . 

[26.43]  P.  C.  Tang,  The  power  functiion  of  the  analysis  of 
varicince  tests  with  tables  and  illustrations  of 
their  use.  Statistical  Research  Memoirs  11,  126- 
149  and  Ubles  (1938).  P(F%,  »)  for  »i« 
1(1)8,  i^«2(2)6(l)30,  60,  •  iMid«^VV»i+ 0« 
1(.5)3(1)8  where  Q{F'\pu  Pt) »  01,  .05,  3D. 

8tyatttt*»  t  ttod  Noa-Ctntgal  f-Dtetrlbtttlom 

[26.441  E.  It.  Federighi,  Extended  tables  of  the  percentage 
points  of  Student^s  Mistribution,  J*  Amer. 
/Sutist.  Assoc.       683-688  (1959.)  .  Values  of 

/  <  for  which  Q(<|r)«  J  [l-ii(lWl«.26?<  10-% 

./  .l>C10-«,  n=^0(l)6,  .05X10-«,  n«0(l)6,  r« 
1(1)30(5)60(10)100,  200,  500,  1000,  2000,  10000, 


/ 

[26.4^] 


(26.46] 


Values  of  <  for  which  A  ((\p)  « 
.99,  .999  and      1(1)30,  40, 


(26.47) 


(26.48] 


(26.49] 


«>;  3D. 

Table  III  of  [26.7). 
.1(.1).9,  .95,  .98, 
60,  120,  •;  3D. 

N.  L.  Jol^nson  and  B.  L.  Welch,  Applications  of 
the  noncentral  distribution,  Biometrika  31| 
362-389  (1939).  Tabulates  an  auiiUary  func- 
tion which  enables  calculation  of  3  for  given 
I'  and  p,  orl'  for  given  3  and  p  where  |l^,3) »  p» 
.005,  .01,  .026,  .06,  .1(.1).9,  .95,  .975,  .99,  .995. 

J.  Neyman  and  B.  Tokarska,  Errors  of  the  second 
kind  in  testing  Student's  hypothesis,  J.  Amer. 
Statist.  Assoc.  31,  318-326  (1936).   Tabulates  « 
for  P«'|M)«.01,  .05,  .1(.1).9;  r«l(l)30, 
QW\p)r^m,  .05.  ! 

Table  9  of  (26.11].P«li^)='i  (l  +  i4«|r)]  for  <« 


.0(.06)2(.1)4,  5; 
5D. 


0(.1)4(.2)8;  f'«l(l)20,  5D;  h 
v«20(l)24,  30,  40,  60,  1*^  », 
0.  S.  Resnikoff  and  G.  J.  Lieb.  nan.  Tables  of  the 
noncentral  ^-distribution  (Stanford  Univ.  Press, 
Stanford,  CaUf.,  1967).  dP«'|if,«)/iU'andP«Mi^,«) 
for>«2(l)24(6)49,  V^hl  »p  where Q(«p)« 
p«.25,  .15,  .1,  .065,  .04,  .025,  .01,  .004,  .0026, 
.001  and  covers  the  range  of  values  such 
that  throughout  most  of  the  table  the  entries  lie 
between  0  and  1,  4D. 


\  NombM  and  Normal  DertaM  . 

(26.50)  E.  C.  Fieller,  T.  Lewis  and  E.  S.  Pearson,  Cor- 
related random  normal  deviates.  Tracts  for 
Computers  26  (Cambridge  Uhiv.  Press,  Cam- 
bridge, England,  1965). 

(26.61)  T.  E.  Hull  and  A.  R.  Dobell,  Random  number 

generators,  8oc.  Ind.  App.  Math.  4,  2.30-264 
.  (1962). 

(26.62)  M*  O.  Kendall  and  B.  Habington  Smith,  Random 

sampling  numbers  (Cambridge  .  Univ.  Press, 
Cambridge,  England,  1939). 
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(26.531      MariMiift*  Random  vaiiablea  and  computers, 
Proo.  Thlffi  PragUH  Oonf«rimc«»  in  Probability 
Theory  1962.  '  (Mm  im  Math.  Notfl  No.  260, 
Bo<*ing  Soientifio  Reaeareh  Laboratories,  1962). 
(26.54)  M.  E.  MuUer,  An  inverse  method  for  the  genera* 

 L_JiM.fll. random  normal  deviates  on  large  scale 

eomputers,  Math.  Tables  Aids  Comp.  63.  167- 
174  (1968).  I 


[26.56]  Rand  Corporation,  A  million  random  digits  with 
100,000  normal  deviates  (The  Free  Press, 
Glencoe,  III.  1986). 

(26.861  H.  Wold,  Random  normal  deviates,  Tracts  for 
Computers  28  (Cambridge  Univ^  Press,  Cam-_ 
Mdfl^T^ngland,  1948^ 
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3.38325 
3.52407 
3.65250 
3.76836 


943 
061 
643 
745 
044 

923 
538 
854 
673 
628 


3.1 


87153  159 


/(    .V)  /(.V) 


/""(  .V)  (  l)"/i"'(.v) 
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Tabl<*  20.1 


Noll  M  A  I.  PKOBABII.ITY  FI  V  TION  AMI  l>KRIV  \TIVES 


1.00 
1.02 
1.04 
1.06 
1.08 

1.10 
1.12 
1.14 
1.16 
X.18 

l.M 

1.2li 
1.24r> 
\1.26\ 
1.28  \ 

1.30 
1.32 
1.34 
1.36 
1.38 

1.40 
1.42 
1.44  ^ 
1.46  . 
1.48 

1.50 
1.52 
1.54 
1.56 
1.5^ 

1.60 
1.62 
1.64 
1.66 
1.68 

1.70 
1.72 
1.74 
1.76 
1.78 

1.80 
1.82 
1.84 
1.86 
1.88 

1.90 
1.92 
1.94 
1.96 
1.98 

?.00 


At' 


0.84134 
0.84613 
0.85083 
0.85542 
0.85992 

0.86433 
0.86864 
0.87285 
0.87697 
0.88099 

0.88493 
0.88876 
G.89251 
0.69616 
0.89972 

0.90319 
0.90658 
0.90987 
0.^1308 
0.91620 

0.91924 
0.92219 
0.92506 
0.92785 
Q.93056 

0.93319 
0.93574 
0.93821 
0.94062 
0.942.94 

0.94520 
0.94738 
0.94949 
0.95154 
0.95352 

0.95543 
0.95728 
0.95907 
0.96079 
0.96246 

0.96406 
0.96562 
0.96711 
0.96855 
0.96994 

0.97128 
0.^7257 
0.97381 
0.97500 
0.97614 


/'ri 

47460 
57696 
00496 
77003 
89099 


68543 
27265 
69019 
36091 
11231 


39390  53618 
31189  57270 
•68494  37202 
55969  48657 
98925  44800 

03297  782<'2 
75625  52166 
23029  25413 
53188  78700 
74320  45558 

95154  14390 

24910  06528 

73275  35548 

50380  52915 

66775  84986 


33407 
61594 
63004 
49630 
33766 


66229 
73454 
65673 
34106 
66669 


27987  31142 
45121  81064 
98232  88188 
00594  05207 
65667  62246 


07083 
38615 
74165 
27737 
13421 

45372 
37792 
04910 
60967 
20196 

96808 
04975 
58813 
72370 
59610 

34401 
10502 
01550 
21048 
82356 


00442 
45748 
25897 
33277 
36280 

41457 
08671 
21193 
12518 
51483 

87074 
54110 
40836 
19248 
38800 

83998 
96163 
59548 
51780 
58492 


0.'>;724  98680  51821 


0.24197  07245  19143 
-0.23713  19520  19380 
0.23229  70047  43366 
0.22746  96324  57386 
0.22265  34987  51761 


0.21785  21770 
0.21306  91467 
0.20830  77900 
0.20357  13882 
0.19886  31193 


32551 
75718 
47108 
90759 
87276 


0.19418 
0.18954 
0.18493 
0.18037 
0.17584 

0.17136 
0.16693 
0.16255 
0.15822 
0.15394 

0.14972 
0.14556 
0.14145 
0.13741 
0.13343 


60549  83213 
31580  91640 
72809  63305 
11632  27080 
74302  97662 

85920  47807 
70417  41714 
50552  25534 
47903  70383 
82867  62634 


74656 
41300 
99652 
65392 
53039 


35745 
37348 
24839 
82282 
51002 


'0.12951  75956  65892 
0.12566  46367  89088 
0.12187  75370  32402 
0.11815  72950  59582 
0.11450  48002  59292 

0.11092  08346  79456 
0.10740  60751  13484 
0.10396  10953  28764 
0.10058  63684  27691 
0.09728  22693  31467 


0.09404 
0.09088 
0.08779 
0.08477 
0.08182 

0.07895 
0.07614 
0.07340 
0.07074 
0.06814 

0.06561 
0.06315 
0.06076 
0.05844 
0.05618 

0.05399 


907n  76887 
69790  16283 
60706  10906 
63613  08022 
77759  92143 

01583  00894 
32736  96207 
68125  81657 
03934  56983 
35661  01045 

58147  74677 

65614  35199 

51689  54565 

09443  33451 

31419  03868 

09665  13188 

ilx" 


-0.24197 
-0.24187 
-0.24158 
-0.24111 
-0.24046 


07245  19143 


45910 
88849 
78104 
57786 


-0.23963  73947 

-0.23863  74443 

-0.23747  088C6 

-0.23614  28104 

-0.23465  84808 


-0.23302 
-0.23124 
-0.22932 
-0.22726 
-0.2?508 


-0.22277 
-0.22035 
-0.21782 

fL518 
1244 


-o!21f 
-0.212 


32659 
26528 
22283 
76656 
47107 

91696 
68950 
37740 
57149 
86357 


59767 
33101 
04829 
51902 

35806 
88804 
53704 
17281 
76986 

79856 
71801 
94499 
66121 
81p08 

6gl50 
9S062 
02  216 
0:i721 
3:!434 


-0.20961  84518  9  )043 
-0.20670  10646  5)034 
-0.20370  23499  2)768 
-0.20062  81475  5J131 
-0.19748  42498  4^483 

^-0.19427  63934  9b838 
'-0.19101  02479  1^414 
-0.18769  14070  29899 
-0.18432  53802  92948 
-0.18091  75844  09682 


-0.17747 
-0.17399 
-0.17049 
-0.16697 
-0.16343 

■0,15988 
-0.15632 
-0.15276 
-0.14920 
-0.14565 


33354 
78416 
61963 
33715 
42124 


87129 
83844 
39173 
89966 
76865 


34315  40708 
56039  08007 
51628  62976 
63959  02119 
34412  66014 


-0.14211  02849  41609 

-0.13858  07581  27097 

-0.13506  85351  50249 

-0.13157  71318  29989 

-0.12810  99042  69964 

-0.12467  00480  71886 
-0.12126  05979  55581 
-0.11788  44277  71856 
-0.11454  42508  93565 
-0.11124  26209  69659 

-0.10798  19330  26376 

['.51  ■ 
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NORMAL  PKOBADIMTY  FUNCTION  AND  DERIVATIVES 


Table  26.1 


1.00 
1.02 
1.04 
1.06 
1.08 

1.10 
1.12 
1.14 
1.16 
1.18 

1.20 
1.22 
1.24 
1.26 
1.28 

1.30 
1.32 
1.34 
1.36 
1.38 

1.40 
1.42 
1.44 
1.46 
1.48 

1.50 
1.52 
1.54 
1.56 
1.58 

1.60 
1.62 
1.64 
1.66 
1.68 

1.70 
1.72 
1.74 
1.76 
1.78 

1.80 
1.82 
1.84 

1.86_ 

1.90 
1.92 
1.94 
1.96 
1.98 

2.00 


0.00000 
0.00958 
0.01895 
0.02811 
0.0^^/04 

0.04574 
0.05420 
0.06240 
0.07035 
0.07803 

0.08544 
0.09257 
0.09942 
0.10598 
0.11226 


00000 
01309 
54356 
52466 
95422 

89572 
47909 
90139 
42718 
38880 

18642 
28784 
22822 
60955 
09995 


0.11824  43285 
0.12393  40598 
0.12932  88019 
0.13442  77819 
0.13923  08305 


0.14373 
0.14795 
0.15187 
0.15550 
0.15884 

0.16189 
0.16467 
0.16716 
0.16939 
0.17134 


83670 
13818 
14187 
05559 
13858 

69946 
09400 
72298 
02982 
49831 


0.17303  65021 
0.17447  04284 
0.17565  26667 
0.17658  94284 
0.17728  72076 

0.17775 127562 
0.17799^597 
0.17801  53128 
0.17782  68955 
0.17743  53495 

0.17684  83546 
0.17607  37061 

o.i75ii3mr 

-0ir73W  30717 
0.17270  30539 

0.17125  72766 
0.16966  37866 
0.16793  06209 
0.16606  57874 
0.16407  72476 

0.16197  28995 

[T] 


0.48394/^4*-^ 
0.4739f  745  " 
0.46346  412 
0.45243  346 
0.44091  805 


0.42895 
0.41656 
0.40379 
0.39067 
0.37723 

0.36351 
0.34954 
0.33936 
0.32099 
0.30647 


094 
552 
549 
467 
697 

629 
639 
083 
285 
334 


0.29184  071 

0.27712  083 

0.26234  695 

0.24754  965 

0.23275  873^ 


0.21800 
0.20331 
0.18870 
0.17422 
0.15988 

0.14570 
0.13172 
0.11794 
0.10440 
0.09111 


319 
117 
986 
548 
325 

730 
067 
528 
190 
010 


0.07808  827 
0^06535  359 
0.05292  202 
0.04080  829 
0.02902  592 


0.01758 
40.00650 
-0.00421 
-0.01456 
-0.02452 

-0.03410 
,'«0«04329 
-0.05208 
-0.06047 
-0.06846 


718 
315 
632 
254 
804 

647 
263 
243 
285 
193 


•0.07^04  873 
-0.08323  327 
-0.09001  655 
-0.09640  044 
-0.10238  771 


-0.48394  145 
-0.51219  739 
-0.53886  899 
-0.56392  521 
-0.58734  012 


-0.60909 
-0.62916 
-0.64755 
«0.66424 
-0.67924 

-0.69254^ 

-0.70416 

-0.71411 

-0.72240 

-0.72907 

-0.73412 
-0.73760 
-0.73953 
-0.73995 
-0.73889 

-0.73641 
-0.73255 
-0.72739 
-0.72087 
-0.71315 

-0.70425 
-0.69422 
■0.68313 
-0.67103 
-0.65798 


290 
776 
390 
543 
129 

515 
524 
427 
928 
143 

591 
168 
132 
087 
953 

957 
600 
645 
087 
137 

193 
823 
742 
785 
890 


-0.64405  073 
-0.62928>  410 
-0.61375  Oil 
-0.59751  005 
-0.58062  516 


-0.56315 
-0.54516 
-0.52670 
-0.50785 
-0.48864 

-0.46915 
-0.44942 
-0.42952 
-0.40949 
-0.38940 


647 
459 
954 
061 
614 

342 
853 
621 
971 
073 


-0.10798  193 


-0  16927  924 
-0.34918  347 
-0.32915  976 
-0.30925  250 
-0.28950  408 

-0.26995  483 

m 


-1.45182  435 
-1.37346 
-1.29343 
-1.21197 
-1.12934 


846 
272 
312 
487 


-1.04580 
-0.96159 
-0.87697 
-0.79217 
-0.70744 


155 
420 
050 
397 
317 


0.62301  100 
-0.53910  399 
-0.45594  161 
-0.37373  571 
-0.29268  993 


-0.21299 
-0.13484 
-0.05841 
40.01613 
0.08864 


916 
911 
584 
459 
645 


Q.15897  463 
0.22698  486 
0.29255  386 
0.S5556  954 
0.41593  103 


0.47354 
0.52834 
0.58025 
0.62921 
0.67518 

0.71812 
0.75802 
0.79486 
0.82863 
0.85934 

0.88701 
P.91167 
0.93333 
0.95206 
0.96790 


871 

425 

091' 

147 

208 

810 
588 
211 
352 
661 

7i9 
051 
988 
725 
228 


0.98090  203 

0.99113  045 

0.99865  794 

1.00356  087 

1.00592  110 

1.00582  548 

1.00336  537 

0.99863  613 

0.99173  666 

0.98276  891 

0.97183  740 


3.87153  159 
3.96192 
4.03951 
4.10431 
4.15639 


478 
497 
754 
308 


4.19584  622 
4.22282  430 
4.23751  585 
4.24014  894 
4.23098  941 


4.21033 
4.17853 
4.13593 
4.08295 
4.02000 

3.94752 
3.86600 
3.77593 
3.67781 
3.57216 


894 
305 
896 
339 
029 

847 

921 
384 
128 
556 


3.45953  335 

3.34046  152 

3.21550  469 

3.08522  283 

2.95017  891 


2.81093 
2.66805 
2.52210 
2.37361 
2.22315 

2.07124 
1.91841 
1.76517 
1.61201 
1.45942 

1.30785 
1.15774 
1.00953 
0.86361 
0.72036 

0.58014 
0.44328 
0.31010 
0.18087 
40.05587 

-0.06467 
-0.18054 
-0.29155 
-0.39754 
-0.49836 


-0.59390 

[<-,"'] 


657 
791 
132 
937 
681 

871 
857 
671 
862 
351 

296 
966 
633 
469 

463  * 

345 
526 
045 
536 
197 

219 
414 
530 

204  / 
063*-v— 
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2.00 
2.02 
2.04 
2.06 
2.08 

2.10 
2.12 
2.14 
2.16 
2.18 

2.20 
2.22 
2.24 
2.26 
2.28 

2.30 
2.32 
2.34 
2.36 
2.38 


.40  / 
.42/ 

M 


2.40 
2 
2, 
2.46 
2.48 


2.50 
2.52 
2.54 
2.56 
2.58 

2.60 
2.62 
2.64 
2.66 
2.68 

2.70 
2.72 
2.74 
2.76 
2.78 

2.80 
2.S2 
2.84 
2.86 
2.88 

2.90 
2.92 
2.94 
2.96 
2.98 

3.00 


0.97724 
0.97830 
0.97932 
0.98030 
0.98123 

0.98213 
0.98299 
0.98382 
0.98461 
0.98537 

0.98609 
0.98679 
0.98745 
0.98808 

0.98869 

» 

0.98927 
0.98982 
0.99035 
0.99086 
0.99134 

0.99180 
0.99223 
0.99265 
0.99305 
0.99343 


/'(/) 

98680  51821 
83062  32353 
48371  33930 
07295  90623 
72335  65062 

55794  37i84 
69773  52367 
26166  27834 
36652  16075 
12692  24011 

65524  86502 
06161  92744 
45385  64054 
93745  81453 
61557  61447 

58899  78324 
95613  31281 
81300  54642 
25324  69428 
36809  74484 

24640  75404 
97464  49447 
63690  44652 
31492  11376 
08808  64453 


0.99379  03346  74224 

0.99413  22582  84668 

0.99445  73765  56918 

0.99476  63918  36444 

0.99505  99842  42230 


0.99533 
0.99560 
0.99585 
0.99609 
0.99631 

0.99653 
0.99673 
0.99692 
0.99710 
0.99728 

0.99744 
0.99759 
0.99774 
0.99788 
0.99801 

0.99813 
0.99824 
0.99835 
0.99846 
0.99855 


88119  76281 
35116  51879 
46986  38964 
29674  25147 
88919  90825 

30261  96960 
59041  84109 
80407  81350 
99319  23774 
20550  77299 


48696 
88175 
43233 
17949 
16241 


69572 
25811 
08458 
59596 
45106' 


41866  99616 
98430  71324 
89387  65843 
18047  88262 
87580  82660 


0.99865  01019  68370 

♦i    /»(/) « r 

.1 


0.05399 
0.05186 
0.04980 
0.04779 
0.04586 

0.04398 
0.04216 
0.04040 
0.03870 
0.03706 

0.03547 
0.03394 
0.03246 
0.03103 
0.02965 

0.02832 
0.02704 
0.02581 
0.02463 
0.02349 

0.02239 
0.02134 
0.02032 
0.01935 
0.01842 

0.01752 
0.01667 
0.01584 
0.01505 
0.01430 

0.01358 
0.01289 
0.01223 
0.01160 
0.01099 

0.01042 
0.00987 
0.00934 
0.00884 
0.00836 

0.00791 
0.00748 
0.00707 
0.00667 
0.00630 

0.00595 
0.00561 
0.00529 
0.00499 
0.00470 


X{t) 

09665  13188 
35766  82821 
00877  35071 
95746  82] 
10762  7l( 

35959  80427 
61069  61770 
75539  22860 
68561  47456 
29102  47806 

45928  46231 
07631  82449 
02656  43697 
19322  15008 
45848  47341 

70377  41601 
80995  46882 
65754  71588 
12693  06382 
09853  58201 


45302 
07148 
83557 
62767 
33106 

83004 
01008 
75790 
96163 
51089 


94843 
99923 
38226 
31737 
4686^ 

93569 
37381 
25361 
27377 
94150 


29692  33686 
21261  07895 
15263  51278 
013S1  13703 
69366  29406 

09348  14423 
11537  94751 
66383  67612 
64543  98237 
96891  54653 

54515  82980 
28725  25781 
11048  86019 
93237  39203 
67263  96266 

25324  19776 

59835  95991 

63438  65311 

28992  13612 

49575  26934 


0.00443  18484  11938 

[',r] 


-0.10798  19330  26376 
-0.10476  44248  99298 
-0.10159  21789  79544 
-0.09846  712*2  57079 
-0.09539  103£d  43794 


■0.09236 
•0.08939 
-0.08647 
•0.08360 
-0.08Q79 


55515 
21467 
21653 
68092 
71443 


58897 
58953 
94921 
78504 
40218 


-0.07004  41042  61709 
-0.07594  84942  65037 
-0.07271  09950  41882 
-0.07019  21668  05919 
-0.06761  24534  51938 

-0.06519  21868  05683 
-0.06279  15909  48766 
-0.0604lJ)7866  03515 
-0.05812^7955  63063 
-0.05590  85451  52519 


■0.05374 
■0.05164 
-0.04960 
-0.04761 
-0.04568 

-0.04382 
-0.04200 
-0.04025 
-0.03855 
-0.03690 


68727  07623 
45300  57813 
11880  01271 
64407  60073 
98104  04218 

07512  33921 
86541  10200 
28507  24416 
26177  98086 
71812  04906 


-t.03531  57200  07583 

-0.03377  73704  02686 

-0.03229  12295  67374 

>  -0.03085  63594  02449 

-0.02947  17901  66807 


-0.02813 
-0.02684 
-0.02560 
-0.02441 
-0.02326 

-0.02216 
-0.02110 
-0.02008 
-0.01910 
-0.01816 


65239  98941 
95383  21723 
97891  27258 
62141  39135 
77358  49935 

32644  32344 
17005  22701 
19378  76295 
28658  94119 
33720  21246 


V2» 


X"Hje) 


J* 


-0.01726  23440  17350 
-0.01639  86721  00294 
-0.01557  12509  64014 
-0.01477  89816  72293 
-0.01402  07734  30263 

-0.01329  55452  35814 

th„Kx)^-i-\)'X""(x)lX(x) 
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Table  26.1 
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2.00 
2.02 
2.04 
2.0<i 
2.08 

2.10 
2.12 
2.14 
2.16 
2.18 

2.20 
2.22 
2.24 
2.26 
2.28 

2.30 
2.32 
2.34 
2.36 
2.38 

2.40 
2.42 
2.44 
2.46 
2.48 

2.50 
2.52 
2.54 
2.56 
2.58 

2.60 
2.62 
2.64 
2.66 
2.68 

2.70 
2.72 
2.74 
2.76 
2.78 

2.80 
2.82 
2.84 
2.86 
2.88 

2.90 
2.92 
2.94 
2.96 
2.98 

3.00 


0.16197  28995 

0.15976  05616 

0.15744  79574 

0.15504  27011 

0.15255  22841 


0.14998 
0.14734 
0.14464 
0.14188 
0.13907 

0.13622 
0.13333 
0.13041 
0.12746 
0.12450 

0.12152 
0.11853 
0.11554 
0.11255 
0.10957 


40623 
52442 
28800 
38519 
48644 

24365 
28941 
23633 
67648 
18090 

29919^ 
55915 
46652 
50482 
13521 


0.10659  79642 

0.10363  90478 

0.10069  85430 

0.09778  01615 

0.09488  74192 


0.09202 
0.08919 
0.08639 
0.08363 
0.08091 

0.07823 
0.07560 
0.07301 
0.07047 
0.06798 

0.06554 
0.06315 
0.06082 
0.05854 
0.05631 

0.05414 
?  05202 
U.04996 
0.04795 
0.04600 

6.04410 
0.04226 
0.04048 
0.03875 
0.03707 


35776 
17075 
46618 
50852 
54185 

79028 
45843 
73197 
77809 
74610 

76800 
95904 
41838 
22966 
46165 

16888 
39229 
15987 
48727 
37850 

82652 
81389 
31340 
28865 
69473 


0.03545  47873 


-0.10798  193 
-0.11318 
-0.11800 
-0.12245 
-0.12652 


748 
948 
372 
667 


-0.13023 
>0.13358 
-0.13659 
-0.13925 
-0.14158, 

-0.14360 
-0.14530 
-0.14670 
-0.14781 
-0.14863 

-0.14919 
-0.14949 
-0.14955 
-0.14937 
-0.14896 

-0.14834 
-0.14751 
-0.14650 
-0.14530 
-0.14394 

-0.14241 
-0.14074 
-0.13893 
-0.13700 
-0^3494 

-0.13273 
-0.13052 
-0.12818 
-0.12575 
-0.12326 

-0.12070 
-0.11809 
-0.11543 
-0.11274 
-0.11001 


543 
762 
143 
550 
892 

115 
204 
170 
055 
922 

851 
939 
294 
032 
273 

137 
744 
207 
633 
118 

744 
579 
674 
058 
742 

711 
927 
326 
818 
282 

569 
501 
869 
431 
916 


-0.10727  020 
-0.10450  406 
-0.10172  706 
-0.09894  520 
-0.09616  416 


-0.09338 
-0.09062 
-0.08787 
-0.08515 
-0.08?44 


928 
562 
791 
058 
776 


-0.07977  327 


-0.26995  483 

-0.25064  297 

-0.23160  454 

-0.21287  345 

-0.19448  137 


-0.17645 
-0.15882 
-0.14162 
-0.12485 
-0.10856 

-0.09274 
-0.07742 
-0.06262 
-0.04834 
-0.03460 

-0.02141 
-0.00876 
40.00331 
0.01484 
0.02581 


779 
997 
297 
967 
076 

478 
816 
527 
844 
801 

241 
819 
989 
882 
724 


0.03622  539 
0.04607  505 
0.05536  942 
0.06411  307 
0.07231'  187 


0.07997 
0.08710 
0.09371 
0.09981 
0.10541 

0.11053 
0.11517 
0.11935 
0.12308 
0.12638 

0.12926 
0.13173 
0.13382 
0.13554 
0.13690 

0.13793 
0.13862 
0.13902 
0.13911 
0.13894 

0.13850 
0.13782 
0.13691 
0.13578 
0.13446 


287 
428 
533 
624 
808 

277 
293 
186 
341 
196 

232 
965 
945 
741 
942 

149 
969 
007 
867 
142 

412 
240 
166 
706 
347 


0.13295  545 


0.97183  740 
0.95904 
0.94451 
0.92833 
0.91062 


873 
117 
417 
79> 


0.89150 
0.87107 
0.84943 
0.82671 
0.80301 


307 
003 
890 
890 
811 


0.77844  311 
0.75309  866 
0.72708  743 
0.70050  969 
0.67346  314 


0.64604 
0.61833 
0.59044 
0.56243 
0.53440 

0.50642 
0.47856 
0.45090 
0.42350 
0.39643 

0.36973 
0.34348 
0.31771 
0.29247 
0.26781 

0.24376 
0.22036 
0.19764 
0.17563 
0.15434 

0.13381 
0.11404 
0.09506 
0.07686 
0.05946 

0.04287 
0.02708 
<f  0.01209 
-0.00209 
-0.01549 


257 
976 
323 
808 
589 

453 
812 
689 
717 
129 

759 
039 
001 
277 
102 

323 
399 
415 
084 
760 

449 
817 
206 
640 
846 

262 
053 
127 
857 
465 


-0.02810  482 
-0.03993  892 
-0.05100  863 
-0.06132  737 
-0.07091  012 

-0.07977  327 


-0.59390  063 
-0.68406 
-0.76878 
-0.94800 
-0.92169 


360 
007 
114 
927 


-0.98986 
•1.05251 
-1.10968 
-1.16141 
•1.20777 


750 
862 
436 
446 

570 


-1.24885  097 
-1.28473  823 
-1.31554  947 
-14-4140  971 
-ll36245  589 

-1.37883  587 
-1.39070  730 
-1.39823  661 
a.40159  796 
-1.40097  220 


-1.39654 
-1.38851 
-1.37705 
-1.36239 
-1.34470 

-1.32420 
-1.30109 
-i:27556 
-1.24781 
-1.21804 

-1.18644 
-1.15321 
-1.11853 
-1.08259 
-1.04556 

-1.00761 
-0.96890 
-0.92961 
-0.88988 
-0.84986 

-0.80970 
-0.76951 
-0.72943 
-0.68959 
-0.65008 

-0.61101 
-0.57249 
-0.53459 
-0.49740 
-0.46100 


584 
010 
991 
299 
892 

833 
199 
010 
146 
284 

824 
833 
985 
509 
139 

072 
932 
727 
829 
942 

080 
553 
954 
143 
248 

661 
036 
292 
627 
S20 


-0.42545  745 
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Table  26.1       NORMAL  FROBABIUTY  FUNCTION  AND  DERIVATIVES 


9.00 
3wOS 
9.10 
9.W 
3.20 

9.2» 
J.30 
9.95 
9.40 
9.45 

9.50 
9.55 
9.60 
9.65 
9.70 

9.75 
9.80 
9.85 
9.90 
9.« 

4.00 
4.05 
4.10 
4.15 
4.20 

4.25 
4.90 
4.95 
4.40 
4.45 

4.50 
4.55 
4.60 
4.65 
4.70 

4.75 
4.80 
4.85 
4.90 
4.95 

5.00 


0.99865  0!1020 
0,99885 
0.99909 
0.99918 
0.99991 

0.99942 
0.99951 
0.99999 
0.99966 
0.99971 

0.9W76  79709 
0.99980  ,79844 
0.99984/08914 
0*99986  88798 
0.99999  22009 


/ 


0.94991 
0^9992 
9.99994 
/0.99995 
/  0.99996 

0.99996 
0.99997 
0.99997 
0.99998 
0.99998 


1S827 
76520 
09411 
19097 
09244 

89288 
49912 
99429 
39762 
66549 


0.99998  99115 
0.99999  14601 
0.99999  91991 
0.99999  49875 
0.99999  57065 

0.99999  66029 
0.99999  79177 
0.99999  78875 
0.99999  89409 
0.99999  86992 

0.99999  89829 
0.99999  92067 
0.99999  99827 
0.99999  99208 
0.99999  96289 


ZU) 

4.49184  8412 
9.80976  2098 
9.26681  9056 
2.79425  8415 
2.98408  8201 


-9)2.02904  8097 
.911.72296  8999 
.9 1 1.45879  0805 
-9  1.29221  9168/ 
-9)1.09828  129^^ 

S.72682  69^0 
7.91664  4628 
6,11901/9901 
,w 5.10464  9749 
4)4.24780  2706 


M2995  6824 
2.91 


-4 


_.91946  9258 
2'.41126  5802 
1.98655  4714 
1.69296  4088 

1.99890  2298 
1.09494  0494 
8.92616  5718 
.,7.26259  9090 
5)5.89490  6776 


4.77186  9654 
9.85951  9674 
9.10414  0706 
2.49424  7129 
1.99917  9671 

1.59897  4111 
1.27479  9298 

I.  01408  5207 
8.04718  2456 
6.36982  5179 

9.02950  7289 
9.96129  9091 
9.11217  5579 
12.49896  0746 

II.  90660  0903 


-6 


(-6)1.48671  951S 


0.99999  97193 

[(-?«] 

T.bli.26.2  NORMAL  PROBABILITY  FUNCTION  FOR 


-3; 


/I.32955  45 
H.16197  74 

•1.01271  39 

-8.80191  40 
1-7.62908  22 

-6.59440  62 
-5.68447  75 
-4.88674  82 
-4.18954  52 
-3.58207  05 

-3.05438  94 
-2.59740  88 
-2.20284  69 
-1.86319  72 
-1.57168  70 

I1.32223  38 
-1.10939  83 
-9.28337  33 
1-7.74756  94  ' 
1-6.44662  81 

-5.95920  90  ! 

-4.49207  88  | 

-9.65972  79  ' 

-9.01997  61  : 

-2.47560  88  j 

-^.02604  21  ' 
-1.65701  95 
-1.95090  12 
-1.09746  87 
-8.89694  95  , 

-7.19268  95 
-5.80009  62 
-4.66479  20 
1-9.74199  98 
1-2.99981  78 


-2.98901 
-1.90142 
-1.50940 
-1.19509 
-9.49767 


60 
96 
52 
08 
45 


(-6) -7.49959  76 


LARGE  ARGUMENTS 


5 
6 

7 
8 
9 

10 
11 
12 
19 
14 


6.54265 
9.00586 
11.89285 
15.20614 
18.94746 

29.11805 
27.71882 
92.75044 
98.21945 
44.10827 


\ 


15 
16 
17 
18 
19 

20 
21 
22 
29 
24 


50.43522 
57.19458 
64.98658 
72.01140 
80.06"' 9 

88.56010 
97.48422 
106.84167 
116.69253 
126.85686 


25 
26 
27 
28 
29 

90 
91 
92 
99 
94 


-log(?W 

197.51479 
148.60624 
160.19199 
172.09024 
184.48289 

197.90921 
210.56940 
224.26944 
298.99195 
252.95915 


From  E.  8.  Pea«m  and  H.  0.  Hartley  (editon).  Btemetrika  tables 
,vS!  I  Cambridge  Univ.  Pn«,  Cambridge.; England.  »64(with  pemusrion).  Known 
error  has  been  corrected. 
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NORMAL  PROBABILITY  FUNCTION  AND  DERIVATIVES       Table  26.1 


3.00 
3.05 
3.10 
3.15 
3.20 

3.25 
3.30 
3.35 
3.40 
3.45 

3.50 
3.55 
3.60 
3.6S 
3.70 

3.75 
3.80 
3.85 
3.90 
3.95 

4.00 

4.05"^ 

4.10 

4.15 

4.20 

4.25 
4.30 
4.35 
4.40 
4.45 

4.50 
4.55 
4.60 
4.65 
4.70 

4.75 
4.80 
4.83 
4.90 
4.95 


-2 
-2 
-2' 
-2 

-2! 

-2' 
-2 
-2 

-2 
-2l 

-3 
-3 

-3' 
-3 
-3 

-3; 
-3 
-3 
-3 

-3; 

-3; 
-3 
-3 
-3 
-4| 

-4; 

-4 
-4 

-4; 

-4) 

-4 

-4 

-4 

-4 


3.54547  87 
3.16305  50 
2.81273  12 
2.49317  71 
2.20289  75 

1.94027  72 
1.70362  07 
1.49118  76 
1.30122  34 
1.1319B.62 


9.8176S  03 

8.48913  69 

7.31834  71 

6.29020  46 

5.39046  16 


4.60578 
3.92376 
3.33297 
2.82289 
2.38395 

2.00745 
1.68555 
1.41122 
1.17817 
9.80812 

8.14199 
6.73980 
5.56339 
4.57943 
3.75895 


11 
67 
22 
42 
17 

34 
79 
68 
42 
65 

24 
59 
62 
77 
76 


3.07687  02 
2.S1154  32 
2.04439  58 
1.659SX  02 
1.34339\61 


-4)1.08441 
-5)8.730701  3i 
-5)7.00939\74\ 
-5)5.61204\87  V 
-5)4.48098  \8e 


-2; 
-2 
-2 
-2 
-2i 


-7.97732  71 
-7.32336  28 
-6.694Q3  89 
-6.0931^2  50 
-5.52345  55 


2) -4.96701 
-4.48505 
-4.01812 
-3.58625 
-3.18693 


-2.82531 
1-2.49416 
1-2.19403 

-1.92328 
1-1.66013 

-1.46272 
-1.26915 
-1.09752 
-9.45977 
-8.12668 

-6.95917 
-5.94009 
-5.05408 
-4.28662 
-3.62429 

-3.05473 
-2.56671 
-2.15001 
-1.79545 
-1.49480 

-1.24073 
-1.02675 
-8.47126 
-6.96642 
-5*71519 

-4.67351 
1-3.81045 
-3.09767 
-2.51088 
-2.02933 


97 
2f 
87 
07 
82 

02 
18 
56 
53; 
34 

12 
17 
68 
49 
36 

17 
36 
43 
75 
14 

83 
38 
71 
89 
91 

79 
14 
22 
75 
82 

25 
28 
67 
57 
60 


1.32955  45 
1.28V0 
1.23133 
1.17138 
1.10663 


92 
27 
12 
65 


1.03869 
9.68981 
8.98716 
8.28958 
7.60587 

6.94329 
6.30753 
5.70302 
5.13292 
4.59935 

4.10347 
3.64564 
3.22558 
2.84244 
2.49493 


2)1.05400 
9.01492 
7.68355 
6.52618 
5.52421 


4.66025 
3.91825 
3.28346 
2.74245 
2.28312 


-3)1.89457  22 
-3 1 1.56709  63 
-3,  1.29209  13 
-3  1.06197  25 
-4)8.70091  63 


82 
20 
85 
19 
84 

17 
35 
39 
98 
51 

00 
64 
66 
39 

35 


2.18143  27 
1.90007  05 
1.64880 
1.42549 
1.22795 


65 
82 
86 


40 
78 
55 
76 
34 

95 
60 
19 
97 
43 


-2 

-2; 
-1 
-1 

-1! 

-1; 
-1 
-1 
-1 

-1; 

-1 
-1 
-1 
-1 
(-1 

-2; 
!-2 
-2 
-2 

1-2' 

-2; 
-2 
-2 
-2 

-2; 

-2; 
-2 

-2 
-2 

-2; 

-2; 
-2 
-2 

-3! 
-3| 

-3, 
-3 
-3 
-3 
-3 


Z(«)(x) 

-7.97732  71 
-9.89017  82 
-1.13951  58 
-1.25260  09 
-1.33185  47 

-1.38096  14 
-1.40361  69 
-1.40345  00 
-1.38395  76 
-1.34845  27 

-1.30002  45 
-1.24150  96 
•1.17547  44 
-1.10420  53 
-1.02970  80 

-9.53712  78 
-8.77684  95 
-8.02840  11 
-7.30162  14 
-6.60423  39 

-5.94206  20 
-5.31924  82 
-4.73847  30 
-4.20116  64 
-3.70770  95 

-3.25762  18 
-2.84973  34 
-2.48233  98 
-2.15333  90 
-1.86035  13 

-1.60082  16 
-1.37210  59 
-1.17154  20 
-9.96506  67 
-8.44460  51 

-7.12981  28 

-5.99788  09 

-5.02757  21 

-4.19931  11 

-3.49521  92 


ZW{x) 


5.00   (-5)3.56812' 68    (-4) -1.63839  15    (-4)7.10651  93    (-3) -2.89910  31 
NORMAL  PR<>BAB1UTY  FUNCTION  FOR  LARGE  ARGUMENTS 


* 

-10g«(x) 

35 

267.94888 

36 

283.37855 

37 

299.24218 

38 

315.S3979 

39 

332.27139 

40 

349.43701 

41 

367.03664 

42 

385.07032 

43 

403.53804 

44 

422.43983 

m 

)-l- 

45 
46 
47 
48 
49 

50 
60 
70 
80 
90 


-log  Q(t) 

441.77568 
461.54561 
481.74964 
502.38776 
523.45999 

544.96634 
783.90743 
1066.26S76 
1392.04459 
1761.24604 

n 


100 

ISO 
200 
2S0 
300 

350 

400 
450 
500 


(-1 

1-4.25457 

45 

1  •1 

1  e 

1,-1 

1  -2«624lo 

AK. 

1  -1 

^-l«9ll2l 

33 

1    1  971 9A 

IJ 

(-2 

)-7«05366 

66 

'  — * 

^4 

1.9  n7Q7t 

1 1 
11 

1  •« 

07 

'  0«^TCc2 

70 

(-1 

I  1.07844 

49 

'1  * 

1    1  -9C^CO 

9C 

2d 

'  -1 

i  1  vomo 

5o 

1  l«^O^do 

AA 

1  i«91U2^ 

91 

21 

1  1.52468 

79 

r  1' 
1  * 

1  CI  9^7 

'  1«!)1297 

yb 

1-1 

1    1  A^O^A 

11 

i  -1, 

1    1  A9^il1 

1  l«4264l 

i%A 

04 

1  1 

1     1  %i^19A 

56 

1  1«28610 

85 

03 

1  -I. 

111  O'k^ 

l«llo37 

A7 

07 

\  -1, 

i    1  A^A7« 

'  i«03073 

50 

T«432do 

69 

(-2) 

8«S7487 

24 

7«74o3o 

98 

I  ft 

0,79040 

Ail 

04 

1 

0.Z1197 

79 

1,-2, 

9.91049 

60 

(-2) 

4.87356 

75 

-2; 

4.28395 

39 

-2, 

3.74736 

21 

-2 

3.26252 

61 

-2, 

2.82740 

22 

2.43937 

50 

-2 

2.09543 

47 

-2 

1.7*232 

68 

-2 

1.M667 

62 

!-2! 

1^9508 

77 

(-2) 

1.09422 

56^ 

Table  26.2 

-log«(.r) 

2173.87154 
4888.38812 
8688.58977 
13574.49960 
19546.12790 


26603.48018 
34746.55970 
43975.36860 
54289.90830 


^(«)-^«-»''  p{ty^\zm  mx)'fi}j{T) 


il«n(«)-(-l)*^»)(')/^(*)      P{-t)«l~P{»>     Z{-T)-Z{t)  Z«»)(>-/)-(--,l)''^(»)(jr) 
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III<;1IKK  DKRIVATIVKM  OK  THK  NORMAI-  I'RtHIABIIJTY  R  NCTION 


0.0 
0.1  I 
0.2 
0.3 
0.4 

0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
l.l 
1.2 
1.3 
1.4 

l.S 
1.6 
1.7 
1.8 

h"* 

2.0 
2.1 
2.2 
2.3 
2.4 

2.5 
2.6 
2.7 
2.8 
2.9 


S! 
1! 


1) 

1 

1 

1 

0 

0) 
0 

0 

0 

0 

0 
0 
0 
0 
0 


0.00000  00 
4.12640  51 
7.88604  3S 
1.09518  61 
1.30711  60 


1.40908 
1.39704 
1.27812 
1.06929 
7.94982 

4.83941 
♦1.65937 
-1.31434 
-3.85379 
-5.79719 


65 
30 
14 
69 
72 

45 
85 
07 
20 
45 


-7,0S769  71 
-7.{>2276  66 
-7.54545  38 
-6.9296V  04 
-5.91267  57 


0) -4.64322  31 
0) -3.27029  67 
0)-1.9231fr  65 
-1) -7.04932  91 
-I)f3.ni62  82 


3.0  ( 

3.1  I 

3.2  I 

1.3  ( 


SI 

0 
0 
0 

0) 

Oi 


1.09209  53 

1.62218  61 

1.91766  20 

2.00992  65 

1.94057  71 


0 


1.4 


I 

(-1 


3.5  (. 

3.6  (. 


-1 

-1 

3.7  (-2; 

\fl  -2! 
I 


4.0  (-1 
.1  (-1 


4 
4.7 
4.» 
4.4 


1.75501 
1.49720 
1.20591 
9.12450 
6.39748 

4.02558 
2.08414 
♦5.90352 
-4.80932 
-1.18202 

-1.57919 
-1.74223 
-1.73706 
-1.612110 
.1.44109 


20 
05 
21 
33 
51 

98 
13 
21 
87 

76 

67 

08 

76 
96 


4.5  ( 

-11 

1-1.23261 

24 

4.6  ( 

-1.02086 

14 

4.7 

-2 

|-8.2''201 

74 

4.8  ( 

-2 

|-6.'»  .35 

81 

|-4.'?f.U2 

66 

1) 
1 

1 

1) 
1) 

0 

0; 
1 
1 
1 

1 
1 
1 
1 
1 

0] 
0 
0 
0 

1; 

1) 
1) 
1) 
1) 

0) 

0; 

0 
0 

-2 

0' 

0 
0 
0 
0 
0 


/"•If.) 

4.18889  39 
4.00211 
3.46206 
2.62702 
1.58584 


42 
56 
42 
37 


♦4.46820 
-6.7556'5 
.1.67416 
.2.46111 
-2.97666 


41 
29 
58 
11 
59 


-3.19401  36 

-3.11962  40 

-2.78951  64 

-2.26227  70 

-1.61^06  61 


-9,09001 
-2.30231 
♦3.67230 
8.41240 
1.16856 


03 
44 
07 
26 
49 


1.34437  51 

1.37966  95 

1.29729  67 

1.12731  97 

9.02423  01 

6.^9922  01 

/».08745  39 

n.87558  77 

♦4.01113  24 

-1.35055  73 


-2.28683 
-2.80440 
-2.96904 
-2.86200 
-2.56761 


0) -2.16386 
01-1.71642 
0) -1.27559 
-1) -8.75911 
-1) -5.37496 


38 
64 

52 
69 
03 

79 
80 
98 
24 
49 


• 

X 

rj'  '  '  '  l.l  f 

0.00000  00  1 

2) 

-3.77000  46 

0.00000  00 

-3.70133  55  1 

-3.56488  94  ( 

2) 

4.05762  44 

1    1 1 

-7  nni  7d  7Q 

2) 

-2  Q7583  41  ( 

2) 

7.59641  46 

-9.54959  57  1 

2) 

-2.07783  39 

3) 

1.01729  46 

(  2) 

-1.10912  65  1 

1) 

-9.63606  69  ( 

3) 

1.14647  09 

(  2; 

-1.14961  02  1 

1) 

♦1.72666  73  i 

3' 

1.14097  69 

-1.07710  05  1 

1.25426  91  1 

3, 

.  L0018*  44 

]  \ 

-Q  05305  52  1 

2 

2  14046  31 

7.K473  11 

1'  1 

.6.58546  60  1 

2 

2.74183  89  1 

2 

4.39201  49 

(  1, 

.3.68086  24  -1 

"  2; 

3.01027  69  1 

1; 

♦9.71613  16 

(  0; 

.6.77518  03  1 

2] 

2.94236  40  ( 

z. 

-2.26484  60 

1  1 

♦2.10408  36  1 

2 

2.57621  24  1 

2 

-4.93791  72 

1 

2 

I  98269  77  \ 

2 

-6.77612  9^4 

!  V 

6.02399  37  1 

2 

1.25293  01  1 

2 

-^7.65260  28 

(  I 

6.89164  82 

1 

♦4.84200  76  1 

2 

-7.56972  92 

{  1] 

7.00965  92  ( 

1 

1-2.33347  96  ( 

,2; 

-6.65963  73 

6.46658  36  1 

,  1' 

1-8.27445  07 

2 

-5.14267  14 

2' 

1-1  25055  93 

'2 

•3.28612  11 

1  1 

1  4.02950  39  ( 

2; 

1-1.48242  69  I 

2 

-1.36113  54 

'!  1 

1  2.50938  72  1 

!  2' 

-1.52849  20  1 

1; 

♦3.94747  56 

(  1 

U1.02582  84 

[  2 

1-1.41510  32  ( 

'21 

1  1.60437  61 

■\  0 

1-2.81068  72 

2 

1-1.18267  82 

2 

(  2.76469  29 

/  1 

1  1  ^ii;i;n  ^li 

1  —i.vi^^U 

'  1 

-8.78156  27 

2 

1  3.24744  73 

1 

1-2.02888  89 

1 

-5.47943  26 

'2' 

1  3.28915  84 

I  1 

1-2.41634  55 

;  1 

-2.32257  79 

;2 

1  2J97376  42 

1:  1 

) -2.50848  12  , 

f  0)+3.85905  05 

"  2.41200  50 

I  1 

1-2.36048  69 

1 

1  2.45855  73 

2 

1  1.72126  20 

1  1 

li 

1  3.82142  44 

'2 

tm 

1  1.00B75  37 

\  1 

1-1.61917  24 

4.49758  25 

1 

1+3.59849  29 

1!  1 

1 -1.16080  01. 

)  4.58182  18 

!i 

1-1.67928  25 

(  ° 

) -7.17959  44 

( 

)  4.21202  87 

1 

1-5.45649  18 

(  0 

1-3.28394  42 

1 

1  3.54198  84 

'1 

1-7.69621  99 

1.1.46351  64 

1 

1  2.71897  33 

1 

is 

1+2.14502  00 

1 

1  1.86794  96 

1 

1-8.30925  36 

1  3.61188  70 

!  1 

1  1.08280  77 

1-7.29343  32 

)  4.35306  57 

1;  0 

) +4.23908  09 

(1 

) -5.83674  40 

1  0 

)  4.51182  76 

I'-i 

-7.94727  62 

1 

1-4.22572  56 

1  0 

1  4.24743  76 

1'  0 

1-4.23512  06 

'1 

1-2.68044  29 

1  0 

3.71320  90 

1  0 

'1-6.22699  31 

i  1 

1-1.34695  16 

0 

1  3.04185  84 

1'  0 

1-7.02577  94 

I'O 

1-3.01804  44 

-1) -2.68597  26 

-2) -6.85427  28 

-2) +6.92844  60 

-1)  1.54828  96 

1.99272  00 


2.13525  86 

2.07280  89 

1.88517  13 

1.63368  76 

1.36227  87 


Si 

0 

-1 
-1 

-2 
-1 
-1 
-1 

-1) 


2.33774 
1.67481 
1.09865 
6.31121 


64 
40 
39 
50 


2.76082  94 

♦'2.!>2235  61 
-1.36802  99 
-2.282(^  33 
-2.67421  39 
-2.70626  44 


S! 

0 

0' 
0' 

0 
0 
-1 
-1 
-1 


-6.93361 
-6.24985 
-5.23790 
-4.10728 
-3.00821 

-2.03523 
-1.23623 
-6.23793 
-1.86696 
+1.00018 


02 
27 
66 
31 
29 

88 
43 
04 
14 

72 


4.14700  50 
3.88080  01 
3.12148  92 
1.98042  89 
2^+6.22581  20 


2 
3 
3 
3 
3 

3! 
3 

3 
2 
♦  2 

\x 

3 
3 
3 

3! 

3; 
2 
2 
2 
2 

2 
2 
2 
2 
2 

[2; 
2 

X 
X 
[2! 

(2 
2 
2 
2 


-7.60421 
-1.98080 
-2.88334 
-3.36738 
-3.39874 

-3.01011 
-2.29066 
-1.36759 
-3.83358 
♦5.27141 

1.25562 
1.73301 
1.93425 
1.87567 


83 
26 
06 
39 
98 

SB 
27 
19 
74 
25 

83 
70 
58 
40 


1.60633  92 

1.19573  79 

7.20360  48 

♦2.51533  48 

-1.53768  85 

-4.58219  63 


+4.35697  68 
8.87625  64 
1.10126  69 
1.13501  02 
1.04753  07 

8.90<(33  89 
7.05470  76 
5.21451  06 
3.57035  54 
2.21617  27 


1) 

d! 
1 

1 

0 

1! 

1 
1 
1 
1 

1 


-6.45450 
-7.17969 
-6.92720 
-5.95491 
-4.55301 

-2.99628 
-1.51035 
-2.53474 
+6.87309 
1.26867 

1.57656 
1.60868 
1.45762 
1.19681 
8.90539 

5.88418 
3.23557 
+1.13637 
-3.62532 
-1.30010 

-1.76908 
-1.88530 
-1.76464 
-1.50840 
-1.19594 


80 
42 
18 
88 
20 

41 
91 
56 
15 
88 

15 
13 
72 
09 
46 

05 
28 
65 
62 
10 

98 
78 
76 
48 
52 


..n  (  ?).^.n\hh  hi)    (  n   1.0998/  51    (-1)  2.51404  27    (-1)  2.67133  76    (0)  1.17837  39    (0)-8.83034  08 
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NOMM  M  fHOH\iill  1 1^  H  NMION    V \M  F,S      X(x)  IN  TKRMS  OF  P(x)  AM)  <^(jr)  IMv  26.1 


0.0  J 
o.oi 

0.0? 
0.0  H 
0.04 

0,05 
0,06 
0.07 
0.0»i 
0.0** 

O.IO 
O.ll 

OA? 

o,n 

0.14 

O.IS 
O.l'. 
0.1/ 
O.IB 
0.19 

0.20 
0.*^l 

0.24 

0.2fi 
0.?7 
0.?P 

0.  »0 
U.M 
0. 

o.n 

0.54 

o.v, 

O.Vi 

0.  r; 

0.40 
0.41 
0.4; 
0.4  < 
0.44 

'0,4*- 
0.4b 
0.4; 

0.4) 


0.00000 
0.0?6t>S 
0.04842 
0.0^804 
0.0861/ 

0,10314 
0.1191? 
0.1342  7 
0.1486/, 
0.162 1'* 

O.l/SOO 
0.18804 
0.20004 
0,2llSS 
0.2225B 

0.23  M^) 
0.?43U 
O.JSSOS 
0.26i?40 
0.<;/13/ 

0,27996 
0.28820 
0.29609 
0.30^6*. 
0.5108/ 

0,31778 
0,  3?43  7 

0.  5  306^) 

0.34230 

0.34760 
O.^S?/'^ 

n.)s/bi 
o.36cns 

0.36641 

0.37040 
0.3741? 
0.  W/^/ 
0.3H0/6 
0.^8368 

0.38634 
0.3887S 
0.390H') 
')J9?7'> 
0.34442 

0.39S80 
0.396^4 

0.>'>M4  4 
0,  398H? 


o.ool 

0,00337 
0.0289d 
0.05046 
0.06992 
0.08792 

Oil  04  78 
0.12067 
0.13574 
0.1S007 
0.16373 

0.176/8 
0.18926 
0.20121 
0,21267 
0.22365 

0.23419 
0.?4430 
0.25401 
0.26331 
0.27224 

0.280B0 
0.28901 
0.2<)686 
0.30439 
0.31158 

0.31845 
0. 52501 
0.33126 
0.33720 
0.342H-3 

0,348?2 
0.35329 
0.35808 
0.36259 
0.366B2 

0,37078 
0.37'U7 

o.5//9n 

O.)Bl0f> 
0.38396 

0.38659 
0.38897 

0.39109 

0. 5o;9^) 

0.344S/ 

0.3959  5 

0.3970  5 
0.  ^'*/H,^ 
0.  59H4'I 
0.39BB4 


0,00634 
0,03123 
0,06249 
0.07177 
0.08965 

0,10641 
0,1222^ 
0.13720 
0.15146 
0,16506 

0.17805 
0,19048 
0,20238 
0.21379 
0.22473 

0.23522 
J, 24529 
0,25495 
0,2642? 
0,27311 

0,28164 
0.28981 
0.29  763 
0.30512 
0,3122:5 

0,31912 
0,32565 
0;'53ia7 
r„3377B 
0,34341 

0,348  74 
0.35378 
0,55854 
0.3630? 
0.36723 


0,37116 
0,37483 
0,3782^ 
0,581 56 
0,38423 


0.38684 
0,38920 
0,39l?9 
0.3931) 
0.394/2 

0,39605 
0,3971  5 
0,59/;?^^ 
0.39H54 
0.39886 
0.008 


o.ooa 

0.00915 
0,03348 
0,05449 
0.07362 
0.09137 

0.10803 
0.12375 
0.13866 
0.15285 
0.16639 

6.17932 
0.19169 
0,20354 
0.21490 
0.22580 

0.2362«i 
0.24628 
0.25590 
0,26513 
0.27398 

0.28247 
0.29060 
0.29840 
0.30585 
0.31298 

0.31979 
0.32628 
0.33247 
0.338^6 
0,34395 

0,34925 
0.35427 
0.35900 
0.36346 
0,36764 

0.37154 
0.37518 
0,378^)5 
0,38166 
0,38451 

0.38709 
0.38942 
0.39149 
0,39330 
0.39486 

0.39617 
0.39723 
0.39B03 
0,3985S 
0.398f5d 
0.007 


0.fH)4 
0.01185 
0.03569 
0.05648 
0.07545 
0.09309 

0,10964 
0.12528 
0.14011 
0.15423 
0.16770 

0.18057 
0.19290 
0.20470 
0.21601 
0.22686 

0.23727 
0.24726 
0.25684 
0.26601 
0.27485 

0.26330 
0.29140 
0.29916 
0.30658 
0.31367 

0.32045 
0.32691 
0.^3307 
0.33893 
0.34449 

0.34977 
0.35475 
0.35946 
0.36389 
0.36804 

0.37192 
0.37553 
0.37888 
0.38196 
0.38478 

0.38734 
0.38964 
0.39168 
0.3934/ 
0.39501 

0.39629 
0.39732 
0.39809 
0.39862 
0.39890 
0.006 


OJHlfi 
0,01446 
0.03787 
0.05845 
0.07727 
0.09479 

0.11124 
0.12679 
0.14156 
0.15561 
0.16902 

0.18184 
0.19410 
0.20585 
0.21712 
0,22792 

0.23829 
0.24823 
0.25778 
0.26693 
0.27571 

0,28413 
0.29219 
0.29991 
0.30730 
0,31436 

0.32111 
0.32754 
0.33367 
0.33950 
0.34503 

0.35028 
0.35524 
0.35991 
0.36431 
0.36844 

0.37229 
0.37588 
0.37920 
0.38225 
0.38504 

p.38758 
0.38985 
0.39187 
0.39364 
0.39514 

0.39640 
0.39741 
0.39816 
0.39866 
0.39891 
0.(M)5 


0.006 
0.01700 
0.04003 
0.06040 
0.07908 
0.09648 

0.11284 
0.12830 
0.14299 
0.15698 
0.17033 

0.18309 
0.19530 
0.20700 
0.21822 
0.22898 

0.23930 
0.24921 
0.25871 
0.26782 
0.27657 

0,28495 
0.29293 
0.3Q067 
0.30802 
0.31505 

0,32177 
0.32817 
0.33427 
0.34007 
0.34557 

0.35079 
0.35572 
0.36057 
0.36474 
0.36884 

0.37266 
0.37622 
0.37951 
0.38254 
0.38531 

0.38782 
0.39007 
0.39206 
0.39380 
0.39528 

0.39651 
0.39749 
0.39822 
0.39870 
0.39892 
0.004 


0.007 
0.01949 
0.04216 
0.062^ 
0.08087 
0.09816 

0.11442 
0.12981 
0.14442 
0.15834 
047163 

0,18433 
0.19649 
0.20814 
0.21932 
0.23003 

0.2403U 

0.25017 

0.25964 

0.26871 

0.27742 

0.28577 
0.29376 
0.30142 
0.30874 
0.31574 

0J2242 
0.32879 
0.33486 
0.34063 
0.34611 

0.35129 
0.35620 
0.36062 
0.36516 
0.36923 

0.37303 
0.37656 
0.37983 
0.38283 
0.3855  7 

0.38805 
0.39028 
0.39224 
0.39396 
0.39542 

0.39662 
0.39758 
0.39828 
0.39873 
0.39893 
0.003 


0.008 
0,02192 
0,04427 
0.06425 
0.08265 
0.09983 

0.11600 
0.13130 
0.14584 
0.15970 
0.17292 

i 

0.18557 
0.19768 
0.20928 
0.22041 
0.23108 

0.24131 
0.25114 
0.26056 
0.26960 
0.278?7 

0.28658 
0.29454 
0.30216 
0.30945 
0.31642 

0.32307 
0.32941 
0.33545 
0.34119 
0.34664 

0.35180 
0.35667 
0.36126 
0.36558 
0.36962 

0.37340 
0.37690 
0.38014 
0.38312 
0.3858^ 

0.38829 
0.39049 
0.39243 
0.39411 
0.39555 

0.39673 
0.39766 
0.39834 
0.39876 
0.39894 

0.002 


l.inKir  interpolation  yieldn  an  error  no  ^c^ater  than  5  units  in  the  fifth  decimal  place. 


0.009 
4.02431 
0,04635 
0.06615 
0.08442 
0.10149 

0.11756 
0.13279 
0.14726 
0.16105 
0.17421 

0.18681 
0.19886 
0.21042 
0.22149 
0.23212 

0.24232 
0.25210 
0.26148 
0.27049 
0.27912 

0.28739 
J).29532 
0.30291 
0.31016 
0.31710 

0.32372 
0.33003 
0.33604 
0.34175 
0.34717 

0.35230 
0.35714 
0.36171 
0.36600 
0.37001 

0.37376 
0.37724 
0.38045 
0.38340 
0.38609 

0.38852 
0.39069 
0.39261 
0.39427 
0.39568 

0.39683 
0.39774 
0.39839 
0.3?B79 
0.39894 
0.001 


0.010 
0.02665 
0.04842 
0.06804 
0.08617 
0.10314' 

0.11912 
0.13427 
0.14867 
0.16239 
0.17550 

0.18804 
0.20004 
0.21155 
0.22258 
0.23316 

0.24331 
0.25305 
0.26240 
0.27137 
.0.2799<^ 

0.28820 
0.29609 
0.30365 
0.31087 
0.31778 

0.32437 
0.33065 
0.33662 
0.34230 
0.34769 

0.35279 
0.35761 
0.36215 
0.36641 
0.37041) 

0.37412 
0.37757 
0.38076 
0.38368 
0.38634 

0.38875 
0.39089 
0.39279 
0.39442 
0.39580 

0.39694 
0.39781 
0.39844 
0.39882 
0.39894 

0.000 


0.99 
0.98 
0.97 
0.96 
0.95 

0.9% 

0,93 

0.92 

0.91 

0.90 

0.89 
0.88 
0.87 
0.86 
0.85 

0.84 
0.83 
0.82 
0.81 
0.80 

0.79 
0.78 
0.77 
0.76 
0.75 


0.74 
0.73 
0.72 
0.71 
0.70 


0.69 
0.68 
0.67 
0.66 
0.65 

0.64 
0.63 
0.62 
0.61 
0.60 

0.59  . 

0.58 

0.57 

0.56 

0.55 

0.54 
0.53 
0.52 
0.51 
0.50 


/A- 


f\')  I       f  /(/}'//% 


('fifninl*'f|  frotii  T  I,  K^»llf»v,  Thv  Kfllry  StatisMral  Tul)lv8,  Harvard  Univ.  Prt^ss,  CamliridKe.  Ma.H}i., 
\U'\H  'Wif I)  iM'tfrUHMoh'. 
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PHOBABILITY  FUNCTIONS 


TttWr  2fK:>  NOHVI  \y  PR4^H4HIIJTY  H  !N<rriON~A  AU  ES  OF  X  IN  TKRMS  iW  P(x)  AND  Q(x) 


0,00 
0,01 
0.02 
0,0) 
0,04 

o.os 

0.06 

0.07 
0.08 
0.09 

Q.IU 
0,U 
0*12 
0.13 
0.14 

O.IS 
0,16 
0,17 
O.IH 
0.19 

0.2 1 

0,24 

0.2S 
0,26 
0,27 

o.2e( 

0,2'^ 

0.30 
0,31 
0,^2 
0.33 
0,34 

0,3S 

'K^f 

0,48 
0,3^J 

0.40 
0,41 

0,4;^ 

0,44 
0,4^ 

n,4fc 

0,48 

0,4'^ 


2,3263'5 
2,05375 
1,88079 
1,75069 

1.64485 
1.55477 
1.47579 
1.40507 
1.^40  76 

1.2815') 
1.226S3 
1.17499 
1.12639 
1.08032 

L03645 
0.99446 
0,9^>416 

o,'n53; 

0,B7790 

0.84162 
0.80642 
0.77219 
0,7  3885 
0,70630 

0,67449 
0,64335 
0.61281 
0,58284 
0,5533ft 

0.52440 
0.49585 
0.46/70 
0.43991 
0.41246 

0,1853? 
0,35846 
0,niB^) 
0, 30548 
0,27932 

0,25335 

0,.*?754 

0,1  /6W 
0,1  .07/ 

QJ25h6 
0,10043 
0,0/5;/ 
0,0501S 
0,02507 

For  V'w 


3.09023 
2.29037 
2.03352 
1.86630 
1.73920 

1.63523 
1.54643 
1.46838 
1.39838 
1.33462 

1.27587 
1.22123 
1.17000 
1.12168 
1.07584 

1.03215 
0.99036 
0.95022 
0.91156 
0.87422 

0.83805 
0.80296 
0.76882 

0.73556 
0.703^ 

0.67W5 
0.64027 
0.60979 
0.57987 
0.55047 

0.52153 
0.49302 
0.46490 
0.43715 
0.40974 

0.38262 

0.35579 
0,32921 
0,30286 
0.27671 

0.25076 
0,22497 
0.19934 
0,17383 
0,14843 

0.12314 
0,09791 
0.07276 
0.04764 

0.02256 

mm 


0.002 

2.67816 
2.25713 
2.01409 
1.85218 
1.72793 

1.62576 
1.53820 
1.46106 
1.39174 
1.32654 

1.27024 
1.21596 
1.16505 
1,11699 
1.07136 

1.02769 
0.98627 
0.94629 
0*90777 
0.67055 

0.83450 
0.79950 
0.76546 
0.7322!8 
0.69988 

0.66621 
0.63719 
0.60678 
0.57691 
a.54755 

0.51666 
0.49019 
0.46211 
0.43440 
0.40701 

0.37993 
0.35312 
0.32656 
0.30023 
0.27411 

0.2481/7 
0.22240 
0.19678 
0.17128 
0.14590 


mm 

2.74776 
2.22621 
1.99539 
ls63842 
1.71689 

1.61644 
1.53007 
1.45381 
1.38517 
1.32251 

1.26464 
1.21072 
1.16(U2 
1.11232 
1.06694 

1.02365 
0.98220 
0.94238 
0.90399 
0.66689 

0.83095 
0.79606 
0.76210 
0.72900 
0.69666 

0.66508 
0.63412 
0.60376 
0.57395 
0.54464 

0.51579 
0.48736 
0.45933 
0.43164 
0.40429 

0.37723 
0.35045 
0.32392 
0.29761 
0.27151 

0.24559 
0.21963 
0.19422 
0.16674 
0.14337 


0.004 
2.65207 
2a9729 
1.97737 
1.82501 
1.70604 

li60725 
1.52204 
1.44663 
1.37866 
1.31652 

U25906 
1.20553 
1.15522 
1.10768 
•  1.06252 

1.01943 
0.97815 
0.93646 
0.90023 
0.66325 

0.62742 
0.79262 
0.75675 
0.72574 
0.69349 

0.66196 
0.63106 
0.60076 
0.57100 
0.54174 

0.51293 
0.48454 
0.45654 
0.42669 
0.40157 


0.12061  0.11609 
0.09540  0.09268 
0.07024  0.06773 
0.04513  0.04263 
0.02005  0.01755 
{im\  0.007 


0.005 

2.57583 
2.17009 
1.95996 
1.81191 
1.69540 

1.59819 
1.51410 
1.43953 
1.37220 
1.31058 

1.25357 
1.20036 
1.15035 
1.V0306 
1.05612 

1.01522 
0.97411 
0.93458 
0.69647 
0.65962 

0.62390 
0.76919 
0.75542 
0.72248 
0.69031 

0.65664 
0.62601 
C.59776 
0.56805 
0.53664 

0.51007 
0.46173 
0.45376 
0.42615 
0.39B66 


0.37454  0.37186 

0.34779*  0.34513 

0.32126  0.31664 

0.29499  0.29237 

0.26691  0.26631 


0.24301 
0.21727 
0.19167 
0.16620 
0.14064 

0.11556 
0.09036 
0.06522 
0.04012 
0.01504 
0.006 


0.24043 
0.21470 
0.16912 
0.16366 
0.13630 


0.006 
2.51214 
2.14441 
1.94313 
1.79912 
1.66494 

1.56927 
1.50626 
1.43250 
1.36561 
1.30469 

1.24806 
1.19522 
1.14551 
1.09847 
1.05374 

1.01103 
0.97009 
0,93072 
0.69273 
0.65600 

0.62036 
0.78577 
0.75206 
0.71923 
T).68713 

0.65573 
0.b2496 
0.59477 
0.56511 
0.53594 

0.50722 
0.47691 
0.45099 
0.42340 
0.39614 

0.36917 
0.34247 
0.31600 
0.26976 
0.26i371 

0.23765 
0.21214 
0.16657 
0.16112 
0.13577 


0.11304  0.11052 
0.06764  0.06533 
0.06271  0.06020 
0.03761*  0.03510 
0.01253  0.01003 
0.006  0.004 


0.007 
2.45726 
2.12007 
1.92664 
1.76661 
1.67466 

1.56047 
1.49651 
1.42554 
1.35946 
1.29684 

1.24264 
1.19012 
1.14069 
1.09390 
1.04939 

1.00666 
0.96609 
0.92666 
0.66901 
0.65239 

0.61667 
0.76237 
0.74676 
0.71599 
0.66396 

0.65262 
0.62191 
0.59178 
0.56217 
0.53305 

0.50437 
0.47610 
0.44621 
0.42066 
0.39343 

0.36649 
0.33961 
0.31337 
0.26715 
0.26112 

0.23527 
0.20957 
0.16402 
0.15656 
0.13324 

0.10799 
0.06261 
0.05766 
0.03259 
0.00752 
0.003 


0.008 
2.40692 
2.09693 
1.91104 
1.77438 
1.66456 


0  009 

2.36562 
2.07465 
1.69570 
U76241 
1.65463 


0.010 

2.32635 
2;05375 
1.66079 
1.75069 


1.57179  1.56322 

1.49085  1.46326 

1.41665  1.41183 

1.35317  a.34694' 

1.2W^3  1.26727 

1.2372^  1.23186 


1.16504 
1.13590 
1.06935 
1.04505 

1.00271 
0.96210 
0.92301 
0.66529 
0.64879 

0.61336 
0.77697 
0.74545 
0.71275 
0.66060 

0.64952 
0.61667 
0.56679 
0.55924 
0.53016 

0.50153 
0.47330 
0.44544 
0.41793 
0.39073 

0.36361 
0.33716 
0.31074 
0.26454 
0.25853 

0.23269 
0.20701 
0.16147 
0.15604 
0.13072 

0.10547 
0.06030 
0.05517 
0.03008 
0.00501 
0.002 


0.99 
0.96 

  o;96 

1.64485  /0«95 


1.16000 
1.13113 
1.06462 
1.04073 

0.99656 
0.95612 
0.91916 
0.66159 
0.64520 

0.60990 
0.77557 
0.74214 
0.70952 
0.67764 

0.64643 
0.61564 
0.56561 
0.55631 
0.52726 

0.49669 
0.47050 
0.44266 
0.41519 
0.36602 

0.36113 
0.33450 
0.30611 
0.26193 
0.25594 

0.23012 
0,20445 
0.17692 
0.15351 
0.12619 

0.10295 
0.07776 
0.05266 
0.02756 
0.00251 
0.001 


1.55477 
1.47579 . 
1.40507 
L34076 
1^155 

1.22653 
1.17499 
1.12639 
1.06032 
1.03643 

0  'M6 
O.S  .6 
0.91j37 
0.67790 
0.64162 

0.60642 
0.77219 
0.73665 
0.70630 
0.67449 

0.64335 
0.61261 
0.58264 
0.55336 
0.52440. 

0.49585 
0.46770 
0.43991 
0.41246 
0.38532 

0.35646 
0.33185 
0.30546 
0.2793^ 
0.25335 

0.22754 
0.20169 
0.17637 
0.15097 
0U2566 

0.10043 
0.07527 
0.05015 
0.02507 
0.00000 
0.000 


Ojwr,  linear  interpolation  yields  an  error  of  one  unit  in  the  third  decimal  place;  five-point 


0.94 
0*93 
0.92 
0.91 
0.90 

0.69* 

0.86 

0.87 

0.66 

0.65 

0.64 
0.63 
0.62 
0.81 
0.60 

0.79 
0.76 
0.77 
0.76 
0.75 

0.74 
0.73 
0.72 
0.71 
0.70 

0.69 
0.68 
0.67 
0.66 
0.65 

0.64 
0.63 
0.62 
0.61 
0.60 

0.59 
0.56 
0.57 
0.56 
0«5S 

0.54 
0.S9 
0.52 
0.51 
0.50 
Pir) 


int»*rpol:ition  is  necessary  to  obtain  full  accuracy 


Z[Mt 


I  frotii  T.  \..  Kt'llj'V,  The  Kellfv  Statistical  Tables, 
with  iM'nnission). 


Han-ard  Univ.  Press,  Cambridge,  Mass.. 
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PROBABIUTT  FUNCTIONB 


INomiAL  PROHABIMTY  M^iri  10!^— VAU'EM  OF  m  K<IR  EXTRfiMK  VALtlLM  OF«P(x)  AND  ^(m) 
0.01)00 


0.000 
0.001 
0«002 
0.003 
0«004 

0.009 
0.006 
0.007 
0.006 
0.009 

0.010 
0.0 11 
0.012 
0.013 
0.014 

0.015 
0.016 
0.017 
0.018 
0.019 

0.020 
0.021 
0.022 
0.023 
0.024 


3.09023 
2«8;816 
2.74778 
2*65207 

2.57983 
2.51214 
2.45726 
2*40891 
2*36562 

2*32635 
2.29037 
2*25713 
2.22621 
2.19729 

2*17009 
2*14441 
2*12007 
2.09693 
2*0746S 

2*05375 
2.03352 
2.01409 
1*99539 
l*9i737 

o.obio 


O.0OO1 
3*71902 
3.06181 
2.86274 
2*73701 
2.64372 

2*56897 
2*50631 
2*45216 
2*40437 
2*3615 


0.0002 
3*54008 
3*03567 
2.84796 
2*72655 
2*63555 

2.56224 
2*50055 
2*44713 
2*39989 
5747 


2.32261 
2.28693 
2.25394 
2.£2323 
2.19449 

2.16746 
2*14192 
2*11771 
2.09467 
2*07270 

2*05169 
2.03154 
2.01219 
1.99356 
1*97560 
0.0009 


2*31891 
2.28352 
2*25077 
2*2202a 
2*19172 

2*16484 
2*13944 
2*11535 
2*09243 
2*07056 

2*04964 
2*02957 
2*01029 
1*99174 
1*97384 
0.0008 


0.0003 

3*43161 
3.01145 
2*83379 
2*71638 
2;62756 

2*55562 
2*49489 
2*44215 
2*39545 
2*35345 

2*31524 
2*28013 
2*24763 
2*21734 
2*18896 

2*16224 
2*13698 
2*11301 
2*09020 
2.06843 

2*04759 
2*02761 
2.00841 
1*98992 
1.97208 
0.0007 


0.0004 
3*35279 
2*98888 
2*82016 
2*70648 
2*61973 

2*54910 
2.48929 
2.43724 
2.39106 
2*34947 

2.31160 
2*27677 
2»24450 
2,21442 
2*18621 


0.0005 

3*29053 
2*96774 
2*80703 
2.69684 
2*61205 

2.54270 
2.48377 
2.43238 
2.38671 
2.34553 

2*30798 
2*27343 
2*24140 
2.21152 
2*18349 


2*15965  2*15707 
2*13452.  2*13208 
2*11068  \  2.10836 
2.08798  2*08576 
2*06630  2*06419 


2*04556 
2*02566 
2*00653 
1*98811 
1*97033 
0.0006 


2*04353 
2.02371 
2.00465 
1*98630 
1*96859 
0.0006  . 


0.0006 

3*23888 
2.94784 
2*79438 
2*68745 
2*60453 

2.53640 
2*47833 
2*42758 
2*38240 
2*34162 

2*50440 
2*27013 
2*23832 
2*20864 
2*18078 

2*15451 
2*12966 
2*10605 
2*08356 
2*06208 

2*04151 
2*02177 
2*00279 
1*98450 
1*96685 
0.0004 


0.0007 
3*19465 
2*92905 
2*78215 
2*67829 
2*59715 

2*53019 
2*47296 
2*42283 
2*37814 
2*33775. 

2*30085 
2*26684 
2*23526 
2*20577 
2.17808 

2*15197 
2*12724 
2*10375 
2*08137 
2*05998 


0.0008 
3.15591 
2*91124 
2*77033 
2.66934 
2.58991 

2.52408 
2.46765 
2*41814 
2*37392 
2*33392 

2*29733 
2*26358 
2.23223 
2.20293 
2*17540 

2*14943 
2*12484 
2.10147 
2.07919 
2*05790 


0.( 
3.12139 
2.89430 
2.75888 
2.66061 
2.58281 

2.51807 
2.46243 
2*41350 
2«36975 
2*33<P12 

2*29383 
2*26034 
2.22921 
2*20010 
2*17274 

2*14692 
2.12245 
2.09919 
2.07702 
2*05582 


Table  26.li 
O.OOIG 


3.09023 
2*87816 
2*74778 
2*65207 
2*57583 

2*512!4 
2*45726 
2*40891 
2*3o562 
2*32635 

2*29037 
2.25713 
2.22621 
2*19729 
2*17009 

2*14441 
2*12007 
2.09693 
2*07485 
2*05375 


0.0007,  linear  interpolation  yields  an  error  of  one  unit  in. 
interpolation  ia  necessary  to  obtain  full  accuracy. 


2*03950  2*03750  2*03551  2.03352 

2*01984  2*01792  2.01600  2*01409 

2*00093  1.99908  1.99723  1.99539 

1*98271  1.98092  1.97914  1,97737 

1*96512  1.96340  1.96168  1*95996 

0.0008  0.0002  0.0001  0.0000 
the  third  decimal  place;  ilve«point 


0.999 
0.998 
0*997 
0*996 
0.995 

0.994 
0.993 
0*992 
0.991 
0.990 

0*989 
0*988 
0.987 
0.986 
0.985 

0*984 
0.983 
0*902 
0*981 
0*980 

0*979 
0.97| 
0*977 
0*976 
0.975. 


i 

1 

VO)  '* 

I- 

(-4)1.0 

3*71902 

(.  9)1*0 

5*99781 

(-14)1.0 

7*65p63 

(-19)1*0 

9*01327 

(-5)1.0 

4.26489 

(-10)1*0 

6.361^ 

(-15)1,0 

7*94135 

(-20)1*0 

9*26234 

(-6)1.5 

4.75342 

(-11)1*0 

6.70602 

(-16)1.0 

8,22208 

(-21)1.0 

9*  50502 

(-7)i.q 

5*19934 

(-12)1*0 

7. 03448 

(-17)1*0 

8*  49379 

(-22)1*0 

9*74179 

(-8)1.0 

5.61200 

(-13)1*0 

7.34880  * 

(-18)1*0 

8*  75729 

(-23)1*0 

9*97305 

Compiled  from  T.  L.  Kelley*  The  Kelley  Statistical  Tables.  Harvard  Univ.  Press,  Cambridge,  Mass., 
1948  (with  permiasion)  for  ^H*-)  >(-9)l* 
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UBILITY  FUNCTIONS 


TKbl«'26.7    PKOIIABIM  I  \  IM'I  K<;KAI. 

^  (IMILATIVK 


x.>.ni.HrRIRl  TION,  INCOMPLETK  GAMMA  FlllNCTU>iN 
JMS  OF  THE  RHSSON  DISTRIBUTION 


0.001 

U.UUo 

u.uut 

U.UUO 

n  (VY7 

U.UUl 

v.vUO 

¥ 

w 

0.0(M)5 

o.doio 

0.0015 

0.0020 

0»w)25 

0.0030 

0.0035 

0.0040 

1 

2 

0, 99950 

0.99900 

0.99850 

0.99800 

0.99750 

0.99700 

0.99651 

0.99601 

3 

0.99999 

0.99998 

0.99996 

0.99993 

0.9999i 

0.99988 

0. 99984 

0.99981 

4 

0.99999 

0.99999 

xi 

0.01 

0.02 

0.03 

0.04 

0.05 

\0.06 

0.07 

0.08 

¥  ' 

m 

0.005 

0.010 

0.015 

0.020 

0.025 

U030 

0.085 

0.040 

I 

0. 92034 

0.88754 

0.86249 

0. 84148 

0.82306 

0.X0650 

0.79134 

•0.77730 

2 

0.99501 

0.99005 

0.98511 

0.98020 

0.97531 

0.91045 

0.96561 

0. 96079 

3 

0.99973 

0.99925 

0.99863 

0.99790 

0.99707 

0.99616 

0.99518 

0.99412 

4 

0. 99999 

0.99995 

0.99989 

0.99980 

0.99969 

0.999&6 

0.99940 

0.99922 

5 

0.99999 

0.99998 

0.99997 

0.9999^ 

0.99993 

0.99991 

6 

• 

\0. 99999 

0.99999 

0.1 

0.2 

0.3 

OA 

0.5 

0.6 

¥ 

m  0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

1 

0.75183 

0.65472 

0.58388 

0. 52709 

0.47950 

0.43858 

2 

0.95123 

0.90484 

0.86071 

0. 81873 

0.77880 

0.74082 

0.99184 

0.97759 

0.96003 

0.94024 

0.91889 

0.89643 

4 

0,99879 

0.99532 

0.98981 

0.98248 

0.97350 

0.96306 

5 

0.99984 

0.99911 

0.99764 

0.99533 

0.99212 

0.98800 

6 

0.99998 

0.99985 

0.99950 

0.99885 

0.99784 

0.99640 

7 

0.99997 

0.99990 

0.99974 

0.99945 

0.99899 

8 

0.99998 

0.99994 

0.99987 

0.99973 

9 

0.99999 

0.99997 

0.99993 

10 

0.99999 

0.99998 

n 

12 


1 

2 
3 
4 

5 

6 
7 

8 
9 
10 

11 
12 
13 
14 
15 

16 


,0.7 
).35 
0.40278 
0.7M69 
0.87920 
0.95133 
0.98297 

0.99449 
0.99834 
0.99953 
0.99987 
0.99997 


0.8 
0.40 
0.37109 
0.67032 
0.84947 
0.93845 
0.9770> 

0.99207 
0.99744 
0.99922 
0.99978 
0.99994 


0.99999  0.99998 


'  1.1 

1.2 

1.4 

1.5 

1.6 

0.55 

0.60 

JI5 

0.70 

0.75 

0.80 

0. 29427 
0. 57695 
0. 77707 
0. 89427 
0.95410 

0.27332 
0. 54881 
0.75300 
0. 87810 
0.94488 

0.25421 
0. 52205 
0.72913 
0.86138 
0.93493 

0.23672 
0.49659 
0. 70553 
0.84420 
0.92431 

0.22067 
0.47237 
0. 68227 
0.82664 
0.91307 

0.20590 
0.44933 
0.65939 
0.80879 
0.90125 

0.98154 
0. 99305 
0.99753 
0. 99917 
0. 99973 

0.97689 

0,99093 

0.99664' 

0,99882 

0.99961 

0.97166 
0.98844 
0.99555 
0.99838 
0,99944 

9.96586 
0.98557 
0.99425 
0.99782 
0.99921 

0.95949 
0.98231 
0.99271 
0.99715 
0.99894 

0.95258 
0.97864 
0.99092 
0.99633 
0.99859 

0. 99992 
0.99998 
p.  99999 

0.99987 
0.99996 
0.99999 

0. 99981 
0.99994 
0,99998 
0.99999 

0.99973 
0. 99991 
0.99997 
0.99999 

0.99962 
0. 99987 
0. 99996 
0.999^ 

0.99948 
0.99982 
0.99994 
0.99998 
0.99999 

1.7 
0.85 
0.19229 
0.42741 
0. 63693 
0. 79072 
0.80890 

0.94512 
0.97457 
0.98887 
0.99537 
0.99817 

0.99930 
0.99975 
0.99991 
0.99997 
0. 99999 


1.8 

0.90 
0.17971 
0.40657 
0.61493 
0.77248 
0.87607 

0.93714 
0.97008 
0.98654 
0.99425 
0.99766 

0.99908 
0.99966 
0.99988 
0.99996 
0.99999 


0.009 
0.0045 
0.92442 
0.99551 
0.99977 
0. 99999 

0.09 
0.045 
0. 76418 
0. 95600 
0.99301 
0. 99902 
0.99987 


0.010 

0.0050 

0.92034 

0. 99501 

0.99973 

0.99999 

0.10 

0.050 
0. 75183 
0.95123 
Q:*  99184 
0.^9879 
0. 99984 


0.99999  0.99998 


0.9 
0.45 
0.34278 
0.63763 
0. 82543 
0.92456 
0. 97022 

0.98912 
0.99628 
0.99880 
0.99964 
0.99989 

0.99997 
0. 99999 

1.9 
0.95 
0. 16808 
0.38674 
0. 59342 
0.75414 
0. 86280 

0.92866 
0.96517 
0.98393 
0. 99295 
0.99705 

0. 99882 
0. 99954 
0.99983 
0. 99994 
0.99998 


1.0 
0.50 
0. 31731 
0. 60653 
0.80125 
0.90980 
0,962^7 

0.98561 
0.^9483 
0. 99825 
0. 99944 
0.99983 

0.99995 
0.99999 

2.0 
1.00 
0.15730 
0. 36788 
0. 57241 
0. 73576 
0.84915 

0.91970 
0.95984 
0.98101 
0.99147 
0.99634 

0.99850 
0.99941 
0.99977 
0.99992 
0. 99997 


0.99999  0.99999 


■  1     *— 1 

dir.  2  «-">fn}/jl{»  even,  '•='In  m^\x^) 


1  /'..^.)  [?r(-)]  'J./  '"-[r(^)]-7,>-,^ 

Compiled  from  K.  S.  Pearson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for  statisticians,  vol.  I. 
CamhridKe  ^niv.  Presw,  Cambridge,  England,  1964  (with  permission). 
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PR<IR4HIIJTY  IINTM;H4I.  OK  x '  iUHTHIBt  HON.  l!M<:OMPI.RTK  GAMMA  Fl  Nn  iON  Table  26.7 
CI'Ml  LA  I  IVK  HUMS  OF  TIIK  INHSSON  ULSTRIBl'TION 


1 

2 
3 
4 
5 

6 
7 
8 
9 

10 

11 
12 
13 
14 

IS 

16 
17 
18 
19 
20 

21 

22 


1 
2 
3 
4 

5 

6 
7 

-8 
9 

10 

n 

12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 

27 


2.2 
m  1.1 
0. 13801 
0. 33287 
0. 53195 
0.69903 
0. 82084 

0. 90042 
0. 94795 
0.97426 
0. 98790 
0. 99457 

0. 99766 
0. 99903 
0.99961 
0. 99985 
0. 99994 

0. 99998 
0. 99999 


2.4 
1.2 
0.12134 
0. 30119 
0. 49363 
0.66263 
0.79147 

0. 87949 
0. 93444 
0.96623 
0. 98345 
0. 99225 

0.99652 
0. 99850 
0. 99938 
0.99975 
0,99990 

0.99996 
0,99999 


4.2 

m  2.1 
0.  04042 
0. 12246 
0.24066 
0. 37962 
0.52099 

64963 
0.75647 
0. 83864 
0. 89776 
0.93787 

0.96370 
0.97955 
0.98887 
0.99414 
0.99701 

0.99651 
0.99928 
0. 99966 
0.99985 
0. 99993 


2.6 
U 
0. 10686 
0.2T253 
0. 45749 
0.62682 
0. 76137 

0. 85711 
0. 91938 
0.95691 
0. 97807 
0.98934 

0.99503 
d. 99777 
0.99903 
0. 99960 
0. 99984 

0.99994 
0. 99998 
0.99999 


4.4 

2.2 
0. 03594 
0.11080 
0. 22139 
0. 35457 
0. 49337 

0.62271 
0.  73272 
0.81935 
0.88317 
0.92750 

0.95672 
0.97509 
0. 98614 
0.99254 
0.99610 

0.99802 
0»  99902 
0. 99953 
0.99978 
0.99990 


0.99997  0.99995 
0.99999  0.99998 
0.99999  0.99999 


Interpolation  on 


2.8 
1.4 
0. 09426 
0.24660 
0. 42350 
0.59183 
0. 73079 

0.83350 
0.90287 
0.94628 
0.97170 
0.98575 

0. 99311 
0.99680 
0.99856 
0.999?8 
0.99974 

0.99989 
0.99996 
0.99998 
0.99999 


4.6 

2.3 
0. 03197 
0. 10026 
0.20354 
0. 33085 
0.46662 

0.59604 
0. 70864 
0. 79935 
0.66769 
0.91625 

D.  94898 
0.97002 
0.96298 
0.99064 
0.99501 

0.99741 
0.99869 
0.99936 
0.99969 
0.99966 

0.99993 
0.99997 
0. 99999 
0.99999 


3.0 

1.5 
0. 08327 
0. 22313 
0. 39163 
0. 55783 
0. 69999 

0. 80885 
0.88500 
0. 93436 
0. 96430 
0.961,42 

0.99073 
0. 99554 
0. 99793 
0.99907 
0.99960 

0. 99983 
0. 99993 
0. 99997 
0. 99999 


3.2 
1.6 
0. 07364 
0. 20190 
0. 36181 
0. 52493 
0. 66918 

0. 78336 
0.86590 
0.92119 
0.95583 
0. 97632 

0.96781 
0. 99396 
0.99711 
0. 99866 
0. 99940 

0.99974 
0.99989 
0.99995 
0.99996 
0.99999 


4.8 

2.4 
0. 02846 
0. 09072 
0.18704 
0. 30644 
0.44077 

0.56971 
0.68435 
0.  77872; 
0.85136 
0.90413 

0.94046 
0.96433 
0.97934 
0.98841 
0.99369 

0.99666 
0.99828 
0.99914 
0.99956 
0.99980 

0.99991 
0.99996 
0. 99996 
0.99999 


3.4 

1.7 
0. 06520 
0. 18268 
0.33397 
0.49325 
0. 63857 

0. 75722 
0.64570 
0.90681 
0.94631 
0.97039 

0.98431 
0.99200. 
0.99606 
0.99613 
0.99913 

0. 99961 
0.99983 
0.99993 
0.99997 
0.99999 


3.6 
L8 
0.05778 
0. 16530 
0.30802 
0.46264 
0.60831 

0. 73062 
0.82452 
0.89129 
0.93572 
0.96359 

0.98019 
0.98962 
0.99475 
0. 99743 
0.99676 

0.99944 
0.99975 
0. 99969 
0.99995 
0.99996 


3.8 
1.9 
0. 05125 
0.14957 
0.28389 
0.43375 
0. 57856 

0.70372 
0. 80250 
0.87470 
0.92408 
0.95592 

0.97541 
0.96678 
0.99314 
0.99655 
0.99832 

0.99921 
0.99964 
0.99984 
0.99993 
0.99997 


0.99999  0.99999 


5.0 

2.5 
0. 02535 
0. 08209 
0. 17180 
0. 28730 
0.41588 

0.54381 
0.65996 
0. 75758 
0.83431 
0. 89118 

0.93117 
0.95796 
0.97519 
0.96581 
0.99213 

0.99575 
0.99777 
0. 99886 
0.99943 
0. 99972 

0. 99967 
0. 99994 
0.99997 
0. 99999 
0. 99999 


5.2 

2.6 
0. 02259 
0.07427 
0.15772 
0.26739 
0. 39196 

0.51843 
0.63557 
0. 73600 
0.6165^ 
0. 87742 

0.9211^^ 

0.95096 

0.97052 

0.98283 

0.99029 

0.99467 
0.99715 
0.99651 
0.99924 
0.99962 

0.99982 
0.99991 
0. 99996 
0.99998 
0.99999 


5.4 

2.7 
0.02014 
0.06721 
0.14474 
0.24866 
0.36904, 

0.49363 
0.61127 
0.71409 
0.79814 
0.86291 

^0.91026 
0.94327 
0.96530 
0.97943 
0.96616 

0.99338 
0.99639 
0.99809 
0. 99901 
0.99950 

0.99975 
0.99908 
0.99994 
0.99997 
0.99999 

>0 


5.6 

2,8 
0.01796 
0.06081 
0.13276 
0.23108 
^0.34711 

0.46945 
0.58715 
0.69194 
0.77919 
0.84766 

0.89868 
0.93409 
0.959  1 
0.975.9 
0.98S71 

0.99187 
0.99550 
0.99757 
0.99872 
0.99934 

0.99967 
0.99984 
0.99992 
0.99996 
0.99998 

0.99999 


6.8 

2.9 
0.01603 
0.05502 
0.12176 
0.21459 
0. 32617 

0. 44596 
0.56329 
0.66962 
0.75976 
0.83178 

0.68637 
0.92563 
0.95313 
0.97128 
0.98291 

0.99012 
0.99443 
0.99694 
0.99636 
0.99914 

0.99956 
0.99978 
0.99969 
0,99995 
0.99998 

0.99999 
0.99999 


4.0 

2.0 
0.  045SO 
0.13534 
0. 26146 
0. 40601 
0. 54942 

0. 67668 
0.77978 
0. 85712 
0.91141 
0. 94735 

0.96992 
0.98344 
0. 99119 
0.99547 
0.99774 

0.99690 
0.99948 
0.99976 
0.99989 
0.99995 

0.99998 
0.99999 

6.0 

3.0 
0,  OlM 
0.OW7 
0.11161 
0.19915 
0.30622 

0.42319 
0.53975 
0,64723 
0. 73992 
0.81526 

0.87337 
0.91608 
0.94615 
0.96649 
0.97975 

0.98810 
0.99319 
0.99620 
0.99793 
0.99890 

0.99943 
0.99971 
0.99966 
0.99993 
0.99997 

0.99998 
0.99999 


Double  Kntry  Interpolation 
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PROBABILITY  FUNCTIONS 


Tabk  26f7  PROHABIM  I Y  IN'i'M;RAl.  OF  X^.DISTRIBl  TIOIM.  INri)MPLF.TE  GAMMA 

<:i'Mi;lativk  hvmh  of  thk  poisson  distribi'tion 


FtNCTION 


V 

1 

2 
9 
4 
S 

6 
7 
8 
9 
10 

11 
12 
19 
14 

16 
17 
18 
1» 

20 

21 
22 

13 

25 

26 
27 
28 
29 
30 


10 


0. 01278 
0.04505 
0.18228 
0.18470 
0.28724 

0.40116 
0.51660 
0.62484 
0.71975 
0.79819 

0.85969 
0.90567 
0.93857 
0.96120 
0.97619 

6.98579 
0.99174 
0.99S32 
0.99741 
0.99860 

0.99926 
0.99962 
0.99981 
0.99990 
0.99995 


6.4 

3.2 
0. 01*141 
0. 04076 
0. 09369 
0.17120 
0. 26922 

0. 37990 
0.49390 
0.60252 
0.69931 
0. 78061 

0. 84539 
0.89459 
0.93038 
0.95538 
0.97222 

0.98317 
A  99007 
0.99429 
0. 99679 
0.9,9824 

0.99905 
0. 99950 
0.99974 
0.99987 
0.99994 


6.6 

'  3.3 

0. 01020 

0.03688 

0.08580 

0.15860 

0.25213 

0.35943 
0.47168 
0.58034 
0.67869 
0.76259 

0.83049 
0.88288 
0.92157 
0.94903 
0.96782 

0.98022 
0.98816 
0.99309 
0.99606 
0.99781 

0.99880 
0.99936 
0.99967 
0.99983 
0.99991 


0.99998  0.99997 
0.99999  0.99999 
0. 99999 


0. 00419 
0.01657 
0.04205 
0. 08452 
0.14355 

0.22381 
0.31529 
0.41418 
0.51412 
0.60931 

0.69528 
0.76931 
0.83033 
0.87865 
0.91551 

0.94:^69 
0.96208 
0.97551 
0.98454 
0.99046 

0.99424 
0.99659 
0.99802 
0.99888 
0.99937 

0. 99966 
0.99981 
0.99990 
0. 99995 
0.99997 


0. 99957 
0.99977 
0. 99987 
0.99993 
0. 99997 


6.8 

3.4 
0. 00912 
0.  03)37 
0. 07855 
0. 14684 
0.23595 

0. 33974 
0.45000 
0. 55836 
0.65793 
0. 74418 

0. 81504 

0.87Ud4 
0.9)216 
0.9<i215 
0.96296 

0.97693 
0.98599 
0.99171 
0.99521 
0.99729 

0.99850 
0.99919 
0.99<»57 
0.99978 
0.99989 


0.99996  0.99994 
0.99998  0.99997 
0.99999  0.99999 
0.99999 


8.4 

4.2 
0.00375 
0. 01500 
0.03843 
0.07798 
0.13553 

0. 21024 
0.29865 
0. 39540 
0.49439 
0. 58983 

0. 67709 
0.  75314 
0. 81660 
0.86746 
0.90675 

0.93606 
0.9S723 
0. 97207 
0.98217 
0. 98887 

0.99320 
0.99593 
0.99761 
0.99863 
0.99922 


8.6 

4.3 
0. 00336 
0.01357 
0. 03511 
0.07191 
0.12612 

0.19736 
0.28266 
0.37715 
0.47499 
0. 57044 

0.65876 
0.73666 
0.80244 
0.85579 
0.89749 

0.92897 
0.95198 
0.96830 
0.97955 
0.98709 

0.99203 
0.99518 
0«  99714 
0.99833 
0.99905 

0.99947 
0.99971 
0.99984 
0.99991 
0.99996 


8.8 

4.4 
0. 00301 
0. 01228 
0. 03207 
0. 06630 
0. 11731 

0. 18514 
0. 26734 
0. 35945 
0.45594 
0. 55118 

0.64035 
0. 71991 
0. 78788 
0. 84365 
0.88774 


,92142 
.946)3 
,96420 
97666 
,98511 


0.99070 
0.99431 
0.99659 
0.99799 
0.99884 


0.99934 
0.99963 
0;  99980 
0.99989 
0. 99994 


7.0 

3.5 
0.0081S 
0.03020 
0.07190 
0.13589 
0.22064 

0.32085 
0.42888 
0.53663 
0.63712 
0.72544 

0.79908 
0.85761 
0.90215 
0.93471 
0.95765 

0.97326 
0.98355 
0.<»9013 
0.99421 
0.99669 

0.99814 
0.99898 
0.999^5 
0.99971 
0.99985 

0.99992 
0.99996 
0.99998 
0.99999 

9.0 

4.6 
0. 00270 
0. 01111 
0. 02929 
0. 06110 
0. 10906 

0.17358 
0.25266 
0. 34230 
0.43727 
0. 53210 

0.62189 
0.70293 
0. 77294 
0.83105 
0.87752 

0. 91341 
0.94026 
0.95974 
0.97348 
0.98291 

0.98921 
0.99333 
0.99596 
0.99760 
0.99860 

0.99919 
0.99955 
0.99975 
0.99986 
0.9999) 


7.2 

3.6 
0.00729 
0.02732 
0. 06579 
0.12569 
0.20619 

0.30275 
0.40836 
0.51522 
0.61631 
0.70644 

0. 78266 
0.84412 
0.89155 
0.92673 
0.95186 

0.96921 
0.98081 
0.98833 
0.99307 
0.99598 

0.99771 
0.99873 
0.99931 
0.99963 
0.99981 

0.99990 
0.99995 
0.99998 
0.99999 
0.99999 

9.2 

4.6 
0. 00242 
0. 01005 
0. 02675 
0. 05629 
0.  r0l3S 

0.16264 
0.23861 
0. 32571 
0.41902 
0. 51323 

0.60344 
0.68576 
0.75768 
0. 81803 
0.86683 

•0.90495 
0.93378 
0.95493 
0.97001 
0.98047 

0.98755 
0. 99222 
0.99524 
0.99714 
0«  99831 

0.99902 
0.99944 
0.99969 
0.99983 
0.99991 


7.4 

3.7 
0.00652 
0.02472 
0. 06018 
0. 11620 
0.19255 

0.28543 
0.38845 
0.49415 
0.59555 
0.68722 

0. 76583 
0.83009 
0.88038 
0.91819 
0.94559 

0.96476 
0.97775 
0.98630 
0.99176 
0.99515 

0.99721 
0.99843 
0.99913 
0.99953 
0.99975 

4).  99987 
0.99993 
0.99997 
0.99998 
0.99999 


0. 58502 
0.66844 
0. 74211 
0. 80461 
0.85569 

0. 89603 
0.92687 
0.94974 
0.96623 
0.97779 

0.98570 
0.99098 
0.99442 
0.99661 
0.99798 

0.99882 
0.99932 
0.99962 
0.99979 
0.99988 


7.6 

3.8 
0. 00584 
0. 02237 
0.05504 
0.10738 
0.17970 

0.26890 
0.36918 
0.47349 
0. 57490 
0.66784 

0.74862 
0.81656 
0.86865 
0.90911 
0.93882 

0.95989 
0.97437 
0.98402 
0.99026 
0.99420 

0.99662 
0.99807 
0.99692 
0.99941 
0.99968 

0.99983 
0.99991 
0.99996 
0.99998 
0.99999 

9.6 

4.8 
0. 00195 
0.00823 
0. 02229 
0.04773 
^0.08740 

0.14254 
0.21240 
0.29423 
0.38383 
0.47626 

0.56669 
0.65101 
0. 72627 
0. 79081 
0.84412 

0.88667 
0.yl954 
0.94418 
0.9621) 
0.97486 

0.98365 
0.98958 
0.99349 
0.99601 
0.99760 

0.99858 
0.99917 
0.99953 
0.99973 
0.99985 


7.8 

3.9 
0. 00*522 
0. 02024 
0. 05033 
0. 09919 
0.16761 

0.25313 
0.35056 
0.45325 
0. 55442 
0.64837 

0. 73110 
0.80056 
0.05638 
0.89948 
0.93155 

0.95460 
0.97064 
0.98147 
0.98857 
0.99311 

0.99594 
0.99765 
0.99867 
0.99926 
0.99960 


8.0 

4.0 
0. 00468 
0.01832 
0.04601 
0. 09158 
0. 15624 

0. 2)810 
0. 33259 
0.43347 
0. 53415 
0.62884* 

0.71330 
0.78513  ' 
0.84360 
0.88933 
0.92378 

0.94887 
0.96655 
0.97864 
0.98667 
0.99187 

0.99514 
0.99716 
0. 99837 
0.99908 
0.99949 


0.99978  0.99973 
0.99989  ,0.99985 
0.99994  0.99992 
0.99997  0.99996 
0.99999  0.99998 


9.8 

4.9 
0.00175 
0.00745 
0. 02034 
0.04394 
0.08110 

0.13333 
0.20019 
0.27935 
0.36692 
0.45821 

0.54846 

0.6)350 
0.71020 
0.77666 
0.83213 

0.87666 
0.91179 
0.93824 
0.95771 
0.97166 

0.98139 
0.98003 
0.99245 
0.99532 
0.99716 

0.99830 
0.99900 
0.99942 
0.99967 
0.99982 


10.0 

6.0 
0. 00157 
0.00674 
0. 01857 
0. 04043 
0. 07524 

0.1^465 
0.18857 
0.26503 
0. 35049 
0. 44049 

0. 53039 
0.61596 
0. 69393 
0.76218 
0. 81974 

0.86663 
0.90361 
0.93191 
0.95295 
0.96817 

0.97891 
0. 98630 
0.99128 
0.99455 
0.99665 

0. 99798 
0.99880 
0.99930 
0.99960 
0.99977 
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Table  26.7 

PROBABILITY  INTKGHAL  OF  )(=»-l)IJiTRltflITION,  INCOMPLETE  GAMMA  FUNCTION 
CUMULATIVE  SUMS  OF  THE  POISSON  DISTRIBUTION 


x'-10.5 


11.0     11.5     12.0     12.5     13.0     13.5    14.0    14.5  15.0 


1^ 

m-  5.25 

5,5 

1 

0.00119 

0.00091 

2 

0*  00525 

0. 00409 

3 

0. 01476 

0.  01173 

4 

0.  03280 

0. 02656 

5 

0.06225 

0. 05138 

6 

0.10511 

0. 08838 

7 

0.16196 

0.13862 

6 

0.23167 

0.20170 

9 

0.31154 

0. 27571 

10 

0. 39777 

0. 35752 

11 

0.48605 

0.44326 

12 

0. 57218 

0. 52892 

13 

0. 65263 

0. 61082 

14 

0. 72479 

0. 68604 

15 

0.  78717 

0. 75259 

16 

0.  B3925 

0. 80949 

17 

0.88135 

0.85656 

18 

0. 91436 

0. 89496 

19 

0. 93952 

0. 92384 

20 

0. 9SB17 

0;  94622 

21 

b.  97166 

0.96279 

22 

0. 98118 

0.97475 

23 

0. 98773 

0.98319 

24 

0. 99216 

0. 98901 

2S 

*    0. 99507 

0. 99295 

26 

0*  99696 

0. 99555 

27 

0. 99815 

0. 99724 

2B 

0. 99890 

0. 99831 

29 

0. 99899 

30 

0. 99963 

0.  99940 

.2  ire 

5c  •15.5 

¥ 

m«  7.75 

8.0 

\ 

0. 00008 

0. 00006 

2 

0.  00043 

0.00034 

3 

:uO.  00144 

0. 00113 

4 

0. 00377 

0. 00302 

S 

0. 00843 

0. 00684 

6 

\  0.01670 

0.01375 

7 

\  O.OM)10 

0. 02512 

,  8 

0.05012 

0. 04238 

'  9 

p. 07809 

0. 06688 

10 

0.11487 

0. 09963 

11 

0.16073 

0. 14113 

12 

0. 21522 

0.19124 

13 

0.27719 

0.24913 

14 

0. 14485 

0. 31317 

1^ 

0.41604 

0. 38205 

16 

0«  48837 

0.45296 

17 

0. 55951 

0.52303 

18 

0. 62740 

0. 59255 

19 

0.69033 

0.65728 

^0 

0. 74712 

0.  71662 

21 

0*  79705 

0. 76965 

22 

0. 83990 

0. 81589 

23 

0.87582 

0.85527 

24 

0.90527 

0. 88808 

2S 

0.92891 

0.91483 
• 

26 

0. 94749 

0.95620 

27 

0. 96182 

0. 95295 

28 

0. 97266 

0.96582 

29 

0.98071 

0.97554 

)0 

0.98659 

0. 98274 

5.75 

0. 00070 
0. 00318 
0.00911 
0. 02148 
0. 04232 

0. 37410 
0.11825 
0.17495 
0.24299 
0. 31991 

0.40237 
0.48662 
0. 66901 
0.64639 
0.n641 

0. 77762 
0.  82942 
0. 87195 
0. 90587 
0.93221 

0. 95214 
0, 96686 
0. 97748 
0.98498 
0.99015 

0. 99366 
0. 99598 
0. 99749 
0. 99846 
0.99907 

16.5 
8.25 

0.00005 
0. 00026 
0. 00090 
0. 00242 
0. 00555 

0.01131 
0. 02092 
0. 03576 
0.05715 
0. 08619 

0.12356 
0. 16939 
0.22^18 
0.28380 
0.34962 

.0. 41864 
0.48871 
0. 55770 
0.62370 
0. 66516 

0. 74093 
0. 79032 
0.83304 
0. 86919 
0. 89912 

0. 92341 
0. 94274 
0.9)782 
0. 96939 
0.97810 


6.0 

0.00OS3 
0.00248 
0. 00738 
0.01735 
0. 03479 

0.06197 
0.100S6 
0.15120 
0.21331 
0.28506 

0.36364- 
0. 44568 
0.52764 
0. 60630 
0.67903 

0.74398 
0.80014 
0. 84724 
0. 88562 
0.91608 

0.93962 
0.95738 
0.97047 
0.97991 
0.98657 

0.99117 
0.99429 
0.99637 
0.99773 
0.99860 

17.0 
8.5 

O.0OOO4 
0. 00020 
0. 00071 
0. 00193 
0.00450 

0. 00928 
0.01740 
0.03011 
0.04072 
0. 07436 

0.10788 
0.14960 
0.19930 
0.25618 
0.31086 

0. 38560 
0.45437 
0.52311 
0.58987 
0.65297 

0. 71111 
0.76336 
0.00925 
0.64866 
0.86179 

0. 90908 
0.93112 
0.94659 
0.96218 
0.97258 

0. 


6.25 

0.  00041 
0. 00193 
0.  00585 
0. 01400 
0.  02854 

0.5?!70 
0. 08527 
0. 13025 
0. 18657 
0.25299 

0. 32726 
0.40640 
0. 48713 
0.  S6622 
0. 64086 

0. 70890 
0.  76896 
0.  82038 
0.06316 
0. 89779 

0.  92513 
0. 94618 
0.  96201 
0. 97367 
0. 96206 

0.98796 
0. 99206 
0.  99487 
0.  99672 
0. 99794 

17.5 
8.75 

0. 00003 
0.  O0016 
0. 00056 
0. 00154 
0.  00364 

0. 00761 
0. 01444 
0. 02530 
0.04144 
0. 06401 

0«  09393 
0. 13174 
0^  7744 
0. 23051 
0.28966 

0. 35396 
0. 42102 
0.  46902 
0.  55603 
0.  62031 

0.  68039 
0.  73519 
0.  76402 
0. 02657 
0. 06287 

0. 69320 
0.  91806 
0, 93805 
0..95383 
0.  96606 


6.5 
0.00031 
0.00150 
0. 00464 
0.01128 
0.02338 


6.75 

0. 00024 
0. 00117 
0.  00367 
0.00907 
0. 01912 


0.04304  0.03575 
0.07211  0.06082 
0.11185  0.09577 
0.16261  0.14126 
0.22367^  0.19704 


Interpolation  on 


0.29333 
0.36904 
0.44781 
0.52652 
0.60230 

0. 67276 
0.73619 
0.79157 
0.83857 
0.87738 

0.90862 
0.93316 
0.95199 
0.96612 
0.97650 

0.90397 
0.98925 
0. 99290 
0,99538 
0.99704 

18.0 
9.0 

0.00002 
0. 00012 
0.00044 
0. 00123 
0.00295 

0. 00623 
0.01197 
0.02123 
0.03517 
0.05496 

0.08158 
0.11569 
0.15752 
0.20678 
0.26267 

0.32390 
0.36004 
0.45565 
0.52244 
0.58741 

0.64900 
0. 70599 
0.75749 
0.60301 
0.64239 

0.87577 
0.90352 
0.92615 
0.94427 
0.95853 


0.26190 
0.33377 
0.40997 
0.46759 
0.56374 

0.63591 
0.70212 
0. 76106 
0. 81202 
0.85492 

0.89010 
0. 91627 
0.94030 
0. 95715 
0. 96976 

0. 9^902 
0.98567 
0. 99037 
0.99363 
0.99585 

18.5 
9.25 

0. 00002 
0. 00010 
0.00035 
0. 0(^099 
0.00238 

0. 00510 
0. 00991 
0. 01777 
0. 02960 
0. 04709 

0. 07068 
0.10133 
0. 13944 
0.18495 
0.23729 

0. 29544 
0.35797 
0.42320 
0.48931 
0.55451 

0. 61718 
0.67597 
0. 72983 
0. 77810 
0. 82044 

0. 85683 
0.86750 
0.91285 
0.93344 
0. 94966 


7.0 
0.  00018 
0.  00091 
0.  00291 
0.  00730 
0.  01561 

0.  02964 
0.  05118 
0.  08177 
0. 12233 
0. 17299 

0.23299 
0. 30071 
0. 37384 
0. 44971 
0.  52553 

0.  59871 
0. 66710 
0.72909 
0.  78369 
0.  83050 

0«  86960 
0.90146 
0.92687 
0.  94665 
0.  96173 

0.  97300 
0. 9S125 
0. 98719 
0.  99138 
0. 99428 

19.0 
9.5 

0.  00001 

0, 00608 

0, 00027 
0. 00079 
0.  00192 

0. 00416 
0. 00819 
0.01486 
0.02519 
0. 04026 

0.  06109 
0.  06653 
0. 12310 
0. 16495 
0.21373 

0. 26866 
0. 32853 
0.  39182 
0. 45684 
0. 52183 

0. 58514 
0. 64533 
0. 70122 
0. 75199 
0. 79712 

0. 83643 
0. 87000 
0, 89814 
0. 92129 
0.  94001 


7.25 

0. 00014 
0.00071 
0. 00230 
0.00586 
0. 0127^ 

0.02452 
0. 04297 
0.06963 
0.10562 
0.15138 

0.20655 
0.26992 
0.33960 
0.41316 
0.40800 

0.56152 
0.63145 
0.69596 
0. 75380 
0.80427 

a  84716 
0.88279 
0.91165 
0.93454 
0. 95230 

0.96581 
0.97588 
0.98324 
0.98854 
0. 99227 

19.5 

9.75 
0.00001 

0.00006 
0. 00022 
0.00063 
0. 00155 

0. 00340 
0.00676 
0.  01240 
0. 02126 
0. 03435 

0.05269 
0.07716 
0.10640 
0.14671 
0.19196 

0. 24359 
0.30060 
0.36166 
0. 42521 
0.46957 

0.55310 
0.61426 
0.67185 
0. 72483 
0. 77254 

0.61464 
0.85107 
0. 80200 
0. 90779 
0. 92891 


7.5 
0. 00011 

0. 00055 
0.00102 
0. 00470 
0. 01036 

0. 0.?026 
0. 03600 
0. 05915 
0.09094 
0.13206 

0.18250 
0.24144 
0. 30735 
0.37815 
0.45142 

0.52464 
0. 59548 
0.66197 
0. 72260 
0. 77641 

0. 82295 
0.86224 
0. 69463 
0.92076 
0.94136 

0.95733 
0.96943 
0. 97844 
0.98502 
0. 98974 

20.0 

10.0 
0. 00001 

0. 00005 
0.00017 
0. 00050 
0. 00125 

0. 00277 
0. 00557 

0. 01034 

0. 01791 
0. 02925 

0.04534 
0.06709 
0. 09*^21 
0.13014 
0.17193 

0.22022 
0.27423 
0. 33262 
0.39450 
0,45793 

0.52126 
0.58304 
0. 64191 
0.69678 
0.74663 

0. 79156 
0.83076 
0.86446 
0. 89293 
0.91654 


Double  Entry  Interpolation 
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22  23 

lU)  11.5 

0. 00002 
0. 00007 
0.  00020 
0. 00052 

0.00121  O.OOOBO 

0.00254  0.00171 

0.00492  0.00336 

0.00888  0.00620 

0,01511  0.01075 

0.02437  0.01768 

0.03752  0.02773 

0.05536  0.04168 

0.07861  0.06027 

0.10780  0.08414 

0. 14319 
0. 18472 
0.23199 

0^28426 
0.  34051 

0.39951  0.34398 

0.45989  0.40173 

0.  52025  0.46077 

0.  57927  0.51980 

0.63574  0.577S6 

0.68870  0.63295 

0.  73738  0.68501 

0.78129  0.73304 

0.82019  0.77654 

0.85404  .0.81526 


32 

16.0 
0. 00001 
0.  U0002 
0.  00004, 
0. 00009 ' 
0. 00020 

0. 00040 
0.00076 
0.00138 
0. 002^0 
0.00401 

0. 00644 
0.  01000 
0.01505 
0. 02199 
0.03125 

0.  04330 
0.05855 
0.  07740 
0.10014 
4)/l2699 

0.15801 
0. 19312 
0.  23208 
0.27451 
0.  31987 


24 

12^0 


0.00001  0.00001 

0.00004  0.  00003 

0.00013  0.00008 

0.00034  0»  00022 


0.00052 
0. 00114 
0.  00229L 
0.00430 
0.00760 

0.01273 
0.  02034 
0.03113 
0.04582 
0.  06509 


0.11374  0.08950 

0.14925  0.11944 

0.19059  0.15503 

0.28880  0.24239 


0. 29306 
0.34723 
0.40381 
0.46160 
0.51937 

0.57597 
0.63032 
0.68154 
0. 72893 
0.  77203 

34 
17.0 

0.00001 
0. 00002 
0.00004 
0.00009 

0.00019 
0.00036 
0.00068 
0. 00120 
0.00206 

0.00341 
0.00543 
0.00840 
0.01260 
0. 01838 

0.02613 
0. 03624 
0*04912 
0.06516 
0. 08467 

0. 10791 
0.  13502 
0. 16605 
0..20087 
0.  23926 


25 
12.5 


0. 00002 
0.00005 
0.  00014 

0. 00034 
0.00076 
0. 00155 
0.00297 
0.00535 

0.00912 
0.01482 
0. 02308 
0. 03457 
0.  04994 


26 
13.0 


27  . 
13.5 


0.00001  0.00001 
0.00003  0.00002 
0.00009    0.  00006 


2M 
14.0 


0.00001 
0. 00004 


2y 

14.5 


0.00001 
0.00002 


0.00022 
0. 00050 
0.00105 
0.  00204 
0.00374 

0. 00649 
^.01073 
0.01700 
0.02589 
0.  03802 


,0.  06982  0.  05403 
0.09471  0.07446 
0. 12492  0. 09976 
D.I6054~-r.in 
0.20143  0.16581 


33 
16.5 

0.00001 
0.00003 
0.00006 
0.00013 

0*00027 
0.00053 
0.00097 
0. 00170 
0.00286 

0.00469 
0. 00739 
0.01127 
0. 01669 
0. 02404 

0.03374 
0.04622 
0.06187 
0.08107 
0.10407 

0.13107 
0.16210 
0.19707 
.0.23574 
0.27774 


0.24716 
0.29707 
0.35029 
0.40576 
0.46237 

0.  51898 
0.  5744  6 
0. 62784 
0.  67825 
0.  72503 

35 
17.5 


0.20645 
0.25168 
0.30087 
0. 35317 
0.;40760 

0.46311 
0.  51860 
0.  57305 
0.62549 
0. 67513 

36 
18.0 


0.  00001  0.00001 
0.00003  0.00002 
0.00006  0.00004 


0. 00012 
0. 00025 
0.00047 
0.00085 
0.00147 

0.  0^46 
0. 00397 
0.00622 
0. 00945 
0.01397 

0. 02010 
0.  02824 
0.  03875 
0. 05202 
Q.  06640 

0. 08620 
0.11165 
0. 13887 
0. 16967 
0.  204^4 


0.00006 
0.00017 
0.00032 
0. 00059 
0.00104 

0.00177 
0.00289 
0.00459 
0. 00706 
0.01056 

0. 01538 
0.02187 
0.03037 
0. 04125 
0.  05489 

0. 07160 
0.09167 
0.11530 
0. 14260 
0.17356 


0. 00015 
0.00033 
0.  00071 
0. 00140 
0. 00260 

0. 00460 
0. 00773 
0.  01244 
0. 01925 
0; 0267^ 

0.  04148 
0.05807 
0. 07900 
).iU46b 
0.  13526 

0. 17085 
0.21123 
0. 25597 
0. 30445 
0.35568 

0. 40933 
0.  46379 
0. 51825 
0. 57171 
0.  62327 

37 
18.5 


0.  00009  0.00006 

0.00022  0.  00015 

0.  00047^  0.  00032 

0.00095  0.00065 

0.00181  0.00125 


0.00324 
0. 00553 
0.00905 
0.01423 
0. 02157 


0.  00227 
0. 00394 
0.0065^ 
0.  01045 
0.  01609 


0.03162  0.02394 

0«  04494  0.03453 

.0.06206  0.04838 

0.  06343  0. 06599 

0a0940  ^0.  08776 


0. 14015 
0.  17568 
0.21578 
0.26004 
0.30785 

0. 35646 
0.41097 
0. 46445 
0.  51791 
0. 57044 

38 
1».0 


a  11400 
0. 14486 
0. 18031 
0.22013 
0.26392 

0.31108 
0. 36090 
0.  41253 
0.46507 
0.  51760 

39 
19.5 


30 
15.0 


0. 00001 
0. 00002 

0. 00004 
0.00010 
0.00021 
.0. 00044 
0.00086 

0.00159 
0.00279 
0. 00471 
0.  00763 
0.01192 

0.01800 
0.02635 
0.03745 
0.05180 
0.06985 

0.09199 
0.11846 
0.14940 
0.16475 
0. 22429 

0. 26761 
0. 31415 
0. 36322 
0.41400 
0. 46565 

40 
'  20.0 


0.00001  0.00001 

0.  00003    0.00002    0.00001  0.00001 


0.00006 
0.00012 
0.  00022 
0.00041 
0. 00074 

0.00127 
0. 00210 
0.00337 
0. 00524 
0. 00793 

0.01170 
0.01683 
0.  02366 
0.  03Z51 
0.  04376 

0.05774 
0.  07475 
0.  09507 
0. 11886 
0. 14622 


0.00004 
0. 00008 
0.  00015 
0. 00029 
0.00052 

0. 00090 
0. 00151 
0»  00246 
0. 00387 


0. 00003 
0.  00005 
0.  00011  , 
0.  00020 
0.  00036 

0.  00064 
0. 00109 
0.00179 
0. 00285 


0. 00593^  0,00442 


0.00886 
0. 01269 
0.  01832 
0. 02547 
0.03467 

0.  04626 
0. 06056 
0.07786 
0. 09840 
0. 12234 


0.  00667 
0. 00981 
0.01411 
0.01984 
0.  02731 

0.  03684 
0. 04875 
0. 06336 
0.  06092 
0.10166 


0. 00002 
0. 00004 
0. 00007 
0.00014 
0.00026 

0. 00045 
0.  00078 
0.00129 
0. 00209 
0. 00327 

0. 00500 
0. 00744 
O.OIOU 
0. 01537 
0.02139 

0. 02916 
0.03901 
0. 05124 
0.06613 
0. 06394 


0.36/53    0.32254    0.28063   0.24264    0.20808   0*  17714    0.14975    0.12573  0*10486 
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PROBABILITY  H  NOTIONS 


PHOHAHILII Y  INTK<;KAI.  OF  t-M)ISTRIRlJTI(>N,  INCOMPLETK  GAMMA  FtNCTI^'N    Table  26.7 
CI  MULAI  IVK  SUMS  OK  THE  POISSON  DISTRIBUTION 


X-  42 

44 

46 

48 

50 

52 

54 

56 

58 

60 

V 

m  •  21 

23 

24 

25 

26 

27 

28 

29 

30 

10 

0. 00001 

11 

0.00002 

0.00001 

12 

A     A  AAA 1 

0.  00003 

n  AAAA'^ 

0, 00002 

13 

A    A  AAA/. 

0.  00006 

A  AAAA1 

0. 00003 

n  nnnni 
0. 00001 

n  nnnni 
0. 00001 

14 

A     A  AA4  «K 

0. 00012 

A  AAAAA 

0.00006 

0.00003 

0. 00001 

n  nnnni 
0. 00001 

15 

0.00023 

0. 00011 

0.00005 

0.  00003 

0.  00001 

0.  00001 

16 

0.00040 

0.00020 

0.00010 

0. 00005 

0. 00002 

0. 00001 

0.00001 

17 

A     A  A  A  ^ 

0.  00067 

A     A  A  A  1  4 

0.00034 

0.00017 

0. 00009 

A  AAAAil 

0. 00002 

n  nnnni 

A ■ nnnni 
0.  00001 

18 

A     AA«  %  ^ 

0.  00111 

A    A A  AC  B 

0. 00058 

0. 00030 

0.  00015 

n  Annno 

n  nnnnA 
U. UUUU4 

h  nnnno 
U. UUUU2 

n  nnnm 

t 

19 

0.  00177 

A  AAAAil 

0. 00094 

0.00050 

0. 00026 

A  nnni ^ 
0. UUQ13 

U. 00007 

A  nnnA% 
0. 00003 

n  nnnno 
U. UUUU2 

n 
0. 

nnnni 
UUUUI 

20* 

0. 00277 

0.00151 

0.00081 

0. 00043 

0«  00022 

0. 00011 

0.00006 

0.  00003 

0. 

00001 

0. 

00001 

21 

0. 00421 

0.D0234 

0.00128 

0. 00069 

0«  00036 

0.  00019 

0.00010 

0.  00005 

0. 

00003 

0. 

00001 

0.  OO19.B_j0.  00109 

n  00059 

0  QQQ11 

0  00016 

0  00009 

0 

00004 

0 

00002 

23 

0. 00908 

0.00526 

0. 00299 

0.^167 

0. 00092 

0. 00050 

0.00027 

0.00014. 

0. 

00007 

0. 

00004 

24 

0. 01291 

0. 00763 

0. 00443 

0. 00252 

0. 00142 

0. 00078 

0. 00043 

0.00023 

0. 

00012 

0. 

00006 

2S 

0.01797 

0. 01O85 

0. 00642 

0.  00J73 

0. 00213 

0. 00120 

0. 00066 

0.  00036 

0. 

00020 

0. 

00011 

26 

0. 02455 

0. 01512 

0.00912 

0.  00540 

0. 00314 

0. 00180 

0.00102 

0.00056 

0. 

00031 

0. 

00017 

27 

0. 03292 

0. 02068 

0.01272 

0. 00768 

0.  00455 

0. 00265 

0.00152 

0. 00086 

0. 

00048 

0. 

00026 

28 

0. 04336 

0. 02779 

0. 01743 

0. 01072 

0.  00647 

0. 00384 

0. 00224 

0.00129 

0. 

00073 

0. 

00041 

29 

0. 05616 

0. 03670 

0.02346. 

0. 01470 

0. 00903 

0. 00545 

0.00324 

0.  00189 

0. 

00109 

0. 

00062 

30 

0. 07157 

0.04769 

0.03107 

0. 01963 

0.  01240 

0. 00762 

0. 00460 

0. 00273 

0. 

00160 

0. 

00092 

62         64         66         68         70         72         74  76 

"      w  31  32         33         34         35         36         37  38 

21  0.00001 

22  0.  00001  0.00001 

23  0.  00002    0.00001    0.  00001 

24  0.00003    0.00002  0.00001 

25  0.00006    0.00003    0.  00002  0.  00001 

26  0.  00009    0.00005    0.00003  0.  00001    0.  00001 

27  0.00014    0.00008    0.00004  0.00002    0.00001    0.  00001 

28  0.00023    0.00012    0.00007  0.  00004   0.00002    0.  00001  0.00001 

29  0.00035    0.00019'  0.00011  0.  00006   0.  00003    0.  00002  0.00001 

30  0.  00052    0.00029    0.00016  0.00009    0.00005   0.00003    0.00001  0.00001 

Interpv  'ation  on 

V ('^Ji-'o -4)[i *2>^^ (x;!.n--2)[*-*^]+f.> (^Ju.)[l ^ 
Double  Entry  Interpolation 

'.>(x'':.)  v(»■;i^v-4)[;*^]fV(x^o-2)[*-*'^-«'*]+'H^.!v■l)[^'^^^ 
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084  PROBABILITY  FUNCTIONS 


Tahl.. 26.8  PKHr.ENTAr.E  POINTS  OF  THE  x'-DISTHIBtTlON— VALUES  OF 

IN  TERMS  OF  Q  AND  * 


»  (I 

0.905 

0.99 

0.975 

0.95 

0.9 

0.75 

0.5 

0.25 

1 

[-5)3.92704  (- 

4)1.57088  1 

-4)9.82069 

(-3)3.93214 

0.0157908 

0.101531 

0.454937 

1.32330 

2  1 

-2)1.00251  (- 

2)2.01007  1 

-2)  5.06356 

0.102587 

0;210720 

0.S75364 

1.38629 

2.77259 

1  ( 

-2)7.17212 

0.114832 

0.215795 

0.351846 

0.584375 

1.212534 

2.36597 

4.10835 

4 

0.206990 

0  297110 

0.484419 

0.710721 

1.063623 

1.92255 

3.35670 

5.38527 

5^  0.411740 

n  554300 

0.831211 

1.145476 

1.61031 

2.67460 

4.35146 

6.62568 

6 

0.675727  ' 

,  0.872.^85 

1.237347 

1.63539 

2.20413 

3.45460 

5.34812 

7.84080 

7 

0.989265 

1.239043 

1.68987 

2.16735 

2.83311 

4.25485 

6.34581 

9.03715 

8 

1.344419 

1  646482 

2  17973 

2  73264 

3.48954 

5.07064 

7.34412 

10.2188 

9 

1.734926 

2  087912 

2.70039 

3.32511 

4.16816 

5.89883 

8.34263 

11.3887 

10 

2.15585 

2.55821 

\  3  24697 

3.94030 

4.86518 

6.73720 

9.34182 

12.5489 

11 

2.60321 

3.05347 

3.81575 

4.57481 

5.57779 

7.58412 

10.3410 

13.7007 

12 

3.07382 

3.57056 

4.40379 

5.22603 

6.90380 

8.43842 

11.3403 

14.8454 

13 

3.56503 

4.10691 

5.00874 

5.89186 

J9  W  7  X  W 

7.04150 

9.29906 

12.3398 

15.9839 

14 

4.07468 

4.66043 

5.62872 

6.57063 

7.78953 

10.1653 

13.3393 

17.1170 

15 

4.60094 

5.22935 

6.26214 

7.26094 

8.54675 

11.0365 

14.5389 

18.2451 

16 

5.14224 

5.81221 

6.90766 

7.96164 

9.31223 

11.9122 

15.3385 

19.3688 

^17 

5.69724 

6.40776 

7.56410 

0.67176 

10.0852 

1 O  fQI Q 
i2./Ti7 

lo.33ol 

20.4887 

18 

6.26481 

7.01491 

8.23075 

9.39046 

10.8649 

13.6753 

17.3379 

21.6049 

19 

6.84398 

7*63271 

8.90655 

10.1170 

11.6509 

14.5620 

18.3376 

22.7178 

20 

7.43386 

8.26040 

9.59083 

10.8508 

12.4426 

15.4518 

19.3374 

23.8277 

21 

8.03366 

8.89720 

10.28293 

11.5913 

13.2396 

16.3444 

20.3372 

24.9348 

22 

8.64272 

9.54249 

10.9823 

12.3380 

14.9415 

17.2396 

21.3370 

26.0393 

23 

9.26042 

10  19567 

11  6885 

13.0905 

14.8479  ' 

18.1373 

22.3369 

27.1413 

24 

9.88623 

LSI*  93w*t 

12  4011 

IB.8484 

^y^.  w~w~ 

15.6587 

19.0372 

23.3367 

28.2412 

25 

10.5197 

11.5240 

13.1197 

16.4734 

19.9393 

24.3366 

29.3389 

26 

11.1603 

12.1981 

13.8439 

15.3791 

17.2919 

20.8434 

25.3364 

30.4345 

27 

11.8076 

12.8786 

14.5733 

16.1513 

18.1138 

21.7494 

26.3363 

31.5284 

28 

12.4613 

15.3079 

X  Jt^V  f  7 

16.9279 

18.9392 

22.6572 

27.3363 

32.6205 

29 

13.1211 

14.2565 

16.0471 

17.7083 

19.7677 

29.5666 

28.3362 

33.7109 

30 

13.7867 

14  9535 

16.7908 

XV.  f  7VV 

18.4926 

20.5992 

24.4776 

29.3360 

34.7998 

40 

20.7065 

22.1643 

24.4331 

26.5093 

29.0505 

33.6603 

39.3354 

45.6160 

50 

27.9907 

29.7067 

32.3574 

34.7642 

37.6886 

42.9421 

49.3349 

56.3336 

60 

35.5346 

37.4848 

40.4817 

43.1879 

46.4589 

52.2938 

59.3347 

66.9814 

/O 

43.2752 

45.4418 

48.7576 

51.7393 

55.3290 

61.6983 

69.3344 

77.5766 

80 

51.1720 

53.5400 

57.1532 

60.3915 

64.2778 

71.1445 

79.334? 

88.1303 

90 

59.1963 

61.7541 

65.6466 

69.1260 

73.2912 

80.6247 

89.3342 

98.6499 

100 

67.3276 

70.0648 

74.2219 

77.9295 

82.3581 

90.1332 

99.3341  109.141 

X 

-2.S758 

-2.3263 

-1.9600 

-1.6449 

-1.2816 

•0.6745 

0.0000 

0.6745 

From  K.  S.  Pearson  and  H.  O.  Hartley  (editors),  Biometrika  tables  for  statisticians,  vol.  L  Cambridge 
Hniv.  TreKH,  Cambridge,  England,  1964  (with  permission)  for  V  >  0.0005. 
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PROBABILITY  FUNCTIOKS 
PERCENTAGE  PiHSTH  OF  THE  xa-I)ISTRIBl)TION— VALUES  OF 


x>  IN  TERMS  OF  Q  AND  r 

¥  V 

0.1 

0.05 

0.025 

o.ot 

0.005 

0.001 

0.0005 

1 

2.70554 

3.84146 

9.023O7 

0.0.7't7U 

f.O /71H 

10.828 

12.116 

2 

4.60517 

5.99147 

7.37776 

9.21034 

10.5966 

13.816 

15.202 

3 

6.25139 

7.81473 

9.34840 

11.3449 

12.8381 

16.266 

17.730 

4 

7.7774«l 

1 1  97^i7 

.i*f  .OwU£ 

io.*t  9  f 

19  997 

b 

9.23635 

11.0f05 

1  S  flfl^l 
1?. VOO^ 

1^  749^ 

20.515 

22.105 

6 

10.6446 

12.5916 

1  A  AAQA 

1  ^  A1 1  Q 
iO.OilT 

Ifl  >^d7^ 

22.458 

24.103 

7 

12.0170 

14.0671 

16.0128 

18.4753 

20.2777 

24.322 

26.018 

8 

13.3616 

15.5073 

17.5346 

20.0902 

21.9550 

26.125 

27.868 

9 

14,6837 

16.7170 

1  Q  MOQ. 

91  AA^n 

91  ^RQl 

97  A77 

CI  tOl 1 

10 

15.9871 

18.3070 

9C  1  QQ9 

29.588 

31.420 

11 

17.2750 

19.6751 

OA  79^n 

9^  7S^Q 
£w.  r  7w7 

31.264 

33.137 

12 

18.5494 

21.0261 

23.3367 

26.2170 

28.2995 

32.909 

34.821 

13 

19.8119 

22.3621 

24.7356 

27.6883 

29.8194 

34.528 

36.478 

14 

21.0642 

lion 

90  1  All 

11  11 Ql 

1  09 

IS 

22.3072 

24.9958 

19  flni  1 

^£.OUX^ 

39.719 

16 

23.5418 

26.2962 

Oft  AAt^A 

11  QQQQ 

lA  9A79 

39.252 

41.308 

n 

24.7690 

27.5871 

30.1910 

33.4087 

35.7185 

40.790 

42.879 

18 

25.9894 

28.8693 

31.5264 

34.8053 

37.1564 

42.312 

44.434 

19 

27.2036 

30.143b 

lA  1  QOfl 

lA  1^099 

4<i  97^ 

20 

28.412t) 

31.4104 

1A  1  i^Qi^ 

17  ClLLO 

10  QOAA 

45.315 

47.498 

21 

29,6151 

32.6705 

1C  A7QO 

IQ  0191 

A1  AOin 

46.797 

49.011 

22 

30.8133 

33.9244 

36.7807 

40.2894 

42.7956 

48.268 

50.511 

23 

32.0069 

35.1725 

38.0757 

41.6384 

44.1813 

49.728 

52.000 

24 

33,1963 

36.4151. 

A9  Q7QQ 

ii1  1  7Q 

91.1 /7 

479 

9^.t  #7 

25 

34.3816 

37.b'i25 

ilA  £.il^C 

ilil  ^1  A1 

44.3141 

AL.  097Q 

*I0.7£  fO 

52.620 

54.947 

26 

35.5631 

3B»e52 

ill  QO^O 

AC  i^AI  7 
49.041 / 

AQ  9fl00 

54.05^ 

56.407 

27 

36.7412 

40!l&33 

43.1944 

46.9630 

49.6449 

55.476 

57.858 

28 

37.9159 

41.3372 

44.4607 

48.2782 

50.9933 

56.892 

59.300 

29 

39.0875 

42.5569 

ilC  t^^o 

AO  C070 

C9  11C<, 

CO  in9 

7^^ 

WW.  1 

30 

40.2560 

43.7729 

46.9792 

50.8922 

53.6720 

59.703 

62.162 

40 

51.8050 

55.7585 

59.3417 

63.6907 

66.7659 

73.402 

76.095 

50 

63.1671 

67.5048 

76  1539 

,  79.4900 

86.661 

89.560 

60 

74.3970 

79.0819 

83.2976 

88.^794 

91.9517 

99.607 

102.695 

70 

85.5271 

90.5312 

95.0231 

100.425 

104.215 

112.317 

115.578 

80 

96.5782 

101.879 

106.629 

112.329 

116.321 

124.839 

128.261 

90 

107.565 

113.145 

118.136 

124.116 

128.299 

137.208 

140.782 

100 

118.498 

124.342 

129.561 

135.807 

140.169 

149,44<> 

153.167 

X 

1.2816 

1.6449 

1.960a 

2.3263 

2.5758 

3.0902 

3.2905 

985 

Table  26  J 


0.(KN)1 

15.137 
18.42J. 
21.10& 
23.513 
25.745 

27.856 
29.877 
31.828 
33.720 
35.564 

37.367 
39.134 
40.871 
42.579 
44.263^ 

45.925 
47.566 
49.189 
50.796 
52.386 

•53.962 
55.525 
57.075 
58.613 
60.140 

61.657 
63.164 
64.662 
66.152 
67.633 

109.503 
122.755 
135.783 

148.627 
161.319 
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086  PROBABIUTY  FUNCTIONB 

26.^1  i»kh<:knta<;e  points  of  the  f.distribution— values 

or  F  IN  TERMS  OF  Q,  n 

1     2      3     4      5      6  8  12  15  20  30  eO  « 

1  1.00  l.SO  1.71  1.82  1.89  1*94  2.00  2.07  2.09  2.12  2.19  2.17  2*20 

2  0*667  1.00  1.13  1.21  1.29  1.28  1*32  1.96  1,38  1.39  1.41  1.43  ^  1.44 

3  0.S83  0.S81  1.00  1.06  1.10  1.13  1.16  1.20  1.21  1.23  1.24  1.23  1.27 

4  0.549  0.828  0.941  1.00  1.04  1.06  1.09  1.13  1.14  1.13  1.16  1.18  1.19 
r«r          5     0.328  0.799  0.907  0.963  1.00  1.02  1.03  1.09  1.10  1.11  1«12  1.14  1.13 

6  0.313  0.780  0.886  0.942  0.977  1.00  1.03  1.06  1.07  1.08  1.10  1.11  1.12 

7  0.S06  0.767  0*871  0.926  0.960  0*983  1.01  1*04  1.03  1.07  1*08  1*09  1.10 

8  0.499  0*737  0*860  0*913  0.948  0.971  1.00  1.03  1*04  1*03  1*07  1.08  1.09 
^      0.494  0.749  0.832  0.906  0.939  0.962  0.990  1.02  1.03  1*04  1*05  1*07  1*08 

10     0*490  0*743  0.849  0.899  0.932  0.934  0.983  1*01  1*02  1.03  1.03  1.06  1*07 

n      0.486  0.739  0.840  0.893  0*926  0.948  0.977  UOl  1.02  1.03  1*04  1*09  1.06 

12  0*484  0.713  0*833  0.888  0.921  0.943  0.972  1*00  1*01  1.02  1.03  1*03  1*06 

13  0.481  0.731  0.832  0*883  0.917  0.939  0.967  0.996  1.01  1.02  1*03  1.04  1.03 

14  0.479  0J29  0.828  0.881  0.914  0.936  0.964  0.992  1.00  1.01  1*03  1*04  1.05 
19      0.478  0*72^.  0.826  0.878  0.911  0*933  0*960  0.989  1.00  1.01  1*02  1.03  1*03 

16  0.476  0.724  0.823  0.876  0.908  0.930  0*938  0*986  0*997  UOl  1*02  1.03  1.04 

17  0.473  0.722  0.821  0.874  0.906  0*928  0*933  0.983  0.993  1*01  1*02  1.03  IM^ 
U     0.474  0.721  0*819  0.872  0*904  0*926  0,933  0.981  0.992  1*00  1*02  1*03  1.04 

19  0.473  0.719  0*818  0.870  0*902  0.924  0.931  0.979  0.990  1*00  1.01  1*02  1.04 
10     0*472  0.718  0.816  0.868  0.900  0.922  0.930  0.977  0.989^  1.00  1*01  1*02  1*03 

21  0.471  0.716  0.819  0.867  0.899  0.921  0.948  0*976  0.987  0.990  1.01  1*02  1*03 

22  0.470  0.719  0.814  0.866  0*098  0*919  0.947  0.974  0.986  0*997  1*01  1.02  1.03 

23  0.470  0.714  0*813  0*864  0.896  0.918  0.943  0.973  0.984  0.996  1*01  1*02  1.03 

24  0.469  0.714  0.812  0*863  0*893  0.917  0*944  0*972  0.983  0*994  1*01  1.02  1.03 
29      0.466  0.713  0.811  0.862  0.894  0.916  0.943  0.971  0.982  0.993  1*00  1.02  1.03 

26      0.468  0*712  0*810  0*861  0.893  0.913  0.942  0.970  0.981  0.992  1.00  1.01  1.03  « 

21      0.467  0.711  0.809  0.861  0*892  0.914  0.941  0.969  0.980  0.991  1.00  1.01  1*03 

20  0.467  0.711  0.808  0.860  0*892  0.913  0.940  0.968  0.979  0.990  1.00  1.01  1.02 

29  0.466  0.710  0.006  0.899  0.891  0*912  0.940  0.967  0.978  0.990  1*00  1.01  1.02 

30  0.4^6  0.709  0.807  0.838  0.890  0*912  0.939  0.966  0.978  Q.9$9  1.00  1*01  1*02 

40     0.463  0.709  0,802  0.834  0.883  0.907  0.934  0*961  0.972  0.983  0.994  1.01  .1*02 

60      C.461  0.701  0.798  0.849  0*880  0.901  0.928  0.996  0.967  M78  0.969  1*00  ;l*Ol 

120      0.498  0*697  0.793  0.844  0*873  0.896  0*923  0.930  0.961  0.972  0.963  0*994  1.01 

«      0.495  0,693  0.769  0.639  0.870  0.891  0.918  0.943  0.9S6  0.967  0.978  0.989  1.00 

(^f!h.H()-0.25 

^2^1   1     2      3      4      5     6      8  12  15  20    30    eO  « 

1  5.83  7.V  8.20  8.38  6.82  8.98  9*19  9.41  9.49  9*38  9*67  9.76  9*63 

2  2.57.  3.00  3*15  3.23  3.28  3.31  3*33  3.39  3.41  3*43  3.44  3.46  3*48 

3  2.0n  2.28  2*36  2*39  2.41  2.42  2.44  2*43  2*46  2.46  2*47  2.47  2*47 

4  1.81  2.00  2.05  2*06  2*07  2.08  2*08  2*08  2,08  2*08  2*08  2*06  2*08 

5  1.69  1.85  1.88  1.89  1,89  1*89  1*89  1*69  1.69  1,88  1*86  1*87  1*87 

h      1.62  1.76  1,78       79  1.79  1,78  1.76  1.77  1.76  1*76  1.73  1*74  1,74 

7      1.^7  1,70  1,72        .2  1,71  1*71  1,70  1.68  1.68  1.67  1.66  1.63  1*63 

a      l.M  U66  1.67  i.66  1*66  1*69  1*64  1.62  1.62  1*61  1*60  1.39  1*38 

1. 51  1.62  1.63  1.63  1,62  1.61  1*60  1*98  1.37  1*56  1*33  1*54  1*93 

10      1,49  1,60  1,60  1.59  1.99  1.98  1.36  1*34  1.33  1.32  1*31  1*50  1.48 

n      1,47  1.98  1.56  1.37  1,56  1.53  1.93  1.91  1.90   .1.49  1.46  1.47  1.49 

\M  1.56  1.56  1.59  1.94  1.93  1.91  1.49  1.48  1.47  1.49  1.44  1.42 

n      1.4*i  1.59  1.95  1.53  1.52  1.91  1.49  1.47  1.46  1.45  1.43  1,42  1.40 

14      1.44  1.53  1.53  1.32  1.91  1.90  1.46  1.49  1.44  1.43  1.41  1,40  1.38 

I'i      1.43  1.52  1.52  1.51  1.49  1,48  1,46  1.44  1.43  1.41  1.40  1.38  1.36 

lb      1.42  1.51  1.51  1.50  1.46  1.47  1.45  1.43  1.41  MO  1.38  1.36  1.34 

W      1.42  1.51  1.50  1.49  1.47  1.46  1.44  1.41  1.40  1.39  1.37  1.35  1,33 

I  a      1.41  1«50  1.49  1,48  1,46  1.45  1.43  1.40  1.39  1,38  1.36  1.34  1.32 

1'^      1.41  1,49  1.49  1.47  1.46  1,44  1.42  1.40  1.38  1.37  1.39  1.33  1.30 

^f)      1.40  1.49  1.4B  1.47  1,45  1,44  1.42  1.39  1.37  1.36  1.34  1.32r  1.29 

n      1.40  1.48  1.48  1.46  1,44  1,43  1.41  1,38  1.37  1,33  1.33  1.31  1.28 

?2      1.40  1.48  1.47  1,49  1.44  1.42  1,40  1.17  1.36  1.34  1,32  1.30  1.28 

21  1.39  1.47  1.47  1.49  1.43  1,42  1.40  1,37  1.39  1.34  1.32  1.30  1.27 
24      \«39  1.47  1,46  1,44  1,43  1,41  1.39  1.36  1.39  1.33  1.31  1.29  1.26 

1,19  1.47  1.46  1,44  1,42  1.41  1.39  1.36  1,34  1.33  1.31  1.28  1,25 

26      U)8  1.46  1.45  1.44  1.42  1.41  1.38  1.33  1.34  1.32  1.30  1.28  1.23 

?f      1.10  1.46  1.45  1,43  1.42  1.40  1,38  1.33  1.33  1.32  1.30  1.27  1.24 

l.)e  1.46  1.45  1,43  1,41  1,40  1.38  1,34  1,33  1.31  1.29  1.27  1.24 

U18  1.45  1.45  1.43  1.41  1.40  1.37  1,34  1,32  1.31  1.29  1.26  1.23 

l.)e  1,45  1.44  1.42  1.41  1.39  1.37  L34  1,32  1.30  1.28  1.26  1.23 

4n      t.H  1.44  1.42  1.40  1.39  1.37  1,33  1,31  1.30  1.28  1.29  1.22  1.19 

h(i      t.35  1.42  1.41  1.18  1.37  1,35  1.32  1.29  1.27  1.29  1,22  1.19  1.15 

Un      UH  1.40  1.39  1,37  1.39  1.33  1*30  1.26  1.24  1*22  1.19  1*16  1*10 

«       1.32  1.39  l.i;  1.35  1.13  1.31  1*28  1.24  1*22  1*19  1*16  1*12  1.00 

Compiled  from  K.  S.  FVarson  and  H.  0.  Hartley  (editors),  Biometrika  tables  for 

statisticianfi.  vol.  I.  ('ambridRe  Univ.  Press,  Cambridge,  England,  1954  (with 
fj«>rmiH«ion ).  ' 
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PROBABILITY  FUNCTIONS 

PKHIiK'STAWE  IHmTS  (»F  TMK  r-IMSTRIBUTION-^VALlJES  Table  26.9 

OF  f  TKKMS  OF 

3  4  5       6  8  12  15  20  30  60  - 

53,59  55.83  57.24  58.20  59.44  60.71  61.22  61,74  62.26  62.79  63.33 

"l6  924  9  29  9.33  9.37  9.41  9.42  9.44  9.46  9.47  9.49 

5  39  5.34  5.31  5.28  5.25  5.22  5.20  5.18  5.17  5.15  5.13 

4  19  4.11  4.05  4.01  3.95  3.90  3.87  ).84  3.82  3.79  3.76 
3.62  3.52  3.45  3.40  3.34  3.27  3.24  3.21  3.17  3.14  3.10 

3.29  3.18  3.11  3.05  2.98  2.90  2.87  2.84  2.80  2.76  2.72 
\S  2^iS  2.8'  2.75  2.67  2.M  2.59  2.56  2.51  2.47 
2^  2.B\  2  73  2.67  2.59  2.50  2.46  2.42  2.38  2.34  2.29 
2  81  2  69  2  61  2  55  2.47  2.38  2.34  2.30  2.25  2.21  2.16 
2:73  2.61  2:52  2.46  2.38  2.28  2.24  2.20  2.16  2.11  2.06 

2.66  2.54  2.45  2.39  2.30  2.21  2.17  2.12  2.08  2.03  1.97 

261  2  48  2  39  2.33  2124  2.15  2.10  2.06  2.01  1.96  1.90 

2  56  2.43  2.35  2.28  2.20  2.10  2.05  2.01  1.96  1.90  1.85 

2  52  2.39  2.31  2.24  2.1?  2.05  2.01  1.96  1.91  1.66  1.60 

2:49  2.36  2.27  i.2\  2.12  2.02  1.97  1.92  1.67  1.82  1.76 

2.46  2.33  2.24  2.16  2.09  1.99  1.94  1.69  1.64  1.78  1.72 

2.44  2.31  2.22  M5  2.06  1.96  1.91  1.86  1.61  1.75  1.69 

7.42  2.29  2.20  2.13  2.04  1.93  1.69  1.64  1.76  1.72  1.66 

2.40  2.27  2.18  2.11  2.02  1.91  1.86  1.81  1.76  1.70  1.63 

2.36  2.25  2.16  2.09  2.00  1.89  1.84  1.79  1.74  1.68  1.61 

2.36  2.23  2.14  2.06  1.96  1.87  1.63  1.76  1.72  1.66  1.59 

2.35  2.22  2.13  2.06  1.97  1.86  1.81  1.76  1.70  1.64  1.57 

2.34  2.2t  2.11  2.05  1.95  1.64  1.60  1.74  1.69  1.62  1.55 

2.33  2.19  2  10  2.04  1.94  1.63  1.78  1.73  1.67  1.61  1.53 

2:32  2.18  2.09  2.02  1.93  1.62  1.77  1.72  1.66  1.59  1.52 

2.31  2.17*  2.06  2.01  1.92  1.81  1.76  1.71  1.65  1.56  1,50 

2.30  2  17  2.07  2.00  1.^1  1.60  1.75  1.70  1.64  1.57  1.49 
2.29  2.16  2.06  2.00  1.90  1.79  1.74  1.69  1.63  1.56  1.46 
2.28  ^  2.15  2.06  1.99  1.69  1.76  1.73  1.66  1.62  1.55  1.47 
2.28  2.14  2.05      1.96  1.66  1.77  1.72  1.67  1.61  1.54  1.46 

2.23  2.09  2.00      1.93  1.63  1.71  1.66  1.61  1.54  1.47  1.38 

2  16  2.04  1.95      1.67  1.77  1.66  1.60  1.54  1.48  1.40  1.29 

2  13  1.99  1  90      1.62  1.72  1.60  1.55  1.46  1.41  1.32  1.19 

2  08  1.94  1  85      1  77  1.67  1.55  1.49  1.42  1.34  1.24  1.00 


987 


m  1       2    *  3  4  5  6  8  12  16  20  30  60  - 

215  7  224.6  230.2  234.0  236.9  243.9  245.9     246.0  250.1     252.2  254.3 

19.16  19  25  19  30  19:33  19.37  19.41  19.43  19.45  19.46  19.48  19.50 

9.28  9.12  9.01  8.94  6.65  8.74  6.7  0  6.66  6.62  8.57  6.53 

6!59  6.39  ^26  6.16  6.04  5.91  5.66  5.60  5.75  5.69  5.63 

5:41  5!l9  f.05  4:95  4.82  4.66  4.62  4.56  4.50  4.43  4.36 

4.76  4.53  4.39  4.2B  4.15  4.00  3.94  3.67  3.61  3.74  3.67 

43S  4  12  3  97  3,67  3.73  3.57  3.51  3.44  3.38  3.30  3.23 

4  07  3  84  3.69  3.58  3.44  3.28  3.22  3.15  3.08  3.01  2.93 

3  86  3  63  3  48  3.37  3.23  3.07  3.01  2.94  2.86  2.79  2.71 

Ml  3.46  3.33  1.22  3.07  2.91  ♦  2.85  2.77  2.70  2.62  2.54 

3.59  3.36  3.20  3.09  2.V5  2.79  2.72  2.65  2.57  2.49  2.40 

3  49  3  26  3  11  3  00  2.8$  2.69  2.62  2.54  2.47  2.38  2.30 

341  U8  3:03  2:92  2.7/  2.60  2.53  2.46  2.38  2.30  2.21 

3  14  3.ir  2.96  2.85  2.70  2.53  2.46%     2.39  2.31  2.22  2.13 

3.06  MO  2:79  2.64  2.46  2.40  2.33  2.25  2.16  2.07 

3.24  3.01  2.85  2.74  2.59  2.42  *  2.35  2.26  2.19  2.11  2.01 

3  20  2.96  2.81  i.70  2.55  2.38  2.31  2.23  2.15  2.06  1.96 

3  16  2  93  2.77  2.66  2.51  2.34  2.2/  2.19  2.11  2.02  1.92 

3.1)  2.90  2  74  2  63  2:48  2.31  2.23  2.16  2.07  1.98  1.88 

1:10  2.8/  2:71  2.60  2.45  2.28  2.20  2.12  2.04  1.95  1.64 

1.07  2.84  2.68  2.42  2.25  2.18  2.10  2.01  1.92  l.W 

3  05  2.82  2  66  .55  2.40  2.23  2.15  2.07  1.98  1.89  1.78 

3  03  2  80  2.64  2.53  2.37  2.20  2.13  2.05  1.96  1.86  1.76 

301  278  2  62  2.51  2.36  2.18  2.11  2.03  1.94  1.64  1.73 

2:99  2.76  2:60  2:49  2.34  2.16  2.09  2.01  1.92  1.62  1.71 

2  96  .    2.74  2.59  2.47  2.32  2.15  2.07  1.99  1.90  1.80  1.69 

2.96  2  73  2  57  2  46  2.11  2.13  2.06  1.97  1.86  1.79  1.67 

215  VM  2  56  2  45  2.29  2.12  2.04  1.96  1.87  1.77  1.65 

Ml  2.70  2.5^  2:43  2:28  2:10  2.03  1.94  1.85  1.75  1.64 

2:92  2.69  2.51  2.42  2.27  2.09  2.01  1.91  1.64  1.74  1.62 

2  84  2.61  2.45  2.34  2.18  2.00  1.92  1.64  1.74  1.64  1.51 

2  76  2  51  2  )7  2  25  2  0  1.92  1.84  1.75  1.65  1.53  1.39 

2  6H  2  45  2  29  2  17  2  02  1.83  1.75  1.66  1.55  1.4)  1.25 

1:60  2.37  Ml  MO  1:94       Un  Uti  1.57  1.46  1.32  1.00 
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PHOBABIUTT  FUNCTIONS 


Tuble  26.<l         PKR<:I:NTAGE  points  of  the  f.DISTRIBlITION— values 

or  f  IN  TERMS  OF  Q, 


1 

2 


4 

5 

6 
7 
B 
9 

10 

11 
12 
1) 
14. 
IV 

16 
17 
18 
19 
20 

n 

22 
23 
24 

25 

26 
27 
26 
29 
10 

40 
60 
120 


647.8 

17.44 
12.22 
10.01 

8.81 
Ml 
7.57 
^.21 
6.94 

6.72 
6.11 
6.41 
6.10 
6.20 

6.12 
6.04 
1.98 
1.92 
1.87 

1.81 
5.79 
5.71 
5.72 
1.69 

1.66 
5.61 
1.61 
5.59 
1.17 

1.42 
1.29 
1.11 
5.02 


2 

799.5 
19.00 
16.04 
10.65 
8.41 

7.26 
6.14 
6.06 
1.71 
1.46 

5.26 
1.10 
4.97 
4.86 
4.77 

4.69 
4,62 
4.56 
4.11 
4.46 

4.42;^ 

4.18^ 

4.11 

4.)2 

4.29 

4.27 
4.24 
4.22 
4.20 
4.19 

4.05 
1.91 
1.80 
1.69 


1 

2 

1  4012 

4999.5 

2 

96.10 

99.00 

J 

14.12 

10.82 

4 

21.20 

16.00 

5 

16.26 

11.27 

6 

11.71 

10.92 

; 

12.21 

9.15 

8 

11.26 

0.61 

9 

10.16 

6.02 

10 

10.04 

7.56 

11 

9.65 

.7.21 

12 

9.11 

6.91 

n 

9.07 

6.70 

M 

8.06 

6.M 

1^ 

8.6B 

6.16 

16 

6.11 

6.2) 

17 

6.40 

6.U 

t8 

8.29 

6.01 

8.18 

1.91 

?n 

9.10 

S.91 

?\ 

9.0? 

S.79 

n 

;.9^ 

S.72 

2? 

/.88 

1.66 

H 

7.82 

l.bl 

^5 

U11 

1.S7 

2h 

7.12 

1.11 

i1 

;.68 

1.49 

;b 

;.64 

S.41 

?^ 

^.4? 

in 

1M 

fM 

1.18 

IM 

4,<»« 

4.61 

o 
o 

4 

4 

e 
0 

0 

Q 
O 

1 K 
10 

OA 

W 

864.2 

899.6 

921.8^ 

917.1 

916.7 

976.7 

984.9 

993.1 

1001 

1010 

1018 

19.17 

19.25 

19.10 

19.11 

19.57 

19.41 

to  Aft 

to  ftn 

15.44 

15.10 

14.88 

14.73 

14.54 

14.34 

14.25 

14.17 

14.08 

13.99 

13.90 

9.98 

9.60 

9.16 

9.20 

8.98 

8.75 

8.66 

8,56 

8.46 

8.36 

8.26 

7.76 

.7.19 

7.11 

6.96 

6.76 

6.52 

6.43 

6.33 

6.23 

6.12 

6.02 

6.60 

6.21 

5.99 

5.82 

5.60 

5.37 

5.27 

5.17 

5.07 

4.96 

4.85 

5.89 

1.52 

5.29 

1.12 

4.90 

1.67 

4.57 

4.47 

4.36 

4.14 

1.42 

\5.05 

4.82 

4.65 

4.41 

4.20 

4.10 

4.00 

3,69 

3.78 

3.67 

1.08 

4.72 

4.46 

4.32 

4.10 

3.87 

3.77 

3.67 

0.56 

3.45 

3.13 

4.61 

4.47 

4.24 

4.07 

1.65 

3.62 

3.52 

3.42 

3.31 

3.20 

3.06 

4.61 

4.28 

4.04 

3.88 

1.66 

3.43 

3.13 

3.23 

3.12 

3.00 

2.68 

4.47 

4.12 

1.H9 

3.73 

I.Sl 

3.26 

3.18 

3.07 

2.96 

2.85 

2,72 

4.15 

4.00 

1.77 

3.60 

3.19 

3.15 

3.0$ 

2.95 

2.84 

2.72 

2.60 

4.24 

1.69 

1.66 

3.10 

1.29 

3.05 

2.95 

2.84 

2.73 

2.61 

2.49 

4.15 

1.80 

1.58 

1.41 

1.20 

2.96 

2.86 

2.76 

2.64 

2.52 

2.40 

4.06 

1.71 

.1.10 

1.14 

1.12 

2.89 

2.79 

2.68 

2.57 

2.45 

2.32 

4.01 

1.66 

3.44 

1.26 

1.06 

2.82 

2.72 

2.62 

2.38 

€.29 

1.95 

1.61 

1.18 

1.22 

1.01 

2.77 

2.67 

2.16 

2.44 

2.32 

2.19 

1.90 

1.56 

3.3i 

;.i7 

2.96 

2.72 

2.62 

2.51 

2.19 

2.27 

2.13 

1.86 

1.51 

3.29 

1.11 

2.91 

2.68 

2.57 

2.46 

2.35 

2.22 

2.09 

3.25 

%  no 

2  87 

2.64 

2.53 

2.42 

2,31 

2.18 

2.04 

1.78 

1.44 

3.22 

1.01 

2.64 

2.60 

2.50 

2.39 

2.27 

2.14 

2.00 

1.75 

1.41 

1.16 

1.02 

2.61 

2.57  . 

2.47 

2.36  . 

2.24 

2.11 

1.97 

1.72 

1.18 

3.11 

2.99 

2.76 

2.54 

2.44 

2.33^ 

^.21 

2.06 

1.94 

1.4l9 

1.11 

1.11 

2.97 

2.75 

2.51 

2.41 

2.30 

2.16 

2.05 

1.91 

1  67 

1.11 

1.10 

2.94 

2.71 

2.49 

2.39 

2.28 

2.16 

2.03 

1.86 

1.61 

5.11 

1.08 

2.71 

2.47 

2.16 

2.25 

2.13 

2.00 

1.85 

1.61 

1.29 

1.06 

2.90 

2.69 

2.45 

2.34 

2.23 

2.11 

1.96 

1.63 

1.61 

1.27 

1.04 

2.66 

2.67 

2.43 

2.32 

2.21 

2.09 

1.96 

1.81 

1.59 

1.21 

1.01 

2.87 

2.61 

2.41 

2.31 

2.20 

2.07 

1.94 

1.79 

1.46 

1.11 

2.90 

2.74 

2.11 

2.29 

2.16 

2.07 

1.94 

1.80 

1.64 

1.14 

1.01 

2.79 

2.61 

2.41 

2.17 

2.06 

1.94 

1.62 

1.67 

1.48 

1.21 

2.69 

2.67 

2.52 

2.10 

2.05 

1.94 

1.82 

1.69 

1.13 

1.31 

1.12 

2.79 

2.17 

2.41 

2.19 

1.94 

1.63 

1.71 

1.57 

1.39 

1.00 

3 

4 

5 

6 

8 

12 

15 

20 

30 

60 

1401 

1625 

1764 

5859 

5962 

6106 

6157 

6209 

6261 

6313 

6166 

99.17 

99.21 

9^^.30 

99.31 

9^.17 

99.42 

99.43 

99.45 

99.47 

99.46 

99.50 

29.46 

28.71 

28.24 

27.91 

27.49 

27.05 

26.67 

26.69 

26.50 

26.32 

26.13 

16.69 

15.96 

15.52 

15.21 

14.80 

14.37 

14.20 

14.02 

13.84 

13.65 

13.46 

12.06 

11.19 

10.97 

10.o7 

10.29 

9.89 

9.72 

9.55 

9.38 

9.20 

9.02 

9.76 

9.11 

6.71 

6.47 

8.1  Q 

7.72 

7.16 

7.40 

7.23 

7.06 

6.68 

8.41 

7.61 

7.46 

7.19 

6.64 

6.47 

6.31 

6.16 

5.99 

5.82 

5.65 

7.19 

7.01 

6.61 

6.37 

6.01 

5.67 

1.12 

5.36 

5.20 

5.03 

4.86 

6.99 

6.42 

6.06 

1.60 

5.47 

5.11 

4.96 

4.81 

4.61 

4.48 

4.31 

6.11 

1.99 

5.64 

5.19 

1.06 

4.71 

4.56 

4.41 

4.21 

4.08 

3.91 

6.22  1.67 

5.91  5.41 

5.74  1.21 

1.16  1.04 

1.42  4.69 

4.77 

1.18  4.67 

1.09  4.56 

1.01  4.50 

4.94  4.41 


4.87 
4.82 
4.76 
4.72 
4.68 

4.64 
4.60 
4.17 
4.S4 
4.')t 

4.M 

4.n 


4.1/ 

4.n 

4.26 
4.22 
4.18 

4.14 

4.11 
4.07 
4.04 
4.02 

1.81 

1,49 
).*2 


5.12 
1.06 
4.66 
4.69 
4.16 

4.44 

4.34 
4.21 
4.17 
4.10 

4.04 
3.99 
3.94 
3.90 
3.61 

3.62 
3.78 
3.71 
3.71 
3.70 

1.^1 
3.34 
1.17 
1.02 


1.07 
4.62 
4.62 
4.46 
4.32 

4.20 
4.10 
4.01 
3.94 
3.87 

).B1 
3.76 
3.71 
3.67 
3.63 

3.19 
3.16 
3.11 
1.10 
1.47 

>.29 
).U 
2.96 
2.60 


4.74 
4.10 
4.30 
4.14 
4.00 

3.69 
3.79 
1.71 
3.63 
3.16 

3.11 
3.41 
3.41 
3.>6 
3.34? 

3.29 
3.26 
3.73 
3.20 
3.17 

2.99 
2.62 
2.66 
2.11 


4.40 
4.16 
3.96 
3.60 
3.67 

3.11 
3.46 
3.17 

3.io 

3.23 

3.17 
>.12 
3.07 
1.0) 
2.99 

2.96 
2.93 
2.90 
2.87 
2.84 

2.66 
2,10 
2.)4 
2.18 


4.25 
4.01 
3.82 
3.66 
V52 

^.41 
3*31 
3.23 
3.15 
.3.09 

3.03 
2.96 
2.9) 
2.69 
2.61 

2.61 
2.7a 
2.71 
2.7) 
2.70 

2.52 
2.31 
2.19 
2.04 


4.10 
3.66 
3.66 
3.11 
3.37 

3.26 
3.16 
3.08 
3.00 
2.94 

2.68 
2.6) 
2.76 
2.74 
2.70 

2.66 
2.63 

2.60 
2.17 
2.11 

2.37 
2.2r 
2.03 
1.68 


3.94 
3.70 
3.51 
3.35 
3.21 

3.10 
3.00 
2.92 
2.84 
2.78 

2.72 
2.67 
2.62 
2.56 
2.54 

2.50 
2.47 
2.44 
2.41 
2.39 

2.20 
2.03 
1.6o 
1.70 


3.78 
3.54 
3.34 
3.18 
3.01 

2.93 
2«e3 
2.75 
2.67 
2.61 

2.51 
2.10 
2.41 
2.40 
2.36 

2.33 
2.29 
2.26 
2.23 
2.21 

2.02 
1.84 
1.66 
1.47 


3.60 
3.36 
3.17 
3.00 
2.67 

2.75 
2.65 
2.57 
2.49 
2.42 

2.36 
2«31 
2.26 
2.21 
2.17 

2.13 
2.10 
2.06 
2.03 
2.01 

1.80 
1.60 
1.38 
1.00 


/I) 


ERIC 


PROBABILITY  FUNCTIONS  080 

PKK4:KVrA<;e  IHMNTS  OV  TIIK  MMSTRIBI  TION— WI.I  KS  TMv  26.<I 

Ol  f  I\  TKHMS  OF      1^..  ¥: 

15  20  30  60 

24630  24836  2S044  *  25465 

199.4  199.4  199.5  199.5  199.5 

43.08  42.78  42.47  42.15  41.83 

20.44  20.17  19.89  19.61  19.32 

13.15  12.90  12.66  12*40  12.14 

9.81  9.59  9.36  9.12  8.88 

7.97  7.75  7.53          7.31  7.08 

6.81  *    6.61  6.40         6.18  S.95 

6.03  5.63  S.62          5.41  5*19 

5.47  o  5.27  5.07    "     4.86  *  4.64 

5.05  4.86  4.65          h.44  4.23 

4.72  4.53  4.33          4.12  3.90 

4.46  4.27  »  4.07          3.87  3.65 

4.25  4.06  3.86          3.66  3.44 

4,07  3.88  3.69          ).48  3.26 


I 

0 
& 

0 
0 

4 

e 
0 

i* 
0 

1*> 
1^ 

1  16211 

20000 

21615 

22500 

23056 

25437 

23925 

24426 

2 

198.^ 

199.0 

.199,2 

199,2 

199,3 

199,3 

199,4 

199,4 

3 

47  47 

45, 35 

44  84 

44  13 

43,39 

4 

31.33 

26.26 

24*,26 

23,15 

22!46 

2l!97 

2i;35 

20!  70 

5 

22«76 

16,31 

16.53 

15,56 

14,94 

14,51 

13,96 

13,38 

-6 

18.63 

14.54 

12,92 

12,03 

11.46 

11.07 

10,57 

10,03 

7 

16.24 

12.40 

10.88 

10,05 

9.52 

9.16 

8,68 

8,18 

S 

14.69 

7  95 

?.50 

7,01 

9 

13.61 

10.11 

8.72 

7,96 

7.47 

7!l3 

6!69 

6,*23 

10 

12.83 

9.43 

8.08 

7,34 

6.87 

6.54 

6.12 

5,66 

11 

12.23 

6,91 

7,60 

6.68 

6.42 

6.10 

1  5.68 

5.24 

\2 

11.7$ 

6.51 

7,23 

ik.52 

6.07 

5.7t 

5.35 

4.91 

13 

11.37 

01a 

0»19 

» ~ 

4  nil 

1,01 

14 

U.06 

7.92 

6,66 

6.00 

5.56 

5.26 

4,86 

4,43 

15 

IO48O 

7.70 

6.46 

5.60 

5.37 

5.07 

4,67 

4,25 

16 

10.58 

7.51 

6,30 

S.64 

5.21 

4.91 

4,92 

4,10 

17 

10.38 

T.35 

6.16 

5.5C 

5.07 

4«7B 

4,39 

3,97 

18 

10.22 

0.  V'' 

••.CO 

3  86 

19 

10.07 

7.09 

5.92 

5.27 

4,85 

4.56 

4.18 

3,*  76 

20 

9,94 

6.99 

5,62 

5.17 

4,76 

4.47 

4,09 

3.68 

21 

9.83 

6.69 

5,73 

5.09 

4,68 

4.39 

4,01 

3,60 

22 

9.73 

6,01 

5,65 

5.02 

4,61 

4.32 

3,94 

3,54 

23 

9.63 

6.73 

5,56 

4.95 

4,54 

4,26 

3,88 

3,47 

24 

9.55 

6,66 

5,52 

4,69 

4,49 

4,2( 

3,B3 

3,42 

25 

9.48 

6,60 

5,46 

4,84 

4,43 

4,15 

3,78 

3,37 

?6 

9.41 

6,54 

5,41 

4,79 

4,38^ 

4,10 

3,73 

3.33 

2/ 

9.34 

6,49 

5,36 

4.74 

4,34 

4,06 

3,69 

3,28 

?8 

9.28 

6,44 

5,32 

4,70 

4,30 

4*02 

3,65 

3.25 

29 

9.23 

6,40 

5,26 

4,66 

4,26 

3,98 

3,61 

3.21 

30 

9.16 

6.35 

5,24 

4,62 

4,23 

3,95 

3.58 

3.18 

40 

8.83 

6.07 

4,98 

4,37 

3,99 

3.71 

3.35 

2,95 

60 

8.49 

5.79 

4,73 

.  4,14 

3,76 

3.49 

3.13 

2.74 

120 

8.18 

5.54 

4,50 

3,92 

3,55 

3,28 

2.93 

2.54 

• 

r.88 

5.30 

4,26 

3.72 

3.35 

3,09 

2.7* 

2,36 

3,92  3.73  3,54  3,13  3.11 

3.79  3.61  3.41  3.|l  2.98 

3.68  3.50  3.30  3.10  2.87 

3.59  3.40  3.21  3.00  2.78 

3.50  3.32  3.12  2.92  2.69 

3.43  3.24  3.05  2.84  2.61 

3.36  3.18  2.98  2.77  2.55 
3.30  3.12  2.92  2.71  2.48 
3.25  3.06  2.87  2.66  2.43 
3.20  3.01  2.82  2.61  2.38 

3.15  2.97  2.7;  2.56  2.33 

3.11  2.93  2.73  2.52  2.29 

3.07  2.89  2.69  2.48  2.25 

3.04  2.86  2.66  2.45  2.21 

>.0l  2.82  2.63  2.42  2.18 

2.78  2.60  2.40  ?.18  1.93 

2.57  2.39  2.19  1.96  1.69 

2.37  2.19  1.98  Wj  1.43 
2.19  2.00  1.79  1.5>  1.00 

I'^n     1         2         3         4         5         6         8        12        15  20  30  60 

1  (5)4.0^3    (5)5,000    (5)5,404    (5)5,625    (5)5,764    (5)5.859    (5)5.981    (5)6.107    (5)6.158  (5)6.209  (5)6.261    (5)6.313  (5)6.366 

2  998  5  999,0  99<",2  999,2  999,3  999,3  999,4  999,4  999.4  999.4  999.5  999.5  999.5 
*       167.0        146,5        141,1        137,1        134,6        132,8        130,6        128.3        127.4  126.4  125.4  124.5  123.5 

4  74  14        61.25        56.16        53.44        51.71         50.53        49.00        47.41         46.76  46.10  45.43  44.75  44.05 

5  47;i8        37.12        3  3.2  0        31.09        29.75        28.84        2  7.64        26.42        2  5.91  25.39  24.87  24.3  3  2  3.79 

6  35.51  27,00  23,70  21,92  20,61  20,03  19,03  17,99  17.56  1 M2  16.67  16.21  15.75 
t        29  25        21,69        16,77        17,19        16,21        15,52        14,63        13,71        13.32  12,93  12,53  12,12  11,70 

8  25  42        16,49        15,83        14.39        13.49        12.86        12.04        11.19        10.84  10.48  10.11  9.73  9.33 

9  22,86        16.39        13,90        12,56        11,71         11,13         10,37          9.57          9.24  8.90  8.55  8.19  7.81. 

10  21,04        U,9l        12,55        11,26        10,46         9,92          9.20          8.45         8.13  7.80  7.47  7.12  6.76 

11  19.69  13.61  11,56  10,35  9,56  9,05  8,35  7,63  7,32  7,01  6.68  6.35  6,00 
U        18,64        12.97        10,60         9,63         8.89         6,38          7,71          7.00          6.71  6.40  6.09  5.76  5,42 

13  17  81         12,31         10,21          9,07          6,35          7,86          7,21          6,52          6,23  5,93  5,63  5,30  4,97 

14  17.14        11.78         9.73         6.62          7,92          7,43          6,80          6,13          5,85  5.56  5,25  4.94  4,60 

15  16.59        11.34          9.34          6,25          7,57          7,09          6,47          5,81          5,54  5,25  4,95  4,64  4,31 

16  16.12  10,97  9.00  7.94  7.27  6,81  6,19  5,55  5,27  4.99  4.70  4.39  4.06 
1  7  15  72  10.66  6.73  7.66  7.02  6.56  '  5.96  5.32  5.05  4.70  4.48  4.18  3.85 
10        15.36        10.39         6.49          7.46         6.81                        5.76         5.13         4.87  4.59  4.30  4.00  3.67 

19  15  06        10.16          6.26          7.26          6.62          6.16          5.59          4.97          4.70  4.43  4.14  3.84  3.51 

20  14!62         9)95          6.10          7.10         6.46         6.02          5.44          4.82          4.56  4.29  4.00  3.70  3.38 

n        1459         9.77          ^94         6.95         ^32         5.88          5.31          4.70          4.44  4.17  3.88  3.58  3.26 

22         14  38          9,61         '7,80          6,81          6,19          5.76          5,19          4,58          4,33  4.O6  3.78  3.48  3.15 

j\        14,19          9,4?          7,67          6,69          6,08          5.65          5.09          4.48          4.23   .       }.96  3.68  3.38  3.05 

24  14  03          9.34          7.55          6.59          5.98          5.55          4.99          4.39          4.14  3.87  3.59  3.29  2.97 

25  13.88         9.22          7.45          6.49         5.88         5.46         4.91          4.31          4.06  3.79  3.52  3.22  2.89 

26  13.74         9.12          7.36         6.41          5.80         5.38         4.83         4.24          3.99  3.72  3.44  3.15  2.82 

27  13  61          9.02          7.27         6.33         5.73         5.31          4,76         4.17          3,92  3.66  3.38  3.08  2.75 

28  13  50         6  93          7.19          6.25         5.66         5.24          4.69          4.11          3.86  3.60  3.32  3.02  2.69 

29  13  39         8.85          7.12          6.19         5.59         5.18         4.64          4.05          3.80  3.54  3.27  2.97  ^4^' 

30  n.29         8,77         7,05         6,12         5,53         5,12         4,58         4,00         3,75  3,49  1,22  2,92  t.39 

40        12.61          8.25         6.60         5,70         5,13          4.73          4.21          3.64          3.40  3.1b  2.87  2.57  2.23 

Jo        II  17          U6         6U         5.31          4.76         4.37          3.87         3.31          3.08  2.83  2.55  2.25  1.89 

120            38          7  32         5   9         4  95         4.42         4.04          3.55          3.02          2.78  2.53  2.26  .9^  1.54 

•         10.83         6.91          5:41          4.62         4.10         3.M          3.27          2.74          2.51  2.2/  1.99  1.66  1.00 
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PHOBABILITY  FUNCTIONS 


TaMv  2UMi 

Vkriikvi  m;!-;  immvis  of  nil';  mmstkibi  tiov 


WU  KS  OF  I W  TKiniS  OF  .1  AIND  v 


A  0.2    0.5    0.8  0.9 


7 
8 
9 

"10 

U 
I? 
13 
14 

IS 

lb 
1/ 
18 

20 

21 
22 
?^ 
24 
2S 

26 
27 
26 
29 
10 

40 

60 
120 


0.32S 
0.289 
0.277 
0.2  71 
0.267 

0.26^ 
0.261 
0.262 
0.261 
0.260 

0.260 
0.2S9 
0.2S9 
0.2S8 
0.2S8 

0.2S8 

0.2S7 
0.2S/ 
0.2')  7 
0.?M 

0.2S7 
0.?Sb 
0.2S<, 
0.2S6 
0.2S6 

0.256 
0.256 
0.256 
0.256 
0.256 

0.255 
0.254 
0.254 
0.251 


l.OOO 
0.816 
0.7b^ 
0.741 
0.72/ 

0.718 
0.7U 
0.706 
0.701 
0.700 

0.b97 
0.695 
0.694 
0.692 
0.691 

0.690 
0.6B9 
0.688 
0.688 
0.687 

0.686 
0.686 
0.685 
0.685 
0.684 

0.684 
0.684 
0.683 
0.683 
0.681 

0.681 

'0.679 
0.6  7  7 
0.6/4 


1.078 
1.886 
1.618 
1.511 
1.476 

1.440 
1.41S 
1.197 

\.m 

1.172 

1.163 
1.156 
1.150 
l.)4^ 
l.Ml 

1.137 
1.313 
l.HO 
1.328 
1.325 

1.121 
1.521 
1.119 
1.118 
1.116 

1.115 
1.114 
1.311 
1.311 
1.310 

1.103 
1.296 
1.289 
1.282 


6,314 
2.920 
2.153 
2,112 
2.015 

1,941, 
1,895 
1.860 
1.813 
1.812 

1.796 
1.782 
1.771 
1,761 
1.75) 

1,746 
1,740 
1.734 
1.729 
1.725 

J. 721 
1.7W 
1.714 
1,711 
1,708 

1.706 
1,701 
1,701 
1.699 
1,697 

1,684 
1,671 
1,658 
1,645 


0.95 

12,706 
4,103 
1,182 
2,776 
2.571 

^2.447 
2,165 
2.106 
2.262 
2.228 

2.201 
2.179 
2.160 
2,145 
2.131 

2.120 
2,110 
2,101 
2.093 
2.086 

2.080 
2.074 
2.069 
2,064 
2.060 

2.056 
2.052 
2.048 
2,045 
2,042 

2,021 
2,000 
1,980 
1,960 


0.98 

31.821 
6,965 
4.541 
3,747 
3,365 

1,141 
2.998 
2.896 
^§21 
2,764 

2,718 
2,681 
2,650 
2,624 
2,602 

2,583 
2,567 
2,552 
2,539 
2,528 

.2*518 
2,^08 
2,500 
2.492 
2,485 

2,479 
2,471 
2,467 
2,462 
2,457 

2,423 
2,390 
2,358 
2,326 


0.99 
63,657 
9,925 
5,841 
4,604 
4,032 

1.70/ 
1.499 
1.155 
1,250 
3,169 

3.106 
3.055 
1,012 
2,977 
2,94  7 

2,921 
2,898 
2,878 
2,861 
2,845 

2,831 
2,819 
2,807 
2.797 
^787 

2,779 
2,771 
2.763 
2,756 
2,750 

2,704 
2,660 
2,617 
2,576 


0.995 

127,321 
14,089 
7,453 
5.598 
4,773 

4.117 
4.029 
1,833 
3,690 
1.581 

1,497 
3,428 
3,372 
3,126 
1,286 

3,252 
3,223 
3,197 
3,174 
'  3,153 

3,135 
3,119 
3,104 
3,090 
3,078 

3,067 
3,057 • 
1,047 
3,038 
3,030 

2,971 
2,915 
2,860 
2,807 


0.9{)8 

318,309 
22,327 
10,214 
7,173 
5,893 

5,208 
4,785 
4.501 
4,297 
4,144 

4,025 
3,930 
3,852 
3,78/ 
1,733 

3.686 
3,646 
3,610 
3,579 
3.552 

3.527 
3,505 
3,485 
3,467 
3,450 

3.435 
3.421 
3,408 
3,396 
3.385 

3,307 
3,232 
3,160 
3,090 


0.999 

636,619 
31,598 
12,924 
8,610 
6,869 

5.959 
5,408 
5,041 
4,781 
4,587 

4,437 
4,318 
4,221 
4.140 
4,073 

4,015 
3,965 
3,922 
3,883 
3,850 

3,819 
3,792 
3,768 
3,745 
3,725 

3,7^^' 
3,690 
3,674 
3,659 
3,646 

3,551 
3,460 
3,373 
3,291 


.=.„.,.[,vb(1,|)]-.C(uV)-<^V- 


0.9999 

6166,198 
99.992 
28,000 
15,544 
11,178 

9.082 
7.885 
7.120 
6.594 
6.211 

5.921 
5.694 
5.513 
5.161 
5.239 

5.134 
5.044 
4.966 
4.897 
4.817 

4.764 
4.736 
4.693 
4.654 
4.619 

4.587 
4.558 
4.530 
4.506 
4.482 

4.321 
4.169 
♦  4.025 
3.891 


0.99999 

63661.977 
3)6.225 
60.397 
27.771 
17.897 

13.555 
11,215 
9.782 
8.827 
,  8.1S0 

7,648 
7,261 
6,955 
6,706 
6,502 

6,330 
6,184 
6,059 
5,949 
5,854 

5.769 
5.694 
5.627 
5.566 
5.511 

5.461 
5.415 
5.373 
5.335 
5.299 

5.053 
4.825 
♦  4.613 
4.417 


0.999999 

636619.772 
999.999 
130,155 
49,459 
28,477 

20.047 
15,764 
13,257 
11,637 
10,516 

9,702 
9.085 
8.604 
8.216 
7,903 

7,642 
7,421 
7,232 
7,069 
6,927 

6,802 
6,692 
6,593 
6,504 
6,424 

6,352 
6,286 
6,22S 
6,170 
6,119 

5,768 
5,449 
4»  5.1M 
4.692 


From  K.  S.  Pearson  and  H.  0,  Hartley  (editors),  Biometrika  tables  for  statisti- 
cians, vol.  I.  ,  Cambridge  Univ,  Press,  Cambridge,  England,  1954  for  0.999, 
from  E,  T.  Federighi,  Extended  tables  of  the  percentage  points  of  Student*s 
/•distribution,  J.  Amer.  Statist.  Assoc.  54,  683^  (1959)  for  4  0,999  (with 
f)ermiaMion). 
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PROBABILITY  FUNCTIONS 

2S00  FIVE  DIGIT  RANDOM  NUMBERS  Table  26.11 

53479  81115  98036  12217  59526  40238  40577  39351  43211  69255 

97344  70328  58116  91964  26240  44643  83287  97391  92823  77578 

66023  38277  74523  71118  84892  ,13956  98899  9231$  65783  59640 

99776  75723  03172  43^112  83086  81982  14538  26162  24899  20551 

30176  .48979  92153  38416  42436  26636  83903  44722^  69210  69117 

81874  83339  14988  99937  13213  30177  47967  93793  \86693  98854 

19839  90630  71863  95053  55532  60908  84108  55342  ^8479  63799 

09337  33435  53869  52769  18801  25820  96198  66518  78314  97013 

31151  58295  40823  41330  21Q93  93882  49192  44876  47185  81425 

67619  52515  0?037  81699  171t)6  64982  60834  85319  47^14  08075 

61946  48790  11602  83043  22257  ,11832  04344  95541  203^6  55937 

04811  64892  96346  79065  26999  43967  63485  93572  80753  96582 

05763  39601  56140  25513  86151  78657  02184  29715  04334  15678 

73260  56877  40794  13948  96289  90l85  47111  66807  61849X44686 

54909  09976  76580  02645  35795  445^7  64428  35441  28)18  \  99001 

42583  36335  60068  04044  29678  16342  48592  25547  63177  "75225 

27266  27403  97520  23334  36453  33699  23672  45884  41515  04756 

49843  11442  66682  36055.  32002  78600  36924  59962  68191  62580 

29316  40460  27076  69232  51423  58515  49920  03901  26597  33068 

30463  27856  67798  16837  74273  05793  02900  63498  00782  39.097 

28708  84088  65535  44258  33869  82530  98399  26387  02836  36^38 

13183  50652  94872  28257  78547  55286  33591  61965  51723  14211 

60796  76639  30157  40295  99476  28334  15368  42481  60312  42770 

13486  46918  64683  07411  77842  01908  47796  65796  44230  77230 

34914  94502  39374  34185  57500  22514  04060  94511  44612  10485 

28105  04814  85170  86490  35695  03483  57315  63174  71902  7il82 

59231  45028  01173  08848  81925  71494  95401  34049  04851  65914 

87437  82758  71093  36833  53582  25986  46005  42840  81683  21459 

29046  01301  55343  65732  78714  43644  46248  53205  94868  48711 

62035  71886  94506  15263  '61435  10369  42054  68257  14385  79436 

38856  80048  59973  73368  52876  47673  41020  82295  26430  87377 

40666  43328  87379  86418  95841  25590  54137  94182  42308  07361 

40588  90087  37729  08667  37256  20317  53316  50982  32900  32097 

78237  86556  50276  20431  00243  02303  71029  49932  23245  00862 

98247  67474  71455  69540  01169  03320  67017  92543  97977  52728 

69977  78558  65430  32627  28n!2  61815  14598  79728  55699  91348 

39843  23074  40814  03713  21891  96353  96806  24595  26203  26009 

62880  87277  99895  99965  34374  42556  11679  99605  98011  48867 

56138  64927  29454  52967  86624  62422  30163  76181  95317  39264 

90804  56026  48994  M569  67465  60180  12972  03848  62582  93855 

09665  44672  74762  33357  67301  80546  97659  11348  78771  45011 

34756  50403  76634  12767  32220  34545  18100  53513  14521  72120 

12157  73327  74196  26668  78087  53636  52304  00007  05708  63538 

'  69384  07734  94451  76428  16121  09300  67417  68587  87932  38840 

93358  64565  43766  45041  44930  69970  16964  08277  67752  60292 

38879  3554<»  99563  85404  04913  '62547  78406  01017  86187  22072 

58314  60298  72394  69668  12474  93059  02053  29807  63645  12792 

83568  10227  99471  74729  22075  10233  21575  20325  21317  57124 

28067  91152  40568  33705  64510  07067  64374  '  26336  79652  31140 

05730  75557  93161  80921  55873  ; 54103  34801  83157  04534  81368 

ClompiW  fwm  Rand  Corpomtion.  A  million  random  digits  with  100.000  nonnal  deviate*.  The  Free  Press,  Oleneoe.  III.. 
\%Fy  (with  penniwton) 
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PROtABlLITY  FUNCTIONS 
Tablr  26.11         '  2S00  FIVE  DIGIT  RANDOM  NUMBERS 


26687 

74223 

M*k9  MA 

43546 

45699 

94469 

82125 

37370 

23966 

68926 

37664 

60675 

75169 

24510 

15100 

02011 

14375 

65187 

10630 

64421 

66745 

4S418 

98635 

83123 

98558 

09953 

60255 

42071 

40930 

97992 

93085 

69872 

48026 

89755 

28470 

44130 

59979 

91063 

28766 

85962 

77173 

03765 

86366 

99539 

44193 

23886 

89977 

11964 

51581 

18033 

56239 

84686 

57636 

32326 

19867 

71345 

42002 

96997 

84379 

27991 

21459 

91512 

49670 

32556 

85189 

28023 

88151 

62896 

95498 

29423 

38138 

10737 

49307 

18307 

22246 

22461 

10003 

93157 

66984 

44919 

30467 

54870 

H  ^A 

19676 

56367 

20905 

38324 

00026 

98440 

37427 

22896 

37637 

48967 

49579 

65369 

74305 

62085 

39297 

10309 

23173 

7421S^ 

32272 

91430 

79112 

03685 

05411 

23027 

54735 

91550 

06250 

18705 

18909 

92564 

29567 

47476 

62804 

73428 

04535 

86395 

12162 

59647 

97726 

41734 

12199 

77^1 

92415 

63542 

42115 

84972 

12454 

33133 

48467 

25251 

78110 

54178 

78241 

09226 

87529 

35376 

90690 

54178 

08561 

91657 

11563 

66636 

2(1523 

83705 

09956 

76610 

88116 

78351 

50877 

00149 

84745 

63222 

50533 

50159 

60433 

04822 

49577 

89049 

16162 

53250 

73200 

84066 

59620 

61009 

38542 

05758 

06178 

80193 

26466 

25587 

17481 

56716 

49749 

70733 

32733 

60365 

14108 

52573 

39391 

01176 

12182 

06882 

27562 

75456 

54261 

38564 

89054 

96911 

88906 

83531 

15544 

40834 

20296 

88576 

47815 

96540 

79462 

78666 

25353 

19902 

98866 

32805 

61091 

91587 

30340 

84909 

64047 

67750 

87638 

96516 

7870$ 

255S6 

35181 

29064 

49005 

29843 

68949 

50506 

45862 

^9417 

56171 

19848 

24352 

51844 

03791 

72127 

57958 

08366 

43190 

77699 

57853 

93213 

27342 

28906 

31052 

65815 

21637 

49385 

75406 

32245 

83794 

99528 

05150 

27246 

48263 

62156 

62469 

97048 

16511 

12874 

72753 

66469 

13782 

64330 

00056 

73324 

03920 

13193 

19466 

63899 

41910 

45484 

55461 

66518 

82486 

74694 

07865 

09724 

76490 

16255 

43271 

26540 

41298 

35095 

32170 

70625 

6640f 

01050 

44225 

75553 

30207 

41814  74985 

40223 

91223 

64238 

73012 

83100 

92041 

41772 

18441 

34685 

13892 

38843 

69007 

10362 

8412S 

08814 

66785 

09270 

01245 

81765 

06809 

10561 

10080 

17482 

05471 

82273 

06902 

85058 

17815 

71551 

36356 

97519 

54144 

51132 

83169 

27373 

68609 

80222 

87572 

62758 

14858 

36350 

23304 

70453  . 

21065 

63812 

29860 

83901 

88026 

56743 

25598 

79349 

47880 

77912 

52020 

84305 

02897 

36303 

57833 

77622 

02238 

53285 

77316 

40106 

38456 

92214 

54278 

91543 

63886 

60539 

96334 

20804 

72692 

08944 

02870 

74892 

22598 

14415 

33616 

78231 

87674 

96473 

44451 

25098 

29296 

50679 

07798 

82465 

07781 

09938 

66874 

72128 

99685 

84329 

14530 

08410 

45953 

27306 

39843 

05634 

96368 

72022 

01278 

92830 

40094 

31776 

41822 

91960 

82766 

02331 

08797 

33858 

21847 

17391 

537SS 

58079 

48498 

59284 

96108 

91610 

07483 

37943 

96832 

15444 

12091 

36690 

58317 

10428 

96003 

71223 

21352 

78685 

5^964 

33510 

A^  AAB 

94805 

234Z2 

04492 

65527 

41039 

79574 

05105 

59588 

02115 

33446 

56780 

18402 

36279 

59688 

43078 

93275 

31978 

08768 

84805 

50661 

18523 

83235 

50602 

44452 

10188 

43565 

46531 

93023 

07618 

12910 

60934 

53403 

18401 

87273 

82013 

59804 

78595 

60553 

14038 

12096 

95472 

42736 

08573 

9415S 

93110 

49964 

27753 

85090  . 

,  77677 

69303 

66323 

77811 

22791 

26488 

76394 

91282 

03419 

68758 

\89575 

66469 

97835 

66681 

03171 

37073 

34547 

88296 

68638 

12976 

%0896 

10023 

27220 

05785 

77538 

83835 

89575 

55956 

93957  ^ 

30361 

^679 

83001 

35056 

07103 

63072 
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Table  26.11 


111917 

TV  if  Of 

HI  943 

112)1 

84512 

12288 

89862 

00760 

76159 

25521 

99536 

43233 

48786 

49221^ 

^06960 

31564 

21458 

88199 

06312 

85421 

72744 

97242 

66383 

00132 

05661 

96442 

37388 

37671 

27916 

A7^AA 

Q194ft 

5620l 

79204 

9  Tfc  Vf 

91196 

^A  ATO 

ftBBft4 

9AA1  ft 

A  COCA 

§8991 

30508 

2667ft 

coo  9  ^ 

M7B7 

Of  "f  CO 

08448 

4ft7fl7 

*99  9li  9 

80964 

60262 
oucoc 

07603 

17344 

01148 

83300 

9695S 

65027 

31713 

89013 

79557 

49755 

00645 

17459 

78742 

39005 

36027 

98807 

72666  1 

54484 

68262 

38827 

omi  49 

4iftnA 

D19vH 

^1  ftft7 

^199  9 

flOftQO 

■f  9 OtJ 

'  79160 

79790 

9  C  f  CO 

UQ9tD 

91674 

1 11974 
1114  fD 

A1 Q^^ 

Oat  J  J 

94^A7 

OAO^A 

kitty  k 

066ftQ  ■ 

i 

87017 

0  f  TA  9 

74166 

9  *f  AOO 

8ftftl9 

Q9010 

ftAAAl^ 

6QftQl 

ft620ft 

Oft  700 

9  MM 

A691 1 
ODcll 

05842 

08439 

79836 

50957 

32059 

32910 

15842 

13918 

41365 

80115 

25855 

02209 

07307 

59942 

71389 

76159 

11263 

38787 

61541 

22606 

9^979 

1 41  f%0 

7071 A 

MOfll 

tOMQa 

9fll^9l 

^OO^A 

Q19ft6 

40000 

769ft9 

99970 

9  ?WJ  , 

AQ9QA 

A7l^7ft 

Q044ft 

68Q1Q 

OOT  AT 

0ft676 

U70  9  0 

99899 

84892 

0*f  OTC 

9  81 49 

^OA"f  c 

00146 
UUA  "to 

174Q6 

ftlllft 
9A  A  A7 

614ft8 

OA*f  70 

6ft  790 

Oar  9  tM 

10024 

44713 

59832 

80721 

63711 

67882 

25100 

45345 

55743 

67618 

84671 

52806 

89124 

37691 

20897 

82339 

22627 

06142 

05773 

03547 

9Q9QI^ 

Q40ft6 

T"f  UJO 

AAAO6 
ooouo 

ft4609 

00984 

66940 

69292 

OTCxC 

70  MO 

A19AI^ 

Q0ftB9 

87680 

0  9  90w 

19061 

ftft627 

^t^liC  9 

29670 

9ftlfl9 

A91  kk, 

1^0770 

<51l^79 

77279 

9  9  m  9  ^ 

8ft918 

09CA0 

14819 

A*tOAC 

907ftfi 

29677 
c^o 9  9 

78355 

67041 

22492 

51S22 

31164 

30450 

27600 

44428 

96380 

26772 

09552 

51347 

33864 

89018 

73418 

81538 

77399 

30448 

97740 

18158 

1  ii771 

1^)197 

^AAA7 

AAQ7n 

toy  9\i 

i&ft600 

OA  OAO 

91769 

T  A  f  0^ 

20821 

CWOCA 

1^9^1 

TTU90 

tJ  9 

9 

449B6 

*f*ffftOD 

44996 
tf  ^cy 

lft790 

97ft00 

47269 

19999 

^AA79 

9  J^JO 

67613 

72780 

78174 

f  OA  9  *f 

18718 

AO  f  A  0 

99092 

64114 

99485 

57330 

10634 

74905 

90671 

19643 

^9903 

60950 

17968 

37217 

54676 

39524 

73785 

48864 

69835 

62798 

65205 

69187 

05572 

74741 

1  09AA 

71^0^1^ 

90VJ0 

31702 

76868 

88909 

MS74 

27642 

ft  9  Vf  & 

00996 

^A4A 

12847 

68093 

ft9649 

92799 

9  ^C 

67016 

D  9  wAD 

46784 

f  0  9  Of 

QD1  7  A 

c9^q4 

n^AAl 

91090 

4795,4 

10359 

701 14 

111  77 

AAA  9  9 

69998 

99909' 

T  TTOi# 

02670 

86155 

56860 

02592 

016«4 

42200 

79950 

37764 

82341 

71952 

36934 

42879. 

81637 

79952 

07066.,.JI1625 

96804 

92388 

88860 

68580 

1 9770  ^ 

714^^0 

84264 

24668 

1 44A4 
lODOD 

099  90 

66099 

64199 

Of  A^^ 

9flfl09 

1 A971 

9177A 
C^9  90 

88599 

17081 

99AAA 

88789 
DOr  0^ 

9001  ft 

ft71 1 A 
9f  110 

lulled 

9119^7 
t\3CJ9 

71 1 99 
f  lift* 

06620 

07415 

OA0A9 

99994 

^C^C*f 

79497 

9  T"tCf 

70987 

9  U^O  9 

95610 

08030 

81469 

91066 

88857 

56583 

01224 

28097 

19726 

71465 

09026 

40378 

05731 

55128 

74298 

49196 

31669 

42605 

30368  - 

96424 

A1  A^l 

QQQCC 

ttt9P 

D  9009 

97322 

69808 

91940 

6S921 

Di^TAA 

AC  OCT 

92896 

TCOTO 

91  A^l 

QAII99 

65484 

04641 

41018 

f  AUAO 

85100 

16110 

A  DAA V 

92077 

^CV  9  9 

741  Aft 
rDlH9 

A09AA 

0UC04 

17787 

97934 

19A99 

79890 

66009 

27521 

C  9  A 

99813 

44631 

43746 

99790 

86823 

12114 

31706 

05024 

28156 

04202 

77210 

31148 

50543 

11603 

50934 

02498 

09184 

95875 

85840 

71954 

13268 

02609 

79833 

66058 

80277 

08533 

28676 

37592 

70535 

82356 

44285 

71735 

26620 

54691 

14909 

52132 

81110 

74548 

78853 

31996 

70526 

45953 

79637 

57374 

05053 

31965 

33376 

13232 

85666 

86615 

88386 

11222 

25080 

71462 

09818 

46001 

19065 

68981 

18310 

74178 

83161 

73994 

17209 

79441 

64091 

49790 

11936 

44864 

86978 

34538 

50214 

71721 

33351 

45144 

05696 

29935 

12823 

01594 

08453 

52825 

97689 

29341 

67747 

80643 

13620 

23943 

49396 

83686 

37302 

95350 
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12367 

23891 

31906 

QA791 

jl.O710 

fiOl  AA 
07 1*10 

cococ 
90979 

A09iL7 
0020/ 

38890 

30239 

34237 

22578 

74420 

22734 

26930 

40604 

10782 

80128 

10788 

55410 

39770 

93317 

18270 

21141 

52085 

78093 

B5638 

81140 

AM  Oft 

Q009^ 

91RiL9 
23902 

IIRAA 

339«l«l 

■19  #70 

1  Aa7iL 

107/0 

AA7'91 

44721 

OA7D1 
24/01 

ftO^Oft 
O7O7O 

fUlo<l 

67112 

71  fifi7 
f  lOOf 

AAI AA 

#20#0 

ISO  OA 

.^070^ 

23407 

4iaft7 
0^79/ 

AA  7  CI 

44/91 

tot 

lr22Z 

99c^«l 

IO7O3 

IQAA^ 
^tUUD 

7390«l 

1  0971 
102/3 

AQOI  ft 
47019 

ft90A9 

O7O  /9 

39161 

44282 

14975 

97498 

25973 

33605 

60141 

30030 

77677 

49294 

80907 

74484 

39884 

1988S 

37311 

04209 

49675 

39596 

01052 

43999 

LAi.  7A 

D^DOU 

A4li7fl 
UD9#0 

0#.0^  # 

901 9ft 
20129 

AOBOl 
40D0^ 

§4^ 

Cft71ft 
99/ 

OIIU02 

9AA1  fl 

OCAAl 

C1C7A 
9^9/U 

19ftftA 

04wt7 

ft919A 

71  RIA 
#1930 

CCARA 
99*I9*I 

1  ai«74 
l79#D 

t  CCC9 
19992 

9Aft77 
209/  / 

191  9A 
12124 

CftftlO 
90030 

04142 

32092 

83586 

61825 

35482 

32736 

63403 

91499 

37196 

02762 

85226 

14193 

52213 

60746 

24414 

57858 

31884 

51266 

82293 

73553 

039r7 

at  £.7A 
7lDf<l 

cacA9 
97902 

0001 7 

J  J  #tU 

9aAi  1 
270 11 

DC1  01 

09173 

02202 

90^0A 
20004 

9191D 

09  A 19 

^7^91 

1199Q 

CQAiLA 
9740*1 

^ftftAft 

7^0Aa 
/OOUt 

1  ^Q09 
107  02 

1979  r 

19AAi« 

fl9Afl1 
02U01 

A991  A 
U221*l 

i«71  Al 
9  #1*1^ 

llft9iL 
33920 

A71  OA 
4/1t4 

QAftOiL 
74920 

719  ftl 

90638 

75J14 

35381 

34451 

49246 

11465 

25102 

71489 

89883 

99708 

65061 

15498 

93348 

33566 

19427 

66826 

03044 

97361 

08159 

47485 

D'1'120 

02233 

07fl1 9 
7  #012 

^79  #2 

0#  #00 

£.COAA 

09B44 

9aaoA 
277OO 

1  ftCll 

19933 

oni  1 A 
7OII4 

27179 

t  7^  Do 

173b9 

rD7D3 

7C1 1  7 

#9117 

'19900. 

000  ft  A 
7T704 

A71  L.t% 

47160 

ftftii^ 
99304 

29000 

OCA  Aft 

29^09 

32219 

30094 

07270 

C£.oa^ 
9OO76 

1  CiL9R 
19029 

3297*1 

Oft^X.1 

006O3 

A0A09 

10AOO 
19422 

Oft  71  7 

00/1  / 

54209 

58043 

723^0 

89828 

02706 

16815 

89985 

37380 

44032 

59366 

59286 

66964 

84843 

71549 

67553 

33867 

83011 

66213 

69372 

23903 

83872 

58167 

01221 

occco 
99998 

0^ 

22196 

^CO  AC 

69909 

38709 

A1  4CC 

01399  , 

A7AaO 

4 7407 

ODI  7ft 

201  /O 

83310 

e^A  OA 

57060 

03366 

OA  At  7 

00017 

lO^ftl 

39601 

AA^OO 
4UO7O 

C^lA 

90434 

^AftCC 

04099 

02499 

ftftOOft 

90000 

64545 

AA 

29500 

13391 

78647 

92628 

1  OICA 

l739*l 

^ftA70 

" 004/7 

C7^10 

97330 

ft91 11 
92133 

A71 1 A 
U/114 

39269 

00076 

55489 

01524 

76568 

22571 

20328 

84623 

30188 

.  43904 

29763 

05675 

28193 

65514 

11954 

78599 

63902 

21346 

19219 

902B6 

06310 

A^AAa 

02998 

01463 

27738 

>  Oft^OO 

' 70200 

1  7^07 

17697 

^ilCI  1 

64911 

10  ceo 
37992 

A191 1 
03211 

97541 

il71.A7 

47607 

97699 

cot  A<1 

99102 

91  OC1 

21091 

AAAAL. 

A707i^ 
0/7/0 

ftA90ft 

94279 

Wo  11 

707ftft 
/0/99 

82968 

85717 

11619 

07711 

97721 

93913 

C1701 

93  #01 

OOOA1 
70741 

10AA1 

70939 

' 11319 

76878 

34727 

12524 

90642 

16921 

13669 

17420 

84483 

68309 

85241 

87394 

78884 

87237 

92086 

95633 

66841 

22906 

64989 

86952 

54700 

Yil  Ail  A 

74040 

12731 

C01.t 

99616 

33697 

1 9  coo 
12972 

A  A  001 
44O7I 

^70  09 
6/702 

/27/2 

89795 

10587 

47896 

ill  Ult  t 

41413 

66431 

70046 

cn7oi 
90  #73 

'  ACOOft 

49720 

70904 

0/790 

56369 

44725 

87778 

7t  1.07 

71697 

^At  AO 

9<I363 

0911  A 
7211«l 

1AA17 

3403  # 

COftiLl 

97OOI 

^OACI 

02091 

62049 

33526 

96977 

63143 

72219 

80040 

11990 

47698 

95621 

72990 

29047 

85893 

43820 

13285 

77811 

81697 

29937 

70750 

02029 

32377 

00556^ 

.  86687 

57203 

83960 

37234 

^COC4 

69993 

CQQI  % 
97711 

01 A1  1 
71411 

eee7« 

8842r  45573 

49065 

72171 

00939 

ft  ^01  7 
0601  # 

90323 

0300/ 

ft7010 

0/732 

7T90f 

49P14 

26452 

Aii^C  A 

94230 

aiii  ^A 

84270 

'?979o 

1 1A77 
134/ # 

OAi  10 
00137 

9iLllR 
20339 

CC1  LQ 

99107 

f  3«ll  1 

40766 

*  45170 

D0110 

4Q4S1 

92828 

37412 

43423 

45138 

12208 

97809 

33619 

28868 

41646 

16734 

88860 

32636 

41985 

84615 

88317 

89705 

26119 

12416 

19438 

65665 

60989 

59766 

11418 

18250 

56728 

80359 

29613 

63052 

15251 

44684 

64681 

42354 

51029 

.77680 

07138 

12320 

01073 

19304 

87042 

58920 

28454 

81069 

93978 

66659 

21188 

64554 

55618 

36088 

24331 

84390 

16022 

12200 

77559 

75661 

02154 

12250 

88738 

43917 

03655 

21099 

60805 

63246 

26842 

35816 

90953 

85238 

32771 

07305 

36181 

47420 « 

19681 

33184 

41386 

03249 

80103 

91308 

12858 

41293 

00325 

15013 

19579 

91132 

12720 

92603 

■1025 
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926)0 

7B240 

19267 

95457 

53497 

23894 

37708 

79862 

76471 

66418 

79445 

78735 

71549 

44843 

26104 

67318 

00701 

34986 

66751 

99723 

59654 

71966 

27386 

50004 

05358 

94031 

29281 

18544 

52429 

06080 

51524 

49587 

76612 

39789 

13537 

48086 

59483 

60680 

84675 

53014 

06348 

76938 

90379 

51392 

55887 

71015 

09209 

79157 

24440 

30244 

51709 

94456 

48396 

73780 

06436 

86641 

69239 

57662 

80181 

WA  VA 

68108 

89266 

94730 

95761 

75023 

48464 

65B44 

96583 

18911 

16391 

99938 

90704 

93621 

66330 

33393 

95261 

95349 

51769 

91616 

33238 

7)196 

34449 

63513 

83834 

99411 

58826 

40456 

69268 

48562 

4210) 

02781 

V»  9  VA 

7)920 

56297 

72678 

12249 

25270, 

36678 

21313 

75767 

171)8 

27^84 

29296 

28387 

51350 

61664 

37893 

05363 

44143 

42677 

28297 

14280 

54524 

21618 

95320 

38174 

60579 

08089 

94999 

78460 

09331 

56712 

51333 

06289 

75345 

08811 

82711 

57392 

25252 

30333 

)1299 

^ACT7 

04204 

93712 

51287 

05754 

79396 

87399 

51773 

33075 

97061 

)6146 

111560 

27592 

42089 

99281 

59640 

15221 

96079 

09961 

05371 

184)2 

11630 

05529 

02791 

81017 

49027 

79031 

50912 

09399 

23501 

22642 

63081 

08191 

89420 

67800 

55137 

54707 

32945 

64522 

57888 

85846 

67967 

07835 

11314 

01545 

48535 

17142 

08552 

67457 

S533& 

71264 

B8472 

04334 

63919 

36394 

11196 

92470 

70543 

29776 

10087 

A  VVOr 

10072 

55980 

64688 

68239 

20461 

,  89381 

'93C09 

00796 

95945 

34101 

81277 

OA&  9  9 

66090 

88872 

37818 

72142 

67140 

50785 

21380 

16703 

53362 

44940 

60430 

22834 

14130 

96593 

23298 

56203 

92671 

15925 

82975 

66158 

84731 

19436 

55790 

69229 

28661 

13675 

99318 

76873 

^4827 

9  ^ 

22898 

08094 

14326 

87038 

42892 

21127 

30712 

46469 

M098 

27436 

89421 

W  r~ft  A 

80754 

89924 

19097 

67737 

80368 

08795 

67609 

60214 

41475 

84950 

40133 

02546 

09570 

45682 

50165 

15609 

44921 

70924 

61295 

51137 

47596 

86735 

35561 

76649 

18217 

63446 

33170 

30972 

98130 

95828 

49786 

13301 

36081 

80761 

33985 

68621 

84687 

8^44^ 

06208 

17654 

51333 

02878 

35010 

67578 

61574 

20749 

71886 

r  A  WV 

^6490 

36567 

09395 

96951 

35507 

17555 

35212 

69106 

01679 

0047^ 

WW^  r  ^ 

02224 

74722 

14721 

40215 

21351 

08596 

45625 

83981 

63748 

25993 

38881 

68361 

59560 

41274 

69742 

40703 

37993 

03435 

18873 

92682 

53178 

99195 

93803 

56985 

53089 

15305 

56522 

55900 

43026 

C7A^v 

26810 

0709) 

19677 

A9Vr  9 

60688 

04410 

24505 

37890 

67186 

62829 

846)1 

71882 

12991 

83028 

82484 

90339 

91950 

74579 

03539 

90122 

)400) 

1279) 

A»  r 

6149) 

48121 

74271 
9    9  A 

28363 

66561 

75220 

35908 

53775 

45749 

05734 

86169 

42762 

70175 

97310 

73894 

88606 

19994 

59316 

97885 

72807 

54966 

60859 

11932 

35265 

71601 

55577 

67715 

2047Q 

50705 

26999 

09894 

92991 

^ft  ^TA 

1406) 

30214 

19890 

19292 

BAinn 

OOAOU 

84Q11 

26044 

02227 

52015 

21820 

50599 

51671 

65411 

V^^A  A 

214m 

68001 

72713 

40261 

61281 

VA  ft  VA 

13172 

63819 

48970 

51732 

5411) 

^^A  A«P 

98062 

68375 

80089 

24135 

72355 

95428 

11808 

29740 

81644 

86610 

01788 

64429 

14430 

94575 

75153 

94576 

61393 

96192 

03227 

32258 

62465 

04841 

43272 

68702 

01274 

05437 

22953 

18946 

99053 

41690 

94324 

91089 

84159 

92933 

99989 

89500 

91586 

02802 

69471 

68274 

05797 

43984 

21575 

09908 

70221 

19791 

51578 

36432 

33494 

79888 

10395 

14289 

52185 

09721 

25789 

38562 

54794 

04897 

59012 

89251 

35177 

56986 

25549 

59730 

64718 

52630 

31100 

62364 

49483 

11409 

25633 

89619 

75882 

98256 

02126 

72099 

57183 

55887 

09320 

73463 

16464 

48280 

94254 

45777 

45150 

68865 

11382 

11782 

22695 

41988 

1026 
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27.  Miscellaneous  Functions 

lUDNB  A.  StBOUN  ' 

Contont* 

27.1.  Debye  Functions    998 

n»l(l)4,a;a0(.l)1.4<.2)5(.5)10,  6D 

27.2.  Planck's  Radiation  Function    999 

a;».05(.005).l(.01).2(.02).4(.05).9(.l)1.5(.6)3.6,  3D 

tmaa,J(?tau),  9-lOS 

27.3.  Einstmn  Functions   999 

a;»0(.06)1.6(.l)3(.2)6,  5D 

27.4.  Sievert  Integral  J^*«-»«^*(i«   1000 

«»0(.1)1(.2)3(.5)10,  «=10»(10')60'(16")90",  6D 

27.5.  /«(«)"■  j["  and  Related  Integrals   1001 

M*).      m=l,2,3;a!=0(.01).06,.l(.l)l,  4D 
Mi*),      af«0(.2)8(.6)  16(1)20,  4-5D 

27.6.  (ft   1003 

'   y(«)+lna!,  a!=0(.06)l 
/(«),      «=.1(.1)3(.6)8,  4D 

27.7.  Dilogarithm  (Spence's  Integral) /(*)«- J'   1004 

««0(.0l).e,  ,9D 

27.8.  Clausen's  Integral  and  Related  Summations   1006 

/{«)+$  \n0,  «=0M»)16» 
/(«),      «=1«»(1»)30°(2»)90*(6")180«,  6D. 

37.9.  Vector-Addition  Coefficients  (iiitnitmaliijtim)   .  .   «   1006 

Algebraic  Expressions  for  jt=l/2,\,2^/2,2 
Decimal  Values  for     1/2, 1 , 3/2,  6D 

1027 


997 


27.  Miscellaneous  Functions 


27.1.  Debye  Functions 
Serim  ReprcMntatkuia 

27.1.1 

J,  'n""2(n+l)+lfe  (2ib-f-n)(2A)!' 

(I«i<2ir.n>l) 

(For  Bernoulli  numbers  Bu,  see  chapter  23.) 

27.1.2 

(n)(n- !)»*-' 


Debye  Funetione 


Relation  to  RtomMin  ZeU  Filrnotloa  (see  chapter  2S) 
27.1.3  V  4-^=»n!{^n+l). 

Jo    «  "~* 
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Table  27.1 


ErJc  W6 


X 

1  r»  w* 
«J«  ««-i 

2f«  <»d< 

3  f  m 

a:»Jo««-l 

4  r*  <«(((. 
ir«J()«»-l 

0.0 
0.  1 
0.  2 
0.  3 
0.  4 

1.000000 
0.  976278 
0.  961111 
0.  927498 
0.904437 

1.000000 
0.967083 
0.934999 
0.  903746 
0.878322 

1.000000 
0.963000 
0.926999 
0.  891996 
0.867986 

1.000000 
0.960666 
0.922221 
0.884994 
0.848871 

0.  6 

0.  6 
0.  7 
0.  8 
0.9 

0.  881927 
0.869964 
0.  838646 
0.  817666 
0.  797320 

a  843721 
0.  814940 
0.  786973 
0.  769813 
a  733461 

0.  824963 
0.  792924 
0.  761869 
0.  731769 
0.702618 

0.  813846 
0.  770911 
a  747067 
0.  716276 
0.684861 

1.  0 
I.  1 
1.  2 
1.  3 
1.  4 

0.  777606 
0.  788213 
0.  739438 
0.  721173 
0.  703412 

0.  707878 
0.683086 
0.  669064 
0.636800 
0.  613281 

0.  674416 
0.  647148 
0.  620798 
0.  698861 
0.  670798 

0.  684874 
a  626228 
0.898898 
0.  671967 
0.646317 

1.  0 

1,  8 
2  0 
2 

2.  4 

0.  669366 
0.  637236 
0.  606C47 
0.  878427 
0.  651696 

0.  670431 
a  630404 
0.  493083 
0.468343 
0.  426067 

a  624276 
0.  481103 
0.  441129 
0.  404194 
0.  370137 

0.  497882 
0.  483131 
0.  411893 
0.  373984 
0.  339218 

2,  fi 

2.  8 
(» 

3.  2 
3.  4 

0.  626378 
0.  602682 
0.  4K0436 
0.  469668 
0.  439962 

0.  396096 
0.  368324 
0.  342614 
0.  318834 
0.296869 

0.  338793 
0.  300996 
0.283680 
0.  289386 
0.  237262 

0.  307406 
0.278386 
0.  261829 
0.  227792 
0.  206916 

3  <*) 
8 

4  0 
4.  2 
4.  4 

0.  421680 
0.  404332 
0.  388148 
0  372968 
0.  368696 

0.  276666 
0.  267836 
0.  240864 
0.  224616 
0.  209916 

0.  217030 
0.  198671 
0. 181737 
0.  166396 
0.  162424 

0. 186076 
0. 168107 
0. 161868 
0. 137169 
0. 123913 

4,  0 

4.  8 

0 

5,  5 
ft.  0 

a  346301 
0.  3.32713 
0.  320876 
0.  294240 
0  271260 

0. 196361 
0.  183860 
0.  172329 
0.  147243 
0.  126669 

0.  139704 
0.  128129 
a  117597 
0  095241 
0.  077881 

0. 111987 
"0. 101180 
0.  091471 
0.  071228 
0. 086677 

f> 

7  0 
7  .5 
H  f) 
H  ft 

0.  261331 
0.  233948 
0.  218698 
0.  206239 
0.  193294 

0.  109727 
0.  098707 
0.  084039 
0.  074269 
0.  066036 

0. 063804 
0.  0S2606 
0.  043665 
0  036660 
0.  030840 

0.  043730 
0.  034641 
0  027463 
0. 021968 
0. 017702 

U  0 

P. 

10  0 

0.  182633 
0.  173068 
a  164443 

0.  089083 
0.  063092 
0.  047971 

0.  026200 
6.  022411 
0.  019296 

0.014368 
0.011747 
0. 009674 

/ 
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Table  27^ 


t 

/(«) 

 —  T—: 

X 

/(») 

X 

f(*) 

X 

/(») 

X 

• 

JW 

0.050 

0.007 

0.  10 

4.840 

0.20 

21.  199 

0.  40 

a  733 

0.9 

0.  831 

A  AAA 

0  028 

0.  11 

6  998 

0.  22 

20  819 

0.  45 

6.586 

1.0 

a  582 

ao6o 

0.074 

a  12 

9!  662 

0.24 

19.  777 

0.50 

5.009 

1.  1 

0.419 

O.0U 

0.  179 

0.  13 

12  296 

0.26 

ia372 

0.55 

3.850 

1.2 

a309 

a  070 

a  372 

0.  14 

14.710 

0.28 

16.809 

0.60 

2.995 

1.3 

0.233 

0.078 

0.682 

0.  18 

1&  780 

0.30 

15.224 

0.  65 

2.356 

1.4 

0.  178 

0.080 

1.  137 

0.  16 

18.446 

0.32 

13.696 

0.70 

1.  875 

1.5 

0.  139 
a  048 

0.088 

1.  782 

0.  17 

19.  692 

0.34 

12.270 

a  75 

1.508 

2.0 

0.090 

2.531 

0.  18 

20.  539 

0.36 

10.065 

0.80 

1.  225 

2.5 

a  021 

0.096 

3.  466 

0.  19 

21.  025 

0.38 

9.787 

0.85 

1.  005 

8.0 

0.010 

0.  100 

4.540 

0.  20 

21.  199 

0.  40 

&733 

0.90 

0.831 

3.5 

aoo6 

[ 


-30140  52353      /(w)  "21.20143  58. 

(27.31  Miscellaneous  Physical  Tables,  Planck's  radiation 
functions  and  electronic  functions,  MT  17  (U.S. 
Government  Printing  Office,  Washington,  D.C., 
1941). 

J!»=.c,X-»(*»»'*»'-l)-«,  R^^'^^fi^dX, 
ATk- 2»cX-V««»'*»"- 1) -',  ^»<'^ 


TabU  I: 


for 


XT=.t.O6(,001).l(.005).4(.0l).6(.02)l(.Ofi)21om  K". 

TabU  a   Rx,  iVk,  N^x  (T=1000»  K) 

for  x»I.6(.01)l(.05)4(.l)6(.2)10(.5)20]  microns. 

Table  III:  Nx  for  X=(.25(.05)1.6(.2)3(l)10l 
micron*,  T=-(1000»(500«)3500'  K  and  6000»  K]. 


Einstein  Functions 


Table  27.3 


\ 


* 

In  (l-*-«) 

X 

«»-l 

X 

e'-l 

-In  (1-C-") 

aoo 

0.05 

0. 10 

0.  15 
0.20 

t.  00000 
0.  99079 
0.99917 
0.  99813 
0.99667 

1.00000 
0.  97621 
a  96083 
0.92687 
0.  90333 

—   f 

-aq2063 

-2.  86217 
-l.,»7118 
-1/70777 

a  99684 
a  30300 
2.89806 
2.61110 

0.26 
0.  30 
0.  36 
0.40 
0.  46 

0.99481 
0.  09253 
0.  98986 
0.  98677 
0.98829 

0.88020 
0.  86749 
0.  83619 
0.81330 
0.  79182 

-1.60869 
-1.35023 
-1.  21972 
-^1.  10963 
-1.  01608 

2.88888 
2.20771 
2.06491 
1.  92293 
1.80690 

a  60 
a  66 
0.  60 
0.  66 
0.70 

0.  97942 
0.  97617 
0.  97063 
0.  96652 
0.  96016 

0.77076 
0.  76008 
0.72982 
0.  70996 
0. 69060  ' 

-0.98276 
,  -0.86026 
/  -0.79687 
-0.  73824 
-0.  68634 

1.  70350 
1.  61036 
1.  62669 
1.44820 
1.  37684 

0,  76 
0.  80 
a  86 
0.90 
0.96 

0.  95441 
0.04833 
0.  94191 
0.  93615 
0.  92807 

0.67144  , 
0.  66277 
0.63460 
0.  61661 
0.  69910 

-0.  63936 
-0.  59662 
-0.  66769 
-0.  62184 
-0.  48897 

1.  31079 
1.  24939 
1.  19209 
1.  13844 
1.08809 

1.00 
1.05 
1  in 
1  16 
1.  20 

0.92067 
0.  91298 
0.  90499 , 
0.  89671 
0.  88817 

0.  68198 
0.  66623 
0.  64886 
0.  63286 
0.  61722 

-0.  46868 
-0.  43069 
-0.  40477 
0.  38073 
-0.  35838 

1.04066 
0.90692 
0  96363 
0.  91368 
0.  87660 

1.  26 
I  30 
1  .35 
1  40 
t.  46 
1  60 

0.  87937 
0.  87031 
0.  86102 
0.  86151 
0.  84178 
0.  83186 

0.  50194 
0.  48702 
0.  47245 
.  0  46824 
0.  44436 
0  430R3 

-  a  33768 
-0.  31818 
-0.  30008 
-a  28316 
0.  267.12 
-0.  26248 

0.  83962 
0.  80620 
0.  77253 
0.  74139 
a  71168 
0.  68331 

o 
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BIIBCKLLANEOUB  FUNCTIONB 
Einstein  Functions 


X 

In  (!-«-•) 

* 

-la  (1-9-) 

1.  A 

0.  8U43 

0.  40475 

-a  22552 

0.63027 

1.7 

0.  79035 

0.  37098 

-0.  20173 

0.  88171 

1.  O 

0*  95046 

A  1 QAAQ 

A   KQiVl  A 

0.  59714 

1.  V 

0.  74557 

0.  99410 

0.  4901  f 

n  A 

0.  72400 

0*  91904 

A   1  AKAi 

—  0.  14041 

A   A  KO  A  K 

0*  45845 

2.1 

0.  70127 

0.29304 

-a  13063 

0.  42367 

Z2 

0.  67827 

0.  27414 

-0.11744 

0.39158 

2.  9 

0*  O5510 

0.  «50«V 

—  0.  10565 

A  4A10jI 

0.  90194 

0.  09200 

0.  23945 

A  AAtttA 

—0.  09510 

A  *%^AiLM 

0.  33455 

o  ft 

A  AAOOA 

0.  oOmv 

■A  OOQKA 

0.  I629o0 

A  AflRAK 

—0.  miooo 

0.  90941 

26 

0.  08A89 

0.20861 

-0. 07718 

0.  2S578 

27 

0.  66307 

a  19458 

-0.  06957 

0.  26410 

A  n 

■  0.  O404v 

0.  18129 

—0.  00274 

0.  244U3 

A  \f 

0.  0l5«U 

A    4  All  Oil 

0.  16886 

A  A  fta  It  A 

—0.  05659 

A    A  A  K  J  K 

0.  22545 

O  A 
O.  0 

0.  49627 

A    1        1  A 

0.  15719 

A  A  K 1  A*y 

—0.  05107 

0.  2UbZ6 

22 

0.  4S863 

0.  18598 

-0.04162 

0  17780 

3  4 

0.  41289 

0. 11789 

-a  03894 

0.  16138 

3.  ft 

0.  37429 

A   1/^1  14 

0.  lUllo 

—0. 02770 

0.  12883 

A  4149 AA 

0.  99799 

0.  08095 

A  aAAAA 

—0. 07262 

A    1  AI^K.<1 

0*  10958 

A  A 

4.  0 

0.  30409 

0.  0740O 

—0. 0«s49 

A    AAOI  1 

0.  0991 1 

4? 

0.272A4 

0. 06304 

-0. 01811 

a  07905 

1  4 

0.  24863 

0. 05469 

—0. 01235 

0.  06705 

4.6 

0.  21704 

0.04671 

-0. 01010 

0.  05681 

4.8 

0.  19277 

0.03988 

-0. 00826 

0.  04809 

5.0 

a  17074 

a  03393 

-a  00676 

0.04068 

5.2  ' 

0.  1608& 

0.02885 

-0.  00663 

0. 03438 

5.4 

0.  13290 

0.  02450 

-0. 00463 

0.  02903 

5»6 

0.  11683 

0.  02078 

-a  00370 

0.  02440 

5.  A 

0.  10247 

0. 01761 

-0.  00303 

0.  02065 

ao 

0. 08968 

0.  01491 

-a  00248 

0.  01739 

[•,-4,3]         |-,-4,3]         |-(-4,4]  [-(-4,6] 


(27.4)  H.  h.  Johnston,  li.  Savedoff  nnd  J.  Belmr,  Contri< 
butiona  to  the  thermodynamic  funotiona  by  a 
Planok<Ein8tein  oaoillator  in  one  degree  of  free* 
dom,  NAVRXOB  p.  646,  Offlee  of  Naval  Re- 
search, Department  of  the  Navy,  WashinKton, 
D.C,  (1949).  Values  of  j>h«(««-l)-«,  «(««~1)-', 
-In  (!-«-•)  and  «(««-rV-'-ln  (l-«-«)  for 
x-^0{.001)3(.01)  14.09,   60  with  arst  differences. 

27.4.  Sievert  Integral 
j'  e-*  *dit> 

HrlatUm  to  the  Error  Funetlon 

27.4.1 

1030 


r  i»rf,  Hoe  chapter  7*) 

ERIC 


Repreeentatlon  in  Terms  of  Exponeatial  Intesral* 
27.4.2 

Jo  Jo 

(«^o,o<Kg 

1.36...(2<r-l) 

(For  Eimix),  8e«  chapter  S.) 
Relation  to  the  Integral  of  the  Beasel  Funetlon  Ki>l.x) 
27.4.3 

Yiit  {x)  =  J "  Koit)dt  where 

.VKi.(*)^(|,r)«{l-|+/|^ 

-  2665  .301036  1 
i624i*"''32768«*""  *  *  j 
(For  Kitit),  see  chapter  11.) 
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I37.SI  National  Bureau  of  Btandaris,  Table  of  the  Sievert      (27.6)  R.  M.  Sievcrt,  Die  /V<Strahhmt!8inteiMit&t  an  der 
integral,  Applic<l  Math.  Herieo  ■  ( U.S.  (jovemment  Oberfl&ohe  und  i/der  n&chaten  UmKebuntt  von 

IVintinK  Offloe,  Washington,  D.C.   In  pre»).  Radiumnadeln^/Acta  RadioloKioa  It,  23»-a01 

*='0(.01)2(.02)6(.06)10,»«>0«(1«)90«,   9D.  (IHW).  / 

J^*«-^"»fj*,#=30»(l»)90»,  yt=»0(.01).6,  3D. 
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Slevert  Integral  £f""**<^ 


Table  27.4 


X\9 


20« 


40» 


60" 


76" 


90* 


0.0 
0.  1 
0.2 

a3 

0.4 

0.  ft 
0.  6 
0.  7 
0.8 

a9 

1.0 
1.2 
1.4 
1.6 
1.8 

2.0 
2.2 
2.  4 
2.6 
2.8 

3.0 
3.5 
4.0 

4.  5 
5.0 

5.  ft 
6.0 
6.5 
7.0 
7.  5 

8.0 
8.6 

9.  0 
9.  5 
10.0 


0.  174633 
0.  157843 
0.  142749 
0.  129099 
0.  116764 

0  106680 
0.006492 
0  086361 
0.  078103 
0.070634 

0.063880 
0.  0(  2247 
0  042733 
0.  034951 
0.028687 

0  023381 
0.  019123 
0  016641 
0.  012703 
0.  010463 

0  008568 
0  005178 
0.  003132 
0  001895 
0  001147 

0.000604 
0.000420 
0  000254 
0.  000164 
0.000093 

0.000056 
0.000034 
0  000021 
0.000012 
0.  000008 


0.349066 
0  316187 
0.  '284598 
0  266978 
0.232040 


209522 
189191 
170833 
154258 
139289 


0.  125776 
0.  102563 
0  083620 
0  068183 
a06669|r 

0  045335 
0.036967 
0.  030145 
0  024582 
0  020045 

0.  016347 
0.000817 
0.005896 
0.003542 
0. 002127 

0  001278 
0  000768 
0.000461 
0.000277 
0  000167 

0.000100 

oooooeo 

0.000036 
0.000022 
0  000013 


0.  523599 
0.471456 
0. 424515 
0  382256 
a  344200 

0. 300957 
0.279118 
a  251363 
0.226354 
a  203845 

0.  183570 
0.  148899 
0.  120780 
0  097979 
a  079488 

0.  064492 
0.062329 
0. 042463 
0  034460 
a  027968 

0.022700 
0. 013477 
a008005 
0. 004756  / 
0.002828/ 

0.  001682 
0. 001001 
0.000596 
0  000355 
0.000211 

0.000126 
0.000076 
0.000046 
0  000027 
0  000016 


0.  698132 
0  625886 
0  561159 
0.503165 
0.451199 

0.  404629/ 
0. 362893 
0.325486 
0  291967 
a  261901 

0.234|B56 
0  189iai- 
0.  162208 
0  122067 
a  098829 

0. 079644 
0.064201 
0.  051766 
0.  041750 
a  033680 

0.  027177 
a  015912 
0.009330 
0  005478 
0.003221 

0  001806 
0.001117 
0  000650 
O00038lf 
0.000230 

0.  000136 
a  000081 
0.000048 
a  000028 

a  000017 


0. 
.0. 
vO 
'  0. 

0. 

0. 
0. 
0. 
0 
0. 


777323 
692565 
617194 
650154 

490508 
4374^ 
390178 
348109 
310642 


1. 047198 
0. 923778 
0  815477 
0.720366 
0.  636769 

a  663236 
0.498504 
0. 441478 
a  391204 
a  346861 


1.  308997 
1.  123611 
0.968414 
0.837712 
0.  727031 

0.  632830 
0.  552287 
a  483134 
0.  42363& 
_-0r^Trt96 


1. 570796 
1.  228632 
1.023680 
0.868832 
0. 746208 


0  643694 
0. 56889a 
0..487!:«8 
1426062 
a  373579 


0.  ^  

il02r 
0.  176336 
0.  140702 
a  112497 

0.089954 
0.  071979 
0  067635 
0.  040179 
0.037024 

0.029702 
0  017164 
0  009951 
0.  005787 
0.003374 

0.  001972 
0.001155 
0.000678 
0.000399 
0.000235 

0.000130 
0.000082 
0.000048 
0  000029 
0.000017 


0. 307694 
0:  242623_ 
0. 191633  ^ 
0. 151641 
0. 120105 

a  005342 
0. 075797 
0.060342 
0.  048100 
0.038387 

a  030670 
0  017676 
0.  010128 
a  005862 
^0.003407 

0  001986 
0.001162 
0.000681 
0.000400 
a  000235^ 

0. 000139 
0.000082 
0.000048 
0.000029 
0.000017 


0.327288 
0.  264485 
0.  198885 
0.  156087 
0.  122032 

0.  007108 
0.  076905 
0.  061040 
0.  048541 
a  038667 

0.030848 
a  017634 
0.  010147 
0.  005869 
0.003409 

0.  001987 
0.  001162 
0.000681 
0  000400 
0.000236 

0.  000139 
0  000082 
0.  000048 
0  000029 
0.000017 


a  328286 
0.254889 
0.199061 
0. 166166 
a  122961 

a  097121 
a  0769H 
0  061043 
0. 048542 
0. 


a  030848 
0. 017634 
0. 010147 
0.005869 
0.008400 

0. 001987 
0  001162 
0.000681 
0.000400 
0.000285 

0. 000139 
a  000082 
0.000048 
0.000029 
0.000017 


p.3)2]  f 


(-4)5] 


[(-3)1]      [-(-3)1]      [(-3)2]      |-(-3)4]  [(-2)2] 


c 


27.5.  fmU)='j*  re-*'-idt  end 

Related  Integrals 

m=0, 1,2  ,.  . 
IMifprential  Equations 

A-  -y«-i      (m-1,2, ...) 
'^.5.3  2/^-(m-l)y„.,4-/^,-i  (m>3) 


27.S.1 
27.5.2 


Power  S«rlcfl  ReprcMntatione 
27.5.4         2/,  (/)  =-g  (o*  In  » + 6»)  i* 


(lo=0>— (• 


6»= 


-24»_5^(3*«-6il  4-2)0, 


'J{k-l)(k-2)' 


(For  y,  Bee  chapter  6.) 

I 

1031 


9 


1000 
27.8.8 

2y,(»)  =  1  -  Vi«+ .63423t»+.8908a^ -.143138* 

-.Ol968aB»-f  .00324*»-f. 000188^  ... 
-J*ln«(l-.08333je»+.00l389s{*-.0000083««+. . .] 

27.8.6 

2/i(»)=y-«+y  .3226a5»-.1477at*+.03196at» 

+ .00328X'-  .000491*'-  .0000236a? . .  . 
+*»  la  aKi-.01667at»+ .000198**-  .  .  .) 


MISCELLANBOUS  FUNCTIONB 


27.8.7 

2/f(*)«>l-^  -  f  ^-.2964*»+.1014ac*+.02964a» 

-.0O678**-.00O47af'+.0O0064a!« . .  . 
-ir*lii*(.0833-.00278*>+.000025a!*-  .  . .) 


Aiymptotlc  RepMwatatkm 


27.8.8 


-(If 


ao=»l,  o,-^  (3m«+3m-l) 

12(*+2)a»+,--=  -  (12it:«-}-36*-3m«-3m+25)a»+, 
+  |(m-2*)  (2jlr+3-fn)(2*+3+2m)«» 

(*=0,1,2...) 


27.5.9      gt  (x) + igtix)  =  J^'^'*  ^ 


27.3.10 


27.8.11 


Asjrmptotle,  R«prMeat«tioa 


I  exp  [-1(1)*"]  M  sin  «+J9  cos  •) 

27.8.12 

ff.(«)=-(0'"5exp[-|(?)*'*](il  cos       sin  tf) 

-a,  (lyV  •  •  •] 

a,=:l      a,=.g72222  a.».148534 
0,= -.017879       ««=.004594       a,= -.000762 
t27.7]  M.  Abramowita,  Evaluation  of  the  integral 
J^*  f'^i'du,  J.  Math.  Phya.  *l,  188-192  (1988). 

(27.8)  H.  Fax<n,  Expansion  in  series  of  the  integral 

J*  exp  I-«(l±r»)l^<f>  Arlt.  Mat.,  Astr.,  Pys. 

IS,  13,  1-67  (1921). 

(27.9)  J.  E.  Kilpatriok  and  M.  F.  Kilpatriok,  Discrete 

energy  levels  associated  with  the  Lennard- 
Jones  potential,  J.  Chem.  Phys.  19,  7,  030-983 
(1951).  / 

(27.10)  U.  E.  Kruse  and  N.  F.  Ramsey,  Th^  Integral 

J^*  »»exp  dy,  J.  Math.  Phys.  80, 

40  (1961). 

(27.11)  0.  Laporte,  Absorption  ooefReients  for  thermal 

neutrons,  Phys.  Rev.  62,  72-74  (1937). 

(27.12)  H.  C.  Torrey,  Notes  on  intensities  of  radio  fr»* 

quency  spectra,  Phys.  Rev.  69,  293  (1941). 
(27.131  C.  T.  Zahn,  Absorption  ooefBoients  for  thermr* 
neutrons,  Phys.  Rev.  82,  67-71  (1937). 

J^*y"«-»-'/^rf»for  n=0,  1;«=0(.01).1(.1)1. 
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table  27.5 


/.(«) 

/•(«) 

/•(«) 

■ 

fiU) 

s 

/.(«) 

m  1 

aoo 

0.  8000 

0.  4481 

0  8000 

0. 1 

a  4263 

a  3970 

0.4880 

0  6 

0.2266 

0.  2418 

a  8028 

0.01 

0.  4914 

0.4382 

a  4986 

0.2 

0.  3697 

0  3673 

0.4204 

07 

a  2016 

0.  2202 

0.2798 

0  02 

0.  4833 , 

0.  4838 

0.4912 

0.3 

0.3238 

a  3227 

0.3864 

0  8 

0. 1807 

0.2011 

<    a  2684 

0  03 

0.4788 

a  4288 

0.4869 

.0  4 

0.  2888 

^0  2923 

0.3667 

09 

0.  1626 

0.  1830 

.   0. 2392 

004 

0.  4676 

0  4238 

a  4826 

a8 

0.2681 

0.2664 

0.  3278 

1.0' 

0.  1466 

0.  1686 

a  2216 

a  08 

a46oa 

a  4191 

a  4784 

[<-?•]  [<-?•]  [<-r] 


[,-.).]  [(-4,7]  [(-}..] 


[<-r]  ['-r]  ['-r] 


^  

X 

z 

*4P 

0  0 

0.60000 

aooooo 

4.0 

-0,  2626 

0.0480 

ao 

a  06078 

-0. 09808 

0  2 

0.  49019 

0  08764 

4.2 

-Q!2862 

+0.0094 

8.6 

0.  07662 

-0  07131 

0  4 

0  46229 

0  16983 

4.4 

-a  2441 

-0.t)214 

9.0 

0  08221 

-0.04496 

0  6 

0  41960 

0.  24139 

46 

-0.2299 

-0.0490 

9.6 

a  08191 

-0.02082 

0  8 

0.36643 

0.30186 

4.8 

-0.  2132 

-a  0734 

10  0 

a  07626 

-a  00010 

1.0 

0.80366 

a  34806 

80 

-0. 194& 

-0.0944 

10.6 

0.06684 

+0. 01664 

1.2 

0.  23746 

0.  88122 

82 

-0. 1746 

-0. 1130 

11.0 

0.06607 

0.02899 

1.  4 

0.  16972 

0.  40127 

84 

-0. 1636 

-0.  1263 

11.6 

a  04224 

0.03707 

1.6 

0  10288 

0.40910 

86 

-0. 1322 

-0.  1374 

12.0 

a  02937 

a  04146 

1.8 

+0.  03802 

a  40692 

88 

-0. 1108 

-0  1466 

12.6 

a  01727 

a  04260 

2.0 

-0.02062 

0.  89314 

80 

-0  0896 

-0. 1607 

lao 

+0.00660 

0.04109 

2.2 

-0.  0746 

0.8722 

6.2 

-0.  0691 

-0. 1633 

18  6 

-0  00369 

0. 03768 

2.  4 

-0.  1221 

0.  3448 

6.4 

-a  0493 

-0. 1636 

14.0 

-0.  00982 

0.03268 

2.6 

-0  1629 

0.  3122 

6.6 

-0.  0307 

-0.  1616 

14.6 

-a  01817 

0.02696 

2.8 

-0. 1966 

0.2769 

6.8 

-a  0132 

-0. 1476 

18  0 

-a  01872 

a02080 

ao 

-0.2233 

0.2371 

7.0 

+0.  00286 

-0. 14211 

18  0 

-0  02118 

+0.00931 

a  2 

-0.  2432 

0  1971 

7.2 

0. 01749 

-0. 13618  . 

17.0 

-0.  01906 

-0.00022 

a  4 

-0.  2666 

0.  1669 

7.4 

0.08061 

-0.  12709 

18  0 

-0.  01436 

-0.00680 

a6 

-0.  2639 

0.  117a& 

7.6 

0  04220 

-0.  11806 

19.0 

-a  00870 

-0.00966 

a  8 

-0.  2667 

0.079y 

7.8 

0. 06224 

-a  10830 

20.0 

-a  00360 

-0. 01021 

[<-.»>']  ['-!"]       _  [<- 

i  ompfled  from  U.  B.  KniM  and  N.  f.  lUmM)^  Tbe  IntesmlJ*^  H«tp  ^ 


Power  Serfot  RepmenUUon 


if  7, 


27.6.2 


(-i)V(*±i)«^ 

(„2)»x«+' 


(For  y  and  the  (linHtntnB  function  i(x),  see  chap- 
fir  6.) 

ReUtlon  to  thf  £ipon»ntial  Integral 
27.6.3  y.»    -I  e  "'m  {X*)  +  ^iwe  •*  f '  e''dt 


er|c 


-.^  e -''mix*)  +  ^iwe  •*  £  e'\i 
For  Ei  (r)  we  chapter  %\  e  ''j  e'*  dt^  see  chapter 


|,B]       |-(-J,4]  [(-.,.]  [(-J,7] 

Aarmptotio  RepNitentatkm 


27.6.4 

I  r  1  .  1  .  2!  ,  3! 


-2  •  • 


(27.14)  A.  Erd^lyi,  WoU  on  the  paper  "On  a  definite  Inte- 
gral" by  jR.  H.  Ritchie,  Math.  Table?  Aids 
Comp.  4,  ai,  179(1960). 

Quart.  J.  Mech.  Appl.  Math.  1,  819  (1948). 
x=>0(.02)2(.06)3(.l)10.  Auxiliary  function  for 
»=0(.01)1. 

[27.16]  R.  H.  Ritchie,  On  adeflniU;  integral.  Math.  Tables 
Aids  Comp.  4, 30, 76  (1960). 
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Table  27.6 


MISCELLANEOUS  .FUNCTIONS 


/ 


9 

/(a!)  +  ln» 

t 

/(»)+In« 

* 

/(») 

/(«) 

z 

/(») 

0.00 

-0.2^ 

0  50 

0  2704 

1.0 

0  6051 

2.0 

0.3543 

3.0 

0  2619 

0.05 

-0.2081 

0  55 

O3100 

1. 1 

0  6644 

2.  1 

0  3404 

3.6 

O2203 

0.  10 

-0.  1375 

0.60 

0  3479 

1.2 

05291 

2.  2 

0. 3276 

4.  0 

0.  1968 

0.  15 

-0.0735 

0  65 

0  3842 

1.3 

O4980 

2.3 

0  3167 

4.  6 

0  1762 

0.20 

-0.0146 

0  70 

0  4192 

1.4 

0  4706 

2.4 

0.3046 

6.0 

0  1602 

0.  25 

+  0.0402 

0  75 

0  4529 

1.5 

O4460 

2.6 

0  2944 

6.6 

0  1468 

0.30 

0  0015 

0  80 

0  4854 

1.6 

0  4239 

2.6 

0  2848 

6.0 

0  1366 

0.35 

0.  1398 

0  85 

0  6168 

1.7 

O4040 

2.7 

0  2758 

6.6 

0  1259 

0.40 

0.  1856 

090 

0  5472 

1.8 

0  3860 

2.8 

0.2673 

7.0 

a  1176 

0.45 

0.2290 

0  95 

0  5766 

1.9 

0  3696 

2.9 

0  2694 

7.6 

0  1102 

0.50 

0.  2704 

1.00 

O6061 

2.0 

0  3543 

3.0 

0  2619 

&0 

0  1037 

['-?'] 

[(-4,7] 

[<-!"] 

['-?•] 

ComptM  from  B.  T.  Goodwill  lad  1.  StotflO,  Tftbto  of 

27«7«  DUogarithm 
(Spencers  Integral  for  ns2) 


/ 


Series  Ezpanilon 

jt,i,t  y(x)=gj(-i)»^^9^*  (2>»>o) 


Functtonal  ReUtlonalilps 


27.7.3 

y(x)+/(l-x)  =  -ln  xin  (1>«>0) 
27.7.4 

/(I  -«)  +y  (I  +x)  (1  ^  »>o) 

27.7.5  Janx)»  (0<a:<l) 


dtt^QoMt*  I.Maoh.AppKBteti);l«819(1948)(wltlipenzUiiloii). 

Relation  to  Debye  Functione 

27.7.7  y(e-')=^y(«0-^«£^ 

[27.17]  L.  Lewin,  DUogartthms  and  associated  functions 
(Macdonald,  London,  England,  1968). 

(27.18]  K. Mitchdj,  TaWeaof  the  functionj^'  -logU-yl 

with  an  aeeount  of  some  properties  of  this  and 
related  functions,  Phil.  Mag.  40, 361-368  (1949). 
x=.-l(.01)lj  »=0(.001).6,  9D. 

[27.19]  £.  0.  Powell,  An  integral  related  to  the  radiation 
integrals,  PhU.  Mag.  7,  34,  600-607  (1943). 


27.7.6 


1 


./(jel  D-iit)  --  -In  xln  {z^^Vt-y^-yiz^ 


(2>x>0) 


J'^«iV.*=0(.01)2(.02)6,  7D. 

(27.20]  A.  van  Wijngaarden,  Polylogarithms,  by  the  Staff 
of  the  Computation  Diepartment,  Report  R24, 
Mathematisoh  Centrum,  Amsterdam,  Hollan^ 


(1964).    F.(f)  = 


■s 


A-"f»  for  »=»a 


■i(.oi)i; 


«=.«,  for  «=0(.01)1;  <=««••/»  for  o=0(,01)2, 
lOD. 
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Table  27.7 


* 

s 

/(») 

* 

/(») 

/(«) 

/(«) 

0.00 

A  At 

ao2 
aoa 
ao4 

1.  64403  4067 
1.  68862  6448 
1. 6467ft  9712 
1. 80789  9041 
1. 47312  6860 

a  10 

All 

U.  II 

a  12 
a  13 
a  14 

1.  29971  4723 
1.  27402  9160 
1.  26008  7684 
1.  22632  0101 
1.  20316  7961 

0.20 

A  Ol 
(1.  ^1 

0.22 
0.23 
a24 

1.  07479  4600 

1.  UMBO  WUV 

1.  03527  7934 
t.  01603  0062 
a  99709  9088 

0.30 

0.32 
0.33 
a34 

0.  88937  7624 

0.  85542  7404 
0.  83877  6261 
a  82233  0471 

0.40 

A  A\ 

0.42 
0.43 
0.44 

0.  72768  6308 

0.  60736  1'068 
0.  68247  9726 
a  66774  6644 

0.08 
0.00 

0.07 

ao8 
aoo 

1. 44063  3797 
1.40992  8300 
1.38068  6041 
1. 36267  6161 
1. 32672  8728 

a  16 

Q.  16 

a  17 

0.  18 

a  19 

1.  18068  1124 
1.  16861  6487 
1.  13693  6660 
1.  11680  8461 
1.  09610  3088 

a26 
a26 
0.27 
a28 
0.29 

a  97846  9393 
a  96012  6675 
0.  94206  7708 
0.  92426  0654 
a00669  4053 

0.35 
a  36 

a  37 
a38 
a  30 

0.  80608  2689 
a  70002  6024 
0.77415  3992 
0.  75846  0483 
0.  74293  9737 

0.46 
0.46 
0.47 
0.48 
a  49 

0.  66315  7631 
0.  63870  8706 
0.  62439  6071 
0.  61021  6108 
a  69616' 6361 

a  10 

V.  29971  4723 

0.20 

1.  07479  4600 

a30 

a  88937  7624 

0.40 

0.  72768  6308 

0.50 

0.  58224  0526 

[(-3)2] 


rrom  K,  Mll€lMtt»  Tibto  of  Um  fttiMllan 
(wtth  p«fnMo&)» 

2ft A.  Qauten^s  Integral  and  Rdated 
Siunnuitioiis 

27*8.1 

[  In  (2  Bin  0         ^     (0<tf  <ir) 


[<-«']      [<-?>•]      [<-rl  i'-i"] 

r'rlSfJirJd^,,  with  m  Mmmt  of  (OHM  pnv»m  of  tbl*  uid  letotad  timottoiu,  PhU.  Mag.  40,S6l-8«8  (IMD 
J9  9 


27.8.3 


2*(2i5:+l) 
(ir/2<Kir) 


Fuaetlonal  Relatlonahip 

I 


27.8.4  y(ir-tf)=/(tf)-iy(2tf) 

Ki^lalion  to  Spene«*s  Ititcgml 


27.8.S 


m         +^  whore  gix) ^j'  ~\n\l  +  i 


27.8.6 


Summobie  Ser^«a 


fj  55i»?=.„in  (2  Bin  I)  (0<K2ir) 


S"^'='6'"2-"*"4 


(0<tf<2r) 


90    12  '  12  48 


(0^tf<2ir) 


§  (0<K2«r) 


6     4  ^12 


(0<tf^2r) 


S"^    &6    36  +48    240  ^^^^^^f 


(27.21]  A.  Ashour  and  A.  Sabrii  Tabulation  of  the  function 


Math.  Tables  Alda  Comp.  10, 

64»  67-66  (1966). 
(27.22]  T.  Clauseni  Cber  die  Zerlegung  ireeller  gebrocheher 
Funktionrn,  J.  Reine  AngeW*  Math.  8,  29S-300 
(1832).  x-:0^(^)180^  I6t). 

(27.23)  li.  B.  W.  JoUey,  Summation  of  serieu  (Chapman 

Publishing  Co..  London,  England*  1926). 

(27.24)  A»  D.  Wheclon,  A  short  table  of  summablf^  Berlcn, 

Report  No.  8M- 14642,  Douglas  Aircraft  Co., 
Inc.,  Santa  Monica,  Calif-  (1963). 
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MIBCELLANEOtTS  rUNCTIOMB 
'   CIauMn*s  Integral 

/rt)—J/ta  (28105) (ft 


r 

/(ii+B  In  $ 

AO 

9r 

#/A\ 

fw 

\ 

Jyp) 

AO 

JW 

0 

0.  000000 

15 

0*  012900 

30 

0.  8o4o7v 

OA 

i*  UI4IV44 

on 

1 

0.  017453 

16 

0*  635781 

32 

0*  oo6253 

AO 

1,  U144«I 

OA 

2 

Ol  034908 

17 

0.  657571 

34 

A    AAA  A/11 

0*  906001 

Ait 

64 

1  ni  oftfiA 

inn 

3 

0.  052362 

18 

0.  678341 

36 

0.  923755 

AA 

66 

1,  UIUo76 

inn 

n  flnojinii 

4 

0. 060818 

19 

0.  698149 

38 

0.939633 

68 

1.006928 

no 

0. 767800 

0 

U*  1/974  fO 

A  717A17 
U.  #  If 

70 

1  002576 

IIS 

A  AU 

a  728427 

6 

0. 104735 

21 

0.736080 

42 

0. 966174 

72 

0.907366 

120 

0, 676628 

7 

0  752202 

44 

0  977020 

74 

01901294 

126 

0. 627629 

8 

0. 139664 

23 

0.  768719 

46 

0.986367 

76 

a  984426 

130 

0. 676647 

9 

0. 157133 

24 

0.  784398 

48 

0.994258 

78 

0. 976776 

136 

0.623889 

10 

0.  174607 

25 

a  799360 

60 

1.000791 

80 

a  968376 

140 

0.469564 

11 

0.  192084 

26 

0. 813636 

62 

1. 006016 

82 

0.969247 

145 

0. 413831 

12 

0.209567 

27 

0.  827249 

64 

1.009992 

84 

a  949419 

150 

0.366908 

13 

0.  227055 

28 

0.840230 

66 

1.  012773 

86 

0. 938914 

160 

a  240176 

14 

0.  244540 

29 

0.  852599 

58 

1. 014407 

88 

0.927765 

,170 

0. 120r66 

IS 

0.262049 

30 

0.  864379 

60 

1. 014942 

90 

0.916966 

'I8O 

a  ooooQo 

[<-!"] 

['-?'] 

[<-r] 

romptM  from  A.  AsKottr  and  A.  tehrl.  Tabtthrtloii  of  tli«  fdnettoo  ]^ 

27*9.  Vector-Addition  GoefBoiento 


Matli.  Tsbltt  Aids  Comp*  10.  U.  87-66  (IM)  ^wiUi  permlMtoi). 


27.9J 


(Wigner  ooefficienta  or  Clebach-Gordan  coefficients) 
DfAiiltlott 


^  (~l)V6iH-mO!0,-m,)!(i,4-m,)!(i,-m,)!0+m)l(i-w)! 

■  V  *!Oi+;3-;-*)5(ii~»ni-*)'(i3+m,-*)!OW3+w,+ib)!OWi-'n3+*)! 


I  0.< 


Conditions 


27.^.2   jt .  jt,  j  -  }  n  or+^.     ff»= integer) 


27.9.3 

27.9.4 

27.9..'; 
27.9.6 

27.9.7 


m\,  mi,  m  ~  -i  n  or  i. 


27.9.8  |m,|<ii,  |m,|<i„  |m|<i 

27.9.9  0'iia»»i»naliiiai'»)='0      m,+  TO,p^m 

Special  ValuM 

27.9.10  (JiOtniOljiOjm)  ^Hju  m) 

27.9.11  0,i«OOIiii»^)=0     ii 2n4-l 

27.9.12  0,;>im,|;,i,;'m)=0  2;,4-i=2n4-l 
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Symmetry  RelatloiM 

27.9.13 

=  (-  l)'>+^-*0\ia-  mt-mtljdij-  to) 

27.9.14  =(iaj»-TOa-TO||i»iti-TO) 

27.9.15  =  (~  l)^+*-'(i.iiTO,m,|  j^ijm) 

27.9.16  _^  

"VH+T  (-i)^*-«Oi.-TOm, 


27.9.17 


27.9.18 


27.9.19 


27.9.20 


^  ^^»+*        ....  \ 


....  . 
|;»;;»-m») 


'Vl^  (-l)''-(i.im.-m 

liiii»~TOa) 


liii^TOj) 


(itHmimtliiHim) 


i.+H 
i.-H 

Table  27.9.1 


(ii  1  mi  mi  \ji  I  i  m) 


Table  27.9.2 


i. 

i.-i 


mi«Bl 


V  (!W.+  i)(si;.+2) 


-m-H) 
+  1) 


mfOaO 


/(f.-m+l)(jr 


+m+l) 


+  1) 


m 


Vi.(i.+i) 


/(ii~m)(y.+m) 


mi""  — 1 


(j.-rnXji-m-M) 
(!y,+  l)W,+3) 


+m> 
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TaMe  27  A3 


'  MIBCELLANEOUB  rt7NCTI0N& 


;.  +  « 
J.+H 

j.-H 


/yi+J?  -  H)(j.+m-t-H)0'.-t-m-t-X) 

V  W.+  l)W,+2)(atf,+3) 

"V  Jv.w.+i)(!y.+3) 

/3CI.-fm-H)(j.-m-t-H)0i-m-t-H) 

V  (^•.-l)W.+l)(?;.+2) 

_  /(j.-m-H)0'.-w+H)(;.-m-PH) 
2>,W.-1)W.+  1)  ■ 


/3(j.-t-m-m)0'.-t-m-m0i-m-t-H) 

V  (S|j,+  l)(Si;,+2)(jy,-f3) 

/3(j.-t-  m-  H)  (J.-m-  H)  Ci>-  fM¥) 

V  atf.W.-l)(Stf.+  l) 


>.  +  H 


V  (5yi+l)(S!;i+2)(jy,+3) 


±m±% 


(2|;,-l)(jy,+  l)(?;,+2) 


V  a!;.(2!;.-l)  ('?;.+ 1)  . 


m,— H 


0'.-in-H)(j.-m-m)0'.~m-t-?5 
(iy.+  l)W.+2)(!?;.+3) 


30'.-t-m-t-H)(i.~m-H)(i.-m-m) 
?;i(?;i+l)Wi+3) 


/30-.-t-m4-H)0-.-t-m-t-H)0'. 


 -m-H) 

l)W.+  l)(!?;.+2) 


/(j.-t-m-H)(j.-t-m+H)(i.-t-»H^) 
V         !?;,Cy,-l)W,+  l) 
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Table  27.9.4 


(ii2iiiimt|it2;'m) 


i.+2 

it 


ii+2 

i.-i 
>.-.2 


•N»2 


Oi+m-  l)0-.+"iiii)I?^  w+  l)0.-t^m+2) 
(5!;.+  l)(Stf.+a)(atf.+.8)(Stf,+4) 


V 


i+ii»-'l^ai+m)a.+m+ 1)0.^1+2) 

^.0.+ 1)01+2) 

^   ♦ 

itfi+m-l)(ii+m)tf.-m+l)0i-w+2) 

W.-l)JW.(i.+  l)W.+») 

/ai+«-l)Cii-m)0.-«+lHii-i»»+2) 
"V^  20.-i)iia«+i)W«+i) 


I-  m-  i)  Ut  -  m)  (!<.-m+ 1)  2) 
W,-2)(?^,~l)^.Wi+l) 


/(ii-«+2)0.-t-m+aa.+m-iT  l)(i.+m) 

w.+i)y.+i)«;.+8)y.+2) 

».  gm+m./  ,(i'+»+*)(i«+») 

^'  2"+2Wjy;w.+i)y.+i)y.+2) 

ri_2-^  /  a(i.-m+l)tf.+m) 
VI  ^''V(^,_iy,(Sj^,+2)(^, 


+3) 


(,.+  2»-  l)y 

-V 


l)<j.-iiOar-m-  l)(i.+m- 1) 
(ii-DWi-DiiWi+l) 


mi=>0 


/8(ji-m+2)(i,-m+l)(j,+m+2)a.+ii»-M) 
(?;•+ 1)  Wi+2)  «;i+8)(i,+2)  " 


_  /8a.-m+l)(ji+m+l) 
nfi.(?^.+  l)0*.+l)y«+2) 
aw«-i.O-.+l)  - 

vw.-iJi.y.+i)w.+3) 

_  /    a(j.-m)(i.+m)  . 

n/Oi-i)i«W«+»)0«+i) 


^8(ii-m)(i.-m-l)(ii+m)0.+m-l) 
(J^-.-2)(jy,-l)i.(?;.+  l) 


- 1 


/(ii-m+2)(j.-m+  l)(ji-m)(i,+m+2) 
Wi+l)yi+l)Wi+8)(ii+2) 

/o-,4.n  /  3(ii-m)0i+m+l) 
<2'"+"Vw.-l)i.(5?i.+2)W.+3) 

o.-2«-  i)y  y,:riy,(i,;T)(jy,+a) 

.  /(i.-m-l)Oi+m+l)Ui+i»)tfi+w-r) 

y.-i)(jtfi-i)i.w.+i) 


mt**— 2 


V 


(i,-m-l)(ii-m)(ji-m+l)0i-m+2) 
Wi+l)Wi+2)(?;,+3)(2#i+4) 

0i-m-l)(ji-«w)0i-m+l)0i+w+2) 
iiWi+l)(ii+l)(2i/i+4) 


aG.-m-l)(j.-m)(i.+m+l)a.+m+2) 
Wi-l)ii(?;i+2)(?;i+3) 


(ii-w^l)Cii+m)(ii+m+l)0i+m+2) 
>  0i-l)iiW«+l)W«+2) 

0i+m-l)(ii+m)(i.+m+l)(ji+m+2) 
C?i,-2)(?^.-l)JVi(2i,+  l) 
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Table  27.9.S  (By  use  of  symmetry  relations, 
"coefficients  may  be  put  in  standard  form  ji^ja^  j 
and  m^O] 


0 
0 
1 
1 
2 
0 

0 
0 
0 

1 
1 
1 

2 
2 


m  . 

HI 

it 

i 

UliiwiWHiiiiiiw) 

0 

1 

VH      a  70711 

0 

1 

a  70711 

Si 

1 

1 

1. 00000 

0 

1 

a  70711 

0 

1 

aooooo 

0 

1 

-a  70711 

1 

1 

a  70711 

1 

i 

1 

-a  70711 
a  81650 
a  A773S 
1.00000  * 

1 

2 

a40826 

0 

1 

3 

a  81650 

0 

1 

2 

a  40825 

1 

1 

3 

a  70711 

1 

1 

2 

a  70711 

2 

1 

2 

1.00000^ 

% 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 


CooMM  ftMi  A.  BtBMB,  Nnnvtetl  tablM  of  tlM 
d«nta,  0«k  Bidca  Natioinl  Labontory  Bepott  17U, 
(liNrtwttb  partDMOB). 


aTsoaov 

a  25820 
a  03246 
a  63246 
a  77460 
a  70711 
a  70711 
a86603 

asoooo 

1.00000 

asoooo 
asoooo 
a  50000 
asoooo 

a  70711 

aooooo 

a  70711 
a  70711 
a  70711 
a  54772 
a  77460 
a  31623 
a  77460 
a  63246 
1.00000 


 eoefl*- 

Rtdfc,  TV 


(27.35)  E.  U.  Condon  and  0.  A.  Shortiey,  Theory  of 

•tomie  spectra  (Cambridge  Univ.  PreM,  Cam* 
i:  ridge.  ETn^Uutd,  1936). 

(27.36)  M.  B.  Rose,  Elementary  theory  of  anttular  mo- 

memtum  (John  WUey  k  Sons,  Int.,  New  York, 
N.Y.,  1056). 

(27.27)  A.  Simon,  Numerieta  tables  of  the  aebseh-Oordan 
eoeffloienta,  Oak  tUdge  National  Laboratory 
Report  1718,  Oak  Rldte,  Tenn.  (1954). 
CUdiii  iii|i%fii)  for  au  angular  momenta  <,% 
lOD. 
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28.  Scales  of  Notation 

Repreaentation  of  Numbers 


Any  positive  real  number  x  can  be  uniquely 
represented  in  the  scale  of  some  integer  i>l  as 


where  every  At  and  a^f  b  one  of  the  integers  0, 
6— 1»  not  all        a^)  are  zero,  and 
i1/t>0  \l  x>\.  There  is  a  one-to-one  correspond- 
ence between  the  number  and  the  sequence 

x^AJb^-^  .  .  .  +.4,6+^+^  a-.  ^6-^ 

where  the  infinite  series  converges.  The  integer  h 
is  called  the  base  or  radix  of  the  scale. 

The  seciuence  for  /  in  the  scale  of  6  may  ter« 
minate,  i.e.,  a-»^i=a-n-a=  •  •  •  =^0  for  some 
n  >  1  so  that 


t^{A. 


AxAn*a^xa^% 


then  X  is  said  to  be  a  finite  6-adic  number. 

A  sequence  which  does  not  terminate  may  have 
the  property  that  the  infinite  sequence  a.i^  a.}, 
.  .  .  becomes  periodic  from  a  certain  digit 
f^-An>l)  on;  according  as  n^l  or  n>l  the 
sequence  is  then  said  to  be  pure  or  minced  recurring. 

A  sequence  which  neither  terminates  nor  recurs 
represents^^an  irrational  number. 

Names  of  Scalefi 


Base 

Scale 

2 

Binary 

8 

— J 
Octal 

3 

Ternary 

9 

Nonary 

4 

Quaternary 

to 

Decimal 

5 

Quinary 

11 

Und<>nary 

6 

Senary 

12 

Duodenary 

7 

Septenary 

16 

Hexadecimal 

C^neral  Conversion  IVf ethoda 

Any  number  can  be  cx)nverted  from  the  scale 
of  h  tv  t.hi^  Hcalo  of  ftome  integer  1^6,  S>1»  by 
usin^  arittunt^ic  operations  in  either  the  fr««cale 
or  the  ^^oale.  Accordinijiy,  there  are  four 
methods  of  conversion,  depending  on  whether  the 
number  to  be  converted  is  an  integer  or  a  proper 
fraction.  ^ 


(I)  6«8cale  arithmetic.  CouTert  ?  to  the  6«6eale 
and  define 

xih^^Xxi^Ayl 

XxIb^X.+Ai/l, 

Jf^ll^^Oi^Akll 

where  i4^,  A[,  .  .  *f  A^  are  the  remainders  and 
Xu  X^f  .  .  A;  the  quotients  (in  the  6-scale) 
where  X^  Xu  *  *  ^m-o  respectively  are  divided 
by  I  in  the  6-scale.  Then  convert  the  remainders 
to  the  l»««cale^ 

{Ai)(S)^Aof  (ADdy^Au  *  .  iAsi)(i)^A;i 
and  obtain 

^==(^5  .  .  .  AiA(j){Sf. 

(II)  S^ale  arithmetic.  Convert  6  and  A^f 
^1,  .  .  ilni  to  the  S-scale  and  define,  using 
arithmetic  operations  in  the  ^-scale, 

Xm^X^AJk-\-Am^tf 
Xm^t^  Xm-'tl^+Am^tf 


then 


Xi^XJ>+Ai^ 

X^Xxb-^A,.^ 
Proper  fracUons  x^(0.a-^xa^ 


To  convert  a  proper  fraction  given  to  n  digits 
in  the  6H»cale,  to  the  scale  of  ?s^6  such  that  inverse 
conversion  from  the  l^scale  may  yield  the  same  n 
rounded  digits  in  the  ^-scale,  the  representation 
of  X  in  the  ^cale  must  be  obtained  to  n  rounded 
digits  where  n  satisfies  J*>6*. 

(Ill)  6H»cale  arithmetic.  Convert  %  to  the 
6<«cale  and  defme 


043 


xi'-Xx+alt 
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wherett.i,a.a,  .  .  a  ;  are  the  inteKral't)arUi  and 
afi,  Jf»t  ^  M  th«  fractional  parU*  (in  the  6-flcale) 
of  the  producU*  jtJ,  xiS,  .  .  ri^\bf  respectively. 
Then  convert  the  integral  parts  to  the  J-acale, 

and  obtain 


(IV)  ?-acale  arithmetic.  Convert  6  and  a-t> 
a^2f  •  •  M  to  the  ?*8cale  and  define,  using 
arithmetic  operations  in  the  li-scale^ 


then 


Numerical  Methods 


The  examples  are  restricted  to  the  f^cales  of  2, 
8,  10  because  of  their  importance  to  electronics 
computers. 

Note  that  the  octal  scale  is  a  power  of  the  binary 
scale.  In  fact,  an  octal  digit  corresponds  to  a 
triplet  of  binary  digits.  Then,  binary  arithmetic 
may  be  used  whenever  a  number  either  is  to  be 
converted,  to  the  octal  hcale  or  is  given  in  the  octal 
scale  and  is  to  be  converted  to  ftcme  other  scale. 

Decimal  1  2  :{    4    5    6    7      K       9  10 

Octal      1   2  ;i    4    5    f)    7      10     11  12 

Binary    1  10  11  100  101  110  111  1  000  1  001  1  010 
Example  1.  Convert  -V-  -  (1369)(io)  to  the  octal 
scale.    By  (I)  we  have  b^^U),  6-'8ao)  and  so, 
tisihg  decimal  arithmetic, 

1369/8=171  +  1/8, 
171/8^-21+3/8, 
21/8^:2  +  5/8, 
2/8  =-0+2/8; 

X-(25;U)<g). 

By  ill)  wj»  have  6=  (12),,,  and  At 
-lirn,,  -4t-fi.«)r  i4o=^(U)f%).  Hence,  using  octal 
aritlimi^tic, 

AVM2  f:i-(ir)),g», 

^,-1512  +  6-(210)(8), 
'j:-210.  12  +  11  =  (2531)(g). 

Using  binary  arithmetic  we  have,  by  (II), 
h  (UnOUt,  and  /I,  -  1„„  /U-  (Il)(a)»  i4,-(110)(a), 
/to(1001),3,  -  Thim 

AV  MOlO  \  11  -  (1101),,,, 

A'r  1101  1010  t  110  '{10  001  000),a), 

A'    10  001  000- 10104  1001    (10  101  Oil  001),,,, 

wlu»nre,  on  rort verting  to  the  ortal  scale, 

O  X-(2631)(s). 

ERIC 


then 


Eiample  2*  Convert  Ar:=(2531)(8)  to  the 
decimal  scale.  By  (I)  we  have  b-  10=(12)(g)  and 
hence,  using  octal  arithmetic, 

253i/12==210+ll/12 

210/12=15+6/12 

15/12-1+3/12 

1/12=0  +  1/12 

Thus,  converting  to  the  decimal  scale, 
and  so 

X-(1369)uo). 

By  (II)  we  have  6^  10,  and  the  octal  digits  of  A* 
are  unchanged  in  the  decimal  scale.  Hence, 
using  decimal  arithmetic, 

Xa=2.8+5=(21)ao>, 
X,=21.8+3-(171)«o), 
X=171*8  +  l-(1369)ao). 

Using  binary  arithmetic  we  have,  by  (II), 
6^8=(1000)(a,  and  A- l,^-(ll)(i),^-^(101)(2), 
i43=(10)(3,.  Then, 

A',::=10  1000+101  =  (10  101)(3„ 
A'l^lO  10M00()+11--(10  101  011)(a„ 
A'- 10  101  OIMOOOI  1    (10  101  Oil  001)(a,, 

whence,  on  converting  to  the  decimal  scale, 

.Y-(1369)(,o,. 

observe  that  in  both  exampleii  above,  octal 
arithmetic  is  used  as  an  intermediate  step  to 
convert,  according  to  (II),  the  given  number  to 
the  binary  scale.  If,  instead,  the  given  number  is 
first  converted  to  the  binary  scale,  then  binary 
arithmetic  may  bo  applied  directly  to  convert, 
according  to  (I),  the  given  number  from  the 
binary  scale  to  the  scale  desired. 
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For  example,  in  convertThj?  .Y- (2531),s,  to  the 
decimal  scale,  we  find  firet^  noiOlOllOOl),,, 
and  then  obtain,  using  (I)  wit^jfc^  10=(1010)(a), 

10  101  Oil  001/1010=:  1005rTJOO+ 1001/1010, 
10  001  000/1010  =  1101  +  110/1010, 
1101/1010=1  +  11/1010, 
1/1010=0+1/1010. 

Thus,  on  converting  to  the  decimal  scale, 

i4«-  (1001)(„  =  9,  /l,  =  (110)o,=6, 

i4,=  (ll),«-3,  i4,-l, 

A'=(1369)„o>. 


whence 


{•Isample  3.  Convert  a;  ■(0.;{55)„o)  to  the  bi- 
nary srale. 

We  first  convert  to  the  octal  scale,  using  decimal 
Hrithmetic.    By  (III),  we  find  wita  5-8 

(0.355)  -8=2  +0,840,  (0.080)  8=04  0.640 

(0.840>-8-6+0.720,  (0.640)  •8=5+0.120 

(0.720)  8  =  5-i-0.760,  (0.120)  8=0+0.960 

(0 .760)  •  8  ^  6  +  0,080,  (0.960)  -8=  7  +  0.680 

whence  /  - (0,26560507  .  .  .),„.  Thus,  on  con- 
verting to  the  binary  scale, 

(O.OlO  110  101  110  000  101  000  111 


.) 


In  order  that  inverse  conversion  of  t  from  the 
binary  to  the  decimal  scale  yield  again  x  to  the 
given  number  n  of  decimal  digits,  we  must  round  z 
in  the  binary  8cale_to  at  least  n  digits  where  ^  is 
chosen  such  that  2">  10".   Afl  a  working  ruje^  we 

may  taki*  n  >    n.    f  lenoe,  to  obtain  (Cf,366)(to) 

by  invenw  conversion,  i  must  be  rounded  in  the 

binary  Mrale  to  7/  >     :t  ^- 10  digits. 

Thus, 

/-  (0.010  110  110  0),,). 

To  carry  out  the  inverse  conversion  we  can  first 
r<ifivf'rt  to  the  ortai  Hcale, 

/  (().266)„„ 

and  tfi«'n  apply  (IV)  with  using  decimal 

antlunetic: 


/  ,-  6/8  f  6-6,75, 
/  ,    6.75/8  \  2^-2.84375, 
/    2 ,84375/8    0.366  4687fi. 
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Alternatively,  we  can  apply  (III)  withF5=s(1010)(i), 
using  biDMy  arithmetic: 

(0.010  110  11).1010::=11  +  (0.100  011  1), 
(0.100  011  1)  1010-^  101  +  (0.i00  Oil), 
(0.100  011)»1010=101  +  (O.OU  11), 
(0.011  11)  1010=^100  +  (0.101  I). 

Converting  the  integral  parts  to  the  decimal  scale, 
we  find 

u.,=^(ll)(„=:=3,  5.a=-S.,=  (101)a)==6, 

a.4-(100)(9,==^4, 

x=:(0.3664)<io) 


and  thus 


Note  that  the  fractional  part  in  any  step  is  the 
tmconverted  remainder.  .Thus,  to  round  at  any 
step,  it  is  only  necessary"  to  ascertain  whether  the 
unconverted  portion  to  be  neglected  is  greater  or 
less  than  \  \  i.e.,  whether,  in  the  binary  scale^  the 
first  neglected  digit  is  1  or  0. 

Example  4.  Convert  a:==(3.141593)ao)10*'*  to 
the  binary  scale. 

The  desired  representation  is 


where  n  and  A*,  are  such  that  inverse  conversion 
from  the  binary  scale  to  the  decimal  scale  will 
produce  t  to  the  same  given  15  decimal  digits* 
Accordingly,  \by  the  rule  stated  in  Example  3*  n 

and  k  are  to  be  chosen  so  as  to  satisfy  n+*> ^*  16 

===60. 

From  Table  28.1  we  find 

2-»<.(3.141693)ao)10-^<2-»' 

Thus,  we  must  take  i5r=^29  and,  consequently, 
choose  n>21»  The  conversion  on  a  desk  calcu* 
later  thus  proceeds  as  follows.  First,  we  obtaija 
by  use  of  Table  28.1 

2»;r^  (1.686  629  899jao) 

Then,  for  convenience's  sake,  we  convert  this 
number  to  the  ootal  scale,  using  the  method  of 
Example  3  and  rounding  as  required,  to  at  least 
7  octal  (=^21  binary)  digits.  We  find 

2»x=^  (1.637  4337)(0). 

Hence 

/- (1.637  433  7)(»).2->^ 

and,  consequently, 
x-(l.  101  Oil  111  100  Oil  Oil  lU)a)'2-«», 


Tu  r<Hiv*Tf  r  l>M<k  lii-  flu*  ili'cimal  stnh*  \vr  only 
fwvil  to  ohtaiu  froin  Vuh\r  28*1  th«»  viirious  {M>vvors 
of  2  v,'UirU  nppcrtf  in  iho  al)OV(^  n»j)rf»s(»ntu*-.)n  and 
sunt  tlu»iu.  !lowi»VHr,  Hinn»  2'  "*  2  *****  2  for 
nny  n^ul  conHtMtkt  it  is  more  convrnioiit  to 
, miurr  lii'Mi  thf  hiiJiurv  n»jim^<M>tHtion  of  /  to  the 
form 

/    2"^"- 2  -*' -  '.^  '^^    2'"^^'i  2     -  2  ^'^  -2*"" 

jtrMl  tli."n  ??»:in  tliesr  [M)w<>rf*  of  2  uNote  that  the 
niHoliiT  of  ^uinmaiulH  is  therrl^y  tiocrPHScd  from 
Ui  to  7  )    From  'lulilr  2i\  \  we  have 


rtrAl.KS  OK  NOTATION'  1015 
VVt*  first  compote,  u^^in^l:  4.1.19  aiui  Table  4J, 


»  ;5.72:» 

2W 

2^JH 

10  » 

•J  " 

*M\] 

2H7 

•  10  » 

" 

\lUi 

■115 

in" 

IHU 

MIS 

•  ur" 

.» •  4/ 

•>*>7 

;i74 

in-* 

?  4* 

H(M) 

02H 

•10  • 

li 

000 

•  10  » 

/ 

;i  141 

7r.4^ 

.!()-» 

Ni»\iMiv*  'n.(Jil  (hints  an*  us<m)  for  sufficioot  ar'(Mirar\v 
m:<4*rvi'     M*MH^.  rooiHluj^r  to  sfvrn  sit^oiticant 

T/i  <'oiiv/Tt  a  numhf^r  such  as 

fo  the  iMiiaiy  %(  nh'.  where  k  is  a  positive  iittcj^pr 
hu'i.^••  thfit  Itthle  28J  f  tum'»t  he  u.ned,  apply  tlie 
follow  in^r  tlevi(  <»:  .^orripotc 


"'ill 

r.  I" 


l<Hr,..2 


.aImti'  V  IS  itir  qiiotieut  aiid  xi  the  remuirider.  ihe 
ilivi  HMi  lii'ii  5.:  rjinirfl  o!)i  10  tjje  ileuotal  m^hU^ 


,ix\\  it)\\\ft*  t\  •  ,  *n  ih''  l'ioMr>  *<i'al»'  hy  >ui^  of 
I  iif  lilt'}  liuJ.i  'I'-.-  I  /jhuv 

A  .;iniho  <|f'V)cr  he  ii^imI  to  (iHiNt'U  l(f  the 

Aiu  kiimI  I  hi  M  luear  n  ifnl)»'(  thn<  niit  'M«'e  thr 
t  MHi"!'  nf  I  ulile  2U,1 . 

l-'.uinipN' 5.    (  noscrl  /•    .'J.VV.i J     ■  10"*'  to  the 

"loiUM'V  >ic.'i|e. 


loK,o2      iiOMKi  '-^'+,:50li)a' 

and  nn<i  fmiii  Table  l.K  ,or)704    log^  1.1419. 
IhMue 

h>{j:,n  2 

and  HO 

.  (1.14l9).,n,'2^", 

Now  we  Apply  tlio  methods  of  Example  3  to  ob- 
tain (l,14l9)i,or-^  (l.llor>U)),g,  where  octal  nota- 
ti<m  is  used  for  the  sake  of  (convenience 

To  nniuii  sneh  that  inverse  convei>*ion  will  yield 
the  same  decimal  di^it.s  of  x,  observe  that  the  last 
non-/ero  decimal  di\r\i  of  /  is  ;M0*^.  1  able.  28.4 
shows  that  2^K  U)'^K2^^  Hence,  in  the  binary 
seale»  /  nmst  he  a  binary  integt>r  times  2^;  i.e*, 
(l.II0')10)fg,  must  he  rounded  to  4  octal  (-==12 
binary)  diKit^-  As  a  result, 
/  (1.110r)),Hr2*"-(inor>).Hr2^ 

-  (1  001  001  000  101)(a)2*^ 

(\)nvt»rsion  ha(»k  to  tbe  decimal  s<*ale  proceeds 
ttH  foUawHr  write 

loKu)J^'l<>K»o2lotra/ 

.  .loKio2(2t>r)  \  loV^  (1 1 105)  .s, } 

■^logH,2|2W+  "  / 

205  lof^jv,  2 Mof<io  (ni05)(g>. 

Hence.  nrnvertiUK  .(1 1  1().^),h,  to  the  decimal 
scale*  hy  any  of  the  methods  of  Kxatnple  2^  we 
obtain 

._  ->-h>{?jn  i*  ^  2t>5  login  2  hlotr,a  4077 

wliich  Yields,  usin^r  Table  4J 

h»^'H,  /  >4:M'1202 

!  1^hns,  hy  Table  4.1,  wc  find,  rounded  to  four 
j  .-ij^MiilicaJit  fiKiinvs, 

j  /.-M2.77:n„o.-uri 
l(<  fen  nrcH 

!  I.IM  1|  J  M;il»'HnnMU.  fit'iclrdcH  ^'^'TittirivH  Nt'ain»s  Hihlio- 
'  llii-'inr  Sn.  »;j  \!,Hh''nt:i1(/|Mr      I'Mitioti  (i!ilTt>a. 

!  N'plH'ljftt'  l,  SilHso  (  I'.loHi. 

.luhu   S\A-^   <^  III''.  Nt'v<.   Y(jrk,  N.V  , 

I'.i.V/i 

j  H    K    t^H'liJir'^.   Av'ttliinctir  (»j}<M'ftt mn  iti  (li«;ind 

I  ^  nmipiitrrt.  f  I)  Vurt  \u:*t laJi'i  Co.,  tnr.,  New  Vork, 


f  Mill*  28.1 


SCALES  OF  NOTATION 
2  "  IN  IIKCIMXi. 


1 

0 

1  0 

2 

1 

0.5 

4 

2 

0.25 

a 

w.  i  £  ? 

16 

4 

0.  0625 

32 

0.  03125 

64 

6 

5 

• 

128 

7 

0.  00781 

25 

2S6 

8 

0.  00390 

625 

9 

1024 

10 

0.  00097 

65625 

2048 

11 

0. 00048 

62812  5 

1 

40<»6 

12 

8192 

13 

0.0U012 

20703  125 

16384 

14 

0. 00006 

10351  5625 

\ 

32768 

1 5 

) 

6'>'536 

16 

0.  00001 

52587  89062 

5 

I 

31072 

17 

0.  00000 

76293  94531 

25 

2  62U4 

1ft 

ft  nnnnn 

DC  9 

S 

24288 

19 

0. 00000 

19073  48632 

8125 

10 

48576 

20 

0.00000 

09536  74316 

40625 

CI 

0  00000 

nA7An  ^71  c;a 

20312  5 

41 

'J4304 

22 

0, 00000 

02384  18579 

10156  25 

83 

88608 

23 

0.  00000 

01192  09289 

55078  125 

167 

77216 

0  ononfi 

77539  0625 

S4432 

25 

0. 00000 

00298  02322 

38769  53125 

671 

0B864 

26 

0.  00000 

00149  01161 

19384  76562 

5 

1342 

17728 

71 

C  1 

0  nnnnn 

nnft7A  (^nt^fln 

59692  38281 

25 

2684 

35456 

28 

0.  00000 

00037  25290 

29846  19U0  625 

S368 

70912 

29 

0. 00000 

00018  62645 

14923  09579« 

^125 

1073/ 

41824 

30 

n  nooon 

nnnno  ^i  '199 

UUUU7  ^k^CC 

57461  54785 

15625 

21474 

83648 

31 

0. OOQOO 

00004  65661 

28730  77392 

57812  5 

42949 

67296 

32  ■ 

0. 00000 

00002  32830 

64365  38696 

28906  25 

8^899 

34'-,92 

It 

ft  ftnnnrt 

ftnnni  i/^Aii^ 

UUUUi  iDfi? 

32182  69348 

14453  125 

I 

/1 798 

69184 

)4 

0. 00000 

00000  58207 

66091  34674 

07226  5625 

43*^97 

38368 

35 

0.  00000 

00000  29103 

83045  67337 

03613  28125 

87194 

76736 

fi  nnooo 

nnnnn 

91522  83668 

51806  64062  5 

1  •> 

74389 

53472 

37 

0.  00000 

00000  07275 

95761  41834 

25903  32031  25 

21 

48 //9 

06944 

38 

0. 00000 

OOOOe  03637 

97880  70917 

12951  66015  625 

9/558 

13B86 

n  nnnnd 
uuuuu 

nnnnn  aiaia 

UUUUU  UiOAO 

98940  3545i 

56475  83007  8125 

109 

95116 

27776 

40 

0.  00000 

00000  00909 

49470  17729 

28237  91503  90625 

2i9 

90232 

■55552  . 

41 

0. 00000 

00000  00454 

74735  08864 

64118  95751  95312  5 

43^ 

80465 

11104 

42 

0.  00000 

00000  00227 

37367  54432 

32059  47875  97656  25 

879 

60930 

22208 

43 

0.  00000 

00000  00113 

68683  77216 

16029  73937  96828  125 

IT;  9 

21860 

44416 

44 

0. 00000 

00000  00056 

84341  88608 

08014  86968  99414.0625 

r.lH 

43/20 

88f)?? 

45 

0.  00000 

00000  00028 

42170  94304 

04007  43484  49707  03125 

/()  46 

8/441 

77664 

46 

0.  00000 

OOCOO  00014 

21085  47152 

02003  71742  24853  51562  5 

140/) 

/488^ 

47 

0. 00000 

00000  00007 

10542  73576 

01001  85871  12426  75781 

25 

?814? 

49/6/ 

10656 

48 

0. 00000 

00000  00003 

55271  36788 

00500  92935  56213  37890  625 

S^)?94 

Q9^34 

2131? 

49 

0.00000 

00000  00001 

77635  68394 

00250  46467  76106  68945 

3125 

99068 

4?6;'4 

50 

0. 00000 

00000  ooooo 

88817  84197 

00125  23233  89053  34472 

65625 
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SCAtKB  OF  NOTATION 


ion 


O.OOl  1.00069  ))8';4  62Sdl 

0.002  L  001)8  72S)7\11))5 

XOO)  1.00208  16050  J96)) 

0.004  1.00277  64)59  01078 

0.00)  1.00)47  1  7485  0950) 

0.006  1.00416  754)2  )897) 

0.007  1.00486  )B204  2)785 

0.008  1*005^6  0580)  98468 

0.009  1.00625  782)4  97782 


2'  l>  DECIMAL 

0.01  1.00695  55500  56719 

0.02  1.  01)95  94797  90029 

0*0)  1.02101  21257  0719) 

0.04  1.02811  )8266  56067 

0.05  1.0)526  492)8  41)77 

0.06  1.04246  5t6a8  41121 

0.07  1.04971  668)6  2)067 

0. 08  1.  05701  80405  61580 

0.09  l.U64)7  01924  5)560 


Tahio  2}L2 

0.  1  1.07177  )4625  )629)  ^ 

0.2  1.14869  8)549  VW 

0.)  1.23114  441))  44916 

0.4  l.)1950  79107  72894 

0.5  1.41421  )$62)  7)095 

0.6  1.51571  65665  10)98 

•  0.  7  1.62450  47927  12471 

\0.8  1.74110  11265  92248 

0.9  1.86606  598)0  7)61$ 


10" 
1 

12 
144 

I  750 
2)  420' 

)0)  240 
)  641  100 
46  m  200 
)M  )60  400 
/  )46  54^  000 


10  " 

1.  000  000  000  000  ObO  000  00 
0.06)  146  514  6)1  46)  146  )1 
0.005  075  541  217  270  24)  66 
0.000  406  111  564  570  651  77 
0.000  0)2  155  61)  5)0  704  15 

0.000  002  476  1)2  610  706  64 

0.000  000  206  157  >64  055  )7 

0.000  000  015  )27  745  152  75 

0.000-000  001  257  14)  561  06 

0.000  000  000  104  560  276  41 


lO^"*  IN  (MHAL 


10"  n 

112  402  762  000  10 

1  )51  0)5  564  000  11 

i6  4)2  451  210  000  12 

221  411  6)4  520  000  1) 

2  657  142  0)6  440  000  Ik. 

)4  )27  724  461  500  000  15 

4)4  157  115  760  200  000  16 

5  4)2  127  41)  542  400  000  17 

67  405  55)  164  7)1  000  000  18 


Toblr  28.3 

10  " 

0.000  000  000  006  676  ))7  66 
0«000  000  000  000  5)7  657  77 
0. 000  000  000  000  04)  136  )2 
0.000  000  000  000  00)  411  )5 
v0.000  000  000  000  000  264  11 

0. 000  000  000  000  000  022  01 

0.000  000  000  000  000  001  6) 

0.  000  000  000  000  000  000  14 

0.  000  000  000  000  000  000  01 


n  loRio  2 

)0102  99957 
60205  9991) 
90)08  99870 
20411  99827 
50514  9978) 


11  logio  2,  n  lofu  10  IN  DECIMAL 


n  loga  10 

).  )2192  80949 
6.64)85  61898 
9.96S78  42847 
13.28771  2)795 
16*60964  04744 


6 

7 
6 
9 
10 


n  login  2 

1.80617  99740 
2.10720  99696 
2.4082)  9965) 
2.  70926  99610 
). 01029  99566 


Tiililo  28.4 
n  logs  10 


19.9)156  8569) 
25.25)49  66642 
26.57542  47591 
29.  89755  28540 
55.  ?1928  09489 


ADDITION  AND  M I LTI PLICATION  TABLES 


Addition 


0  4  0 

0  ♦  1  •  1  ♦  0 

1 «  1 


0 

1 

10 


Binary  Scale 


Octal  Scale 


Multiplication 


0  IC  0  ft  0 
0  X  1  •  1  Ji  0  *  0 

1  IC  1  •  1 


01 

05 

04 

05 

06 

07 

1 

02 

05 

04 

05 

06 

07 

02 

05 

04 

05 

06 

07 

10 

2 

04 

06 

10 

12 

14 

16 

05 

04 

05 

06 

07 

10 

11 

5 

06 

11 

14 

17 

22 

25 

04 

05 

06 

07 

10 

11 

12 

4 

10 

14 

20 

24 

50 

54 

05 

06 

07 

10 

11 

12 

15 

5 

12 

17 

24 

51 

56 

45 

06 

Ot 

10 

11 

^2 

15 

14 

6 

14 

22 

50 

56 

44 

52 

07 

10 

U 

12 

15 

14 

IS 

7 

16 

25 

54 

45 

52 

61 

)0 

U 

U 

14 

15 

16 

l  alilo  2H..> 


MATIIKMATICAL  <:<»>«  l  AMS  l>  (Mrf  Al,  SCAI  K       T«lilr  2H.6 


ERIC 


(1.  n017  ^5M?l)jjj 

(2.55760  521)05)^^ 

(0.44/42  147707) 

I 

(0.  ?4i?6  3015^6)^^ 

r  1- 

(0.27426  $50661)|^ 

ln>« 

-(0.41127  255602) 

(l6ih;  6no6r)^jjj 

(U  51411  250704)^^ 

logi 

-(0.62573  030645) 

In  - 

(U  11206  404415) 

login 

(0.3H26  7542511 

(U  32404  746520)  1^ 

logi  •  - 

(1.  165223)^^ 

log2  ^ 

(  1.54252  166245)^^ 

In  2  ^ 

(0.54271  0?7760)^jj 

().  W)05  40;267)^jj 

log^  10' 

().  24464  741U6)|^^ 

1048 

In  10^ 

(2.23273  067555)^^^ 

29.  Laplace  Transforms 

ContonU 

P»gB 

29.1.  Definition  of  the  Laplace  Transfonn   1020 

29.2.  Operations  for  the  Laplace  Transform   1020 

29.3.  Table  of  LapUce  Transforms  ^   1021 

2*.4.  Table  ot  L>pla<»-SlieltiM  Tnnsfornu  -  1029 

IhforaiM.     "OO 
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V 


29.  Laplace  Transforms 


29. 1.  Definilion  of  the  Laplace  Transform 
One^dimentioiial  Laplace  Tramform 

F{t)  is  a  function  of  the  real  variable  t  and  « is  a 
complex  variable.  F{t)  is  called  the  original  func- 
tion and  is  called  the  image  function.  If  the 
integral  in  29.1.1  converges  for  a  real  «=s«o,  i.e., 


lim 

A-tO 


exists,  then  it  converges  for  all  «  with  0la'>8o,  and 
the  image  function  is  a  single  valued  analytic 


function  of  «  in  the  half-plane  ^«>«o. 

Two^imenstoiuil  Laplaee  Tnitufonn 

29.1.2 

/(«,  V)  =^{F{x,  y)  ]  =  J^"  J^*  e-^-»F{x,  y)dtdy 
Definition  of  the  Unit  Step  Function 


29.1.3 


f  0  .  « 

L 1  {t 


(KO) 

0) 

«>o) 


In  the  following  tables  the  factor  tt(0  is  to  be 
understood  as  multiplying  the  origmal  function 
Fit). 


29.2.  Operations  for  the  Laplace  Transform' 


29.2.1 
29.2.2 

29.2.3 

29.2.4 
29.2.S 

29.2.6 
29.2.7 

29.2.8 

29.2.9 
29.2.10 


Ori^nal  Furutwn  F{t) 

Fit)' 

Ini^erslon  Formula 

iViL.  '"■«•>* 

Linearity  Property 

AF(t)+B6{t) 
Differentlslian 

F'it) 
F"Ht) 

Integration 

f*  f '  F(\)(tKdT 
Jo  Jo 

./I) 

( -  DV'/V) 


Coairolutlon  (Faltung)  Theorem 


Imagt  Fundim  /(«) 

J^*  e-"Fit)dt 
/(«) 

»/(«)-F(+0) 

«V(«)-«*~'^(+0)-«»-»F'(+0)-  .  .  .  -F<-«(+o) 

l/is) 
1 


Differentiation 


—  ^'j'lP***''  p**rmiMinn  from  U.  V.  Churchill,  Oiwrtttioual  mttthematlcs,  2d  ed.,  McGraw-Hill  Book  Co.,  In/,  New 
\  ork.  N  Y  .  1958 

O  102() 
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LAPUCB  TRANSFORMS 


1021 


29.2.12 
29.2.13 

29JS.14 

29^.1S 
29.2.16 


Original  FuneHon  P(i) 


1 


1  gWtup 
c 

TniiMhtion 

F{t-bMt-b)  (6>0) 

Pcrloclle  Punetlom 


29.2.17  F{t+a)^-F(t) 

Half- Ware  RMtlfleatlon  of  F(t)  In  39^47 

29.2.18  F(t)  2  (-l)"tt(e-na) 

FulUWave  RMtlAeation  of  Fit)  in  KAAl 


Image  FuneUon  f(9) 
IntefnUlon 

LlneftT  TransfonttAlton 

Acs) 
J{cs-b) 

JJ  e-"F(t)dt 
e-'F{t)dt 


29.2.19 


29.2.20 


./(«)  coth  I 


HeifVMde  Etpanaioii  Theomn 

pi") 


a  polynomial  of  dpgree<m 

Pit) 
{H-ay 

pis)  a  polynomial  of  d(vr9c<> 


29.3.  Table  of  Laplace  Transforms* ' 

For  a  comprehensive  table  of  Laplace  and  otiier  intcpral  transforms  ace  (29.5)1.  For  n  table  of  two- 
dimensional  Laplace  transforms  see  (29.1 1). 


29.3.1 
29.3.2 


1 
n 

1 

if 


fit) 
1 


»  Thp  numfxTn  in  bold  typi'  in  tin- /(»)  luul  F(l)  voUmm  intliciitf  the  rimpt''''''  i"  «  liicit  llw  i»roi»iTtics  of  tin-  rt-ftK-PltVf 
hlRher  inath«'m«ticftl  functions  nre  rIvimi. 

«  Adapt»-<1  by  permiHflion  from  U,  V,  Churchill,  (»i^  rfttional  niallMunnlics,  2.1,  <'il„  Mc(;raw-llill  Hook  Co..  Inc..  New 

o   vofk,  .V.  Y.,  im.  i  ns< 
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1022 

29.S.S 
29.3.6 

29.9.7 

29.3.8 

29.3.9 

29.3.10 

29.3.11 

29.3.12 

29.3.13 

29.3.14 

29.3.13 
29.3.16 
29.3.17 
29.3.18 
29.3.19 
29.3.20 
2J.3.21 


/(•) 

(n=l,2,3... .) 


r«r) 


(*>0) 


1 

(«+a)» 


1 


1 


(«+o)(«+ft) 


(«+o)(«-f6) 
1 


(n=l,2,3,...) 
(*>0) 


U+a)(/»+6)(«+e) 
(o,  6,0  distinct  constants) 
1 

«*-}-a* 
1 


1 


I 


1 
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(n-l) 
J_ 

2V^ 


l-3.6...(2n~l)Vir 


"(n-l)I 


6 


a—b 

((i-6)(6-c)(c-fl) 


-  sin  o< 
a 


cos  of 


-  sinh  tf^ 
n 


cosh  fl^ 


,  ( I   cos  ) 


(r//   Hin  nt) 


,} ,  (sill  at-^nt  coH  «/) 


29^^ 

29J.2S 

29^.24 

29.3.25 

29.3.26 

29.3.27 

29.3.28 

29.3.29 

29.3.30 

29.3.31 

29.3.32 

29.3.33 

29.3.34 

29.3.35 

29.3.36 

29.3.37 

29.3.38 

29.3.39 

29.3.40 
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9 
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1 

(«+o)»+6' 
3a* 

4q» 
1 


(«+o)» 


I 


2a 


(sin  a<4-at  jCosaO 


<  cos  at 

cos  a<— cos  hi 

J      sin  ht 
cos  6< 

sin  at  cosh      cos  at  sinh  at 

^  sin  a(  sinh  at 

^  (sinh  at— sin  at) 

^  (cosh  a<— cosa<) 

(\  +a't')  sin  at— at  cos  at 

L»(0 

^  ,-(1-200 


1 


1 


-L.^ae'^  erfc  0^7 
•4=-fo««''erfaV< 


i     erf  aV< 

1053 


7 
7 
7 
7 


1024 

29.3.41 
29.3.42 
29.3.43 
29.3.44 
29.3.45 
29.3.46 
29.3.47 
29.3.48 

29.3.49 
29.3.30 
29.3.31 

29.3.52 
29.3.53 
29.3.54 
29.3.55 
29.3.SA 
29.3.57 

ERIC 


LAPLACE  THANSFORMS 


/(•) 

(«-a»)(A+V«) 
1 

1 


(»4-a)V«4-6 
(l-g)* 


V«4-2o 


1 


r«r) 

(«4-o)»(«+6)* 
1 

(«+o)»(«+6)« 


(i5r>0)  6 


(«'>-l) 


1 


I 


(i'>--I) 


aVi  Jo 


.V7  . 


<«»'[6-a  erf  a-v^-6eM<  erfc  by^t 


\  erfc  asi 

I 
I 

1 
I 

1  1 


e-"  erf  Qb-a^^^) 


erf  (av?)-  ij+c**^'  erfc  b^^t 

nt 


1 


(2n)lV5r< 
nt 


(2n4-l)!V 


e-"[Ii(*itmo(at)] 


(V') 


r 


Jnftt/) 


a'JAat)  \ 


22 
22 
9 

1 

10 
9 

9 

•1 

9 


6«10 


/(•)  s 


LAPLAC^  TRAN8F0BM8 


F(fi 


J»(a<) 


29.3.60 


29.3.61 


1 


(««-a»)» 


29.3.62 


"1 «' 


/ 


/ 


29.3.63 


29.3.64 


(m>0) 


29.3.66 


1 


^  v(<-nifc) 


i      1  r 


S  «"~'«(t-n*) 


29.3.67 


-  tanh  k» 

9 


29.3.68 


29.3.69 


1 


1 


tanh  h 


fj(-l)-u(<- 


ni5r) 


<tt(<)+2j£j  (-l)-«-2n*)ti«-2nit) 


29.3.70 


Q  29.3.71 

ERIC 


9  cosh  i:« 


2ljtt(<-(2n+l)*] 


2  S  (-!)•«(<- (2n+l)*) 
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/(•) 


-  coth  ks 

8 


294.74 

/ 

29.3.75 
,294.76 
294.77 
294.78 
^  29«3«79 

i 

29.3410 
29441 
294.82 

294.83 
294.84 

294.85 


In 

8 


1  i 


1 


~e'  (m>0) 


(m>0) 


(*>0) 


(*>0) 
(*>0) 


(4^0) 


294.87  . /- 

,  2  g-*^       {n=0,l,2,. .  .;*>0) 


294.88 

er|c  

pig*  It 
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Isin  Hfl 


g(~l)"t*(<-nir)8in< 


Jo(2VH) 


»  I 


0  tn  «■ 


COS 


cosh  2^t 
4r8inh  2VH 


1^ 

|)*rj,.,(2VE<) 

(^)'-/..(2V^ 
■erfc  -4= 

2/lexp(-^)-*erfc^-l.=2VeierfcA 
(4«)»-i«erfc.^ 

2-V5r^«    •  V2V?/ 
±exp(4)-«^.-"erfc(aV?+2-^) 


9 

4 

9 


7 
7 

22 


293.89 
29.3.90 
29tS.91 
29»8.92. 
29.S.9S 
293.94 
293.98 
29.3.96 

293.97 

29.3.98 

293.99 

29.3.100 

29.3.101 

293.102 

293.103 

293.104 

29.3.108 


O  293.106 
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•(a+V5) 
'.VJ(a+V5) 
V«(«+a) 
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(*^0).  , 
(it^O) 

/ 

1 

(*^0) 


V?HH?(V?+«*+«)' 
I 


(*>0) 


*  In  •  * 


1 


In  9  ik>0) 


i^.  (•>«) 

ln(l+*«)  (*>0) 


In 


ST? 


MnCl +*•••)  (*>0) 


i  In  (a>0) 


•  I'd) 
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,-*-^erfc(aV?+3-^) 

'  J,(aV<'Hp)tt(«-*) 
/o(aV?HR)t»(«-*) 
-  Jo(aV?+2R) 


•  I 


(|$i)*'«^'(«»VP=P)««-*) 

— Y— In  t(Y<» .67721  00640 ... .  Euler's  constant) 
|^I^(*)-lne] 

008 1  Si  (0-nn  t  Q  (t) 
-tin  t  Si  (0-eos*t  Ci  (<) 

2lna-2a(a0  * 


8 
8 


8 
8 
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29.3.107 
:  29.3.108 
294.109 
29.3.110 
29.3.111  " 
29.3'.!  12 
29.3.113 
29.3.114 
29.3.11S 
29.3.116 
29.3.117 

29.3.118 

29.3.119 

29.3.120 
29.3.121 

29.3.122 

29.3.123 

29.3.124 
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In 
In 


a* 


arctan- 

l  0 


**  iarctan- 


erte  h  (k>0) 


I 


t**  erfc  V*«  (*>0) 
—  erk^a    .  (A>0) 
4  e»*  prfc  yTs  ik>0) 

MS 

,    erf  7:  . 
-7=e*  erfc 

a:o(*«^^  (*>o) 

Ko{k^f8)  {k>0) 


(*>o) 


^~-^K^{k^f>l)  {k>0) 


-  (a<  In  a+sin  o<— a<  Ci  (aOl 


J  (1»-C08  00 

2 


(l-COBh<^0 


jiinkt 


7 
7 


Si(iW)  ^ 


erf 


7 
9 
9 
9 
9 
9 
9 
9 


»vr(t4-ifc) 

JjBin2M 


1  ^*«vr 


2?«^H"'«) 
1      /  A»\ 


Ko(2v2*0 


1 


V<(2ifc-<) 


[tt(0-«'«-2i{r)) 
(tt«)-u«-2JIf)l 


»*V<(2*-t) 
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29.3.126 


Elian)  (a>0) 


1 


29.3.127       ^-«c«E,((M)  (a>0) 


5 
5 


29.3.128.  o'-V-'SJoA)  (a>0;n-0,  C'i, ...)  5 
29.3.129   l^^-rSi («)J cos «^-Ci(«)  sins  5* 


Fit) 
_1_ 

1> 

(<-fo)' 

I 

(<+«)" 


29.4.  Tabl«  6t  I^place-Stieltjefi  Transforms  * 


29.4.1 
« 

29.4.2 

29,4,3, 

29.4.4 

t 

29.4.5 

29.4.6 

29.4.7 

*/ 
29.4.8 


1 


 1 

sitih  h 
fosh  Ic8 


«r>0) 
(*>0) 

r  * 

.  (*>0) 

(*>()) 

(t>0) 


tanh  *«  (Jt>0) 
1 


sinh  (ifc«+o) 


(A:>0) 


1029 


29.4.10       '-?"|^4'^  (0<A</t) 
Hinh  (Ar«  fa) 


29.4.11     i:a,c-*«'      (0<*o<*i<  •  - .) 

ii«0 

For  the  clofinitton  of  tlir  iMUplaro-Stioltjoft 
trHnHforin  aro  (2».7|.  Y\\  prurtioo,  IiUplu<»o-Stioltjo« 
triiUHforiiiH  un»  ofton  written  iw  ordinary  U^pliUM* 
trHriHfnrins  involving:  Dirac's  dolta  funotum  5(0. 
Thin  "function*'  wwxs  forniallv      considi^nMl  as 


MO 

a> 

2ZJ(-l)"M/-(2«+l)itl 
"(0+2g  (-:)"M(<-2ni!f) 
2S  6-'»«+'"'tt[<-(2»+l)*]  • 


2  Z)  e-'"+"''M(^-A-(2w41)it) 


n=0 


/ 


-e-*«|«-A-^2/i+l)iir)} 


tlip  d(Mivntiv(» of  tlio  unit  stop  func  tion,  ({uU)'-6(t) 

//f,  HO  that  p  {l^  (/>(!) 

Hir  cornspondiMirt*  2M.2»  for  itiHtanns  tlion 

/♦  ' 

iisHUtiics  llu'  form  c     ^         "5(/  — <•)'//. 

./II 
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Cologarithm    89 

Combinatorial  analysis   822 

Complex  numbers    16 

logarithm  of                          .    67,90 

multiplication  and  division  of   16 
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powers  of                             .  /  . ,   16 

roota  of  ^  ,   17 

.Confluent  hypergeometric  functions   262, 

298,  300,  a62,  377, 486, 603,  686, 691,  695,  780 

alternative  notations  for    604 

analytic  continuation  of .      |{64 

asymptotic  expansions  and  limiting  forms   508 

Bames^type  contour  integrals   606 

calculation  of  seroe  and  turning  points  of   513 

computation  of  j  !   61 1 

I          connections  with  Bessel  functions   506 

differential  properties  of   606  * 

expansions  In  eeries  of  Bessel  functions   506 

general  confluent  equation   505 

graphing  of  \  1  513 

paph  of  seros  of.  /   513 

graphs  of   514 

integral  representations  of   506 

Kummer's  equation   604 

Hummer's  functions  \i   .  504 

Kummer 's  transformations  1.  505 

recurrence  relations,  ^ « ,  *  506 

special  cases  of  ^   509 

table  of   516 

table  of  seros  of  ,   535 

WhitUker'e  equation   505 

Whittaker's  functions   505 

Wronaklan  relictions   606 

seros  and  turning  values   510 

Conform al  mapping  1  642 

Conical  functions   337 

Constants 

mathematical  ^   1 

physical,  miscellaneous   5 

Continued  fractions   19,22,68,70, 

75,  81,  85,  88,  229,  258,  263,  298,  363*  932, 941, 944 
Conversion  factors 

mathematical   1 

*       physical  1  i   5 

Comish^^isher  asymptotic  expansions   935 

Correlation   936 

Cosine  integral  231,510 

asymptotic  Expansions  of   233  ] 

computation  of   2ii  ^ 

deflnttlons   231 

lEp^aphs  of                      -   232 

integral  representation  of    232 

integrals  involving.   232 

rational  approximations   233 

relation  to  the  exponential  integral   232 

series  expansions  for  ^   232 

symmetry  relations   232 

tables  pf   238,  243 

('oiilomb  wave  functions  .   509,  537 

'       asymptotic  b^^iiAvior  of    542 

asymptotic  expansions  of   540 

eomp%tation  of               -   543 

.  differential  equation     638 

expansions  in  terms  of  Airy  functions   540 

expansions  in  terms  of  Bessel**Clifford  functions.  539 

expansions  in  terms  of  spherical  Bessel  functions.  540 


Pate 

general  solution     538 

graphs  of  1\  539,541 

integral  representations  of.  *  >   539 

recurrence  relations.   539 

series  expansions  for.^../  1   ^38 

special  values  of   542 

tables  of...,...!   546 

Wronskian  relations   539 

^ubic  equationi,  solution  <»f   17,20 

Cumulants  I   928 

Cumulative  distribution  function 

multivariate  I   ^27 

univariate  J.   «   927 

Cunningham  f unctionL  ,^   -  510 

Cylinder  functions. ./.   361 


Dawson's  integral ./.   26!2, 298, 306, 692 

graph  of  /  4.. .5  2^7 

table  of  7.  ^   319 

Debye  functions^  ^  998 

DeMj^ivre's  theorem  74,84 

Derivatives... y.   11 

of» algebraic  function^. :  ^   11 

of  circular  functions   77 

of  hyperbolic  functions   85 

♦of  inverse  circular  functions   82 

o^  inverse  hyperbolic  functions. ..!   88 

of  logarithnaio  fwctionsy 

partial..  1..  888 

Differences  Ll   877 

central  1  :   877 

divided  /   877 

forward  L  :   877 

in  terms  of  derivatives   883 

mean  L../   877 

reciprocal  ^7.  4   878 

Differential  equatiohs  /.  

of  second  order  with  turning  points   460 

ordinary  first  cMer  •  896 

solution  by  A^am^a  formulas   890 

by  Gin's  irtethod. .  .tf!  ^   896 

by  Miln^s  method. . . . !   896 

by  point^p^  formula   896 

by  predictor*oorrector  methods   806 

by  Runge-Kutta  method   896 

solution  by  trapesoidal  formula . . .  I . . !   896 

system  of   897 

Differentiation   882 

Everett's  fortfaula-s.^   883 

Lagrange's  formula   882 

Markoff's  formula   883 

Differentiation  coefBdents   882 

table  of   914 

Digamma  function  u  268 

(see  psl  function)  '  > 

DOogarithm  function   1004 

Distribution  functions  *  a.  927 

asymptotic  expansions  of  !  935 

characteristics  of    928 

continuous   927 
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dinerete  •  i   927 

inequAlitlM  for  ,   031 

lattice  ♦   Wr 

one-dimensloDAl  eontinuoua    030 

one^imeoeic^  dtoorete  \   020 

Divfaor  f  unotioDs   827. 

table  of.:   840 

Double  precision  operations   21 

Economisation  of  series   701 

Sdgeworth  asymptotic  expansion   936, 9U 

Einstein  functions.   990 

Elliptic  functions 

JacoUan   M7 

(see  Jaeobian  elliptic  functions) 

WeierBtrass   627 

(see  Weientrass  elliptic  functions) 

Elliptic  integrals   587 

amplitude   590 

canonical  forma..   589^ 

characteristic   590 

deanition   589 

graphs  of  the  loomplete   592 

graphs  of  the  first  kind   592,  503 

graphs  of  the  incomplete.  A   593, 594 

graphs  of  the  second  ^od.    592, 594 

qrsphs  of  the  third  kind   600 

modular  angle  :   590 

modulus  y.  590 

of  the  first  kind  Z. 


of  the  second  kind  

of  the  third  kind   59(^ 

parameter  L   590»  602 

reduction  formulas  •   580, 597 

reduction  to  canonical  form    600 

relation  to  Weientrass  elliptic  functions  1..  649 

tables  of  complete   608 

tables  of  the  Incomplete. .   ^   613 

tables  of  the  third  kind   625 

Elliptie  integrals,  complete   590 

computation  of   601 

infinite  •eries  for.  .  :   591 

Legendre's  relation   591 

limiting  values   591 

of  the  first  kind    590 

of  the*  second  kind   590 

of  the  third  kind   599,605 

polynomial  approximations   591 

g-eeries  for   691 

relation  to  hypergeometric  functions.   591 

Elliptic  integrals,  Incomplete   592 

amplitude  of  any  magnitude   592 

amplitude  near  w/2.   593 

complex  amplitude   592 

computations  involving   595, 602, 605 

imaginary  amplitude   694 

Jaeobi's  imaginary  transformation   592 

negative  amplitude   592 

negative  parameter  893 

numerical  evaluation  of   596 


parameter  greater  than  unity  

special  eases  of.   694 

Elliptical  coordinates   752 

Equianhanponic  caae   652 

Error 

abeolitte   14 

percentage   14 

relative    14 

Error  function   262,297,301,304,306,609 

altitude  chart  in  the  complex  plane   298 

asymptotic  expansion  of.^   298 

complex  seros  of   329 

continued  fraction  for  ^   298 

definite  and  indefinite  integrals  related  to   302 

derivatives  of   298 

graphs  of    297 

inequalities  for   398 

infinite  series  approximation  for  the  complex  ^ 

function   299 

integral  representation  of   297 

rational  approximations   299 

relation  to  the  confluent  hypergeometric  function.  298 

repeated  int^gfala  of   299 

series  expanalons  for  '.......t.  297 

symmetry  relations   297 

table^for  complex  arguments. ..w   326 

table  of  repeated  integrals  of.  ^  317 

tables  of  810, 313;  316 

value  at  infinity.   298 

Eta  functions  *    677 

Euler  function    .  826 

table  of  1   840 

Euler-Madaurin  formulas.    806 

Euler^Maclaurin  summation  formula         16, 22, 806, 886 

Efuler  numbers   804 

table  of  1   810 

Euler  polynomials  ;   803 

as  sums  of  powers   «...  804 

coefficients  of  *   809 

derivatives  of  J.  804 

differenoes  of   804 

expansions  of.. ^   .804 

Fourier  oxpanslons  of»  t..  805 

generating  function  for   804 

inequaUtles  for   806 

integrals  invdving  v   805 

multiplication  theorem  for.  1   «  804, 

.  relations  with  Bernoulli  polynomials  c.  80$ 

special  values  of.   808 

.  symbolic  operations  «...   806 

symmetry  relations   804 

»  Euler  summation  formula   806 

Eulei^Totient  function   826 

l^uler's  constant  ^   ^  255 ♦ 

Euler's  formula  74ft356 

Euler's  integral...   266 

Euler's  transformation  of  series   16, 21 

^Everett  interpolation  coefficients   880 

relation  to  Lagrange  coefficients   880 

Everett's  formula..  88(^888 

Excess   928 
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Eipected  value  operator  

Eiponential  funetion.  a9|90,fi^ 

Chebyshev  approximation    71 

continued  fractions  for . . •  ^   70 

differentiation  f oraulas  *•   71 

Ruler's  formula  *   74 

gcaphof   70 

identities,  v..   70 

indefinite  integrals   71 

inequalities  for  -   70 

UmHlng  values  •   70 

periodic  property  of,.,   70 

polynomial  approximations.^   71 

series  expansions  for   69 

tables  of...   116,140,219 

•Exponential  integral  ^                       227,  262,  AO 

asymptotic  expemsion  of  J  :   231 

computation  of  J   1  -  x   233 

continued  fraction  fer.    229 

,    definite  integrals  -   230 

derivatives  of  ;   230 

graphs  of  -  —  228 

indefinite  integrals   230 

inequalities  for. .  ^   229 

interrelations   228 

polynomial  approximations   231 

rational  approximations  \   231 


recurrence  relations  ^  

relation  to  incomplete  gamma  function, 
relation  to  spheriiBal  Bessel  functions... 
series  expansions  for. 


220 
230 
230 
229 

tables  of  -   238»  243, 246,  248,  249, 261 


F-distribution  function  *   946 

approximations  to  l   947,948 

computation  of  1  961 

limitmg  forms  ^  *   947,948 

flbUH^ntral  :  ..v------  947 

reflexive  i elation  ......s.*-   946 

relation  to  the  x*-distribution   946 

relation  t6  StudentVl-distribution   947 

series  expansions  for   946, 948 

statistical  properties  of  -»  946 

Factorial  function   266 

.  (flee  gamma  function)  , 

Factorisation 

table  of  ^   844,864 

Faltung  theorem  -   1020 

Filon's  quadrature  formula   890 

coefficients  for . « 1   024, 

Floquet's  theorem  \  727 

Fresnel  integrals   262,300,440 

asymptotic  expansions  j>f  '■;  302 

auxiliary  functions  .  300,323 

complex  seros  of   329 

definition   300 

derivatives  of   301 

graph  of...:.   301 

integrals  involving  , . .  ^ . .  -   303 

interrelations   300 


maximia  and  minima  of  

rational  approximations  1   .302 

relation  to  spherical  Bessel  functions   301 

reUtion  to  the  confluent  hypergeometric  function.  301 

relation  to  the  error  function   301 

series  expansion  for   301 

symmetry  relations..  •   301 

table  of    321, 323 

value  at  infinity  I  ,  -  -  -  301 

Fundamental  period  parallelogram   629 


Gambia  function    268, 263 

asymptotic  formulas   267 

binomial  coefficient  :   266 

'bontinued  fraction  for   2*3 

definite  integrals  :    -  268 

duplication  formuhu.   266 

Euler's  formula.  ,  265 

Euler's  infinite  product   266 

Euler's  integral                                         .  266 

fractional  values  of  -  -  -  -  265 

Qauss'  mifltipUcation  formula   260. 

paphof...   266 

Bankers  contour  integral  i   265 

in  the  complex  plane  266 

integer  values  of   255 

Poehhammer's  symbol    266 

polynomial  approximations   257 

power  teles  for  -  -   266 

recurrence  formulas.  ~  •   256 

reflection  formula  -   256 

series  expansion  for  l/r(s)  *   256 

StirUng's  formula.   257 

tables  of   267,272,274,276 

triplication  formulas   256 

Wallls*  formula  \. .......  268 

Qauss  series   —  556 

Gaussian  integration   887 

abscissas  and  weight  factors  for   910 

for  integrands  with  a  logarithmic  singularity   920 

of  moments   Wl 

Gaussian  probability  function   931 

Gauss*  transformation   673 

Qegenbauer  polynomials   661 

(see  orthogonal  polynomials) 

coefficients  for  and     in  terms  of.  t .  794 

graphs  of   776 

Generalised  hypergeometric  function   362, 377, 666 

Generalised  Laguerre  polynomials   771 

(see  orthogonid  polynomials) 

Generalised  mean  ,  

Geometric  mean  

Geometric  progression  -  

GiU's  method  

Qudermannian  
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Hankel  functions     388, 379, 810 

Hankers  contour  integral.  -  -  265 

Harmonic  apalyeis   202, 881 
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Harmonic  mean                          •   10 

Haveniine    ,    78 

Hen^yiBide  expansion  theorem .^  _   1021 

Hermlte  functions  :  _  609, 691 

Hermite  integration  i  -  _ . .  890 

abscisaaii  and  weiftbt  factors  for     924 

Hermite  pfdlyndmilb  . . ,   300»  610»  691,  lit 

(»ep  orthogonal  polynomialH) 

coeffictenta  for  and  jp»  in  terms  of   801 

Rraph  of   780^ 

.values  of..-,,.,.  :   802 

Heiifnan's  lambda  function   695 

graph  of    696 

table  of..       622 

Hh  function  _ .    300, 691 

H61der*8  inequality  for  integrals   11 

/or  sums  I   11 

Horner's  ncheme     788 

Hyperliplic  functions  !   83 

addition  and  subtraction  of   84 

addition  formulas  for     -   83 

continued  fraction  for  ]_   85 

DeMotvre's  theorem--:.:  j.,^..   84 

differentiation  formulas   85 

UCraphof.    L-   83 

half-angle  formulas   1   83 

Indefinite  intefi^als   86 

infinite  products  ^   85 

modulus  and  phase    .   84 

multiple  angle  formulas  ^   84 

negative  a4gte  formulas  ^   83 

periodic  pr^rties  of  <^ . .  83 

products  of..   84 

real  and  Imaginary  parts    84 

relations  between  \.   ^ 

relation  to  circular  functions   83 

series  expansions  for            ♦    86 

tables  of     213,219 

Hypergeometric  differential  equation  ^   .562 

solution  of-  V  \   563 

Hypergeometric  fun6tions   332, 

336, 336,  362,  377,  487, 555, 779 

as  r^gendfe  functions   561 

as  polynomials  _   561 

as  reductions  of  Rlemann's  P-function   565 

H^nymptotic  expansions  of    665 

differentiAtion\formulas.     .     567 

( fHUss  series          ,      566 

Oautfs'  relations  for  contiguous  functions   557 

tntepal  representations   '  568 

spertal  cases  of   561 

spe/ial  elementary  cases   556 

sr/rial  values  of  the  argument   556 

fransformation  formulas   #  559 

''I 

Incomplete  l)eta  function   263, 944 

approximations  to  «  .  945 

asymptotic  expansions  of    945 

computation  of   959 

continued  fraction  for   -   944 
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recurrence  formulas   263, 944 

.  relation  to  other  functions   045 

relation  to  the  binomial  expansion  ^            .  263 

relation  to  the  x'-diatributlon.  *   944 

relation  to  the  hypergeometric  function ...  1   263 

series  expansion  for,   044 

symmetry  relation   263 

Incomplete  gamma  function. .    230, 260,  486, 509 

as  a  confluent  hypergeomefp^ittnction   262 

asymptotic  expansions  of . . . fu.   263 

computation  o(.  „   959 

continued  fraction  foi;. .."t   263 

definite  integrals  i   263 

derivatives  and  differential  equations.    262 

grrfph  of..   261 

Pearson's  form  of   262 

recurrence  formulae   262 

series  developments  for   262 

special  values  of  -   262 

table  of   978 

Indeterminate  forms  (L'Hospital's  rule)   13 

Inequality,  Cauohy's   U 

Cbebyahev's  -  1*   n 

H51der's  for  integrals  A   11 

Holder's  for  sums  ^  j...   11 

Minkowski's  for  integrals   11 

Minkowski's  for  sums  •   11 

Sohwors's   11 

triangle   11 

Integral  of  a  bivariate  normal  distribution  over  a' 

polygon   966 

Integrals  \ 

of  circular  functions   77 

of  exponential  fujnotions   71 

of  hyperbolic  functions   86 

of  inverse  circulf|r  functions  1   82 

of  inverse  hyper|>oUo  functions   88 

of  irrational  algebraic  functions   12 

of  logarithmic  functions  ^   69' 

  12 


of  ratio^  algebfaic  functions., 
tira.. 


Integration   883 

Bode's  rule    886 

by  parts   12 

Chebyshev's  equal  weight  formula   887 

£uler<*Maclaurin  summation  formula   886 

Filon's  formula.   890 

five-point  rule  fbr  analytic  functions   887 

Gaussian  type  formulas   987 

iterated  integrals..   891 

Lagrange  formula   886 

Lobatto's  integration  formula  1   888 

multidimensional   891 

Newton^Cotes  formula.^^^ . .   . .  886 

Radau's  integration  fo^Da.   888 

Simpson's  rule   886 

trapesoidal  rule   885 

Interpo^tion   878 

Aitken's  iteration  method   879 

Bessel's  formula   n   881 

bivariate   882 

Everett's  formula  
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invcrtb    88^ 

Lagrange  formula.  /   878 

Newton's  divided  dUferenee  formula  *  •  ^   880 

Newton'a  forward  difference  formula   *880 

*^SJaylor'8  expaneion   880 

mele's  fonpula  ^  *  881 

throwbaek  formulae —   880 

trigonometrfo   881 

Invariante   629 

tableeof  #    680 

Inverse  eireular  fanetlone  J?2»  79,  W 

addition  and  subtraetion  of   80 

y  Ghebyahev  atyproiimationa  !   82 

continued  fractione  for  1   81 

differentiation  formulas   82 

grap^of     79 

Inde^nlte  integrate..-.   ffi 

;  logarithmic  representation  «  -80 

j  negative  arguments  ^   80 

polynomial  approximations   ''-81 

real  ^d  imaginary  parts     80 

relation  to  inverse  hyperboUe  CMOctiona   80 

neries  expansions  for.   81 

t^bleof  ^  1  203 

Inverse  hyperb^e  functions  ^   86, 93 

addition  and  Bubtrac^on  bf   87 

^htinued  fractions  fori   88 

differentiation  formulas  ^   88 

graphs  of  •   86 

indefinite  integrate   88 

logarithmic  representations   87^ 

negative  arguments..   87 

relation  tq  inverse  circular  functions. . :   87 

series  expansions  for  ^   88 

Ublesof  .>   221 
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Jacobian  elliptic  functions   "  667 

addition  theoiims  for   674 

approximations  in  terms  of  circular  functions. .673 

approximations  in  terms  of  hyperbolic  functions.  674 
calculation  by  uscTof  the  arithmetic-geometric 

mean  -   ^71 

calculation  of   679, 681 

.    change  of  argument   672 

change  of  parameter   673 

elassifloation  of                                        .  _ . .  670 

complex  arguments   676 

definitions   669 

derivatives  of  -   674 

double  arguments   674 

graphs  of  *  —     670 

halNargumcnts.        —    674 

integrals  .               -                                    -  676 

•       integrals  of  th*»  Rquares.                   -    676 

Jacobl^R  imaginary  transformation. . .   674 

Landen  transformation .  -      673 

leading  terms  of  series  in  powers  of  u             .  -  676 

parameter     669 

principal  terms     672 


/  Fsae 

quarter  periods     669 

reciprocal  parameter     673 

relations  b^ween  squares  uf  the  functions   673 

relation  to  the  copolar  trio    670 

relation  ^ith  Weierstrass  functions   649 

series  expansions  in  terms  of  the  nome  q   676 

special  arguments   671 

function  <   •  877 

Jacobl's  polynomiate,.   661,773 

(see  orthogonal  poiynomiate) 

coeffioients  for   793 

graphs  of  779.776 

Jacobi's  theta  function  (see  theU.  functions) ......  ^  676 

Jacobi's  seta  function  i  578,696 

addition  theorem  for. . .   ;   695 

calculation  by  use  of^  the  arithmetic-geometric 

mean   ;  I  578 

graph  of.  7  -V  898 

^Jacobi's  imaginary  transformation .....  ^   695 

ff-serira  for.  ."71 ,   595 

relation  to  theta  functions   678, 595 

special  values   695 

table  of  


Kelvin  functions   379, 3187, 609 

ascending  series  for  ---4  379 

ascending  series  for  producte  of  1 .  i  381 

aibymptotic  expansions  for  large  arguments...:  381 

lisymptotic  expansions  for  large  seros  !- 

/'  asymptotic  expansions  of  modulus  and  phase. . . 

asymptotic  expansions  of  products  . .  383 

definitions  v -  879 

differential  equations   379 

expansions  in  series  of  Bessel  functions .  .  381 

graphs  of   382 

Indeflnit*  integrate   380 

modulus  and  phase   382 

of  pegatlve  argument  ,    880 

polynomial  approximations   884 

.  recurrence  relations. . .   -   380 

reeunenoe  relations  for  products.   880 

relations  between   379 

tables  of    430 

uniform  asymptotic  expansions  for  large  orders.-  384 

seros  of  functions  of  ordei'  sero   381 

Kronecker  delta     822 

Kummer  functions   604 

Hummer's  transTohnAtion  of  series             .....  16 
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Lagrange  differentiation  formula...-   - ^  882 

Lagrange  integration  coefficients    886 

table  of  J    - 

Lagrange  interpolation  coefficients          -  •  878 

taWeof   ^ 

Lagrange  interpolation  formula  -  878 

Lagrange's  expansion  

Laguerre  integration     890 

abecissas  and  weight  factors  for  ^  —  823 
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Lagu«rre  polynomials     - . !  609.  610,  773 

{Bee  orthogonal  polynomitilH) 

•  coeffioi«nls  for  andar"  in  terma  of    799 

graph  of    780 

values  of  - .   800 

Lamp's  equation,   641 

Landen'a  transformation 

aw«nding  673.  698»604 

descending?.,   673.697,604 

Laplaee  transforms:   1019 

definition   1020 

I  operations  iJ^   1020 

I  tables  of..   ,  \  1021 

taplaoe^Stieltjes  transforms     1029 

tables  of    ;    _   1029 

L^plaee's  equation     17 

baplacian    _   885 

'    in  spherical  coordinates   -     -  -  762 
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(o),   -r(o+n)/r(o)  (PoehhsmmerViymbon  

9*(q)   oharMtorisiie  value  of  Mathieu's  equation.. 

A{t)    »2P(«)  - 1  Dorinlal  probability  funetion  

AUi)   Airy  funetion... .V  

A.Q.M.  arithmetie-georMtrie  mean  , . . . 

am  «  amplitude  of  the  edntplex  n«ffiber  •  

Mitilog  antiiogarithm  (loi-")..  

arestn  •,  arccoa  t  inverse  ^ireular  funotlons 

aretan  •,  arcoot  • 

arcsee  t,  arecso  • 
areiiinh    arccosh  •  Inverjie  hyperbolie  funetlona.. 

arctanh    areeoth  • 

arofleeh  •,  aroeseh  • 

argt  argument  of  .     

br(q)  eharai)|erlatie  value  of  Mathieu's  equation. . 

*.  Bernouilt^pumber  

»•(«)   BerHi>ulli  polynomial.  

berrf,  bei.x,   Kelvin  funetions  

»(•)    Airy  function  

cd,  sd,  nd  JacoUan  elliptic  funetions  

c.d.f.  cumulative  distribution  funetion  

Mr<fi  q)   Mathleu  function.. 

«n  Jaeoblan  e  lllptle  funetion.   

Cn,  Dn,  8n   integrals  of  tlw  squares  of  Jaeoblan 

elliptic  fiiteetions   l  

c»,  <i>.  ns  Jaeobian  elliptib  functions  :.. 

C(*)   fVeenel  integral  

Cnix)  Chebyshev  polynomjfal  of  the  second  kind. . 
CTx,  o)   geheraUMa^  Fresn^^^  integral .  .  l  .TI". .  1 .7. . 

Cr,(f.  q)   modlAed  MathieU  function  

Ci(s),  Ci(s)    Fresnel  integrals  

Cn*^(*)   ultraspherical  (pegenbauer)  polraomial.. 

Chl(s)  .hyperbolic  eostaW  integral  i.  

Cl(«)   cosine  integral   J.  , 

Cln(i)   cosine  integral  

Cinh(s)   hyperbolic  eoaine  integral  

colog  cologarlthm  

covers  A,  coviwaHiie  A.  

dc,  ne,  so  JmMm  elliptic  funetions  

dn  <=>    ^)   dclu  amplitude  (Jaeoblan  elllptlo  func- 
tion)  

D,(x)   paiabolic  cylinder  function  (Whittaker's 

form)  

<i. ««.  ft  roots  of  a  polynomial  ( Welerstrass  form) . . 

«•  exponpntial  funetion  

*•(*)   truncated  exponential^funetion  

'    *  \  •)   •'lliptle  integral  of  the  second  kind  

A*(a^)   paralmlic  cylinder  funetkin  

Weher's  function   

*.'■•(«)   Weber  parabolic  cylinder  funetion  

mm)   complete  elliptic  integral  of  the  second 

kind   .  . 
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EKs)  eipoiientiAl  integral  

*i(f)  *  exponential  integral.  

S[9{X)]  expected  value  operator  for  the  funetion 
 ,  

Ein(i)   modified  exponential  integral  ^  

Bm   Euler  number  

Bn(x)   EuW  polynomial  .^..^  

exponential  integral  

erf  f  error  function  

erfo  •  eomplementary  error  function  

exp  •  w « •  exponential  function  

extec  A9  exseeant  A  :^ . . ,  

A^r  Joining  factors  for  Mathieu  ft^otiona. .  ^ . 
b;  €}  i)   hypergeometric  f unction. \ 

f(p\m)  elUpUc  integral  of  the  first  kind!: 

f  1(^90)   Coutomb  wave  function  (regular) 

FPP  fundamental  periojd  parallelogram 

mFm(^u  •  *  *>  a«i  bu  .  .f     «)  generalised  h: 
geometric  function  

0t»  0$  invariants  of  Weierstrass  elliptic  functions. « 

9«.ft  9:f  Joining  factors  for  Mathieu  funotlons... 

9(»t  Vi  p)  blvariate  normal  probability  function.*. 

Oi(f)   related  Afry  function  i  ^ 

OUnt  p)   Coulomb  wave  funetion  (irregular  or  loga- 
rithmic)  

&»(pt  ft «)  Jacobi  polynomial  

gd(i)  Qudermannian    

iypl^<»l  'B^l  f unettoj^^ 

hav  il  haversioe  X   

M,(f)  8truve*s function  

Hl(f)  related  Airy  function  

H€n{n)   Hermite  polynomial  

IV^{u).  Bessel  (unction  of  the  third  kind  (Hankel). 

HK{t) '  Hh  (^bablUty)  funetion   800, 

Hn{z)   Hermite  polynomial^...  

M(fH,  n,  z)  confluent  hypergsometrie  function. .  * . 

/»(•)  modified  Bessel  function.   
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of  the  first  kind..  ! 

V{v7i/.».H(ff)  modified*  spherical  Besscfl  function 
of  the  second  kind  l....  

t\^iV)   incomplete  gamma  function  (I^aAon^s 
\  form)  r  r^.... 

/•(^a,  b)  incomplete  beta  function,  j  

Ji  imaginary  part  of  f("t^)...«..   16 

i**      s  repeated  integral  of  the  error  function...  ;t99 

i»(s)\  spherical  Bessel  funetion  of  the  first  kind. .  437 

<»(•)*  Angsr^s  funetion  1  408 

/»Cs)   Bessel  funetion  of  the  first  kjind   368 

k  modulus  of  JaeoUtfh  elliptic  funetions   690 

V  complementary  modulus   690 

Mi)   Bisteman's  function  ,   fiio 
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m'-^Mi'    mean,-..-                  -     ^28 

m   p^ameter  (elliptic  functlona)   569 
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kind.  A   774 
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W\f{x),  g(x)\(-^f(x)g'(x)-rix)gix))  Wronsklanre- 
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l«o*  «i.  .  •  .  f  ^k]  divided  difference   877 

yM   spherical  Bessel  function  of  the  second  kind.  437 
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a   nifMliilar  angk'  f(»lliptio  fiinrtionl . 

t^e  •Uit  _ 


fiin)       y^i  .l)*(2ilr+l)  -  

H^in^  h)   incottiplf*t4*  Iwta  function    

ir)   liota  function    1  

7   Enli»r*H  con.str.nt  .       .   ■  

>ffi.  f)   iMcotnpl(*t4»  Kainnia  function  (normnUsed) . 

7i         W)fftlci«*nt  of  nkewncfw   -a  . . 


7j  *      —  3     COCffl<fif»nt  of  4*XCt*HH  

r(«)    ^mina  function  /  

r(a,  X)   iiicoinpl(«t4*  Katiima  function  ,   . , 

Krowckcr  delta  ( 0  if  tV  * ;  -  1  if  •  -  k) . . 

K(fm)    central  <lifference.  ,  

A   (titT(»ro  nee  operator  .   

^  (liHcrinilnant  of  WcierHtraiw'  canonical  form. 

Af /^t    forwRrd  'lifffrenw. . . .*  .  

At   absolute  error  .  /  ....... 

{(f)    Hicniann  zeta  function  /  

WettT^tram*  j»*ta  fiit«»t4fm  

'/Au\m)   Jacoiii'H  Eeta  function.  , .   . 


fUg)    W«uerHtra«sr «»lliptic  function. 

Uiu),  II, fM)    Jacohi'H  (/ta  function  

t^»U)    theta  fouction  .   

&t^f\aUd4i4\a)t    Neville's  notation  4^ 

for 

f>«(i\iv),tf«(t\a^       theta  functions 
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ft(utm)   JacQhi^a  theta  function,^.  

«fi  nth  cumiilant  

joining  fi^etor  for  spheroidal  wave  functions. 
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928 
767 


X(n)= 


(2*+l)--   807 


\mn   characterbtio  value  of  the  spheroidal  wave 

equation..   753 

Aq(A«)    Heuinan's  lambda  function    696 

Mfn)    mejan  difference. .  .*  «  877 

M(n)    MdbiUR  function   826 

nth  central  moment   928 

nth  moment  about  the  origin   928 

*(af)    number  of  primes   -   231 

#«(j)  =  (x~jto)(x~ari>  .  .  .  (jr-arj    878 

l!(n:yi\a)   QlliptSo  integral  of  the  third  kind.   690 

II  (f )    factorial  function  ^   265 

p  correlation  coefficient  .1    936 

p,(xo,ari,  .  .  .,xO  reciprocal  difference.   878 

x)    Poisson-Charlier  function    509 

9  standard  deviation  r.   298 

tf*  variance       928 

^(»)    Weierstraas  Sigma  function   ...  .  629 

0 i(n)    divisor  function.. .   ,   827^ 

fn(x)    tetrachorio  function      Q8l 

v>-am  u,  amplitude    _   

^(n)    Euler-Totibnt  function  

^(t)^E(f}'^)   characterisUc  function  of  AT  

6;  t)    confluent  hypergeometric  fimction  

logarithmic    derivative    of    the  gamma 

function   

^"^{a;  ci  i)    confluent  hypergeometric  function  

tf«  period  of  Weierstrass  elliptic  functions  

Cunningham  function   610 
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928 
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268 
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Miscellaneous  Notations 


piirtial  diTivutive  


liiti'gir 


Pi8s 
19 
19 

762 


(Ifterminunt  

I^i.l   (Milmiif)  iimfrix 
V*    LiipliU'ian  ofterator 

forward  « I  ifTm'nc»»  of  aerator   877 

o 

<n 

f    <     ^M)    .  .  .,   

(T)    Mnoinial  iMM^ffWifiit  .  . 

n?   frictoriiil  fuiietion   .  _  

(M^      2'4'6  .  .  .  (2n»    2^nl  .  .   . 

i"f,n*    ^fffrtlfst  roniitiot)  divisor.  ..        .   . .  > . 

^n.  h      [fnif  l  ^V)  symlwl).  . . 

.     Hm^    tnuUinoniial  coefficient  
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<x>    nearest  integer  to  «  <   

5  complex  conJuRate  of  e  (^t-jiy)  

B<=x+iy  conutlex  number  (CaM^sian  form)  

=r»<»  (pol^form)  

|f  I  absolute  value  or  modulus  off  

Z  overall  summation   

Z'  restricted  summation  

Z  n  sum  or  product  taken  over  all  prime  numberajp. 

Z  n  sum  or  product  overall  positive  divisors  d  of  n.. 

J-  Cauchy's^rinoipal  value  o(  the  integral.^.. 

"   approximately  equal  

asymptotically  equal.  

>.  ^  >    Inequality,  inelimloit  

^  unequal  
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